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ABSTRACT

The Adaptive Least Squares Matching (ALSM) problem of Gruen is conventionally described as a statistical estimation
problem. This paper shows that the ALSM problem may also be interpreted as a weighted non-linear least squares prob-
lem. This enables optimization theory to be applied to the ALSM problem. The ALSM algorithm may be interpreted as
an instance of the well-known Gauss-Newton algorithm. A problem-independent termination criteria is introduces based
on angles in high-dimensional vector spaces. The line-search modification of the Gauss-Newton method is explained and
applied to the ALSM problem. The implications of the line-search modification is an increased robustness, reduced oscil-
lations, and increased pull-in range. A potential drawback is the increased number of convergences toward side minima
in images with repeating patterns.

1 ADAPTIVE LEAST SQUARES MATCHING

Adaptive Least Squares Matching (ALSM) (Gruen, 1985,
Gruen, 1996) is a powerful technique for locating features
in digital images. A template image defines the feature and
may either be synthetic or from a real image.

In (Gruen, 1985, Gruen, 1996), ALSM is described as a
statistical estimation problem

f(x; y)� e(x; y) = g(x; y); (1)

where f(x; y) is the template, e(x; y) is noise, and g(x; y)
is called a picture, formed by re-sampling a real image
g0(x; y) under geometrical and radio-metrical transforma-
tions. Calculating the difference l = f(x; y) � g0(x; y)
and linearizing Equation (1) leads to an initial observation
equation

l� e = Ax: (2)

In this equation, the design matrix A contain the coeffi-
cients of the linearized equation and x contain the param-
eter corrections to be estimated. If the statistical assump-
tions E(e) = 0, E(eeT) = �20P

�1 hold, the least squares
estimation of Equation (2) is

x̂ =
�
ATPA

�
�1
ATPl: (3)

Since the original problem is non-linear, the final solution
is obtained iteratively, with the picture re-sampled and the
design matrix re-calculated at each iteration. The iteration
is stopped when the correction x̂ fall below a certain size.

This may be interpreted as that we start with x0 as the
identity transformation and calculate g(x; y) (=g0(x; y)),
l, and A to establish the observation equations (2). The
calculated correction x̂0 is added to the current approxi-
mation as x1 = x0+ x̂0. The process is then repeated with
g(x; y), l, and A calculated from x1 instead of x0, etc.
The important observations are that g(x; y), l, and A may
be formulated as functions of xk and that the parameter
approximations are updated as

xk+1 = xk + x̂k: (4)

2 NON-LINEAR LEAST SQUARES

A weighted non-linear least squares problem (see e.g. (Den-
nis Jr. and Schnabel, 1983)) is written as

min
x

f(x) = min
x

1

2
kLF(x)k22 = min

x

1

2
F(x)TWF(x);

(5)

where the residual function F(x) is a twice continuously
differentiable vector-valued function from <n to <m, n is
the number of parameters, and m is the number of obser-
vations. The matrix W is a symmetric positive definite
weight matrix and LTL =W.

2.1 The Gauss-Newton method

A classical method for solving Problem (5) is the Gauss-
Newton method. At each iteration k, the function F(x) is
linearized around the current point xk, i.e.

F(xk + pk) � F(xk) + J(xk)pk; (6)

where the Jacobian Jk(xk) is a matrix with partial deriva-
tives such that

J(x)ij =
@fi(x)

@xj
: (7)

The vector pk is found by solving

min
pk

1

2
kL(Fk + Jkpk)k

2
2; (8)

where Fk = F(xk) and Jk = J(xk). The solution to
Problem (8) is

pk = (JTkWJk)
�1JTkW(�Fk) (9)

and the next approximation is calculated as

xk+1 = xk + pk: (10)

2.2 Geometric interpretation

Geometrically, the function F(x) defines a surface in <m.
Problem (5) corresponds to finding the point x� in param-
eter space corresponding to the pointF(x�) in observation
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Figure 1: The residual surface surface F(x) and the tangent plane at F(x k) in observation space <m. The vector pk

corresponds to the point F(xk) + J(xk)pk on the tangent plane which is closest to the origin O. The right figure is
centered around F(xk) and shows that J(xk)pk is the orthogonal projection of �F(xk) onto the plane spanned by the
columns in J(xk). For illustrative purposes, L = I is assumed.

space closest to the origin, as defined by the distance met-
ric L. At any point F(xk) on the surface, the columns of
the Jacobian J(xk) span a tangent plane around F(xk) as
illustrated in Figure 1 (left). If the distance metric L = I,
the identity matrix, then the vector

Jkpk = Jk(J
T
k Jk)

�1JTk (�Fk) (11)

is the orthogonal projection of �Fk onto the range space
of Jk as illustrated in Figure 1 (right). If the distance met-
ric L 6= I, the projection is oblique instead of orthogonal.
In both cases, the point Fk + Jkpk is the point on the tan-
gent plane closest to the origin as measured by L. For an
in-depth discussion of oblique projections, see (Gulliksson
and Wedin, 1992, Gulliksson, 1993).

2.3 ALSM and the Gauss-Newton method

By formulating the residual function F(x) as

F(x) = g(x; y)� f(x; y); (12)

where the picture function g(x; y) is formulated as an ex-
plicit function of the parameters in x and the available im-
age g0(x; y), the linearization (8) will correspond to the
linearization of Equation (1) and the Jacobian J will equal
the design matrixA. Furthermore, by selecting the weight
matrix W = P, the vector pk of Equation (9) will corre-
spond to the least squares estimate x̂ of Equation (3) and
the ALSM update (4) will correspond to the Gauss-Newton
update (10).

Thus, under the aforementioned assumptions, the ALSM
algorithm is congruent to the Gauss-Newton method ap-
plied to Problem (5) with the residual function (12).

3 MODIFICATIONS OF THE GAUSS-NEWTON
METHOD

At each iteration, the Gauss-Newton method (and the ALSM
algorithm) calculates an update to the current iterate xk

based on the assumption that the functionF(x) is approxi-
mately linear around the point xk . If this assumption does
not hold, the method may diverge, oscillate, or converge

xk

xk + pk

x�

Figure 2: Contour plot of the objective function f(x) in
parameter space <n for the problem in Figure 1 with the
corresponding points xk and xk+pk marked. In this case,
the function value at xk + pk is higher than the function
value at xk.

very slowly. This may be due to many reasons, e.g. the so-
lution is far from the starting approximation x0, the prob-
lem is over-parameterized, or the problem has a large resid-
ual and large curvature at the solution point. The problem
shown in figures 1 and 2 has a large residual and curvature
near the solution, i.e. the linearity assumption holds only
in a small region around xk.

3.1 Line search

Consider the modified update

xk+1 = xk + �kpk; (13)

where pk is calculated as before and �k > 0 is chosen as
the first value in the sequence 1; 1

2
; 1
4
; : : : such that the new

point xk+1 satisfies the Armijo condition (see e.g. (Den-
nis Jr. and Schnabel, 1983))

f(xk + �kpk) � f(xk) + ��kF
T
kWJkpk; (14)
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Figure 4: Geometry for a non-optimal point (left) and an optimal point (right). At the optimal point, the negative residual
�Fk is orthogonal to the tangent plane and the projected residual J kpk vanishes. Near the optimal point, the angle
� between the vectors �Fk and Jkpk approaches �=2 and cos� = kJkpkk=kFkk approaches zero. For illustrative
purposes, L = I is assumed.
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Figure 3: Illustration of the Armijo condition (14) for mul-
tiple values of � applied to the function and points xk and
pk in Figure 1. For a given value of �, a step length �k is
accepted if the function value (solid curve) is smaller than
the corresponding straight line. The full step length � = 1
would be rejected for all values of � � 0. The half step
� = 0:5 would be accepted for � = 0 and � = 0:1 but not
for � = 0:5 which however would accept �k = 0:25. The
solid straight line corresponding to � = 1 is the tangent
line to f(x+ �pk) at � = 0.

for a given constant �, 0 < � < 1. In this context, pk

is called a search direction, �k is called a step length,
and the algorithm for selecting �k is called a line search.
The Gauss-Newton method with line search is sometimes
called the damped Gauss-Newton method.

3.2 Geometrical interpretation

The interpretation of the damped Gauss-Newton method is
that we search along the search directionpk to find out how
large step �k along pk we should take in order to get to a
better point xk+1 than xk. Far from the solution, the line
search algorithm works as a “safe guard”, making sure that
we do not take a long step without getting a correspond-
ing reduction in the size of the residual. Near the solu-

tion the line search will not interfere unless the problem is
ill-behaved in some sense, e.g. if the Jacobian is rank defi-
cient (the problem is over-parameterized) or ill conditioned
(high uncertainty in some directions) near the solution or if
the problem has large residual and curvature. In both cases,
it is not uncommon that taking full steps �k = 1 will result
in successive search directionspk andpk+1 that are almost
opposite and we get oscillations in one or more of the pa-
rameters. With a line search algorithm, such oscillations
will be reduced.

The Armijo condition applied to the problem in Figure 1 is
illustrated in Figure 3.

3.3 Computational overhead

If the fitting problem is well-behaved, the line search mod-
ification does not introduce any overhead since the full step
length is always tried first. Additional residual calculations
are only needed if the full step length is not acceptable.

3.4 Other modification

There exist a number of modification of the Gauss-Newton
methods, such as global regularization (Eriksson, 1996,
Eriksson et al., 1998); local regularization, i.e. the Leven-
berg-Marquardt method (see e.g. (Nash and Sofer, 1996,
chapters 10 and 13)); methods using second order informa-
tion, see e.g. (Söderkvist, 1993, Gulliksson and Söderkvist,
1995, Gulliksson et al., 1997); and subspace minimization,
see e.g. (Eriksson, 1996).

What is appealing with the line search modification is that
it is both computationally cheap and it retains the statisti-
cal properties of the problem. Second order methods and
subspace minimization are computationally expensive and
regularization methods introduces a bias-variance trade-off
which alters the statistical properties.

4 TERMINATION CRITERIA

It is possible to derive a problem-independent termination
criteria for the Gauss-Newton method. At the solution,
the gradient rf(x) = J(x)TWF(x) will be zero. If



Figure 5: Left to right: Patch positions after zero, one, two and final iteration with line-search (upper row) and without
line-search (lower row).

the weight matrix W = I, this corresponds to the resid-
ual F(x) being orthogonal to the plane spanned by the
columns of J(x), as illustrated in Figure 4. If W 6= I,
the vectors will instead be conjugate with respect to W.

Near the solution, the angle � between Jkpk and Fk will
approach �=2 and the quotient kLJkpkk=kLFkk = cos�
will approach zero. Thus, a termination criteria on � may
be formulated as

kLJkpkk � "kLFkk

for a constant " = cos�1(�=2� �limit).

This termination criteria will work for almost all problems
with a non-zero optimal residual. However, for very small
optimal residuals, e.g. for synthetic, perfect data, the ter-
mination criteria may have to be adjusted to

kLJkpkk � (1 + ")kLFkk:

to avoid unnecessary iterations due to round-off errors.

Of course a heuristic problem-dependent termination cri-
teria may be used as well.

5 SIMULATIONS

5.1 Example iteration

The Gauss-Newton method with and without line-search
was applied to a least squares template matching problem
where the template was a 11� 11 pixels white square with
a 4 pixel black border. The image consisted of tiled squares
19 pixels wide with a separation of 12 pixels. The template
was binary (black=0, white=255) while the image was low-
pass filtered in order to create a more difficult matching
problem. The transformation had 8 parameters, allowing
affine deformation and radiometric changes both in scale
and shift. The picture re-sampling function was bilinear.
Implementation details are found in (Börlin, 2002).

A typical example of the algorithmic differences is shown
in Figure 5. In the first iteration both algorithms take a full
step (first and second column). In the second iteration, the
undamped algorithm takes the full step (lower third col-
umn) and starts to diverge. After 20 more iterations, it os-
cillates about the position shown in the lower right column.

In contrast, the damped algorithm rejects the step lengths
� = 1 and� = 0:5 since the residual norm would increase,
but accepts � = 0:25 (top third column), and converges in
six iterations toward the optimal solution (upper right col-
umn).

5.2 Pull-in range

The effect on the pull-in range was investigated by ap-
plying the two algorithms with progressively more distant
starting approximations and recording their success or fail-
ure.

The optimal patch parameters were a11 = b11 = 57:95,
a12 = b21 = 1:56, a21 = b12 = 0, rs = 34:33, rt = 0:1.
The starting approximation of the patch position a11; b11
was varied between 45 and 71. The starting approxima-
tions of the other geometric parameters were a12 = b21 =
1:5 and a21 = b12 = 0. The starting values for the radio-
metric parameters were approximated from the picture at
the initial patch position.

The pull-in ranges and side minima convergence for the
algorithms are illustrated in figures 6 and 7, respectively.
The undamped algorithm converged toward the correct so-
lution for 223 starting positions while the damped algo-
rithm succeeded for 326 starting positions. The undamped
algorithm converged toward a side minima at 5 occasions.
The corresponding number for the damped algorithm was
48.

6 SUMMARY

These simulations illustrate the usefulness of a line-search
strategy in solving an Adaptive Least Squares Matching
problem. In the example iteration, the damped algorithm
avoids divergence at the cost of two extra residual calcu-
lations in the second iteration, a cost which is more than
balanced by the fourteen extra iterations the undamped al-
gorithm performs before giving up. For the same problem,
the pull-in range for the damped algorithm is higher than
for the undamped algorithm. However, the repetitive pat-
terns in the example image also increased the convergence
towards identical side-mimina. This is likely to be less of
a problem in less non-repetitive images.



Figure 6: Pull-in range results for the damped (left) and
undamped (right) algorithms. The bright pixels indicate
for which displacements of the patch center the algorithms
converged toward the correct solution.

Finally, this paper illustrates but one example of the large
potential of combining the theories and experiences of the
two research fields photogrammetry and non-linear least
squares optimization. This potential will be further ex-
plored in the future.

REFERENCES

Börlin, N., 2002. Adaptive least squares matching and the
Gauss-Newton method. Technical Report UMINF-02.02,
Department of Computing Science, Umeå University.
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