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Mathematical reasoning can be categorised into formal and informal ones on the 

basis of the type of used arguments. Both types of reasoning are needed in 

mathematics, but students usually tend to restrict their reasoning either to formal or 

informal mode only. Three examples collected and re-analysed from earlier studies 

reveal some critical features of this kind of restricted reasoning: A formal reasoning 

may easily become dependent on memory or authoritative references or it may 

become superficial imitation of algorithms. Informal reasoning, for one, may easily 

be based on intuitive conceptions, and its validity may be difficult to evaluate.  

ARGUMENTS AND MATHEMATICAL REASONING 

Arguments are closely related to mathematical reasoning. In proving tasks, the aim of 

the reasoning process is to construct an argument, and, in that case, the argument can 

be considered as a product of the reasoning process. Also, in other kinds of tasks 

arguments are essential elements of reasoning, because all the attained results, if not 

purely guessed, are argued in some way. However, the same result or conclusion can 

often be reasoned by using different kinds of arguments. This makes it possible to 

categorise mathematical reasoning on the basis of the type of used arguments. 

According to Toulmin’s (2003) model of argumentation, the aim of argumentation is 

to construct an explanation (a warrant), for why the information concerning the 

initial state (the data), necessitates the statement which is argued (the conclusion). In 

some cases, also a justification for the authority of the warrant (backing) is also 

needed. The warrants of mathematical arguments in their final forms are usually 

required to be based on the elements of an axiomatic system, that is, on definitions, 

axioms and previously proven theorems. These kinds of formal arguments are needed 

in verifying and systematising mathematical knowledge (de Villiers, 1999). On the 

other hand, the warrants of mathematical arguments may be based on visual, physical 

or other concrete interpretations. These kinds of informal arguments have an 

important role in engendering personal understanding (Raman, 2003; Weber & 

Alcock, 2004). By applying this categorisation of arguments, mathematical reasoning 

can be categorised into formal and informal ones depending on the type of the used 

arguments. 

In this paper, some examples about formal and informal reasoning concerning the 

concept of derivative are presented and discussed. The purpose is to catch critical 

features of formal and informal reasoning. Three earlier studies (Viholainen, 2006; 

2007; 2008) are combined and re-analysed. 
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STUDENTS’ TENDENCY TO RESTRICTED REASONING 

According to some earlier studies, it seems to be difficult for students to use formal 

and informal reasoning simultaneously. It has been found that, especially, in the area 

of analysis, students often avoid to use definitions (Pinto, 1998; Viholainen, 2007; 

Vinner, 1991), but they rather tend to use methods and arguments, which are not 

connected to a theoretical knowledge (Juter, 2005; Tsamir, Raslan & Dreyfus, 2006). 

On the other hand, Weber and Alcock (2004) have found cases where undergraduate 

students’ reasoning was too much restricted around the formal definitions. In this 

case, the reasoning considered group theory and convergence of sequences. 

In the case of the concept of derivative, students’ tendency to avoid formal reasoning 

came out in the study presented in Viholainen (2007). In this study, the following 

task was given to 18 mathematics teacher students: 

“Problem 3: Let 



f :R R, f (x) 
x4 cos(1/ x3 ), x  0,

0, x  0.





 

Is the function f differentiable?” 

It was noticed that majority of the students started by an informal method to solve 

this problem. Only a couple of students, who had a long and successful study history 

in university mathematics, started by a formal method. These students performed 

quite fast and without any problems a short calculation based on the definition of 

derivative, which led them to a conclusion that the function f was differentiable. In 

addition, they seemed not to doubt their reasoning. Instead, the students who had less 

experience in university mathematics or poorer study success were reluctant to start 

by a formal method. These observations refer to importance of experience in the 

formal reasoning, especially, in the selection between informal and formal methods. 

CRITICAL FEATURES OF FORMAL REASONING  

In the previous task (the “Problem 3” above), the formal reasoning was based 

explicitly on the definition of derivative. However, quite often, formal reasoning is 

not explicitly based on axioms and definitions, but on earlier proven results. For 

example, in the case of derivative, the differentiating rules are frequently used results. 

In fact, any algorithm, which has been proved in a formal way, can be considered as 

an earlier proven theorem, and, thus, applying an algorithm has to be classified as 

formal reasoning.  

Lithner (2008) defines that in algorithmic reasoning the “strategy choice is to recall a 

solution algorithm” and that “the remaining reasoning parts of the strategy 

implementation are trivial for the reasoner, only a careless mistake can prevent an 

answer from being reached” (p. 259). According to Lithner, in algorithmic reasoning 

the applied algorithm is chosen on the basis of surface features of the task. Lithner 

considers algorithmic reasoning as one type of imitative reasoning, which is based on 

imitation of ready-made models. However, if algorithms are used in formal 
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reasoning, it is not enough only to select and apply an algorithm, but also to reason, 

why it is appropriate and justified in a given situation to apply the algorithm in 

question.  

An illustrative example of careless use of formal results is presented in Viholainen 

(2008). In this case, Mark, a fifth-year mathematics teacher student, studied the 

differentiability of piecewise defined polynomial functions by differentiating both 

expressions used in the definition of the function and by checking if both the 

expressions obtained equal values at the point where the expression was changed. 

This method is correct, but it requires that the function in question is continuous. 

Mark did not take this condition into account. He studied differentiability of several 

functions, and his method seemed to work well. However, the following function led 

him to a conflict: 



f4 (x) 
x, x 1,

x 1, x 1.





 

Following the rule described above, Mark differentiated both the expressions x and 

x+1 and compared the values of derivatives at the point x=1. This led to a conclusion 

that this function is differentiable at the point x=1. However, Mark had a strong 

conception that differentiability requires continuity. After a while, Mark finally 

decided to examine the problem with the definition of derivative. He made a 

calculation presented in Figure 1. 

  

Figure 1: Mark’s calculation. 

Mark calculated the difference quotients to both of the polynomials. This is a general 

way to calculate the derivative functions by using the definition of derivative. Mark 

concluded that, because the results were equal, the function was differentiable. 

Furthermore, he concluded that he remembered wrongly the relationship between 

continuity and differentiability: According to him, this example showed that a 

differentiable function is not needed to be continuous. 

This example illustrates some dangers of formal reasoning. Mark did not take into 

account that continuity of a function was a prerequisite for the differentiating method 

he applied. Perhaps, Mark did not remember this condition. In addition, in this 

situation, he did not have any reference available to check the conditions of the 
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method. This illustrates that formal reasoning based on earlier results is strongly 

dependent either on memory or on authoritative references: If the applied results are 

not rediscovered and reproved, all the details of them need to be memorized or 

warranted by some authority. On the other hand, students do not necessarily worry 

about the pre-requisites of methods, but their main attention is directed to carrying 

out the procedure. For example, Mark above seemed not even to think about 

prerequisites of the differentiating method he applied, but, despite of that, he had a 

strong confidence on it, and the observation that the method seemed to work very 

well increased this confidence (Viholainen, 2006; 2008). As well, Lithner (2000) has 

found that algorithmic reasoning based on surface features and superficial 

interpretations is common among university mathematics students. In this kind of 

careless use of results the applied piece of mathematical knowledge is not related to a 

wider structure, and, due to that, this kind of action refers to the toolbox (Törner, 

1998) or instrumentalist (Ernest, 1989) view of mathematics, in which mathematics 

itself is not seen interesting, but as a tool/instrument to some other purpose. 

Omitting of details comes also out in Mark’s way to apply the definition of 

derivative. He did not take into account that when the left-hand limit of difference 

quotient is calculated, the value f4(1) cannot be calculated from the function x, but 

from the function x +1. Therefore, this illustrates that a careful consideration of 

details is important not only in applying earlier proven results, but also when 

reasoning is explicitly based on definitions. Mark used the term x0 instead of -1 in his 

calculation, and, thus, he calculated the expressions for the derivative functions of the 

functions x and x+1. This, in fact, refers to algorithmic reasoning defined according 

to Lithner above, because this is a commonly used way to calculate derivative 

functions for polynomials with the definition of derivative. Mark did not reflect what 

the results obtained with this method mean, except that he noted them to be equal.  

CRITICAL FEATURES OF INFORMAL REASONING 

Example 1 

In an interview described also in Viholainen (2006), Theresa, a mathematics teacher 

student having studied four years, remembered that there existed a theorem 

concerning the relationship between continuity and differentiability, but she was not 

sure what it said. She tried to investigate this relationship visually on the basis of 

graphs of different functions. She drew a graph with a corner, and, by drawing 

several possible “tangents” to the corner, she explained that there was no 

unambiguous tangent at this point, and, thus, this function was not differentiable even 

though it was continuous. In this reasoning, her criterion for differentiability was the 

existence of an unambiguous tangent line. However, by using the same criterion, she 

also reasoned that a discontinuous function may be differentiable. She drew a 

parabola with a hole (see Figure 2), and, also a tangent line for the parabola to the 

point where the hole lied. On the basis of that she reasoned that this function was 

differentiable. 
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Figure 2: A parabola with a hole and a tangent line drawn to that point. 

Interviewer:  You think that this is discontinuous but differentiable? 

Theresa:  Yes, because it is possible to draw a tangent! 

These two conclusions led Theresa to a conflict, because she thought she 

remembered that there existed a theorem concerning the relationship between 

continuity and differentiability. However, after rechecking her reasoning, she 

concluded that her memory was wrong. 

Theresa’s reasoning concerning the parabola with a hole reveals one fundamental 

danger of informal reasoning: It may be based on intuitive conceptions, which can be 

incomplete and possibly in contradiction with the formal definitions. In this case, 

reasoning was based on an intuitive conception about the tangent. The tangent drawn 

like in Figure 1 may -of course, misleadingly- seem to fulfil two beliefs which have 

been found to be strong among students: A curve and its tangent have one and only 

one common point, and, a tangent keeps the whole curve in the same semi-plane 

(Biza, Christou & Zachariades, 2008; Biza, Nardi & Zachariades, 2009). Theresa did 

not reflect the essence of tangent enough, but, because the line drawn to the parabola 

at the point with a hole looked like a tangent, she reasoned, without any hesitance, 

that the tangent existed. 

Example 2 

William was the only student who succeeded to solve the “Problem 3” presented 

above in an informal way. He started by sketching the graphs of the functions x
4
, cos 

and 1/x
3
. First, he reasoned on the basis of these graphs that because the values of 

1/x
3
 increases when x approaches zero from the right

1)
, the function cos(1/x

3
) 

oscillates with a very high frequency near zero. He recognized that the oscillation 

happens inside the interval [-1,1]. On the basis of that, he reasoned that the product of 

the functions x
4
 and cos(1/x

3
) cannot get bigger values than the function x

4
. Thus, he 

reasoned that the graph of the function x
4
 cos(1/x

3
) is bounded by the graph of the 

function x
4
 and that it oscillates with an increasing frequency near zero. Even though 

                                           
1
 William did not consider the left side of zero. 
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William did not draw the graph of the function –x
4
, which works as a lower boundary 

for the graph, he drew the graph symmetrically with respect to x-axis. Williams 

sketch is presented in Figure 3. On the basis of the graph, it was easy for William to 

see that the values of the function approached zero when x approached zero, and, 

thus, the function was continuous. 

William did not see any reason to doubt differentiability in other points than in zero. 

In addition, he concluded that a tangent line drawn to origin had to go along x-axis. 

He reasoned this by drawing a line (he spoke about a tangent) to the graph of the 

function x
4
 going through origin (see Figure 3) and explaining that it pivots to a 

horizontal line (x-axis) when the other intersection point approaches origin. 

William: The maximum value of this function follows this x
4
. It, in any case, 

approaches zero. Then, it means that the steepest possible tangent line on 

some given interval (draws the line and shows an interval on x-axis), its 

slope approaches zero… if we follow only the steepest possible one on the 

interval. And, if the interval shortens, it turns to this direction (shows x-

axis). 

 

Figure 3: William’s sketch for the graph. 

Williams’ reasoning resulted in a correct conclusion, but it is ambiguous: On the 

basis of the available data, it is not clear whether William speaks about a secant, 

whose other intersection point with the graph is in origin, or about a tangent drawn to 

the graph at a point on outside origin. If he means a secant, the main idea of his 

reasoning is valid: The secant is in its steepest possible position when the other 

intersection point lies on the graph of the border function x
4
, and, when the interval in 

the neighborhood of origin diminishes, all the secants, whose other intersection point 

is origin and the other inside this interval, approaches x-axis. Williams’ reasoning is 

interpreted in this way in Viholainen (2007). According to this interpretation, the 

only inconsistency in Williams reasoning is the use of word tangent instead of secant. 

However, neither on the basis of the excerpt of Williams’ explanation presented 
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above, nor on the basis of the drawing presented in Figure 3
2)

, nor on the basis of any 

other elements of the data it is possible to refuse the interpretation that he really 

speaks about a tangent drawn to a point at the graph outside origin. If that is the case, 

William’s conclusion about the steepest possible tangent is erroneous. This example 

illustrates the ambiguity of informal argumentation: The validity of the argument can 

be entirely dependent on how the expressions and drawings are interpreted. 

CONCLUSION 

The above-presented examples illustrate some critical properties of formal and 

informal reasoning: The example with Mark illustrates the importance of details in 

formal reasoning, which makes formal reasoning dependent either on memory or 

authoritative references. It also shows that formal reasoning easily becomes 

algorithmic based on imitation of models instead of deep structural/conceptual 

thinking. Theresa’s reasoning with the tangent in a hole reveals that an informal 

reasoning may easily be based on intuitive conceptions, which are not necessarily in 

accordance with the formal theory. Williams’ case, for one, illustrates that evaluation 

and judging the validity of informal reasoning may require interpretation of used 

expressions and drawings, and, therefore, it is not necessarily unambiguous. 

Both formal and informal reasoning have their own purposes, and, therefore, in the 

design and implementation of teaching, they both should be taken into account so that 

students could get opportunities to train both of them. In that, it is valuable to be 

aware of the observed critical features. Perhaps the most important aspect is to 

emphasise connections between formal and informal reasoning and simultaneous use 

of them.  
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