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Abstract

This dissertation is centered around a set of apparently conflicting
intuitions that we may have about mathematics. On the one hand,
we are inclined to believe that the theorems of mathematics are true.
Since many of these theorems are existence assertions, it seems that
if we accept them as true, we also commit ourselves to the existence
of mathematical objects. On the other hand, mathematical objects
are usually thought of as abstract objects that are non-spatiotemporal
and causally inert. This makes it difficult to understand how we can
have knowledge of them and how they can have any relevance for our
mathematical theories.

I begin by characterizing a realist position in the philosophy of
mathematics and discussing two of the most influential arguments for
that kind of view. Next, after highlighting some of the difficulties that
realism faces, I look at a few alternative approaches that attempt to
account for our mathematical practice without making the assumption
that there exist abstract mathematical entities. More specifically, I ex-
amine the fictionalist views developed by Hartry Field, Mark Balaguer,
and Stephen Yablo, respectively. A common feature of these views is
that they accept that mathematics interpreted at face value is committed
to the existence of abstract objects. In order to avoid this commitment,
they claim that mathematics, when taken at face value, is false.

I argue that the fictionalist idea of mathematics as consisting of
falsehoods is counter-intuitive and that we should aim for an account
that can accommodate both the intuition that mathematics is true and
the intuition that the causal inertness of abstract mathematical objects
makes them irrelevant to mathematical practice and mathematical
knowledge. The solution that I propose is based on Rudolf Carnap’s
distinction between an internal and an external perspective on exis-
tence. I argue that the most reasonable interpretation of the notions
of mathematical truth and existence is that they are internal to mathe-
matics and, hence, that mathematical truth cannot be used to draw the

vii



viii ABSTRACT

conclusion that mathematical objects exist in an external/ontological
sense.

Keywords: Philosophy of mathematics, mathematical realism, onto-
logical realism, semantic realism, platonism, the semantic argument,
the indispensability argument, the non-uniqueness problem, Benacer-
raf’s dilemma, the irrelevance challenge, Field, Carnap, Balaguer, Yablo,
the internal/external distinction, fictionalism.
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Chapter 1

Introduction

1.1 Background and aim

Consider the following sentences:

(1) 5 + 7 = 12;
(2) The sum of the numbers 5 and 7 is the number 12.

They are similar in many respects, and there are certainly circumstances
under which we would be prepared to say that they represent only
slightly different ways of conveying the same information: that five and
seven make twelve.

We get a clearer idea of how the two sentences are different when
we try to specify what it is that we are talking about when we say that
five and seven make twelve. Judging from the formulation (1), it seems
that we could be talking about almost any kind of object—apples, grains
of sand, people, and so on. We can think of (1) as a shorthand for the
fact that five objects of any kind together with seven other objects of
any kind make twelve objects. The formulation (2), on the other hand,
apparently does not lend itself so easily to interpretations that are based
on the counting of concrete objects. In fact, when we read it carefully,
(2) says not only that five and seven make twelve, but also that there is
a number, namely the number 12, which is the sum of the numbers 5
and 7.

When we go beyond simple arithmetic and deeper into mathematics,
we will run into more and more statements that explicitly assert the
existence of entities that do not seem to be part of our ordinary concrete
world. Moreover, many of these statements will not have immediate
concrete counterparts that allow us to interpret them as being about
some familiar, everyday objects. So if we commit ourselves to their
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2 CHAPTER 1. INTRODUCTION

truth, it appears that we are also committed to the existence of abstract
entities.

There are many possible attitudes that we can assume toward the
abstract objects of mathematics. At one extreme there is platonism,
which involves a full acceptance of mathematical entities as eternally
existing, independent of human thought and language. Exceptions and
modifications can then lead us through various views until we reach the
opposite extreme, where we have nominalism and a complete rejection
of the existence of abstract objects. It seems reasonable to expect a
choice between these two extreme positions concerning the subject
matter of mathematics to have consequences for the way we look at
mathematics. And perhaps it might also seem reasonable to expect a
connection like the following: if we accept that mathematical theorems
that assert the existence of some kind of abstract object are true, then
we should lean toward platonism and accept such objects without any
reservations. If, on the other hand, we think that nominalism is the
more appealing alternative, then we should be prepared to give up the
idea that mathematics is true.

This line of reasoning appears to speak strongly against rejecting
the existence of mathematical entities. Even if it would be naive to think
that mathematics is completely free from anything questionable or
uncertain, we can hardly understand what it would mean for a sentence
like ‘5 + 7 = 12’ to be false. The influence of mathematical theorems
and results is not limited to mathematics itself. On the contrary, they
play a fundamental and seemingly irreplaceable role in our science and
culture. If we say that they are false, there is no telling what will happen
to other alleged truths based on mathematics.

Nevertheless, nominalism has its supporters. Part of the reason
for this is of course that platonism has its own share of troublesome
implications. It can provide us with nice accounts of the objective,
necessary, and eternal nature of mathematical truth. These properties
in turn can help to make clear why mathematical knowledge is so useful
to us once we have it. But there is nothing in platonism that explains how
it is possible for us to obtain this knowledge and correctly appreciate its
value. The numbers, sets, and other abstract entities that mathematics,
according to platonism, investigates are not part of the world that we
experience with our senses. They have no powers to interact with us
causally or in any other way. To know about them seems to require
faculties that can be appropriately described as supernatural. Until such
faculties have been demonstrated in human beings, or an account has
been given that shows that they are not needed, platonism must be said
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to have a serious problem which leaves the door open for nominalistic
(or at least non-platonistic) suggestions for how mathematics should be
understood.

In this dissertation I investigate some such non-platonistic ap-
proaches to the philosophy of mathematics. In particular, I am inter-
ested in finding out whether it is possible to understand mathematics
in a way that allows us to engage in ordinary mathematical reason-
ing where we assume that certain mathematical statements are true,
but that does not commit us to the existence of a realm of abstract
mathematical entities. Given what I have said so far about the relation
between truth and existence in mathematics, this may seem as hopeless
as having one’s cake and eating it too. However, I believe that it can be
argued that this relation is not so strong as it prima facie appears. Most
importantly, I find it unreasonable to attach so great significance to ob-
jects that, when we try to describe their non-mathematical properties,
seem to be cut off from us in every conceivable way.

1.2 Outline of the dissertation

The dissertation can be seen as divided into three parts. The first of
these parts consists of chapters 2 and 3 and treats of the definition of
mathematical realism, as well as arguments for and against the view
that there exist abstract mathematical objects. In chapter 2 I first
discern two aspects of mathematical realism, namely an ontological
aspect which emphasizes mind- and language-independent existence
as a characteristic of realism, and a semantic aspect according to which
realism has to do with statements’ having determinate truth-values
independently of our means of knowing what these truth-values are.
I then define strong platonism about mathematics as a view that
incorporates both the ontological and the semantic aspect of realism,
and that, furthermore, assumes a rather strong connection between the
truth of a mathematical theory and the existence of the objects that the
theory speaks of. To illustrate what strong platonism about mathematics
amounts to, I discuss how it can be applied to Peano arithmetic and
Zermelo-Fraenkel set theory. In this connection, I also consider some
difficulties that a platonistic understanding of mathematics seems to
give rise to.

Chapter 2 ends with an account of two influential arguments for
ontological realism about mathematics: the semantic argument and
the indispensability argument. Both of these arguments are based
on the idea that the literal truth of (at least some) mathematical
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statements requires the existence of mathematical objects. Given that
our mathematical theories are true, it thus appears that we are forced
to accept that such objects exist. Although, as I have mentioned before
in this introduction, we often take for granted that mathematics is true,
it is interesting to note that the indispensability argument also contains
an argument as to why we are justified in believing that at least some
of our mathematical theories are true. According to this argument, it is
because of its indispensable applications to empirical science that we
have reasons to believe that mathematics is true.

In chapter 3 I explore some possible objections to ontological realism
about mathematics. The first of these is the non-uniqueness problem,
which arises from our inability to identify mathematical objects, e.g.
numbers, in a way that goes beyond what our theories say about
them. Mathematical theories often characterize their objects up to
isomorphism, thus leaving us with infinitely many possibilities and
no conclusive answer to the question what the theories are “really”
about. This seems to conflict with the ontological realist’s intuition that
mathematics has a well-defined subject matter.1 The second difficulty
I discuss is known as Benacerraf’s dilemma. It derives from the
observation that, on the one hand, the most reasonable semantics for
mathematics seems to imply the existence of abstract mathematical
entities, whereas, on the other hand, abstract objects seem to be
isolated from us in a way that makes knowledge of them impossible.2

The third objection, the irrelevance challenge, is that the existence or
non-existence of mathematical objects does not seem to have any impact
on what we can and cannot do with our mathematical theories. Since
mathematical objects apparently do not interact with human beings or
any other concrete objects, it is difficult to see in what way they are at
all relevant.

I conclude chapter 3 and the first part of the dissertation by listing
five desiderata that an ideal philosophy of mathematics should satisfy.
For instance, it should be able to account for mathematical truth,
the possibility of mathematical knowledge, and the applicability of
mathematics to empirical science.

The dissertation’s second part consists of the chapters 4, 5, and
6 and treats some different alternatives to ontological realism about
mathematics. In chapter 4 I present and discuss Hartry Field’s [48]
nominalistic program. According to Field, the only argument for
the existence of mathematical objects that is worth taking seriously

1See Benacerraf [10].
2See Benacerraf [11].
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is the indispensability argument. He thus accepts that mathematics
is ontologically committed to abstract objects. But since he does
not believe in such objects, he attempts to show that mathematics is
not indispensable to science. The idea is that if the indispensability
assumption is false, we have no reason to believe that mathematics is
true and thereby no reason to believe that there exist mathematical
objects. Carrying out this program requires two things: First, Field
must explain how mathematics can be useful in applications even if it
is not true. Second, he must show that our scientific theories can be
nominalistically formulated, i.e. stated in such a way that all reference
to and quantification over abstract entities is eliminated. Both these
tasks involve substantial difficulties and there is much that indicates that
Field’s program will be extremely hard or even impossible to complete.
Some of the objections that have been raised against it are discussed at
the end of chapter 4.

Chapter 5 deals with Rudolf Carnap’s [26] distinction between
internal and external existence questions. Carnap argues that it is
meaningless to ask whether, e.g., mathematical objects “really” exist.
Instead, he claims that what we do when we accept the existence of a
certain kind of entity is to accept a linguistic framework which gives us
the expressive resources to talk about the new kind of entity. Within
such a framework, i.e. internally, it is obvious that the entity exists,
whereas outside the framework, i.e. externally, we cannot even talk
about the entity. According to Carnap, the only external existence
question that can be meaningful is to ask whether or not we should
accept a certain framework. The answer to a question like that has
nothing to do with metaphysical facts or ontological insights. Rather,
the acceptance of a new linguistic framework should be based on a
pragmatic decision.

Carnap’s distinction has been criticized by Quine, who claims that
the distinction is impossible to make, since it rests on another impossible
distinction, namely that between analytic and synthetic truths. How-
ever, it has been argued—to my mind, quite convincingly—that Quine’s
criticism is confused and rests on a misinterpretation of Carnap’s views.

I end chapter 5 with a brief discussion of metaontology, that is, the
study of such questions as whether ontological questions are meaningful
and have determinate answers. Carnap’s approach is an example of
a view according to which ontological questions are not meaningful.
But there are similar views that suggest that it is possible to draw a
Carnapian distinction between internal and external without dismissing
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the external perspective as meaningless.3

In chapter 6 I discuss some versions of fictionalism. These views
are similar to Field’s in that they take mathematics to be literally
false. Unlike Field, however, the proponents of these approaches
argue that a fictionalist standpoint is possible even if it should be
the case that mathematics is indispensable to empirical science. For
instance, Mark Balaguer [4] argues that, given a scientific theory, we
can distinguish between its empirical and its platonistic content. The
empirical content involves reference only to concrete and observable
entities and phenomena. The platonistic content, on the other hand,
involves reference to abstract mathematical objects. Balaguer’s idea is
that these two kinds of content can be completely separated in such a
way that only the empirical content needs to be true in order for the
theory to be successful. The reason for this is that the causal inertness
of mathematical objects implies that the platonistic content cannot
have any impact on the theory’s consequences concerning the physical
world.4

Another fictionalist approach is Stephen Yablo’s figuralism.5 It is
based on an interpretation of Carnap’s internal/external distinction,
according to which internal statements can be seen as metaphorical or
figural and external statements as literal. Yablo argues that there are
many similarities between mathematical and metaphorical language,
and that these similarities make it plausible that we really intend
mathematical statements to be interpreted as a kind of make-believe.

The third and final part of the dissertation consists of chapters 7
and 8. I begin chapter 7 by summarizing the alternatives to ontological
realism presented in chapters 4–6. I also discuss briefly to what extent
they meet the desiderata listed at the end of chapter 3. My main objec-
tive in chapter 7, however, is to sketch a new alternative to ontological
realism about mathematics. I argue that an ontological non-realist
ought to question the connection between truth and ontology that the
arguments for ontological realism assume, and that a distinction like
Carnap’s between internal and external claims can be employed to this
end. Given that mathematical existence claims can be interpreted in
two different ways—internally and externally—it cannot be taken for
granted that their internal truth is evidence of the external existence
of mathematical objects. In order to clarify what internal truth and
existence amounts to, I suggest that internal truth could be interpreted

3An example of such a view is Hofweber’s [68].
4This line of reasoning is similar to that of the irrelevance challenge in chapter 3.
5See Yablo [121, 124, 125].
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as what fictionalists have called correctness with respect to our con-
ceptions of mathematics. Analogously, claims about internal existence
could be understood as claims about our conceptions of, e.g., mathe-
matical structures. I argue that our mathematical practice together with
the difficulties for ontological realism brought up in chapter 3 indicate
that we can get just as much information (or more) from considering a
conceived structure as an actually existing one.

Finally, in chapter 8 I summarize the arguments given in the
dissertation and make some brief remarks concerning how my view is
related both to ontological realism and to various kinds of fictionalism.





Chapter 2

Mathematical realism

The aim of this chapter is twofold: First, I want to discern some
important aspects of mathematical realism and use them to characterize
different varieties of mathematical realism. Second, I will discuss two
influential arguments that have often been given for mathematical
realism. These arguments are similar in that they both seek to establish
a very close connection between the truth of mathematical statements
and the existence of abstract mathematical objects.

2.1 What is mathematical realism?

‘Realism’ is not a well-defined term with a meaning that has been fixed
once and for all. Burgess [22, p. 19] describes the situation by claiming
that “there is hardly any bit of philosophical terminology more diversely
used and overused and misused than the R-word”. Perhaps the best way
to think of it is as an umbrella term that covers many quite different—
some of them mutually exclusive—views, held together by some sort of
family resemblance.

To begin with, that you are a realist (in an intuitive sense) about some
particular subject matter does not mean that your realism automatically
extends to every other possible subject matter. For instance, someone
could easily be a realist concerning everyday physical objects such as
tables and chairs while, at the same time, being a non-realist with respect
to ghosts and spirits. The opposite position—realism about ghosts and
spirits combined with non-realism about tables and chairs—is certainly
less common, but it does not seem to be prima facie incoherent. We
could also be realists, or non-realists, about both tables and chairs
and ghosts and spirits. The point can be generalized: if we randomly

9



10 CHAPTER 2. MATHEMATICAL REALISM

pick two subject matters X and Y , we can almost always be realists or
non-realists about Y independently of whether or not we are realists
about X. In the case of an exception, where, for example, realism about
X forces us to assume realism about Y , this will have more to do with
properties ofX and Y than with the realistic attitude as such. It is often
more illuminating, therefore, to speak of “realism about X” (or “X-ical
realism”) rather than just “realism”.

However, even after we have come so far as to zoom in on “X-ical
realism”, in the present case mathematical realism, there can still be
several versions of realism to consider. In this section, I will examine
some of them more closely.

2.1.1 Existence and ontological realism

According to Miller [90], there are two fundamental aspects of realism,
namely existence and independence. He summarizes their role by giving
the following general template for a realistic claim regarding a subject
matter that speaks of the objects a, b, c, . . . with the properties F-ness,
G-ness, H-ness, . . .:

a, b, and c and so on exist, and the fact that they exist and
have properties such as F-ness, G-ness, and H-ness is (apart
from mundane empirical dependencies of the sort sometimes
encountered in everyday life) independent of anyone’s beliefs,
linguistic practices, conceptual schemes, and so on.1

We can call someone who agrees with claims of this kind an ontological
realist. An ontological realist about mathematics would then be a
person who accepts something like the following: “4 , 6 , and 8 and
so on exist, and the fact that they exist and have properties such as
being natural, even, and composite numbers is (apart from mundane
empirical dependencies of the sort sometimes encountered in everyday
life) independent of anyone’s beliefs, linguistic practices, conceptual
schemes, and so on.”2

1For instance, the shape of a table is dependent on how it was designed and built.
Once the table is there, however, it has the shape it has independently of what we
believe about it, according to the realistic claim.

2This does not mean that an ontological realist about mathematics necessarily takes
4 , 6 , 8 , and so on, to be sui generis objects. They may very well be thought of,
e.g., as inextricably tied to the entire structure of natural numbers, or as set-theoretic
constructions in a mathematical ontology consisting exclusively of sets. For the moment,
I will ignore questions concerning the nature of the “genuine” mathematical objects
and just say that, by definition, if you are an ontological realist about mathematics,
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But what does it mean for a mathematical object to exist inde-
pendently of beliefs, linguistic practices, conceptual schemes, and so
on? Arguably, the most common way of thinking about mathematical
objects is to see them as abstract entities, existing in a realm that is
separate from the spatiotemporal world of concrete, physical things like
stars, computers, and human beings. Roughly, there seem to be only
two major alternatives to this view, besides rejecting the existence of
mathematical objects altogether:3 one could hold that they are physical
objects, or that they are mental objects, created in and by the human
mind.

The latter position has been famously argued against by Frege [55,
§ 27], who writes the following:

If the number two were an idea, then it would have straight away
to be private to me only. [. . .] We should then have it might be
millions of twos on our hands. We should have to speak of my two
and your two, of one two and all twos. [. . .] As new generations of
children grew up, new generations of twos would continually be
being born, and in the course of millennia these might evolve, for
all we could tell, to such a pitch that two of them would make five.
Yet, in spite of all this, it would still be doubtful whether there
existed infinitely many numbers, as we ordinarily suppose. 1010,
perhaps, might be only an empty symbol, and there might exist
no idea at all, in any being whatever, to answer to the name.

Whether or not mentalistic views of mathematical objects are refuted
by Frege’s criticism, it is obvious that they do not qualify as versions
of ontological realism, since they give up the associated independence
claim. If mathematical objects were human ideas, it seems they and
their properties would be very much dependent on what humans believe
about them.

An account on which mathematical objects are thought to be physi-
cal, on the other hand, seems to be able to handle both the existence and
the independence aspects of ontological realism. Indeed, ontological
realism about physical objects—at any rate those we can observe—is
firmly rooted in our pre-theoretical “common-sense view” of the world.
However, just as in the mentalistic case, there is an uncertainty as to
whether the physical world can provide enough mathematical objects to
match the infinities that we encounter when we do mathematics. This

there is some claim about some mathematical objects that you will accept and that fits
the template.

3Cf. Balaguer [7].
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becomes especially clear when we consider a view like that expressed
by Mill [89, p. 164 f.]:

The fact asserted in the definition of number is a physical fact. Each
of the numbers two, three, four, &c., denotes physical phenomena,
and connotes a physical property of those phenomena. Two, for
instance, denotes all pairs of things, and twelve all dozens of
things, connoting what makes them pairs, or dozens; and that
which makes them so is something physical [. . .] When we call a
collection of objects two, three, or four, they are not two, three,
or four in the abstract; they are two, three, or four things of some
particular kind; pebbles, horses, inches, pounds weight.

On this conception of numbers as physical properties of collections of
objects, it is necessary that there exist infinitely many physical objects
just in order to get all the natural numbers, not to mention all other
mathematical objects. Even if it should happen to be the case that there
really are infinitely many physical objects, it goes strongly against our
intuitions that whether a certain number exists is decided by contingent
empirical facts.4

A more sophisticated version of the idea that mathematical objects
are located in the physical world has been proposed by Maddy [84]. Her
claim is that whenever and wherever there are some physical objects
there is also the set of those objects. And that is not all:

A set of higher order, like the set consisting of the set of eggs
and the set of Steve’s two hands, would again be located where its
members are, that is, where the set of eggs and the set of hands
are, which is to say, where the eggs and hands are. [. . .] And any
number of different sets would be located in the same place; for
example, the set of the set of three eggs and the set of two hands is
located in the same place as the set of the set of two eggs and the
set of the other egg and the two hands. None of this is any more
surprising than that fifty-two cards can be located in the same
place as a deck.5

But the sets that Maddy places in space and time do not seem quite
like ordinary physical objects, even though ordinary physical objects
are an essential part of them. Balaguer [4, p. 30] argues that unless
Maddy’s sets are taken to be abstract or non-physical in some sense,
they will only be aggregates of physical matter. In that case there will be

4Cf. Balaguer [4, p.107].
5Maddy [84, p. 59].
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no difference between a set of three eggs and the set of the atoms that
constitute those eggs, since they are made of exactly the same physical
stuff and occupy exactly the same area of space-time. According to
standard set theory, on the other hand, the fact that these two sets have
no elements in common makes them as different as two sets can be. It
thus appears that the most promising option for an ontological realist
about mathematics is a view according to which mathematical objects
are abstract.

The distinction between abstract and concrete is disputed (see e.g.
Lewis [79, pp. 81–86]), and far from all entities can be comfortably
classified as belonging to one category rather than the other. Burgess
and Rosen [24, p. 13] note that the most common way of explaining the
distinction is not to formulate conclusive criteria of concreteness and
abstractness, respectively, but instead to use what Lewis [79, p. 82] calls
the “Way of Example”. This method consists simply in listing some more
or less uncontroversial members of each group, leaving all other objects
unaccounted for. Burgess and Rosen [24, pp. 13–15] also note that
when this kind of list is put together, some entities are more likely than
others to appear on it because of their being more clearly paradigmatic
examples of abstract/concrete entities. For instance, mathematical
objects count as paradigmatically abstract entities, whereas a list of
concrete entities will typically start with observable physical objects.

Balaguer [7] offers what he takes to be a standard definition of
abstractness and which follows Lewis’s [79, p. 83] “Negative Way”, i.e.
it only mentions properties that abstract entities lack. The property
that is first and foremost lacked by abstract objects is said to be
spatiotemporality. From this it then follows that they are neither
physical nor mental, that they are unchanging, and that they are
causally inactive. In what follows I will largely ignore the difficulties of
giving thorough characterizations of abstractness and concreteness and
stick to paradigmatic examples such as those already given. I will also
assume that these examples are in accordance with Balaguer’s negative
definition. On such a conception, it seems that abstract mathematical
objects are fully capable of meeting the ontological realist’s requirement
that mathematical objects be independent of beliefs, linguistic practices,
and so on.
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2.1.2 Truth and semantic realism

So, does ontological realism amount to a claim that mathematics is
about specifically mathematical objects, which most likely are abstract?
Actually, ontological realism as it has been formulated here does not say
anything concerning the question of what our mathematical language
and theories are about. Yet it is an almost inevitable assumption that
if there exist mathematical objects, then they are the entities that our
mathematical theories speak of.

It would be easy to add a clause to the definition of ontological real-
ism, that asserts a connection between objects and statements in such
a way that ontological realism about mathematics does become a view
according to which our mathematical theories are about independently
existing mathematical objects.6 But perhaps this connection is not as
obvious as it may look at first glance and needs to be examined fur-
ther. Therefore, I will continue to keep the objects and the statements
separate for a while longer.

The fact that we strive to collect our knowledge and beliefs about
the world and other things in linguistically formulated theories suggests
a form of realism that we may call semantic realism. Just as in
the case of ontological realism, independence is an important feature
here. However, instead of pertaining to the existence of objects, the
independence claim of semantic realism has to do with the truth of
statements. To illustrate what semantic realism about mathematics
means, we begin by considering the following three statements:

(1) 6 is a perfect number;7

(2) 7 is a perfect number;
(3) There exists an odd perfect number.

According to our standard mathematical theories, (1) is a true statement,
whereas (2) is false. Whether (3) is true or false is an open question.
Now, someone who is a semantic realist about mathematics will hold
that each of the statements (1), (2), and (3) has a determinate truth-
value that is independent of what mathematicians or anyone else know
or believe about them. In other words, even if we do not know whether
there is an odd perfect number or not, (3) is still determinately true or
false on the semantic realist’s view.

6See e.g. Resnik [105, p. 11] for a characterization of mathematical realism that
involves both objects and our theories about those objects.

7A positive integer n is said to be perfect if the sum of its proper divisors (including
1) equals n. For instance, the proper divisors of 6 are 1, 2, and 3. Since 1 + 2 + 3 = 6, 6
is a perfect number.
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Notice that if there is an odd perfect number, it is, at least in some
sense, possible for us to establish this by systematically going through
and testing the odd numbers until we find one that is perfect. However,
there is no similar direct way to show that no odd number is perfect.
Hence it cannot be ruled out that we will never know whether (3) is
true or false. Despite this possibility, the semantic realist holds that the
truth-value is determinate.

This manner of characterizing realism in semantic terms is widely
associated with Dummett, who argues that questions about mathemat-
ical truth and meaning must be answered before anything at all can be
said about the existence of mathematical objects and that

we cannot [. . .] first decide the ontological status of mathematical
objects, and then, with that as premiss, deduce the character of
mathematical truth [. . .] Rather, we have first to decide on the
correct model of meaning [. . .] and then one or other picture of
the metaphysical character of mathematical reality will force itself
on us.8

He therefore defines realism as “the belief that statements of the dis-
puted class possess an objective truth-value, independently of our
means of knowing it”, whereas a non-realist (or, in Dummett’s ter-
minology, anti-realist) is someone who holds that “a statement of the
disputed class, if true at all, can be true only in virtue of something of
which we could know and which we should count as evidence for its
truth”.9

But not everyone agrees with Dummett’s view. For instance, De-
vitt [37, ch 4] criticizes the idea of connecting realism with semantics
and claims that realism should be defined in purely ontological terms.
However, he also explicitly states that he is concerned exclusively with
realism about the external world and not with realism about, e.g.,
numbers.10 It can be argued that there is a clear difference between
these cases, since, when it comes to mathematical objects, it seems that
any information we can possibly obtain about them must be mediated
through language and that we cannot rely on, for instance, perceptual
experience. This apparently makes a semantic aspect of realism relevant
to consider, at least with respect to mathematics.

There is a seemingly straightforward path between semantic real-
ism and ontological realism. As I mentioned above, it is difficult not

8Dummett [40, p. 229].
9Dummett [39, p. 146].

10See Devitt [37, p. 13].
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to make the assumption that if mathematical objects exist, then they
and their properties are what our mathematical theories are about. And
in that case—since the objects and their properties exist independently
of us—our mathematical theories are determinately true or false in-
dependently of what we know or believe. So it looks as if ontological
realism naturally leads to semantic realism.11 Conversely, given that
mathematical statements have determinate truth-values that are inde-
pendent of us, it is natural to suppose that this is because they describe
some independently existing objects, i.e. because ontological realism is
correct.

But even if this connection looks natural, it is not completely
unavoidable. One could claim that mathematical statements do have
determinate truth-values, but for some other reason than that they
describe an independently existing mathematical reality. Or one could
claim with the ontological realist that there do exist mathematical
objects, but that they have nothing to do with our mathematical theories
and that semantic realism may therefore be false. This latter position
is no doubt a bit odd, given how our mathematical theories seem to be
the richest source of information we have about mathematical objects
and their properties. A view that combines semantic realism with a
rejection of ontological realism, on the other hand, does not appear
altogether implausible. One could even argue that since the alleged
abstract nature of mathematical objects seemingly prevents us from
observing or otherwise perceiving them, the actual existence of such
objects makes no contribution to the development of our mathematical
theories, and—hence—that there is no need for us to assume that they
exist. In order to maintain semantic realism we would of course need
a way to explain how statements that appear to be about mathematical
objects can be true even though there are no objects of this kind.

To give such an explanation seems to require, at least, that we give
up the correspondence notion of truth, i.e. the idea that the truth of
a sentence depends on the structure of the sentence, the nature of
reality, and how the sentence relates to reality. From the perspective
of someone who is both an ontological realist and a semantic realist, a
correspondence theory of mathematical truth is natural and convenient
to assume. It allows us to interpret mathematical statements literally

11Of course, this presupposes that the mathematical reality itself is determinate. If,
for instance, mathematical objects are vague, we cannot expect every mathematical
question to have a determinate answer. Mathematical reality could also be indeter-
minate in the sense that it contains several collections of mathematical objects that
are different but similar enough to make it unclear which of them our mathematical
theories aim to describe (cf. Balaguer [4, 5]).
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and say, for instance, that the sentence “6 is a perfect number” is true
simply because, in reality, the number 6 has the property of being
perfect.

However, the strength of the link between ontological realism and
truth as correspondence should not be exaggerated. For instance,
Devitt [37, p. 49] claims that “[r]ealism may make the rejection of
Correspondence Truth implausible, but it does not make it paradoxical
or incoherent”. Maddy [84, ch. 1.3] and Resnik [105, ch. 2] are
others who have argued that a less substantial theory of truth than
the correspondence theory may well be compatible with ontological
realism. In other words, giving up the correspondence theory of truth
in favor of some other conception of truth does not by itself mean that
ontological realism must be rejected.

An alternative route for the semantic realist who wants to avoid the
ontological aspect of realism could be to slightly weaken the thesis of
semantic realism. Instead of claiming that mathematical statements
have determinate truth-values, she could claim, for example, that they
are determinately correct or incorrect.12 This would emphasize the
independence aspect of semantic realism and make it a matter of
objectivity rather than truth. But perhaps it can be questioned whether
a view that leaves out both truth and existence can count as a form of
realism.

2.1.3 Platonism

The term that is most frequently associated with mathematical realism is
probably platonism. And just as it is unclear what mathematical realism
“really” is, there are many different views that have been described as
versions of platonism. There seems to be widespread agreement that
platonism involves at least some commitment to ontological realism
and to the abstract nature of mathematical objects, but those are
basically the only general requirements. Perhaps as a consequence of
this, it is quite common to use the terms ‘platonism’ and ‘realism’ inter-
changeably and/or to characterize mathematical platonism in much
the same way as ontological realism about mathematics was eventually
characterized above, namely as the view that there exist mathematical

12Cf. Balaguer [5]. Balaguer argues that “whether a given mathematical question
has an objectively correct answer [. . .] has nothing whatsoever to do with the question
of whether there exist any mathematical objects” [p. 88], but that correctness can
nevertheless be defined so that “within a realist view, the notion of correctness [. . .] is
a standard notion of correspondence truth” [p. 90].
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objects independently of us, and that these objects are abstract.13

On the other hand, mathematical realists sometimes hesitate to label
themselves ‘platonists’ and argue that the term suggests something that
goes beyond what they mean by ‘realism’. For example, Burgess and
Rosen [24, p. 10] write that “[non-realists] tend to call the opposing
view [. . .] platonism or Platonism, thus hinting that there is something
mystical about it, as there historically was about Platonic and especially
neo-Platonic philosophy.”

By considering semantic aspects in addition to the ontological ones,
we can define a version of platonism (or realism) that we may call ‘strong
platonism’. What I have in mind is something along the following lines:

Let strong platonism be the view that

(a) there exist abstract mathematical objects that are independent of
our minds and language (i.e. ontological realism about mathemat-
ics);

(b) our mathematical theories should be interpreted as being about
the independently existing mathematical objects;14

(c) statements about mathematical objects have objective truth-
values that are determined by facts of the mathematical reality.

Thus, strong platonism is a view that goes a bit beyond a minimal ver-
sion of ontological realism (and maybe even further beyond a minimal
version of semantic realism), and it is not at all evident that a math-
ematical realist will agree with all of this. For example, Burgess [22,
p. 19] describes what he takes to be a common realistic position as being
“little more than a willingness to repeat in one’s philosophical moments
what one says in one’s scientific moments, not taking it back, explaining
it away, or otherwise apologizing for it”, i.e. a very “thin” form of realism
that makes a rather loose connection between mathematical theory and
reality and seemingly does not commit us to any particular view con-
cerning, e.g. the nature of mathematical objects. He then contrasts this
with a very “thick” kind of realism according to which “what one says to
oneself in scientific moments when one tries to understand the universe
corresponds to Ultimate Metaphysical Reality”. Strong platonism, as
I have characterized it, lies somewhere between the very thin and the
very thick, but is arguably closer to the thick end of the realist spectrum,
given how it assumes a fairly strong connection between language and
reality.

13See e.g. Balaguer [4, p. 3], Colyvan [31, p. 3], Field [54, p. 1], Maddy [84, p. 21].
14This condition rests on the additional assumption that the theories in question are

about objects that the strong platonist has accepted as “genuine” mathematical objects.
(Cf. the remark above in footnote 2.)
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2.1.4 Platonistic interpretations of mathematical theo-
ries

In this section I want to describe what strong platonism amounts to when
it is applied to specific mathematical theories. Different mathematical
theories deal with different mathematical objects.15 So, just as one
can be a realist about e.g. tables and chairs and at the same time a
non-realist about such things as ghosts and spirits, it is quite possible
to be a realist or platonist with respect to one mathematical theory but
not to another. The examples I will consider here are arithmetic, which
deals with natural numbers, and set theory, which deals with sets.

Strong platonism with respect to arithmetic, or arithmetical pla-
tonism, is the view that arithmetical statements are about the abstract,
independently existing natural numbers, and that they therefore are
objectively true or false, depending on whether or not they give a cor-
rect description of the arithmetical reality. Strong platonism about set
theory—set-theoretical platonism—is the analogous view with respect to
sets and set-theoretical statements. A famous proponent of arithmetical
platonism is Frege (see in particular Frege [55]), whereas set-theoretic
platonism is often associated with Gödel (see e.g. Gödel [60]).

In what follows I will describe these platonistic views in more detail
and also point out some of the internal difficulties they face. As it
turns out, these difficulties are largely epistemological and arise from
the strong platonists’s claim that our mathematical theories mirror the
mathematical reality. In order to make the platonistic views more
precise I will make some use of formalized languages of first- and
second-order predicate logic with identity. It may be objected that this
is an artificial move, since mathematical theories in general are stated
and carried out in natural rather than formal languages.16 However, it
is often fairly easy to go back and forth between a natural language ver-
sion of a mathematical theory and a corresponding formalized version,
and there can be several advantages of doing so. This holds especially
for first-order languages, which have the attractive property of hav-
ing a well-understood proof theory and semantics (model theory). In

15At least on the face of it, although the objects of one mathematical theory are often
interpreted in terms of objects of some other theory. For instance, natural numbers are
often interpreted as sets.

16For instance, Hofweber [70] argues that the formalized version of arithmetic
fails miserably to capture both the syntax and the semantics of informal arithmetic.
Nonetheless, he agrees that formal representations can be illuminating as long as one
abstains from using them to draw far-reaching philosophical conclusions about the
nature of mathematics.
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particular, the notions of provability and model-theoretic consequence
coincide for first-order logic. Second-order languages are more com-
plicated in this respect. On the other hand, in the present cases of
arithmetic and set theory, it appears that second-order formalizations
come closer to what Dedekind and Zermelo, respectively, had in mind
when giving their informal axiomatizations.

But let me begin by reviewing some basic facts about the proof
theory and formal semantics of first-order logic.17 In order to formulate
a first-order axiomatic theory we use a first-order language with identity
consisting of

1. logical symbols:

• the sentential connectives ¬ and→;
• the universal quantifier ∀;
• the identity symbol =;
• individual variables v0, v1, . . .;
• parentheses ( and );

2. non-logical symbols:

• individual constants;
• predicate symbols;
• function symbols.

We assume that first-order languages differ only in what non-logical
symbols they contain.

Given a first-order language L, we can define what is meant by a
term of L and a formula of L. If a formula A contains an occurrence of
a variable v that does not lie within the scope of a quantifier of the form
∀v, then that occurrence of v is said to be free in A. A formula that does
not contain any free occurrences of variables is called a closed formula
or a sentence. A closed term is a term without variables.

We can formulate an axiomatic theory T inL by adding the following
components:

(i) a standard system of logical axioms and inference rules for first-
order logic with identity formulated in L;18

(ii) a set of non-logical axioms formulated in L.

17For fuller treatments, see e.g. Enderton [44, ch. 2] or Stoll [116, ch. 9]. For deductive
systems for second-order languages, see e.g. Shapiro [110, pp. 65–70].

18There is more than one way to specify such a system, but see for example
Enderton [44, pp. 110–112] for a system of first-order predicate logic with identity that
contains only one inference rule, modus ponens.
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A proof in T of a formula A is a finite sequence A1, . . . , An of formulas
in L such that An is A and each formula Ai is either a logical axiom, a
non-logical axiom of T , or can be inferred from previous formulas in
the sequence by means of the inference rules. A sentenceA is a theorem
of T if and only if there exists a proof of A in T .

A structure M for the language L is a non-empty set—the domain of
M—over which the variables of L range, and an assignment of objects,
relations, and functions to the non-logical symbols of L. Structures give
us the means to interpret the sentences of L and evaluate them as true
or false. In the case where M is a structure of L that makes all the
axioms of a theory T in L true, we say that M is a model of T . Because
of the soundness of first-order logic we then have that all the theorems
of T are true in M.

Peano arithmetic

Peano arithmetic (PA) is the first-order theory with identity having as
its only non-logical symbols the individual constant 0, a unary function
symbol S, and two binary function symbols +++ and ···. The non-logical
axioms of PA are:

P1 ∀x(Sx 6= 0);

P2 ∀x∀y(Sx = Sy → x = y);

P3 ∀x(x+++ 0 = x);

P4 ∀x∀y(x+++ Sy = S(x+++ y));

P5 ∀x(x ··· 0 = 0);

P6 ∀x∀y(x ··· Sy = (x ··· y) +++ x);

P7 For every formula A(x), the formula

A(0) ∧ ∀x(A(x)→ A(Sx))→ ∀xA(x).19

The platonistic idea is that these axioms aim at describing a partic-
ular abstract structure, namely the natural numbers. In other words,
on the platonistic interpretation, the intended model N of PA has as its
domain the set N of natural numbers. Furthermore, in N the individual
constant 0 denotes the number 0, the function symbol S denotes the
successor function S and the function symbols +++ and ··· denote the
operations of addition and multiplication, respectively. In fact, from the
platonistic point of view the appropriate thing to say is not that N is a

19P7 is the axiom schema of induction.
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model of PA, but rather that PA is an attempt to capture the properties
of N.

At least to some extent, arithmetical platonism can seem like a fairly
uncomplicated and intuitive position. Natural numbers—represented
by the numerals 0, 1, 2, 3, and so on—are the first mathematical objects
we become familiar with, and many of us probably feel that we have
a clear conception of what they are like, even if we are not especially
interested in mathematics and have never heard of Peano’s axioms. So
perhaps it is not a very surprising move to consider the idea that they
exist independently of us and what we know about them through our
mathematical theories. But what is the relation between the platonist’s
conception of the natural numbers and that which we get from the
axioms P1–P7?

An informal version of the above axiomatization of arithmetic goes
back to Dedekind [36] who clearly has something like the platonistic
conception of numbers in mind when he sets out to analyze “the
sequence of natural numbers just as it presents itself, in experience,
so to speak, for our consideration”.20 He finds that its fundamental
properties—among them those which we have stated here as the axioms
of PA—can be modeled by what he calls a simply infinite system, i.e. a
structure of the form 〈D, e, ϕ〉, where D is a set, e an element of D and
ϕ a one-to-one mapping from D to D \ {e}. In addition to this, the set
D is the smallest set X that contains e and is such that the image of X
under ϕ is a subset of X.21

Given a simply infinite system S = 〈D, e, ϕ〉 on which we have
defined two binary operations + and · in accordance with the axioms
P3–P6 for +++ and ···, we can give an interpretation I of the language of
PA in terms of S in the following way:

• we suppose that the variables of PA range over D;
• we let the interpretation of 0 be the element e: I(0) = e;
• we interpret the function symbol S as the function ϕ: I(S) = ϕ;
• we let the binary operations + and · be the interpretations of +++

and ···, respectively: I(+++) = + and I(···) = ·.

In order to interpret the terms of PA, we let g be an assignment; a
function that assigns an element of D to each variable vi, and we let
I(t, g) be the interpretation of the term t relative to the assignment g.
The following recursion clauses will then allow us to interpret all terms
in the language of PA:

20Dedekind [35, p. 99].
21See Dedekind [36, §71].
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• For all variables vi, I(vi, g) = g(vi);

• I(0, g) = e;

• I(S(t), g) = ϕ(I(t, g));

• I(t+++ u, g) = I(t, g) + I(u, g);

• I(t ··· u, g) = I(t, g) · I(u, g).

Equipped with this interpretation we can now go on to recursively
define the truth-value—V (A, g)—of a formula A relative to an assign-
ment g:22

• V (t = u, g) = True, if I(t, g) = I(u, g);

• V (t = u, g) = False, if I(t, g) 6= I(u, g);

• V (¬A, g) = True, if V (A, g) = False;

• V (¬A, g) = False, if V (A, g) = True;

• V (A→ B) = True, if V (A, g) = False or V (B, g) = True;

• V (A→ B) = False, if V (A, g) = True and V (B, g) = False;

• V (∀xA, g) = True, if, for all d ∈ D, V (A, g(d/x)) = True, where
g(d/x) is the assignment that assigns d to x and is exactly like g
otherwise;

• V (∀xA, g) = False, if there is a d ∈ D such that V (A, g(d/x)) =
False.

This definition suffices to give every formula of PA exactly one of the
truth-values True or False relative to an assignment g. Sentences—
because they have no free occurrences of variables—will have the same
truth-value relative to all assignments, i.e. given a structure in which
we interpret them, we can speak of them as being simply true or false in
this structure.

It is easily verified that the axioms P1–P7, and hence all theorems
of PA, are true under this interpretation. In other words, any simply
infinite system S = 〈D, e, ϕ〉 is a model of PA. Of course, for the
arithmetical platonist one such system is given absolute priority, namely
the system N = 〈N, 0, S〉 of the “genuine” natural numbers. However, as
Dedekind [36, §132] shows, all simply infinite systems are isomorphic.
Dedekind himself takes this to support his definition of the natural
numbers as the elements of the simply infinite system that can be
obtained from any given simply infinite system where

22Note that nothing in this definition of truth depends on that the structure in which
we have interpreted the language of PA is a simply infinite system.
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we entirely neglect the special character of the elements; simply
retaining their distinguishability and taking into account only
the relations to one another in which they are placed by the
order-setting transformation ϕ.23

He also remarks that

every theorem regarding numbers [. . .] and indeed every theorem
in which we leave entirely out of consideration the special charac-
ter of the elements n and discuss only such notions as arise from
the arrangement ϕ, possesses perfectly general validity for every
other simply infinite system Ω set in order by a transformation θ
and its elements ν.24

So even if the arithmetical platonist claims to have a specific structure
in mind when doing and talking about arithmetic, it is clear that the
axiomatic theory PA does not give us enough information about the
objects of arithmetic to motivate why we should prefer one simply
infinite system to another as the theory’s true model. If we are only
given first-order logic and the axioms P1–P7 no contradiction would
arise from thinking about this as a theory about the set of even numbers
where S is the function that maps 0 to 2, 2 to 4, and so on. Or we could
set up a model along the same lines as Dedekind when he proves that
there exist infinite sets and interpret the symbol 0 as our own ego and
the function symbol S as the function that maps each s to “the thought
s′, that s can be object of my thought”.25

In fact, first-order Peano arithmetic is not even strong enough
to capture the platonist’s conception of the natural numbers up to
isomorphism. Let N = 〈N, 0, S〉 (together with the operations + and ·)
be the arithmetical platonist’s intended model of PA, and let Th(N) be
the set of all sentences that are true in N. Now we extend the language
of PA with a new individual constant c and add to Th(N) the set of
sentences Σ = {c 6= 0, c 6= S0, c 6= SS0, . . .}. Σ is an infinite set, so for
any finite subset X of Th(N) ∪ Σ there is a natural number k such that
the sentence c 6= Sk0 is not an element of X.26 This means that the
structure A = 〈N, 0, S, k〉, where k is the interpretation of c, is a model
of X. In other words, every finite subset of Th(N) ∪ Σ has a model. By

23Dedekind [36, §73].
24Dedekind [36, §134].
25See Dedekind [36, §66].
26Sk0 is an abbreviation of the term in the language of PA that can be constructed by

prefixing the symbol 0 with the symbol S k times. The intended interpretation of Sk0
in N is the natural number k.
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the compactness theorem for first-order logic, it follows that the whole
set Th(N) ∪Σ has a model, call it M. If we remove the constant symbol
c and return to the original language of PA, it is clear that M makes
exactly the same sentences true as N does. However, M and N are not
isomorphic since M, unlike N, is also a model for Th(N) ∪ Σ.

This problem with what Dedekind [35, p. 100] calls “alien intrud-
ers”, i.e. non-standard elements that can serve as the interpretation
of symbols like c and make sentences such as those in the set Σ si-
multaneously true, can be remedied by moving from a first-order to a
second-order language. We can then replace the axiom schema P7 by
the full second-order axiom of induction:

∀X(X0 ∧ ∀y(Xy → XSy)→ ∀yXy),

where the standard interpretation of ∀X is that the predicate variable
X ranges over every subset of the domain. In the first-order case, by
contrast, we could only state the induction principle for those subsets
of the domain that are definable by a formula in the language of PA.27

The additional expressive power of the new language is enough
to characterize the models of the second-order version of PA up to
isomorphism as being exactly the simply infinite systems.28 From a
purely structural point of view, these models cannot be distinguished
from each other. So what is true in one of them must be true in all
the others as well. This means that second-order Peano arithmetic is
semantically complete in the following sense: for every sentence A in
the language of the theory, either A is true in every model or ¬A is true
in every model. The models of first-order arithmetic, on the other hand,
are such that the same sentence can be true in one of them and false in
another.29

However, even if second-order Peano arithmetic is semantically
complete, it shares with first-order arithmetic the property of being

27Dedekind’s analysis of the natural numbers is carried out in an informal language.
Thus, his remarks about the possibility of alien intruders are not related to the
difference between the first-order axiom schema of induction and the second-order
axiom of induction. Rather, he brings up the issue as part of his explanation of why the
induction principle is needed at all to characterize the sequence of natural numbers.

28Again, we assume that the theory is interpreted in accordance with the standard
semantics for second-order logic so that predicate variables bound by the universal
quantifier are interpreted as ranging over every subset of the domain of individuals.

29See Awodey and Reck [1, pp. 2–5] for definitions of different kinds of completeness.
Awodey and Reck also mention an example of a theory (Tarski’s theory of real
arithmetic) that has non-standard models but nonetheless is semantically complete in
the above sense. In other words, having only isomorphic models is a sufficient but not
necessary condition for a theory to be semantically complete.
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deductively incomplete. That a theory T in the languageL is deductively
incomplete means that there is a sentence A of L such that neither A
nor ¬A is a theorem of T .30 Thus, there is a sentence of second-
order arithmetic which is true according to the arithmetical platonist’s
intended interpretation, but such that its truth cannot be established
by means of a deduction within the theory. Moreover, we know by
Gödel’s incompleteness theorem that this will be the case not only
for second- and first-order Peano arithmetic but for any attempt to
formalize arithmetic—no consistent formal system is strong enough to
prove every arithmetical truth.

So, where does this leave the arithmetical platonist? One way of
looking at the situation is that it is the platonist who has the upper
hand. After all, that arithmetical truth and existence are independent
of what human beings can think or express in a language is one of
the basic components of arithmetical platonism. And if we go to
mathematical practice itself, the use of informal methods is widespread
and fully accepted. Given that we can—and do—have a thoroughly
clear conception of the natural numbers and what they are like, then
perhaps it means very little that this conception cannot be completely
characterized within a formal system. As Dummett [38, p. 193] puts it:

Any non-standard model [. . .] will contain elements not attainable
from 0 by repeated iteration of the successor operation. Even if we
can give no formal characterisation which will definitely exclude
all such elements, it is evident that there is not in fact any
possibility of anyone’s taking any object, not described (directly
or indirectly) as attainable from 0 by iteration of the successor
operation, to be a natural number.

On the other hand, the difficulties involved in giving a precise
representation of arithmetical truth can make us doubt whether the
platonist’s picture of the natural numbers really is as clear as it is
claimed to be. First of all, there is the fact that if we accept the existence
of the natural number structure, we must also accept the existence
of infinitely many other structures isomorphic to it and seemingly
indistinguishable from it. Suppose though, that we are willing to settle
with uniqueness up to isomorphism (perhaps we can follow Dedekind
in saying that the natural number sequence is a simply infinite system
obtained by means of ignoring any “special character” of the elements
of an arbitrary simply infinite system). Then we should be in the clear,
since we can appeal to Dedekind’s proof that all simply infinite systems

30Cf. Awodey and Reck [1, p. 4].
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are isomorphic. However, as Parsons [93, p. 273] points out, “no
demonstration is better than the assumptions on which it rests”. In the
case of Dedekind’s theorem, these assumptions typically include some
set-theoretical background. Parsons continues:

[T]he logical considerations behind the existence of nonstandard
models are quite general, and apply also to set theory. Thus, of
whatever set theory in which we have proved Dedekind’s theorem,
there will also be nonisomorphic models. And nonisomorphic
models of set theory can give rise to nonisomorphic models of
arithmetic.31

This does not necessarily mean that the platonist’s clear conception of
arithmetic is illusory, but it does indicate that the idea that we can know
exactly what the natural numbers are like is more complicated than it
may seem at first glance.

Zermelo-Fraenkel set theory

It is customary today to think of set theory as providing a framework
for mathematics in its entirety. This idea developed in the 19th century
as various set-like notions, e.g. class, collection, system, and aggre-
gate, became increasingly important in different parts of mathematics.
Toward the end of that century, set theory also emerged as an inde-
pendent mathematical discipline in connection with Cantor’s theory of
transfinite ordinal and cardinal numbers.32

In the beginning, however, the concept of set was rather imprecise.
Given two sets A and B, there was a clear criterion for determining
whether A = B, namely the principle of extensionality according to
which A and B are identical if and only if they have exactly the same
elements. But the extensionality principle is of no use when it comes
to deciding whether or not a collection of objects qualifies as a set. In
order to do this the first thought that strikes us is perhaps the so-called
naive conception of set. This is the idea that to any property P there
corresponds a set, {x : P (x)}, which contains as its elements all and
only those objects that have the property P .

Unfortunately, this conception turns out to be inconsistent. One
way of realizing this is to consider what happens if we attempt to form

31Parsons [93, p. 274]. Parsons goes on to show that the possibility he suggests of
different natural number structures in different set-theoretical models is not merely
hypothetical.

32See Ferreirós [47].
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the set R = {x : x 6∈ x}, i.e. the set of all sets that are not members of
themselves. We can then ask the question whether this set is a member
of itself. But if that should be the case, then, by the defining property
of R, R is not a member of itself. Conversely, if R is not a member of
itself, then it has the property that makes it a member of R. So we end
up with the paradoxical result—known as Russell’s paradox—that R is
a member of itself if and only if R is not a member of itself. Naive set
theory also gives rise to other paradoxes such as Burali-Forti’s paradox,
which shows that it is contradictory to assume the existence of a set
consisting of all ordinal numbers, and Cantor’s paradox, which shows
that there cannot be a set of all sets.33

The paradoxes of naive set theory were well-known to Cantor,
who dealt with them by introducing a threefold distinction between
finite, transfinite, and absolutely infinite. Only finite and transfinite
collections were eligible as sets, whereas absolutely infinite collections
were classified as “inconsistent multiplicities”:

[A] multiplicity can be such that the assumption that all of its
elements “are together” leads to a contradiction, so that it is im-
possible to conceive of the multiplicity as a unity, as “one finished
thing”. Such multiplicities I call absolutely infinite or inconsistent
multiplicities. [. . .] If on the other hand the totality of the elements
of a multiplicity can be thought of without contradiction as “being
together”, so that they can be gathered together into “one thing”,
I call it a consistent multiplicity or a “set”.34

With this distinction the derivations of the set-theoretical paradoxes no
longer succeed, since the problematic collections are excluded from set-
hood. What makes Cantor’s account appear somewhat ad hoc, however,
is that it lacks an explicit criterion—independent of the paradoxes—
for which collections should be classified as inconsistent multiplicities.
So on the one hand there are no apparent contradictions built into the
Cantorian conception of set, but on the other hand it is not apparent that
it constitutes a solid enough foundation for the rest of mathematics.35

The first axiomatic version of set theory was given by Zermelo [127]
in 1908. He noted that set theory was an “indispensable component” of
mathematics but that it was threatened by paradoxes. Hence, he found
it necessary

33For a more detailed account, see e.g. Giaquinto [58, pp. 37–41].
34Cantor [25, p. 114]
35Cf. Ferreirós [47] and Giaquinto [58, p. 47 f.].
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to seek out the principles required for establishing the foundations
of this mathematical discipline. In solving the problems we must,
on the one hand, restrict these principles sufficiently to exclude
all contradictions and, on the other, take them sufficiently wide to
retain all that is valuable in this theory.36

The resulting theory goes under the name of Zermelo set theory, Z, and
has the following axioms:37

I. Axiom of Extensionality: If every element of a set x is also an
element of a set y and vice versa, then x = y; or, more briefly,
every set is determined by its elements. In symbols this becomes:

∀z(z ∈ x↔ z ∈ y)→ x = y.

II. Axiom of Elementary Sets: There exists a set ∅, the empty set,
that has no elements. For any object x, there exists a set {x}, that
has x as its only element. Furthermore, for any objects x and y,
there exists a set {x, y}, that has x and y as its only elements.

In later axiomatizations, the Axiom of Elementary Sets was replaced by
the Axiom of Pairing: For any objects x and y, not necessarily distinct,
there exists a set z that contains both x and y as elements. We can
render this symbolically as follows:

∀x∀y∃z(x ∈ z ∧ y ∈ z).

The existence of the set {x, y}, which contains x and y as its only
elements (and which collapses to the singleton set {x} in the case where
x = y) then follows by means of the following axiom:

III. Axiom of Separation: Whenever the propositional function A(z)
is definite for all elements z of a set x, then there exists a subset y
of x that contains as its elements precisely those elements z of x
for which A(z) is true.

In order to make the Axiom of Separation precise, it must be specified
what is meant by a ‘definite propositional function’. The standard way
of doing this in first-order formalizations of set theory is to let A(z)
stand for a first-order formula with no free occurrences of the variable
x. The Axiom of Separation is then formalized as the following axiom
schema:

∀x∃y∀z(z ∈ y ↔ z ∈ x ∧A(z)).
36Zermelo [127, p. 200].
37Cf. Zermelo [127, pp. 201–204].
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But, as we recall from the previous section on Peano arithmetic, first-
order theories and axiom schemata are an invitation to unintended,
non-standard interpretations. Although Zermelo did not formalize his
axioms of set theory, it appears that a second-order formalization lies
closer to what he had in mind.38 A(z) is then taken to stand for an
arbitrary collection X of sets and the axiom becomes:

∀X∀x∃y∀z(z ∈ y ↔ z ∈ x ∧X(z)).

The existence of the empty set, ∅—which is unique by the Axiom of
Extensionality—follows from the Axiom of Pairing and the Axiom of
Separation together with the assumption that there exists at least one
object.39

IV. Axiom of the Power Set: For every set x, there exists a set ℘(x),
the power set of x, that contains precisely all subsets of x as its
elements. In symbols:

∀x∃y∀z
(
z ∈ y ↔ ∀u(u ∈ z → u ∈ x)

)
.

V. Axiom of Union: For every set x, there exists a set
⋃
x, the union

of the elements of x, that contains precisely all elements of the
elements of x as its elements. In symbols:

∀x∃y∀z
(
z ∈ y ↔ ∃u(u ∈ x ∧ z ∈ u)

)
.

VI. Axiom of Choice: If a is a set of mutually disjoint, non-empty sets,
then its union

⋃
a contains at least one subset having one and

only one element in common with each element of a. In symbols:

∀a
((
∀x(x ∈ a→ x 6= ∅)∧

∀x∀y(x ∈ a ∧ y ∈ a ∧ x 6= y → x ∩ y = ∅))
)

→ ∃b∀x∃u(x ∈ a → b ∩ x = {u})
)
.

VII. Axiom of Infinity: There exists at least one set x such that the
empty set is an element of x and such that if a is an element of x,
then {a} is also an element of x. In symbols:

∃a
(
∅ ∈ a ∧ ∀x(x ∈ a→ {x} ∈ a)

)
.

38See e.g. Hallett’s introduction to Zermelo [128] in Ewald [45, p. 1213].
39As Giaquinto [58, p. 249, n. 4] notes, this assumption is usually built into the

underlying logic, since it is customary to accept ∃x(x = x) as a logical truth.
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The preferred version of the Axiom of Infinity nowadays is due to
von Neumann and looks slightly different:

∃a
(
∅ ∈ a ∧ ∀x(x ∈ a→ x ∪ {x} ∈ a)

)
.

That is, instead of asserting the existence of a set {∅, {∅}, {{∅}}, . . .}
where, given this ordering, each element is the singleton set of its nearest
predecessor, it asserts the existence of a set {∅, {∅}, {∅, {∅}}, . . .}
where, given this ordering, each element is the set of all its predecessors.
Both these sets are simply infinite systems in Dedekind’s sense, i.e. they
can be used as set-theoretical representations of the natural numbers.
The advantage of von Neumann’s version, however, is that it can more
easily be generalized to a definition of all the ordinals.

But if we attempt to accomplish such a generalization and thereby
fully capture Cantor’s informal set theory, it turns out that the above
axiom system is too weak. For instance, we have seen that the existence
of the first infinite ordinal number ω = {0, 1, 2, . . .} follows from the
Axiom of Infinity. However, there is no way of proving within Z that the
ordinal ω+ω—intuitively defined as the union of {ω, ω+ 1, ω+ 2, . . .}—
exists, since it cannot be proved that {ω, ω + 1, ω + 2, . . .} is a set, even
though it has the same cardinality as ω.

As a means of resolving this difficulty Fraenkel introduced the
following axiom in 1922, making possible the formation of any set that
can be one-to-one correlated to a given set:

VIII. Axiom of Replacement: If R is a functional relation40 on the
set-theoretic universe U and x is a set, then the image of x under
R, i.e. R[x] = {z : ∃w(w ∈ x ∧R(w, z))} is a set.

As with the Axiom of Separation, there is a difference here between
first- and second-order formalizations. In second-order logic, the axiom
can be expressed as

∀R
(
∀x∃!yR(x, y)→ ∀x∃y∀z(z ∈ y ↔ ∃w

(
w ∈ x ∧R(w, z)

))
.

The corresponding first-order axiom schema is

∀x∃!yA(x, y)→ ∀x∃y∀z
(
z ∈ y ↔ ∃w(w ∈ x ∧A(w, z)

)
,

where A(x, y) is any formula in the language of first-order set theory
that contains at least x and y as free variables.

The final axiom that we will consider was introduced by von Neu-
mann in 1925.

40A binary relation R on U is functional if and only if for every element x in U there
exists a unique y in U such that R(x, y).
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IX. Axiom of Foundation: In every non-empty collection of sets there
is a set such that none of its elements are in the collection.

This formulation in terms of collections suggests a second-order for-
malization:

∀P
(
∃xP (x)→ ∃x

(
P (x) ∧ ∀y(y ∈ x→ ¬P (y))

))
.

The corresponding first-order axiom is called the Axiom of Regularity
and says that every non-empty set has an element that is disjoint from
it. In symbols,

∀x
(
∃y(y ∈ x)→ ∃y

(
y ∈ x ∧ ∀z(z ∈ y → z 6∈ x)

))
.

It is easily seen that the Axiom of Regularity follows from the Axiom of
Foundation, but it can also be shown that if we assume the second-order
axioms I–VIII, then Foundation is a consequence of Regularity.

The theory that we call first-order Zermelo-Fraenkel set theory,
ZF1, consists of the axioms Extensionality, Pairing, Power Set, Union,
Infinity, all instances of the axiom schema of Replacement, and Regu-
larity.41 The corresponding second-order theory, ZF2, uses the Axiom
of Replacement. By adding the Axiom of Choice, we obtain the theories
ZFC1 and ZFC2, respectively.

Let us now look into what strong platonism with respect to set theory
amounts to. What the platonist ultimately wants is of course a set theory
that gives a true and complete description of the actual universe of sets.
But in order to determine whether this goal has been achieved, it is
necessary to have some conception of what the universe of sets is like.
The idea of a set as a collection of objects that somehow is an object
in itself is relatively easy to grasp. An entire universe of sets, on the
other hand, seems almost impossible to imagine—especially in view of
how the conception must be able to avoid pitfalls such as the paradoxes
of naive set theory. The situation here is radically different from that
of arithmetic. While the natural numbers are infinitely many, they are
still quite manageable and appear to allow for simple intuitive pictures
of them as “lined up in a row” or “linked together in an infinite chain”.
By contrast, sets come in so many different sizes and with such various
complexity that it is hard to see how they can all fit into one uniform
structure in a way that we can comprehend.

In 1930, Zermelo [128] returned to the foundations of set theory and
presented an informal interpretation of Zermelo-Fraenkel set theory

41The axiom schema of Separation follows from the schema of Replacement.
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that we now know as the iterative conception of set. The basic idea
of this conception is that sets are, as it were, built up “from below”,
starting with a, possibly empty, collection of urelements, i.e. objects
that have no members and are not sets. At the first stage, the set V0

of these objects is formed. If there are no urelements, then V0 = ∅.
Given the set Vα of stage α, we can at the next stage α + 1 form the set
Vα+1 = Vα ∪ ℘(Vα).42 At any limit stage δ, that is, a stage that has no
immediate predecessor, Vδ is taken to be the union

⋃
α<δ Vα. In this

way a hierarchy of sets is formed, which is cumulative in the sense that
at each stage all sets that were formed at previous stages are formed
again, besides the sets that are new for this stage. If the iterative process
is continued far enough,43 then all the axioms of ZF are true in the
resulting hierarchy.

Suppose now that the actual universe of sets, V , is a cumulative
hierarchy of this kind. To what extent is it captured by Zermelo-
Fraenkel set theory? Just as in the case of first-order Peano arithmetic,
ZF1 has models that are not isomorphic to the intended one. Some
of them are nothing like the cumulative hierarchy. For instance, by
the Löwenheim-Skolem theorem any first-order theory that has an
infinite model has a countable model. Since one of the theorems of
ZF is usually interpreted as saying that there is an uncountable set,
a countable model must obviously be one where such a statement is
given a different interpretation.44 But there is also L, the universe of
constructible sets, which is a cumulative hierarchy that is built up in
a somewhat different way than we described above. Where Vα+1 was
formed by adding the full power set of Vα at stage α+ 1, Lα+1 is formed
by adding only those subsets of Lα that are definable by means of a
first-order formula whose quantifiers range over Lα and which may
contain as parameters names of objects in Lα. L is a natural model of
ZF1 in the sense that it allows us to interpret the individual variables
as ranging over sets and the relation symbol ∈ as set membership. It is

42If the set of urelements is empty so that V0 = ∅, this is equivalent to taking
Vα+1 = ℘(Vα). We could also define Vα+1 as V0 ∪ ℘(Vα).

43In order to satisfy the Axiom of Replacement, it must hold that if each set x is
correlated with a stage Sx, then for any set y, there is a stage that is “later” than any
stage Sz with which any element z ∈ y is correlated. See e.g. Boolos [14, p. 500].

44The apparent conflict between the existence of a countable model of ZF1 and the
theory’s saying that there is an uncountable set is known as Skolem’s paradox. The
paradox is resolved as soon as we give up the idea that there is a unique way of translating
a formal sentence into natural language. However, Putnam [95] has used Skolem’s
paradox as the basis for an argument that there is no unique “intended interpretation”
of natural language, i.e. that natural language is semantically indeterminate. (See e.g.
Bays [9].)
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consistent with the axioms of ZF1 to assume that V = L, that is, that
for every set x that belongs to Vα for some ordinal number α, there
is an ordinal number β such that x belongs to Lβ . Gödel showed that
in any model of ZF1 one can construct a so-called inner model of ZF1
in which V = L holds. Moreover, ZF1 + V = L implies the Axiom of
Choice. These two results together imply that if ZF1 is consistent, and
hence has a model, then there exists a model of ZF1 + V = L, in which
the Axiom of Choice is true. Thus, if ZF1 is consistent, then ZFC1 is also
consistent.45

What is the situation if we look instead at the second-order theory
ZF2? In the case of arithmetic, we saw that second-order Peano
arithmetic is categorical, i.e. all its models are isomorphic (given the
standard semantics of second-order logic). Set theory is different in this
respect. All the models of ZF2 are standard models, but they are not
all isomorphic since the axioms of ZF2 do not determine the cardinality
of the set-theoretic universe. This means that any given model can be
extended to a new model of larger cardinality by adding further stages
to the cumulative hierarchy. Zermelo [128, p. 1233 f.] writes:

[T]o each normal domain there is a higher normal domain with
the same basis, to each unit domain there is a higher unit domain,
and finally, therefore, [. . .] to each ‘boundary number’ π there is a
greater boundary number π′. [. . .] Naturally, [. . .] this cannot be
‘proved’ from the [ZF2] axioms, since the behaviour claimed goes
beyond any individual normal domain.46

In order to categorically determine a model of ZF2, then, one has to fix
the cardinality of the set of urelements and the height of the cumulative
hierarchy.

Zermelo [128, p. 1232] finds this lack of absolute categoricity to be
an advantage and expresses strong criticism of the idea that new axioms
should be introduced as a means of forcing categoricity, since he thinks
that this would threaten the generality and applicability of set theory.
But it seems that a strong platonist would react differently.

We see an example of the platonistic point of view in Gödel’s [60]
discussion of Cantor’s continuum hypothesis, CH. CH is a statement
to the effect that there is no set whose cardinality is strictly greater

45See e.g. Gödel [59], Maddy [86, pp. 64–65].
46By a ‘normal domain’, Zermelo means a model of ZF2 with an arbitrary set of

urelements (the ‘basis’ of the domain). A ‘unit domain’ is a model with only one
urelement. A ‘boundary number’ is what is known in modern terminology as a strongly
inaccessible cardinal number.
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than that of the natural numbers and at the same time strictly smaller
than that of the real numbers. As it turns out, CH is independent of
first-order Zermelo-Fraenkel set theory, i.e. it can neither be proved nor
disproved in first-order logic from the axioms of ZF1.47 A non-realist
would perhaps conclude from this that we are free to choose whether
we should regard CH as true, false, or even meaningless. By contrast,
Gödel writes:

[T]he set-theoretical concepts and theorems describe some well-
determined reality, in which Cantor’s conjecture must be either
true or false. Hence its undecidability from the axioms [. . .] can
only mean that these axioms do not contain a complete description
of that reality.48

He then goes on to argue that there are non-arbitrary ways of extending
the set-theoretic axiom system in order to obtain a fuller description of
the actual universe of sets.

The problem with this view is that—as Gödel was of course well
aware, since it follows from his first incompleteness theorem—we can
never have a complete formal axiomatic account of all set-theoretic
truths. Gödel was therefore forced to rely on the possibility of us
having epistemic access to the set-theoretic universe independently of
the axioms. However, in light of the paradoxes of naive set theory
as well as the vastness of the set-theoretic universe, it does not seem
unreasonable to question that our conception of it is clear enough to
serve as a guide to the “right” way of developing set theory.49

2.2 Arguments for mathematical realism

I will now turn to the issue of how a realistic position in the philosophy
of mathematics can be argued for. In particular, I will discuss two
arguments for ontological realism. The arguments are based on the
same idea, namely that the existence of mathematical objects can be

47Like the Axiom of Choice, CH was shown by Gödel to hold in models of ZF1 +
V = L. In 1963, Cohen showed that the negations of both CH and the Axiom of Choice
are consistent with the axioms of ZF1. In other words, the Axiom of Choice is also
independent of ZF1.

48Gödel [60, p. 476].
49Cf. Feferman [46, p. 405] who argues that CH is an “inherently vague” statement.

Feferman continues: “On my view, it follows that the conception of the whole of the
cumulative hierarchy, i.e., the transfinitely cumulatively iterated power set operation,
is even more so inherently vague, and that one cannot in general speak of what is a fact
of the matter under that conception.”
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deduced from facts about our mathematical theories. In fact, we can
think of the second one—the indispensability argument—as specifying
a certain way of arguing for the premises of the first one, which I will
call the semantic argument.50

2.2.1 The semantic argument

A very simple and rough formulation of the semantic argument that
gives us little more than its general structure is the following (where
we take T to be some mathematical theory that speaks about objects of
kind P ):

1. The theorems of T are literally true.

2. If the theorems of T are literally true, objects of kind P exist.

3. Hence, there exist objects of kind P .

As an example, we could let T be the theory of Peano arithmetic. The
objects of kind P would then be the natural numbers. Similarly, if T is
Zermelo-Fraenkel set theory, the objects of kind P are sets.

This argument goes back to Frege [55] and is to this day considered
one of the most powerful arguments for ontological realism.51 Obvi-
ously, however, its power depends on how well the two premises can
be argued for. Let us therefore take a closer look at the claims these
premises make and how they can be defended.

Premise 1: Literal truth

One claim that is made in the first premise is that the theorems of T
are true. If we again consider the example where T is the theory of
Peano arithmetic, this is something that most of us probably find it
easy to agree with. The truth of simple arithmetical statements like
‘2 + 2 = 4’ is impressed on us at an early age and we can motivate our
belief in it by referring, for instance, to empirical observations of how
two things together with two other things always seem to add up to four
things.52 When it comes to more complicated theorems, a reason for
believing them to be true could be that we know something about how
they can be proved. In general, mathematics is often used as the prime

50The semantic argument has also been referred to as “the singular term argument”
(see Balaguer [7]) and “Frege’s argument” (see Linnebo [80]).

51Cf. Balaguer [7], Linnebo [81].
52At least as long as we disregard attempts to add and count such things as drops of

water or clouds in the sky.
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example of a domain where we have certain and irrefutable knowledge
based on proof. The picture is that mathematical theorems are not
accepted unless they have been rigorously proved from something more
fundamental. So even when we are concerned with theorems of a
mathematical theory with which we are not particularly familiar, we
may very well take them to be true simply because that is how we are
used to thinking about mathematics.

But the fact that we are in the habit of taking the truth of mathe-
matical theorems more or less for granted in our everyday reasoning
hardly qualifies as a conclusive argument. If we are to use the truth
of mathematics as a building block of other arguments, we should
require something that goes beyond mere prejudice in order to accept
it. One way of backing up this pre-theoretical prejudice is to refer
to some sort of intuition. It is rather unclear, however, exactly what
mathematical intuition is and where it leads us. On the intuitionistic
account of Brouwer and Heyting, intuition serves as the very starting
point of mathematics, which in turn is seen as “a production of the
human mind”.53 As a consequence of this, only those mathematical
objects are recognized that can be “developed” or “constructed” through
finitely many applications of certain intuitive operations.54 The result
is a thorough revision of classical mathematics and views on truth and
existence that are the diametrical opposites of semantic and ontological
realism.

An entirely different approach to mathematical intuition is proposed
by Gödel, who argues that we can “[consider] mathematical objects to
exist independently of our constructions and of our having an intuition
of them individually”55 and still have intuition play an important part
in our learning about mathematics and mathematical objects. For
him, abstract mathematical objects are analogous to ordinary physical
objects. In this analogy, mathematical intuition is what corresponds to
sense perception:

But, despite their remoteness from sense experience, we do have
something like a perception also of the objects of set theory,
as is seen from the fact that the axioms force themselves upon
us as being true. I don’t see any reason why we should have
less confidence in this kind of perception, i.e., in mathematical
intuition, than in sense perception.56

53Heyting [67, p. 52].
54Cf. Brouwer [15], Heyting [67].
55Gödel [60, p. 474].
56Gödel [60, p. 483f.].
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Thus, Gödel holds that a criterion for the truth of a mathematical
statement is that it is true according to our mathematical intuition.

In the present context, where we are looking for something to
support the claim that mathematical theorems are true so that we can
go on and see how this may lead to the conclusion that there exist
mathematical objects, the appeal to Gödelian intuition has an obvious
weakness. Where Brouwer and Heyting take mathematical objects to
be dependent on our mathematical intuition, Gödel reasons the other
way around and thinks of mathematical intuition as in some sense
caused by independently existing mathematical objects. In other words,
ontological realism seems to be presupposed already at the outset
of Gödel’s account. He also discusses the possibility of thinking of
mathematical objects as subjective.57 However, that alternative would
make his ideas even less appropriate in an argument for ontological
realism.

Doubts about the value of Gödel’s views in arguments for realism
have also been expressed by Maddy [86, p. 93], who compares experi-
ences mediated by mathematical intuition with religious experiences:

[W]ithout a compelling story of how [religious] experiences are
generated by theological entities, there is always the attractive al-
ternative of explaining those experiences as caused by something
other than supernatural beings. Similarly, though people report
mathematical experiences, there is the attractive alternative of
explaining them without reference to mathematical things. [. . .]
Where the Gödelian explains the strong tendency toward agree-
ment among mathematicians as a result of their describing one
and the same mathematical reality, we might appeal to their sim-
ilar training and innate equipment; where the Gödelian explains
the phenomenon of axioms ‘forcing themselves upon us as being
true’ as a result of our perception-like contact with that reality, we
might appeal to the impression, commonly reported by novelists,
that characters, once created, tend to develop minds of their own.

Nevertheless, Maddy holds that there is another side to Gödel which
is more in line with her own view on how, or by what standards, we
should judge the truth of mathematical statements. Her mathematical
naturalism is based on “the conviction that a successful enterprise [. . .]
should be understood and evaluated on its own terms”.58 Maddy argues
that the same texts where Gödel puts much emphasis on intuition and

57Cf. Gödel [60, p. 484].
58Maddy [86, p. 184].
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the analogy between mathematical and physical objects can also be read
in a way that suggests that his philosophical opinions really have very
little influence on how Gödel treats questions concerning mathematical
practice and truth. Instead, purely mathematical considerations are
deemed the most important.59 This is in complete accordance with how
Maddy takes mathematics to be “independent of both first philosophy
and natural science” and “not in need of any justification beyond proof
and the axiomatic method”.60

The idea that the truth of mathematical statements (in particular,
arithmetical statements) can be justified by means of proof can also be
found in the writings of Frege. On his account, however, the proofs
that can establish the truth of arithmetical statements beyond doubt
are special in that they only involve purely logical notions. This means,
according to Frege [55, §87], that

the laws of arithmetic are analytic judgements and consequently
a priori. Arithmetic thus becomes simply a development of
logic, and every proposition of arithmetic a law of logic, albeit a
derivative one.

One way of understanding arithmetic in terms of logic is to use
numerical quantifiers instead of numerals to formulate statements
about natural numbers. Such quantifiers can be defined recursively in
the following manner:

∃!0xFx =df ∀x(Fx→ x 6= x),
∃!n+1xFx =df ∃x(Fx ∧ ∃!ny(Fy ∧ y 6= x)).

The intuitive interpretation of ∃!nxFx is that there are exactly n things
that are F . Now, given these definitions we have, for example, that any
instance of

∃!3xF (x) ∧ ∃!5xG(x) ∧ ¬∃x(F (x) ∧G(x))→ ∃!8x(F (x) ∨G(x))

is a logical truth corresponding to the statement ‘3 + 5 = 8’. Intuitively,
what it says is that if there are exactly three things that are F and exactly

59See Maddy [86, ch. III.2].
60Maddy [86, p. 184]. Maddy’s remark that mathematics should be taken to be

independent of natural science is directed at Quine and his scientific realism. Quine
and Maddy agree that first philosophy should be rejected. However, Quine argues
that the truth of mathematical statements should be judged, not primarily by their
contribution to successful theories of pure mathematics, but rather by how well they
fit into and contribute to successful scientific theories. We will return to this in
chapter 2.2.2 where we discuss the indispensability argument.
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five things that are G, and nothing is both F and G, then there are
exactly eight things that are F or G. In this connection, Yablo [125]
makes a distinction between the literal content and the real content of
statements like ‘3 + 5 = 8’. The literal content of ‘3 + 5 = 8’ is that there
exist numbers 3, 5 and 8 such that the sum of 3 and 5 equals 8, whereas
the real content is the logical truth stated above. Now, the literal
content of an arithmetical statement is of course not in general a logical
truth, since the Dedekind-Peano axioms interpreted literally imply the
existence of infinitely many (abstract) objects. Yablo’s idea, however, is
that what an arithmetical statement says about concrete reality, its “real”
content, is a logical truth. In Yablo [125, pp. 230–232], he sketches
how to define recursively a translation from the language of Peano
arithmetic to a language L of first-order predicate logic that, in addition
to variables, predicate symbols, the identity symbols, quantifiers, and
Boolean connectives, also contains countably infinite conjunctions and
disjunctions. The translation of an arithmetical sentence into this
language is taken to represent its real content. For any arithmetical
sentence A, let A∗ be the sentence of L that represents its real content.
We can assume that if there are any negation signs in A, they all occur
directly in front of atomic subsentences of A.61 The translation ∗ is then
defined as follows:

(i) If A is an atomic or negated atomic sentence, A∗ is defined as a
schema containing numerical quantifiers defined as above. For
instance, the real content of ‘2 + 1 6= 4’ is expressed by the schema

∃!2xF (x)∧∃!1xG(x)∧¬∃x(F (x)∧G(x))→ ¬∃!4x(F (x)∨G(x));

(ii) (A→ B)∗ = (A∗ → B∗);

(iii) (∃xA)∗ =
∨

(A(n))∗;

(iv) (∀xA)∗ =
∧

(A(n))∗,

where
∨

(A(n))∗ and
∧

(A(n))∗ are infinite disjunctions and conjunc-
tions, respectively, of the sentences (A(0))∗, (A(1))∗, . . . , (A(n))∗, . . . of
L.

Assuming that infinite conjunctions of logical truths are logical
truths and that infinite disjunctions of sentences, one of which is
a logical truth, are logical truths, one can prove that any truth of

61This is no restriction, since any arithmetical sentence is logically equivalent to a
sentence on this form. The reason that we only consider this kind of arithmetical
sentence is that the translation of a negated atomic sentence ¬A into the language L is
not given by the negation of the translation of A (see clause (i) below). Thus, we cannot
define (¬A)∗ as ¬A∗.
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arithmetic has a logical truth of L as its translation. Here, logical truth
can simply be taken to mean truth in all models. That is, if A is a truth
of arithmetic, then A∗ is true in every model of L. In other words, the
real content of any arithmetical truth is a logical truth.

However, the above line of reasoning will not evidently lead us to
a satisfactory justification of Premise 1 of the semantic argument for
ontological realism. The first premise claims something stronger than
that the theorems of the theory under consideration are true, namely
that they are literally true. Even though it may not be altogether clear
what this means, we can, as a first approximation, say that a sentence
is literally true if it is true when we take it at face value and assume
that what it appears to say is what it really says. That is, its truth
should not be dependent on a reinterpretation of its content. Paradigm
cases of sentences that are, in general, not literally true are sentences
that contain metaphors or figurative expressions. When we take a
metaphorical sentence like “I have butterflies in my stomach” to be
true, that is because we—consciously or unconsciously—interpret it as
meaning “I feel nervous” or something similar, and not because we
actually believe ourselves to have butterflies in the stomach.

Most of what we say is not intended as metaphorical or figurative
speech, though. Burgess [22, p. 26] remarks:

[T]he ‘literal’ interpretation is not just one interpretation among
others. It is the default interpretation. There is a presumption
that people mean and believe what they say. It is, to be sure, a
defeasible presumption, but some evidence is needed to defeat it.
The burden of proof is on those who would suggest that people
intend what they say only as a good yarn, to produce some actual
evidence that this is indeed their intention.

In the case of mathematical statements, nothing seems to indicate
that they should be treated as metaphors or as otherwise in need
of reinterpretation to be correctly understood.62 On the contrary,
Benacerraf [11, p. 408] argues that for mathematical theories formulated
in natural language it should be required that

whatever semantical account we are inclined to give of names or,
more generally, of singular terms, predicates, and quantifiers in
the mother tongue include those parts of the mother tongue which
we classify as mathematese.

62However, see Yablo [124, 125, 126] for an account according to which mathematical
language is best understood as metaphorical or figurative. I will discuss Yablo’s
approach in chapter 6 below.



42 CHAPTER 2. MATHEMATICAL REALISM

Now, what does this mean for the translation of ‘3 + 5 = 8’ into
a logical sentence using numerical quantifiers? It is not obvious
that it amounts to a reinterpretation of the original sentence. But
the translated version does not appear to be about natural numbers
and their properties, which was supposed to be the subject matter of
arithmetic. In the intuitive interpretation of the logical sentence, the
number words function instead as adjectives. As we will see in the
discussion of Premise 2 below, it is an important part of the semantic
argument that the adjectival use of number words is secondary and that
it can always be paraphrased away.

Premise 2: From truth to existence

The claim made in the second premise is that the existence of mathe-
matical objects follows from the literal truth of mathematical theorems.
Another way of expressing this is to say that there are literally true
mathematical sentences that cannot be true unless there exist math-
ematical objects. If we continue to focus on arithmetic and natural
numbers, we can take as an example the sentence “6 is the smallest
perfect number”, which appears to have basically the same grammatical
structure as “Vänern is the largest Swedish lake”. Clearly, this latter
sentence requires for its literal truth the existence of lakes in Sweden,
and in particular the lake Vänern. Given how much the arithmetical
sentence resembles the non-mathematical sentence, there is no obvious
reason why we should treat them differently. On the contrary, it seems
quite plausible that we should accept Premise 2 and that the literal
truth of the arithmetical sentence depends on the existence of perfect
numbers, and in particular the number 6.

It is not always the case, however, that arithmetical sentences
contain singular terms, or that number words function as singular
terms. For instance, we saw in the previous section how numerals
can be replaced with numerical quantifiers, making the number words
function as adjectives rather than as singular terms. When we look at
a certain kind of everyday sentence such as “There are three bananas
on the table”, we see the same thing, namely that the number word
‘three’ does not purport to refer to an object. If it can be argued that
this adjectival function of number words is their primary role and that
every use we make of them as singular terms can be eliminated, then
perhaps the step from truth to existence is more problematic than it
first appears.

Frege [55, §57] holds that it is the adjectival use that can and should
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be eliminated and that the fact that we speak of, for instance, “the
number 1” clearly indicates that numbers are self-subsistent objects.
He writes:

In arithmetic this self-subsistence comes out at every turn, as
for example in the identity 1 + 1 = 2. Now our concern here
is to arrive at a concept of number usable for the purposes of
science; we should not, therefore, be deterred by the fact that in
the language of everyday life number appears also in attributive
constructions. That can always be got round. For example, the
proposition “Jupiter has four moons” can be converted into “the
number of Jupiter’s moons is four”.

But the fact that there is a procedure for converting adjectival occur-
rences of number words into singular terms does not explain why we
could not equally well proceed in the opposite direction. Arguably, “the
number of Jupiter’s moons is four” is a more contrived formulation
than “Jupiter has four moons”. Furthermore, it is not evident why the
latter is less “usable for the purposes of science” than the former. As
Dummett [42, p. 109] points out: “Frege has merely expressed a prefer-
ence for the substantival strategy, and indicated a means of carrying it
out: he has in no way shown the adjectival strategy impossible, as he is
purporting to have done”.

In fact, there is even a sense in which Frege’s dismissal of the
adjectival use of number words does more harm than good for the
overall credibility of both the semantic argument’s premises. Basically,
what Frege claims is that since sentences like “There are three bananas
on the table” or “Jupiter has four moons” are not part of arithmetic
proper, we should not have to take them and their literal interpretation
into consideration when it is the subject matter of arithmetic that we
are discussing. At first glance this may seem fair and reasonable.
But if we single out the sentences of pure arithmetic and say that they
should always be interpreted literally while we hold that other sentences
containing number words can be reinterpreted as it suits us, then we
have no analogy between arithmetical language and everyday language
that can motivate the literal interpretation of arithmetic. It thus seems
that the Fregean strategy for showing that numbers are objects runs the
risk of backfiring.63

A perhaps more compelling argument against the idea that number

63Cf. Dummett [42, p. 109] who writes: “If the appeal to surface form, in sentences
of natural language, is not decisive, then it cannot be decisive, either, when applied to
sentences of number theory.”
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words are essentially adjectives or predicates is offered by Benacer-
raf [10, p. 59 ff.]. He notes that from a grammatical point of view there
is much evidence pointing away from an adjectival interpretation of
number words. For instance, it is almost never the case that a number
word can be substituted for F in constructions of the kind “x is F ”.
As a possible exception, Benacerraf considers the example “The lions
in the zoo are seventeen”. However, he argues that the occurrence of
‘seventeen’ in this sentence cannot be analyzed as predicating anything
of any individual lion, nor of the class of lions in the zoo. Benacerraf
also discusses what happens when a number word is grouped together
with regular adjectives as in the phrase “The five lovely little square
blue tiles”. He observes that whereas the regular adjectives can be
rearranged in any order, the phrase becomes ungrammatical as soon as
the number word ‘five’ is moved from the leftmost position.

Given this argument from grammar it is clear that there are diffi-
culties involved in thinking of number words as adjectives. But it also
seems reasonable to acknowledge the fact that they do not always occur
as singular terms. In the next section we will consider a somewhat
different approach to the issue of arguing for ontological realism about
mathematics. This alternative approach has been suggested by Quine,
and puts less emphasis on the use of number words as singular terms
than the semantic argument. Instead it focuses on the range of variables
bound by the existential quantifier, ∃.

2.2.2 The indispensability argument

Field [48, p. 5] claims that

there is one and only one serious argument for the existence of
mathematical entities, and that is the Quinean argument that
we need to postulate such entities in order to carry out ordinary
inferences about the physical world and in order to do science.

The argument he refers to is commonly known as the (Quine-Putnam)
indispensability argument. As I mentioned above, it can be seen as an
extended version of the semantic argument. In other words, the two
arguments share the same basic structure, but whereas the semantic
argument is silent when it comes to what reasons we may have for
believing its premises, the indispensability argument contains a fairly
detailed account of why we should take them to be true. This account
gives the argument a distinctively empirical or naturalistic flavor, thus
making it less “metaphysical” than the Fregean version—something
which is likely to have contributed to the argument’s popularity.
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In the following I will present the indispensability argument in two
parts, corresponding to the two premises of the semantic argument.64

Why should we believe that mathematics is true?

The first premise of the semantic argument says that mathematics (or
some mathematical theory) is literally true. In the discussion of the
semantic argument we looked at some possible reasons for believing
that this is the case. One such reason was obviousness, another was
that our intuition tells us that some mathematical statements are true,
and a third idea was that the truths of mathematics can be reduced
to more fundamental, logical truths. All of these alternatives have in
common that they treat mathematical truths and our knowledge of
them as isolated from what we know and believe about scientific truths
in general. The indispensability argument, on the other hand, focuses
on precisely the relation between mathematics and empirical science in
order to motivate why we should believe that mathematics is true. The
reason, according to the argument, is that mathematics is indispensable
to our best scientific theories. We can spell out this part of the argument
as follows:

1. We have reasons to believe that our best scientific theories are
true (or nearly true).

2. Mathematics is indispensable to our best scientific theories.

3. If T and T ′ are theories, T ′ is indispensable to T , and we have
reasons to believe that T is true, then we have reasons to believe
that T ′ is true.

4. Hence, we have reasons to believe that mathematics is true (or
nearly true).

What lies behind this line of reasoning is the naturalistic idea that it
is through (empirical) science and nothing else that we can learn about
reality and the world. In particular, a purely philosophical argument
can never override a result that has been reached by means of scientific
methods—not even when the philosophical argument pertains to an
area, e.g. mathematics, that we tend to think of as separated from

64The argument is often stated in a more condensed form, in which the intermediate
step concerning the truth of mathematical theories is omitted. (See, e.g., Colyvan [31,
p. 11], Maddy [85, p. 278], Putnam [94, p. 347].) I have chosen a more elaborate
formulation—both in order to highlight the structural similarities between the indis-
pensability argument and the semantic argument, and because some of the objections
I will consider later on are based on criticizing the idea of mathematical truth.
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empirical science. This kind of naturalism is much associated with
Quine, who argues that the idea of a sharp boundary between the
natural sciences on the one hand and mathematics and logic on the
other is mistaken:

The mistake comes of responding excessively to the terminolog-
ical boundaries between sciences. Instead of viewing empirical
evidence as evidence for the whole interlocked scientific system,
including mathematics and logic as integral parts, people think
of the evidence as seeping through the system only as far as the
interface between what they call theoretical physics and what they
call mathematics.65

Notice that this does not mean that Quine wants to advance the thesis
that mathematics is an empirical science. His point is rather that
the distinction between the empirical and the non-empirical cannot be
upheld:

Mathematics and logic are supported by observation only [. . .] as
participating in an organized whole which, way up at its empirical
edges, squares with observation. I am concerned to urge the
empirical character of logic and mathematics no more than the
unempirical character of theoretical physics; it is rather their
kinship I am urging, and a doctrine of gradualism.66

Given these assumptions about mathematics and science and the
relationship between them, it becomes fairly easy to see how the first
part of the indispensability argument is meant to work. The first premise
follows from the acceptance of naturalism. The qualification that we
perhaps only have reasons to believe that our best scientific theories
are nearly true stems in part from experience—history shows that we
have been forced to revise every substantial scientific theory in the past,
which makes it slightly absurd to suppose that our current theories are
final. Moreover, it has been doubted (see, e.g., Quine [100, p. 23 f.])
that a final scientific theory is possible even in principle. That is, it is
questionable whether it will help the argument to speak of “our best
scientific theories” in some future, ideal sense.

The third premise asserts that when we accept a scientific theory
we should accept everything that is necessary for formulating and
practicing that theory. Once again this has to do with giving up the idea
of sharp boundaries between different scientific areas. When a theory

65Quine [102, p. 99].
66Quine [102, p. 100].
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makes use of methods or terminology that traditionally are thought to
belong to some other theory, we have reasons to stop thinking about
these theories as separate from each other. What we have is rather a
connected scientific system in which all parts are important.

The crucial premise is of course the second one, which claims that
mathematics is indispensable to our best scientific theories. In order to
evaluate it we must clarify what we mean when we say that a theory is
indispensable to some other theory. Colyvan [31, pp. 76–78] discusses
this and argues that for a theoryT ′ to be dispensable toT , two conditions
must hold, namely that

1. the theory T can be modified into an empirically equivalent theory
T ′′ that does not make use of T ′;

2. the theory T ′′ is preferable to T .67

The purpose of the second condition is apparently to rule out
dispensability’s being identified with mere eliminability. It may be
argued that the condition is too strong and that it would be sufficient
to require that T ′′ be at least as good as T .68 Whichever formulation
we choose, however, it is still a further question what it means for a
theory to be as good as or preferable to another. Some possible “virtues”
to take into account are explanatory power, simplicity, efficiency, and
ontological economy. But it is not enough to specify which properties
are important when it comes to judging how attractive a given theory
is. We must also decide how important each property is. And it seems
far from clear that this will be a unanimous decision.

When it comes to the alleged indispensability of mathematics to
science, there is no doubt that mathematics plays an important part in
our best current scientific theories. It seemingly helps to make them
simpler and more elegant and general. However, we may still ask
whether this suffices for indispensability. I will return to this question
in chapter 4, where I discuss Hartry Field’s attempt to show that,
despite its usefulness, there is at least one important sense in which
mathematics is not indispensable to science. For now, however, I will
turn the second part of the indispensability argument.

67Colyvan formulates these conditions in terms of dispensability of entities rather
than dispensability of theories. The difference has to do with how the indispensability
argument is formulated. (See above, footnote 64.)

68To some extent, Colyvan appears to be indecisive about the strength of the second
dispensability condition. Although his official standpoint is that T ′′ ought to be better
than T in order for T ′ to be dispensable, he sometimes seems prepared to settle for a
weaker condition. See, e.g., Colyvan [31, p. 79, p. 89].
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Why should we believe that truth leads to existence?

The second premise of the semantic argument claims that the truth of
mathematics requires the existence of mathematical objects. One way
of arguing for this is to simply look at particular mathematical existence
statements and ask what objects must exist in order for them to be
literally true. For instance, it is hard to see how the sentence “There
are infinitely many prime numbers” could be literally true unless there
really are such entities as prime numbers.

In connection with the indispensability argument, it is customary to
motivate the link between truth and existence in a somewhat different
way, namely by arguing that it follows from Quine’s criterion of onto-
logical commitment. Before we look closer at this criterion, let us state
the second half of the indispensability argument:

1. We have reasons to believe that mathematics is true.
2. Mathematics is ontologically committed (by Quine’s criterion) to

mathematical objects.
3. If we have reasons to believe that a theory T is true, and T

is ontologically committed to objects of kind P , then we have
reasons to believe that there exist objects of kind P .

4. Hence, we have reasons to believe that there exist mathematical
objects.

Except for the auxiliary third premise and the reference to ontological
commitment, the semantic argument is clearly recognizable here.69

However, Frege’s version of the argument was based on showing that,
e.g., number words function as singular terms. We saw that, at least in
the case of number words, this can lead to problems for the ontological
realist, since numerical singular terms often can be paraphrased away
and rendered as something more similar to adjectives. This is where
Quine’s criterion of ontological commitment comes in.

The criterion is often summarized in the slogan “To be is to be a
value of a variable”.70 Quine argues that:

[w]e can very easily involve ourselves in ontological commitments
by saying, for example, that there is something (bound variable)

69Another difference is that both the first premise and the conclusion have been
formulated in terms of what it is reasonable to believe rather than in terms of how
things really are. Colyvan [31, p. 11 f.] discusses this feature of the indispensability
argument and suggests that it originates in the acceptance of naturalism. He also
argues that a less modest formulation of the argument would be less convincing.

70Quine [96, p. 199].
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which red houses and sunsets have in common; or that there is
something which is a prime number larger than a million. But this
is, essentially, the only way we can involve ourselves in ontological
commitments: by our use of bound variables.71

Names, according to Quine, are secondary with respect to ontology and
do not give us any information about what exists. We can appreciate
this fact if we consider, for example, a sentence like “Mickey Mouse
does not exist”. Clearly, we must be able to say this without thereby
committing ourselves to the existence of Mickey Mouse. In general,
Quine claims,

we may say that an expression is used in a theory as naming if and
only if the existentially quantified identity built on that expression
is true according to the theory.72

All this talk of quantification and variables suggests something
further about Quine’s approach to ontology, namely that he believes
that in order to get clear answers to questions about the ontological
commitments of a theory, we must first translate the theory into a formal
language. Only then can we completely avoid ambiguities. The idea here
is that, whereas the ordinary language sentence “a exists” can be given
more than one interpretation, its formalized counterpart “∃x(x = a)”
has a unique and precise meaning.73 It is also important, from Quine’s
point of view, that the formalization is carried out in a first-order
language, so that the variables really range over objects and nothing
else. Finally, we can notice once more how the doctrine of holism, i.e.
the view mentioned above that different scientific theories are linked
together in one connected system, comes to use, since it prevents us
from assigning different meanings to ‘∃’ for different theories. Given
holism, there is, in some sense, only one theory, one notion of existence,
and one domain of objects.

By now it should be clear that Premise 2 of the argument for why
we have reasons to believe that there exist mathematical objects is
quite uncontroversial. We may disagree about exactly which objects
mathematics is committed to, but we can hardly deny that there are
mathematical statements that we would formalize so that they fit the
pattern “∃x(P (x) . . .)” for some P . Since Premise 3 also is uncontrover-
sial, we see that the question whether we should accept the conclusion

71Quine [97, p. 12].
72Quine [101, p. 94].
73Cf. Quine [100, p. 161], Quine [101, p. 94].
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boils down to whether we accept the first premise, which in turn rests
on the indispensability of mathematics to science.

How much can the indispensability argument account for?

Among those who have criticized the indispensability argument are of
course some ontological non-realists who disagree with the argument’s
conclusion. But there are also writers who are not in principle opposed to
the idea that there exist abstract mathematical objects, who nevertheless
have found reasons to object to this particular argument.

One objection comes from Parsons [91], who argues that the Quinean
indispensability argument “leaves unaccounted for precisely the obvi-
ousness of elementary mathematics (and perhaps also of logic)”.74

Colyvan [31, p. 116 f.] discusses this objection and attempts to answer
it. As an example of a prima facie obvious mathematical truth he takes
the sentence “There exists an even prime number”. He holds, however,
that its obviousness is illusory and that—since there are those who claim
that mathematics is false—it really is not obvious that any mathematical
statement is true:

It simply can’t be the case that [the formalization of “There exists
an even prime number”] is obviously true, for this would mean
that the debate over the reality of numbers that has been raging
for over two thousand years has an obvious answer—Platonism is
correct. Now I’m a Platonist, but I don’t think that it is obvious
that there are numbers.75

The reason that we take “There exists an even prime number” to be
obviously true is, according to Colyvan, that we confuse it with the
conditional statement “If number theory is true, then there exists an
even prime number”, which he claims is obviously true.

In a Quinean context, however, this does not seem altogether
convincing, since Quine takes logic to be an integral part of our scientific
system in much the same way as mathematics. The conditional logical
statement is different from the unconditional mathematical one in that it
does not involve us in any ontological commitment to numbers, but that
fact alone can hardly explain why its truth should be considered more
obvious when we consider it from the perspective of the indispensability
argument.

74Parsons [91, p. 151].
75Colyvan [31, p. 117].



2.3. SUMMARY 51

Another objection to the indispensability argument has been put
forward by Maddy [84, 85, 86], who worries that the argument’s
focus on the scientific applications of mathematics means that some
characteristic features of actual mathematical practice are being set
aside:

We are told we have good reason to believe in mathematical en-
tities because they play an indispensable role in physical science,
but what about mathematical entities that do not, at least to date,
figure in applications? [. . .] The support of the simple indis-
pensability argument extends to mathematical entities actually
employed in science, and only a bit beyond.76

As Maddy points out, this attitude toward pure mathematics is not at all
in accordance with that of practicing mathematicians. Discontinuities
arise in at least two places: First, mathematicians in general do not jus-
tify pure mathematical statements by appealing to extra-mathematical
scientific applications. Second, Quine’s proposed method for math-
ematical justification leads to a considerably smaller and, from the
mathematician’s point of view, less interesting mathematical ontology
compared to the mathematician’s own methods.77

To conclude, it seems that one of the greatest strengths of the indis-
pensability argument—its non-mystical, down-to-earth character—is
also one of its most pressing weaknesses, since it can be questioned
whether mathematics really fits into this down-to-earth character in the
way that the argument assumes.

2.3 Summary

In this chapter we have seen some examples of what can be meant by
‘mathematical realism’. We set up a distinction between on the one
hand ontological realism, according to which there exist mind- and
language-independent mathematical objects, and on the other hand
semantic realism, according to which mathematical sentences have
determinate truth-values independently of our ability to know whether
they are true or false. It is possible to accept either of these views while
rejecting the other. However, given that mathematical objects, if they
exist, are unobservable abstract entities, it seems that our only way of
studying them is by means of mathematical theories. It is therefore at

76Maddy [85, p. 278].
77Cf. Maddy [86, p. 106].
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least prima facie natural to assume a connection between objects and
theories, and hence also between ontological and semantic realism.

We defined strong platonism as the view that combines ontological
realism with the idea of semantic realism as derived from ontology in
the sense that the truth-value of a mathematical sentence is determined
by facts of the mathematical reality. In other words, the strong platonist
thinks of semantic realism as a direct consequence of the fact that
our mathematical theories are descriptions of independently existing
mathematical objects.

With this characterization in mind, we see that both the semantic
argument and the indispensability argument employ a strategy similar
to the idea of strong platonism. The arguments proceed from the
premise that our mathematical theories should be taken at face value
and that they are (mostly) true. Then, in order to establish the
conclusion that there exist mathematical objects, they suggest—in the
spirit of strong platonism—that there are true mathematical sentences
that could not be true in the absence of mathematical objects.

However, as the section on platonistic interpretations of mathemat-
ical theories shows, strong platonism is not an unproblematic view.
For instance, given a mathematical theory there seems to be a gap
between the platonistic idea of the theory’s content and what the theory
is actually able to express. In the next chapter we will look deeper into
some of the difficulties that we encounter when we try to be ontological
realists about mathematics.



Chapter 3

Difficulties with
mathematical realism

Ordinary, non-philosophical usage of words like ‘realism’ and ‘realist’
has many positive connotations—we tend to think of a realist as someone
who can make a correct assessment of a situation, who knows what
things are like and acts accordingly. It should be clear that nothing
like this is explicitly included in the philosophical view that has been
characterized here under the name ‘mathematical realism’. Even so, it
is not unusual among proponents of mathematical realism to associate
their standpoint with the same kind of virtues that we normally ascribe
to everyday realism. Thus, the realistic position is often described as
the most natural and sensible attitude we can take toward mathematics,
and as the result of accepting mathematics as it is. This seems to be
particularly common in connection with the “thin” variety of realism,
which attaches very little importance to the ontological aspects of
accepting mathematical existence claims as true.1 For instance, Tait [117,
p. 91] describes realism as “the view that we can truthfully assert the
existence of numbers and the like without explaining the assertion away
as saying something else”. He then goes on to argue that

[r]ealism in this sense is the default position: when one believes
mathematics is meaningful and has, as one inevitably must,
finally become convinced that mathematical propositions cannot
be reduced to propositions about something else or about nothing
at all, then one is a realist.2

1See above, chapter 2.
2Tait [117, p. 91].
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A similar point of view—from a similarly “thin” perspective—is
expressed by Burgess [22, p. 25 f.], who writes the following about what
it means to interpret mathematics literally:

If the function of the word ‘literal’ were to indicate the presence of
something positive, some extra enthusiasm perhaps, then it would
indeed be very doubtful whether mathematicians who assert that
there are prime numbers greater than 101010

mean it ‘literally’.
But I suggest that the function of the word is in actual fact less to
indicate the presence of something positive than to indicate the
absence of something negative [. . .] [T]he ‘literal’ interpretation
is not just one interpretation among others. It is the default
interpretation.

The idea here is that the realistic, literal reading of mathematical
statements is what we get if only we manage to steer clear of excessive
philosophical theorizing and approach mathematics on its own terms.

However, there is no general agreement that this appeal to pre-
philosophical intuitions stemming from mathematical practice is even
relevant for making a decision on which philosophical account of math-
ematics is true. One reason for doubt is brought up by Field [54, p. 8],
who argues that in order to have a clear and consistent understanding
of what mathematical realism and its alternatives amount to, it is nec-
essary to think matters through to an extent that cannot be expected
from the average non-philosopher (or even the average mathematician
or physicist). This means, according to Field, that it is far from obvious
that someone who uses mathematics or other theories that quantify
over mathematical objects actually believes that such objects exist. Nor
is it obvious, of course, that she believes that they do not exist. The
most likely option is rather that she does not have any professed beliefs
at all about the issue.

This suggests that it may be premature to argue as if mathematical
realism is closely and intuitively connected with realism in a non-
philosophical sense. Further evidence that this association should not
be made in haste is given by the fact that mathematical realism has been
subject to much criticism and questioning. To avoid realism, especially
ontological realism, many philosophers have been prepared to give
up a great deal of what we ordinarily take for granted in and around
mathematics. I will have more to say about these sacrifices later, but
my concern in this chapter is to examine what grounds can be given for
arguing against ontological realism.

There are two different strategies for devising such arguments: at
some point the non-realist will have to address the arguments for real-



3.1. THE NON-UNIQUENESS PROBLEM 55

ism. One strategy, which we can call the direct approach, is therefore
to focus on finding flaws or weaknesses in the pro-arguments, thus ex-
posing them as invalid. The other method, call it the indirect approach,
is more relevant to my present purpose. It consists in concentrating
not so much on specific arguments for ontological realism, but rather
on problems that are inherent in the conclusion of these arguments, i.e.
difficulties with ontological realism that arise independently of how it
is argued for. The underlying idea of this strategy is, of course, that
if a view can be shown to have unreasonable consequences, then there
must be something wrong with any argument that leads to that view.
Ideally, the difficulties found are such that they can give an indication
as to what might be the problem with the pro-arguments.

In this chapter I will look at three difficulties that face ontological
realism. First, there is the problem of how mathematical objects can be
identified and uniquely characterized in a non-arbitrary way. Second,
there is the epistemological problem, known as Benacerraf’s dilemma,
of how we can combine a standard referential semantics for mathe-
matical statements, according to which they are about abstract, acausal
entities, with a plausible account of how mathematical knowledge is
possible. Third, there is the worry that the existence of mathematical
objects is really irrelevant to mathematics. I will conclude this chap-
ter with a preliminary evaluation of these issues and a discussion of
how they might influence the requirements we place on an acceptable
philosophical account of mathematics.

3.1 The non-uniqueness problem

According to ontological realism, there are mathematical objects. As
I have mentioned earlier, it is a very natural assumption that if this
is the case, then our mathematical theories aim to describe these
mathematical objects and their properties. For example, in the semantic
argument for ontological realism a connection like this is fundamental,
since it allows the conclusion about the existence of mathematical
objects to be drawn from premises mainly concerned with properties
of mathematical theories. It may also seem natural to suppose, given
that ontological realism is true, that mathematical objects are well-
determined so that, e.g., the numeral ‘3’ or the number word ‘three’
refer to a particular, unique object, namely the number three. However,
this prima facie harmless assumption turns out to be surprisingly
problematic. To see why this is so, it will be useful to briefly recall
Dedekind’s treatment of the natural numbers, which we discussed in
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chapter 2 above.
In his account of the natural numbers, Dedekind [36] employs the

notion of a simply infinite system, for which we can also use the more
convenient term progression. He shows that the natural numbers form
a progression under the successor function, and, furthermore, that all
progressions are isomorphic.3 The resulting indeterminacy, i.e. the fact
that this does not give us a unique characterization of the numbers, is
not seen as a problem. And perhaps there is no problem. To begin
with, it is, at least in some sense and to some extent, possible to practice
number theory (perform calculations, prove arithmetical theorems, and
so on) without thinking about numbers at all. For instance, we could see
arithmetic as a “game” that consists merely in manipulating symbols
and formulas in accordance with rules given by logic and the Peano
axioms. Moreover, even if we believe that arithmetic is about numbers,
it is still the case that any progression, regardless of whether it is made
up of numbers or some other objects, will be a model of the arithmetical
theory.

But suppose now that we want to find out more about the numbers
than what we learn from the arithmetical theory, or that we suspect
that there is some alternative approach to number-related problems
that we can discover by considering the actual numbers rather than
some arbitrary representation of them. In such cases it is likely to soon
become apparent that, in spite of all our arithmetical knowledge, we
really do not know what numbers are. This ignorance (or rather his
annoyance about this ignorance) occurs as a motivation for Frege [55]
in his investigations into the foundations of arithmetic, which he begins
as follows:

When we ask someone what the number one is, or what the
symbol 1 means, we get as a rule the answer “Why, a thing”. [. . .]
Questions like these catch even mathematicians for that matter,
or most of them, unprepared with any satisfactory answer. Yet is
it not a scandal that our science should be so unclear about the
first and foremost about its objects, and one which is apparently
so simple?4

Frege’s own proposed solution to the problem of correctly identifying
the natural numbers is to provide definitions of them that, as he puts
it, “go to the root of the matter and are logically beyond criticism”5.

3See Dedekind [36, §73, §132].
4Frege [55, p. i f.].
5Frege [55, p. xi].
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According to Frege, once we have the right definitions of the numbers
(and certain other arithmetical concepts) we will see that arithmetic is
a branch of logic and that arithmetical truths are thus analytic and a
priori. On his account, numbers are defined as extensions of concepts.
A number is said to belong to a concept F if it is the extension of
the concept “equal to the concept F ”, where the concept “equal to the
concept F ” applies to a concept G if there exists a one-one correlation
between the objects falling under G and the objects falling under F .
Frege then defines 0 as the number which belongs to the concept “not
identical with itself” and argues that it can be shown that the successor
of any natural number n is the number which belongs to the concept
“member of the series of natural numbers ending with n”.6

One of the advantages that Frege claims for his view is that it enables
him to account for the way in which arithmetic can be applied to the
physical world. His definitions—with identity criteria for numbers
based on equinumerosity—emphasize the role of the natural numbers
as a tool for measuring cardinality, which Frege sees as their most
fundamental and important application. At the same time, the numbers
are independent of any actual counting of specific physical objects and
belong to concepts rather than to objects. This gives them and all of
arithmetic a very special position in physical science:

The laws of number [. . .] are not really applicable to external
things; they are not laws of nature. They are, however, applicable
to judgements holding good of things in the external world; they
are laws of the laws of nature.7

Despite Frege’s conviction of the accuracy of his definitions, how-
ever, they have not become universally accepted as giving the complete
and final truth about the natural numbers. One objection that has been
raised against them is that the desire to explain how the application
of arithmetic is possible is not enough to motivate the characterization
of numbers as cardinal numbers. For instance, Dummett [42, p. 293]
writes that “if Frege had paid more attention to Cantor’s work, he would
have understood what it revealed, that the notion of an ordinal number
is more fundamental than that of a cardinal number”.8 Another down-
side of Frege’s definitions is that they cannot readily be embedded in
Zermelo-Fraenkel set theory.

6See Frege [55, §§69–83].
7Frege [55, §87]. Cf. also the discussion in Dummett [42, pp. 59–61].
8See also Parsons [93, p. 73 ff.] for related criticism.
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Instead, if there is an account that deserves to be called the “standard
account” of the natural numbers nowadays, it probably consists in
identifying them with the finite von Neumann ordinals. According to
this set-theoretic construction, 0 is the empty set, ∅, and the successor
of a natural number n is the set n ∪ {n}. Thus, every number is the set
of its predecessors. But we could also think of the natural numbers as
given by the finite Zermelo ordinals, where we again take 0 to be the
empty set, but define the successor of n as the singleton set {n}. The
construction yields yet another progression, yet another mathematically
satisfactory structure for arithmetic. It seems to leave us none the wiser,
however, when it comes to answering the question what numbers really
are.

Paul Benacerraf discusses this non-uniqueness problem in his fa-
mous paper “What numbers could not be”.9 After outlining the two
alternative accounts of the natural numbers given by the von Neumann
ordinals and the Zermelo ordinals, respectively, Benacerraf’s first con-
clusion is that, while both progressions appear to adequately represent
the numbers, at most one of them can actually be the numbers. This
is so since the first account says that 3 = {∅, {∅}, {∅, {∅}}}, whereas
the second has it that 3 = {{{∅}}}. {∅, {∅}, {∅, {∅}}} and {{{∅}}}
are obviously distinct sets, so they cannot both be identical with the
number 3.10

The next claim that Benacerraf makes in his argument is that if, e.g.,
the number 3 is a particular set—as it must be in order to be a set at
all, since, as Benacerraf rightly points out, “each set is some particular
set”11—then there has to be a way for us to know just which set that is.
More specifically, it must be possible for us to argue that the number 3
is the particular set that it is because of how we use the numeral ‘3’ or
the number word ‘three’. However, this does not seem to be the case:

Relative to our purposes in giving an account of these matters,
one will do as well as another, stylistic preferences aside. There
is no way connected with the reference of number words that will
allow us to choose among them, for the accounts differ at places
where there is no connection whatever between features of the
accounts and our uses of the words in question.12

Benacerraf’s conclusion from this discussion is that the fact that any
progression of sets is as likely as the next one to be the natural numbers

9Benacerraf [10].
10See Benacerraf [10, p. 56 f.].
11Benacerraf [10, p. 62].
12Benacerraf [10, p. 62].
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indicates that the natural numbers are not sets. He then generalizes
his argument to conclude that they are not objects at all, that numerals
and number words are not singular terms, and that it is meaningless
and mistaken to speak about individual numbers as if they could be
separated from the context of the entire structure of natural numbers:

Number theory is the elaboration of the properties of all structures
of the order type of the numbers. The number words do not have
single referents. [. . .] Only when we are considering a particular
sequence as being, not the numbers, but of the structure of
the numbers does the question of which element is, or rather
corresponds to, 3 begin to make any sense.13

The resulting view is a kind of structuralism, i.e. a view according to
which mathematics is not about any specific objects, but about struc-
tures. This seems to solve the non-uniqueness problem for arithmetic,
since, by Dedekind’s proof that all progressions are isomorphic, there
is essentially only one structure satisfying Peano’s axioms. Apparently,
it also blocks the semantic argument for ontological realism about
arithmetic by denying that number words and numerals are singular
terms purporting to refer to particular objects. Recall that the semantic
argument rests on two premises: that some mathematical statements
are literally true, and that their literal truth requires the existence of
mathematical objects. Depending on what we read into the notion
of literal truth, we can interpret the conflict between the argument
and Benacerraf’s structuralism in two different ways. Either we can
take Benacerraf to hold that a literal interpretation of arithmetical
statements does involve the idea that numerals and number words are
singular terms, but that the surface structure of arithmetical sentences
is misleading and that the literal interpretation is incorrect. Or we can
take him as saying that the literal interpretation of arithmetic does not
involve taking numerals and number words as singular terms and that
arithmetical statements can be literally true without numbers existing
as particular objects. It is not obvious which reading lies closest to what
Benacerraf has in mind—they are both to some extent supported by
passages in his writings.14 It should be clear, however, that regardless
of which interpretation we choose, Benacerraf’s structuralism seems to
avoid the conclusion of the semantic argument.

The challenge presented by Benacerraf’s argument to the idea that
numbers exist as specific objects has been taken on in several different

13Benacerraf [10, p. 70 f.].
14See, e.g., Benacerraf [11, p. 406] for a comment suggesting something like the first

reading, and Benacerraf [10, p. 73] for a remark along the lines of the second reading.
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ways. For instance, Dummett [42, p. 52 f.] argues (on Frege’s behalf)
against Benacerraf’s claim that the natural numbers can be characterized
in purely structural terms and offers as a counter-example the fact that
even though a progression starting with the number 0 is isomorphic to a
progression starting with the number 1, we are not inclined to assert that
0 = 1. Hence, 0 and 1 must have some non-structural properties that
allow us to distinguish between them.15 However, as Dummett himself
notes, even if the natural numbers have properties that go beyond their
forming a progression, it does not follow that they are specific objects
so that the semantic argument applies.16

Wright [120] disputes Benacerraf’s argument and his conclusion on
several counts. He discerns and argues against three separate claims
that he finds in Benacerraf’s reasoning. First, there is the claim that in
order to understand the notion of finite cardinal number it is necessary
to understand what a progression is. The second claim is the converse of
the first, i.e. that to understand the notion of finite cardinal number it is
sufficient to understand what a progression is. Third, there is the claim
that since the arithmetical truths can be interpreted as truths about any
progression, we should draw the conclusion that natural numbers are
not particular objects.17

In response, to the first claim, Wright argues that, even though the
notion of a progression is very convenient to have, there are at least a
few things we can do with the natural numbers without thinking of them
as ordered in a progression. In particular, given that we have the notion
‘just as many as’ (essentially, that is, the notion of 1–1 correspondence),
we can handle numerical identities in the sense that we can separate
true ones from false ones. We can also, according to Wright, have
the idea of the natural numbers as objects distinct from other kinds of
objects. Only when we reach the point where we want to introduce a
notational system by which the numbers can be represented does the
need for the concept of a progression arise, since we will then need a
systematic way to order and describe the numbers. Moreover, Wright
claims, it is only then—when we have thought of a way to generate
representations of arbitrary numbers—that we will have reason to think
of the numbers themselves as forming a progression.18

Wright admits that when it comes to arithmetic—the theory of

15On Dummett’s (Frege’s) account it is the use we make of numbers when we measure
cardinality that gives each number its unique characterization, quite independently of
where it happens to occur in an arbitrary progression.

16See Dummett [42, p. 54].
17Cf. Wright [120, p. 117 f.].
18See Wright [120, pp. 118–121].
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numbers—the concept of a progression indeed seems to be of fun-
damental importance. But he argues that the reason that we take
arithmetic to be a theory about numbers rather than something else
is found in the applications we make of it. In other words, someone
could learn the axioms of arithmetic and go on to prove arithmetical
theorems without knowing that he was proving things about the natural
numbers. For Wright, this counts as further evidence that the idea of
the ordered number series is secondary to that of the natural numbers
as measurements for finite cardinalities and that, consequently, the
concept that we must possess in order to understand anything about
numbers is not so much that of progression as that of 1–1 correlation.19

What lies behind the disagreement between Wright and Benacerraf
on this point seems to be a difference of opinion concerning how much
it takes before one can be said to have measured the cardinality of a set
in a way that is related to the concept of natural number. Wright’s view
is apparently that a rudimentary concept of number is involved already
when we are able to compare two sets and say if the one has as many
members as the other or not. Benacerraf, on the other hand, emphasizes
the connection between measuring the cardinality of a set and counting
its members. To count the members of a set means not only comparing
the size of the set to the size of some other set, but comparing it to
the size of a set that is intuitively related to numbers. Typically, the
elements of this latter set will be the number words ‘one’, ‘two’, ‘three’,
and so on, or numerals which we then read as number words. In either
case, counting the members of a set—what Benacerraf calls transitive
counting—requires that we have the ability to generate representations
for the natural numbers in a particular order. But as we have seen
above, Wright concedes that this ability—what Benacerraf refers to as
intransitive counting—is based on the concept of a progression. Given
Benacerraf’s way of thinking about the relations between numbers,
cardinality, and counting, it is thus very natural to regard progressions
as fundamental rather than 1–1 correlations.

In this connection, it should also be mentioned that Benacerraf
in no way tries to downplay the significance of the applications of
arithmetic and how they help us to understand what number theory is
about. On the contrary, he explicitly points out that “[t]he explanation
of cardinality—i.e., of the use of numbers for ‘transitive counting,’ as I
have called it—is part and parcel of the explication of number”.20 The
remark is directed against Quine, who actually seems to come closer

19See Wright [120, pp. 120–121].
20Benacerraf [10, p. 51 n.].
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than Benacerraf to the kind of standpoint that Wright criticizes. For
instance, Quine claims that it is a mistake to suppose that cardinality
must be taken into account in an adequate explication of number and
that an application of natural numbers to measure cardinality “requires
that our apparatus include enough of the elementary theory of relations
for talk of correlation, or one-one relation; but it requires nothing
special about numbers except that they form a progression”.21

The difference here between Benacerraf and Quine suggests that
the second claim that Wright attributes to Benacerraf, i.e. that having
the concept of a progression is sufficient to understand the concept
of finite cardinal number, may not be a fully correct interpretation of
Benacerraf’s view. In all fairness, however, what Wright says about Be-
nacerraf’s argument is that it contains “the thought that understanding
what a progression is suffices, near enough, for a grasp of finite cardinal
number”.22 More precisely, what Wright discusses is the idea that there
is no evidence that can help us to determine which progression gives
the correct identification of the natural numbers. This is certainly a
very important part of Benacerraf’s line of reasoning. But according
to Wright, it is mistaken. He argues that we can once more make use
of the relation between the natural numbers and the concept of 1–1
correspondence to exclude at least some of the candidates:

[I]t is just not true that we have no idea whatsoever of what
would count as evidence, one way or the other, for the identity
of the natural numbers with a particular progression of classes,
or of objects of some other sort. Classes, in particular, have their
own criteria of identity; so we have at least to pick on classes
among which all questions of identity and distinctness [. . .] are
logically equivalent to questions concerning 1–1 correlation among
concepts.23

With identity criteria for numbers based on 1–1 correspondence, Wright
holds that among all the competing set-theoretic accounts of the natural
numbers, we can easily eliminate, e.g., the Zermelo numbers since they
all (except 0) have exactly one member, so that we cannot distinguish
two of them simply by comparing their cardinalities.24

21See Quine [100, p. 262 f.].
22Wright [120, p. 117], my emphasis.
23Wright [120, p. 122].
24See Wright [120, p. 123]. Wright’s argument is elaborated further by Hale [63,

pp. 201–219], who suggests that the principles that Wright uses to exclude the Zermelo
numbers can be strengthened in an intuitive way so that the von Neumann numbers
and similar accounts based on sets with different cardinalities can also be excluded.
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But even if we can add new conditions to exclude various kinds of
progressions, it seems that there will always remain infinitely many
alternatives that all appear equally likely to be the actual natural
numbers. Wright’s analysis of the situation is that the concept of
natural number is inherently vague, but that that in itself is not reason
enough to draw Benacerraf’s conclusion—the third claim—that there
are no objects instantiating the concept. He sees an analogy between
the point Benacerraf makes about numbers and Quine’s argument for
the general indeterminacy of translation and inscrutability of reference,
and argues that this means that

we have a powerful case for indeterminacy of translation of
numerical language into the language of classes. But we ought to
draw Benacerraf’s anti-platonist conclusion only if, confronting
similar indeterminacies with respect to the language of classes
itself, or our talk of rabbits, we are prepared to infer similarly that
singular reference to classes, or to rabbits, is illusory.25

Field [54, pp. 23–25] argues that Wright has misunderstood Benac-
erraf’s argument and that there are two questions that must be kept
separate. One concerns the identity of numbers, i.e. what numbers are,
whereas the other concerns how it is possible for us to refer to numbers,
whatever they may be. Drawing the analogy to Quine will be relevant
only if it is the second question that is at issue. But Benacerraf is clearly
discussing the first question. Thus, Wright’s objection that the problem
that Benacerraf describes is not peculiar to mathematics falls beside the
point.

Wright’s criticism of Benacerraf’s argument against thinking of
numbers as objects is put forward from a Fregean point of view, which
comes into conflict with virtually every step of the argument. But
there are also philosophers who are sympathetic to the argument’s
structuralist vein, but who nevertheless hold that the natural numbers
are specific objects. They are what is called ante rem structuralists.26

According to ante rem structuralism, the fact that mathematics seems
mainly concerned with studying structures does not mean that there
are no individual mathematical objects. Objects, e.g. natural numbers,
are taken to be places or positions in mathematical structures. These
objects have only structural properties and are completely dependent
on the structures to which they belong. As Shapiro [111, p. 72] puts it:

25Wright [120, p. 127].
26See, e.g., Shapiro [111].
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The number 2, for example, is no more and no less than the second
position in the natural-number structure [. . .] The essence of 2 is
to be the successor of the successor of 0, the predecessor of 3, the
first prime, and so on.

This lack of independence makes the objects of ante rem structuralism
somewhat different from mathematical objects as they are traditionally
conceived of. However, it is the ante rem structuralist’s contention
that by thinking of objects such as the natural numbers as places in a
structure, we get just what we need to solve Benacerraf’s problem of
how to determine the identity of the numbers without having to give up
on ontological realism and all the advantages of being able to interpret
statements about numbers literally.

One problem that has been brought up regarding the objects of
ante rem structuralism has to do with symmetry and the principle of
identity of indiscernibles.27 In some cases, mathematical structures are
symmetric in the sense that two objects (places in the structures), say x
and y, that are distinct both from an intuitive and a mathematical point
of view, share exactly the same structural properties. In other words, x
and y are structurally indiscernible. There is no such symmetry in the
natural number structure, but we do not have to go further than to the
group 〈Z,+〉 of integers under addition to find an example. The mapping
ϕ : Z → Z defined by ϕ(n) = −n is a non-trivial automorphism, i.e. a
mapping that permutes the elements of Z while preserving the group’s
structure. Now, the existence of this mapping shows that, if we only
look at purely structural properties, there is no difference between, for
instance, 1 and −1. So if the ante rem structuralist really means that
mathematical objects are individuated only by their intra-structural
relations to other objects in the same structure, the natural move here
would be to say that 1 = −1. A similar example is the set C of complex
numbers, where there is a non-trivial automorphism mapping one of
the square roots of −1, i, to the other square root, −i, and vice versa.

The situation is in many respects similar to that which motivated
structuralism in the first place: when noticing that any one of infinitely
many progressions could serve as an adequate representation of the
natural numbers, the structuralist decided that the most reasonable
account would be to say that what we actually study in number theory
is the arithmetical structure itself rather than some arbitrary instance
of it. One major difference between the two cases is, of course, that
saying that arithmetic is the study of the natural number structure

27See, e.g., Burgess [20, pp. 287–288], Keränen [74].
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is mathematically uncontroversial, whereas claiming that 1 = −1 or
that i = −i severely contradicts both common sense and mathematical
practice.

Parsons [92, p. 69] argues in defense of ante rem structuralism that
a reasonable distinction, which is also in accordance with mathematical
practice, can be made between basic and constructed structures. Given
such a distinction, he claims that

the structuralist view, as an ontological view, applies only to basic
structures, in a relatively strong sense, structures that are assumed
in mathematics without accepting the obligation to construct them
within other structures. It is to the objects in these structures that
the metaphorical characterization of them as ‘places’ or ‘positions’
in structures applies. Of the candidates to be basic in this sense,
the natural numbers, the real numbers and the universe of sets
have no non-trivial automorphisms. [. . .] In my view, that goes a
long way towards defusing the objection.

However, Parsons admits that it is far from obvious that every potentially
basic structure lacks non-trivial automorphisms. For instance, the
Euclidean plane is a structure that it would be quite natural to think
of as basic, but it is also a structure in which no object (point) can
be structurally distinguished from another. Perhaps this means that it
will be necessary for the ante rem structuralist to invoke non-structural
properties in order to individuate mathematical objects after all.28 But
that would seem to bring the view significantly closer to “ordinary”
ontological realism.29

3.2 The conflict between semantics and epis-
temology

Behind the semantic argument for ontological realism lies a desire to
provide the language of mathematics with the most suitable and natural
semantics. The argument recommends that we take mathematical state-
ments at face value and interpret them as literally meaning what they
appear to mean. In particular, we should apply the same interpretive
principles to mathematical sentences as we do to “similar” sentences

28See Parsons [92, pp. 69–71], Parsons [93, pp. 107–109].
29MacBride [83, p. 582] formulates this as a dilemma for ante rem structuralism:

“either bad news (i = −i) or old news (ante rem structuralism = good old-fashioned
Platonism)”.
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about concrete, everyday objects. As an example, take the following two
sentences:

(1) There is a European country smaller than Japan.
(2) There is a prime number less than 50.

If we only look at the linguistic structure of (1) and (2), they are quite
alike. They both seem to assert the existence of something that has
a certain property and that in addition stands in a certain relation
to something else. Now, assuming that there are some simple rules
for determining the truth-conditions of the non-mathematical sentence
(1), the idea of the semantic argument is that there is no reason to
complicate matters and make up new rules for determining the truth-
conditions of (2). But according to these rules, if we say that (1) is
true, we also say that we accept the existence of something that is a
European country and that in addition stands in the relation denoted
by the expression ‘smaller than’ to the thing denoted by the expression
‘Japan’. So, by analogy, if we say that (2) is true, we also say that we
accept the existence of something that is a prime number and that in
addition stands in the relation denoted by the expression ‘less than’ to
the thing denoted by the expression ‘50’. In other words, if we judge (2)
to be true by our ordinary semantic rules, then we commit ourselves to
the existence of numbers.

So far, this is basically a restatement of the semantic argument and
not something that can possibly be seen as a problem for ontological
realism. Difficulties emerge, however, when we try to combine this
apparently very natural account of mathematical semantics with an
account of mathematical epistemology that seems equally natural. It
is then that we run into the problem for ontological realism known as
Benacerraf’s dilemma, famously presented by Benacerraf in his paper
“Mathematical truth”.30

In his discussion, Benacerraf sets up two requirements that he
argues must be met by any acceptable philosophy of mathematics. The
first is semantic, namely “that there be an over-all theory of truth in
terms of which it can be certified that the account of mathematical truth
is indeed an account of mathematical truth”.31 This suggests that our
theory of mathematical truth should not be allowed to deviate too much
from our general theory of truth for ordinary language. The view of the
semantic argument—which gives a uniform treatment of the sentences
(1) and (2) above—seems to meet this first requirement.

30Benacerraf [11].
31Benacerraf [11, p. 408].
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The second requirement is epistemological. It is that “the concept
of mathematical truth, as explicated, must fit into an over-all account
of knowledge in a way that makes it intelligible how we have the
mathematical knowledge that we have”.32 A common idea among
both mathematicians and laypeople is that mathematical knowledge
is obtained by means of proof. Because of this, a convenient way of
meeting the second requirement would be to define mathematical truth
in terms of proof and say that a mathematical sentence is true if and
only if it is, in some sense, possible to prove it. This, however, squares
very badly with how we account for the truth of non-mathematical
sentences and thus threatens to violate the first requirement. And so,
given these two requirements, we face a dilemma: “Separately, they
seem innocuous enough [. . .] jointly they seem to rule out almost every
account of mathematical truth that has been proposed”.33

Benacerraf builds his argument on the assumption that the only
reasonable kind of epistemology is that which gives an account of
knowledge in terms of causality. On such a view, a necessary condition
for someone to know something is that she stand in an appropriate
causal relation to the known fact, and thereby also to the objects
involved in this fact. As an account of the perceptual knowledge that we
have of concrete objects, this seems quite intuitive. The picture is that
our senses provide us with causal links between the external world and
our beliefs so that we can acquire knowledge. But if we are ontological
realists with respect to mathematical objects and have accepted that
they are abstract and independent of mind and language, then it is
clear that we cannot apply this picture to our mathematical beliefs.
Benacerraf writes:

If, for example, numbers are the kinds of entities they are normally
taken to be, then the connection between the truth conditions
for the statements of number theory and any relevant events
connected with the people who are supposed to have mathematical
knowledge cannot be made out.34

Once we are presented with this dilemma, it seems that we have
three main alternatives to consider:35

32Benacerraf [11, p. 409].
33Benacerraf [11, p. 410].
34Benacerraf [11, p. 414].
35A fourth alternative would be to dismiss the whole setup of the dilemma and reject

both requirements. The attempted solutions that I will discuss, however, all start out
from the view that Benacerraf’s dilemma constitutes a genuine problem.
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(1) We can argue that there is a mistake in the semantic requirement
and that mathematical statements can and should be understood
in a way that is compatible with the epistemological requirement.

(2) We can argue that the mistake lies in the epistemological re-
quirement and that there is a reasonable theory of knowledge for
mathematical statements that is not based on causality.

(3) We can argue that the conflict is merely apparent and that there
is, in fact, an understanding of mathematical truth and knowledge
on which both the semantic and the epistemological requirements
are satisfied.

The first of these options apparently leads in a non-realistic direction
and will therefore be the least interesting for the ontological realist. At
present I will focus instead on the possibilities (2) and (3).

The third alternative is arguably the least common. At first glance,
it may seem that if we accept Gödel’s [60, p. 483 f.] claim that
“despite their remoteness from sense experience, we do have something
like a perception also of the objects of set theory”, we have at least
some chance of satisfying both Benacerraf’s requirements. However,
as Benacerraf himself points out when he discusses this suggestion,
“without an account of how the axioms ‘force themselves upon us as
being true,’ the analogy with sense perception and physical science is
without much content”.36

Nevertheless, Gödel’s views still point in a very tempting direction
as far as solving Benacerraf’s dilemma is concerned. For instance,
Maddy [84] and Kim [75] have had similar ideas of an analogy between
mathematical and empirical knowledge, and of meeting the epistemo-
logical requirement by arguing that it is possible, in some sense, to
perceive mathematical objects. Both their arguments take advantage
of the unclarity of the distinction between abstract and concrete. Kim
writes:

The force of saying that something is ‘abstract’ or ‘platonic’ has
never been made clear. One sense sometimes attached to ‘abstract’
is that of ‘eternal’ [. . .] Another closely related sense is that of not
being in space and time [. . .] A third sense is that of ‘necessary’
[. . .] It is only the second sense of ‘abstract’ which may exclude
abstract entities from causal relations.37

36Benacerraf [11, p. 415].
37Kim [75, p. 348].
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He then goes on to argue that not only is it unclear what we mean
when we say that an object is abstract, but it is also not obvious that all
mathematical objects are abstract:

If we take mathematical theories of sets as definitive of the concept
of a set or class, they have nothing to say about the abstractness
or concreteness of sets, and nothing about their spatiality or
temporality. [. . .] Perhaps some sets are abstract and some are
concrete. Perhaps sets are concrete if their members are concrete
and abstract if their members are abstract.38

Maddy’s argument is almost identical: she notes that, on a traditional
platonistic account, mathematical objects (e.g., sets) are not located in
space-time, but that there does not seem to be any obstacle to the
assumption that at least some of them are. She then adds: “On some
terminological conventions, this means that sets no longer count as
‘abstract’. So be it: I attach no importance to the term”.39 Once we have
accepted that sets can exist in space-time, it becomes much more likely
that we can causally interact with them, for instance via perception.
Still, one might object that even if we perceive objects that are elements
of a set, it is not at all clear that we perceive the actual set. Maddy’s
reply to this worry is that the concept of set is a theoretical one, and that
perceiving objects as a set has to do more with our “overall theory of
the world” than with perceptual experiences. On her view, the situation
is much the same as when we perceive objects and know through our
scientific theory that they are made up of atoms.40

A separate objection that could be raised against Kim’s and Maddy’s
approaches to Benacerraf’s dilemma is that they disregard the semantic
requirement. They represent a kind of ontological realism that is non-
standard in the sense that it does not assume that all mathematical
objects are abstract. On the other hand, it is quite clear that they do not
aim to reinterpret all of mathematics and deny the existence of abstract
mathematical objects altogether.

From the “standard” ontological realist’s point of view, however, the
most obvious approach to the problem appears to be something that
runs along the lines of alternative (2) above. When he presents the
dilemma and the requirement that there be a causal relation between
what is known and the person who knows, Benacerraf seems to take
this epistemological constraint more or less for granted. He notes

38Kim [75, p. 349].
39Maddy [84, p. 59].
40See Maddy [84, pp. 60–62].
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that in the case of “our knowledge about medium-sized objects, in the
present” there is always some causal connection between those who
possess this knowledge and the objects that are known about. It is also
suggested that the causal account can be plausibly extended to “include
our knowledge of general laws and theories, and, through them, our
knowledge of the future and much of the past”. But when it comes
to mathematical knowledge, it is immediately obvious that the causal
model leads to difficulties.41 The only argument Benacerraf has to offer
for why we should think that it applies in this case is one analogous to
that used to support the semantic requirement:

An account of knowledge that seems to work for certain empirical
propositions about medium-sized physical objects but which fails
to account for more theoretical knowledge is unsatisfactory—not
only because it is incomplete, but because it may be incorrect
as well, even as an account of the things it seems to cover quite
adequately.42

Surely, this argument is not without force. But it says nothing about why
a uniform explication of knowledge should be given in terms of causality
rather than something else. By contrast, in connection with the semantic
requirement, Benacerraf elaborates the argument much more and also
gives independent reasons for why a Tarski-style referential semantics
is to be preferred both in mathematical and empirical contexts.

It is perhaps not surprising then, given the consequences that a
causal requirement would have for our possibilities to obtain math-
ematical knowledge, that Benacerraf’s dilemma has been taken as a
reductio ad absurdum of the causal account of knowledge. Lewis [79,
p. 109] expresses this reaction as follows:

I think it is very plain which horn of Benacerraf’s dilemma to
prefer. [. . .] Our knowledge of mathematics is ever so much more
secure than our knowledge of the epistemology that seeks to cast
doubt on mathematics.

Steiner [115, pp. 59–63] argues that it is unclear what is meant by
“the causal theory of knowledge”. He considers—and dismisses—some
possible ideas of what a necessary condition for knowledge could look
like according to a causal epistemology. Eventually, he finds that the
most plausible way of stating such a condition is in terms of sentences
and causal explanations rather than objects and causal relations:

41Cf. Benacerraf [11, pp. 412–415].
42Benacerraf [11, p. 404].
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One cannot know that a sentence S is true, unless S must be used
in a causal explanation of one’s knowing (or believing) that S is
true.43

But nothing seems to prevent mathematical sentences from being used
in causal explanations. On the contrary, Steiner claims that if we want
to give a causal explanation of why we believe, e.g., that the axioms of
number theory are true, then it is necessary that we use those axioms
themselves in our explanation. In other words, this version of the causal
theory of knowledge is fully compatible with our having mathematical
knowledge. It is evidently very different from the kind of causal account
Benacerraf has in mind, since he—although he does not give a precise
definition—explicitly assumes that if we know that a sentence S is true,
we do so because we are causally related to “the referents of the names,
predicates, and quantifiers of S”.44 However, Steiner [115, p. 63] argues
that we have no reasons to believe that anything that goes beyond his
own version is necessary:

If a piece of knowledge is justified using a causal explanation of
it, what more needs to be said? The burden of proof would seem
to rest on the proponent of a more restrictive causal theory of
knowledge.

Part of what motivates Steiner’s “weakening” of the causal theory
is the desire to give an account that applies to all kinds of knowledge.
As we have seen, this is important for Benacerraf as well. But there
are other philosophers who are prepared to give up the idea of a
uniform treatment of all knowledge and say that different kinds of
statements are known in different ways. Given such a view, it is quite
possible that a condition which is necessary for knowing a particular
type of statement need not at all be satisfied when it comes to some
other area of knowledge. One example is Lewis [79, p. 111] who
writes: “I think it is true that causal acquaintance is required for
some sorts of knowledge but not for others”. Similarly, Goldman—
one of the early defenders of a causal theory of knowledge and who
is cited by Benacerraf—begins his account by restricting the theory’s
scope to empirical propositions. Non-empirical knowledge, according
to Goldman, can be adequately analyzed as justified true belief without
adding any extra requirements.45

43Steiner [115, p. 60].
44See Benacerraf [11, p. 412].
45See Goldman [61, p. 357].
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Goldman’s reason for thinking that an extra condition is necessary
in the case of empirical knowledge is that he wants to avoid Gettier’s [57]
famous counterexamples to the claim that having a justified true belief
is always sufficient for having knowledge. The original Gettier exam-
ples are formulated in terms of concrete, observable phenomena, and
Goldman’s remark about its being possible to analyze non-empirical
knowledge as justified true belief suggests that he thinks of the coun-
terexamples as restricted to a purely empirical domain and that it is only
in this domain that the concept of knowledge needs to be given more
attention. This has been used by Burgess and Rosen [24, p. 36] as (part
of) an argument against Benacerraf’s epistemological requirement:

[I]t may be noted that the Gettier examples pertained to cases of
empirical knowledge of contingent facts about concrete entities,
and that Goldman’s suggestion was addressed only to such cases,
so that it was silent about precisely the cases of most interest in
connection with the issue of nominalism.

The idea here seems to be that the causal account of knowledge is
irrelevant for mathematics since it was designed to take care of Gettier
examples and all Gettier examples concern empirical knowledge. How-
ever, we can quite easily construct a “mathematical” Gettier example,
given that we allow that mathematical propositions can be true: Sup-
pose that a mathematician has come up with a proof of a mathematical
proposition p and that this proof has been carefully checked and re-
viewed by (relevant parts of) the mathematical community. Suppose,
furthermore, that this same mathematician finds that from the propo-
sition p follows another mathematical proposition q for which no other
mathematical proof has been found. The mathematician then forms
what seems to be a justified belief in the proposition q. But suppose
that there is a subtle error in the alleged proof of p and that p is, in fact,
false. The proposition q, on the other hand, is a true proposition that
can be proved without assuming p. So, our mathematician has a true
belief in the proposition q that seems to be justified to an extent that
meets the standards set up by the mathematical community. And still
we are reluctant to say that the mathematician knows that q.46

Of course, the existence of Gettier-style counterexamples relating
to mathematical propositions does not mean that Burgess and Rosen

46Skyrms [113, p. 378] brings up a somewhat similar example from logic in order
to demonstrate that Gettier’s observations apply to necessary statements just as well
as to contingent, empirical ones. In Skyrms’s example, however, the belief in the
false proposition is not based on a purported proof but on blind faith in an “eminent
logician”. This makes it doubtful that the belief would count as justified.



3.2. THE SEMANTICS/EPISTEMOLOGY CONFLICT 73

are wrong when they claim that the causal theory of knowledge was
never intended to apply to mathematical knowledge. Nor does it mean
that the causal theory should be applied to mathematics. But it does
highlight the fact that we cannot solve Benacerraf’s dilemma simply by
arguing that the epistemological requirement as Benacerraf puts it is
mistaken. We need to say something more about how mathematical
knowledge is to be accounted for, and it is far from obvious how this
should be done. As Hart [65, p. 125 f.] puts it:

Superficial worries about the intellectual hygiene of causal theories
of knowledge are irrelevant to and misleading from this problem,
for the problem is not so much about causality as about the very
possibility of natural knowledge of abstract objects.

One philosopher who has explored the idea that the epistemological
problems of ontological realism are largely independent of whether or
not we opt for a causal theory of knowledge is Field [53]. He has
formulated a version of Benacerraf’s dilemma that does not link the
epistemological requirement to causality. Instead, Field asks how we
are to explain the fact that—on a realist view—the schema

If mathematicians accept ‘p’ then p

holds in most instances where ‘p’ is replaced with a mathematical
sentence. In other words, the question is how we can know that the
mathematicians’ beliefs about mathematical facts in general are reliable.
Field argues that the supposed causal inertness of mathematical objects
rules out any causal explanation of the reliability so that any acceptable
explanation has to be non-causal. But on the traditional platonistic
view mathematical objects are not only acausal, but also independent
of mind and language, lacking any spatiotemporal relations to other
objects, and so on. They simply seem to be beyond our reach in every
possible way.47

Hale and Wright [64, p. 114] argue that at least part of the problem
lies in the negative characterization of abstract objects. They hold that
it is not surprising that we have trouble explaining how mathematical
knowledge is possible when everything we know about the nature of
mathematical objects is what they are not. Moreover, they claim that
it is a mistake to suppose that knowledge of an object requires some
kind of interaction with that object. In particular, interaction need
not take place before the knowledge is acquired, according to Hale

47Cf. Field [53, pp. 230–231].
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and Wright. Their proposed solution to the epistemological problem
is inspired by Frege. The main idea is that some facts about abstract
objects correspond to other facts that are empirically verifiable. For
example, given the (more or less) observable fact that two lines are
parallel, we gain access to the fact that the two lines have the same
direction. Similarly, if we observe that there are just as many knives
as there are forks on the dinner table, we also find out that the number
of knives is the same as the number of forks. Hence, we can know
about directions and numbers, even though they are abstract objects
with which we have not interacted causally or otherwise.48

To put it more abstractly: there is according to Hale and Wright
a logical (or conceptual) connection between the “empirical” fact de-
scribed in the left-hand column and the corresponding “abstract” fact
described in the right-hand column:49

“Empirical” fact Fact involving abstract ob-
jects

The lines a and b are parallel a and b have the same direction

The sets A and B are equi-
numerous (that is, their mem-
bers can be put in 1–1 corre-
spondence)

#A = #B

Hence, according to Hale and Wright, the following equivalence—known
as Hume’s Principle—is a conceptual truth:

#A = #B iff A and B are equinumerous, (HP)

and can be used—given a sufficiently strong logic and appropriate
definitions—to infer that the natural numbers exist and have the ex-
pected mathematical properties (i.e. satisfy Peano’s axioms).

It should be pointed out, however, that this explanation of our
knowledge of the natural numbers does not come without costs. First,
one can question whether a principle like (HP) which has existential
consequences really can be analytical. Second, in order for the proof that
there are numbers to have any epistemic value we need to know that the
principle (HP) together with the logic used is consistent. But how can we
know that, unless we already assume that there are natural numbers,
or other objects forming a progression? To conclude, it is highly
questionable whether Hale and Wright’s neo-Fregean approach can

48See Hale and Wright [64, pp. 115–119].
49‘#A’ is used here as a shorthand for ‘The number of elements of the set A’.
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explain how knowledge of the natural numbers is possible. Moreover,
even if their approach were successful with respect to the natural
numbers, it remains unclear whether it can be extended to the rest of
mathematics.

3.3 The irrelevance challenge

Proponents of ontological realism about mathematics often argue for
their standpoint in a way that suggests that the existence of mathemat-
ical entities is necessary to explain important features of mathematics.
For instance, the semantic argument is based on the idea that mathemat-
ical objects are needed to explain how mathematical truth is possible.
Similarly, the indispensability argument speaks of a close connection
between mathematical objects and the applicability of mathematics to
science. Another common idea is that unless ontological realism is
correct, we cannot give a plausible account of mathematical objectivity.

These are all examples of properties that we tend to take more or
less for granted that mathematics possesses: Mathematical objectivity
is almost never called into question. It is much more controversial to
claim that the theorems of mathematics are false than that they are
true. And, of course, the applicability of mathematics to a wide range of
scientific fields is nothing but remarkable. But is the assumption that
there exist mathematical objects the key to the only, or even the best,
explanation of all this?

It seems clear that objects sometimes play a significant role in
explaining certain properties of theories that involve them. When we
are investigating a theory that is known to have a collection of objects as
its subject matter, it is natural to refer to those objects when accounting
for, e.g., the theory’s being true or objective. This holds in particular
when the objects in question are concrete and observable. It is as if
their presence provides us with a guarantee that the theory cannot be
secretly tampered with in any way. Yablo [123, p. 287] makes a similar
observation:

When truth in an area of discourse is controlled by the existence
and behavior of objects, that is felt to boost the discourse’s
credentials as fact-stating or objective. The more truth can be
pinned to the way a bunch of objects comport themselves, the
more objective the discourse appears.

As a thought experiment we can imagine what it would be like if
our mathematical theories were descriptions of observable—or at least
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causally efficacious—objects. Then the idea of a connection between
the existence of those objects and the truth of statements referring to
them would probably seem obvious. If applications of mathematics
to physics consisted in actual hands-on manipulation of mathematical
objects, we would not hesitate to say that they were somehow necessary
for the applicability of mathematics. And if we were able to see and
point at mathematical objects and their properties, we would not find
it at all surprising that so many mathematical questions appear to have
determinate and objectively correct answers.

However, as we know, according to mainstream ontological realism,
mathematical objects are not causally efficacious and certainly not
observable. This means that typical mathematical activities, such
as claiming the existence of a number with some specific property,
computing the behavior of a function, or proving the existence of an
interesting set, do not bring us into any actual contact with the numbers,
functions, or sets. A more accurate account of what goes on seems to
be that we describe what we think the objects are like, on the basis of
earlier descriptions that make up our mathematical theory. To help us
doing this, we have at our disposal a variety of tools and methods: First
and foremost we use logical and mathematical reasoning. If we need to
perform advanced calculations and simulations, computers are useful.
Moreover, we can be guided and inspired by observing concrete objects
and patterns that we interpret as instances of mathematical structures.
But we never get the chance to verify our theories and results by directly
comparing them to the mathematical reality itself.

We have already seen in the previous sections of this chapter how
the abstract and isolated nature of mathematical entities becomes prob-
lematic in connection with referential and epistemological concerns.
Now we encounter yet another challenge for the ontological realist,
namely to explain what difference the existence of non-spatiotemporal,
causally inert objects makes for mathematics. The essence of this chal-
lenge, which we may call the irrelevance challenge, is nicely captured
by Yablo [126, p. 88] in the following passage:

Mathematics has been called the one area of inquiry that would
retain its point even were the physical world to disappear entirely.
This might be heard as an argument for platonism [. . .] The nec-
essary truth of mathematics would be due to the fact that the
mathematical department of reality had its properties unchang-
ingly and essentially.

I said that it might be heard as an argument for platonism,
that mathematics stays on point even if the physical objects dis-
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appear. However mathematics does not lose its point either if the
mathematical realm disappears—or indeed, if it turns out that
that realm was empty all along.

The intuition behind this reasoning is that the kind of mathematical
activity that we engage in seems possible regardless of ontological
matters. Of course, it is an undeniable fact that our mathematical
vocabulary indicates an abundance of specifically mathematical objects.
But unless it can be argued that this vocabulary was given to us by
someone or something directly linked to the mathematical reality, this
can hardly count as evidence for the existence of such a reality, any
more than the word ‘unicorn’ counts as evidence for the existence of
unicorns.

The irrelevance challenge has much in common with both the non-
uniqueness problem and Benacerraf’s dilemma. At the root of all three
problems lies our inability to grasp the notion of abstract existence
and what it amounts to. There is a sense, though, in which the
irrelevance challenge points in another direction than the other two.
The non-uniqueness problem and Benacerraf’s dilemma both concede
that ontological realism has a point. They ask how we can make sense
of an abstract mathematical reality. The irrelevance challenge, on the
other hand, questions that we have any need or use whatsoever for
abstract mathematical objects. It suggests that there is a possibility for
us to let go of ontological realism without letting go of mathematics.

If this is correct, it does not necessarily mean that ontological realism
is refuted. But it does seem to have as a consequence that the alleged
benefits of assuming mathematical objects disappear. To admit that
mathematical objects are irrelevant to mathematics while maintaining
that they have a role to play when it comes to giving philosophical
explanations of, e.g, mathematical truth would surely be an example of
severe intellectual dishonesty.50 This makes the irrelevance challenge
a delicate one for the ontological realist to handle—something which is
reflected in the way it has been responded to. A common strategy is to
deny that there is a problem. For instance, Brown [16, p. 107] writes:

Would things be any different, it is pointedly asked, if abstract
objects did not exist? The question is usually asked rhetorically;
the presumption being that the obvious answer says that things

50There is an obvious sense in which this is equivalent to saying that accepting
the irrelevance challenge does result in a refutation of ontological realism. However,
it is not unusual to see irrelevance considerations in combination with an agnostic
standpoint regarding the existence of mathematical objects.
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would be exactly the same whether abstract entities did or did not
exist.

But this is the wrong answer. Things would be very different. If
there were no abstract objects, then we would not have intuitions
concerning them; “2 + 2 = 4” would not seem intuitively obvious.

A claim like this apparently begs the question against irrelevance and
so it immediately invites the objection: How can causally isolated
entities be responsible for any of our intuitions? Brown answers
this by arguing that physical perception is no less mysterious than
mathematical intuition and that

[w]hether we do or do not know the details of the interaction
which takes place “some how or other” between abstract objects
and ourselves is of secondary importance. Platonism is not to be
disarmed because it has (as yet) no story to tell about the cognitive
process of intuition.51

Rosen and Burgess [108, p. 532] express a similar attitude toward
the irrelevance-related argument that mathematics and mathematicians
would be unshaken if the “Oracle of Philosophy” were to reveal that
there are no abstract objects. They simply dismiss the argument by
saying that “[p]erhaps the mathematicians don’t share your faith in the
Oracle of Philosophy, and put zero value on her pronouncements.”

Another way of denying the non-realistic consequences of irrele-
vance is to argue that irrelevance in fact is the mark of necessity. This is
the strategy pursued by Lewis [79, p. 111] when he writes as a response
to Benacerraf’s dilemma that “nothing can depend counterfactually on
non-contingent matters. For instance [. . .] [n]othing sensible can be
said about how our opinions would be different if there were no number
seventeen”. By this line of reasoning it is meaningless to ask what dif-
ference the existence of mathematical entities makes, since they either
exist in all possible worlds or are impossible, i.e., do not exist in any
possible world.

The view that mathematical existence and mathematical truths are
necessary is widely accepted among philosophers. However, there are
some critics. One of them is Balaguer [4, p. 166 f.], who argues that
just as the notion of abstract existence is unclear, so is the notion of
necessity. Moreover, he sees no reason to believe that the concept can
ever be clarified in a satisfactory way:

51Brown [16, p. 109].
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[T]here just doesn’t seem to be any interesting sense in which
existence claims involving abstract objects (e.g., ‘there exists an
empty set’) are necessary but existence claims involving concrete
objects (e.g., ‘there exists a purple hula hoop’) are not.

I have the impression that most people who think that math-
ematics is metaphysically necessary think that this is simply a
given. In other words, they think that in trying to construct a
definition of ‘metaphysically necessary’, it is simply a desideratum
that our mathematical theories are metaphysically necessary.52

Another advocate of the idea that mathematical objects exist con-
tingently is Rosen [107], who argues that it is precisely the isolation of
the abstract realm that should make it possible even for an ontological
realist to imagine a world where there are no numbers. The argument
runs roughly as follows: in any picture of a world with numbers, the
numbers must be pictured as separate from the concrete world. This is
because

numbers and ordinary concrete things are mereologically distinct
from one another. [. . .] Numbers are neither parts nor aspects
nor constituents of concrete things; and vice versa, numbers
are neither made of, nor constituted by, nor constructed from,
concrete individuals.53

So when we want to picture a world without numbers, all we have
to do is to keep the “concrete” part of the picture while removing the
“abstract” part.

Suppose now that an ontological realist became convinced that a
numberless world is possible. By the semantic argument she could still
maintain that the actual world cannot be a world without numbers,
since that would imply the falsity of arithmetic.54 But how could
she know? As Rosen [107, p. 290] puts it: “The worlds will look
just the same from the inside—or from the outside, for that matter.
The numbers are invisible, after all.” So in one world the ontological
realist will be “lucky”, whereas in another she will be wrong. And in
both worlds—given that the intuition behind the irrelevance challenge
is correct—mathematics will be equally successful. Perhaps it is not
surprising then that mathematical necessity is a desideratum for the
ontological realist.

52Balaguer [4, p. 167].
53Rosen [107, p. 290].
54This is what the imaginary population—“the Q”—described by Rosen [107] claim:

they live in a world where arithmetic is true; hence, numbers exist in their world.
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This suggests that settling on a standpoint in the debate between
realists and non-realists about mathematics and the existence of abstract
entities is often more a matter of making a decision than of being
convinced by a conclusive argument.55 The insistence on mathematical
necessity is one example, the unwillingness of ontological realists to
acknowledge the irrelevance challenge is another. Over and over again,
the inaccessibility of the abstract realm (if it exists) prevents us from
grounding our ideas about it.

To my mind, the irrelevance challenge is a real problem for onto-
logical realism and serves to make it a much less attractive position
than it could otherwise have been. But although the problem indicates
that there is a reasonable alternative to ontological realism, it does
not directly present us with any such alternative. It does not answer
any questions about what we should base mathematics, mathematical
explanations, and philosophy of mathematics on instead of abstract
entities. Rather, it raises new questions about what mathematical truth
is, how we should interpret mathematics, and what the ontological
commitments of mathematics are. I will end this chapter with a brief
discussion of these issues.

3.4 Preliminary assessment

In this chapter I have presented some challenges to a realistic position
in the philosophy of mathematics—in particular to ontological realism.
If we look at them all together they clearly show that ontological realism
has one major disadvantage, namely that it assumes the existence of
entities that seem impossible for us to have knowledge of. Unfortunately,
what I have just called a major disadvantage also comes close to being the
definition of ontological realism. So, in order to have a more balanced
discussion, let us recapitulate the motivation for being a realist about
mathematics.

The arguments in favor of ontological realism that we examined in
chapter 2 start out from the assumption that mathematics has some im-
portant characteristics that must be respected and reasonably accounted
for by any acceptable philosophy of mathematics. In the semantic ar-
gument the focus is on the literal truth of mathematics, whereas the
indispensability argument stresses its applicability to science. Accord-

55A similar point is made by Rosen [106, p. 88 f.], who writes : “If the question of
nominalism is ‘What should I believe about abstract objects? What does it make most
sense for me to believe?’ then the emerging answer is in part: ‘It depends on how things
strike you’.”.
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ing to the arguments, if we are to accommodate these features we must
recognize the ontological commitments of mathematics. The possibility
of being able to interpret mathematical sentences at face value is taken
to be a big advantage of ontological realism. That is, when someone
utters a mathematical statement, I should be allowed to assume that it
means exactly what it seems to mean, including terms that appear to
refer to specifically mathematical objects. Consequently, we must grant
the existence of such entities.

On one way of seeing matters, we could thus think of ontological
realism as an attempt to complicate the philosophy of mathematics as
little as possible. The dominating attitude is that not only mathematical
statements, but everything that is involved in mathematical theory and
practice should be interpreted at face value by philosophy: if mathemat-
ics says there are numbers, then there are numbers. If mathematical
theorems are generally believed to be true, then philosophy should also
treat them as true. And so on.

All would have been well if only the mathematical objects as they
are conceived of by the ontological realist had been more accessible.
After all, mathematics is to a great extent a human activity. Hence,
any satisfactory account of it must do more than explain what makes
mathematical theorems true. It must also say something about how we
can know that the theorems are true. The claim that there is a perfect
correlation between our mathematical theories and the mathematical
reality becomes rather empty if there is no story to tell about how this
correlation obtains. This is where the critics of ontological realism argue
that the abstract nature of mathematical objects drives us into a corner.

According to the objections to ontological realism that we have gone
through in this chapter, the assumption that there exist mathematical
objects brings with it several problems that must be addressed. The
most pressing of these is the question of what a reasonable epistemology
for mathematics can look like. Just as ontological realism aims to
adjust the mathematical semantics to the semantics for the rest of
language, it should aim for an epistemology that is naturally aligned
with epistemological accounts of other scientific theories, it is argued.
This means that it is not enough to appeal to mathematical intuition
unless it can be explained what this amounts to in a non-mysterious
way.

If it could be clarified how mathematical knowledge of abstract
objects is possible, it seems likely that we would also be able to come
up with an answer to the questions of how we can refer to and identify
mathematical objects even though they appear to be underdetermined
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by our theories. However, if we are unsuccessful in our attempts,
irrelevance becomes a real threat. In that case, it seems that any
agreement between the human creation that we call mathematics and a
distant realm of abstract entities is merely a happy coincidence which
hardly suffices to motivate ontological realism.

To summarize, we see that there are some prima facie desiderata
that an ideal philosophy of mathematics should meet:56

1. It should allow us to interpret mathematical sentences at face
value.

2. It should respect the ontological commitments of mathematics,
whatever they may be.

3. It should account for our intuition that mathematics is (literally)
true.

4. It should explain how mathematical knowledge is possible in a
non-mysterious way.

5. It should give an explanation of the success of mathematics in
applications to science.

Our discussion so far suggests that it is not an easy task to make
these ingredients blend smoothly. If we are unwilling to give up any of
the items on the list, it seems that we will perhaps be forced to look for
new ways of understanding such notions as ontological commitment,
mathematical truth and existence. But of course, it could also be the
case that a more careful analysis shows that not all the items are equally
important and that one or several of them should be sacrificed in order
to make better room for the remaining ones.

In the next three chapters I will look at some proposed alternatives
to ontological realism about mathematics, representing different views
concerning which desiderata from our list that should be given priority.
Then in the final two chapters I will return to the issues discussed in
this section and investigate what progress can be made.

56A similar, but not identical, list is presented by Bueno [17, p. 63].



Chapter 4

Field’s nominalism

4.1 Introduction

Let us begin by recalling the Quine-Putnam indispensability argument
(see above, chapter 2). According to this argument we have reasons to
believe in the existence of mathematical objects, for instance numbers,
functions or sets, because they are presupposed by, and play an essential
role in our best scientific theories. It goes roughly as follows:

1. We have reasons to believe that our best scientific theories are
true.

2. Mathematics is an indispensable part of our best scientific theories
in the sense that these theories can neither be practiced nor
formulated without the use of mathematics.

3. Hence, we have reasons to believe that mathematics is true.
4. Mathematics is ontologically committed to mathematical objects,

i.e. it cannot be true unless there exist mathematical objects.
5. Hence, we have reasons to believe that there exist mathematical

objects.

As I have argued before, it is natural to see this argument as
consisting of two parts: The first part (1–3) purports to establish the
truth of mathematics as a consequence of its indispensability in scientific
applications. The second part (3–5) goes from mathematical truth to
the existence of mathematical objects via the ontological commitment
of mathematics. Both these steps have been questioned by nominalists
who wish to avoid the conclusion that there exist mathematical objects.

The topic of this chapter is Hartry Field’s [48, 54] nominalistic
approach, which challenges the first part of the indispensability argu-
ment. Field argues that mathematics, despite its great usefulness, is not

83
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indispensable to science and hence that we have no reason to believe
that mathematics is true.

4.2 Field’s program

The point of departure for Field [48] is a denial of the existence
of abstract objects. In order to defend such a nominalistic stance, the
indispensability argument must be countered in some way. Field accepts
Quine’s thesis that when we commit ourselves to the truth of a theory, we
also commit ourselves to the existence of the entities that the variables
of that theory range over. This view of ontological commitment rules out
a rejection of the second part of the indispensability argument, since
mathematics to all appearances involves quantification over abstract
objects. Hence, the only available option for Field is to stop the
argument before it brings us to the conclusion that we have reasons to
believe that mathematics is true.

One way of achieving this could be to present an argument that
breaks the link between the fact that a theory T ′ is indispensable to
a true, or nearly true, theory T and the fact that T ′ itself is true.1

However, this is not what Field does. Instead he questions the most
distinctive premise of the indispensability argument, namely the claim
that mathematics is indispensable to science.

Field’s program has two main parts—a division which is related to
the two ways in which mathematics is indispensable to science according
to the second premise of the indispensability argument above. The first
part, which we will look at in chapter 4.2.1, is centered around our
mathematical theories and concerns the claim that science cannot be
practiced without the use of mathematics. As it turns out, it can be
argued that this kind of indispensability is actually compatible with
nominalism. The success of Field’s nominalistic project hinges instead
on the second part, which we discuss in chapter 4.2.2. It focuses on
the physical theories where mathematics is usually applied and consists

1This strategy is pursued by Balaguer [4] (see in particular chapter 7), who argues
that even if there are indispensable applications of mathematics to science, this is not
enough to undermine a position according to which mathematics is false. Balaguer’s
idea is that the content of any mathematized physical theory can be divided into
two independent parts—one platonistic and one nominalistic—where all the theory’s
empirical information is contained in the nominalistic part. This means that the
platonistic content can neither be verified nor falsified and, hence, that all that is
required for the theory’s success is that its nominalistic content be true. I will discuss
Balaguer’s approach further in chapter 6.
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of an attempt to falsify the claim that these theories cannot even be
properly formulated in a non-mathematical way.

4.2.1 Conservativeness

The first part of Field’s program brings up the question of what our
attitude toward mathematics should be, given the assumption that it is
not indispensable to science and, furthermore, that it is not true. On
the one hand, from a nominalistic perspective it could be tempting to
eliminate the use of mathematics altogether, thus showing once and
for all that there really is no need to assume the existence of abstract
mathematical entities. On the other hand, putting the issues of truth
and indispensability aside, there does not seem to be anything seriously
wrong with our mathematical theories. They are clearly very useful
in many different contexts and huge amounts of time and effort have
been invested in them. So, to throw them away on the basis of purely
philosophical considerations seems unreasonable.

What Field suggests is that there is an important difference between
being indispensable and being merely useful. If a theory T ′ is indispens-
able to a theory T and T is true, this may be all the evidence we need for
the truth of T ′, just as the indispensability argument claims. However,
if T ′ is merely useful to T , i.e. not indispensable, then, according to
Field, there is no similar connection between the truth of T and the
truth of T ′. Truth is simply not a necessary condition for utility. This
means that, even as nominalists who reject the indispensability thesis,
we can still practice mathematics in much the same way as realists do,
by thinking of it as a kind of useful fiction. Field holds that, like fiction,
mathematics can, and should, be valued for other properties than truth,
for instance its interestingness, elegance, and applicability.2

But in order to feel safe about applying a false theory T ′ to a true
theory T , we will of course need some sort of guarantee that such
applications will not bring falsehoods into T . Field argues that the
application of mathematics to a nominalistic theory is even safer than
this, since mathematics is conservative with respect to nominalistic
theories. That T ′ is conservative with respect to T means, roughly, that
any formula in the language of T that is a consequence of T together
with T ′ is also a consequence of T alone. So, not only does T ′ not bring
any falsehoods into T—it does not bring anything into T that was not
already there.

2Cf. Field [54, p. 4].
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According to Field, the conservativeness of mathematics with re-
spect to nominalistic science gives the nominalist a further reason,
independent of the distinction between abstract and concrete, for ad-
mitting theoretical entities such as electrons into her ontology while
excluding numbers: to postulate, e.g., the existence of electrons allows
us to draw completely new and previously unavailable conclusions about
observable phenomena. In other words, the theory of electrons does not
share with mathematics the property of being conservative with respect
to the theory it extends. Field argues that this is not a coincidence. In
fact, he claims something even stronger, namely that “science can’t be
conservative if it is to be good, while mathematics must be conservative
to be good”.3 The reason for this is that non-conservativeness is what
makes an empirical theory experimentally testable:

[W]e test a theory precisely by using that theory to derive conse-
quences about observables (viz., experimental predictions) from
premises about observables (viz., those that describe the experi-
mental conditions). [. . .] But if a physical theory were conservative
[. . .], none of it could ever be essential to the derivation of con-
clusions about observables from premises about observables, so
none of it could ever be confirmed.4

In the case of mathematics, on the other hand, Field takes it to be quite
uncontroversial that it is and should be conservative with respect to
nominalistic science.5 In order to show that this is a natural requirement
to place on a mathematical theory from a platonistic as well as a
nominalistic perspective, he compares his conservativeness claim to the
traditional platonistic claim that mathematics is a priori or necessarily
true. He claims that the conservativeness of a mathematical theory
can be thought of in terms of the theory’s being compatible with any
possible state of the physical world. This means that conservativeness
may be characterized as “necessary truth without the truth”. The only
difference between Field’s view of mathematics and a platonist’s is then
that Field sees no reason to assume that mathematics is true.6

Field also argues that conservativeness lies so close to consistency
that the only possible threat to conservativeness is that mathematics
could turn out to be inconsistent. This, however, would be a definite

3Field [49, p. 61]. See also Field [48, ch. 1].
4Field [49, p. 60 f.].
5However, as we will see in chapter 4.3.2 below, there are others who have found

this claim problematic.
6Field [49, p. 59].
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sign that there is something seriously wrong with our mathematical
theories and would have consequences reaching far beyond any debate
between platonists and nominalists.

Given that mathematics is conservative in the above sense so that
it cannot tell us anything essentially new about the world, it is natural
to ask how it can be so useful. One reason for this is that even if
mathematics cannot take us anywhere in physical science where we
could not get without mathematics, it can make it a lot easier for us
to get there. Metaphorically speaking, mathematics creates shortcuts
between places in physical science that would otherwise be very far
from each other. For instance, the general character of mathematical
reasoning can reveal connections between seemingly unrelated concepts
in physics.

There is also another possible way in which mathematics may prove
itself useful, namely when it comes to formulating and axiomatizing
scientific theories. However, this is a kind of usefulness that the
nominalist will want to avoid. Field writes:

[T]here are two prima facie possible ways that mathematics might
be useful, despite its conservativeness: it might be useful in facili-
tating inferences (between nominalistic premises and nominalis-
tic conclusions), and it might also be useful in being theoretically
indispensable (i.e. needed in the premises of some important the-
ory). It is crucial to the realism/anti-realism controversy whether
it is useful in both ways, or only in the first.7

4.2.2 Nominalization

This brings us to the second part of Field’s program, which deals with
the fact that the conservativeness of mathematics with respect to nom-
inalistic science cannot support a nominalistic position by itself. The
problem is that our current physical theories are far from nominalistic,
but full of references to and quantifications over abstract mathematical
objects. This could be just a matter of convenience—the language of
mathematics has great expressive power and allows you to present
things in a very clear and concise manner. Hence, the idea of not
using it would probably not even occur to someone who did not have a
very strong inclination toward nominalism. But if the indispensability
thesis is correct, something stronger than this holds, namely that it is
impossible to eliminate all reference to and quantification over math-
ematical entities in our scientific theories. Since Field accepts all the

7Field [49, p. 59].
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other premises of the indispensability argument, as well as that the
conclusion follows from the premises, the outcome of his nominalistic
program depends on whether he manages to show that a nominalis-
tically acceptable counterpart can be constructed for every interesting
scientific theory.

Field is convinced that this can be done, and in Field [48] he sets
out to show that he is right by developing a nominalistic version of
Newton’s theory of gravitation, starting with a nominalistic treatment
of space-time. The problematic mathematical entities here are mainly
quadruples of real numbers and sets of such quadruples. In the theory’s
nominalized counterpart, they are replaced by points and regions of
space-time.

One source of inspiration for this strategy is Hilbert’s axiomatization
of Euclidean geometry, which in a similar way avoids quantification
over real numbers and instead of a distance function uses predicates
for betweenness and segment-congruence. The intuitive meaning of
betweenness is that y is between x and z when y lies on the line-segment
whose endpoints are x and z. Segment-congruence intuitively holds
between xy and zwwhen the distance between x and y is the same as the
distance between z and w.8 Since the gravitational theory concerns 4-
dimensional space-time rather than 3-dimensional space, Field needs,
in addition, a predicate for simultaneity, where x is simultaneous to y
when they have the same “time coordinate”.9

We have then certain concrete primitives, and the idea is that it is
through them that we can state the real facts of the physical theory.
However, at this point we can take advantage of the conservativeness of
mathematics with respect to nominalistic theories. By means of a 1–1
representation function we specify abstract counterparts of the con-
crete primitives, thus getting a more manageable mathematized theory.
Once more, space-time points become quadruples of real numbers, and
a distance function from R4 × R4 to R≥0 is defined, in terms of which
the relations of betweenness and congruence can be interpreted. This
extended theory is obviously not nominalistically acceptable, but be-
cause of conservativeness and the fact that the representation function
is invertible, we can move back and forth between the concrete and the
abstract theory as we like. In Field’s words:

[W]e can at any convenient point ‘ascend’ from concrete state-
ments to their abstract counterparts, proceed at the abstract level

8Cf. Field [48, p. 25 f.].
9See Field [48, p. 53].
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for a while, and then finally ‘descend’ back to the concrete.10

Equipped with his nominalistic version of a theory of space-time,
Field goes on, using much the same strategy, to tackle other features of
Newtonian gravitational theory, e.g. scalar and vector fields, continuity,
derivatives, and inner products. The resulting theory is attractive, in
Field’s view, not only because it avoids reference to and quantification
over abstract entities, but also for reasons having to do with its explana-
tory value. Since numbers and other abstract mathematical entities
by definition are causally isolated, it seems that they cannot play any
causally relevant role in explanations of physical phenomena. Further-
more, exactly which number appears in such an explanation is often
in some sense arbitrary and depends on how coordinate systems and
units of measurement have been chosen. Considerations like these can
be taken as indicating that things like numbers are rather loosely tied
to our physical theories and that, even if we believe in their existence,
we ought to be interested in finding intrinsic explanations instead of
the extrinsic ones we get by invoking numbers.11 Field’s claim is that,
like Hilbert’s axiomatization of geometry, his nominalized version of
the Newtonian theory of gravitation achieves precisely this.

4.3 Some objections

Field’s program for nominalizing physical science and thereby under-
mining the indispensability argument for the existence of mathematical
entities has been much discussed and debated ever since it was first
presented. There seems to be wide agreement that his approach is both
original and interesting and has many other merits. However, as Coly-
van [31, p. 75 n.] puts it: “It is probably fair to say that the consensus
of informed opinion on Field’s program is that the various technical
difficulties it faces leave a serious question over its likely success”. As
a matter of fact, objections and worries that cover virtually every step
of the argument have been brought up. In this section, I will examine
some of them.

4.3.1 Is Field’s theory really nominalistic?

Some of Field’s critics have questioned whether the theory he offers as an
alternative to platonistic science really is nominalistically acceptable.

10Field [48, p. 24].
11See Field [48, p. 43].
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They doubt that the theory’s ontological commitments are any less
problematic than those of traditional platonistic theories.

The main kind of entity that Field’s theory is committed to, given
Quine’s criterion of ontological commitment, is space-time points. Since
these points are meant to replace quadruples of real numbers, Field
needs to presuppose that space-time possesses many of the structural
properties that are part of the traditional platonistic conception of R4.
For instance, there have to be uncountably many space-time points.
In addition to the points, Field also assumes regions of space-time as
a nominalistic version of sets of quadruples of real numbers. Thus,
one may ask where the difference lies between accepting abstract
mathematical entities and accepting Fieldian space-time.

This question is anticipated by Field [48], who gives the following
preliminary answer:

[T]he nominalistic objection to using real numbers was not on the
grounds of their uncountability or of the structural assumptions
(e.g. Cauchy completeness) typically made about them. Rather,
the objection was to their abstractness: even postulating one
real number would have been a violation of nominalism as I’m
conceiving it. Conversely, postulating uncountably many physical
entities [. . .] is not an objection to nominalism.12

So the advantage that Field wants to claim that space-time points
have over real numbers is that they are physical, or concrete. This
means, among other things, that they can stand in causal relations to
other physical objects and, hence, be part of intrinsic explanations of
physical phenomena.

However, not everyone has been convinced by this answer. For
instance, Malament [87] has trouble seeing in what way space-time
points are concrete:

[Space-time points] certainly are not concrete physical objects in
any straight-forward sense. [. . .] It is not even clear in what sense
they exist in space and time.

Field takes for granted the distinction between concrete, phys-
ical objects on the one hand and abstract objects on the other. But
I, for one, begin to lose my grip on the distinction when thinking
about such things as “space-time points”.13

Chihara [29] expresses an objection with essentially the same con-
tent and adds the further complaint that

12Field [48, p. 31].
13Malament [87, p. 532].
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regions of space-time points seem to be so little different from
sets of space-time points, that it becomes hard to see just what
motivation there is to Field’s nominalism.14

Resnik [104] has similar worries about space-time points and their
concreteness. Given the contrast that Field wants to bring out between
abstract entities like numbers and concrete entities like electrons,
Resnik argues that space-time points have more in common with
numbers than with electrons. He notes that, whereas, e.g., electrons
were introduced in physics in order to account for certain observable
phenomena, nothing similar can be said about space-time points. Rather
than having an explanatory role in our physical theories, they are used
in the same way as numbers and other mathematical entities, namely
as a means of structuring and organizing the results of the physical
theories.15

Considerations like these make Resnik question that space-time
points possess the causal powers that Field ascribes to them. In
particular, he does not believe that any finite or denumerable number
of space-time points can take part in causal relations in a way that
promotes our epistemological access to them. Nor does he see any
obvious sense in which it is easier to refer to space-time points than to
numbers. He argues that, just as we need a specific numerical language
in order to pick out particular numbers, we need a specific language for
space-time points if we are to refer to particular points. Thus, even if
we are willing to grant that they are physical objects, it seems more or
less impossible for us to pick them out for instance by pointing at them.
In other words, Benacerraf’s dilemma still remains unsolved. Resnik’s
conclusion is that Field has

made it quite plausible that we can reduce much of the mathe-
matics used in classical physics to geometry. Science thus reduced
will be without numbers but not without abstract entities.16

4.3.2 Is mathematics really conservative?

Another line of criticism pertains to Field’s arguments for the conser-
vativeness of mathematics with respect to nominalistic science. Both
his philosophical reasoning and the technical results he arrives at have
been disputed.

14Chihara [29, p. 160].
15Cf. Resnik [104, p. 167 f.].
16Resnik [104, p. 169].
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Field’s intuitive justification of the claim that mathematics is con-
servative in the relevant sense appeals to the platonistic idea of math-
ematical truth as necessary and a priori (Cf. above chapter 4.2.1). He
writes:

[T]he failure of [conservativeness] would show that mathematics
couldn’t be ‘true in all possible worlds’ and/or ‘a priori true’. The
fact that so many people think it does have these characteristics
seems like some evidence that it does indeed satisfy [conserva-
tiveness].17

Melia [88] argues that neither a platonist motivated solely by the
indispensability argument nor someone who has different reasons for
embracing platonism should find this very convincing. The former kind
of platonist is likely not to think of mathematics as necessary or a priori
since the indispensability argument suggests that the acceptance of any
kind of mathematical entity ultimately rests on empirical considera-
tions. On the other hand, a person who believes in the existence of
mathematical entities independently of the success of the indispens-
ability argument will not be affected by Field’s program to any large
extent.18

Moreover, Melia points out that it is not enough for Field that pure
mathematics is conservative, but that he must establish the conserva-
tiveness of applied mathematics, i.e. pure mathematics together with
bridge laws that create connections between abstract mathematics and
concrete physics. He argues that the theory of applied mathematics that
Field shows to be conservative with respect to nominalistic science is
insufficient in the sense that it does not contain as consequences all the
bridge laws that might be expected. If there are important applications
of mathematics that cannot be accounted for within Field’s applied
mathematics, then it appears that his proof of conservativeness loses
much of its relevance.19

Shapiro [109] has expressed further worries about Field’s conserva-
tiveness claim. The problem that he brings up has to do with the fact
that the nominalistic version of Newtonian gravitational theory that
Field offers is a second-order theory which quantifies both over points
and regions of space-time. Since second-order logic is incomplete, the
notion of conservativeness becomes ambiguous. Either a theory T ′ can
be semantically conservative with respect to a theory T , meaning that

17Field [48, p. 13].
18See Melia [88, p. 203 f.].
19Cf. Melia [88, p. 206 f.]. See also Field [48, pp. 16–19].
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any statement in the language of T that is true in every model of T
together with T ′ is true in every model of T . Or T ′ can be deductively
conservative with respect to T , meaning that every statement in the
language of T that is a theorem of T together with T ′ also is a theo-
rem of T . For first-order theories these two notions are coextensive,
but for second-order theories there is a difference. In particular, a
second-order theory can be semantically conservative without being
deductively conservative.

Now, the form of conservativeness that Field establishes is semantic
conservativeness. But at the same time he argues that much of the
utility of mathematics lies in its potential to shorten deductions in
nominalistic science—a feature that would require deductive conser-
vativeness. Shapiro shows that this does not hold for Field’s theory,
since his space-time points have enough structure in common with R4

to make arithmetic possible. Thus, Gödel’s incompleteness theorem
applies, which means that there is a nominalistic sentence that is true
in every model of Field’s nominalistic theory but cannot be proved in
this theory. However, when the mathematical theory that Field has in
mind, which is a form of set theory, is added to the nominalistic theory,
the resulting theory is strong enough to make the sentence provable.20

Next, Shapiro investigates whether Field would be better off with a
first-order version of his theory. In that case, his proof of conservative-
ness would show mathematics to be both semantically and deductively
conservative with respect to nominalized science. However, given the
existence of a representation function that maps space-time points to
elements of R4, then—just as in the second-order case—there would
still be an isomorphic copy of the natural number structure in space-
time. So, again we would be able to apply Gödel’s theorem to show
that mathematics is not deductively conservative with respect to the
nominalistic theory. But this time such a result would contradict the
semantic conservativeness as well, since the two notions are coextensive
for first-order theories. By reductio ad absurdum we must therefore
conclude that a representation function with the desired properties does
not exist for the first-order theory.21

In his reply22 to Shapiro, Field argues that the semantic conserva-
tiveness of mathematics with respect to his second-order nominalistic
theory is sufficient and admits that his remarks about mathematics as
a means of shortening deductions were a bit ill-considered. He also

20See Shapiro [109, pp. 525–527].
21See Shapiro [109, p. 529]. Cf. also MacBride [82, pp. 447–450].
22Field [52].
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argues that a weaker representation theorem that does not come into
conflict with the Gödelian results could be provided for the first-order
version of the theory. However, it seems then that we would have to be
very careful in order to get a theorem that is strong enough to give us
the physical theory that we want but not so strong that it runs into the
problems brought up by Shapiro.23

4.3.3 How far can Field’s program be extended?

Suppose that the above objections can somehow be met and that
it can be granted that Field has succeeded in giving a nominalistically
acceptable alternative to Newton’s theory of gravitation, to which we can
freely apply mathematics without being forced to accept an ontological
commitment to abstract entities. Even in such a case, the nominalist
still faces a big challenge, namely to extend Field’s program so that it
covers every useful physical theory.

Doubts have been raised concerning the possibility of doing this, for
instance by Malament [87]. He argues that the nominalization strategy
that Field uses can be applied only to a fairly limited class of theories.
In particular, it seems that Newtonian gravitational theory is a special
case that is not very representative, since—given that one accepts the
concrete existence of space-time points and regions—there is a natu-
ral and straightforward way to nominalistically represent the theory’s
mathematical entities. As an example of a theory where there is no ob-
vious nominalistic counterpart of the theory’s mathematical ontology,
Malament considers quantum mechanics. A nominalization of this the-
ory would require concrete physical equivalents of vectors and Hilbert
spaces. But as the theory of quantum mechanics is usually interpreted,
these mathematical entities are not taken to represent any concrete
objects but rather abstracta like propositions and possibilities.24

Field [49, p. 65] realizes that this is a problem and admits that he
does not know how to solve it. However, he defends his position by
holding that his inability to deal with quantum mechanics is more likely
to depend on his own insufficient understanding of the theory than
on its being in principle impossible to find a nominalization method.
In connection with this, it can be mentioned that Balaguer [4] has
attempted to show that Field’s program is “more promising than most
philosophers of mathematics seem to think”,25 by providing at least

23Cf. MacBride [82, p. 451].
24Cf. Malament [87, p. 533 f.]. See also the discussion in MacBride [82, p. 440].
25Balaguer [4, p. 114].
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a rough outline of what a nominalized version of quantum mechanics
might look like (see Balaguer [4, ch. 6] for details).

4.4 Concluding remarks

In addition to the objections that have been presented here, Field’s
nominalistic project has been criticized in many other ways. Much of
the criticism comes from realists who wish to defend the indispensability
thesis. Even if they are impressed by how Field presents his case, the
idea that mathematics taken at face value is false becomes too extreme
to accept.

But Field’s strategy is not unanimously supported by other anti-
platonists, nominalists, or fictionalists either. As Melia notes (see
above, p. 91), to undermine the indispensability argument is not enough
to convince someone who thinks that there are independent reasons
for believing that abstract mathematical entities exist. Even someone
who agrees with Field that the indispensability argument is the only
argument for platonism that is worth taking seriously might not share his
opinion when it comes to evaluating the weak spots of the argument. A
different approach toward rejecting the argument would be to question
the connection between indispensability and truth in the manner of
Balaguer [4] (see above, footnote 1). Yet another possibility for the anti-
platonist would be to investigate what the ontological commitments of
mathematics really amount to. Perhaps there is something wrong with
Quine’s idea that our ontological commitments are reflected in our use
of the existential quantifier.

In conclusion then, there is much that indicates that Field’s program
will be extremely difficult or even impossible to complete. This could
mean that it is necessary for any anti-platonistic account of mathematics
to be compatible with the indispensability of mathematics to science
and instead undermine the indispensability argument in some other
way.





Chapter 5

Carnapian doublespeak

In chapter 2 I characterized ontological realism about mathematics
as the view that mathematical objects exist independently of anyone’s
beliefs, linguistic practices, conceptual schemes, and so on. This
characterization assumes that we take the notion of existence more or
less for granted; it says something about what exists, but nothing about
what it means to exist. In order to evaluate ontological realism and
decide whether or not to endorse it, however, it is of course important
to make it clear just what is involved in saying that entities of a certain
kind exist.

It seems reasonable to suppose that at least a partial answer to the
question of what it means to say that something exists can be given by
formulating some criterion for existence or, alternatively, a criterion
for existential commitment. That is, rather than just presenting a
list of all existing entities, we say something that explains why we
have come to the conclusion that they, and only they, exist.1 In our
discussion so far of arguments for and against ontological realism,
we have seen some different examples of possible such criteria. For
instance, the Fregean version of the semantic argument is based on
the idea that existential commitment is manifested through the use

1In the case where we have a criterion for existence, this explanation is likely
to involve some specific property or properties of existing objects. A criterion for
existential commitment, on the other hand, does not primarily focus on the objects
themselves but rather on our speaking and theorizing about objects. Azzouni [2, p. 2]
makes a similar distinction between CWE (criteria for what exists) and CRD (criteria
for recognizing what a discourse commits us to), and comments on the difference
as follows: “those committed to one or another CWE commonly debate about what
properties everything has, whereas [a CRD] addresses the logician’s tamer concern
with merely knowing how to tell what ontological commitments a discourse has, and
this regardless of the properties of those commitments.”
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of proper names and other singular terms. According to the Quine-
Putnam indispensability argument, on the other hand, singular terms
provide a fallible and potentially misleading guide to determining what
exists. What matters is instead the domains of quantification of our best
scientific theories. We are committed to the existence of an entity if, and
only if, a sentence that we hold true cannot be true unless that entity
is assumed as the value of a bound variable in the sentence. A third
variant is Hartry Field’s. Field accepts the Quinean standpoint that
our ontological commitments are determined by the range of bound
variables. Because of his nominalism, however, he adds a criterion
for existence that places a restriction on our domains of quantification,
namely that only concrete, physical objects exist.

We see that there is no general agreement on which criteria for
existence and existential commitment to use. However, all of the above
views have in common the assumption that there is one meaning of
‘existence’. In other words, they leave no room for saying that some
entity exists in one sense but not in another. In this chapter, I will
discuss a type of approach according to which there is more than one
way of understanding existence questions such as “Do objects of kind P
exist?”.

5.1 The internal/external distinction

Mathematical progress is often achieved by answering an existence
question. The question can concern the existence of a number, a func-
tion or some other mathematical entity with some particular property
that makes it interesting. On the ontological realist’s conception of
mathematics, giving an affirmative answer to an existence question
concerning some mathematical entity is equivalent to accepting that
that entity exists independently of anyone’s mind or language. As a
consequence, it is common among ontological realists to argue that
those who do not believe in entities of a certain kind have forfeited their
right to speak as if there are such entities. For instance, Quine [100,
p. 242] calls it “philosophical double talk” and expresses his strong
disapproval when he finds examples of

philosophers allowing themselves not only abstract terms but
even pretty unmistakable quantifications over abstract objects
[. . .] and still blandly disavowing, within the paragraph, any claim
that there are such objects.2

2Quine [100, p. 241].
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Church [30, p. 1008] takes a similar stance when he claims that

the philosopher who takes the negative side of an ontological
dispute thereby debars himself from referring in certain ways to
the entities whose reality he has denied. If he maintains, for
example, that numbers do not exist but nevertheless asserts, or is
persuaded to admit, ‘1729 is the sum of two cubes in more than
one way,’ he is, at least prima facie, involved in contradiction.

Non-realists too have found it reasonable that one’s ontological
views should influence and set boundaries for one’s language. As we
may recall from the previous chapter, this is precisely the attitude
that lies behind Field’s attempt to show that reference to mathematical
entities in science is dispensable:

Since I deny that numbers, functions, sets, etc. exist, I deny that it
is legitimate to use terms that purport to refer to such entities, or
variables that purport to range over such entities, in our ultimate
account of what the world is really like.3

But suppose that we set aside our worries about ontology and
ontological commitment and focus instead on using language as it
seems most effective and convenient to us. This is what Carnap
proposes that we do in his “Empiricism, semantics, and ontology”.4

He notes there that inclinations toward empiricism can cause one to
feel uncomfortable about making use of terms that purport to refer to
abstract objects. Since there are many contexts in which the use of such
terms is hard to avoid, e.g. mathematics, physics, or semantics, Carnap
wants to show that accepting a language containing apparent references
to abstract entities “does not imply embracing a Platonic ontology but is
perfectly compatible with empiricism and strictly scientific thinking”.5

He does this by means of drawing a distinction between two different
kinds of existence question, which he calls internal and external,
respectively. The basis of this distinction lies in Carnap’s notion of a
linguistic framework. Such a framework or system consists of a set
of terms and expressions together with rules governing their correct
usage. Typically, the expressions of a framework are confined to a
specific area—some of the examples Carnap offers are: the system of
(natural) numbers, the system of thing properties, and the system of
spatiotemporal coordinates for physics. The idea seems to be that a

3Field [48, p. 1].
4Carnap [26].
5Carnap [26, p. 242].
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framework should contain everything that is needed to speak about—in
a wide sense that includes, e.g., formulating scientific theories—a certain
kind of entity. Thus, what is essential in setting up a new linguistic
framework is the introduction of a predicate that applies to entities of
the new kind, and variables that can take on as values the new entities.6

So, for instance, in the system of numbers it is numerical variables and
the general term ‘Number’ that are the key features. In addition, this
particular system also contains numerical constants, i.e. numerals, and
expressions for relations, functions, and properties of numbers.7

Now, given a linguistic framework the distinction between internal
and external existence questions can be spelled out as follows: An
internal existence question is one that can be asked and answered by
means of the expressions and rules provided by the framework. A
typical example in the system of numbers is “Are there prime numbers
greater than 100?”, which we can answer, for instance, by showing that
101 is a prime number, or by proving that for any number n there is
a prime number p such that p > n. The resources for doing this are
available within the framework of numbers.

If we look instead at the question “Are there numbers?”, it can also
be asked as an internal question. However, it is degenerate in the
sense that anyone who has understood the concept of a framework and
accepted the system of numbers will immediately realize that a negative
answer is impossible. That there are numbers is a trivial consequence
of the definition of the relevant framework. But this indicates that when
philosophers involved in an ontological discussion ask whether there
are numbers, they must have something else than the internal question
in mind, namely a question that is external relative to the framework.

On Carnap’s account, external questions are odd, since they are
phrased in a language that they, at the same time, purport to be
independent of or prior to. Carnap [26, p. 245] writes:

They might try to explain what they mean by saying that it is
a question of the ontological status of numbers; the question
whether or not numbers have a certain metaphysical character-
istic called reality [. . .] or subsistence or status of “independent
entities”. Unfortunately, these philosophers have so far not given
a formulation of their question in terms of the common scientific

6See Carnap [26, p. 249]. Carnap’s remarks concerning the relation between names
and variables suggest that his criterion for accepting a kind of entity is very similar
to Quine’s criterion of ontological commitment. The main difference in this respect is
perhaps that Carnap is reluctant to use the term ‘ontology’. Cf. also Quine [98, p. 67].

7Cf. Carnap [26, p. 244].
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language. [. . .] Unless and until they supply a clear cognitive
interpretation, we are justified in our suspicion that their question
is a pseudo-question.

In other words, Carnap does not believe that questions concerning the
existence of a kind of entity in what might be called a “metaphysical”
sense are meaningful. To the extent that external questions are inter-
esting and important, they are practical questions pertaining to such
issues as whether or not we should accept a certain framework. There is
no apparent reason, however, to formulate those questions as existence
questions, nor to interpret their answers as assertions about the nature
of reality. When we begin to speak about a new kind of entity—whether
it is concrete or abstract—this is not because of some ontological insight,
but because we have found it plausible that the new way of speaking
will be convenient and fruitful. Similarly, Carnap holds that language is
not “ontologically committing” in the sense that it would be dishonest
of us not to believe in all entities that we speak of and let our variables
range over:

[T]he acceptance of a linguistic framework must not be regarded
as implying a metaphysical doctrine concerning the reality of the
entities in question. It seems to me due to a neglect of this
important distinction [i.e. the internal/external distinction] that
some contemporary nominalists label the admission of variables of
abstract types as “Platonism”. This is, to say the least, an extremely
misleading terminology. It leads to the absurd consequence that
the position of everybody who accepts the language of physics
with its real number variables [. . .] would be called Platonistic,
even if he is a strict empiricist who rejects Platonic metaphysics.8

Does this mean that Carnap is a nominalist, or, at any rate, that
there is a fair interpretation of his views along nominalistic lines? This
all depends on the status of the external perspective. It seems quite clear
that Carnap himself intended his notion of linguistic framework and the
distinction between internal and external existence questions to show
that the entire debate between nominalists and platonists is confused.
Thus, he claims that the external perspective is meaningless and lacks
ontological significance. However, Gallois [56] argues that it is possible
to maintain a distinction very similar to Carnap’s while holding that
there are meaningful external questions. Starting from Carnap’s idea
of linguistic frameworks and the internal/external distinction, Gallois

8Carnap [26, p. 250 f.].
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outlines two different directions in which he thinks that the view could
be developed. The first, which he calls the dissolutionist version, is
essentially Carnap’s own position. When it comes to the question of
whether we should endorse nominalism, the dissolutionist answer is
the following:

It looks as though we have to choose between a pair of opposing
theses; Nominalism and Realism. We do not. There are no such
metaphysical theses. Nevertheless, the statements that putatively
commit you to the existence of abstract entities may well be true.9

The second version, which Gallois calls the accommodationist version,
answers the question of nominalism in the following way:

You are right to endorse Nominalism. Nevertheless, the state-
ments that putatively commit you to the existence of abstract
entities may well be true.10

In other words, the accommodationist view is characterized by taking
ontology and the external aspect to be meaningful. As Gallois notes, it is
Carnap’s verificationism that, more or less, forces him to say that onto-
logical questions are meaningless. The internal/external distinction as
such, however, does not seem to depend on any particular valuation of
the two perspectives. Hence, it could very well be used by someone who
has a decided opinion about ontological matters. For instance, instead
of saying that a statement like “There are numbers” is meaningless
when interpreted externally, a nominalist could simply say that it is
false. Since the internal perspective is independent of ontology, no
contradiction arises when the same nominalist holds that “There are
numbers” is a true statement within the framework of numbers.

It could be argued that an important point of Carnap’s original
proposal gets lost if we grant meaningfulness to the external perspective.
If Carnap is right and ontology is a misguided enterprise, this opens up
for reconciliation of nominalists and realists and makes the arguments
for and against various metaphysical views obsolete.11 But if we stick
with the idea that ontological questions have answers, then it appears
that the disagreement concerning what these answers are will linger

9Gallois [56, p. 268].
10Gallois [56, p. 268].
11For a more negative appraisal of this aspect of Carnap’s view, cf. Wedberg’s [119,

p. 180] comment: “The views expressed in Carnap’s essay seem [. . .] to be a very efficient
method of suppressing important philosophical convictions into the unconscious and
thereby making them impossible to debate.”
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on indefinitely. Even so, it seems likely that the introduction of a
distinction between internal and external will shift the focus of the
ontological debate by weakening the idea that our language somehow
reveals what is real and what is not. I will return to the question of
whether Carnap’s distinction can be sensibly used in a nominalistic
context in subsequent chapters, in particular chapter 7.

5.2 Quine’s criticism

Carnap’s idea of a distinction between two kinds of existence question,
where only one kind is sensible to ask, has been heavily criticized by
Quine [98]. Contrary to what one might expect, given Quine’s view
on ontological commitment, the focus of his criticism is not aimed
directly at Carnap’s claim that ontology is meaningless. Instead, Quine
questions that the internal/external distinction is at all possible to
draw. His argument is based on two objections. These objections are
structurally similar in that they each suggest a connection between
the internal/external distinction and another distinction, which is then
argued to be either insignificant or untenable.

The first distinction to which Quine relates the internal/external
distinction is a distinction between what he calls category questions
and subclass questions. Both these types of question can be formulated
“Are there so-and-sos?”, i.e. they are existence questions. The difference
between them has to do with whether or not the so-and-sos “purport
to exhaust the range of a particular style of bound variables”—if the
range is exhausted, we are dealing with a category question, otherwise
we have a subclass question. For example, suppose that we have
introduced variables that range specifically over natural numbers. “Are
there numbers?” is in that case a category question, whereas “Are
there prime numbers greater than 100?” is a subclass question. The
relation between this distinction and the internal/external distinction
is, as Quine sees it, the following:12

The external questions are the category questions conceived as
propounded before the adoption of a given language [. . .] The
internal questions comprise the subclass questions and, in addi-
tion, the category questions when these are construed as treated
within an adopted language as questions having trivially analytic
or contradictory answers.

12See Quine [98, pp. 68–69].
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Now, Quine’s objection is that the category/subclass distinction is
“not invariant under logically invariant changes of typography”.13 By
this he means that whether an existence question in a given language
is a category question or a subclass question will depend on how the
variables of the language are organized into types:

[T]he question whether there are numbers will be a category
question only with respect to languages which appropriate a
separate style of variables for the exclusive purpose of referring
to numbers. If our language refers to numbers through variables
which also take classes other than numbers as values, then the
question whether there are numbers becomes a subclass question,
on a par with the question whether there are primes over a
hundred.14

Even if we use a language such as Russell’s theory of types where
different styles of variable are clearly separated, Quine argues, there are
various logical strategies for eliminating the distinctive styles of variable
so that we end up with something that is more similar to the language
of set theory, where the same style of variable is used throughout the
entire domain. These considerations lead Quine to the conclusion that
the category/subclass distinction is unwarranted. Since he takes this
distinction to be the source of the internal/external distinction, the
same conclusion will hold for the latter distinction.

It has been questioned, however, whether Quine’s account of the
relation between, on the one hand, the internal/external distinction
and, on the other hand, the category/subclass distinction is an accu-
rate interpretation of Carnap’s viewpoint. For instance, Haack [62,
p. 468] complains that Quine in his discussion seems to conflate the
two distinctions into one and neglect the fact that—even by his own
description—category questions may well be internal. Bird [13, pp. 48–
52] has similar objections. He also points out that just as category
questions can be internal, there is nothing in Carnap’s account that im-
plies that subclass questions cannot be external. In order to demonstrate
this, Bird asks us to consider

a language which, whatever its overall categories may be, counts
things and numbers as sub-classes. [. . .] [T]here seems no reason
to doubt that in such a context we might still raise exactly the
same traditional issues about the ‘real’ existence of things and

13Quine [98, p. 71].
14Quine [98, p. 69].
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numbers as were raised separately for the previously distinguished
languages.15

This suggests that the connection between the category/subclass dis-
tinction and Carnap’s distinction is not as straightforward as Quine
thinks. Consequently, even if Quine is right to argue that the former
distinction is unimportant, it does not follow that the same holds for
the internal/external distinction.

The second of Quine’s objections is that he regards the internal/
external distinction as dependent on yet another distinction that he
rejects, namely that between analytic and synthetic. Since Quine
seems unwilling to adopt Carnap’s terminology, the exact nature of this
supposed dependency is somewhat unclear. Rather than speaking of
external and internal existence statements, Quine expresses his views
in terms of ontological and empirical existence statements:

No more than the distinction between analytic and synthetic is
needed in support of Carnap’s doctrine that the statements com-
monly thought of as ontological, viz. statements such as ‘There
are physical objects,’ ‘There are classes,’ ‘There are numbers,’ are
analytic or contradictory given the language. [. . .] The contrast
which he wants between those ontological statements and em-
pirical existence statements such as ‘There are black swans’ is
clinched by the distinction of analytic and synthetic.16

Quine’s idea here is apparently that “ontological” existence statements
are meant to be analytic, whereas “empirical” existence statements
are synthetic. Presumably, he then takes it that external and internal
statements can be identified with ontological and empirical statements,
respectively.17 Finally, he argues that if his misgivings about the
analytic/synthetic distinction are correct,18 then “no basis at all remains
for the contrast which Carnap urges between ontological statements and
empirical statements of existence”.19

15Bird [13, p. 48 f.].
16Quine [98, p. 71].
17This interpretation of Quine’s remarks is also assumed by Bird [13, p. 53] and

Gallois [56, p. 269 f.]. However, see Haack [62, p. 468 ff.] for the exact opposite
interpretation, that is, an interpretation according to which it is the internal statements
that are analytic and the external ones that are synthetic. It seems to me that this only
goes to show that there is a fundamental unclarity in Quine’s account of Carnap’s views
at this point and that the connection between the two distinctions is much looser than
Quine takes it to be.

18See Quine [99].
19Quine [98, p. 71].
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This argument raises many questions. To begin with, it is clear that
Carnap accepts the analytic/synthetic distinction. Moreover, he does
invoke it in his account of linguistic frameworks. But what he says about
it in no way indicates a simple correlation between it and the internal/
external distinction. Rather, it is used as a means of characterizing
different kinds of linguistic frameworks and different kinds of internal
questions. According to Carnap, a linguistic framework can be either
factual like the one he calls “the thing language”, or logical like the
system of numbers. Logical frameworks are signified by their use
of logical analysis as the sole means of answering internal questions,
whereas within a factual framework many questions can be answered
through empirical investigations and observations.20 In other words,
whether the answer to an internal existence question is analytic or
synthetic depends on the nature of the question and of the framework
in which it is formulated, but not on the question’s being internal
relative to that framework:

After the new forms are introduced into the language, it is pos-
sible to formulate with their help internal questions and possible
answers to them. A question of this kind may be either empirical
or logical; accordingly a true answer is either factually true or
analytic.21

Furthermore, Carnap explicitly writes that existence questions are
ambiguous, i.e. they can be interpreted both as internal and as external
questions.22 In fact, it seems that it is precisely this ambiguity that
Carnap intends to clarify and account for with his distinction. According
to his view, it is because existence questions and existence statements
have more than one possible interpretation that one can take full
advantage of the expressive resources of, e.g., mathematical language
without thereby having to worry about ontological commitments or the
contradictions that supposedly arise when one speaks “about” things
without believing in them. Take, for instance, the general existence
question “Are there numbers?”. Even if, as Carnap [26, p. 245]
notes, “nobody who meant the question “Are there numbers?” in the
internal sense would either assert or even seriously consider a negative
answer”, it is still possible to interpret it as an internal question in the
framework of numbers—what we might call a mathematical question.
Similarly, while the question “Are there prime numbers greater than

20Cf. Carnap [26, p. 244].
21Carnap [26, p. 249].
22See e.g. Carnap [26, p. 245, p. 248 f.].
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100?” is perhaps most naturally interpreted as a mathematical question,
there is nothing in the question itself that stops it from being taken
as an external question about the existence of prime numbers in a
“metaphysical” sense.23

It thus appears that Quine’s criticism of the distinction between
internal and external existence questions is largely based on a misin-
terpretation of Carnap’s view. Although there is genuine disagreement
between them as regards the analytic/synthetic distinction, it does not
follow from what Carnap says about his own distinction that he and
Quine automatically must disagree about the latter. On the contrary,
much of what Quine writes about ontology and ontological commit-
ment seems to be fully compatible with Carnap’s account. I have
already mentioned (see above, footnote 6) the similarities between
Quine and Carnap in their views on the role of variables in determining
what entities a theory presupposes. But there are other resemblances as
well that are more directly relevant to the internal/external distinction.
Consider, for instance, the following passage from Quine [97, p. 15 f.]:

We look to bound variables in connection with ontology not in
order to know what there is, but in order to know what a given
remark or doctrine, ours or someone else’s, says there is [. . .] But
what there is is another question.

This distinction—between what there is according to some theory and
what there (really) is—looks quite analogous to Carnap’s distinction,
and when Quine argues further that our acceptance of an ontology is
equivalent to adopting “the simplest conceptual scheme into which the
disordered fragments of raw experience can be fitted and arranged”,24

this is an exact parallel of Carnap’s description of how the acceptance of
a linguistic framework is based on a practical and pragmatic decision.
So, if we ignore the fact that Quine, unlike Carnap, is willing to take
ontology and ontological debates seriously, the difference between them
in this respect appears much smaller than Quine seems to appreciate.25

23Cf. Bird [13, p. 56 f.], who argues that all that is needed to draw Carnap’s distinction
is “the idea of an identifiable language, whether the items which identify it are to be
further characterized meta-linguistically as analytic or not”. Chalmers [27, p. 80 f.]
makes a similar observation concerning how Carnap’s internal/external distinction
is not a distinction between different sentences, but rather between different uses of
sentences.

24Quine [97, p. 16].
25See Haack [62, p. 465 ff.] for a similar line of reasoning.
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5.3 Metaontology and neo-Carnapianism

Although several commentators have expressed their puzzlement and
confusion regarding Quine’s interpretation and criticism of Carnap’s
approach to ontology, the majority view among philosophers has been
that Quine managed to refute Carnap’s suggestions and that the inter-
nal/external distinction is untenable.26 Recently, however, the interest
in Carnap’s ontological views has to some extent been revived, partly in
connection with the study of metaontology. In this section, I will look
into some metaontological positions and discuss how Carnapian ideas
can be and have been applied to them.

The relation between ontology and metaontology is comparable to
that between ethics and metaethics. The central questions of metaon-
tology are questions about ontological questions, for example:

• Are ontological questions meaningful?
• Do they have objective, determinate answers?
• Are they easy to answer, or impossible?

In the context of metaontology, a view according to which ontological
questions are meaningful and have objective answers has been called
ontological realism.27 In order to avoid confusion—since I have already
used the expression ‘ontological realism’ in a different sense—I will
refer to the metaontological notion as metaontological realism. It is a
standpoint that comprises the view that I have called ontological realism,
but also various nominalistic and non-realistic positions. Carnap, who—
as we have seen above—does not believe that ontological questions
have objective answers or that they are even meaningful, can in a
corresponding manner be classified as a metaontological anti-realist.

Realistic and anti-realistic positions in metaontology have been
carefully analyzed by Jenkins [72]. She distinguishes three claims that
have been associated with metaontological realism, namely

(1) that there are objective, mind-independent facts of the matter
about ontology;

(2) that ontological disputes are serious in the sense that they are
neither trivial nor merely verbal;

(3) that there is one best interpretation of the existential quantifier
according to which it expresses existence in an ontologically
relevant sense.28

26See e.g. Burgess [22, p. 30], Hofweber [71], Yablo [121, p. 232].
27See e.g. Chalmers [27].
28See Jenkins [72, pp. 881–882].
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Jenkins investigates the relation between these three claims and argues
that—even if one might prima facie assume that a metaontological
realist should accept all of (1)–(3) (like Quine), and that all the claims
ought to be rejected by a metaontological anti-realist (like Carnap)—in
fact the three claims are independent and each of the eight possible
combinations of (1)/¬(1), (2)/¬(2), and (3)/¬(3) can be part of a coher-
ent metaontological position. She then argues that a metaontological
realist is anyone who accepts claim (1), whereas anyone who rejects (1)
is a metaontological anti-realist, regardless of their attitude toward (2)
and (3).

Let us now consider the realistic claim (2), i.e. that ontological
disputes are not trivial or merely verbal. There is a natural connection
between this claim and the metaontological question of how hard it is
to answer ontological questions. For instance, if (2) is false in the sense
that ontological disputes are trivial, it follows that ontological questions
have trivial answers and hence should be very easy to answer—provided,
of course, that (1) is true so that there are facts of the matter concerning
ontological issues. Chalmers [27, p. 78] has introduced the term
lightweight [meta]ontological realism for the kind of view according
to which “while there are objective answers to ontological questions,
these answers are somehow shallow or trivial, perhaps grounded in
conceptual truths”.

One such lightweight account was briefly mentioned in chapter 3.2,
namely the neo-Fregean approach to arithmetic advocated by Hale and
Wright. Their argument for the existence of natural numbers is based on
the idea that Hume’s Principle, which states that the number of objects
that have some property F is equal to the number of objects having
some property G if and only if a 1–1 correlation can be set up between
the objects that have F and the objects that have G, is a conceptual
truth. Since the identity relation is 1–1 and onto if we let F = G, we
can easily satisfy the right-hand side of this equivalence. By existential
generalization on the left-hand side, we then obtain that there is an
object y such that y is the number of objects that have the property F . In
other words, that numbers exist is a fairly straightforward consequence
of what the neo-Fregeans suppose is a conceptually true statement. As
Wright [120, p. 152] puts it:

Once it is granted that [Hume’s Principle] forms the core of a
coherent sortal notion of cardinal number, there is no option but
to grant the Fregean that trivial truths of higher-order logic force
us to acknowledge a number associated with every concept falling
in the range of its first-level predicate variables.
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Field [51, p. 167 ff.] criticizes the neo-Fregean account of arithmetic
and compares the argument for the existence of numbers via Hume’s
Principle to the ontological argument for the existence of God. He
argues that while the conditional statement “If numbers exist, then
Hume’s Principle holds” is a conceptual truth, Hume’s Principle itself
cannot be a conceptual truth, since that would have the—on Field’s
view—unreasonable consequence that it is conceptually true that there
are numbers.

In fact, this is a standard objection against lightweight metaonto-
logical realism. Chalmers [27, p. 79] writes:

It may be analytic or trivial that ‘If there is an object with certain
properties (numerical properties, shaped as a heap, composed
wholly of those two objects), then there is a number/heap/sum.’
But the claim that there is an object with those properties is never
trivial or analytic, and is never trivially or analytically entailed by
a sentence that does not make a corresponding existence claim.

It is simply taken as completely implausible and counter-intuitive that
an existence question should have a trivial answer.

But it seems that there may be conflicting intuitions here. On the
one hand, there is hardly any kind of entity such that there is complete
agreement among ontologists as to whether or not entities of that kind
exist. In many cases, for example when it comes to the existence
or non-existence of numbers, it is questionable whether ontology has
made any progress at all. This suggests that ontological questions are
very difficult to answer. On the other hand, it is not obvious where the
following argument goes wrong, or that there is something wrong at
all:29

1. I have ten fingers.
2. Hence, the number of my fingers is ten.
3. Hence, there is a number that is the number of my fingers, namely

ten.
4. Hence, there are numbers.

Simple existence arguments like this can be devised for entities of many
different kinds and suggest that ontological questions are actually very
easy to answer.

So, we have here two lines of reasoning, leading up to two diamet-
rically opposite answers to the question of how hard it is to answer

29Cf. Hofweber [68, p. 258].
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ontological questions. If we grant that both arguments—although in
different ways—appeal to our “ontological intuitions”, we find ourselves
in a most puzzling situation. Surely, a question like “Are there num-
bers?” cannot be both trivial and nearly impossible to answer at the
same time.

Suppose, however, that we make a distinction like Carnap’s between
internal and external. Then we no longer have two contradictory
answers to the same question, only two different answers to two
different and independent questions that happen to have the same
linguistic appearance. A neo-Carnapian view that develops this line
of thought has been suggested by Hofweber [68]. He argues that the
existential quantifier is semantically underspecified and thus can be
understood in more than one way. One is the ontologically committing
Quinean understanding, which corresponds to external claims and
questions of existence. Hofweber [68, p. 271] also refers to this as
the domain conditions reading of the existential quantifier. But under
some circumstances, Hofweber argues, we use the existential quantifier,
or a corresponding natural language expression, without intending to
pick out some object in the domain of discourse. For instance, we can
use it as a placeholder for information that is forgotten or missing for
some other reason as in the following example:30

Imagine that Fred is a great admirer of Sherlock Holmes but that
we have forgotten this and only remember that there is someone whom
Fred admires and that this person is also admired by many detectives. If
we want to convey this information, it seems natural to use precisely this
kind of construction: “there is someone . . .”. But this does not mean that
we intend to commit ourselves to the existence of Sherlock Holmes or
any other fictional detective. According to Hofweber, then, the correct
understanding of the existential quantifier expression in this situation
is therefore not the domain conditions reading, but an internal kind of
reading which he calls the inferential role reading. Instead of picking
out an object in the domain of discourse, the job of the quantifier here
is to license a certain kind of inference:

We want the information expressed with the quantified statement
to be less specific than whatever we might have started out with. If
what we started out with is true, then the less specific information
should be true, too, independently of what we started out with. So,

30See Hofweber [68, p. 271 ff.]. Hofweber gives other examples where he argues
that an existentially quantified statement should be given a different reading than the
external one. Not all of these examples involve the use of empty names.
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we want the quantifier to have the inferential role that “F (. . . t . . .)”
implies “F (. . . something . . .)”, for whatever “t” might be.31

Hofweber argues further that the two readings of the existential
quantifier have a “common core of meaning” and that in the context of a
simple formal language, they may very well coincide, thus giving us the
impression that there is no distinction to be made. But this only shows
that such languages are much simpler than natural languages where the
two readings do come apart. Given that the distinction is accepted, the
metaontological puzzle with the two conflicting answers to ontological
questions is resolved in the following way:

the trivial arguments are indeed trivially valid, but they do not
answer the substantial questions of ontology. [. . .] This is so even
though the ontological questions can be expressed with the words:

Are there numbers?

and the conclusion of the trivial arguments can be expressed with
the words

There are numbers.

There is no contradiction in this since these questions are only
ontological questions if the quantifier in them is used in its external
reading, and the trivial arguments are only trivially valid if the
quantifier in them is used in its internal reading.32

Hofweber’s view is realistic in the metaontological sense. That is,
he takes the external perspective seriously.33 In chapter 6.2 below, we
will look at another neo-Carnapian approach to ontology, suggested
by Yablo [121]. As we will see, Yablo’s attitude toward the external
ontological questions bears a somewhat closer resemblance to Carnap’s
original view than Hofweber’s does. However, Yablo’s version of the
internal/external distinction involves features that place his philoso-
phy of mathematics in a quite different category from those we have
discussed so far.

31Hofweber [68, p. 272].
32Hofweber [68, p. 275].
33Cf. Hofweber [69, p. 278]: “I think Carnap’s insight should not be developed as a

form of anti-realism about ontology [. . .] There indeed are two different questions we
can ask [. . .] But both of them are equally meaningful, factual, etc. The present view
thus defends a distinction between internal and external questions, but also holds that
this is the key to a version of realism about ontology as a philosopher’s project.”



Chapter 6

Fictionalism

As we saw in chapter 4, Field [48, 54] argues that mathematics can be
good without being true and that, in this respect, there is an analogy
between mathematics and fiction. He also holds that the analogy can be
extended:

[T]he sense in which ‘2 + 2 = 4’ is true is pretty much the same
as the sense in which ‘Oliver Twist lived in London’ is true: the
latter is true only in the sense that it is true according to a certain
well-known story, and the former is true only in that it is true
according to standard mathematics.1

Field accordingly refers to his philosophy of mathematics as a kind of
fictionalism.2

Now, just as in the case of ‘realism’, the term ‘fictionalism’ has
been used to cover a rather wide range of different views.3 In this
chapter I will look closer at two fictionalist accounts of mathematics,
namely those developed by Balaguer and Yablo, respectively. First,
however, I will make a few remarks about fictionalism in general. As my
starting point, I take Field’s [54, p. 2] description of a fictionalist about
mathematics as “someone who does not literally believe mathematical
sentences, at least when they are taken at face value”. This is a very
general and vague definition—for instance, it says nothing about why
the fictionalist does not believe the sentences of mathematics. In the
case of Field, we know that one of his reasons for being a fictionalist

1Field [54, p. 3].
2However, as we will see below, the connection between mathematics and fiction is

usually not taken as an essential ingredient of fictionalism about mathematics.
3In recent years, various versions of fictionalism have been defended and/or

discussed by, e.g., Balaguer [4, 5, 6], Bueno [17], Burgess [22], Daly [34], Eklund [43],
Field [48, 54], Kalderon [73], Leng [77, 78], Yablo [124, 125, 126].
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is that he does not believe in abstract entities. But can there be other
motivations for assuming a fictionalist attitude toward mathematics?

Following Eklund [43], we can distinguish between two fictionalist
theses, a linguistic thesis and an ontological thesis. According to the
linguistic thesis, “utterances of sentences of [mathematics] are best
seen not as efforts to say what is literally true, but as useful fictions
of some sort”.4 The ontological thesis, on the other hand, is simply
the nominalistic claim that there are no mathematical entities. As
Eklund notes, although these two theses are fully compatible with each
other, it is quite possible to endorse only one of them. Moreover, even
fictionalists who accept both claims can choose to emphasize one of
them in their fictionalist account of mathematics.

Balaguer [6] offers a characterization of fictionalism that focuses on
the ontological thesis. According to him,

[f]ictionalism [. . .] is the view that (a) our mathematical sentences
and theories do purport to be about abstract mathematical objects,
as platonism suggests, but (b) there are no such things as abstract
objects, and so (c) our mathematical theories are not true. [. . .]
It is important to note, however, that despite the name of the
view, fictionalism does not involve any very strong claims about
the analogy between mathematics and fiction. For instance, there
is no claim here that mathematical discourse is a kind of fictional
discourse or anything like that.

In other words, Balaguer holds that fictionalism is a kind of nominalism.
By contrast, Bueno [17, p. 63] explicitly separates fictionalism from

nominalism and argues that fictionalism is neutral with respect to
ontology:

[F]ictionalism is an agnostic view; it doesn’t state that mathe-
matical objects don’t exist. Rather, the issue of their existence is
left open. Perhaps these objects exist, perhaps they don’t. But,
according to the fictionalist, we need not settle the issue to make
sense of mathematics and mathematical practice.

Yablo’s [124] version of fictionalism is also agnostic when it comes
to the existence of mathematical objects. He argues that although
fictionalist accounts of mathematics were originally motivated by the
belief that numbers, for instance, do not exist, there are no good reasons
for this belief. Hence, if fictionalism is to be an attractive position in

4See Eklund [43].
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the philosophy of mathematics, it must be justified by something other
than ontological concerns. Yablo finds this justification in mathematical
language:

Just maybe, [fictionalism] gives the most plausible account of
the practice. It is not that X ’s are intolerable, but that when we
examineX-language in a calm and unprejudiced way, it turns out
to have a whole lot in common with language that is fictional on
its face.5

These examples show that fictionalist views differ with respect to
ontology. There are also several different opinions concerning the
value of an analogy between mathematical and fictional discourse.
What appears to be a common feature of all fictionalist accounts of
mathematics, however, is the idea that using mathematics has nothing
to do with believing that it is true. Furthermore, all fictionalists seem to
agree that mathematics, when taken at face value, is committed to the
existence of abstract mathematical objects.

Many fictionalists also agree that the most critical challenge to
fictionalism about mathematics lies in answering the indispensability
argument.6 In chapter 4 above, we saw how Field deals with this
difficulty, namely by arguing that mathematics—despite appearances
to the contrary—is not indispensable to science. As we may recall, this
strategy requires for its success that every major scientific theory can be
reformulated in an altogether nominalistic way. It thus calls for some
very hard work and many critics suspect that the difficulties involved
are insurmountable.

The fictionalist accounts suggested by Balaguer [4] and Yablo [126]
approach the indispensability argument in a quite different way. They
both grant that mathematics sometimes is indispensable to science, but
deny that it follows from this that we are committed to the truth of
mathematics. Colyvan [32] calls this kind of approach an easy-road
strategy, as opposed to Field’s hard-road strategy.7 In the following
two sections of this chapter, I will take a closer look at the details

5Yablo [124, p. 87].
6See e.g. Balaguer [6].
7Another distinction that has been used in this connection is that between hermeneu-

tic and revolutionary nominalism. This terminology was introduced by Burgess [19],
and has been adopted by, e.g., Leng [76], Stanley [114], and Yablo [124]. According
to Burgess [19, p. 96], revolutionary nominalism is a view that responds to the indis-
pensability argument by saying that “there are scientific reasons why current scientific
theories should be replaced by alternatives dispensing with mathematical objects”.
Hermeneutic nominalism, on the other hand, says that “science, properly interpreted,
already does dispense with mathematical objects”. The idea is that revolutionary
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of Balaguer’s and Yablo’s fictionalist approaches to the philosophy of
mathematics.

6.1 Balaguer’s fictionalism

Balaguer’s [4] characterization of fictionalism is quite similar to Field’s.
He presents it as a kind of anti-realistic anti-platonism about math-
ematics, by which he means a view according to which mathematics
is neither about abstract nor concrete objects. One possible strategy
for defending such a view could be to argue that the correct reading of
mathematical sentences is non-literal, and that, given this reading, they
are not committed to any objects. However, what is distinctive about
fictionalism, as Balaguer sees it, is that it, like platonism, takes math-
ematics at face value as purporting to refer to abstract mathematical
entities:

Fictionalists agree with platonists that the sentence ‘3 is prime’
is about the number 3—in particular, they think it says that this
number has the property of primeness—and they also agree that
if there is any such thing as 3, then it is an abstract object.8

The difference between platonists and fictionalists, then, is that fiction-
alists do not believe that the truth-conditions of mathematical sentences
like ‘3 is prime’ are satisfied.9 Balaguer illustrates the situation by draw-
ing the following comparison:

nominalism is a normative claim and hermeneutic nominalism a descriptive one.
Stanley [114, p. 36] suggests that the distinction—originally intended as a means of
classifying different nominalistic views—can equally well be applied to different kinds
of fictionalism, and Burgess [22, p. 23] takes up this usage, thus defining a hermeneutic
fictionalist as someone who “maintains that the mathematicians’ own understanding
of their talk of mathematical entities is that it is a form of fiction”. However, it has
been argued—quite rightly, it seems—by Balaguer [6] that hermeneutic fictionalism in
this sense is a view that has never been defended by any philosopher. Partly for this
reason, I find Colyvan’s distinction between easy-road and hard-road fictionalism more
relevant and illuminating.

8Balaguer [4, p. 12].
9On Balaguer’s view, this means that mathematical sentences in general are false

(with the exception of universally quantified sentences that become vacuously true
because of their antecedents’ being false). However, Balaguer [4, p. 12] points out that a
fictionalist could also claim, for instance, that mathematical sentences lack truth-value.
A similar point is made by Field [54, p. 4], who writes that “the important point [. . .]
is that the acceptability of a mathematical claim is in no way dependent on any truth
value it may have”.



6.1. BALAGUER’S FICTIONALISM 117

[J]ust as Alice in Wonderland is not true because (among other
reasons) there are no such things as talking rabbits, hookah-
smoking caterpillars, and so on, so too our mathematical theories
are not true because there are no such things as numbers, sets,
and so on.10

Notwithstanding the fact that analogies like the above between mathe-
matics and fiction can be very helpful when explaining what fictionalism
about mathematics amounts to, Balaguer states clearly that his version
of fictionalism is in no way based or dependent on such similarities.
Hence, he can without further ado dismiss the objection to fictionalism,
advanced by, e.g., Burgess [22, pp. 20–22], that any philosophy of
mathematics labeled ‘fictionalism’ must be implausible given the many
differences between mathematics and fiction.11

The most significant objection to fictionalism, as far as Balaguer is
concerned, has to do with explaining the applicability and indispens-
ability of mathematics to science.12 Besides this, he also discusses a few
other worries, which he considers to be minor and easily answered by
the fictionalist. The answers provided give some further insights into
the characteristics of Balaguer’s variety of fictionalism. Let us therefore
take a closer look at them.

6.1.1 Correctness and objectivity

According to fictionalism, it is false that 3 is prime because there are no
numbers. But unless the fictionalist wants to argue that mathematics
should be given up altogether, she needs to acknowledge that there is
a difference between saying that 3 is prime and saying that 4 is prime.
This is one of the strengths of ontological realism: if mathematical
objects like the natural numbers exist, then it is only to be expected that
they have certain properties, such as satisfying the truth-conditions of
“3 is prime” while not satisfying the truth-conditions of “4 is prime”. Of
course, the difficulties we discussed in chapter 3 concerning how we can
know that the natural numbers have these properties still remain to be
solved, but this does not change the fact that the fictionalist’s situation,
at least prima facie, is even more problematic. Although she has given

10Balaguer [8, p. 132].
11One point that Burgess wants to make by drawing attention to the disanalogies

between mathematics and fiction is that ‘fictionalism’ is an ill-chosen term. Balaguer [8,
p. 135 f.] concedes this. However, judging from the names he suggests as “less
misleading” alternatives—‘reference-failure-ism’ and ‘not-true-ism’—it seems quite
clear that he is not very interested in changing his terminology.

12See Balaguer [4, p. 100].
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up the idea of mathematical truth, the fictionalist should—in order to
respect mathematical practice—admit something to the effect that it is
“right” or “correct” to say that 3 is prime, but “wrong” or “incorrect”
that 4 is prime. However, as Balaguer [5, p. 89] notes, if there are no
mathematical objects, then there seems to be nothing for sentences like
“3 is prime” and “4 is prime” to be right or wrong about. So, what can
the fictionalist do?

Balaguer’s initial suggestion is that this is a case in which we can
make use of an analogy between mathematics and fiction. He argues
that the difference between, e.g., the sentences “3 is prime” and “4 is
prime” is similar to the difference between the sentences “Santa Claus
lives at the North Pole” and “Santa Claus lives in Tel Aviv”. That is,
while none of these sentences is true simpliciter, “3 is prime” and “Santa
Claus lives at the North Pole” are each true in a well-known story. One
possible solution to the fictionalist’s problem of accounting for the fact
that, according to mathematical practice, some mathematical sentences
are “correct” and some are “incorrect”, could therefore be to say that a
mathematical sentence is objectively correct if and only if it is true in
the story of mathematics.13

But just what is the story of mathematics? How do we decide if a
certain sentence belongs to this story or not? Let us recall the discussion
in chapter 2.1.4 about what platonistic interpretations of arithmetic and
set theory, respectively, amount to. A substantial part of that discussion
was centered around the issue of categoricity of standard models of
Peano arithmetic and Zermelo-Fraenkel set theory, and the question
whether a mathematical theory can, in any sense, capture everything
that is part of our conception of mathematical structures like the natural
numbers or the set-theoretic universe. This question clearly parallels
the question what constitutes the story of mathematics.

Balaguer [8, p. 137] argues that the story of mathematics cannot
be taken to consist simply of our currently accepted formal axiom
systems since that would mean that any sentence that is undecidable
in such a system is neither objectively correct nor objectively incorrect.
Even if this may appear reasonable in many cases, Balaguer suggests
an example which he thinks shows that there must be some room
for exceptions. Suppose that a mathematician came up with a new
set-theoretic axiom, A, that became accepted as intuitively obvious.
Suppose further that adding A to Zermelo-Fraenkel set theory made it
possible to prove the continuum hypothesis. Balaguer argues that in
this case “[t]he right thing to say would be that CH had been correct all

13See Balaguer [5, p. 94].
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along”.14 However, sinceAwas not part of the story of mathematics, we
would have to deny that CH had an objectively correct answer before
the introduction of A, in spite of the fact that we found A intuitively
obvious.

In order to avoid this kind of counter-intuitive result, Balaguer
proposes another definition of “the story of mathematics”. The following
refers to arithmetic, but the case of set theory (as well as other branches
of mathematics) is completely analogous:

[I]t seems to me that the obvious thing for fictionalists to say here
is that “our story of arithmetic” is determined by what we (as a
community) have in mind when we’re doing arithmetic. In other
words, it’s determined by the intuitions, notions, conceptions, and
so on that we have in connection with arithmetic. In other words,
it’s determined by our full conception of the natural numbers.15

Now, by definition, the fictionalist does not believe the sentences that
belong to the full conceptions of, e.g., the natural numbers or the
universe of set theory, but there is a sense in which she accepts them.16

On Balaguer’s view, this acceptance together with the definition of
correctness as truth in the story of mathematics gives the fictionalist
the same possibilities as the platonist to account for such things as the
difference between “3 is prime” and “4 is prime”.

6.1.2 Applicability and indispensability

Any respectable philosophy of mathematics must be able to account for
the utility of mathematics in scientific theories. Just as in the case of
objectivity and correctness, there is a worry that the fictionalist attitude
toward mathematics makes it impossible to provide such an account.
How could a false theory be such a useful and seemingly reliable tool
for finding out truths about the physical world? The Quine-Putnam
indispensability argument and Field’s particular way of responding to
it may cause us to believe that the main difficulty for the fictionalist lies
in the supposed indispensability of mathematics to science. However,
Balaguer [4, p. 128 f.] argues that the real problem is not indispensability
but to explain how applications of mathematics to science are at all
possible:

14Balaguer [8, p. 137].
15Balaguer [5, p. 94].
16See Balaguer [8, p. 143 f.] for some discussion of what could be involved in this

notion of acceptance.
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[I]f we assume that everyone can account for the applicability of
mathematics to empirical science—that is, that they can account
for all applications of mathematics, including those that seem
indispensable—then there is absolutely no reason to think that
fictionalists will have more difficulty than anyone else explaining
the (alleged) further fact that some uses of mathematics are
indispensable to empirical science.17

This casts light on a problem with Field’s nominalistic approach. It is
indeed an attempt to account for the applicability of mathematics. But
if—as many of his critics suspect—Field is wrong in thinking that there
are no indispensable applications of mathematics to science, then his
strategy is of little use. For this reason, Balaguer [4, ch. 7] develops an
alternative fictionalist account of the applicability of mathematics that
is meant to cover both dispensable and indispensable applications, if
there are any of the latter.

The crucial idea of Balaguer’s suggestion is that there is a distinction
to be made between a scientific theory’s empirical/nominalistic con-
tent and its mathematical/platonistic content. Furthermore, Balaguer
argues that these two kinds of content can be separated in such a way
that it is coherent to believe that the nominalistic content of a theory is
true while the theory’s platonistic content is false. He calls the resulting
view nominalistic scientific realism.18

In order for nominalistic scientific realism to be plausible, a con-
vincing argument must be presented for the claim that the nominalistic
content of empirical science is wide enough to capture everything that
science says about the physical world. Balaguer’s argument for this is
based on the assumption that if there are mathematical entities, then
they are causally isolated from the physical world. As we have seen
above, for instance in the discussions of Benacerraf’s dilemma and the
irrelevance challenge, this is a standard assumption about the nature
of abstract objects that is accepted both by ontological realists and by
ontological non-realists. Balaguer uses it in the following way:

Consider the sentence

(A) The physical system S is forty degrees Celsius.

Clearly, this is a statement about the physical system S. But it also seems
to say something about the number 40. That is, (A) seems to express a
fact that is neither purely platonistic nor purely nominalistic but rather

17Balaguer [4, p. 129].
18See Balaguer [4, p. 131].
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a mixed fact. Given that there is nothing odd or non-standard about
(A)—on the contrary, it appears to be an example of a perfectly normal
kind of statement that is frequently encountered in empirical science—
this suggests that it is impossible to achieve a complete partition of a
scientific theory’s content into a nominalistic part and a platonistic part.
However, Balaguer argues that it can be done and, moreover, that it can
be done without placing any important information about the physical
world in the platonistic part:

It is no doubt true that (A) says that S stands in the Celsius
relation to the number 40. But since 40 isn’t causally relevant to
S’s temperature, it follows that if (A) is true, it is true in virtue of
facts about S and 40 that are entirely independent of one another
[. . .] [T]he mixed fact that (A) expresses supervenes on more
basic facts that are not mixed. In particular, it supervenes on a
purely physical fact about S and a purely platonistic fact about the
number 40. But this suggests that (A) has a nominalistic content
that captures its complete picture of S.19

According to Balaguer, then, there is no need to nominalize scientific
theories in order to make them acceptable for the ontological non-realist.
Even if mathematics and purported reference to mathematical objects is
indispensable to empirical science, it will always follow from the causal
inertness of abstract entities that the nominalistic and the platonistic
content of a theory are independent of each other, and that whether
the platonistic content is true is irrelevant to the truth-value of the
nominalistic content.

But if there are no abstract objects so that the platonistic content
of empirical science is false, then it seems that empirical statements
expressing “mixed facts” must also be false. Balaguer [4, p. 134] admits
that this is the case but claims that, as far as the physical world is
concerned, the description of it that empirical science offers has the
same level of accuracy regardless of whether or not there are any
mathematical objects. On this view, the role of “mathematical-object
talk” in science is merely to function as a descriptive aid when we make
assertions about the physical world.20

The arguments that Balaguer uses to support his fictionalist account
of the applicability of mathematics are reminiscent of our discussion of
the irrelevance challenge in chapter 3.3 above. As Balaguer [4, p. 132]
puts it:

19Balaguer [4, p. 133].
20See Balaguer [4, p. 137].
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[I]f empirical science is true right now, then its nominalistic
content would remain true, even if the mathematical realm disap-
peared; but this suggests that if there never existed any mathemat-
ical objects to begin with, the nominalistic content of empirical
science could nonetheless be true.

It has been objected by Colyvan and Zalta [33] that Balaguer’s response
to the indispensability argument is “just a bit too easy” and that
his claims about the possibility of separating nominalistic content
from platonistic content “seems to be little more than an intuition in
favor of nominalism”.21 Colyvan and Zalta find it question-begging
against platonism to suppose that the nominalistic content of science is
sufficient to describe the physical world. However, nothing in Balaguer’s
argument depends on the non-existence of mathematical objects. All
that he claims is that a fictionalist can account for the applicability of
mathematics to the same extent that a platonist can. This can possibly
give us a reason to doubt platonism, but it can hardly be said to beg the
question against platonism.

6.2 Yablo’s figuralism

I will now turn to the fictionalist account developed by Yablo. As I
indicated in the beginning of this chapter, Yablo’s interest in fictionalism
is motivated by a wish to find the most plausible understanding of
mathematical language. Ontological concerns are secondary. Hence,
unlike Balaguer, Yablo does not build into his definition of fictionalism
the claim that there are no mathematical objects. Instead, he presents
fictionalism as a view that is compatible with both the existence and
the non-existence of abstract mathematical entities. The key idea of his
approach is that there are many and striking resemblances between the
way we talk about mathematical objects and the way we use metaphors
or figurative speech. For this reason, Yablo calls his view figuralism.

6.2.1 Mathematics as metaphorical make-believe

In his defense of the view that mathematical discourse is analogous to
metaphorical speech, Yablo builds on ideas of Walton [118] concerning
the connection between metaphors and games of make-believe. Walton
suggests that the utterance of a metaphorical or figurative statement

21Colyvan and Zalta [33, p. 344].
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functions as an introduction to, or reminder of, some game of make-
believe. Such a game is typically prop oriented, which means that
our primary interest lies not in actually playing the game, but rather
in how the game can be used to describe and give information about
game-independent things. The metaphor lets us imagine something as
a prop in a game and invites us to consider what this thing must be
like in order to fit into the game. For instance, what we are after when
we say that someone is a rock is in general not to initiate a game of
make-believe in which this person plays the part of a rock. But maybe
we are suggesting that she has properties (of being steady, supportive,
etc.) that would make her suitable for the part if the game was to be
played. As Yablo [126, p. 98] puts it:

A metaphor on [Walton’s] view is an utterance that represents
its objects as being like so: the way that they need to be to
make the utterance ‘correct’ in a game that it itself suggests. The
game is played not for its own sake but to make clear which
game-independent properties are being attributed.

Now, Yablo’s idea is that, e.g., number words, just like metaphors, can
be used to express facts that are otherwise difficult to put into words:

Much as we make as if, e.g., people have associated with them
stores of something called ‘luck’, so as to be able to describe some
of them metaphorically as individuals whose luck is ‘running out’,
we make as if pluralities have associated with them things called
‘numbers’, so as to be able to express an (otherwise hard to express
because) infinitely disjunctive fact about relative cardinalities like
so: The number of F s is divisible by the number of Gs.22

It seems, however, that we could object to this account by arguing
that it goes against our intuitions to suppose that what we say about
mathematical objects is metaphorical and not intended to be interpreted
literally. An objection to this effect has been given by Rosen and
Burgess [108, p. 532 f.], who argue that if a sentence is intended to
be interpreted non-literally, this is something that is always clearly
recognizable and can be explicitly pointed out if needed. If we for
instance say about some very reliable person that she is a rock, it is
possible (albeit very unlikely) that someone misinterprets us and objects
that this must be wrong since rocks are really hard and cannot move.
This kind of misunderstanding is easily resolved if we make it clear that

22Yablo [126, p. 98].
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we were not intending the statement to be taken literally. But in the case
of mathematical statements it seems that this kind of misunderstanding
is not even possible.

In his response to objections like this, Yablo again makes use
of Walton’s theory of metaphor games. Walton [118, p. 81] argues
that some metaphors may correspond to very simple games generated
by only one or a few principles. But quite often it seems that we
are unable to specify exactly how a metaphor game is built up. He
writes: “What metaphors do, in many cases, is to activate relevant
dispositions or abilities, rather than to make us aware of the principles
of generation.” This indicates that we can understand and appreciate
metaphors without at all participating in the games they imply. Perhaps
it is not even necessary to recognize that there is a game that could be
played.

Similarly, Yablo argues that the reason that we never think of
mathematics as a game is that it is a prop oriented game where we
tend to look away from the game itself and focus instead on what it
tells us about reality. Another, related, reason might be that we often
confuse “literal” meaning with “ordinary” or “standard” meaning. When
someone says that 2+2 = 4 in an everyday context, the most natural way
to think about this is probably not as a statement about the properties
of some abstract entities, but as a statement of the fact that if we have
two things and another two things and put them together, then we have
four things. This metaphorical content comes to mind so quickly that
we never look for any other content, and so we become convinced that
the truths of arithmetic are literally true.23

Our tendency to take the metaphorical content of mathematical
statements to be their literal content is reinforced by the circum-
stance that we sometimes cannot express literally the things that
we say metaphorically using mathematics. Mathematical objects are
sometimes representationally essential metaphors. As an example,
Yablo [125, p. 231] takes a case where we want to express that there
are more sheep than cows in a field. The easy way to do this is to
say that the number of sheep is greater than the number of cows. But
suppose now that we want to express the literal content of this without
any reference to mathematical objects. It turns out that this requires
an infinite disjunction, that is, a sentence that we cannot complete:
“There is one sheep and no cows or there are two sheep and no cows
or there are two sheep and one cow or . . .” This can also be part of an
explanation of why we came up with the idea of mathematical objects

23Cf. Yablo [122, p. 223 f.], Yablo [121, p. 248].
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in the first place.24

Of course, as Yablo [123, p. 301] notes, to argue that mathematics
could be interpreted as metaphorical make-believe is not the same as
showing that it is metaphorical make-believe. A conclusive argument for
this is not given by Yablo, but he does present quite a long list of, as he
calls them, “suggestive similarities” between objects that are obviously
metaphorical, and “platonic” objects such as numbers or functions.25

Here are a few examples:

Insubstantiality: All properties of both metaphorical and mathe-
matical objects seem to be captured by what follows from our
conception of them. We do not make investigations into what
stomach-butterflies eat or what color they are, because the only
thing there is to know about stomach-butterflies is that they are
part of what it feels like to be nervous. Similarly, we do not
attribute properties to natural numbers unless they follow from
Peano’s axioms.

Translucency: Reference to both metaphorical and mathematical
objects tends to go unnoticed; we “see through” it. If we are told
that someone has a heart of gold, we are unlikely to stop and think
about this strange metal organ—we simply hear that this is a good
person. In the same way, if we are told that the number of polar
bears is decreasing, we are unlikely to stop and think about this
strange number that is getting smaller—we simply hear that there
are fewer polar bears now than before.

Irrelevance: The phenomena that we use metaphorical or mathe-
matical objects to explain would occur even if the objects were
not available. That there really are no butterflies in my stomach
does not stop me from feeling nervous. And even if there are no
one-to-one functions, there are still as many knives as there are
forks on my dinner table.

6.2.2 Ontology and objectivity

As I have mentioned, Yablo takes an agnostic standpoint regarding
the existence of abstract mathematical objects. Moreover, some of the
things he says about ontological questions suggest that he does not
believe that they are even meaningful to ask, or, at any rate, that they
have determinate answers. For instance, Yablo questions the Quinean

24Cf. Yablo [126].
25Other examples of platonic objects are possible worlds, models, and properties. Cf.

Yablo [123, p. 277].
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view that our ontological commitments can be determined by looking
at how our best scientific theories are formulated. The idea is that
Quine’s criterion of ontological commitment cannot be used as long as
we lack another criterion, namely one that tells us how to distinguish
figurative speech from literal. A natural way to draw such a distinction
would be to use ontological facts. The literal interpretation is correct if
the things we talk about really exist. Otherwise, what we say should be
interpreted figuratively. But since Quine himself admits that figurative
speech is not ontologically committing,26 it seems that we are trapped:
we cannot tell what there is unless we know which statements are to
be interpreted literally, and we cannot tell which statements are to be
interpreted literally unless we know what there is.27

The failure of Quine’s criterion to resolve the question about the
existence or non-existence of mathematical objects leads Yablo to the
conclusion that no ultimate answer can be given. Given that we cannot
make out the metaphorical/literal distinction in detail, it is difficult
even to make sense of ontological questions:

The goal of philosophical ontology is to determine what really
exists. Leave out the ‘really’ and there’s no philosophy [. . .] But
‘really’ is a device for shrugging off pretences, and assessing the
remainder of the sentence from a perspective uncontaminated by
art. [. . .] And what am I supposed to do with the request to shrug
off an attitude that, as far as I can tell, I never held in the first
place?28

This is a manifestation of the Carnapian strand in Yablo’s view. The
distinction between figurative, or metaphorical, and literal speech is his
version of the internal/external distinction, and the games of make-
believe correspond to Carnap’s linguistic frameworks. In this way Yablo
argues that he can salvage the core of Carnap’s proposal and make it
immune to Quinean objections.29

26See e.g. Quine [100, p. 249 f.]: “The doctrine of ideal objects in physics is ‘symbolic’
[. . .] It is a deliberate myth, useful for the vividness, beauty, and substantial correctness
with which it portrays certain aspects of nature even while, on a literal reading, it
falsifies nature in other respects.” Quine seems to take it for granted that these “myths”
always can be recognized and paraphrased away when needed. Yablo’s point is that
this may be impossible.

27See Yablo [121, p. 255 ff.]. The argument rests, of course, on the intuition that
there are no promising alternatives to Quine’s criterion of ontological commitment and
no ontology-independent way of drawing the distinction between literal and figurative
speech.

28See Yablo [121, p. 258 f.].
29See Yablo [121]. Yablo also notes that Carnap probably “would have resisted any



6.2. YABLO’S FIGURALISM 127

However, even if ontological questions are notoriously evasive, Yablo
does not take this to have any serious consequences for mathematical
discourse. The interpretation of a mathematical metaphor (or any
metaphor) is not fixed in advance. Yablo [123, p. 299 f.] describes
the utterance of a metaphorical statement as a kind of “invitation” to
look for a suitable game of make-believe where the metaphor makes
sense. Should it be the case that mathematical objects really exist
(whatever that means), then the most suitable “game” to play with the
mathematical metaphors might be the “null game”, i.e. the one where
we interpret metaphors as meaning what they literally say. Thus, how
a metaphor is best understood is not something that the speaker can or
needs to decide. Exactly what is said is to some extent indeterminate.
Talk of numbers etc. is “maybe-metaphorical”, i.e. to be taken literally
if numbers etc. exist, and to be interpreted in accordance with some
suitable game of make-believe otherwise. In either case, mathematical
language is fine just the way it is; there is no need to make any
changes or qualifications. It seems that when we do mathematics it
is not very important to us if the objects we talk about exist or not.
Yablo [123, p. 301] takes this to support his thesis that the metaphorical
interpretation of mathematics is the correct one:

[T]he main way these metaphors reveal themselves to us is through
our—otherwise very peculiar!—insouciance about the existence or
not of their apparent objects.

A fictionalist view based on nominalistic concerns about the prob-
lematic nature of abstract objects could in principle be refuted by a
conclusive argument for the existence of such objects. Yablo’s figural-
ism with its agnostic starting point appears much less vulnerable to
this kind of argument since it does not explicitly deny that abstract
objects exist. It seems that even someone who believes in the existence
of mathematical entities could decide that figuralism gives the best
account of how we talk about them. According to Yablo [124, p. 88]
other kinds of fictionalism have chosen the wrong strategy for arguing
against platonism/realism. Instead of emphasizing the advantages of
their own theory, they have spent most of their energy elaborating on
the negative sides of platonism, thereby making it seem as if the only
way to argue convincingly for fictionalism is to make the alternatives
look worse.

likening of the internal to the make-believe”. However, he believes that the main reason
for this is that it never occurred to Carnap that the notions of fiction and make-believe
can be interpreted in the way Yablo suggests.
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Yablo’s own strategy is to argue that we can do just as much with the
pretended mathematical objects of figuralism as we can with platonism’s
real ones. The only prima facie advantage of platonism over figuralism
that he sees has to do with the relation between objects and objectivity.
For instance, the existence of numbers seems to guarantee that there is
an objective fact of the matter regarding which arithmetical statements
are true and which are false. It is not at all clear that we can get that kind
of stability without the actual numbers—how can we be certain that our
mathematical work is correct if there is no external norm to compare it
to?

Yablo [124, p. 88 f.] argues that this supposed power of numbers
to ensure the objectivity of arithmetic is an illusion. What matters is
whether we have a determinate enough conception of the numbers.
If our conception is such that anything that answers to it settles the
truth-value of a given arithmetical statement in the same way, then
the pretended numbers are quite sufficient. If, on the other hand,
we have a conception of numbers that leaves some questions open in
the sense that there can be one structure answering to our conception
such that A and another such that not-A, then it seems we will have
trouble recognizing the actual numbers even if they exist. In any case,
the existence of the numbers does not contribute to the objectivity of
arithmetic the way the platonist assumes.

6.3 Concluding remarks

We have seen that the fictionalist approaches of Balaguer and Yablo,
respectively, are motivated in completely different ways. Balaguer’s
view is based on the ontological thesis that there are no abstract objects.
Yablo, on the other hand, uses fictionalism as a means of clarifying the
nature of mathematical discourse. In spite of these differences, there
are some interesting similarities between the two accounts.

What is perhaps most striking, is the way Balaguer and Yablo both
emphasize the irrelevance of mathematical objects with respect to
mathematical practice. They both suggest that the actual existence of,
e.g., numbers makes no interesting contribution to mathematics and its
utility. What matters is that we have a somewhat clear conception of the
mathematical structures that we use, and this is something that can be
obtained without the conception’s “really” answering to a corresponding
abstract structure in a purely mathematical realm. In fact, given the
supposed causal inertness of mathematical objects, it seems that we
have no choice but to rely on whatever mathematical ideas we can come
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up with on our own.
The idea of our conceptions as the true standards of mathematical

correctness also influences the fictionalist notion of objectivity, which
is another point of agreement between Balaguer and Yablo. Contrary
to the platonistic view that the objectivity of mathematics has to do
with the way mathematical sentences correspond to the mathematical
reality, Balaguer and Yablo hold that—considering the isolation of
the mathematical reality, if it exists—it is more reasonable to think
of objectivity as emanating from the common conception that the
mathematical community has of mathematical structures.

Finally, Balaguer and Yablo have similar thoughts about the appli-
cability and indispensability of mathematics and mathematical objects.
They do not believe that there is any dishonesty involved in speaking
as if there are mathematical objects, as long as we do not claim that
what we say is true. Furthermore, they both think that the mathemat-
ical statements we use in empirical science are simply descriptive aids
that represent facts about the physical world. Even if it is impossible
to express these facts without recourse to mathematics, Balaguer and
Yablo both claim that it is enough that there are such facts. As Bal-
aguer [4, p. 134] puts it: “the physical world holds up its end of the
‘empirical-science bargain’”.30

In the remaining two chapters, I will summarize my discussion of
the alternatives to mathematical realism that I have presented so far. I
will then investigate the possibility of developing a view that meets the
desiderata that were listed at the end of chapter 3.

30Interestingly, Yablo [121, p. 248] also speaks of the world “holding up its end of the
bargain, by being in a condition to make a pretence [. . .] appropriate”.





Chapter 7

Separating truth from
ontology

7.1 Introduction

In the previous three chapters we have seen some examples of accounts
that have been suggested as alternatives to ontological realism about
mathematics. Although they are clearly distinct and differ in many
respects, the approaches discussed seem to share a common goal:
they all attempt to justify our use of ordinary mathematical reasoning—
formulated in a language full of apparent reference to and quantification
over abstract mathematical entities—in ways that do not lead to the
acceptance of ontological realism. Let us begin by recapitulating the
different views and their respective methods for attaining this goal.

Field [48] questions the indispensability argument by arguing that
our mathematically formulated scientific theories can be seen as conser-
vative extensions of scientific theories formulated in a purely nominal-
istic language. This means that any nominalistically statable conclusion
that can be reached from nominalistically statable premises with the aid
of a consistent mathematical theory can also (at least in principle) be
reached in a way that does not involve mathematics at all. Hence, con-
trary to what is claimed in the indispensability argument, mathematics
is not indispensable to science and so, Field argues, we have no reason
to believe that it is true or that the entities it speaks of exist. This is
not to deny that mathematics can be extremely useful in many scientific
applications. It allows us to shorten our arguments and make them
more efficient and general than would otherwise be possible. Some-
times the extent of this usefulness is so great that it can lead us into
thinking of mathematics as indispensable for science. However, as Field
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points out, this kind of practical indispensability is not enough to make
the indispensability argument go through. Given the conservativeness
of mathematics with respect to nominalistic science, the question of
its truth or falsity cannot be settled by simply referring to successful
scientific applications. Only if mathematics turns out to be theoretically
indispensable in the sense that it is impossible to formulate an adequate
scientific theory in a language devoid of any reference to mathematical
entities do we have reasons to accept that mathematics is true and that
such entities exist, according to Field.

On Carnap’s [26] account, questions concerning the “real” existence
of mathematical entities (or any other kind of entity) are meaningless
pseudo-questions. He holds that what we ordinarily think of as accepting
the existence of a new kind of entity really consists in adopting a certain
linguistic framework. In particular, we may say that we have accepted
a new kind of entity if we have introduced into our language

(i) a predicate, which we may interpret as applying to entities of that
kind,

(ii) variables thought of as ranging over such entities, and
(iii) new axioms and rules of inference that govern our reasoning with

respect to the new entities.

For example, in our usual framework for the arithmetic of natural
numbers the general term ‘Number’, the numerical variables which we
interpret as ranging over natural numbers, and the Dedekind-Peano
axioms are fundamental components. The framework can then be
extended by definitions so that we can express e.g. that for every number
n there is a number m such that m is greater than n and m is prime.
However, Carnap emphasizes that nothing that can be proved within
a linguistic framework about the existence of a kind of object has any
bearing on the question of the external existence of such objects outside
the framework. For him, the introduction of, for instance, mathematical
language and the acceptance of mathematical objects are based entirely
on practical decisions. We say that there are numbers because it has
turned out to be a convenient and fruitful way of speaking—not because
of some “ontological insight”. This reasoning goes in both directions:
just as there is no ontological evidence that can guide our decision
to use a language containing reference to mathematical entities, we
cannot appeal to the fact that we speak in a certain way in order to
justify external metaphysical beliefs about what “really” exists.

Finally, we looked at two versions of fictionalism, according to
which mathematical statements can be thought of as a kind of fictional
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statements, that is, as something that we do not literally believe, but
merely pretend to be true, or accept in a way that does not amount to
belief. On these views, it is true that 3 is a prime number in the same
sense that it is true that Sherlock Holmes is a great detective. Fictional-
ists often convey this idea by saying that “3 is a prime number” is true in
the story of mathematics. Now, obviously this story of mathematics has
been carefully developed so that it can reflect and represent countless
real-world phenomena in an accurate manner, which explains how it
has become so tremendously important to many scientific theories, in
spite of its being literally false. This is all very similar to how Field
describes his view of mathematics. On the Fieldian approach, how-
ever, whether we can rationally deny the existence of mathematical
entities hinges on whether we can formulate our theories of empirical
science in a completely non-mathematical way. If this is shown to be
impossible, then the indispensability argument goes through and we
should make room in our ontology for abstract mathematical objects.
According to the kinds of fictionalism proposed by Balaguer and Yablo,
on the other hand, indispensability is fully compatible with rejecting
or being agnostic about ontological realism. Balaguer and Yablo both
argue that the fictionalist’s first priority should be to explain how actual
applications of mathematics to science are possible if no mathematical
objects exist. Given such an explanation, they claim that a Field-type
elimination of mathematics from science becomes unnecessary. The
explanations they give, although not identical, run along essentially the
same lines. The main point that is being stressed by both is that in
scientific applications, the only thing we are really interested in is what
is said about the concrete, physical world. As Balaguer [4, p. 141] puts
it:

[T]he nominalistic content of empirical science is all empirical
science is really “trying to say” about the world. Its platonistic
content is something it “says incidentally” in its effort to say what
it really “wants to say”.

Let us now recall the list of desiderata that a philosophical account
of mathematics should ideally satisfy, which I presented at the end
of chapter 3 above. To what extent are these desiderata met by the
alternatives to ontological realism that we have discussed? Beginning
at the bottom of the list with the requirement that an ideal philosophy
of mathematics should be able to explain the success of mathematics
in scientific applications, it seems to me that Field’s, Carnap’s, and
the fictionalist approaches all have some kind of strategy for handling
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this issue. In fact, as we have seen, the fictionalist accounts (including
Field’s) treat the question of applicability as fundamental. Besides what
I have already mentioned in the previous paragraph, there are some
further, quite striking resemblances between their respective solutions.
The essential idea in all of them is that many mathematical theories are
applicable to science simply because that is why they were developed in
the first place. Field [48, p. 33 f.] writes:

Indeed, the reason that the real number system and the associated
theory of differentiation etc. is so important mathematically is
precisely that so many of the problems to which we want to apply
mathematics involve space and/or time. It is hardly surprising
that mathematical theories developed in order to apply to space
and time should postulate mathematical structures with some
strong structural similarities to the physical structures of space
and time.1

In other words, we should not think of the applicability of mathematics
as a strange and fortunate coincidence, but rather as an expected
consequence of the way we have drawn up our mathematical theories.

Although he does not speak specifically about the applicability of
mathematics, it seems that Carnap [26, p. 243, p. 249] can be interpreted
along much the same lines as the fictionalists when he argues that the
acceptance of a linguistic framework should be based on a practical
decision that in its turn should be guided by our answers to questions
like “Are our experiences such that the use of the linguistic forms in
question will be expedient and fruitful?”

If we continue to read the list of desiderata backwards, the next item
has to do with explaining how mathematical knowledge is possible. As
we may recall from chapter 3.2, giving a reasonable account of mathe-
matical knowledge is one of the most serious difficulties for platonism,
given that mathematical knowledge is supposed to be knowledge about
objects that seem inaccessible to us in every way. Now, on the Fieldian
view of mathematics, or any other fictionalist view, it is problematic
to speak about mathematical knowledge at all, since we cannot have
knowledge about what is not true. In spite of believing that mathematics
is literally false, however, Field does believe that there is some sort of

1See Balaguer [4, p. 137] and Yablo [126] for similar ideas concerning the relation
between mathematical theories and the physical world. In this connection, we should
perhaps also note that it is not always the case that a mathematical theory is developed
with a certain kind of application in mind, and that applicability sometimes comes as
a surprise. Nonetheless, I believe that it is fair to say that the concrete reality and
possible applications to it provide a driving force behind much mathematical work.
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knowledge that a person who knows a lot of mathematics has and that
a person who does not know a lot of mathematics lacks. He argues
that to some extent this knowledge is empirical and relates to facts
about the mathematical community and about physical space, given
the empirical fact that there are structural similarities between physical
space and a Cartesian power of the real numbers.2 But even if this is not
an insignificant part of what someone with considerable mathematical
training knows, it does not seem to cover the actual mathematics.

As we know, mathematics is full of existence claims. Because of
this, Field argues that it is hopeless to try and reduce mathematics
taken at face value to logic. However, he still claims that there is a
sense in which knowledge of mathematics is purely logical knowledge.
According to Field, the facts that mathematicians have knowledge of are
facts about how certain mathematical claims follow from other mathe-
matical claims, and facts about the consistency of certain collections of
mathematical claims. But in order to argue that such knowledge is nom-
inalistically acceptable, i.e. that it does not involve the nominalist in any
unwanted ontological commitments, Field must show that facts about
logical consequence and consistency can be expressed without reference
to models, theories, formal derivations, or other abstract entities. As
part of his solution, Field assumes that the modal operator ‘3’ (to be
read as ‘it is logically possible that’) is a primitive, purely logical opera-
tor in no need to be explained in terms of abstract entities like models
or possible worlds, and defines ‘2’ (‘it is logically true that’) as ‘¬3¬’.
The mathematician’s knowledge that the mathematical claim B follows
from a conjunction A of mathematical claims can then be expressed as
purely logical knowledge of something that can be formulated in the
object-language, namely as

knowledge that 2(A→ B).

Similarly, the knowledge that the conjunctionA of mathematical claims
is consistent can be said to be

knowledge that 3A.3

As far as Field is concerned, this is the only “mathematical knowl-
edge” there is. He writes:

2See Field [50, p. 113].
3See Field [50, pp. 82–86]. Field goes on to argue that there is a natural way of

defining logical truth so that statements of the form ‘3A’ are logically true whenever A
is logically consistent. For discussion, see also Leng [77].
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I see no reason to believe that there is a further kind of fact—non-
empirical and non-logical—that the mathematician also knows.
Therefore, I see no reason to suppose that the mathematician has
knowledge of the existence of mathematical entities or the truth
of ordinary mathematical claims.4

The idea that mathematical knowledge can somehow be understood
as logical knowledge is recurrent in the philosophy of mathematics,
both in realist and in non-realist views.5 I mentioned in chapter 5.2
above how Carnap takes the linguistic framework in which we do arith-
metic to be a logical framework in which questions are answered by
means of logical derivations from axioms that are part of the framework.
When it comes to the fictionalist views under discussion, Balaguer [4,
ch. 3, p. 153 f.] largely subscribes to Field’s account of mathematical
knowledge as modal logical knowledge, even if he prefers to say that
mathematical knowledge arises out of logical knowledge, rather than
that it is logical knowledge. Logic also plays an important role in
Yablo’s [125] idea of what it is that we know when we know mathe-
matics. Recall that on Yablo’s view, mathematical statements are best
understood as metaphorical or figurative. Just as ordinary metaphors
are used to convey non-metaphorical messages, Yablo argues that math-
ematical statements have underlying real contents that are what the
mathematical statements are used to express. In the case of arithmetical
statements, he claims that these real contents are logical truths, i.e. that
to every arithmetical truth—or truth in the story of arithmetic—there
corresponds a logical truth which is what the arithmetical statement
“really” means.6

These non-realist attempts to account for mathematical knowledge
are far from uncontroversial. For instance, Shapiro [111, pp. 217–228]
criticizes Field’s modal approach and argues that there is something
doubtful and unfair about taking the notion of possibility and the

4Field [50, p. 115].
5Some obvious examples from the realist side are Frege and neo-logicists like Hale

and Wright.
6See Yablo [125, pp. 230–232]. I mentioned this approach briefly in chapter 2.2.1

above (see p. 39). The basic idea is that what we mean when we say that 2 + 2 = 4 is
that if we have, e.g., two apples and two pears, then we have four fruits that are either
apples or pears. This fact can be expressed in purely logical terms and can be seen
to be a logical truth. Yablo then generalizes this to quantified arithmetical statements
and argues that, given a logical language that allows for infinite conjunctions and
disjunctions, it can be shown that any arithmetical truth has a logical truth as its real
content. A similar argument is given for set theory, although a bit more than pure
logic is required to express the real contents of set-theoretical truths. See Yablo [125,
pp. 232–237] for details.
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operator ‘3’ as primitive, since they, on the realist’s view, are based on
“hard-won model-theoretic results”.7 However, there is a clear sense in
which this kind of objection has more to do with ontological matters
than epistemological. That is, what Shapiro seems to be questioning is
not primarily the idea that mathematical knowledge can be interpreted
in terms of modal logic (even if this is not a standpoint that he endorses),
but that such an interpretation can be ontologically neutral.

This brings us to the top three items on the list of desiderata for
philosophies of mathematics. They concern the face-value interpreta-
tion of mathematics, its ontological commitments, and its literal truth.
Together, these three notions make up the core of the two arguments
for ontological realism that we have focused on: they are both based
on the idea that mathematics, when taken at face value, is ontologically
committed to abstract entities, and that if mathematics is literally true,
we must thus accept that such entities exist. This indicates that the
ontological realist can easily accommodate all three requirements and,
furthermore, that she will be happy to accept the idea of a firm con-
nection between mathematical truth and ontology that the arguments
suggest. But that there is such a connection seems to be taken for
granted by many of those who are skeptical to ontological realism as
well. A central claim in both Fieldian nominalism and other kinds of
fictionalism is that the denial of the existence of mathematical objects
can only be accounted for if we are prepared to give up the idea that
mathematics is true. In other words, fictionalists choose to give priority
to face-value interpretation and ontological commitment at the expense
of mathematical truth.

Why, we may ask, is someone who wants to avoid ontological realism
so willing to accept that an ontology of abstract mathematical objects
follows from the truth of mathematical statements? Saying that our
mathematical theories are not true is deeply counter-intuitive. And
no matter how well they are argued for, the claims that we do not
really need mathematics to be true or that there are other truths that
correspond to what we thought were the mathematical truths just do
not seem to capture our image of what mathematics is. Our main
reason for saying that mathematics is true is not that we have to, but
that we honestly believe that it is true, regardless of whether there are
any abstract mathematical objects. Given this, it appears that what the
ontological non-realist ought to aim at is an argument showing that
we can accept mathematical truth without being forced to accept the
existence of abstract mathematical objects.

7Shapiro [111, p. 219].
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So, is it possible for the ontological non-realist to come up with such
an argument in favor of a separation of truth from ontology? This is the
question that I will take a closer look at in the remaining sections of this
chapter.

7.2 A modified internal/external distinction

It appears that, quite often in mathematical contexts, there is something
of a mismatch between what we genuinely believe is true and what we
assume exists in a “deep” metaphysical sense. Carnap [26, p. 243] surely
has a point when he claims that the external question of an entity’s “real”
existence independently of a linguistic framework is raised “neither by
the man in the street nor by scientists, but only by philosophers”. A
similar observation is made by Rayo [103, p. 424] who writes:

The willingness of ordinary speakers to make arithmetical asser-
tions appears to be independent of any beliefs they may have
concerning matters of ontology. (Whether or not a speaker is
prepared to assert ‘the number of the planets is eight’, for ex-
ample, tends to depend on whether he or she believes that there
are eight planets, but not on whether he or she has views about
mathematical Platonism.)

The irrelevance challenge to ontological realism should be clearly
recognizable here. Besides being, seemingly, taken for granted in our
mathematical theories, it is largely unclear just what the function of
mathematical objects is. The ontological realist will of course say that
there have to be mathematical objects in order for mathematics to be
true, and, as we have seen, the fictionalist will agree. Indeed, when we
consider, e.g., the case where we assert in mathematics that there exist
infinitely many prime numbers, it is hard to see how we could disagree.
How could it be true that there are infinitely many prime numbers unless
there really are such entities as numbers? The ontological commitments
of mathematics seem inescapable.

But if the ontological questions of mathematics—or at least some of
them—are so easily answered, a new question arises, namely how the
philosophical debate on the existence of mathematical objects can go
on and on without ever coming to an end. Apparently, there is some
sense in which the question “Are there numbers?” is not answered by
“There are infinitely many prime numbers”. Is it possible that realists
and non-realists about mathematical objects talk past each other and
attach different meanings to expressions like “there exist”, “there are”,
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and “it is true that”? Azzouni [3, p. 91] makes the following remark,
suggesting that it is not immediately clear what we mean when we say
that something exists:

[W]e can’t—on purely linguistic grounds—claim that the word
“exists” itself always indicates ontological commitment. This
should already be clear from the fact that the use of what should
be merely a rhetorical enhancer, “really exists,” does not sound
redundant to the untutored ear.

Given that there is an ambiguity here, how can it be accounted
for? As we may recall, the idea that the notion of existence can be
understood in more than one way is clearly present in Carnap [26].
In fact, it seems that the distinction between internal and external in
many respects captures the intuitions behind the irrelevance challenge,
i.e. that neither the success of mathematics, nor its truth are dependent
on the existence of mathematical objects. I therefore propose that we
can take advantage of a distinction similar to Carnap’s internal/external
distinction, but slightly modified so as to make the most of it in the
present context.

Carnap’s motivation for his original distinction is partly based on
his metaontological anti-realism. That is, he does not believe that
external ontological questions are meaningful to ask. It is easy to
find this standpoint attractive considering that we have little or no
idea of what could be taken as evidence for or against the external
existence of, e.g., mathematical objects. But denying meaningfulness
to the external perspective can also be seen as an overly abrupt and
“too easy” way of ending the ontological discussion.8 Since I believe
that the arguments for ontological realism about mathematics can
be met without arguing that the position is unintelligible (see below,
chapter 7.3), I am prepared to assume a kind of metaontological realism
and allow external questions as meaningful.9

But let us now focus on the internal side of the distinction. This
is where ordinary mathematics takes place without any ontological
concerns. As I have mentioned above, it lies in the ontological realist’s
interest to maintain that there is a strong link between what is true

8Cf. Wedberg’s [119] comment on Carnap quoted above in footnote 11 on p.102.
9However, there is a sense in which the external ontological questions about

mathematical entities become less interesting as soon as we accept the internal/
external distinction, since it can be argued that the only thing needed for mathematical
and scientific purposes is internally existing mathematical objects. This is yet another
reminder of the irrelevance challenge to ontological realism. I will return to this matter
shortly.
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and what exists, since such a link can be used as a foundation for
an argument for ontological realism. This may cause her to think
that there is no reason to separate internal questions of mathematical
existence from external ones, or that there is no difference between
the two perspectives, since she will answer a question like “Are there
numbers?” in the affirmative whether it is interpreted internally or
externally. Suppose, however, that the distinction is made anyway. It
then seems that the ontological realist, in her philosophical moments,
will still put little weight on the internal existence of numbers. Without
the “real”, external existence of mathematical objects, mathematics
becomes nothing more than a game. On the realist’s view, mathematical
statements are true because they describe properties and relations of
actually existing entities. The linguistic framework within which we do
mathematics may well be convenient as far as human practice goes, but
it is not enough to make mathematics true.

Surprisingly, this attitude is shared by ontological non-realists, or
at any rate, fictionalists. The picture of mathematics as a useful fiction
is exactly what is left of the ontological realist’s account if we take away
the external existence of mathematical objects.10 Again, it is assumed
that the internal existence of, e.g., numbers, which we can establish by
proving that there are infinitely many prime numbers, is not sufficient
to make it true that there are infinitely many prime numbers. We see
this, for instance, when we consider how Yablo’s figuralism, which does
make use of a Carnapian distinction, ends up with a version of it that
disqualifies internal existence claims from being true by labeling them
“figurative” or “metaphorical”. The statements that we are supposed to
take seriously are obviously the external, “literal”, ones.

But this seems to be a mistake. Once we have accepted the pos-
sibility that questions and assertions of existence can have different
interpretations, it is not at all obvious that we should single out one
of these interpretations as the more “literal” or “real”. If we can resist
that temptation and treat internal and external statements as, in some
sense, equal but separate, it seems to me that we could make much more
of the internal/external distinction than if we think of the internal as
dominated by the external. In light of how little the internal and external
understandings of “Are there numbers?” have in common, to persist in
thinking of internal mathematical truth as necessarily linked to external
mathematical existence looks a bit like trying to force together two mis-
matched pieces of a jigsaw puzzle. In other words, just because internal
and external statements often employ the same vocabulary, we cannot

10Cf. Balaguer [4, ch. 8].
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assume that they are related in a way that permits external conclusions
to be drawn from internal premises or vice versa. This observation puts
us in a position to point out a weakness in the arguments for ontological
realism that we have discussed. I will turn to this in the next section.

7.3 What happens to the arguments for onto-
logical realism?

Consider the semantic argument in its simplest form (where we take T
to be some mathematical theory about objects of kind P ):

(1) The theorems of T are literally true.
(2) If the theorems of T are literally true, then objects of kind P exist.
(3) Hence, there exist objects of kind P .

As it stands, this is a valid argument. Moreover, if we take arithmetic
and the natural numbers as an example, the premises seem intuitively
true: most of us have no qualms about saying, e.g., that it is true that
2 + 2 = 4. Even when it comes to explicit claims of existence such as
“There is a number that is the successor of 0” or, for that matter, “There
are infinitely many prime numbers”, we tend to accept them as true. Do
we mean that they are literally true? Well, perhaps at this point some of
us will begin to hesitate about the answer. But given that there appears
to be a lack of plausible alternatives, we are likely to admit that we do
take the theorems of arithmetic to be literally true. And once we have
agreed to that, it seems like a plain contradiction to deny that there
“really” are numbers.

The situation changes, however, if we acknowledge a distinction
between internal and external that applies to both truth and existence.
We can then expand on the semantic argument in several ways:11

Internal version:

(1′) The theorems of T are literally true, internally.

(2′) If the theorems of T are literally true, internally, then objects
of kind P exist, internally.

(3′) Hence, there exist objects of kind P , internally.

11The fourth possibility, i.e. the “external-to-internal version” could have been added
for completeness. However, I take it to be something of an oddity that stands in no real
need of discussion. If I were to deal with it more thoroughly, I would probably criticize
it along the same lines as the internal-to-external version (see below).
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External version:

(1′′) The theorems of T are literally true, externally.

(2′′) If the theorems of T are literally true, externally, then objects
of kind P exist, externally.

(3′′) Hence, there exist objects of kind P , externally.

Internal-to-external version:

(1′′′) The theorems of T are literally true, internally.

(2′′′) If the theorems of T are literally true, internally, then objects
of kind P exist, externally.

(3′′′) Hence, there exist objects of kind P , externally.

So now we have three valid arguments, each representing a possible
interpretation of the original semantic argument for ontological realism.
However, I will argue that the only sound version is that which avoids
the ontological realist’s desired conclusion.

To begin with, let us make clear what it is that the ontological realist
wants to establish. Given what we have seen so far, the conclusion
she is after is apparently that there exist mathematical objects in the
external sense. In other words, she will primarily be interested in
either the external version or the internal-to-external version of the
semantic argument. Which of them she will eventually choose depends
on whether she believes that the truth of mathematics is external or
internal.

In the next section I will say more about what I take the internal
truth of mathematics to amount to. But as I mentioned above when I
introduced the distinction between an internal and an external perspec-
tive of mathematics, ordinary mathematical work is carried out on the
internal side. So it seems reasonably clear that anyone who is willing to
accept that there is some sense in which the theorems of mathematics
are true will accept their internal truth. When it comes to external
mathematical truth, on the other hand, it is tempting to think of it in
terms of correspondence to an external realm of abstract mathematical
objects. In that case, however, the external version of the semantic
argument becomes rather pointless, since we will need its conclusion in
order to establish the truth of its first premise.

It thus appears that the only version of the semantic argument that
remains interesting for the ontological realist to explore is the “mixed”
internal-to-external version. Here we have no obvious problems with
the first premise. Instead it is the second premise with its shift of
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perspective from internal to external that can be questioned. Part of
the point of drawing a distinction between internal and external was
to illuminate the fact that there is a possible confusion in the debate
between realists and non-realists about mathematics, where statements
made in a mathematical context with no pretense to ontological insight
are taken as evidence of the existence of causally isolated mathematical
entities. Given that there is such a confusion, it will feed on any
transition from internal to external or vice versa that is not supplied
with an explicit justification. In the present case of an attempted
move from internal truth to external existence, I cannot see what that
justification could consist in. I therefore conclude that the premise
(2′′′) and, consequently, the entire internal-to-external version of the
semantic argument should be rejected.

This means that we are left with the purely internal version as the
only plausible interpretation of the semantic argument for ontological
realism about mathematics. But what about the indispensability argu-
ment? Even if it is very similar to the semantic argument, it has some
distinctive characteristics that perhaps makes it immune to some of the
objections that have been presented so far. For instance, the connection
between mathematics and empirical science that the argument makes
could seem promising to the ontological realist. Could it not be the case
that a connection like that is precisely what is needed to establish that
mathematics is true, not only in the internal sense, but externally as
well? If so, the external semantic argument could in a sense be revived.

According to the indispensability argument, the fact that mathemat-
ics is indispensable to scientific theories that we have reasons to believe
are true gives us reasons to believe that mathematics also is true. The
question now, in light of the internal/external distinction, is whether
indispensability gives us reasons to believe that mathematics is true in
a sense that leads us to accept the external existence of mathematical
objects. I suggest that it does not, since we can, once again, appeal
to the irrelevance of mathematical objects: our mathematical theories
may very well be indispensable when it comes to expressing facts about
the concrete world in a manageable way, but this is not equivalent
to the indispensability of mathematical objects. Their supposed non-
spatiotemporality and causal isolation indicate that they are unable to
have any discernible effects on empirical phenomena.12 Hence, I see

12Colyvan [32, p. 302 f.] argues to the contrary that mathematical objects, in fact,
do noticeable explanatory work in empirical science. He exemplifies this with how an
analysis of eigenvalues can explain, e.g., the absence of asteroids from certain parts of
space, or properties of suspension bridges. According to Colyvan, even if it is possible
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no reason to accept the external truth of mathematics on the basis of
indispensability considerations.

In other words, the conclusion drawn a couple of paragraphs back,
i.e. that the internal version of the semantic argument is the only
plausible one, still stands. On this interpretation, the argument does not
establish the kind of metaphysical existence claim that the ontological
realist had in mind. In the final section of this chapter, I will attempt to
answer the question what the argument does instead, by investigating
how the notions of internal truth and existence can be understood.

7.4 Internal truth and existence

We have a strong intuition that the results of mathematics are largely
true. Moreover, we are inclined to believe that given the fundamental
principles of some mathematical theory, there is a right way to continue
it. For instance, many of us think that there are statements that
have remained undecided for centuries, like Goldbach’s conjecture
or the twin prime conjecture, that nevertheless have objective and
determinate truth-values. Fictionalists have wanted to account for
this intuition in a way that does not involve truth, since they have
thought that by admitting mathematical truth, they would be forced to
accept the existence of abstract mathematical objects. Previously in this
chapter I have suggested that there are indications—for instance the
possibility of introducing a distinction between internal and external
statements—that the fictionalist decision to give up on mathematical
truth has been premature and based on an unnecessarily narrow idea
of what this truth can consist in. Of course, any nominalist must reject
mathematical truth defined in terms of correspondence to a realm of
abstract objects, but could there not be other options?

Instead of truth, fictionalists typically speak of correctness. A
common element of fictionalist accounts of mathematics is therefore
the formulation of some sort of correctness criteria for mathematical
statements. For fictionalism to be at all tenable, it is important that
these correctness criteria are such that they render correct precisely
those sentences that a realist would call true. This suggests that what
the fictionalist calls ‘correctness’ might very well be an appropriate
candidate for internal truth.

to give causal, non-mathematical explanations of particular phenomena “[s]uch causal
explanations are [. . .] piecemeal and do not tell the whole story”. However, I do
not see how his argument shows that it is the mathematical entities rather than the
mathematical theories that are necessary for the mathematical explanations.
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As we saw in chapter 6, one kind of fictionalist correctness criterion
is that a mathematical sentence is correct if and only if it answers
to our conception of the related part of mathematics. For instance,
Balaguer [4, p. 98 f.] writes:

[I]t seems that sentences like ‘2 + 1 = 3’ are objectively correct,
whereas sentences like ‘2 + 1 = 4’ are objectively incorrect, and
fictionalists and [realists] have to account for this. [. . .] [Fictional-
ists] can say that sentences like ‘2+1 = 3’ are part of the standard
story of arithmetic, whereas sentences like ‘2 + 1 = 4’ are not.
Moreover, fictionalists can follow [realists] in maintaining that
arithmetical standardness is ultimately determined by what is,
and what is not, “built into” our full conception of the natural
numbers.

A similar idea is expressed by Leng [77]. She argues that “consistency,
rather than truth, is an essential mark of a good mathematical the-
ory” and that “our intuitive conception of mathematical structures
can provide some grounds for believing the consistency of axiomatic
mathematical theories such as ZFC or PA”.13

So just like platonists, these fictionalists believe that we can have
conceptions of mathematical structures like the natural numbers or the
universe of sets. The difference is that fictionalists do not believe that
having these conceptions commits us to accepting the actual existence
of corresponding abstract structures. Their idea is rather that our
conception of a mathematical structure is a kind of description of how
we think of the related part of mathematics. At least in some cases, such
descriptions can be inspired by objects and structures that we encounter
in the physical world. The structure of natural numbers is one example
of this. Leng [77, p. 106 f.] writes:

[I]t is not too much of a stretch to suggest that we are familiar with
actual structures that satisfy the Peano axioms, not just imagined
ones. We are certainly familiar with many examples of initial
segments of ω-sequences (in space and time), and it is not a huge
stretch to imagine these sequences continuing in the same way
without end, even if we do not ourselves grasp those structures in
their entirety.

But our conceptions of a mathematical structure comprises more
than a pictorial description of the structure in question. If we again take

13See Leng [77, p. 84, p. 106].
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the natural numbers as an example, Balaguer [5, p. 90] argues that our
full conception of them is “the sum total of all of our “natural-number
thoughts” and everything that follows from these thoughts”. This means
that our full conception of the natural numbers contains much more
information than what we get from the Peano axioms:

All the axioms and theorem of PA are clearly built into FCNN [i.e.
our full conception of the natural numbers], but there are also
sentences in FCNN that are not theorems of any of our axiomatic
theories—e.g., ‘The number 4 is not identical to any emperor of
ancient Rome’. And there are also purely mathematical sentences
of this sort; for it is surely built into our notions, conceptions,
intuitions, and so on that the Gödel sentences of our axiomatic
theories are true.14

In other words, we should not think of our conception of a math-
ematical structure as a formal theory, but rather as something that, in
a broad sense, provides a framework for our mathematical reasoning
about that structure.

Now, given that conceptions can help us to formulate adequate
correctness criteria, and given an internal/external distinction that
allows internal statements to be evaluated independently of same-
sounding external statements, it seems that nothing really stands in the
way of interpreting correctness as internal truth. The nominalist would
then be freed from having to think of mathematical truth as something
that rests on a mysterious platonic realm of abstract entities and could
thereby avoid the fictionalist conclusion that our mathematical theories
are largely false. Instead we would have a situation where nominalists
can coherently claim that it is literally true, in the internal sense, that
there are infinitely many prime numbers and still deny, in the external
sense, that numbers exist.

Another advantage of understanding internal truth in terms of
agreement with our conceptions of various mathematical structures is
that this can help us to understand the notion of internal existence
as well. As I have already mentioned, the fact that we can conceive
of a mathematical structure does not mean that there must exist

14Balaguer [5, p. 91]. Note that the fact that some formally undecidable questions are
settled by our conceptions does not mean that this holds for every formally undecidable
question, since the strength and fullness of our conceptions vary between different
structures. However, our conceptions are not static, so given a question about some
mathematical structure that is not decided by our present conception of that structure,
it is quite possible that a future, more developed version of that conception will settle
the question.
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a corresponding abstract structure. For instance, we can base our
conceptions on experiences of concrete, physical structures. We may
also notice that the irrelevance challenge presents itself once again in this
connection: when we think of what abstract structures are supposedly
like—that is, mind- and language-independent, non-spatiotemporal,
causally inert, etc.—it appears that their existence will be of little use
to us, and that we can get just as much information (or more) from
considering a conceived structure as an actually existing abstract one.
This is apparently what Yablo [123, p. 281] has in mind in the following
passage about what it means to find a countermodel:

It takes only a little thought to realize that the activity called
“finding a countermodel” really just consists in describing to
yourself what the countermodel would have to be like if it existed.
It consists in laying down a blueprint for a model of the appropriate
sort. The issue of whether anything in fact answers to the blueprint
is not taken up and indeed seems rather beside the point.

It seems to me that this line of reasoning can be applied to any kind
of abstract entities that we, on the ontological realist’s view, encounter
when doing mathematics. In other words, an accurate description
of what ordinary mathematical practice consists in should mention
“the study of structures as we conceive of them” rather than “hands-
on experience of actually existing abstract structures”. Furthermore, it
should be clear that the accuracy of describing part of mathematical work
as the study of structures as we conceive of them has nothing to do with
whether or not there “really” exist corresponding abstract structures.
Instead, what makes the description accurate is that mathematics is
intended to be interpreted internally and is therefore indifferent to
externally existing abstract entities.

These considerations lead me to propose that, just as we can un-
derstand internal mathematical truth in terms of agreement with our
conceptions of mathematical structures, we can understand internal
mathematical existence in terms of our conceptions of mathematical
structures. That is, when we say that a mathematical object exists, this
means that a complete description of what the related part of mathe-
matics is like would include mentioning of the object in question. Such
an understanding seems to be in accordance with mathematical practice
and keeps us from committing ourselves to the external existence of
entities that have no relevance for actual mathematics.15

15This line of reasoning where the mathematical perspective is seen as clearly sep-
arated from the ontological, or philosophical perspective is somewhat reminiscent of
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Maddy’s [86] mathematical naturalism. Although she does not explicitly make an
internal/external distinction, she places great emphasis on the independence of math-
ematics from philosophy. Consider, for instance, the following passage (Maddy [86,
p. 192]): “[M]athematical practice itself gives us little ontological guidance. [. . .]
[T]he methods of mathematics—the methods used to select its axiom systems, struc-
ture its proofs, determine its research directions—tell us no more than that certain
mathematical objects exist. They tell us nothing about the nature of that existence”.
Thus, Maddy argues that—unlike the case of natural science, where it seems that
at least some philosophical questions can be approached and dealt with from an
“internal” perspective—purely mathematical information and mathematical methods
cannot be used to settle ontological questions about mathematics or determine which
philosophical account of mathematics is right.



Chapter 8

Coda

My objective in this final chapter is to try and relate the approach that I
outlined in chapter 7 to both fictionalism and ontological realism about
mathematics. Let me begin, however, with a brief summary of the main
points so far.

The starting point of this study lies in a set of apparently conflicting
intuitions that we may have about mathematics. Several of these
intuitions can be backed up by quite compelling arguments, which
means that they cannot be dismissed without effort. On the one
hand, there are considerations that seemingly point toward ontological
realism. For example, we find it natural to assume that our mathematical
theories are true. Such an assumption need not necessarily be based
solely on intuition, but can be the result of observing, e.g., the role
that mathematics and mathematical statements play both in everyday
life and in other scientific theories. Now, as we saw in chapter 2,
once we have accepted the truth of certain mathematical statements, a
rather convincing case can be made that we should accept the existence
of mathematical objects as well. The easiest and most obvious way
to construct an argument to that effect is to take any mathematical
theorem that asserts the existence of some mathematical objects and
point out that in order for that theorem to be literally true, the objects
mentioned in it must reasonably exist.

Moreover, when we think about the nature of mathematical objects,
whether they are numbers, sets or something else, it appears that they
are different from ordinary physical objects in several respects. For
one thing, we cannot see them or touch them or in any other way
perceive them with our senses. Nor do they seem to have been created
by anyone or to have come into existence at some particular moment
in time. These characteristics, among others, lead us to the conclusion
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that mathematical objects—given that they exist—are a kind of abstract
entities that are independent of mind and language.

On the other hand, we saw in chapter 3 that there are several intu-
itions and arguments that speak against the acceptance of ontological
realism. The difficulties and doubts arise mainly from the supposed inac-
cessibility of the mathematical realm. Given the non-spatiotemporality
and causal inertness of mathematical objects together with their mind-
and language-independence, it is unclear how knowledge of them is
possible and how we manage to identify and refer to them.

Because of these and other worries, various alternatives to mathe-
matical realism have been proposed, some of which I have discussed
above. In particular, I have focused on different sorts of fictionalism
about mathematics. What makes fictionalist accounts especially in-
teresting is that they—like ontological realism—approach mathematics
at face value and interpret mathematical statements as meaning what
they appear to mean.1 In other words, fictionalists agree with ontolog-
ical realists that mathematics when taken at face value is ontologically
committed to abstract objects. Since they want to avoid this kind of
commitment, they argue that mathematics is false. At the same time,
however, they maintain that it is extremely useful and that there is
nothing wrong with using it as it is.2 Thus, fictionalists make huge
efforts to explain how mathematics, in spite of being false, can have all,
or most of, the other positive qualities that are usually associated with
it.

I find fictionalism attractive in many respects. But, as I argued in
chapter 7, the fictionalist decision to give up on mathematical truth
seems unnecessarily drastic. I believe that a better alternative to on-
tological realism can be found by taking into account a third kind of

1It could be objected that this does not apply to Yablo’s figuralism, since mathe-
matical sentences on that view should be thought of as metaphors. This point has
been made by Balaguer [6], who argues that Yablo’s view for this reason should not be
classified as a kind of fictionalism, regardless of the fact that Yablo himself uses this
label. However, as the discussion in chapter 6 showed, there are many and striking
similarities between Balaguer’s fictionalism and Yablo’s figuralism when it comes to
the solutions they propose to various problems in the philosophy of mathematics.
Furthermore, even if Yablo thinks of mathematical sentences as metaphorical and as
“really” expressing some true content, he also subscribes to the fictionalist thesis that
mathematics, when interpreted literally, is not true.

2This holds both for “easy-road” fictionalists like Balaguer and Yablo, and for “hard-
road” fictionalists like Field, even though Field argues that in order for fictionalism
about mathematics to be acceptable, we must show that our mathematized scientific
theories have nominalistically statable alternatives. Given that such alternatives can be
found, however, we are free to carry on with our ordinary mathematized science.
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intuition about mathematics that we may have in addition to the realist
intuition about mathematical truth and the non-realist intuition about
the impossibility of acquiring knowledge of mathematical objects men-
tioned above. This third intuition is that the existence of mathematical
objects really is irrelevant to mathematics and mathematical truth. I
have suggested that by drawing a distinction similar to Carnap’s be-
tween internal (“mathematical”) and external (“ontological”) truth and
existence, we can have an understanding of mathematics that allows
us to assume the truth of mathematical theorems without committing
ourselves to the external existence of abstract mathematical entities.

What I propose is thus a sort of intermediate position or compromise
between ontological realism and fictionalism about mathematics that
has quite a lot in common with both these views. So, a relevant question
could be the following: In what way is this not realism? And of course,
it would be equally relevant to ask: In what way is this not fictionalism?
In the next section I will approach these questions by saying a bit more
about the relation between fictionalism and ontological realism.

8.1 Realism without ontology; fictionalism
with truth

As we will see below, the idea that there is a sense in which the differ-
ences between realist views about mathematics and non-realist views
like fictionalism are, in fact, fairly small has been put forward—explicitly
or implicitly—by both realists and non-realists. One of the clearest ex-
pressions of it can be found in Balaguer [4, pp. 152–158]. Besides the
fictionalist view that we dealt with in chapter 6, Balaguer discusses a
version of platonism which he calls full-blooded platonism. The defin-
ing idea of this view is that every logically possible mathematical object
actually exists and, hence, that every logically consistent mathematical
theory is (externally) true.3 From an ontological point of view, this
is apparently nothing like fictionalism. However, there is one point
of agreement between them that serves as a foundation for Balaguer’s
argument that if we look away from ontology and concentrate on what
the two accounts say about mathematics and mathematical practice,
the differences are negligible. The crucial similarity is that both views
deny the existence of causally efficacious mathematical objects. Con-
sequently, even if there are mathematical objects, they seem unable to

3Other names that have been used to describe this view is plenitudinous platonism
(see, e.g., Balaguer [7], Linnebo [81]) and plentiful platonism (see Maddy [86, p. 196]).
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influence our mathematical thinking. As Balaguer puts it:

[I]f mathematical objects are causally inert, then whether or not
there really exist any mathematical objects has no bearing on the
physical world and, hence, no bearing on what goes on in the
mathematical community and the heads of mathematicians.4

In addition to this, there is another similarity between fictional-
ism and the full-blooded variety of platonism that gives rise to their—
according to Balaguer—almost identical accounts of mathematical prac-
tice. As in the case of the causal inertness of mathematical objects, this
similarity is also connected to the ontological perspective: since full-
blooded platonism claims that every logically possible mathematical
object exists and fictionalism claims that no mathematical objects ex-
ist, they agree with each other that there cannot be any metaphysical
reasons for preferring one consistent mathematical theory to another.
In particular, questions having to do with such issues as mathematical
correctness or whether it is appropriate to accept a certain mathemati-
cal theory should be answered by mathematicians using mathematical
methods and not by philosophers under the influence of ontological
prejudices.

Although full-blooded platonism is a non-standard kind of platon-
ism, this example suggests that different opinions concerning ontologi-
cal matters need not necessarily lead to any differences in opinion when
it comes to philosophical questions related to mathematical practice.

Yablo [124, pp. 84–85] also notes that there is a sense in which
platonists and nominalists/fictionalists seem fully able to communicate
about mathematics:

Nominalists and platonists do not disagree about the number of
even primes. Of course, the nominalist is talking about numbers
as they are to be postulated in the game. But the platonist has, or
should have, no real objection to this. The numbers she postulates
are supposed to be really there. But apart from that one detail, they
are indistinguishable from the numbers as the arithmetic-doing
nominalist imagines them.5

However, Yablo argues, even if the mathematical communication is
successful, the platonist may still be disturbed by the nominalist’s un-
willingness to admit that mathematical objects are not merely imagined.

4Balaguer [4, p. 157].
5Yablo [124, p. 84].
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Yablo represents this as a form of confusion that afflicts the platon-
ist and arises from an inability to keep mathematical and ontological
questions properly separated: the platonist thinks that she is asserting
the ontological reality of numbers when she states the mathematical
theorem that there are infinitely many prime numbers, but in fact
mathematics says nothing about ontology.6

By contrast, a realist like Burgess [21] argues that it is the nominalist
who is confused and unable to refrain from using mathematics to draw
substantial ontological conclusions:

The nominalists assume that they have an understanding of what
it would be for a mathematical object or entity to exist that is in-
dependent of ordinary mathematical standards of sufficient proof
[. . .] So-called realism is really just skepticism about the existence
of any understanding of what “existence” means in mathemat-
ics that is independent of ordinary mathematical standards for
evaluating existence proofs.7

What Burgess is advocating here is a thin realism. I mentioned
this kind of view when I introduced the notion of strong platonism
in chapter 2.1.3 above. According to thin realism, there is nothing
mysterious or problematic about abstract entities. Their existence is a
simple consequence of, e.g., our mathematical theories. Thus, Burgess
is willing to admit that if our mathematical theories had been different,
then the mathematical objects to which mathematics is ontologically
committed would have been different too. Furthermore, he argues that
the reason that objects play such an important role in our mathematical
and scientific theories is that nouns play an immensely important role
in our language. It is conceivable that, for instance, the members of a
species of space aliens have a language that is structured in a radically
different way than ours, so that their scientific theories do not speak
about objects at all:

[T]he mathematical objects that figure in our current scientific
theories are there largely because of what we are (and the way
our interaction with the universe has gone) rather than because
of what the universe is like. Positing numbers may be extremely
convenient, and in practice even indispensably necessary for us,
but theories that involve such posits cannot be claimed to give a

6See Yablo [124, p. 85].
7Burgess [21, p. 29 f.].
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God’s-eye view of the universe, to reflect the ultimate nature of
metaphysical reality, or anything of the sort.8

There is a fairly strong hint of metaontological anti-realism in
this passage. It seems to suggest that it would be futile to look for
any ontological results that transcend what our mathematical theories
tell us. In other words, Burgess apparently argues that mathematical
existence is internal rather than external. Given this, it is a bit surprising
that he should be one of the most persistent critics of nominalism and
fictionalism.9 After all, nominalists and fictionalists also reject the
external existence of mathematical objects. Moreover, as we have seen
above, fictionalists in general have nothing against mathematics as such.
In fact, it is characteristic of fictionalism that its proponents argue that
we are entitled to use mathematics and mathematical language without
a guilty conscience, even if we do not believe in abstract objects. This
indicates at least some acceptance of internal mathematical existence.

Apart from disapproving of the term ‘fictionalism’, Burgess is clearly
annoyed by the fictionalist rejection of mathematical truth, which he
interprets as a rejection of mathematics and science on philosophical
grounds.10 This is certainly an understandable objection and one that
I am sympathetic to in many respects. However, as I have argued, it
seems to me that there is a clear sense in which fictionalists do not
reject mathematics and science, namely the internal sense. To be sure,
fictionalists say that they do not believe in mathematical truth, but the
most reasonable interpretation of such declarations appears to be that
they are rejections of external mathematical truth, since—given that the
fictionalist notion of correctness can be interpreted in terms of internal
truth—fictionalists do believe that mathematics is internally true.

Suppose that we accept a distinction between internal and external
truth and existence. It then seems that we can describe the conflict
between realists and fictionalists in the following way: (thin) realists
argue that mathematics is internally true and that mathematical objects
exist in the internal sense. These realists interpret fictionalists as
rejecting internal truth and existence. Fictionalists, on the other hand,
argue that mathematics is not externally true and that there do not exist
any mathematical objects in the external sense. They take ontological
realism to consist in an acceptance of external truth and existence with
respect to mathematics.

8Burgess [23, p. 43].
9See, e.g., Burgess [19, 22, 23], Burgess and Rosen [24], Rosen and Burgess [108].

10Cf. Burgess [23, pp. 44–46].
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If this analysis is correct, then there is no conflict between realists
and fictionalists but rather a misunderstanding that could be resolved by
pointing out the possibility of drawing the internal/external distinction,
thereby obtaining a clear separation of mathematics and ontology. In
this way we could accommodate both the intuition that mathematics is
true and the intuition that we cannot have knowledge of causally inert
abstract entities. Thus, realists and fictionalists could find common
ground in a realism without ontology, or a fictionalism with truth.

But what should we say about strong platonists—those ontological
realists who are not thin realists, i.e. those realists who really believe
in the external existence of mathematical objects? Burgess [21, p. 29]
claims that there are no such realists, and writes: “I have never known
a single realist who was in any meaningful sense a Platonist”. Lin-
nebo [81] argues in a similar vein that it is unclear what platonism
amounts to and where we should draw the boundary between platon-
ism and thinner kinds of ontological realism. According to Linnebo,
platonism can be defined as the conjunction of three claims that he
labels existence, abstractness, and independence (“of intelligent agents
and their language, thought, and practices”). The first two of these
are more or less self-explanatory. The independence claim, however,
is more difficult to understand. Perhaps the most natural account of
what it means for mathematical objects to be independent of intelligent
agents would be to say that

had there not been any intelligent agents, or had their language,
thought, or practices been suitably different, there would still have
been mathematical objects.11

Although this goes beyond what Burgess is willing to assert in his
thin realism, Linnebo argues that it does not suffice as an exclusive
characterization of a “robust” version of platonism according to which
mathematical objects are analogous to physical objects. For instance,
Balaguer’s full-blooded platonism is not robust in this sense, but it
is likely that its objects are nonetheless meant to satisfy the above
independence claim. Moreover, it is not clear how a platonistic inde-
pendence claim should be formulated in order to capture the kind of
robustness that excludes approaches compatible with internal accounts
of mathematical existence. This could be taken as further evidence
that the idea of mathematical existence as external to mathematics
and mathematical practice is, in fact, quite foreign to the philosophy
of mathematics and that—just as in the case of existence assertions

11See Linnebo [81].
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made within mathematics—philosophical assertions of the existence of
mathematical objects should by default be interpreted as internal.

8.2 Concluding remarks

I believe that Burgess is right when he says that our mathematical
theories do not offer us a God’s-eye view of the metaphysics of the
universe. Our mathematical theories do not describe an independently
existing realm of abstract entities. We can appreciate this by observing
the fact that such entities play no active part in reasonable accounts
of mathematical knowledge and the applicability of mathematics. That
is, while it seems to be a fact that we cannot formulate effective
mathematical theories that do not speak about mathematical objects
in some way, there is nothing besides the linguistic formulations of
our theories that indicates the existence of mathematical objects in any
substantial sense.

To me, this suggests that it is misleading to speak of mathematical
theories as being “ontologically committed” to the existence of certain
entities, unless we make it very clear that we are speaking of an internal
“ontological” commitment. Perhaps a better way of putting it, that is
more closely related to what is really going on, would be to say that our
mathematical theories are “linguistically committed” to certain entities.
In other words, our minds and languages are constructed in a way that
makes it natural for us to speak of objects. But there is something
far-fetched and almost arrogant about the idea that our language and
theories can be used as conclusive sources of information as to what
“really” exists.

Consequently, disbelief in the external existence of mathematical
entities and the external truth of mathematical statements gives us
no reason to give up ordinary mathematical language. The important
thing is that we believe what mathematics says internally, and that belief
seems to be one that is built into our general acceptance of mathematical
discourse.
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Sammanfattning

Matematiken är full av existensutsagor, påståenden av typen ”Det finns
ett x sådant att P (x)”. Ett inflytelserikt argument för tesen att det
existerar matematiska objekt i ontologisk mening baseras på idén att
många — kanske de flesta — av dessa matematiska existensutsagor är
bokstavligen sanna. Tag till exempel påståendet ”Det finns ett primtal
mellan 25 och 30”. För att detta ska kunna vara bokstavligen sant tycks
det krävas att det faktiskt finns sådana entiteter som primtal.

Matematiska objekt skiljer sig från de ting vi omger oss med till
vardags genom att de är abstrakta. Detta innebär att de är otillgängliga
för våra sinnen; vi kan inte se dem eller röra vid dem. De har inte heller
någon direkt eller indirekt kausal inverkan på oss och de finns inte tiden
eller rummet. Så hur kan vi veta något om dem? Hur kan vi veta att
det faktiskt finns något som vi beskriver med våra matematiska teorier?
Och hur kan vi veta att våra beskrivningar i så fall är riktiga?

Här finns alltså till synes en konflikt mellan två intuitioner: Å ena
sidan är vi benägna att tro att många matematiska existensutsagor
är bokstavligen sanna och att vi därmed bör erkänna existensen av
matematiska objekt. Å andra sidan har vi svårt att förklara hur kunskap
om sådana objekt är möjlig, vilket antyder att de kanske inte har så stor
betydelse för vår matematik trots allt. I min avhandling diskuterar jag
den här konflikten och föreslår en lösning enligt vilken vi kan förstå
matematikens teorem som bokstavligen sanna utan att därigenom vara
förpliktigade att anta existensen av abstrakta matematiska objekt.

Avhandlingen kan ses som indelad i tre delar. Den första delen
består av kapitlen 2 och 3 och behandlar definitionen av matematisk
realism samt argument för och emot tesen att det existerar abstrakta
matematiska objekt. I kapitel 2 urskiljer jag först två aspekter av
matematiska realism, nämligen en ontologisk aspekt som betonar ex-
istens oberoende av språk och medvetanden som en karakteristisk
egenskap hos realism och en semantisk aspekt enligt vilken realism har
att göra med att satser har bestämda sanningsvärden oberoende av hu-
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ruvida vi har möjlighet att veta vilka dessa sanningsvärden är. Därefter
definierar jag stark platonism med avseende på matematik som en
position som förenar ontologisk och semantisk realism och som vidare
antar ett relativt starkt samband mellan matematiska teoriers sanning
och existensen av de objekt som teorierna talar om. För att illustrera
vad stark platonism innebär diskuterar jag hur den kan tillämpas på
Peano-aritmetiken respektive Zermelo-Fraenkels mängdlära. I sam-
band med detta tar jag även upp några svårigheter som en platonistisk
förståelse av matematiken tycks ge upphov till.

Kapitel 2 avslutas med en redogörelse för två inflytelserika argument
för ontologisk realism med avseende på matematiken: det semantiska
argumentet och oundgänglighetsargumentet. Bägge dessa argument
bygger på idén att den bokstavliga sanningen hos (åtminstone vissa)
matematiska satser förutsätter existensen av matematiska objekt. Givet
att våra matematiska teorier är sanna tycks det därmed som om vi är
tvungna att acceptera att sådana objekt existerar. Oundgänglighets-
argumentet innehåller dessutom ett delargument som motiverar varför
vi är berättigade att tro att åtminstone vissa av våra matematiska teorier
är sanna. Anledningen är, enligt detta argument, att matematiska
teorier är oundgängliga för den empiriska vetenskapen.

I kapitel 3 studerar jag några möjliga invändningar mot ontologisk
realism med avseende på matematik. Den första av dessa uppstår ur vår
oförmåga att identifiera matematiska objekt, t.ex. de naturliga talen,
på ett sätt som går utöver vad våra teorier säger om dessa objekt. De
objekt som en matematisk teori handlar om kan ofta bara karakteriseras
upp till isomorfi, vilket innebär att vi har oändligt många likvärdiga
möjligheter och inget bestämt svar på frågan vilka objekt det är teorin
”egentligen” handlar om. Detta tycks strida mot den ontologiska
realistens intuition att matematikens objekt är väldefinierade.1 Den
andra svårigheten som jag tar upp är känd som Benacerrafs dilemma.
Dilemmat uppstår ur följande observation: Å ena sidan tycks den mest
rimliga semantiken för matematiken implicera existensen av abstrakta
matematiska entiteter. Men å andra sidan tycks abstrakta objekt vara
isolerade från oss på ett sätt som omöjliggör kunskap om dem.2 Den
tredje invändningen — irrelevansutmaningen — är att existensen eller
icke-existensen av matematiska objekt inte tycks ha någon inverkan
på vad vi kan åstadkomma med våra matematiska teorier. Eftersom
allt tyder på att matematiska objekt inte interagerar med människor
eller andra konkreta objekt, så är det svårt att se på vilket sätt de

1Se Benacerraf [10].
2Se Benacerraf [11].



175

överhuvudtaget är relevanta.

Jag avslutar kapitel 3 och avhandlingens första del med att presen-
tera ett antal önskemål som en ideal matematikfilosofi bör uppfylla. Till
exempel bör den kunna redogöra för matematisk sanning, hur matem-
atisk kunskap är möjlig, samt matematikens tillämpbarhet i empiriska
vetenskaper.

Avhandlingens andra del består av kapitlen 4, 5 och 6 och tar upp
några olika alternativ till ontologisk realism beträffande matematik. I
kapitel 4 presenterar och diskuterar jag Hartry Fields [48] nominalis-
tiska program. Field menar att det enda argument för existensen av
matematiska objekt som är värt att ta på allvar är oundgänglighetsargu-
mentet. Han accepterar alltså att matematiken är ontologiskt förbunden
till antagandet av abstrakta objekt. Eftersom han inte tror att sådana
objekt finns försöker han visa att matematiken inte är oundgänglig
för vetenskapen. Idén är att om oundgänglighetsantagandet är falskt
så har vi inga skäl att tro att matematiken är sann och därmed inga
skäl att tro att det existerar matematiska objekt. Två saker krävs för
att genomföra detta program: För det första måste Field förklara hur
matematiken kan vara användbar i tillämpningar trots att den inte är
sann. För det andra måste han visa att våra vetenskapliga teorier kan
formuleras nominalistiskt, dvs. på ett sådant sätt att alla referenser
till och kvantifiering över abstrakta entiteter elimineras. Båda dessa
punkter innebär stora svårigheter och det finns mycket som tyder på
att Fields program kommer att vara mycket svårt eller till och med
omöjligt att slutföra. Några av de invändningar som formulerats mot
Fields ansats diskuteras i slutet av kapitel 4.

Kapitel 5 handlar om Rudolf Carnaps [26] distinktion mellan interna
och externa existensutsagor. Enligt Carnap är det meningslöst att ställa
frågan huruvida till exempel matematiska objekt ”verkligen” existerar.
Istället hävdar han att det vi gör när vi accepterar existensen av en viss
typ av entitet är att vi accepterar ett språkligt ramverk som ger oss
den uttryckskraft vi behöver för att kunna tala om de nya entiteterna.
Inom ett sådant ramverk, dvs. internt, är det självklart att entiteterna
existerar, medan det utanför ramverket, dvs. externt, är omöjligt att ens
tala om dem. Carnap menar att den enda typen av extern existensfråga
som kan vara meningsfull att ställa är huruvida vi bör acceptera ett visst
ramverk. Svaret på en sådan fråga har inget att göra med metafysiska
fakta eller ontologiska insikter. Snarare är det så att nya språkliga
ramverk bör accepteras på grundval av pragmatiska beslut.

Carnaps distinktion har kritiserats av Quine, som menar att distink-
tionen mellan internt och externt inte kan göras eftersom den bygger
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på en annan omöjlig distinktion, nämligen den mellan analytiska och
syntetiska sanningar. Emellertid har det argumenterats — enligt min
åsikt på ett övertygande sätt — att Quine är förvirrad i sin kritik och att
den bygger på en feltolkning av Carnaps synsätt.

Kapitel 5 avslutas med en kort diskussion om metaontologi, dvs.
den disciplin som studerar frågor av typen ”Är ontologiska frågor
meningsfulla?” eller ”Har ontologiska frågor bestämda svar?”. Carnaps
ansats är ett exempel på ett synsätt enligt vilket ontologiska frågor
inte är meningsfulla. Däremot finns det liknande ansatser som tyder
på att det är möjligt att göra en Carnapsk distinktion mellan internt
och externt utan att samtidigt avfärda det externa perspektivet som
meningslöst.3

I kapitel 6 diskuterar jag några typer av fiktionalism. De här
synsätten liknar Fields genom att de menar att matematiken är bok-
stavligen falsk. Deras förespråkare skiljer sig dock från Field genom
att argumentera för att en fiktionalistisk ståndpunkt är möjlig även om
det skulle visa sig att matematiken är oundgänglig för empirisk veten-
skap. Till exempel argumenterar Mark Balaguer [4] för att vi givet en
vetenskaplig teori kan skilja mellan dess empiriska och dess platonis-
tiska innehåll. Det empiriska innehållet involverar enbart konkreta och
observerbara entiteter och fenomen medan det platonistiska innehållet
involverar referenser till abstrakta matematiska objekt. Balaguers idé
är att dessa två typer av innehåll helt kan separeras och att det räcker
att det empiriska innehållet är sant för att teorin ska vara framgångsrik.
Anledningen till detta är att de matematiska objektens kausala isolering
innebär att det platonistiska innehållet inte kan ha någon inverkan på
teorins konsekvenser beträffande den fysiska världen.4

En annan fiktionalistisk ansats är Stephen Yablos figuralism.5 Den
bygger på en tolkning av Carnaps distinktion mellan internt och ex-
ternt enligt vilken interna påståenden kan förstås som metaforiska
eller bildliga och externa påståenden som bokstavliga. Yablo argu-
menterar för att det finns många likheter mellan matematiskt och
metaforiskt språk och menar att dessa likheter gör det rimligt att anta
att matematiska påståenden egentligen är avsedda att förstås som ett
slags låtsaslek.

Avhandlingens tredje och avslutande del består av kapitlen 7 och 8.
Jag inleder kapitel 7 med att rekapitulera de alternativ till matematisk
realism som presenterades i kapitlen 4–6. Dessutom diskuterar jag

3Ett exempel på en sådan ansats ges av Hofweber [68].
4Det här resonemanget påminner om irrelevansutmaningen i kapitel 3.
5Se Yablo [121, 124, 125].
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kortfattat i vilken utsträckning dessa alternativ uppfyller önskemålen
som listades i slutet av kapitel 3. Huvudsyftet med kapitel 7 är dock
att skissera ett nytt alternativ till ontologisk realism med avseende på
matematik. Jag menar att en ontologisk icke-realist borde ifrågasätta
det samband mellan sanning och ontologi som förutsätts i argumenten
för ontologisk realism och att en distinktion i Carnaps anda mellan
interna och externa påståenden kan användas för detta ändamål. Givet
att matematiska existenspåståenden kan tolkas på två olika sätt —
internt och externt — kan man inte anta att deras interna sanning gäller
som evidens för den externa existensen av matematiska objekt. I syfte
att klargöra vad intern sanning och existens innebär föreslår jag att
intern sanning kan tolkas som det fiktionalisterna kallar korrekthet i
förhållande till våra konceptioner av matematik. På motsvarande sätt
skulle påståenden om intern existens kunna förstås som påståenden
om våra konceptioner av exempelvis matematiska strukturer. Jag
argumenterar för att vår matematiska praktik i kombination med de
svårigheter med ontologisk realism som togs upp i kapitel 3 indikerar
att vi kan få ut minst lika mycket information genom att studera en
tänkt struktur som en faktiskt existerande.

I kapitel 8, slutligen, sammanfattar jag de argument som förts fram i
avhandlingen och gör några kortfattade anmärkningar beträffande hur
mitt synsätt förhåller sig till såväl ontologisk realism som olika typer av
fiktionalism.
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