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A B S T R A C T

The thesis analyses the process of pair annihilation into one pho-
ton in a laser pulse. The theory of how to include pulse shapes
in Strong Field QED and the resulting cross section is presented.
The cross section is calculated and estimated for lasers of ELI
and XFEL facilites.

It is found that the effect may be experimentally verifiable at
high frequency XFEL facilities for very finely tuned particle kine-
matics, but negligible at high intensity optical laser facilities such
as ELI.
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1
O V E RV I E W

The advent of Quantum Electrodynamics (QED) in the 1930’s
has redefined the way we understand nature, describing the way
in which light and matter interact with each other. It has man-
aged to unite Quantum Mechanics with Special Relativity and
described many effects such as Lamb shift, the Casimir effect,
virtual photons and Compton scattering to incredible precision
compared with experiments.

A subject which QED is adept at describing is that of intense
electromagnetic fields, so called strong field QED. The influence
of external fields give rise to two types of effects: Modifica-
tions to effects present without fields, and completely new ef-
fects never seen in vacuum. An interesting example of the latter
kind is Schwinger pair production, which describes how in an
electric background field of strength E there is a probability for
a virtual particle pair becoming real through absorbing energy
and momenta from the field (see Figure 1 and [1, 2]). The prob-
ability for this to occur is proportional to exp (−πEc/E) where
Ec = 1.3× 1016 V/cm is a critical field strength above which pair
production becomes abundant [3] and one example of a scale for
when Strong Field QED models are relevant.

A lot of other effects from these models have also been theo-
rised, a few of which along with relevant references are a) Stim-
ulated pair production, modeling an external photon producing
a particle-antiparticle pair within a background field [4]. This
effect was first spotted at the Stanford Linear Accelerator Center
(SLAC) in 1999 [5]. b) Trident pair production, wherein a par-

e−

e+

Figure 1: Top: A photon fluctuating into an electron-positron pair. Bot-
tom: Two real particles are created in a background field. Par-
ticles in background fields are represented by double lines.
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2 overview

ticle in a field emits a photon which splits into a new particle-
antiparticle pair [6]. c) Nonlinear Compton scattering, or parti-
cles scattering against photons in a field [7]. Like stimulated pair
production this effect has been experimentally verified, in 1998

[8], though plans to repeat these experiments exist.
Modern laser facilities are now beginning to reach required

laser powers and intensities for strong field effects such as these
to be of importance. For instance there is the Extreme Light In-
frastructure (ELI) project1, which consists of a number of planned
facilities around Europe meant to further research in radiogra-
phy, hadron therapy and more as well as test predictions of high
field physics. Lasers in ELI are planned to approach fields E
of E . 10−2Ec which will be combined with a high-energy lin-
ear accelerator. Another upcoming facility is the European X-
ray Free Electron Laser (XFEL) in Germany2, using flashes of
high-energy photons to study formation of molecules, complex
biomodules and extreme states of matter and also will be able to
collide beams with high-energy particles from a linear accelera-
tor. These lasers, while still of strengths a few orders of magni-
tude below Ec, or the Schwinger limit, present good opportuni-
ties to verify Strong Field QED effects.

In this thesis the cross section for pair annihilation into a single
photon in shaped laser pulses is studied for lasers that these two
facilities will use. The underlying theory is covered in Chapter
2 and then the results for the XFEL and ELI lasers are calculated
in Chapters 3 and 4 respectively. Conclusions are presented in
Chapter 5.

We begin by introducing the process in the absence of fields.

1.1 pair annihilation in vacuum

Pair annihilation is one of the simplest predictions of QED and
as such has been extensively studied and experimentally veri-
fied many times over [9]. In the process, a particle-antiparticle
pair interact with each other by annihilating and producing new
particles of other types, as allowed by conservation of total spin,
charge, momentum and energy. Consider annihilation into pho-
tons, in vacuum at least two photons must be emitted in the
process, since momentum conservation pµ + p′µ = k′µ for an in-
coming particle pair pµ, p′µ and an emitted photon k′µ means that,
squaring both sides and using k′ 2µ = 0

m2 + p · p′ = 0 . (1.1)

This relation is impossible to fulfil since

p · p′ > m2 (1.2)

1 http://www.extreme-light-infrastructure.eu/

2 http://www.xfel.eu/

http://www.extreme-light-infrastructure.eu/
http://www.xfel.eu/


1.2 second order processes 3

k k′

p p′

Figure 2: Pair annihilation in vacuum, with two emitted photons.

p p′

k′

Figure 3: Feynman diagram for the one-photon channel in pair annihi-
lation. Again double lines indicate particles in background
fields.

which clearly violates (1.1). To lowest order then, pair annihi-
lation must create at least two photons kµ and k′µ to conserve
four-momentum. This process is visualised in Figure 2.

However, in background fields the one-photon channel opens
up since the incoming particles may interact with some number
n of photons kµ in the laser, that is the process pµ + p′µ + nkµ =

k′µ. Squaring this momentum conversation then means

n = −
(pµ + p′µ)2

2k · (p + p′)
, (1.3)

an equation which will be covered in more detail later on. The
Feynman diagram for this process is shown in Figure 3.

1.2 second order processes

When coupling matter to photons in QED, each coupling brings
with it a factor of α = 1/137. Thus the two-photon coupling in
Figure 2 is far more likely to occur than the process in which
three photons are emitted and in general, only the first few or-
ders need to be included in calculations.

In strong field QED this is not necessarily the case, since cou-
plings with the background will affect the processes and laser
parameters may make coupling constants larger than unity. It
has been shown that for certain resonances second-order pro-
cesses may be more important than first-order, but because of
the difficult calculations involved they are very much outside
the scope of this thesis: We only consider a single emission.
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Figure 4: A few higher-order processes in background fields.

For a treatment of second-order effects, see [10].

1.3 notation

Throughout the report natural units are used, setting h̄ = c =

1 with h̄ being the reduced Planck constant and c the speed
of light in vacuum. For four-vectors the metric ηµν = ηµν =

diag(1,−1,−1,−1) is used and scalar products are written as
p · x = ηµν pµxν. The specific product of Dirac γ-matrices and
four-vectors is denoted by the usual Feynman slash as γ · p = /p.



2
PA RT I C L E S I N S T R O N G F I E L D S

Models for particles in background fields range back to the early
years of Quantum Mechanics. This chapter gives an overview
of the physics involved, starting with how one includes such
fields in the theory, early attempts to solve the problem by con-
sidering infinite plane wave-backgrounds and the modern strug-
gle to shape those fields into laser pulses. We finally arrive at
the cross section for one-photon emission by pair annihilation in
background fields of plane waves.

2.1 volkov electrons and the scattering matrix

To develop the theory used in this project, we first need to un-
derstand how background fields affect particles, what form the
scattering matrix takes and how to go from it to the cross section,
a physical quantity that can be measured.

In ordinary Quantum Electrodynamics, the theory stems from
the Lagrangian density [9]

L = −1
4

FµνFµν + ψ̄ (i /D−m)ψ , (2.1)

where the photon field Aµ is included in the field tensors Fµν

and the covariant derivative Dµ as

Fµν = ∂µ Aν − ∂ν Aµ (2.2)

Dµ = ∂µ + ieAµ , (2.3)

ψ, ψ̄ are the usual Dirac spinors for fermions and m the electron
mass. An external laser field Aµ can be incorporated simply by
translating the photon field in this action (see [11] and references
therein), ending up with

Dµ → ∂µ + ieAµ + ieAµ . (2.4)

This added term modifies the electron propagator, which be-
comes dressed by the laser field, represented schematically in
Feynman diagrams as the coupling expansion seen in Figure 5.
Here a problem arises in that there exist fields, for example high-
intensity laser fields, where individual couplings are larger than
unity, meaning that it is not always possible to treat these cou-
plings perturbatively as is usually done in QED.

However, although a general treatment of background fields is
difficult, there also exist fields in which fermion propagators and

5



6 particles in strong fields

= + + + . . .

Figure 5: The electron propagator dressed by a background field, rep-
resented as a coupling expansion. Background field photons
are shown as dashed lines.

external lines actually can be treated exactly. For background
fields consisting of planar waves this is the case; Amputated
external lines are given exactly by so called Volkov wave functions,
known as [10, 12, 13]

Ψp =

(
1 +

e
2k · p /k 6A(ϕ)

)
up eiS(ϕ) (2.5)

S(ϕ) = − p · x−
∫ ϕ

−∞
dϑ

{
ep · A(ϑ)

k · p − e2A(ϑ)2

2k · p

}
, (2.6)

where kµ and pµ are the background photon and electron four-
momenta respectively, A = A(ϕ) again the laser field four-
potential now depending on the phase ϕ = k · x, e the electron
charge and up the ordinary electron spinor. In this way, we can
treat scattering matrix elements exactly and non-perturbatively
in the field coupling. As a note, the lower integration limit in
S can be changed arbitrarily from −∞ as this only changes an
overall phase which cancels in the squared matrix element going
into actual physical quantities [14].

Using these Volkov wave functions, the scattering matrix S f i
can be read off and written down from the Feynman diagram of
the process as shown earlier (see Figure 3) in position space as

S f i = −ie
∫

d4x Ψ̄−p′ /ε Ψp eik′·x (2.7)

for incoming electron-positron pair pµ, p′µ and emitted photon k′µ
with polarisation εµ. With this scattering matrix in mind, we go
to a cross section for the reaction by taking the absolute square,
dividing over the pulse volume V, duration T and incoming en-
ergy flux 4I for

I =
√
(p · p′)2 −m4 , (2.8)

averaging over spins, summing over outgoing polarisations and
integrating over the outgoing momenta [12]:

σ =
1

16I
1

VT ∑
spins

∑
pol

∫ d3k′

(2π)3
1

2k′0
|S f i|2 (2.9)

This is the general formula for one-photon emission by pair an-
nihilation.
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2.2 one-photon emission in infinite plane waves

Emission of photons in laser backgrounds was treated in the
beginning of the 1960’s, in the approximation of lasers as peri-
odic plane wave backgrounds, or infinite laser pulse duration
[15, 16, 17]. As the solution offers numerous similarities to the
more realistic case of shaped pulses, and indeed motivates that
case, it will be covered briefly. First, the laser is directed along
the x3 axis

kµ = mν(1, 0, 0, 1) (2.10)

where a dimensionless laser frequency

ν =
ω

m
(2.11)

has been defined for the frequency ω of the laser photons. Then
taking the simplest case of circular polarisation, the background
is defined as

Aµ = a1
µ cos(ϕ) + a2

µ sin(ϕ) , (2.12)

where

a1
µ =

ma0

e
(0, 1, 0, 0)

a2
µ =

ma0

e
(0, 0, 1, 0)

(2.13)

are polarisation vectors and a0 is a dimensionless laser ampli-
tude given by the ratio between the energy gained by an elec-
tron across a laser photon wavelength λ in an electric field E to
its rest mass [18]

a0 =
eEλ

m
. (2.14)

This gives the term S (2.6) as

S = −e
(

a1 · p
k · p

)
sin(ϕ) + e

(
a2 · p
k · p

)
cos(ϕ)− q · x , (2.15)

where qµ is introduced as the quasi-momentum that charged par-
ticles pick up in constant fields, defined by

q2 = m2(1 + a2
0)

= m∗2 .
(2.16)

m∗ is called the effective mass of the particles. The integrand in
the scattering matrix (2.7) thus consists of the terms

e−i[α1 sin(ϕ)−α2 cos(ϕ)] (2.17)

cos(ϕ) e−i[α1 sin(ϕ)−α2 cos(ϕ)] (2.18)

sin(ϕ) e−i[α1 sin(ϕ)−α2 cos(ϕ)] (2.19)
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with a common exponential prefactor exp[i(k′ − q− q′) · x] and
where the factors α1,2 have been introduced as

α1,2 = e
(

a1,2 · p
k · p −

a1,2 · p′
k · p′

)
. (2.20)

The terms (2.17-2.19) can be expanded into Fourier series, for the
first one noting that

e−i[α1 sin(ϕ)−α2 cos(ϕ)] = e−iz sin(ϕ−ϕ0)

=
∞

∑
−∞

Bn e−inϕ
(2.21)

where

z =
√

α2
1 + α2

2 (2.22)

ϕ0 = arccos
(α1

z

)
(2.23)

and the coefficients Bn are precisely defined in terms of Bessel
functions Jn as

Bn = Jn(z) einϕ0 . (2.24)

Similarly, (2.18) and (2.19) can be written with coefficients

B1n =
1
2

[
Jn+1(z) ei(n+1)ϕ0 + Jn−1(z) ei(n−1)ϕ0

]
(2.25)

B2n =
1
2i

[
Jn+1(z) ei(n+1)ϕ0 − Jn−1(z) ei(n−1)ϕ0

]
(2.26)

respectively.
To summarise, the scattering matrix (2.7) has been rewritten as

a sum over Bessel functions, with an exponential prefactor now
of the form

ei[(k′−q−q′−nk)·x] (2.27)

containing all the dependence of x in the integrand. Squaring
this matrix and inserting it into the cross section formula (2.9)
lets us perform the integrals and, jumping over the details, arrive
at a cross section of the form

σ = ∑
n

Mn δ(4)(nkµ + qµ + q′µ = k′µ) (2.28)

for some unspecified elements Mn, the exponential prefactor
having been turned into a delta function. This then is an infi-
nite sum, each term describing momentum conservation1, and

1 The momentum conservation in this case contains the quasi-momenta qµ, q′µ
of the incoming particles as introduced in (2.16). This gives the emitted pho-
ton momenta k′µ a dependence on the intensity a0, or the effective mass m∗.
Later on we will see that this dependence disappears when considering more
realistic laser pulses.
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is unphysical – we expect a physical result not to take the ap-
pearance of delta functions. These delta functions are an artifact
from considering the background laser as an infinite plane wave.
To arrive at a finite cross section we need to shape our laser back-
ground into finite pulses.

2.3 finite laser pulses

As seen in the previous section a laser background modeled by
an infinite plane wave is problematic. A more realistic approach
which as it turns out solves these problems is taking pulse shapes
into account.

The presented theory for laser pulses in this section is built
around intense laser fields with neglected transverse size effects,
again approximated as plane waves only dependent on the phase
ϕ = k · x. We again direct the laser along the x3 axis, with pho-
ton momenta kµ as in (2.10). The background field is also again
circularly polarised, but now given by the four-potential

Aµ = a1
µ f1(ϕ) + a2

µ f2(ϕ) (2.29)

where f1,2(ϕ) are functions shaping our laser pulses. The laser
field tensor is then given by

Fµν = f ′j (ϕ)(kµaj
ν − kνaj

µ) (2.30)

with the prime denoting derivation with respect to ϕ and equal
indices j = 1, 2 are summed over.

Our laser pulses are shaped by setting [19]

f1(ϕ) = cos(ϕ) sin4
( ϕ

2N

)
(2.31)

f2(ϕ) = sin(ϕ) sin4
( ϕ

2N

)
(2.32)

for ϕ ∈ {0, 2πN}, 0 otherwise, with N then defining the number
of oscillations of the field in a pulse. For convenience we also
define

f3(ϕ) = f1(ϕ)2 + f2(ϕ)2 (2.33)

since it will appear in many calculations.

2.4 one-photon emission in laser pulses

With a more realistic laser background defined, we again turn to
calculating a cross section for the reaction. The new approach
will solve the problems encountered for the infinite plane wave
case, but introduce additional computational difficulties.

Again starting from the scattering matrix (2.7), but keeping
f1,2(ϕ) non-trivial we can no longer easily expand the integrand
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into sums over Bessel functions as before. Instead, we Fourier
transform the non-trivial ϕ dependence that appears in the ex-
ponential (2.6), introducing the Fourier conjugate variable l

S f i = −ie
∫

d4x
∫ dl

2π
ei(k′−lk−p−p′)·xεµΓµ(l) , (2.34)

the introduced term Γµ(l) containing this ϕ dependence. It is
given by

Γµ(l) =
∫

dϕ v̄p′

[
1− e 6A(ϕ)/k

2k · p′

]
γµ

[
1 +

e/k 6A(ϕ)

2k · p

]
up

× eilϕ−iαj
∫ ϕ

0 dϑ f j(ϑ) ,
(2.35)

summing over j = 1, 2, 3 in the exponential. Apart from the
previously seen α1,2 (2.20), an additional parameter α3 has been
introduced by noting that

A(ϕ)2 = −m2a2
0

e2 f3(ϕ) . (2.36)

and hence setting

α3 =
m2a2

0
2

(
1

k · p +
1

k · p′

)
. (2.37)

Returning to our scattering matrix (2.34) the integral over d4x
can be performed, as before acquiring a delta function for mo-
mentum conservation

S f i = −ie
∫ dl

2π
(2π)4δ(4)(lkµ + pµ + p′µ = k′µ) ενΓν(l) , (2.38)

the difference to (2.28) being that the effective mass q no longer
appears since the particles are not in a constant presence of fields.
Consider the physics of the momentum conservation in this scat-
tering matrix: Squaring both sides of the conservation equation
we find that

l = −
(pµ + p′µ)2

2k · (p + p′)
, (2.39)

thus l is completely determined by the laser and incoming par-
ticle momenta, all of which are fully known when performing
experiments. l is always negative and not generally an integer.
The laser background “absorbs” momentum −lkµ from the in-
coming particles p and p′, which then emit a new photon with
momentum k′µ.

Moving on, we define lightfront coordinates in position and mo-
mentum space as

x± = x0 ± x3 (2.40)

x⊥ = x1, x2 (2.41)

p± =
1
2
(p0 ± p3) (2.42)

p⊥ = p1, p2 (2.43)
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respectively. Additionally, integration elements transform as

d4x =
1
2

dx+dx⊥,− (2.44)

d4 p = 2 dp+dp⊥,− (2.45)

and delta functions in momentum space as

δ(4)(pµ) =
1
2

δ(p+)δ(2)(p⊥)δ(p−)

≡ 1
2

δ(p+)δ⊥,−(p) ,
(2.46)

defining some shorthand notation in the last line. Then taking
the laser photon momenta kµ = (k+, 0, 0, 0) and the absolute
square of (2.38) it is possible to perform the integral over l for
either S f i or its complex conjugate. This leaves the squared am-
plitude as

|S f i|2 = e2
∫ dl

2π

(2π)8

2π
δ(4)(lkµ + pµ + p′µ = k′µ)

δ⊥,−(0)
2k+

× εµεν∗Γµ(l)Γ∗ν(l) .
(2.47)

The divergent delta function δ⊥,−(0) is removed by calculating
the pulse volume and duration, which appear in the cross sec-
tion (2.9):

VT =
∫

pulse
d4x

=
1
2

∫ ∞

−∞
d3x⊥,−

∫
pulse

dx+

=
1
2

∫ ∞

−∞
d3x⊥,−

∫ 2πN

0

d(k · x)
k+

=
2πN
2k+

(2π)3δ⊥,−(0)

(2.48)

where 2πN is the Lorentz invariant duration and N again the
number of oscillations of the field of the pulse in k · x.

The cross section for our considered reaction becomes

σ =
e2

16I
1

2πN

∫ dl
2π

∫ d3k′

(2π)3
1

2k′0
× (2π)4δ(4)(lkµ + pµ + p′µ = k′µ)J ,

(2.49)

where J contains all the dependence on the pulse profile and is
given by

J = − ∑
spins

Γ∗µ(l)Γ
µ(l) , (2.50)

for convenience absorbing a minus sign from the polarisation
sum

∑
pol

εµεν∗ = −ηµν (2.51)
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which has been performed. The cross sections contains four in-
tegrals and four δ-functions, making the integrals trivial to per-
form. But first the expression for J must be studied.

Γµ can be rewritten as

Γµ(l) = v̄p′Tµup , (2.52)

where Tµ is introduced as a collection of the individual terms in
the function,

Tµ = γµB0 + e

(
γµ/k /a1

2k · p −
/a1/kγµ

2k · p′

)
B1

+ e

(
γµ/k /a2

2k · p −
/a2/kγµ

2k · p′

)
B2 −

(
m2a2

0kµ/k
2(k · p)(k · p′)

)
B3 .

(2.53)

Here, the functions Bj have been introduced as

Bj =
∫

dϕ f j(ϕ) eilϕ−iαk
∫ ϕ

0 dϑ fk(ϑ) (2.54)

for j, k = 1, 2, 3. The last term B0 is defined as

B0 =
∫

dϕ eilϕ−iαk
∫ ϕ

0 dϑ fk(ϑ) (2.55)

which in contrast to (2.54) seems to diverge since there is no
shaping envelope in the integrand. However, regulating the ex-
pression in a gauge invariant manner gives [6]

B0 =
αjBj

l
(2.56)

with a sum as usual going over j = 1, 2, 3, giving a convergent
expression for this and thus all terms B.

With all these quantities in place, the sum over spins in (2.50)
can be performed and a trace is obtained:

J = − ∑
spins

ūpT∗µ vp′ v̄p′Tµup

= − tr
[
(/p + m)T∗µ(/p

′ −m)Tµ
] (2.57)

This trace can be performed2, resulting in 24 non-zero terms

J = (16m2 + 8p · p′)|B0|2

− 4m2a2
0

(
k · p
k · p′ +

k · p′
k · p

) (
|B1|2 + |B2|2

)
+ 4e

(
k · p′
k · p p− k · p

k · p′ p
′ + p− p′

)
· a1 (B1B∗0 + c. c.)

+ 4e
(

k · p′
k · p p− k · p

k · p′ p
′ + p− p′

)
· a2 (B2B∗0 + c. c.)

+ 4m2a2
0(B∗0 B3 + c. c.) ,

(2.58)

2 For instance using FORM, a powerful program well suited for calculating
traces. Available at http://www.nikhef.nl/~form/.

http://www.nikhef.nl/~form/
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easily rewritten to

J = (16m2 + 8p · p′)|B0|2

+ 8m2a2
0(2u− 1)

(
|B1|2 + |B2|2

)
+ 4k · k′ [(α1B1 + α2B2)B∗0 + c. c.]

+ 4m2a2
0 (B∗0 B3 + c. c.)

(2.59)

by using αj as introduced earlier and simplifying the expression
by introducing

u =
(k · k′)2

4(k · p)(k · p′)

=
[k · (p + p′)]2

4(k · p)(k · p′) ,
(2.60)

in the last line having used that the delta function in (2.49) will
set k′µ = lkµ + pµ + p′µ. The definition of B0 (2.56) gives that

α1B1 + α2B2 = lB0 − α3B3 (2.61)

which after some easy algebra in turn gives

J = 8m2|B0|2

+ 4m2a2
0(2u− 1)

[
2|B1|2 + 2|B2|2 − (B∗0 B3 + c. c.)

]
,

(2.62)

which is the final expression for the term.

2.5 cross section for one-photon emission

Inserting J (2.62) into the formula for the cross section (2.49)
and trivially performing the integrals by using the delta function
we finally arrive at an exact formula:

σ =
1
4I

e2m2

2k · k′
1

2πN
Z , (2.63)

with I given by (2.8) and

Z = 2|B0|2 + a2
0(2u− 1)

[
2|B1|2 + 2|B2|2 − (B∗0 B3 + c. c.)

]
. (2.64)

Functions Bj are given by (2.54) and B0 by (2.56). The integrals in
these functions will converge due to the finite supports of f j(ϕ)

and we have escaped the infinite sum of the cross section with
an infinite plane wave background (2.28).

Solving the integrals Bj is still a difficult task, but in the fol-
lowing chapters we use approximations well suited for modern
lasers to estimate them.





3
T H E X F E L R E G I M E

Considering the in-development European XFEL facility, we deal
with ultrashort, highly energetic X-ray laser pulses. Currently,
the facility is planned to begin operating in 2014 and experi-
menting in 2015.

Pulse duration (fs) ω (keV) a0

< 100 0.2− 12 0.1− 10

Table 1: Laser parameters at the XFEL facility.

3.1 xfel laser parameters

For the purposes of these calculations, the parameters used to
model the XFEL laser have been set as

ν = 10−2 (3.1)

N = 1.2× 105 , (3.2)

corresponding to pulses of 100 fs duration with frequency ω =

5 keV. a0 takes values starting from 0.1 to the goal intensity 10
[20] and the pulse envelopes are defined as in Section 2.3. The
pulse is visualised in Figure 6.

The kinematics of the incoming electron-positron pair (intro-
duced and studied for an optical laser in [21]) is detailed in Fig-
ure 7 and consists of the pair coming in anti-parallel to the laser
with only a very small offset angle θ. We later also consider the
limiting case of the pair coming in transverse to the laser, i. e. for
θ = 90◦.

We then have incoming laser photons and particle pair

kµ = mν(1, 0, 0, 1) (3.3)

pµ = mγ(1, β sin θ cos φ, β sin θ sin φ,−β cos θ) (3.4)

p′µ = mγ(1,−β sin θ cos φ,−β sin θ sin φ,−β cos θ) , (3.5)

with a particle energy scale set by the linear accelerator in the
XFEL facility at DESY

γ = 80 (3.6)

and β =
√

1− 1/γ2. φ is the azimuthal angle that the particle
pair makes to the laser polarisation basis. Momentum conserva-
tion in (2.38) then gives (2.39) as

l = −γ

ν
(1− β cos θ) (3.7)

15
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Figure 6: A typical laser pulse at the XFEL facility. Due to the high
photon frequency the femtosecond short pulses still contain
a large number of periods.

θ

p

p′

kk′

Figure 7: Kinematics of the considered process for one-photon pair an-
nihilation in the lab frame.
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and

k′µ = mγ(1 + β cos θ)(1, 0, 0,−1) . (3.8)

The emitted photons are backscattered against the laser. Other
required parameters are

α1 = − 2a0β

ν

sin θ cos φ

1 + β cos θ
(3.9)

α2 = − 2a0β

ν

sin θ sin φ

1 + β cos θ
(3.10)

α3 =
a2

0
νγ

1
1 + β cos θ

(3.11)

and

u = 1 . (3.12)

3.2 separation of oscillating integrands

With all preliminaries in place it is time to turn to the integrals
(2.54)

Bj =
∫ 2πN

0
dϕ f j(ϕ) eilϕ−iαk

∫ ϕ
0 dϑ fk(ϑ) (2.54)

which are still very difficult to solve using standard numerical in-
tegration methods because of rapid oscillations set by a huge N.
There are also no stationary points in the exponent, prohibiting
an easy solution using e. g. the method of steepest descent.

However, it is possible to exploit the large N to find a good
approximation, since the functions f1,2 (2.31-2.32) may be written
as one rapidly oscillating part and one envelope part, giving

f1(ϕ) = g(ϕ) cos(ϕ) (3.13)

f2(ϕ) = g(ϕ) sin(ϕ) (3.14)

f3(ϕ) = g(ϕ)2 (3.15)

for

g(ϕ) = sin4
( ϕ

2N

)
. (3.16)

The integrals in the exponential

Fj(ϕ) =
∫ ϕ

0
dϑ f j(ϑ) (3.17)

can then, integrating by parts and using the fact that g′(ϕ) ∼ 0
on the integration interval, be rewritten to

F1(ϕ) = g(ϕ) sin(ϕ)−
∫ ϕ

0
dϑ g′(ϑ) sin(ϑ)

≈ g(ϕ) sin(ϕ)
(3.18)

F2(ϕ) ≈ −g(ϕ) cos(ϕ) (3.19)
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Thus the integrals Bj can be written

B1 ≈
∫ 2πN

0
dϕ g(ϕ) eilϕ−iα3F3(ϕ)

× cos(ϕ) e−i[α1g(ϕ) sin(ϕ)−α2g(ϕ) cos(ϕ)]

(3.20)

B2 ≈
∫ 2πN

0
dϕ g(ϕ) eilϕ−iα3F3(ϕ)

× sin(ϕ) e−i[α1g(ϕ) sin(ϕ)−α2g(ϕ) cos(ϕ)]

(3.21)

B3 ≈
∫ 2πN

0
dϕ g(ϕ)2 eilϕ−iα3F3(ϕ)

× e−i[α1g(ϕ) sin(ϕ)−α2g(ϕ) cos(ϕ)]

(3.22)

In these factors we recognise (2.17-2.19) from Section 2.2. Using
the same trick as in that section, these integrals can be rewritten
as sums over Bessel functions Jn

B1 ≈ ∑
n

∫ 2πN

0
dϕ g(ϕ) eilϕ−inϕ−iα3F3(ϕ)

× 1
2

[
Jn+1(z) ei(n+1)ϕ0 + Jn−1(z) ei(n−1)ϕ0

] (3.23)

B2 ≈ ∑
n

∫ 2πN

0
dϕ g(ϕ) eilϕ−inϕ−iα3F3(ϕ)

× 1
2i

[
Jn+1(z) ei(n+1)ϕ0 − Jn−1(z) ei(n−1)ϕ0

] (3.24)

B3 ≈ ∑
n

∫ 2πN

0
dϕ g(ϕ)2 eilϕ−inϕ−iα3F3(ϕ) Jn(z) einϕ0 (3.25)

where now (2.22-2.23) are

z =
2a0β

ν

sin θ

1 + β cos θ
g(ϕ) (3.26)

ϕ0 = π − φ . (3.27)

As we show in the next section, converting the integrals in this
way makes them possible to solve.

3.3 solution using the method of steepest descent

Having approximated and rewritten the integrands in Bj as sums
over Bessel functions (3.23-3.25), the exponential factors now
contain stationary points when

d
dϕ

[lϕ− nϕ− α3F3(ϕ)] = 0 (3.28)

is fulfilled for some n and ϕ. With the main contributions in in-
tegrals over rapidly oscillating functions coming from stationary
points this is a condition for which the method of steepest de-
scent (see e. g. [22]) can be applied to approximate them. For all
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n that satisfies this condition for some ϕ the method is applied
and a sum over these terms is then performed to calculate the
values of the Bj’s: Terms for which n does not fulfil the condition
for any ϕ should be negligible. Finally, the total cross section is
calculated using (2.63).1

For the laser considered here, with l as in (3.7), α3 in (3.11) and

dF3

dϕ
= g(ϕ)2 (3.29)

with g(ϕ) in (3.16), the condition for contributing terms becomes

sin8
( ϕ

2N

)
= −νγ(1 + β cos θ)

a2
0

n− γ2(1− β2 cos2 θ)

a2
0

. (3.30)

The left hand side of this equation takes values between 0 and 1
only, giving a range within which the right hand side must lie.
For specified parameters a0, γ, etc. and it is then easy to isolate
domains of θ satisfying the condition for discrete values of n.
With desired domains of the angle known the integrals can thus
be estimated using the method of steepest descent and finally
the cross section calculated.

First studying a low laser amplitude a0 = 0.1 with the values
γ = 80 and ν = 0.01 as chosen in Section 3.1, intervals of θ

for different n’s are very narrow and form an almost comb-like
structure as seen in Figure 8. For the first peak, corresponding
to n = −1, the resulting cross section plotted in Figure 9 shows
a fine structure and is about an order of magnitude larger than
that of two-photon emission in vacuum (see Figure 2, this is
chosen purely as a point of reference for the size of effects). The
other peaks display similar structures, but as Bessel functions Jn

suffer overall exponential suppression as the order |n| increases
the effects rapidly decrease in importance. Only the first few
terms of n are of importance.

Note that the angle φ against the polarisation has been chosen
as 0 here, but varying it produces only negligible changes for
both size and details of results.

The domains θ for different terms of n rapidly increase to-
gether with intensity a0. For a0 = 1.2 The three first terms lie
very close to each other, shown in Figure 10, in total covering
a range of about ∼ 1◦ with a notable cross section, seen in Fig-
ure 11. Also very visible is the decrease in size of effects with
increasing order −n.

For the XFEL goal intensity a0 = 10 individual domains of θ

overlap for many different n’s, but again only the first few terms
give actual non-negligible contributions. In Figure 12 the first

1 The results presented here were verified using the numerical methods of [23].
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Figure 8: The right hand side of (3.30) shown as a function of θ for
a0 = 0.1 and a few n. The lower figure is cropped to show for
which θ the functions take values between 0 and 1, fulfilling
the equation for some ϕ. It is clear that for these parameters
the cross section will only be significant in extremely narrow
ranges of θ.

Figure 9: Studying the cross section for individual peaks in θ with
a0 = 0.1 reveals a fine structure, here for n = −1. The cross
section for two-photon emission in vacuum is represented as
a dashed line and barely visible. For purposes of figures the
cross sections are shown multiplied by the center-of-mass en-
ergy s = (p + p′)2.
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Figure 10: For a0 = 1.2 the right hand side of (3.30) fulfils the equation
for larger intervals of θ.

Figure 11: Again as for the lower amplitude case in Figure 9 the calcu-
lated cross section for a0 = 1.2 reveals a rapidly oscillating
substructure.
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Figure 12: For a0 = 10 a lot of Bessel functions contribute over ranges
of θ. Here the first six, dominant terms from the sum are
shown without the substructure.

and dominant contributions to the cross section are sketched to
illustrate this. In total, sizable effects are now visible over a
range of ∼ 2◦. While this is still requires a very finely tuned
set-up and should be very difficult to detect, it has much better
prospects than seen for the low intensity case considered above
(Figure 9) and, as we will se in Chapter 4, also much easier than
for an optical laser at ELI.

We now as promised consider the limiting case of θ ∼ 90◦,
that is the incoming particle pair hitting each other head on and
perpendicular to the laser in the lab frame. For this θ the con-
dition (3.30) gives n . −8000, decreasing with a2

0. But, for n of
these orders the corresponding Bessel functions give incredibly
small individual contributions, meaning that the sums for the in-
tegrals Bj rapidly converge to a total cross section that should be
negligible. We conclude that the cross section for this reaction,
with θ ∼ 90◦, is extremely small.

For the case of small θ up to a few degrees though, we hope
that the process of single-photon emission from dressed particles
will be visible if searched for in the XFEL facility.

Finally, we briefly note that precise envelope shapes in f1,2

affect details of the cross sections as presented here but not the
size. Repeating the calculation for g(ϕ) = sin2(ϕ/2N) and a0 =

1.2 gives a cross section as shown in Figure 13, to be compared
to the one in Figure 11.
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Figure 13: As expected the details of the envelope shape g(ϕ) only af-
fect details of the resulting cross section, not the size of the
effect. Here shown for a0 = 1.2.





4
T H E O P T I C A L R E G I M E

The optical regime that will be considered is characterised by
pulses with low energies and extremely high intensities a0. In
particular, the European Extreme Light Infrastructure project is in-
teresting to study since it will push laser intensities and powers
to very high levels.

4.1 optical laser parameters

Again using a laser background as described in Section 2.3, the
cross section is evaluated with other parameters set as

a0 = 104 (4.1)

ν = 2× 10−6 (4.2)

with N assuming values between 4 and 10, corresponding to
pulses of about 40 fs duration with frequency ω = 1 eV. See
Figure 14. The same particle kinematics as detailed in Section
3.1 are considered, but with

γ = 103 (4.3)

which is comparative to particles to be produced by linear accel-
erators at ELI facilities.

4.2 estimation using integration by parts

For the laser parameters as specified here, the solution method
as followed for the XFEL regime will be more difficult to moti-
vate. For the much lower N as considered here one cannot easily
approximate the envelope as basically constant over the interval.
Furthermore, even for the set-up in Figure 7 that gave a notable
cross section, the condition (3.30) for Bessel functions is satisfied
only for large n, which suggests that the process will be difficult
to detect for anything but extremely narrow ranges of θ as argued
in the previous section (in [21] a notable cross section was found
only for θ ∼ 10−5 and with N � 1 which is not the case for
these calculations).

It is possible to use another method to estimate the integrals,
using integration by parts. Rewrite the integrals as

Bj =
∫ 2πN

0
dϕ f j(ϕ) eih(ϕ)

=
∫ 2πN

0
dϕ f j(ϕ)

1
ih′(ϕ)

d
dϕ

eih(ϕ)
(4.4)

25
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Figure 14: A typical pulse at ELI, a low frequency makes the number
of periods in a pulse very low compared to XFEL lasers.

for h′(ϕ) 6= 0, where h(ϕ) has been introduced as the oscillant

h(ϕ) = lϕ− αjFj(ϕ) (4.5)

with Fj again being the integrated pulse shapes f j’s as in (3.17).
These integrals can be then performed as

Bj =
f j(ϕ)

ih′(ϕ)
eih(ϕ)

∣∣∣∣2πN

ϕ=0

−
∫ 2πN

0
dϕ

d
dϕ

[
f j(ϕ)

ih′(ϕ)

]
eih(ϕ) .

(4.6)

The first term is zero as the pulse envelopes f j(ϕ) are chosen to
vanish smoothly at the endpoints 0 and 2πN, this leaves another
integral for which the procedure can be repeated like

Bj = 0− 1
ih′(ϕ)

d
dϕ

[
f j(ϕ)

ih′(ϕ)

]
eih(ϕ)

∣∣∣∣2πN

ϕ=0

+
∫ 2πN

0
dϕ

d
dϕ

{
1

ih′(ϕ)

d
dϕ

[
f j(ϕ)

ih′(ϕ)

]}
eih(ϕ)

(4.7)

and so on, every new iteration gaining nested derivatives of
f j(ϕ)/h′(ϕ). The envelope g(ϕ) = sin4(ϕ/2N) (3.16) in f1,2

requires four iterations before creating one term that does not
vanish at the end points, giving lowest-order surviving terms

B1,2 =
1

[ih′(ϕ)]5
eih(ϕ)

∣∣∣∣2πN

ϕ=0
+O

{
1

[h′(ϕ)]6

}
. (4.8)

As f3 contains g(ϕ)2 it is also easy to see that

B3 =
1

[ih′(ϕ)]9
eih(ϕ)

∣∣∣∣2πN

ϕ=0
+O

{
1

[h′(ϕ)]10

}
. (4.9)
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Figure 15: The angular dependence of |l|−1, for γ = 103 and ν = 2×
10−6.

These terms are easily evaluated for well-defined h(ϕ)’s (4.5):
The derivatives of Fj are just the functions f j which again dis-
appears at these points, thus only the first term survives the
derivative and

h′(2πN) = h′(0)

= l .
(4.10)

We thus have

B1,2 =
1

(il)5

[
eih(2πN) − 1

]
+O(l−6) (4.11)

B3 =
1

(il)9

[
eih(2πN) − 1

]
+O(l−10) . (4.12)

The θ dependence of these terms is kept in l and shown in
Figure 15: They are maximised for θ = 0, with other parame-
ters as set earlier giving l−1 ≈ −1/250 which means that the
lowest order surviving terms proportional to l−5 are very small
and decreasing very rapidly with θ. The case of θ = 90◦ gives
l−1 ∼ 10−8.

4.3 the optical cross section

Even for angles θ of just fractions of degrees the cross section
times the center-of-mass energy is very small. This first-order
estimation gives a cross section for one-photon emission that is
many orders of magnitude below the corresponding XFEL cross
section for similar angles – the one-photon channel is extremely
difficult to detect for the optical lasers at ELI.





5
C O N C L U S I O N S

In this report we have presented the theory of one-photon pair
annihilation in background fields, a way to introduce more phys-
ical pulse shapes for lasers and a resulting formula for the cross
section.

Having considered two different laser facilities with very dif-
ferent laser parameters, we can now present [24] that the pro-
cess of one-photon emission may be a visible and verifiable ef-
fect, for a very finely tuned beam set-up. The effect has better
prospects to be found in the XFEL facility, using highly energetic
X-ray photons colliding with incoming, anti-parallel particles as
sketched in Figure 7, than in ELI facility for optical lasers with
high intensity. The cross section for XFEL parameters is shown
in Figure 16.

Further developments of this theory could be to consider a
non-planar wave background and its effect on the electron propa-
gator, or various plasma effects such as an effective photon mass
[25].

Figure 16: The total cross section for an XFEL laser with ω = 5 keV,
pulse duration 100 fs, intensity a0 = 10 and a sum over
20 contributing Bessel functions performed as detailed in
Chapter 3. Again the cross section for two-photon emission
in vacuum, the dashed line, is included as a reference.
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