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A B S T R A C T

The near-Fermi-energy energy band structure of carbon nan-
otubes is given by cross-sections of the graphene Dirac cones
near the K and K ′ points. Using second-order perturbation the-
ory and a nearest-neighbor approximated tight-binding model,
curvature-induced corrections to the graphene-based effective
model are derived. In addition to the already known Dirac-point
shift, the curvature is shown to cause not only a warping of the
Dirac cone, tantamount to a slight compression and a correction
to the overall Fermi velocity, but also a tilting of the Dirac cone
and the associated nanotube energy bands. This tilting results
in a velocity asymmetry for left- and right-going waves and two
different kinds of excitations, allowing for varying degeneracy in
the same sample. Previous experiments have shown irregulari-
ties in the level degeneracy and should be reconsidered in this
context.

S A M M A N FAT T N I N G

Energibandstrukturen för kolnanorör ges av tvärsnitt av grafens
Dirac-koner nära K- och K ′-punkterna. Medelst andra ordningens
störningsteori och en tight-binding-modell med närmaste-granne-
approximationen härleds de kurvaturinducerade korrektionerna
till den grafenbaserade effektiva modellen. Utöver det redan
kända Dirac-punkt-skiftet så visas kurvaturen orsaka inte bara en
förvrängning av Dirac-konen, liktydigt med en mild kompression
och en korrektion till den övergripande fermihastigheten, utan
också en lutning av Dirac-konen och de associerade nanorörs-
energibanden. Denna lutning resulterar i en hastighetsasymmetri
för vänster- och högergående vågor och två olika sorters excita-
tioner, vilket tillåter för varierande degeneration i samma prov.
Tidigare experiment har visat oregelbundenheter i nivådegenera-
tionen och bör omprövas i denna kontext.
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Out of the cradle
onto dry land...

here it is standing...
atoms with consciousness

...matter with curiosity.
Stands at the sea...

wonders at wondering... I...
a universe of atoms...

an atom in the universe.

— Richard Feynman
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1
I N T R O D U C T I O N

CNTs are a promising, relatively recently discovered type of car-
bon molecule that is currently a major research field. This thesis
deals exclusively with single-walled CNTs. Such a CNT can be
visualized as a single atomic sheet of graphite rolled up1 into a
cylinder and seamlessly connected, forming a hollow tube. Since
the sheet can be rolled up in different directions, there are many
different types of CNTs, which differ in the surface arrangements
of carbon atoms and thus also in electrical properties. The typical
size of a CNT is a length of a few 100 nm and a comparatively
small diameter of only a few nm[1]. This huge length-to-diameter
ratio is one of the characteristics of CNTs; extreme nanotubes with
a length-to-diameter ratio of up to 132, 000, 000 : 1 have been
constructed[2], corresponding to a length of about 18 cm.

The idea of CNTs has resurfaced in one vague form or another
since the 50s, making it difficult to pinpoint its actual discovery[3].
What is clear is that CNTs as they are currently known and the
booming interest of the last two decades began with Iijimas man-
ufacturing and experimental observation of (multi-walled) CNTs
in 1991[4]. 1992 saw the first theoretical predictions on the elec-
tronic properties of single-walled CNTs, independently by Saito
et al.[5], Hamada et al.[6] and Mintmire et al.[7]. The year after,
single-walled CNTs were experimentally confirmed by Bethune
et al. [8] and Iijima and Ichihashi[9]. Since then, both the under-
standing and the range of applications have increased drastically,
e.g. seeing the first single-CNT field-effect transistor[10] and pre-
senting CNTs as viable candidates for quantum computation[11]
and molecular nanoconductors[12].

The purpose of this thesis is to analytically derive curvature-
induced corrections to the energy band structure in a second-
order-perturbation-theory framework, using the tight-binding
(TB) model. The changes to the energy band structure from these
curvature-corrections is then given a brief analysis for the case
of finite-length CNTs. It turns out that curvature, among other
things, induces a tilting of the energy band structure, leading to
a velocity asymmetry that has been previously overlooked.

Chapters 2 and 3 together review the basic electronic properties
of single-walled CNTs, largely following the approach of Saito
et al.[1]. Chapter 4 is a derivation of the curvature-induced
corrections to the effective-model Hamiltonian matrix of a CNT.

1 Of course this is only a useful picture and does not necessecarily involve actual
rolling.
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2 introduction

Chapter 5 begins with establishing the curvature-corrected energy
and then goes on to discuss the consequences of those results
with regard to experiments.

For completeness, the major approximations and limitations of
this thesis are listed below.

• The TB calculation is carried out in the nearest-neighbor ap-
proximation, i.e. inner products between orbitals of more
distant atoms are neglected. Coefficients are, however, given
by fitting to a numerical calculation in Section 5.3.

• The effective model, being a simplification valid about cer-
tain critical points, is derived from a first-order Taylor
expansion and assumes a zero overlap integral between
orbitals of different atoms.

• The effects of spin-orbit interaction are completely neglected.

• Second-order perturbation theory is used for the curvature-
induced corrections.

• Not all orders of inverse diameter (curvature) are kept.
Where higher-order terms are neglected, this is clearly
stated.

• How to treat finite length for CNTs is not well understood,
and Chapter 5 takes the simplest approach possible, that of
a standing wave (in analogy to the “particle in a box”).



2
T H E B A S I C S O F G R A P H E N E

Graphene is a two-dimensional molecule consisting of a sin-
gle graphite sheet, that is, a flat honeycomb lattice of carbon
atoms. Since a CNT can be viewed as a piece of graphene rolled
up and fused together to form a tube, this flat “sister material”
is a natural starting point for calculations on CNTs. “Rolling”
the graphene mathematically corresponds to enforcing periodic
boundary conditions in the circumferential direction1.

2.1 bonds & electrons

The carbon atoms in graphene are arranged in a honeycomb
lattice with each atom having three nearest neighbors, see Fig-
ure 1. The atoms exhibit sp2 hybridization, meaning that the 2s,
2px and 2py orbitals (the x-y plane being the graphene plane)
hybridize and form strong σ bonds between nearest neighbors.

The remaining 2pz orbital is orthogonal to the plane and does
not hybridize with the 2s, 2px and 2py orbitals. In graphite, i.e.
multiple stacked graphene sheets, this orbital is responsible for
the weak π bonds between sheets. In graphene the electron of
this orbital, the so called π electron, is the dominating contributor
to transport properties, since it remains unbonded.

Figure 1: A close-up of the honeycomb lattice structure of a graphene
sheet. Picture courtesy of Wikimedia Commons, all rights
waived.

1 This is a simplified view; there are additional curvature-induced effects.
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4 the basics of graphene

2.2 lattice structure

Graphene has a straight-forward honeycomb lattice structure, see
Figure 2a. It can be seen that the unit cell, defined in Figure 2a,
contains two non-equivalent atoms, labeled2 A and B. The lattice
vectors, in x and y coordinates, are chosen as

~a1 =

(√
3

2
a,
a

2

)
, ~a2 =

(√
3

2
a,−

a

2

)
, (2.1)

where a ≡ |~a1| = |~a2| = aCC
√
3 = 2.46 Å is the lattice constant;

aCC being the bond length[1]. These lattice vectors are also
shown in Figure 2a. Using the general relation between the
lattice vectors in real and reciprocal space,

~ai · ~bj = 2πδij , (2.2)

together with Equation (2.1), the reciprocal lattice vectors ~b1,2 areδij denotes the
Kronecker delta. found to be

~b1 =

(
2π

a
√
3

,
2π

a

)
, ~b2 =

(
2π

a
√
3

,−
2π

a

)
, (2.3)

expressed in (kx,ky) form, in analogy to Equation (2.1), with
the kx and ky being the reciprocal equivalents of the real co-
ordinate axes, x and y. The lattice vectors in reciprocal space
~b1,2 are shown in Figure 2b along with the definition of the 1BZ

as indicated by the shaded area. Certain high-symmetry points
in the reciprocal lattice are of paramount importance; they are
called critical points and are designated by Γ , K, K ′, M and M ′,
see Figure 2. Since the actual geometrical difference between K
and K ′ points is that of a simple rotation of the graphene sheet,
the energy band structure at these points should also be related
in the same way3.

2.3 the tight-binding model

The TB model uses linear combinations of atomic orbitals to ap-
proximate wave functions in a solid. Since graphene is a periodic
structure, a single electron wave functions in graphene must
satisfy Bloch’s theorem, here rendered in the formThe imaginary unit

is denoted ı to
distinguish it from

summation variables.
T̂~aqΨ = eı

~k·~aqΨ , (2.4)

where T̂~aq is the translational operator along the lattice vector ~aq,
q = 1, 2, Ψ is the electronic wave function and ~k the wave vector.

2 Note that nearest neighbors are always of the opposite atom label.
3 As long as the topic of inquiry is not dependent upon a direction, e.g. spin

properties.



2.3 the tight-binding model 5

Figure 2: In a) the real space lattice is shown with the unit cell and
its inequivalent atoms A and B as well as the lattice vectors
~a1,2 and the coordinate axes x and y. The reciprocal lattice
is shown in b), with the 1BZ shaded, critical points Γ , K, K ′,
M and M ′ labeled and reciprocal lattice vectors ~b1,2 and
coordinate axes kx and ky.

A function obeying Bloch’s theorem is called a Bloch function.
Following the TB model, such a function Φi can be constructed
as

Φj(~k,~r) =
1√
N

N∑
~R

eı
~k·~Rφj(~r− ~R), j = 1, · · · ,n , (2.5)

where the atomic orbital j belongs to the atom at position ~R.
This means that for one of the n atomic states in the unit cell,

labeled j, the atomic orbital wave function φj is summed over all
N unit cells in the entire graphene sheet4, weighted by a position
dependent phase factor. This linear combination is then named
Φj, and can easily be seen to be a Bloch function5 by performing
the translation T̂~aq , q = 1, 2 and extracting the resulting phase
factor.

The general one-electron wave functions Ψi in the graphene
sheet are constructed as linear combinations of the periodic Bloch
functionsΦj, which in turn are TB combinations of atomic orbitals
(as stated above),

Ψi(~k,~r) =
n∑
j=1

Cij(~k)Φj(~k,~r) . (2.6)

where Cij(~k) are complex coefficients. Since every term in its
sum constitutes a Bloch function, Ψj is itself a Bloch function.

4 Note that the summation is over unit cells, not atoms. The two atoms in each
unit cell are accounted for by having different atomic states in the same unit
cell.

5 That is, it satisfies Equation (2.4).



6 the basics of graphene

However, this argument necessitates that the summation is taken
only for the same ~k, since the coefficients would threaten the
periodicity. The index i simply labels different eigenstates of
the Schrödinger equation, and ranges from 1 to 2, since the
Hamiltonian is a 2× 2 matrix6. This in turn is due to the unit cell
of graphene having only two (relevant, i.e. 2pz) orbitals in each
unit cell.

2.4 boundary conditions

The absolute value of
vector quantities are

expressed as the
same symbol without

vector notation and
Z denotes the set of

all integers, as per
convention.

A general periodic boundary condition on the graphene sheet
can be specified by two orthogonal vectors, where the require-
ment is that the wave functions Φ (and hence Ψ) are periodic in
translations by these vectors. These vectors will be called ~L and
~W for “length” and “width”, respectively. They will be written
as

~L = L1~a1 + L2~a2 , (2.7)
~W =W1~a1 +W2~a2 , (2.8)

where it should be noted that

L1, L2, W1, W2 ∈ Z ,

since the periodicity of the wave function should be in tune with
that of the lattice.

The periodic boundary condition is

Φi(~k
L,~r+~L) = Φi(~k

L,~r) ,

Φi(~k
W ,~r+ ~W) = Φi(~k

W ,~r) , (2.9)

where the k-superscripts will be notationally convenient. Using
Equation (2.5) and momentarily considering only ~L yield

1√
N

N∑
~R

eı
~kL·~Rφj(~r− ~R) =

1√
N

N∑
~R

eı
~kL·~Rφj(~r+~L− ~R) ,

which, multiplied by
√
N and rewritten, is

N∑
~R

eı
~k·~Rφj(~r− ~R) = eı

~k·~L
N∑
~R

eı
~k·[~R−~L]φj(~r− [~R−~L]) ,

and since the right hand sum is equal to the left hand sum

1 = eı
~k·~L = eı

~k· ~W ,

6 Equivalently, the secular equation, Equation (2.17), is of degree 2.



2.5 the secular equation 7

where the last equality is due to ~W following analogously. Ex-
pressing the wave vector in normalized L- and W-components
(permissible since the two orthogonal vectors span the lattice),

~k = kL
~L

L
+ kW

~W

W
, (2.10)

and exploiting the orthogonality ~L · ~W = 0 yields the quantized
values

kL =
2πnL
L

, nL ∈ Z (2.11)

kW =
2πnW
W

, nW ∈ Z . (2.12)

From Equation (2.12) it follows that the “area” occupied in
momentum space by a single allowed k-value is 4π2/LW. Since
the area of a unit cell in the real lattice is a2, the area of any unit
cell in the reciprocal lattice, including the 1BZ, is 4π2/a2. Division
reveals that there are a total of LW/a2 allowed k-values in the
1BZ. This value is simply the area of the graphene sheet divided
by the area of a unit cell, i.e. the number of unit cells in the entire
sheet, N.

Typically, both ~L and ~W are much larger than the lattice con-
stant. This causes Equation (2.12) to become so finely quantized
that ~k in principle can be treated as a continuous variable. In other
words, the distance between two allowed k-values becomes (con-
sidering only one direction for simplicity)

lim
L→∞

∣∣∣∣2π(nL + 1)L
−
2πnL
L

∣∣∣∣ = lim
L→∞

∣∣∣∣2πL
∣∣∣∣ = 0 . (2.13)

2.5 the secular equation

Since the energy is the eigenvalue of the Hamiltonian H, the
energies of the wave functions Ψj in Equation (2.6) are

Ei(~k) =
〈Ψi | Ĥ | Ψi〉
〈Ψi | Ψi〉

=

∑n
j,j ′=1Hjj ′(

~k)C∗ijCij ′∑n
j,j ′=1 Sjj ′(

~k)C∗ijCij ′
, (2.14)

where i labels eigenvalues (energy bands) and their correspond-
ing eigenstates, and the C’s are coefficients. The following inte-
grals have been defined,

Hjj ′ ≡ 〈Φj | Ĥ | Φj ′〉 ,

Sjj ′ ≡ 〈Φj | Φj ′〉 , (2.15)

being the matrix elements of the Hamiltonian matrix H and the In most cases, e.g.
Equation (2.15), the
~k dependence will be
suppressed.

so-called overlap integral matrix S, respectively (in the Φj basis).
Note that Sjj ′ has been defined since the Φ’s are not, in general,
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orthonormal. When j 6= j ′, the Hamiltonian matrix elements are
called transfer integrals or, alternatively, hopping integrals.

In this thesis, calligraphic style (H) denotes the matrix, a hat
the operator (Ĥ) and row and column indices the matrix elements
(Hij). Besides these differences, the same symbol will be used
for related quantities, e.g. the Hamiltonian matrix, operator and
matrix elements are all represented by “H”.

The energy eigenvalues can be obtained from the tight-binding
Bloch function, Ψi of Equation (2.6) by means of the Ritz method.
This variational method involves changing the values of the
coefficients and seeking an energy minimum. Such a minimum
is obtained for the energy for which all coefficients are zero, since
all partial derivatives must be zero at a minimum.

Defining the Wirtinger derivatives merges all zero-derivative
conditions for the energy minimum into the single

∂Ei
∂C∗ij

= 0 , (2.16)

which can be treated as a normal partial derivative, even keep-
ing Cij constant. For definitions and a detailed derivation, see
Appendix A.

Equation (2.16) may be considered as a requirement for the
existance of a ground state wave function. Multiplying it by

n∑
j,j ′=1

Sjj ′(~k)C
∗
ijCij ′

and rearranging it, moving all terms to the left-hand side, yields

[H− Ei(~k)S] ~Ci = ~0 ,

where ~Ci is defined as a column vector containing all of the n− 1

coefficients Cij. A non-trivial solution requires

det[H− Ei(~k)S] = 0 , (2.17)

which is called the secular equation7. If the Hamiltonian matrix and
the overlap integral matrix of the solid are known, Equation (2.17)
equation can be used to calculate all n energy eigenvalues Ei as
functions of ~k.

2.6 energy dispersion relations

The energy bands of the π electrons are calculated by deriving
a Hamiltonian matrix and an overlap integral matrix from the
TB model of Section 2.3, inserting it into the secular equation,

7 Actually, any equation of this form is called a secular equation.



2.6 energy dispersion relations 9

Equation (2.17), and solving it for Ei. For simplicity, only nearest-
neighbor hopping is considered, i.e. all inner products between
orbitals of non-neighbor atoms are neglected. There are two
atoms in the unit cell, A and B, and only 2pz orbitals are being
considered. This means that there are two relevant atomic orbitals,
φ
2pz
A and φ2pzB , φA and φB for brevity. Hence the Hamiltonian

matrix and the overlap integral matrix will both be 2× 2.
It must also be noted that, since the 2pz orbitals are all aligned

and are rotationally symmetric around the z-axis, φj(~r− ~R) will
depend only on the absolute value of the argument ~r− ~R. This
requires all the position vectors to lie in the graphene plane,
which they naturally do. This allows for the substitution

φj(~r− ~R) −→ φrj (|~r− ~R|),

where the new functions φrj are identical to the old ones φj, but
with the dependency being on only the the absolute distance from
the atom in question, as per above8.

The following definitions will simplify the expressions to fol-
low. They will be given a more detailed explanation as they are
gradually introduced but are listed here for the sake of reference.

ε2p ≡ 〈φrA(|~r− ~RA|) | Ĥ | φrA(|~r− ~RA|)〉 ,

f(~k) ≡ eıkxa/
√
3 + 2e−ıkxa/2

√
3 cos(kya/2) ,

t ≡ 〈φrA(|~r− ~RA|) | Ĥ | φrB(|~r− ~RB|)〉 ,

s ≡ 〈φrA(|~r− ~RA|) | φ
r
B(|~r− ~RB|)〉 , (2.18)

where ~r is the position vector and ~R designates the position of
the atom in which orbital wave function it occurs. The fact that t Note that the A’s in

ε2p could be
exchanged for B’s.

and s, due to the rotational symmetry of the φrj ’s, depend only
on the absolute distance between the two atoms involved (A and
B) is important and will be used below. Depending on the choice
of phase for the wave function Ψ the sign of t and s may be
positive or negative, but they are always opposite to each other.
The resulting band structure would remain the same for either
choice9. For the purpose of this thesis, the transfer integral t is
selected as negative due to convention, and taken to be −3.033 eV,
while the corresponding value for s will be 0.129. These values
are according to Saito et al.[5, 1].

The elements of the Hamiltonian matrix are given by Equa-
tion (2.15). Consider such an element with Φj given by Equa-
tion (2.5) (the wave functions are substituted by their absolute- Note that when a

wave function is
represented without
bra-ket notation, it
should be interpreted
as the ket.

8 An additional modification would be to limit the domain to only vectors in the
graphene plane, but in two-dimensional graphene all vectors already do.

9 It would also be possible to use a complex phase.
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value wave function form φr, as above),

Hjj ′ =
1√
N

N∑
~R

e−ı
~k·~R〈φrj (|~r−~R|) | Ĥ

1√
N

N∑
~R ′

eı
~k·~R ′ | φrj ′(|~r−~R ′|)〉 ,

which can be rearranged to

Hjj ′ =
1

N

N∑
~R,~R ′

eı
~k·(~R ′−~R)〈φrj (|~r− ~R|) | Ĥ | φrj ′(|~r− ~R ′|)〉 . (2.19)

Now, consider only the diagonal elements of the Hamiltonian
matrix, j = j ′ (the 2pz orbital of either the A- or the B-atom). As
an approximation, all inner products of orbitals of two different
atoms, i.e. the terms for which ~R 6= ~R ′, are neclected and the
sum is taken only for the equal-position case ~R = ~R ′. This is
justified since inner products of j-orbitals at different sites are
necessarily smaller than inner products involving only one such
orbital, due to the hopping probability vanishing by distance.
Nearest neighbor atoms are never both of the same type, A or
B, so the distances for the diagonal A−A and B− products are
larger than for the off-diagonal case of A−B or B−A products.
This approximation yields

Hjj =
1

N

N∑
~R=~R ′

〈φrj (|~r− ~R|) | Ĥ | φrj (|~r− ~R|)〉 ,

where the phase factor has become unity. The inner products
are all simply ε2p of Equation (2.18), the energy of the 2p energy
level10. Performing the summation over all unit cells cancels the
prefactor 1/N. Then, since j can be either atom,

Hjj = HAA = HBB ≈ ε2p . (2.20)

Returning to Equation (2.19), the off-diagonal elements of H
are considered, i.e. j 6= j ′. For simplicity, consider especially HAB.
In order to make use of the nearest-neighbor approximation,
the position vectors from an A-atom to its nearest neighbors
(which are all B-atoms), ~RB− ~RA, are required. They are, in (x,y)
coordinates,

~δR1 = (
a√
3

, 0) , ~δR2 = (−
a

2
√
3

,
a

2
) , ~δR3 = (−

a

2
√
3

,−
a

2
) . (2.21)

Note that the absolute value of the vectors is a/
√
3 = aCC, the

bond length, as is necessary. These vectors are illustrated in
Figure 3.

Since φrj depends only on the absolute distance, the transfer
integrals between nearest neighbors will, as stated above, all

10 This value differs from the free atom case due to the crystal potential.
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Figure 3: The vectors connecting an atom to its nearest neigbors.

yield the same value. This value is according to Equation (2.18)
represented by t.

Neglecting all terms except the ones corresponding to nearest-
neighbor interaction, the constant transfer integral t can be ex-
tracted from the sum, leaving only a sum of phase factors over
nearest-neighbors,

HAB = t
1

N

N∑
Neighbors

eı
~k·(~RB−~RA) .

For every unit cell there are three nearest-neighbor pairs, centered
around A, with ~RB − ~RA corresponding to Equation (2.21) and
Figure 3. Every unit cell thus yields the same terms, and the
sum collapses to multiplication by the number of unit cells N,
canceling the prefactor 1/N. Thus, making use of the definition
of f(~k) in Equation (2.18),

HAB = t(eı
~k· ~δR1 + eı

~k· ~δR2 + eı
~k· ~δR3) = tf(~k) . (2.22)

Since the Hamiltonian matrix must be Hermitian and t is real,

HBA = H∗AB = tf∗(~k) . (2.23)

The above result also illustrates the relative postion of atoms.
Consider HAB compared to HBA. The absolute distance between
atoms is the same, yielding the same inner product t, whereas the
vectors to the nearest neighbors (all A-atoms) are the negatives
of the ones in Equation (2.21) (easily realized since changing the
sign of a vector changes its direction, from A→ B to A← B. This
is equivalent to a minus sign in the exponents of Equation (2.22),
and thus to taking the complex conjugate of f(~k).
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Combining Equations (2.20), (2.22) and (2.23), the Hamiltonian
has the form

H =

(
ε2p tf(~k)

tf∗(~k) ε2p

)
, (2.24)

where ε2p, t and f(~k) are defined in Equation (2.18).
The overlap integral matrix is calculated analogously to the

Hamiltonian. Simply remove all instances of Ĥ from the above
calculations, causing t −→ s, see Equation (2.18), and ε2p −→
1, since the atomic orbital wave functions are (assumed to be)
normalized.

The result is

S =

(
1 sf(~k)

sf∗(~k) 1

)
. (2.25)

Solving the secular equation, Equation (2.17), for the above
matrices yields the energy

E± =
ε2p ± t|f(~k)|
1± s|f(~k)|

, (2.26)

where the i now has been replaced with the more informative
“±”, which is synchronized with the other ±’s on the right-hand
side. The plus signs gives the lower π energy band and the minus
signs gives the higher π∗ energy band. These bands are called
the bonding and anti-bonding bands, respectively, since the lower
band promotes bonding between atoms due to its energy being
lower than achievable for individual atoms. The energy is plotted
in Figure 4 for the values t = −3.033 eV, s = 0.129, a = 2.46 Å
and ε2p = 0 (i.e. a shift in the zero-level of the energy to ε2p)[1].

Each of the N unit cells in the sheet contains two π electrons
and there are N allowed wave vectors in the 1BZ (see Section 2.4);
therefore, for the ground state, the bonding energy band will be
entirely filled by the 2N electrons in accordance with the Pauli
principle and spin degeneracy, while the anti-bonding band will
remain completely empty.

2.7 effective model

The K and K ′ points in the energy band picture of graphene are of
utmost importance since it is there that the π and π∗ bands meet
and the Fermi energy lies. For this reason f(~k) of Equation (2.18),
occuring in both the Hamiltonian matrix and the overlap integral
matrix (Equations (2.24) and (2.25)), is usually Taylor expanded
to first order in kx and ky about the K point, i.e. wave vector ~K.
The Taylor expansion of f(~k) about a K (K ′) point is

fK(K ′)(~k ′) = Ce
ıθk(k ′x − ıτk

′
y) (2.27)
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Figure 4: The two energy bands of graphene in the 1BZ, with the height
representing energy. The expression is given in Equation (2.26)
and the input values are t = −3.033 eV, a = 2.46 Å , s = 0.129
and ε2p = 0. The upper anti-bonding π∗ band and the lower
bonding π band meet at the K and K ′ points. At the ground
state, the bonding band is fully occupied and the anti-bonding
band completely vacant. Picture courtesy of Saito et al.[1].

where τ = 1 (−1) for a K (K ′) point,

C ≡ a
√
3

2
(2.28)

and the phase θk is specific to each K point, e.g. θk = −3π/2

for the K-point at (0,−4π/3a) and θk = π/6 for the K-point at
(2π/
√
3a, 2π/3a). For the same value of θK, τ = −1 gives the

Taylor expansion about K ′ point on the opposite side of the 1BZ.
The primes on the lower-case k’s indicate a change of coordinate
system; the wave vector ~k is now measured from the K point in
question, ~k ′ ≡ ~k− ~K.

The resulting effective-model Hamiltonian matrix is

HK,K ′ = tC

(
0 eıθk(k ′x − ıτk

′
y)

e−ıθk(k ′x + ıτk
′
y) 0

)
, (2.29)

where t is defined, as earlier, in Equation (2.18). The diagonal
terms ε2p have disappeared simply by shifting the origin of the
energy to ε2p = 0. Note the shift in

energy from here on.Approximating the overlap integral matrix as the identity ma-
trix11, S ≈ I is equivalent to setting s = 0 in Equation (2.25). This
can be shown to be a good approximation close to the K point by

11 This is sometimes labeled the Slater-Koster scheme[1].
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inserting the first-order Taylor expansion of f(~k), Equation (2.27),
into Equation (2.26), yielding

E± =
±tC|~k ′|
1± sC|~k ′|

where ε2p = 0, as above. Since the effective model is intended for
the vicinity of the K (K ′) point, |~k ′| is small and thus the energy
may be Taylor expanded to first order in sC|~k ′| about sC|~k ′| = 0,
resulting in

E± ≈ ±[tC|~k ′|(1∓ sC|~k ′|)] = ±tC|~k ′|− tsC2|~k ′|2 .

Since |~k ′| is small, the second order term may be neglected, ex-
cluding s from the expression entirely. Therefore s can be set to
zero to a good approximation.

From now on, the primes on k ′ will be omitted and the K-
centered coordinate system will be considered the default.Note the change in

origin of ~k from this
point on.

The energy eigenvalues corresponding to the Hamiltonian
matrix in Equation (2.29), calculated using the secular equation,
Equation (2.17), with the overlap integral approximated to the
identity matrix I, isThe absolute value of

the wave vector ~k
will be written

explicitly as a norm
to avoid confusion

with the
one-dimensional
wave number k.

E±(~k) = ±tC|~k| (2.30)

yielding a simple conical band structure, linear in |~k|. This is
referred to as a Dirac cone and presented in Figure 5 using the
same value t = −3.033 eV as in Section 2.6. It is essentially
Figure 4 heavily zoomed in on the K point12.

Since the electrons in the effective model follow a linear dis-
persion relation similar to the massless photons, they behave
essentially as massless particles and their kinetic properties must
obey the relativistic relation E =  hv|~k|, ~v being the particle veloc-
ity and and  h the reduced Planck constant. Due to this relation
the slope of the E(~k) curve is  hv.

The constant tC is easily identified as the slope of the Dirac
cone energy band E(k), anywhere along the curve, including the K
point, the point of the Fermi level13. Therefore the velocity obtained
from this slope is equal to the Fermi velocity and the Fermi index
“F” may be assigned to it,

∂E

∂k
= −|t|C ≡ − hvF ,

12 Remember that Figure 4 contains only one unit cell. Imagining an lattice of
identical band structures helps to visualize the cones about the K points.

13 Mathematically, both conical bands are non-differentiable at their apices at
the Fermi level, and there is also some sign confusion in the derivative of E.
However, physically, particles see only the same positive slope tC all the way
from bottom to top along the surface of both cones. Mathematically, |t|C =  hvF
is best seen as simply a definition of vF with a physical motivation. See also
Figure 11.
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Figure 5: Equation (2.30) (or (2.32)), the energy in the effective model
about the K point for t = −3.033 eV. The bottom cone is the
occupied π band (gray) and the top cone is the unoccupied
π∗ band (transparent). Height corresponds to energy in eV
and kx and ky are rendered unitless through multiplication
by the lattice constant a.

where the negativity has been extracted from t in order to ensure
a positive vF. For t = −3.033 eV, a = 2.46 Å and  h = 6.582 ·
10−16 eV · s, the analytical Fermi velocity of graphene is vF =

9.8 · 105 m/s.
Therefore the effective-model Hamiltonian matrix can be writ-

ten as

HK,K ′ = − hvF

(
0 eıθk(kx − ıτky)

e−ıθk(kx + ıτky) 0

)
, (2.31)

and the energy, analogously from Equation (2.30), as

E±(~k) = ∓ hvF|~k| (2.32)

where the left hand index and the right hand sign are opposite,
as indicated.

The density of states (DoS) at a given energy is proportional to
the circumference of an intersection of the cone at that level, since
more valid k states can fit on a bigger circle than a small one.
At and around K point, this circumference and thus the DoS is
negligible compared to the rest of the band structure. Therefore
DoS is (approximately) zero at the Fermi level and graphene is
thus a zero-gap semiconductor.

The energy eigenvalues, Equation (2.26), the effective-model
Hamiltonian matrix, Equation (2.31), and the Dirac cone band
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structure about the K point, Figure 5 and Equation (2.32), are the
main results from graphene used in calculations on CNTs. The
fact that the DoS is negligible at the Fermi level is also important
to notice, since in Section 3.4 it will become apparent that this
zero-gap is lifted for CNTs.



3
T H E B A S I C S O F C A R B O N N A N O T U B E S

In Chapter 2 the geometry and energy dispersion relations of
graphene was presented. This chapter proceeds by “rolling”
the graphene sheet into a CNT and performing the necessary
adjustments to graphene theory to account for the new geometry.

3.1 rolling the graphene

A graphene sheet can be rolled in many different directions,
creating CNTs of many different surface geometries. The vector
specifying the direction in which the sheet is rolled is called
the chiral vector, ~Ch; it is visualized in Figure 6. In the finished
tube, this vector will naturally correspond to the circumferential
direction. It also specifies the diameter of the tube since the length
of ~Ch is defined to be the whole circumference of the finished
CNT. Therefore the chiral vector is always between two equivalent
atoms on the graphene sheet to ensure a looping surface geometry.
It is specified by its coordinates in the graphene lattice vectors of
Equation (2.1) as

~Ch = n~a1 +m~a2 ≡ (n,m) , n,m ∈ Z . (3.1)

Figure 6: The chiral and translational vectors in a graphene sheet are
shown in a) together with the graphene lattice vectors. The
resulting nanotube section is shown in b).

These integers are used to uniquely label different types of
nanotubes, since (neglecting length) their geometry consists in
the way the sheet has been rolled, the chirality of the CNT. It is

17
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thus customary to speak of “an (n,m) CNT”. There is a certain
nomenclature for nanotubes of different chiralities.

• An (n,n) nanotube is called an armchair nanotube.

• An (n, 0) nanotube is called a zigzag nanotube.

• All other nanotubes are called chiral nanotubes.

The names “armchair” and “zigzag” refer to the shape of the
ends of the nanotube, see Figure 7.

Figure 7: Armchair (a), zigzag (b) and chiral (c) nanotube.

Since the chiral vector will, after rolling, point in the circum-
ferential direction of the nanotube, a vector in the lattice plane
orthogonal to the chiral vector will be aligned with the nanotube
axis. Such a vector is defined, ensuring that it extends to the
nearest equivalent atom in that direction and no further, and
named the translational vector ~T , see Figure 6. The translational
vector is expressed as

~T = t1~a1 + t2~a2 ≡ (t1, t2) , t1, t2 ∈ Z . (3.2)

Since the direction of ~T is given by ~Ch and the length is given by
the nearest equivalent atom, the translational vector is uniquely
specified by the chiral vector. Its components can be expressed in
terms of the chiral vector components n and m by starting with
the orthogonality ~Ch · ~T = 0, and the definitions of ~Ch, ~T and the
lattice vectors, Equations (3.1), (3.2), (2.1),

~Ch · ~T = 0 ⇒ t1(2n+m) + t2(2m+n) = 0 ,

and then rearranging to

t1
t2

=
(2m+n)

−(2n+m)
.

Now, it is evident that simply equating numerators and divisors
on both sides would yield a vector in the ~T direction, since the
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quotient of t1 and t2, which indicates direction, has been obtained
by taking all conditions into account, save length.

~T ∝ (2m+n)~a1 − (2n+m)~a2 .

~T should, by definition, be as short as possible, but according
to Equation (3.2) its components must still be integers. Both
(2n+m) and −(2m+ n) are already integers, following from
Equation (3.1), but it might be possible to shorten the vector, i.e.
divide both components by some number. The largest number
that (2n+m) and (2m+ n) can both be divided by and yield
integers is, by definition, their greatest common divisor, hereby
written dR. The resulting expressions for the translational vector
components are then

t1 =
(2m+n)

dR
, t2 = −

(2n+m)

dR
. (3.3)

The chiral angle θ is defined to be the angle between the chiral
vector ~Ch and the lattice vector ~a1, and thus denotes the tilt angle
of the carbon hexagons to the nanotube axis, see Figure 6. A
chiral angle of 30◦ is equivalent to an armchair nanotube, and 0◦

to a zigzag nanotube (chiral nanotubes fall in-between). Because
of the lattice symmetry, the generated nanotubes are 30◦-periodic
in θ, i.e. increasing θ beyond 30◦ is redundant1. Given ~Ch, θ is
easily evaluated using the relation between the scalar product
and the cosine, ~Ch · ~a1 = Cha1 cos(θ).

The number of graphene unit cells in a CNT unit cell N is given
by the quotient of their areas,

N =
~Ch × ~T

~a1 × ~a2
=
2(n2 +m2 +mn)

dR
=
2Ch

2

a2dR
, (3.4)

where Equations (2.1), (3.1), (3.2) and (3.3) have been used. Note Note that the letter
N is being reused for
the CNT case.

that Ch is the circumference of the CNT. Since, as known from
Chapter 2, every graphene unit cell contains two carbon atoms,
there are 2N atoms and, correspondingly, 2N π electrons in the
unit cell.

The unit cell of the CNT is simply the rectangle given by ~Ch
and ~T , since ~Ch represents the whole circumference of the tube,
i.e. a cylindrical “slice”, and translations through ~T generate
such slices in the axis direction. Since only translations in the
T -direction generate the CNT (there being only one single, looping
unit cell in the circumferential direction), ~T is the one true lattice
vector of the one-dimensional CNT structure.

Given graphene and considering infinite-length nanotubes, the
geometry of any CNT is then completely specified by the chiral
vector ~Ch.

1 It is possible that there may be some effects that differ between periods, but for
the most part, θ is confined to [0◦, 30◦].
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3.2 the reciprocal lattice

Since a CNT is essentially rolled-up graphene, it is practical to
map the allowed wave vectors of the nanotube to that of graphene,
thereby obtaining the energy band structure directly from that of
graphene. The natural starting point is the chiral vector ~Ch and
the translational vector ~T , since they already describe the CNT

geometry in terms of the graphene lattice vectors.
Considering Equation (2.2) with “the a’s” as the CNT real lattice

vectors ~Ch and ~T , the reciprocal vectors (“the b’s”) can be found
and, together with Equations (3.1), (3.2), (3.3) and (3.4), expressed
in terms of the graphene reciprocal lattice vectors, defined in
Equation (2.3), as

~KC =
1

N
(−t2~b1 + t1~b2) , ~KT =

1

N
(m~b1 −n~b2) , (3.5)

where the indices C and T indicates the corresponding real lattice
vector (~Ch or ~T )2. It must be stressed that although Equation (3.5)
contains two vectors, only ~KT is a true reciprocal vector of the
CNT, since only ~T is a true lattice vector, see Section 3.1.

Periodic boundary conditions as in Equation (2.9) are employed
for the CNT in the translational and circumferential directon.
Consider the periodicity vectors of Equation (2.8), with ~L = NT~T ,
since the number of CNT unit cells NT times the translational
vector generates the length of the tube, and ~W = ~Ch, since the
chiral vector indicate the circumference of the tube. The wave
vector ~k will be expressed in T - and C-components as

~k = kT
~T

T
+ kC

~Ch
Ch

. (3.6)

In analogy with Section 2.4 the wave vector becomes quantized
as

kC =
2πnC
W

=
2πnC
Ch

, nC ∈ Z

kT =
2πnT
L

=
2πnT
NTT

, nC ∈ Z . (3.7)

From Equation (3.7) it becomes apparent that the spacing between
allowed wave vectors in the translational direction becomes zero
for a CNT of infinite length L (i.e. infinite NL), similarily to
Equation (2.13). Thus, in the translational direction, the wave
vector is quantized only for the finite-length CNT case, and then
with spacing 2π/L, as required by Equation (3.7)3.

2 C, though selected to mean “chiral”, may just as well be interpreted as “circum-
ferential” as the chiral vector ends up pointing in the circumferential direction
of the CNT, a useful linguistic coincidence.

3 Since an infinite-circumference CNT is unthinkable, kC will always be quantized.
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Since the length of ~Ch is Ch, the length of its reciprocal vector
~KC must be 2π/Ch, and the two vectors are collinear, the allowed
circumferential component of the allowed wave vectors may be
rewritten as

kC
~Ch
Ch

= nC~KC . (3.8)

For nC = N, the right hand side is a reciprocal lattice vector of
graphene (see Equation (3.5)), and thus equivalent to the origin4.
Hence, the integer nC should be restricted to avoid superfluous
doubles of wave vectors, i.e.

nC = 0, 1, . . . ,N− 2,N− 1 . (3.9)

The circumferential component kC of a wave vector in a CNT is
thus quantized according to Equations (3.7) and (3.9).

Considering the translational direction for the infinite-length
case, i.e. continuous kT , the length of the primitive cell in this di-
rection is T , and hence the length of the 1BZ must be 2π/T , which
is chosen5 as extending equally in both directions (anti)parallel
to T , i.e.

−
π

T
< kT <

π

T
(3.10)

The resulting allowed k-values mapped to the graphene re-
ciprocal lattice yield N evenly spaced, parallel line segments of
length 2π/T placed in a row extendning in the KC direction. ~KT
is the line direction and ~KC is the line spacing. The exact position
is chosen as the first line having its middle in the origin. This
mapping of the CNT 1BZ to the reciprocal graphene lattice is de-
picted in Figure 8. It is evident that only a very small portion of
the allowed graphene wave vectors carry over to the CNT case.

Calculating the area of the rectangle formed by the line seg-
ments from definitions and relations such as Equation (3.3) shows
that this area is equal to the area of the graphene 1BZ. By trans-
lating the line segments in the graphene picture by the graphene
reciprocal lattice vectors (~b1 and ~b2), different, equivalent map-
pings to graphene can be obtained[13]. The line segments does
in fact each have their own “copy” located somewhere along
the ~KT , so a possible mapping would be a straight line of al-
lowed k-values in the translational direction, making the one-
dimensionality of the CNT obvious, see Figure 9.

The plethora of equivalent mappings is related to the screw
symmetry of the CNT, described by White et al.[14]. Thus, any
wave vector along the tube axis could be replaced by a wave vector

4 Also, since t1 and t2 does not have a common divisor (see Section 3.1) no
lattice point can lie between the origin and N~KC.

5 Choice is allowed by periodicity.
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Figure 8: The CNT 1BZ mapped to the reciprocal lattice of graphene.
~KT corresponds to the translational direction and ~KC to the
circumferential. This example shows the K point (and also
the K ′ point) as allowed wave vectors in the CNT.

Figure 9: An alternative mapping of the CNT 1BZ to the graphene recip-
rocal lattice, highlighting the one-dimensionality of nanotube.
This example shows the K point (and also the K ′ point) as
allowed wave vectors in the CNT.

in to a suitable line segment (the nCth one) in the translational
direction span of Equation (3.10). Conversely, any wave vector
not parallel to the tube axis could be replaced by one that is.

Another possible mapping would be to shift the array of cutting
lines in the circumferential direction so that the middle cutting
line falls on the origin, see Figure 10. Then the grouping of K and
K ′ points into pairs on opposite sides of the 1BZ suggested by
Equation (2.31) (where θk is specific to the K point and τ = −1

gives the corresponding K ′ point) could be given an interesting
physical interpretation. The K and K ′ points that fall closest to
cutting lines would in this case form such a pair, and would lie
in opposite directions, i.e. one on ~k and the other on −~k. Due
to this, the case of τ = 1 (−1) could be interpreted as states for
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Figure 10: An alternative mapping of the CNT 1BZ to the graphene
reciprocal lattice, highlighting the interpretation of K/K ′ as
giving the direction of the circumferential component of the
electron wave vector (clockwise or counterclockwise). This
example shows the K point (and also the K ′ point) as allowed
wave vectors in the CNT.

which the electron has its circumferential wave vector component
in the clockwise (counterclockwise) direction6[15].

The equal-length line segments described above constitute
all the allowed wave vectors in the 1BZ. Since they give one-
dimensional “cuts” of the graphene band structure, they are
known as cutting lines. Following convention, this will be written
with k and µ as

~k = k
~KT
KT

+ µ~KC , |kT | <
π

T
, µ = 0, 1, . . . ,N− 1 , (3.11)

where N is, as before, the number of graphene unit cells in a CNT

unit cell and given by Equation (3.4). Equation (3.11) yields a
mapping of the type of Figure 8.

3.3 energy dispersion relations

Having in Section 3.2 mapped the 1BZ of the CNT to the reciprocal
space of graphene, the energy dispersion relation of the nanotube
can easily be obtained from the graphene case, Equation (2.26)
and Figure 4, simply by looking at which of the graphene k
values that are allowed in the geometry, i.e. the cutting lines of
Equation (3.11).

As can be seen from Figure 8, the CNT energy dispersion rela-
tions are intersections in Figure 4, “cutting lines”. These “slices”
of the graphene energy band structure are one-dimensional lines,
of course having both a bonding π band and an anti-bonding
π∗ band. Since µ = 0, 1, . . . ,N− 1, there will be N such cutting
lines, i.e. pairs of energy bands. Since there are 2N π electrons in
the unit cell of a CNT, see Section 3.1, and N energy band pairs,
the π electrons completely fill the bonding bands, analogously to
graphene.

6 Clockwise when viewing the CNT down the positive kT direction, that is.
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The analytical expression for these cutting lines is obtained by
simply inserting the quantized 1BZ k-values of Equation (3.11)
into the graphene energy band structure, Equation (2.26), yielding

Graphene quantities
will, for the

remainder of this
thesis, be assigned

the subscript “gr” to
distinguish them

from their CNT
equivalents.

Eµ,±(k) = Egr,±

(
k
~KT
KT

+ µ~Kµ

)
. (3.12)

The K (K ′) point is especially interesting. If one of these cutting
lines intersects this point of degeneracy, where the π and π∗

bonds meet, the CNT will inherit this zero band gap; its bands
will meet. Even if this fails to occur, the vicinity of the K (K ′)
point will be the region where the band gap is at its lowest. It
is for this reason that the Dirac cone picture, Figure 5, and the
effective model, see Section 2.7, are so profoundly important for
CNT physics; studying the cutting line closest to K (K ′) in the
effective model gives a good approximation of the band gap for
a given CNT.

It should be noted that if the alternative mapping method is
employed, thereby cutting one long line through the graphene
band structure, an equivalent band structure is obtained, but in
one long, connected energy band pair. This helps to visualize the
relation between the one-dimensional CNT energy band structure
and the cutting lines in the graphene mapping.

3.4 density of states and vanishing band gap

In Section 2.7 it was argued that the DoS at the Fermi level of
graphene was effectively zero. The two-dimensionality of recip-
rocal space so vastly increased the number of allowed k states
for non-Fermi energies the number of states at the degenerate
point of band intersection could be approximated to zero. This
two-dimensionality no longer exists for the one-dimensional CNT,
causing cutting lines through a K (or K ′) point to have no band
gap, and thus the CNT to be metallic. The absence of a band gap
in the one-dimensional case will be established through a DoS

calculation for such a cutting line.
Thus, consider a cutting line through the K point in Fig-

ure (2.32). The resulting energy band structure will be two linear
lines intersecting at the Fermi energy. From Equation (2.32) these
lines are described by

E±(k) = ± hvF|k| , (3.13)

where the plus sign gives the anti-bonding π∗ band and the
minus sign the bonding π band. For simplicy, consider only the
k < 0 region of the bonding band and the k > 0 region of the anti-
bonding band. This will be a linear line through E(0) = EF = 0,
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Figure 11: The upper plot shows the band structure for a cutting line
through the K point, Equation (3.13). The solid (dashed)
line corresponds to the minus (plus) sign. The lower plot
shows Equation (3.14) (solid) and its negative (dashed). Uses
a = 2.46 Å and t = −3.033 eV.

EF being the Fermi energy. This line together with its reflection
in the E-axis recreates the entire cutting line band structure. See
Figure 11. It can be written

E1(k) =  hvFk . (3.14)

In order to calculate the DoS, the unphysical notion of infinite
length must be discarded and the discussion restricted to tubes
of length L, lest the DoS would become infinite. According to
Equation (3.7) the k-width occupied by one allowed value is

∆k =
2π

L
,

and thus the number of allowed states in an infinitessimal interval
dk is

dk

2π/L
=
L

2π
dk .

From Equation (3.14) dk can be related to an energy infinitessimal
dE as

dk =
dE1
 hvF

.
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Combining the above equations yields the DoS for a line through
the K point,

D(E1)dE1 =
L

2π hvF
dE1 .

However, this is only the positive-slope line through the origin.
There is another, mirrored but otherwise identical, line missing
from the band structure. For any given energy interval dE, the
total number of allowed k states that can fit on the lines in that
interval must be twice that of one line. Hence, the true DoS of the
cutting line is twice the obtained value, the constant D(E) in

D(E)dE =
L

π hvF
dE . (3.15)

Since the DoS is constant for a CNT, there is no point for which
the density can be approximated to zero, and thus the cutting
lines that pass through the K point have no zero-gap, dissimilar
to the graphene case. Such a band structure is characteristic of
a metal, and thus a cutting line through the K point makes the CNT

metallic. If no cutting line passes through K, the resulting band
structure will have a non-zero band gap, and the CNT will be
semiconducting.

3.5 chirality condition for a metallic nanotube

A stated in Section 3.4 the energy band structure, and thus the
electronic properties, of a CNT is given by cutting lines through
the Dirac cone. If a K (or K ′) point is on a cutting line, the
nanotube will be metallic, otherwise semiconducting. Hence, it is
necessary to establish the this geometrical condition in terms of
chirality, i.e. to find a condition dependent upon n and m such
that, if fulfilled, yields a metallic CNT.

In order for a cutting line to hit a K point, there must be an
integral number of cutting line separation distances, KC, between
it and the first cutting line (shortest distance), which is through
the origin in the KT direction. Rather, the absolute value of the
projection of the K point vector ~K onto ~KC (equal to the perpendic-
ular distance from K to the first cutting line) must be an integer
times KC. Thus the condition isThe K point vector is

devoid of subscripts
and should not be
confused with the
reciprocal vectors

~KC or ~KT .

~K ·
~KC
KC

= µKC , 0 6 µ ∈ Z , (3.16)

which is entirely equivalent to deriving an expression for a point
in the 1BZ (i.e., on a line segment) from the arguments in Sec-
tion 3.2 and setting it equal to ~K.
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To arrive at the chirality dependence, Equation (3.5) is used for
~KC and the “upper-right” K point of the reciprocal hexagon is
chosen7 as

~K =
2

3
~b1 +

1

3
~b2 ,

the ~b’s being the reciprocal lattice vectors of graphene, Equa-
tion (2.3). This, together with Equations (3.3) and (3.4), yields the
chirality condition for a metallic nanotube,

2n+m

3
∈ Z ⇐⇒ n−m

3
∈ Z , (3.17)

where the equivalence is most easily seen by thinking that if
m = n, the resulting numerator 3n is most definitely divisible by
three, but the condition would also be met if m and n differed
by a multiple of three (the case of a zero multiple subsumes the
equality case).

From Equation (3.17) it is immediately apparent that all arm-
chair nanotubes are metallic. By testing different values of m
and n, it can be seen that approximately one third of CNTs are
metallic, i.e. have a cutting line at the K point. The remainder are
all semi-conductors of various band gaps.

7 Due to symmetry, see p. 19, this is a general result for all K (K ′) points.
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C U RVAT U R E - I N C L U D I N G H A M I LT O N I A N

The picture of a CNT as a mere boundary condition of graphene
is useful but somewhat naïve. In the TB calculation on graphene,
the 2pz orbitals were orthogonal to the surface, and hence to the
other orbitals. Due to this, the 2pz orbital was odd with respect
to the other orbitals and all transfer integrals between it and them
are zero1. For the case of a CNT this is obviously no longer true.
The surface of a CNT is curved with some finite radius r, the CNT

radius, given by

2πr = πdt = Ch , (4.1)

where dt is the diameter of the CNT. Due to this curvature, the
2pz orbitals are no longer orthogonal to the other orbitals, nor
are they parallel to the 2pz orbitals of their nearest-neighbors.
This leads to new correction terms, which in this chapter will
be treated by perturbation theory, following the approach by
Izumida et al.[16], but with the effective-model curvature Hamil-
tonian resulting from a Taylor-expansion of order one instead of
zero and spin-orbit interaction completely omitted.

The quantity a/r will henceforth be used as a measure of
curvature, being not only the “fineness” of the graphene lattice
divided by the radius of the nanotube but also the leading term in
the angle between vectors from the CNT axis to two neighboring
unit cells2.

4.1 perturbative treatment

The curvature will be treated using a form of perturbation theory
known as Löwdin partitioning[17, 18]. This theory requires that
the eigenfunctions of the system can be divided into two weakly
interacting groups where only one is of interest. As in Chapter 2

the unbonded π electrons are the most important for transport
properties, and hence the eigenstates of their associated π bands3

constitute the group of interest. The remaining eigenstates, con-
stituting the other group, will be the eigenstates of the σ bands
which are associated with the hybridized σ electrons in the (now
curved) graphene plane.

1 For a more detailed picture, look ahead to Figure 13. Considering the π
electrons, graphene has integrals of the types b-I, b-II, b-III and a-IV, where
only the last one is non-zero

2 Noting the right triangle formed by the vectors and a line between unit cells:
a
r = sin(v) ≈ v.

3 The only bands mentioned up till now, see Figure 4.

29



30 curvature-including hamiltonian

As in all perturbation theory, the Hamiltonian matrix is divided
into two terms, one large for which there is an exact solution4

and one “small” term, the perturbation. In this case the original
Hamiltonian matrix H0 is the effective-model Hamiltonian matrix
of graphene, Equation (2.31), but in the form

H0 =  hvF

(
0 kC − ıτkT

kC + ıτkT 0

)
, (4.2)

which has been attained from Equation (2.31) by a unitary trans-
formation

H0 = UH̃U−1 , (4.3)

which will be discussed further in Sections 4.3 and 4.5, and a
change of coordinates. The perturbation H ′ is the additional
terms due to curvature. The complete Hamiltonian matrix thus
takes the form

H = H0 +H ′ . (4.4)

The effective-model Hamiltonian matrix of Equation (4.2) has
the Bloch functions of Equation (2.5) as basis states, with the
N = 2 atomic orbitals being the 2pz orbitals of the A- and B-
atoms. This Hamiltonian matrix also differentiates between K
and K ′ points with the index τ = 1 (−1) for K (K ′). Naturally, the
same basis will be used for the perturbation Hamiltonian matrix,
thus the initial and final states will be the 2pz orbitals of the A-
and B-atom with the index τ enabling simultaneous calculations
for the K and K ′ points. It is useful to now introduce the index
σ = 1 (−1) to denote the A-(B-)atom5.

Due to reasons given in Section 4.2 the coordinate system will
be changed so that the 2pz orbitals becomes the 2px orbitals. AsNote the shift in

coordinates causing
the 2pz orbitals to be

relabeled “2px
orbitals”.

a shorthand, x, y and z will now be used as shorthands for 2px,
2py and 2pz when used to label Bloch functions.

The nearest-neighbor approximation will be employed for the
case of curvature as well, and ~k will, as before, be measured
relative to ~K (~K ′) and assumed small, so that the energy will not
deviate appreciably from the Fermi energy εF = 0. The index τ
indicates if the electron is located close to a K or K ′ point, and
hence the origin of ~k.

The initial and final states, i.e. the basis states of the Hamilto-
nian matrix, are then of the form | xστ〉. They also constitute the
“group of interest” in the Löwdin partitioning.

4 In the nearest-neighbor approximation, that is.
5 This should not be confused with the σ band. There is no such relation.
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In Löwdin partitioning the elements of the first- and second-
order corrections to H0 are given by Winkler[17]

〈xστ | Ĥ(1) | xσ ′τ〉 = 〈xστ | Ĥ ′ | xσ ′τ〉 (4.5)

〈xστ | Ĥ(2) | xσ ′τ〉 =
∑
m

〈xστ | Ĥ ′ | m〉〈m | H ′ | xσ ′τ〉
−Em

,

(4.6)

where the summation ranges over all intermediate states | m〉, i.e.
the σ states, and energy is measured from ε2p = εF = 0, causing
the energy of the initial and final states to be zero (see above) and
not appear in the second-order correction.

4.2 geometry

To obtain the effects of curvature it is no longer enough to sim-
ply speak of the graphene lattice; a new, properly cylindrical
geometry has to be defined for the CNT.

To begin, a cartesian coordinate system is defined with the
Z-axis aligned with the CNT axis. This will be referred to as the
global coordinate system and indicated by capital coordinates X,
Y and Z.

Then a number l is which labels the atomic sites is introduced.
The position of each atomic site l will be given in cylindrical
coordinates, i.e. by a translation in the axis (Z) direction, Tl and
an azimuthal angle θl measured from the X-axis. The radial Do not confuse the

azimuthal angle θl
with the chiral angle
θ, which lacks
subscript.

coordinate will always be r, the radius of the CNT, given in (4.1).
In addition to the global cartesian coordinate system a local

cartesian coordinate system is defined for each atomic site l. Such
local coordinates will be indicated by lower-case coordinates xl,
yl and zl. The zl-axes will be aligned with the global Z-axis
and the xl-axes will be normal to the nanotube surface, i.e. in
the radial direction. Therefore the yl-axes will be tangential to
the circumferential direction of the CNT. Care should be taken
since this definition has the xl-axis in the place of the z-axis of
the “unrolled” graphene. This means that the orbitals have to be
relabeled, the 2pz orbital becomes the 2px orbital. Unit vectors in Note the relabeling

of the orbitals.these directions at site l are written as ~nxl, ~nyl and ~nzl.
Consider an A-atom (at site l = 0) and its three nearest-

neighbor B-atoms: B1 (l = 1), B2 (l = 2) and B3 (l = 3), as
in Figure 3, on the surface of the CNT. The global cartesian coor-
dinate system is chosen such that the A-atom is on the position

~R0 = (r, 0, 0) , (4.7)

i.e. on the X-axis. Hence the cylindral coordinates described
above are measured relative to the A-atom, θ0 = 0 and T0 = 0,
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and the positions of the nearest-neighbor B-atoms are given (in
(X, Y,Z)) by

~Rl = (cos(θl), sin(θl), Tl) l = 1, 2, 3 , (4.8)

see Figure 12a.

Figure 12: a) An A-atom (black) and its nearest-neighbor B-atoms in a
CNT. The coordinates of the B-atoms is given by a translation
along the nanotube (Z) axis T and an azimuthal angle θ. b)
The angle φc between the circumference direction and ~L10
as well as the chiral angle θ is indicated. A local coordinate
system is also shown. c) The wave vector basis, k and µ/r,
together with that of graphene, k0x and k0y. They are
related by a rotation by the angle φc. The used K and K ′

points are also indicated. Picture courtesy of Izumida et
al.[16].

~Ll ′l will be used to denote the vector between atomic sites l ′

and l. Inserting Equation (4.7) and Equation (4.8) in ~Rl − ~R0, the
vectors between the A-atom (l = 0) and its nearest-neighbors
(l ′ = 1, 2, 3) are given by

~Ll0 = (r(cos(θl) − 1), r sin(θl), Tl) . (4.9)

Equation (4.9) is the curved analog of Equation (2.21).
For convenience, φc is defined as the angle between the cir-

cumference direction and ~L10; see Figure 12. This angle can be
related to the chiral angle θ by first noting that the angle between
~L20 and the Z-direction can be shown to be θ. For a zigzag nan-
otube, θ = 0 and ~L20 is aligned with the Z-axis. Then the angle
between ~L20 and ~L10 is π/2+φc = 2π/3. From this, φ = π/6.
Now, increasing the chiral angle θ decreases the angle φc by the
same amount, thus

φc =
π

6
− θ . (4.10)

To derive the expressions for the B-atom θl’s, note that the
circumferential component of ~L10 is simply acc cos(−φc) =

acc cos(φc) where acc = a/
√
3 is the bond length given in Sec-

tion 2.2. This circumferential component is an arc in the circum-
ferential direction of the CNT and hence equal to rθ1. To arrive
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at θ2 and θ3 the angle is simply changed by the angle between
bonds, 2π/3, and thus

θ1 =

(
a

r
√
3

)
cos (φc)

θ2 =

(
a

r
√
3

)
cos
(
φc −

2π

3

)
= −

(
a

r
√
3

)
cos
(
φc +

π

3

)
θ3 =

(
a

r
√
3

)
cos
(
φc +

2π

3

)
= −

(
a

r
√
3

)
cos
(
φc −

π

3

)
where the second equalities follow from

cos(φc ± 2π/3) = − cos(φc ∓ π/3)

which can be proved by gathering terms on the same side and
using the trigonometric identity for addition of cosines. The
above azimuthal angles can more concisely be written

θl = γl

(
a

r
√
3

)
cos (φc + δl) , (4.11)

where γl = 1,−1,−1 and δl = 0,π/3,−π/3 for l = 1, 2, 3.
The translational components are derived almost analogously.

The translational component of ~L10 is simply acc sin(−φc) =

−acc sin(φc) and the analogy of the above trigonometric expres-
sion, sin(φc ± 2π/3) = − sin(φc ∓ π/3), also holds and can be
proved in a similar way6. Therefore

Tl = −γl

(
a√
3

)
sin (φc + δl) , (4.12)

where γl and δl are defines as above.
The unit vectors of the local coordinates at the A-atom are

simply the global coordinates themselves, i.e.

~nx0 = (1, 0, 0)

~ny0 = (0, 1, 0)

~nz0 = (0, 0, 1) . (4.13)

The local coordinates at the B-atoms are

~nxl = (cos(θl), sin(θl), 0)

~nyl = (− sin(θl), cos(θl), 0)

~nzl = (0, 0, 1) , (4.14)

for l = 1, 2, 3.
Taking the norm of the vector ~L0l in Equation (4.9), inserting θl

from Equation (4.11) and Tl from Equation (4.12), Taylor expand-
ing the resulting cos(θl) in θl to first order7 about 0, noting that

6 That is, using the trigonometric identity for addition of sines instead.
7 Since the argument contains a/r this is equivalent to expanding in curvature.
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γ2l = 1 and then substituting the bond length acc (see Section
2.2) yields

|~Ll0| =
a√
3
= acc , (4.15)

as would be expected for the distance between atoms. Any
curvature-induced deviations from the bond length of graphene
are lost in the truncated Taylor expansion and will be neglected.

Figure 12c) shows the CNT wave vector basis components kT =

k and kC = µ/r (µ as in Equation (3.11)) together with those of
graphene, here labeled with the subscript ‘0’. It is apparent that
they are related by rotation in the angle φc, i.e.(

k0x

k0y

)
=

(
cos(φc) − sin(φc)

sin(φc) cos(φc)

)(
kC

kT

)
. (4.16)

The K and K ′ points which will be used in Section 4.3 are also
indicated in Figure 12.

4.3 curvature-including hamiltonian

In this section a TB calculation similar to the one in Chapter 2 is
applied to the CNT geometry defined in Section 4.2. To begin, the
curvature-including transfer integrals between Bloch functions
are calculated using the unperturbed Hamiltonian Ĥ0 but in the
curved geometry. Then the transfer integral 〈xστ | Ĥ0 | xστ〉
is divided into the unperturbed Hamiltonian matrix elements
(which would be there even in the absence of curvature) and the
first-order correction (the new terms arising due to the curved
geometry) according to Equation (4.5),

〈xστ | ˆ̃H0 | xστ〉cv = 〈xστ | ˆ̃H0 | xστ〉+ 〈xστ | ˆ̃H(1) | xστ〉 ,

where the tilde is a reminder that the correction must be subjected
to the same unitary transformation U as H0. The remaining
transfer integrals, not being between | xστ〉 states, are related
to second order perturbation theory and will be used in the
calculation of the second-order corrections according to Equation
(4.6).

The first step will be to derive the transfer integrals between
the atomic orbitals, as the Bloch function in the TB model is given
as a superposition of orbitals. As in Chapter 2, the fact that
the atomic orbitals are symmetric about their axes (i.e. x for a
2px orbital) is used. However, no superscripts will be used as a
reminder.

As mentioned in the beginning of this chapter, the atomic
orbitals in a CNT are non-orthogonal due to curvature. Therefore
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the 2px orbitals8 no longer simply just have the transfer integral
〈xστ | Ĥ | xστ〉 = t (equality given by Equation (2.18)), but a
linear combination of this and transfer integrals from | xστ〉 to
other orbitals, | 2sστ〉, | yστ〉 and | zστ〉. Since there are now
several types of transfer integrals, a lone t will no longer suffice
for notation. Therefore transfer integrals between atomic orbitals
are defined as in Figure 13, and the values are given by Saito et
al.[1, 5] as

Hπ = −3.033 eV

Hσ = −5.037 eV (4.17)

Hsp = −5.580 eV .

Figure 13: Different pairs of atomic orbitals for two neighboring atoms.
Above each pair the value of the transfer integral between
them is shown. All the orbital pairs in a) are non-zero
whereas all the pairs in b) are zero by symmetry. The roman
numerals below the figure divide it into columns so that the
orbital pairs can be referred to as “type a-III” etc.

The transfer integral between orbital j of an A-atom at site l
and orbital j ′ of a B-atom at site l ′ for j, j ′ = x,y, z is given by

〈φjAl | Ĥ0 | φj ′Bl ′〉 =
~Ll ′l · ~njl
|~Ll ′l|

(−~Ll ′l) · ~nj ′l ′
|~Ll ′l|

Hσ

+

(
~njl · ~nj ′l ′ −

~Ll ′l · ~njl
|~Ll ′l|

~Ll ′l · ~nj ′l ′
|~Ll ′l|

)
Hπ .

Here, the first term is the product of the ~Ll ′l-aligned components
of the unit vectors corresponding to orbitals j and j ′, given by
projections onto ~Ll ′l (direction reversed for one site, making the
picture symmetric). Aligned, facing components with like signs
toward each other such as these are of the type a-III and have the
transfer integral Hσ. The second term is the full scalar product
of the unit vectors, minus the part already mentioned, i.e. the
Hσ, “facing” part. The remainder are the parallel components,

8 Previously known as the 2px orbitals, see Section 4.2.
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of the type a-IV previously encountered in graphene, having the
transfer integral Hπ. The above expression can be rewritten as

〈φjAl | Ĥ0 | φj ′Bl ′〉 =

(~njl · ~nj ′l ′)Hπ −
(~Ll ′l · ~njl)(~Ll ′l · ~nj ′l ′)

|~Ll ′l|2
(Hσ +Hπ) , (4.18)

which is the form which shall be used from now on. For a more
detailed discussion of this projectional method, see Ando[19].

The 2s orbital, having a different shape than the others, is
treated separately. The transfer integral between orbital j = x,y, z
on an A-atom at l and orbital 2s on a B-atom at l ′ is given by

〈φjAl | Ĥ0 | φ2sBl ′〉 =
~Ll ′l · ~njl
|~Ll ′l|

Hsp (4.19)

i.e. simply the magnitude of the ~Ll ′L-projection since type a-II
has the only non-zero transfer integral between 2s and 2p orbitals,
having the value Hsp.

The calculation of the transfer integrals between atomic orbitals
involves Taylor expanding θl about 0, as earlier with Equation
(4.15)9 and exploiting some trigonometric identities. Only the
lowest-order contributions of curvature will be kept. Since the
nearest-neigbor approximation is being employed, only transfer
integrals between nearest-neighbor atoms as described in Section
4.2 are needed.

Consider e.g. the transfer integral 〈φxA0 | Ĥ0 | φyBl〉. Consid-
ering the geometry of the orbitals it is apparent that interchanging
the orbitals changes the sign, i.e.

〈φyA0 | Ĥ0 | φxBl〉 = −〈φxA0 | Ĥ0 | φyBl〉 . (4.20)

From this, calculating 〈φxA0 | Ĥ0 | φyBl〉 also yields the transfer
integral 〈φyA0 | Ĥ0 | φxBl〉. In analogy with Equation (4.20),
other transfer integrals can also be found without further calcula-
tion by symmetry arguments.

The calculation of 〈φxA0 | Ĥ0 | φyBl〉 begins with Equation
(4.18). Writing

〈φxA0 | Ĥ0 | φyBl〉 =

(~nx0 · ~nyl)Hπ −
(~Ll0 · ~nx0)(~Ll0 · ~nyl)

|~Ll0|2
(Hσ +Hπ) ,

and then inserting Equations (4.9), (4.15), (4.13) and (4.14) yields

〈φxA0 | Ĥ0 | φyBl〉 =

− sin(θl)Hπ −
r2 sin(θl) (cos(θl) − 1)

a2/3
(Hσ +Hπ) .

9 It simply is not practical to have cosines of cosines.
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Now, Taylor expanding the trigonometric functions in θl, cancel-
ing factors and keeping the lowest order in curvature leaves

〈φxA0 | Ĥ0 | φyBl〉 =

−γl
1√
3

a

r
cos(φc + δl)

(
Hπ −

1

2
(Hπ +Hσ) cos2(φc + δl)

)
.

The other transfer integrals between orbitals are then examined
as in Equation (4.20) and calculated in the same way as above.
The combined results are

〈φxA0 | Ĥ0 | φ2sBl〉 = 〈φ2sA0 | Ĥ0 | φxBl〉 =

−
1

2
√
3

a

r
cos2(φc + δl)Hsp , (4.21)

〈φxA0 | Ĥ0 | φyBl〉 = −〈φyA0 | Ĥ0 | φxBl〉 =

− γl
1√
3

a

r
cos(φc + δl)×

×
[
Hπ −

1

2
(Hπ +Hσ) cos2(φc + δl)

]
, (4.22)

〈φxA0 | Ĥ0 | φzBl〉 = −〈φzA0 | Ĥ0 | φxBl〉 =

−
1

2
√
3

a

r
γl sin(φc + δl)cos2(φc + δl) (Hπ +Hσ) (4.23)

and

〈φxA0 | Ĥ0 | φxBl〉 =

Ĥπ −
1

6

(a
r

)2
cos2(φc + δl)×

×
[
Hπ −

1

2
(Hπ +Hσ)cos2(φc + δl)

]
. (4.24)

The next step is to obtain the transfer integrals between the
Bloch functions. The Bloch functions are defined by Equation (2.5),
namely

| jσ~k0〉 =
1√
N

N∑
l

eı
~k0·~R | φjσl〉

in the new notation, here using the graphene reciprocal basis
vectors ~k0. ~R is the position of l. Then the transfer integrals are
simply

〈jσ~k0 | Ĥ0 | j ′σ ′~k0〉 =
1

N

N∑
l,l ′
eı

~k ′0·( ~R ′−~R)〈φjσ~k0 | Ĥ0 | φj ′σ ′l ′〉 .

Making the nearest-neighbor approximation leaves only N (the
number of unit cells; it cancels) times the case of a single A-atom
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and its three B-atom neighbors. The relative positions of the
B-atoms with respect to the A-atom are given by Equation (2.21).

〈jσ~k0 | Ĥ0 | j ′σ ′~k0〉 = eı
~k0· ~δR1〈φjσ0 | Ĥ0 | φj ′σ ′1〉

+ eı
~k0· ~δR2〈φjσ0 | Ĥ0 | φj ′σ ′2〉

+ eı
~k0· ~δR3〈φjσ0 | Ĥ0 | φj ′σ ′3〉 . (4.25)

The remaining transfer integrals, not being between | xστ〉 states,
are related to second order perturbation theory and will be used
in the calculation of the second-order corrections according to
Equation (4.6). It is notationally convenient to define the phase
factors at atomic sites l = 1, 2, 3 as

eı
~k0· ~δR1 ≡ χ1 , eı

~k0· ~δR2 ≡ χ2 , eı
~k0· ~δR3 ≡ χ3 , (4.26)

and from these define the functions

f(~k0) ≡ χ1 + χ2 + χ3

= exp
(
ı
k0xa√
3

)
+ 2 exp

(
ı
k0xa

2
√
3

)
cos
(
k0ya

2

)
g(~k0) ≡ −χ1 +

1

2
(χ2 + χ3)

= − exp
(
ı
k0xa√
3

)
+ exp

(
ı
k0xa

2
√
3

)
cos
(
k0ya

2

)
)

h(~k0) ≡
√
3

2
(χ2 − χ3) (4.27)

= ı
√
3 exp

(
−ı
k0ya

2

)
+ exp

(
ı
k0xa

2
√
3

)
sin
(
k0ya

2

)
where f(~k0) was previously encountered in Equation (2.18). The
second equalities follow from Euler’s identity and Equation
(4.16).

Combining Equations (4.21)-(4.24) and Equation (4.25) with
the definitions in Equations (4.26) yields the transfer integrals
between Bloch functions. Consider, e.g. 〈xA~k0 | Ĥ0 | yB~k0〉. By
Equation (4.25)

〈xA~k0 | Ĥ0 | yB~k0〉 = χ1〈φxA0 | Ĥ0 | φyB1〉
+ χ2〈φxA0 | Ĥ0 | φyB2〉
+ χ3〈φxA0 | Ĥ0 | φyB3〉 .

Due to Equation (4.22)

〈xA~k0 | Ĥ0 | yB~k0〉 = −〈yA~k0 | Ĥ0 | xB~k0〉 .

Inserting the same equation and using several trigonometric
identities10, a long but straight-forward calculation, yields an

10 E.g. expressions for addition of angles and power-reduction.
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expression in which the functions of Equation (4.27) may be
substituted, giving the transfer integral between the two Bloch
functions | yB~k0〉 and | xA~k0〉 in terms of ~k0 and φc. In the same
way, the other transfer integrals between Bloch function are also
obtained. The combined results are

〈xA~k0 | Ĥ0 | 2sB~k0〉 = 〈2sA~k0 | Ĥ0 | xB~k0〉 =

−
1

4
√
3

a

r
Hsp[f(~k0) − g(~k0) cos(2φc)

− h(~k0) sin(2φc)] , (4.28)

〈xA~k0 | Ĥ0 | yB~k0〉 = −〈yA~k0 | Ĥ0 | xB~k0〉 =
1

8
√
3

a

r
[(Hπ +Hσ)f(~k0) cos(3φc)

+ (5Hπ − 3Hσ)(g(~k0) cos(φc) − h(~k0) sin(φc))] , (4.29)

〈xA~k0 | Ĥ0 | zB~k0〉 = −〈zA~k0 | Ĥ0 | xB~k0〉 =
1

8
√
3

a

r
(Hπ +Hσ)×

× [−f(~k0) sin(3φc) + g(~k0) sin(φc) + h(~k0) cos(φc)] (4.30)

and

〈xA~k0 | Ĥ0 | xB~k0〉 = Hπf(~k0)

−
1

96

(a
r

)2
[f(~k0)(5Hπ − 3Hσ) − 4(Hπ −Hσ)×

× (g(~k0) cos(2φc + h(~k0) sin(2φc)

+ (Hπ +Hσ)(g(~k0) cos(4φc) − h(~k0) sin(4φc))] . (4.31)

These are the same as the ones obtained by Izumida et al.[16].
Before proceeding, it must be noted that the first term of Equa-

tion (4.31) is recognizable as Equation (2.22), i.e. it is the unper-
turbed11 matrix element,

H̃0,AB = H̃∗0,BA = Hπf(~k0) , (4.32)

where the tilde, as earlier, indicates that the corresponding matrix
is one unitary transformation short of matching Equation (4.2).
The nature of this transformation will be elaborated upon in
Section 4.5.

11 No curvature, as in graphene.
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Thus, the remaining terms of Equation (4.31) can be identified
as the non-zero12 matrix elements of the first-order correction
from curvature of Equation (4.5),

H̃
(1)
AB = H̃

(1)∗
BA = −

1

96

(a
r

)2
[f(~k0)(5Hπ − 3Hσ)

− 4(Hπ −Hσ)(g(~k0) cos(2φc + h(~k0) sin(2φc)

+ (Hπ +Hσ)(g(~k0) cos(4φc) − h(~k0) sin(4φc))] . (4.33)

Now to derive an effective model in analogy with Section 2.7
the functions of Equation (4.27) will be Taylor expanded to order
one in ~k around the K point ~k0 = (0,−4π/3a) and the K ′ point
~k0 = (0, 4π/3a), both labeled in Figure 12c; the index τ allows
simultaneous expansion around both points, ~k0 = (0,−4πτ/3a).
The expansions are

f(~K/~K ′ +~k0) ≈
√
3

2
aık

(τ)
−

g(~K/~K ′ +~k0) ≈ −
3

2
−

√
3

4
ıak

(τ)
+

h(~K/~K ′ +~k0) ≈ ıτ

(
−
3

2
+

√
3

4
ıak

(τ)
+

)
(4.34)

where ~k0 is assumed small and

k
(τ)
± ≡ k0x ± ıτk0y

has been defined for notational convenience. These expansions
will now be inserted into the first-order correction term, Equation
(4.33), and the other transfer integrals between Bloch functions,
Equations (4.28)-(4.30), which will later in Section 4.5 be used for
the second-order corrections.

The effect of interchanging A and B, which can be deduced
from the aforementioned equations (see example below), will be
concisely written using σ, see the beginning of this chapter. The
states will also be labeled with τ, indicating the K or K ′ point.
The wave vector ~k0 are, as in Equation (4.34), measured from the
point given by τ.

Since σ and τ can have only the values +1 and −1, τ2 = σ2 = 1.
This together with cosine (sine) being even (odd) leads to

cos(x) + ıστ sin(x) = cos(στx) + ı sin(στx) = eıστx .

These two properties are extensively used in calculations from
here on and will be referred to as “στ-properties” for short.

12 As in Chapter 2 there is no transfer between the 2px (formerly 2pz) orbitals of
atoms who are both A or both B, due to the nearest-neighbor approximation.
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Consider 〈xA~k0 | Ĥ0 | yB~k0〉 of Equation (4.29). Inserting
Equation (4.34) yields

〈xAτ | Ĥ0 | yBτ〉 =
1

8
√
3

a

r

[
(Hπ +Hσ)

√
3

2
aık

(τ)
− cos(3φc)+

(5Hπ − 3Hσ)

(
−
3

2
cos(φc) −

√
3

4
ıak

(τ)
+ cos(φc)

+
3

2
ıτ sin(φc) +

√
3

4
τak

(τ)
+ sin(φc)

)]
,

which, using στ-properties can be rewritten as

〈xAτ | Ĥ0 | yBτ〉 =
1

8
√
3

a

r

[
(Hπ +Hσ)

√
3

2
aık

(τ)
− cos(3φc)

+(5Hπ − 3Hσ)

(
−
3

2
e−ıτφc −

√
3

4
ıak

(τ)
+ eıτφc

)]
.

Now, using Equation (4.20) to interchange orbitals,

〈xAτ | Ĥ0 | yBτ〉 = 〈yBτ | Ĥ0 | xAτ〉∗ = −〈xBτ | Ĥ0 | yAτ〉∗ ,

so interchanging A and B has the effect of complex conjugation
and an overall minus. Using the atom label σ for the state to the
right of the Hamiltonian and σ ′ for the state on the left means
that the above transfer integral corresponds to σ = −1, so to
account for the effect of complex conjugation, a factor −σ is
added to each ı. Since k(τ)± is complex,

k
(τ)
± −→ k

(στ)
∓ = k0x ∓ ıστk0y , (4.35)

in addition to σ appearing next to ı’s elsewhere. To account
for the overall minus, the whole expression is multiplied by σ,
making some σ’s cancel each other by σ2 = 1, and the orbitals
are exchanged, x↔ y, corresponding to a factor of negative unity.
Also, to make the nearest-neighbor approximation more explicit,
a Kronecker delta δσ,−σ ′ is appended. Thus

〈yσ ′τ | Ĥ0 | xστ〉 =

1

8
√
3

a

r

[
−(Hπ +Hσ)

√
3

2
aık

(στ)
+ cos(3φc)

+(5Hπ − 3Hσ)

(
−σ
3

2
eıστφc +

√
3

4
ıak

(στ)
− e−ıστφc

)]
δσ,−σ ′

which can be rewritten as

〈yσ ′τ | Ĥ0 | xστ〉 =√
3

16

a

r

[
−σ(5Hπ − 3Hσ)e

ıστφc −
ı√
3
a(Hπ +Hσ)k

(στ)
+ ×

× cos(3φc) +
ı

2
√
3
a(5Hπ − 3Hσ)k

(στ)
− e−ıστφc

]
δσ,−σ ′ .
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The remaining effective model transfer integrals between Bloch
functions labeled with σ and τ can be calculated in the same way
as above. Once again note that Equation (4.33) is being used,
not Equation (4.31); the part corresponding to the case of no
curvature is no longer included. The results (including the above,
for completeness) is:

〈2sσ ′τ | Ĥ0 | xστ〉 = −

√
3

8

a

r
Hsp×

×
[
e−2ıστφc −

σı

2
√
3
ak

(στ)
− e2ıστφc −

σı√
3
ak

(στ)
+

]
δσ,−σ ′ ,

(4.36)

〈yσ ′τ | Ĥ0 | xστ〉 =
√
3

16

a

r
×

×
[
−σ(5Hπ − 3Hσ)e

ıστφc −
ı√
3
a(Hπ +Hσ)k

(στ)
+ cos(3φc)

+
ı

2
√
3
a(5Hπ − 3Hσ)k

(στ)
− e−ıστφc

]
δσ,−σ ′ , (4.37)

〈zσ ′τ | Ĥ0 | xστ〉 =
√
3

16

a

r
(Hπ +Hσ)×

×
[
ıτeıστφc +

ı√
3
ak

(στ)
+ sin(3φc)

−
1

2
√
3
aστk

(στ)
− e−ıστφc

]
δσ,−σ ′ (4.38)

and the first-order correction matrix elements are

H̃
(1)
σ ′σ = −

1

64

(a
r

)2
×

×
[
4(Hπ −Hσ)e

−2ıστφc − (Hπ +Hσ)e
4ıστφc − ı

2√
3
×

×(Hπ −Hσ)aσk(στ)− e2ıστφc + ı
1

2
√
3
(Hπ +Hσ)aσk

(στ)
− ×

×e−4ıστφc − ı 1√
3
(5Hπ − 3Hσ)aσk

(στ)
+

]
δσ,−σ ′ . (4.39)

Equations (4.36)-(4.39) are the elements of the effective-model
Hamiltonian matrix after having removed the unperturbed part.
They are therefore the matrix elements of the perturbation Hamil-
tonian H ′, as

〈2sσ ′τ | ′̂ | xστ〉 = 〈2sσ ′τ | Ĥ0 | xστ〉
〈yσ ′τ | Ĥ ′ | xστ〉 = 〈yσ ′τ | Ĥ0 | xστ〉
〈zσ ′τ | Ĥ ′ | xστ〉 = 〈zσ ′τ | Ĥ0 | xστ〉
〈xσ ′τ | Ĥ ′ | xστ〉 = H̃σ ′σ . (4.40)

From these matrix elements (save the final one), the second-order
corrections will be derived in Section 4.5.
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4.4 intermediate states

As seen in Equation (4.6), energies and eigenvalues for the in-
termediate states | m〉 are also needed for the second-order cor-
rection. These have been derived by Izumida et al.[16] using a
method similar to the one described above for the initial and final
states. Their derivation is excluded from this thesis. They are

E01,η =
1

2

(
ε2s + η

√
ε22s + 18H

2
sp

)
(4.41)

| m01;ηστ〉 = −ητcη | 2s,−σ, τ〉
+ c−ηe

−ıστφc | (lx = −στ)στ〉 (4.42)

and

E11,η =
3

2
η(Hπ +Hσ) (4.43)

| m11;ητ〉 = 1√
2

∑
σ

(−1)
1−η
2
1−σ
2 eıστφc | (lx = στ)στ〉 ,

(4.44)

where η = ±1 labels eigenstates,

cη =

√
ηE01,η

E01,1 − E01,−1
, (4.45)

the state | (lx = ±1)στ〉 is defined as

| (lx = ±1)στ〉 = ∓ 1√
2
(| yστ〉 ± ı | zστ〉)

= −
lx√
2
(| yστ〉+ lxı | zστ〉) , (4.46)

and ε2s = −8.868 eV[1] is the energy of the 2s orbital. The above
states and energies are the values at the K/K ′ point; no Taylor
expansion has been used13 since the topic of interest is curvature
effects and the σ band states does not contain any such effects,
being unperturbed in second-order perturbation theory, this is
enough.

Inserting Equations (4.45) and (4.46) into the intermediate
states of Equations (4.42) and (4.44) and taking the inner product
with Ĥ ′ | xστ〉 from the right gives the transfer integral between
| xστ〉 and the intermediate states in terms of the matrix ele-

13 Zeroth order hardly counts.
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ments of Equation (4.40). Substituting these and simplifying
using στ-properties yields

〈m01;ησ ′τ | Ĥ0 | xστ〉 =
√
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)
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(3Hπ −Hσ)ae
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δσ,−σ ′

]
(4.47)

and

〈m11;ητ | Ĥ0 | xστ〉 =
√
3

16
(−1)

1−η
2
1+σ
2 +1a

r
τ×

×
[
(3Hπ −Hσ)e

2ıστφc +
ı

2
√
3
a(Hπ +Hσ)e

−2ıστφcσk
(στ)
+

−
ı√
3
a(Hπ −Hσ)σk

(στ)
−

]
. (4.48)

Note that the minus sign in | 2s,−σ, τ〉 in the intermediate state
of Equation (4.44) introduces a Kronecker delta δσ,σ ′ in Equation
(4.47), corresponding to diagonal matrix elements i.e. matrix el-
ements between atoms of the same type, A or B, which are not
nearest-neighbors. The nearest-neighbor approximation neglects
transfer between the considered 2px orbitals of atoms “far away”,
but it still allows for diagonal elements for the case of an interme-
diate transfer via the σ band states. These diagonal terms were
first derived by Izumida et al.[16].

The above transfer integrals are needed in Equation (4.6) and
will be used in Section 4.5.

4.5 curvature-induced corrections

In earlier sections the first-order correction, Equation (4.39) has
already been obtained. However, the unperturbed part in the
above calculation, Equation (4.32), does not quite match the in-
tended H0 of Equation (4.2); it instead yields Equation (2.29) or,
equivalently, Equation (2.31), with θk = −3π/2 for the K/K ′ point
in focus (see Section 4.3), i.e. the untransformed, unperturbed
Hamiltonian matrix is

H̃ =  hvF

(
0 −ı(k0x − ıτk0y)

ı(k0x + ıτk0y) 0

)
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where ~k is expressed in the graphene reciprocal basis. Chang-
ing coordinates to µ/r = kC and kT using Equation (4.16) and
exploiting στ-properties yield

H̃ =  hvF

(
0 −ıe−ıτφc(kC − ıτkT )

ıe+ıτφc(kC + ıτkT ) 0

)

which can be turned into H0 of Equation (4.2) by the unitary
transformation UH̃0U

−1 with the unitary matrix

U =

(
ıe+ıτφc 0

0 1

)
. (4.49)

This transformation must then be applied to the obtained correc-
tions as well, transforming the complete hamiltonian H.

It is useful to now introduce a new notation for the corrections
to the Hamiltonian. Since σ only can have the values 1 and
−1, it behaves similarily to spin; such quantities are sometimes
called pseudospin14. Consider representing the value of σ with
unit vectors, (10) for 1 and (01) for −1, i.e. using a ±1 basis.
Then the Bloch functions can be represented as a direct product,
e.g.

| x,σ = 1, τ〉 =| x〉 ⊗

(
1

0

)
⊗ | τ〉 .

In such a representation, Kronecker deltas become matrices, e.g.

δσ,σ ′ =

(
1 0

0 1

)
≡ σ̂I ,

where the basis of the matrices is the aforementioned vectors
and the matrices act only on σ-vectors. The identity matrix in
the σ-basis is denoted by σ̂I. The point of this reasoning is that,
analogously to spin, the Pauli matrices can be used to express
the σ dependencies. The Pauli matrices for σ will be written as,

σ̂x =

(
0 1

1 0

)
, σ̂y =

(
0 −ı

ı 0

)
, σ̂z =

(
1 0

0 −1

)
. (4.50)

Due to the definition of σ this ±1 basis is exactly equivalent to
the AB basis used in the Hamiltonian matrices, so simply calcu-
lating the corrections in terms of Pauli matrices and substituting
Equation (4.50) yields the curvature-induced correction to the

14 Indeed, τ is also a pseudospin property and can be represented the same way.
For the purpose of this thesis though, it not as useful.
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Hamiltonian matrix. When converting matrix elements into Pauli
matrices,

δσ,−σ ′ −→ σ̂x

ıσδσ,−σ ′ −→ σ̂y

σδσ,σ ′ −→ σ̂z . (4.51)

The above relations are all that is needed to rewrite the corrections
in terms of Pauli matrices, as will be shown below.

The second-order corrections are given by Equation (4.6), which
involves transfer integrals between | xστ〉 and all intermediate
states, all given by Equations (4.47) and (4.48). Also, the denom-
inator has the energies of the intermediate states, which are to
be found in Equations (4.42) and (4.44) with the accompanying
definitions of Section 4.4. Since the intermediate states come in
two types, | m01;ηστ〉 and | m11;ητ〉, the sum over intermedi-
ate states will be separated into two sums, one for each type,
each summing over the different states of that type i.e. over the
involved labels, as

〈xσ ′τ | Ĥ(2) | xστ〉 =∑
ησ ′′

(
−

1

E01,η

)
〈xσ ′τ | Ĥ ′ | m01;ησ ′′τ〉〈m01;ησ ′′τ | Ĥ ′ | xστ〉

+
∑
η

(
−

1

E11,η

)
〈xσ ′τ | Ĥ ′ | m11;ητ〉〈m11;ητ | Ĥ ′ | xστ〉 .

(4.52)

Inserting all necessary equations in the above and neglecting
all terms second order in k, since ~k0 is by assumption small, yields
the second-order correction to the Hamiltonian matrix elements.
Summing the first- and second-order corrections into one massive
expression15, representing all corrections, and then converting it
to Pauli matrix notation using Equation (4.51) and grouping to-
gether terms with the same dependencies on k, σ and τ the corrections
can be written as

H̃(1) + H̃(2) = H̃const + ξ1Ξ̃1 + ξ2Ξ̃2

+ ξ3Ξ̃3 + ξ4Ξ̃4 + ξ5Ξ̃5 , (4.53)

15 An especially tricky step in calculating these corrections is the handling of the
factor ∑

η

(
−

1

E11,η

)
(−1)

1−η
2

1+σ
2

+ 1+σ
′

2 ,

which appears in the second sum of Equation (4.52) when the transfer integral
of Equation (4.48) and its conjugate are inserted and multiplied. By considering
the possible combinations of values for the σ’s and η, it can be shown to be
equal to −2/E11,1δσ,−σ.
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where the tilde is a reminder that they are still untransformed.
The ξ’s are r-dependent constants whereas the Ξ’s contain all the
σ, τ and ~k dependencies. The first term

H̃const = (B1 cos(2φc) +B2 cos(4φc))σ̂x
+ (−B1 sin(2φc) +B2 sin(4φc))τσ̂y (4.54)

represents all correction terms zeroth order in k and it is thus
equal to the purely curvature-induced correction H̃eff

π,cv obtained
by Izumida et al.[16]. It is thus given in a different form than
the other terms to simplify comparison. This constant correction
comes solely from the first-order correction from perturbation
theory. In this zeroth order term, diagonal matrix elements, i.e.
terms involving δσσ ′ , have been neglected due to the approxima-
tion of nearest-neighbor interaction. The calculation yields the
two involved coefficients as

B1 = −
(a
r

)2Hπ −Hσ
8

B2 = −
(a
r

)2Hπ(Hπ −Hσ)
8(Hπ +Hσ)

. (4.55)

The non-constant parts of the remaining terms are

Ξ̃1 = σ̂yk0x − σ̂xτk0y

Ξ̃2 = σ̂y(k0x cos(2φc) + ky sin(2φc))

+ σ̂xτ(−k0x sin(2φc) + ky cos(2φc)

Ξ̃3 = −σ̂y(k0x cos(4φc) − ky sin(4φc))

− σ̂xτ(k0x sin(4φc) + ky cos(4φc))

Ξ̃4 = τ(−kx sin(4φc) + ky cos(4φc))

Ξ̃5 = τ(k0x sin(2φc) + k0y cos(2φc)) . (4.56)

Where Ξ̃4 and Ξ̃5 are made up of terms from only the second-
order curvature correction H̃(2) to the Hamiltonian matrix, whereas
the remaining Ξ̃’s have contributions from both first and second
order.

The coefficients ξ1−5 are

ξ1 =
a

64
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H2sp
(4.57)
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and they have been found by an arduous but very straightforward
calculation. As can be seen above, ξ4 = 0. This is because it
involves the sum factor∑

η

(
−
c2η

E01,η

)
=

1

E01,1 − E01,−1

∑
η

(−η) = 0 , (4.58)

where the first equality was obtained by inserting Equation (4.45),
canceling E01,η and moving the energy difference denominator
outside the sum. Thus, ξ4 averages to zero over the intermediate
eigenstates due to band symmetry. However, it will still be kept
until the final expression, as will be explained near the end of
this chapter. Note that when dt → ∞ all coefficients, and thus
all corrections, disappear and the graphene case is restored, as
would be expected.

Now, the corrections to the Hamiltonian matrix must undergo
the unitary transformation to meet up with the unperturbed
part. It is given by sandwiching H̃const and all five X̃i between U,
Equation (4.49), and its inverse, i.e.

Hconst = UH̃constU
−1 (4.59)

Ξi = UΞ̃iU
−1 , i = 1, 2, 3, 4, 5 . (4.60)

The coefficients of Equation (4.53) are simply taken outside of the
transformation and kept the way they are. Additionally, Equation
(4.16) will be used to change the wave vector basis from that of
graphene to that of a CNT, kC and kT . To simplify the expressions,
στ-properties will be utilized. The results are

Hconst =  hvF

(
0 −(∆k

(τ)
C − ıτ∆k

(τ)
T )

−(∆k
(τ)
C + ıτ∆k

(τ)
T ) 0

)

Ξ1 =

(
0 kC − ıτkT

kC + ıτkT 0

)

Ξ2 =

(
0 kC + ıτkT

kC − ıτkT 0

)

Ξ3 =

(
0 k ′C + ıτk ′T

k ′C − ıτk ′T 0

)

Ξ4 = τ(− cos(3θ)kC + sin(3θ)kT )

(
1 0

0 1

)

Ξ5 = τ(cos(3θ)kC + sin(3θ)kT )

(
1 0

0 1

)
,

where Equation (4.10) has been used to replace φc with the more
informative chiral angle θ and(

k ′C

k ′T

)
=

(
cos(6θ) sin(6θ)

− sin(6θ) cos(6θ)

)(
kC

kT

)
(4.61)
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and

 hvF∆k
(τ)
C ≡ τβcos(3θ)

d2t
, ∆k

(τ)
T ≡ τζsin(3θ)

d2t
(4.62)

have been defined. The coefficients ζ and β are found to be

β = −
a2(Hπ −Hσ)Hσ
2(Hπ +Hσ)

, ζ = −
a(Hπ −Hσ)(2Hπ +Hσ)√

3Hπ(Hπ +Hσ)
. (4.63)

Collecting the above results gives the complete, second-order
curvature-corrected, effective-model Hamiltonian matrix as

H =  hvF

(
0 kC − ıτkT

kC + ıτkT 0

)
+

 hvF

(
0 −(∆k

(τ)
C − ıτ∆k

(τ)
T )

−(∆k
(τ)
C + ıτ∆k

(τ)
T ) 0

)
+

ξ1

(
0 kC − ıτkT

kC + ıτkT 0

)
+

ξ2

(
0 kC + ıτkT

kC − ıτkT 0

)
+

ξ3

(
0 k ′C + ıτk ′T

k ′C − ıτk ′T 0

)
+

τ((−ξ4 + ξ5) cos(3θ)kC + (ξ4 + ξ5) sin(3θ)kT )σ̂I , (4.64)

where all necessary definitions and coefficients can be found
above. The first term, the constant correction, simply shifts kC
by ∆k(τ)C and kT by ∆k(τ)T , i.e. slightly shifts the Dirac point (the
Dirac cone apex) away from the K/K ′ point. The τ indicates
that the shift is opposite for the K and K ′ point. This Dirac-
point shifting effect is already well-known[6, 5, 19, 20, 16] and
induces a small energy gap in all but the armchair nanotubes16.
Nevertheless, any CNT whose chirality satisfies Equation (3.17) is
still referred to as “metallic”.

Since all the coefficients17 have a 1/r2-dependency it is conve-
nient to extract a factor 1/d2t to make them dependent only on
general constants such as the graphene lattice constant and the
values of the energy transfer integrals between orbitals, i.e. quan-
tities that are the same for all CNTs. Also extracting a factor of  h

serves to put them on more equal footing with vF. In addition
coefficients will also be added and subtracted, creating a new set

16 The armchair metallicity is broken by spin-orbit interaction, as is shown in the
same paper. However, this thesis does not consider spin-orbit properties.

17 This would also include ξ4 had it not averaged to zero.
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of coefficients and a new form of the Hamiltonian matrix. The
new definitions are

c1 = d
2
t

ξ1 + ξ2
 h

= a3
(Hπ +Hσ)(5Hπ + 7Hσ) + 2(Hπ −Hσ)(5Hπ +Hσ)

 h16
√
3(Hπ +Hσ)

c2 = d
2
t

ξ1 − ξ2
 h

= a3
(Hπ +Hσ)(5Hπ + 7Hσ) − 2(Hπ −Hσ)(5Hπ +Hσ)

 h16
√
3(Hπ +Hσ)

c3 = d
2
t

ξ3
 h

= −
a3

 h16
√
3

7Hπ −Hσ
2

c4 = −c3

c5 = d
2
t

ξ5 − ξ4
 h

= −
a3

 h6
√
3

ε2sHπ(Hπ −Hσ)

H2sp

c6 = d
2
t

ξ5 + ξ4
 h

= c5 . (4.65)

The seemingly redundant c4 = −c3 will be explained in Section
4.6. Using Equation (4.65), the Hamiltonian matrix of Equation
(4.64) can be rewritten as

H =  hvF

[
(kC −∆k

(τ)
C )σ̂x + τ(kT −∆k

(τ)
T )σ̂y

]
+

 h

d2t

[
c1kCσ̂x + c2τkT σ̂y + c3k

′
Cσ̂x + c4τk

′
T σ̂y

+τ(c5 cos(3θ)kC + c6 sin(3θ)kT )σ̂I] , (4.66)

where the rewriting involved re-separating the matrices of Equa-
tion (4.64) into Pauli matrices and merging them as hinted at by
the definitions of Equation (4.65). The above expression is the
same Hamiltonian matrix as in Equation (4.64), just in a differ-
ent form. For this expression, Pauli matrix notation has been
preferred for the sake of conciseness.

4.6 analytical coefficients

Using the values of Equation (4.17), the energy of the 2s orbital
given below Equation (4.46), and the same lattice constant as
always, a = 2.46 Å, the values of all coefficients can be estimated
analytically as β = −37.8 meV · nm2, ζ = −0.129 nm, c1 = 2.46 ·
104 m/s · nm2, c2 = 8.21 · 103 m/s · nm2, c3 = −c4 = 6.61 ·
103 m/s · nm2 and c5 = c6 = −3.77 · 103 m/s · nm2.

The analytical values of β and ζ are both different from those
found by Izumida et al.[16], which is due to a slightly different ex-
pression here having been obtained for B2, Equation (4.55). This
is probably due to a miscalculation in the appendix of that arti-
cle. However, it should be pointed out that all of these coefficients
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should all be evaluated by a more exact method, e.g. a numerical
calculation like the one by Izumida et al.[16]. The simplicity of
the analytical model obstructs any quantitive evaluation of the
additional terms, but their functional form can still be used to
hint at and explain different behavior. Due to this, there might
still be a point to distinguish between c5 and c6 in the model
despite Ξ4 being zero analytically, especially since CNTs generally
does not exhibit the band symmetry responsible for it vanishing18.
Also, in the analytical model c3 = c4, but there is no harm in
keeping them separate for the purpose of a numerical fitting.

18 See plots by e.g. Saito et al.[1] and note the asymmetry of the σ bands about
E = ε2p = 0.





5
C O R R E C T E D - E N E R G Y D I S C U S S I O N

In this chapter, the curvature-corrected energy is calculated and
consequences of the obtained corrections are discussed.

5.1 dirac cone warping

Inserting the Hamiltonian matrix of Eqautions (4.64) or, equiv-
alently, (4.66) into the secular equation1 of Equation (2.17) and
solving it for Ei yields two energy eigenvalues, which can be
written as

E± = ±Ewarp + Etilt . (5.1)

The first term, which will be the topic of this section, is

Ewarp =  hvav

√(
k ′′T −∆k

(τ)
T

)2
+ (1+ λ)

(
k ′′C −∆k

(τ)
C

)2
(5.2)

where

vav = vF +
1

d2t
(c2 + c4 cos(6θ)) (5.3)

and

λ =
2

d2tvF
(c1 + c3 cos(6θ)) . (5.4)

The double primes indicate the coordinate rotation(
k ′′C

k ′′T

)
=

(
cos(ρ) sin(ρ)

− sin(ρ) cos(ρ)

)(
kC

kT

)
(5.5)

by the angle2

ρ = −
1

2d2t

c3 − c4
vF

sin(6θ) . (5.6)

The k-shifts ∆k(τ)T and ∆k(τ)C are, as earlier, given by Equation
(4.62).

In deriving the above equations, higher orders in 1/dt have
been neglected. The rotation angle ρ was obtained with the

1 The final term, involving c5 and c6, is already diagonal and can effectively
be left out of the calculation and directly added to the energy later. Also, it
should be noted that for any Hamiltonian matrix of the form H = Aσ̂x +Bσ̂y

the energy will simply be E = ±
√
A2 +B2.

2 The letter ρ has been chosen since it concerns a “ρ-tation” of ~k.
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requirement that all cross-terms k ′′Ck
′′
T inside the square root

cancel.
For a constant energy, i.e. for a kC-kT -plane cross-section of

the Dirac cone, Equation (5.2) describes an ellipse with its axes
along k ′′C and k ′′T and eccentricity

√
λ/1+ λ. If λ is zero, the

ellipse is simply a circle. Thus, λ serves to deform the Dirac cone,
compressing its otherwise circular cross-section into an ellipse.
Hence it will be referred to as the deformation term. The rotation
angle ρ gives the angle between kC, kT and the axes of the ellipse,
and thus indicate the direction in which the deformation term
compresses the Dirac cone. In addition, there is also an overall
correction to the Fermi velocity. The old vF is here replaced by
vav, the “average velocity”, so named for reasons given in Section
5.2. All of the above effects, deformation, rotation and overall
velocity change (i.e. a change in “steepness” of the Dirac cone)
will be collectively referred to as Dirac cone warping, named in
analogy with the trigonal warping effect[21]. As can be seen from
Equations (5.3)-(5.6), they are all second order in curvature3.

It is interesting to note that the rotation angle ρ is proportional
to sin(6θ) and is thus maximal for a chiral angle of θ = 15◦,
i.e. a chiral CNT half-way between a zigzag CNT (θ = 0◦) and
an armchair CNT (θ = 30◦). This suggests that the rotation is
caused by some deviation from symmetries associated with the
two extreme cases armchair and zigzag. The deformation term λ

is on the other hand maximal for a zigzag CNT and zero for such
a 15◦-chiral CNT. For an armchair CNT it changes sign and thus
compresses the Dirac cone along the other axis.

The ∆k-terms still represent a shift in ~k, i.e. a translation of
the Dirac cone, and are also second order in curvature. This
translation effect is previously known[6, 5, 19, 20, 16] and will
not be considered a part of “Dirac cone warping”. It is instead
simply referred to as “the k-shift”. It is opposite for the K and K ′

points, as indicated by the superscript (τ).
For a specific cutting line, kC is constant and the shape of

that energy band is a function of kT only. To examine the kT -
dependency of a cutting line the original, un-rotated kC and kT
are re-inserted and the expression rewritten, viewing kC as a
constant. That way Ewarp can be written as

Ewarp =  hvav

((
kT −∆k

(τ)
T + λρkC − ρ∆k

(τ)
C

)2
+k2C(ρ

2 + 1+ λ) + kC(2ρ∆k
(τ)
T − 2(1+ λ)∆k

(τ)
C )

+
(
∆k

(τ)
C

)2) 1
2

, (5.7)

3 They contain the factor 1/d2t times one of the coefficients ci ∝ a2, and are thus
second order in the curvature a/r
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where sin(ρ) ≈ ρ and cos(ρ) ≈ 1 has been used and terms of
higher order in curvature has been neglected. From the above
equation, it is evident that the effect of Dirac cone warping
on an energy band of an arbitrary CNT is simply the overall
velocity change to vav, a fourth-order-in-curvature kT -shift and
some additional fourth- and second-order-in-curvature constants
(considering kC a constant) inside the square root. The additional
coefficients are simply an additional shift in kC. The kT -shift
is dependent on the deformation term λ and the rotation angle
ρ, making it obvious that kT is shifted by the warping of the
Dirac cone influencing the shape of its constant-kC cross-section.
This is, however, fourth order in curvature and thus a very small
effect.

Considering a cutting line through the K or K ′ point, kC = 0

and Equation (5.7) reduces to

Ewarp =  hvav

√(
kT −∆k

(τ)
T

)2
+
(
∆k

(τ)
C

)2
, (5.8)

where a fourth-order kT -shift has been neglected. This expression
is identical to that which would have been obtained if the only
correction was the previously know k-shift, with the modification
of the velocity in front of the square. The overall velocity change
to vav could thus be considered the most interesting of the Dirac
cone warping effects. It deviates from the old vF by a second-
order-in-curvature term.

5.2 dirac cone tilting

The second term of Equation (5.1), Etilt, comes directly from the
last term of Equation (4.64) (or (4.66)) and is

Etilt = τ
 h

d2t
(c5 cos(3θ)kC + c6 sin(3θ)kT . (5.9)

It is linear in kC and kT , and has the same sign for both E+
and E−. Measuring ~k from the K/K ′ point, an energy directly
proportional to the distance from that point will be added to one
side of that point and subtracted from the other, effectively tilting
the entire Dirac cone and thus the CNT energy bands, causing
a different velocity for waves travelling to the left (negative kT )
and right (positive kT ). The existance of a factor τ means that
the Dirac cone (energy bands) about K and K ′ will be tilted in
opposite directions. This tilting effect will be termed Dirac cone
tilting and it is the most important result of this thesis.

The tilting term for kT is especially fascinating, since it gives
the asymmetry in the energy band of a cutting line. Considering
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the effect on a cutting line through the K/K ′ point, kC = 0,
Equation (5.9) reduces to

Etilt = τ
 h

d2t
c6 sinkT . (5.10)

Analytically, the coefficient c6 is very small, see Section 4.6, and
thus the tilting is hardly noticeable. Also, analytically c5 = c6, i.e.
the cone is tilted equally in the kC- and kT -directions. None of
these are necessarily true, however. As will be shown in Section
5.3, the tilting is definitely not negligible. Even considering earlier
works, it turns out the tilting is of importance. Looking at the
inset of Figure 2 by Izumida et al.[16], careful measuring of the
slopes of the \-line and the /-line reveals as much as an 8 %
difference.

The chirality dependence of Etilt is such that it is maximal for
armchair CNTs (θ = 30◦) and vanishes for zigzag CNTs (θ = 0◦).

The tilting of the energy bands means that a symmetry that
was previously taken for granted is in fact invalid for many cases.
Interpreting the the \-line and the /-line as corresponding to
left- and right-going waves means that the velocity is different
depending on which direction the waves are moving – a velocity
asymmetry. Interpreting the K and K ′ points as corresponding
to clockwise or counterclockwise movement around the CNT,
see Section 3.2, this means that for a given direction of travel
down the nanotube, the velocities of waves with clockwise and
counterclockwise crystal momentum are different. However, the
wave with clockwise (counterclockwise) crystal momentum has
the same speed as a wave with counterclockwise (clockwise)
crystal momentum travelling down the nanotube from the other
direction.

It should be noted that the analytical expressions for Etilt
leads to a fourth-order energy shift, causing the band degenerate
point to not lie at E = 0. This is due to the tilting energy term
being zero at ~k = (0, 0) rather than at the k-shifted wave vector
at which Ewarp = 0. Since the Fermi energy should lie at E = 0,
this can be corrected by a simple energy shift, e.g. subtracting
 hc6∆kC/d

2
t from Equation (5.10). Note that the analytical energy

expression is calculated to second order in inverse diameter, but
the energy mismatch is fourth order.

5.3 numerical calculation

Since the TB model cannot be depended upon for the values of
coefficients, Equations (5.1) with (5.2) and (5.9) are fitted to nu-
merical calculations of the CNT energy band structure of metallic
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CNTs by changing the coefficients. Such a numerical calculation4

yields the coefficients as

c1 = −1.9 · 104 m/s · nm2

c2 = −2.5 · 104 m/s · nm2

c3 = −1.7 · 104 m/s · nm2

c4 = +1.3 · 104 m/s · nm2

c5 = −4.3 · 104 m/s · nm2

c6 = −2.5 · 104 m/s · nm2 . (5.11)

and also vF = 8.3 · 105 m/s. The coefficients for the k-shift, β and
ζ, have been estimated by Izumida et al.[16] as β = 24 meV · nm2

and ζ = −0.18 nm. See Figure 14 for a comparison between the
fitting function and the numerical calculation and Figure 15 to
view the tilted energy bands. The fitting agrees remarkably well
with the numerical calculations. A detailed description can be
found in the accompanying captions.

The sign differ more often than not from the analytical values,
even though c3 ≈ −c4. Especially, the result c5 6= c6, validates
the earlier decision to introduce extra coefficients and thus indi-
cates some false symmetries in the analytical picture. Considering
the absolute values of the coefficients, |c1| is seen to be roughly
the same as the analytical estimation, while |c2| is thrice as large
and |c3| and |c4| are twice as large. Interestingly enough, the
biggest difference in magnitude is obtained for c5 and c6, the
tilting coefficients, which turn out to be a full order of magnitude
larger than their analytical estimates. From this, it is apparent
that the effects of Dirac cone warping and tilting should not be
ingnored for small-diameter CNTs (especially armchair ones).

5.4 origin of tilting effect

All curvature-induced effects naturally depend on the curva-
ture (a/r) and goes to zero as r −→ ∞ and the CNT reverts to
graphene. There are also chirality dependencies, owing to the
fact that chirality dictates the direction of curvature. Tilting is
no exception, showing both curvature dependence and chirality
dependence.

The tilting effect is a pure second-order perturbation contri-
bution, appearing only when the σ states are included as inter-
mediate states. It is also opposite for the K and K ′ points, i.e.
for clockwise and counterclockwise circumferential momentum.
A possible way to in more detail investigate the physical cause
of the tilting effect would be to consider electrons of opposite
circumferential momentum in real space and compare the “view

4 Performed by W. Izumida.
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points” of these electrons for both zero curvature and non-zero
curvature, and also for different chirality (since zigzag CNTs are
unaffected by the tilting some symmetry should appear making
the view points equal). If electrons of opposite circumferential
momentum experience the arrangment of σ bonds differently in
the presence of curvature, it would be expected that inclusion of
transfer to and from the σ states would affect the states of such
electrons differently.

5.5 effect on the energy levels

This section will be devoted to the effect of energy band tilting
on the energy levels of metallic CNTs. The discussion is narrowed
down to “metallic” to avoid any problems caused by a varying
velocity at the band-gap turning points. The simple “X-shape” of
the energy band of armchair CNTs5 makes for a conceptually sim-
pler discussion, even though the results obtained in this section
should work equally well for other CNTs when focusing on the
asymptotic velocity, i.e. not in the immediate vicinity of K or K ′

(but still close enough to retain the effective-model Dirac-cone
picture).

For zigzag and chiral CNTs the K and K ′ points both fall in the
middle of a cutting line[23], see Figure 8. Thus, in the full energy
band structure consisting of all cutting lines the contributions
from each are effectively superimposed upon one another – two
overlapping “X’s”. For armchair CNTs, the cutting lines are paral-
lel to an edge of the 1BZ of graphene and thus includes both K and
K ′ on the same cutting line, both equally distanced from its center.
The full energy band structure of armchair CNTs thus have the K
and K ′ contributions on different sides of k = 0, being reflections
of each other in the k = 0-line. Here, kT = k is measured from
the center of the cutting line, coinciding with the Γ point for a
cutting line through the graphene origin. Introducing the energy
band tilting, the overlapping X’s of the zigzag and chiral CNTs
are tilted in opposite directions and no longer coincide (actually
the k-shift also breaks this overlapping, but it does not change
what is to follow), but there is a reflectional symmetry in the
k = 0-line, whereas the two X-shaped contributions (from K and
K ′) in armchair CNT are tilted in opposite directions, preserving
their reflectional symmetry. This ever-present reflectional symme-
try in the k = 0-line is equivalent to the Kramer’s doublet being
preserved, i.e. if there is an allowed state at E(k) there is one at
E(−k).

For a CNT of finite length, which is the only realistic case, the
wave number in the translational direction, k, is quantized, as per

5 Indeed, spin-orbit interaction introduces a small band gap even for armchair
CNTs[19, 22, 16], but this effect will be neglected here.
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Equation (3.7), which must be taken into account. It should be
mentioned that only in special cases does such an allowed state
fall on the Dirac point (K/K ′ for armchair CNTs), meaning that
the allowed energies for the \-line can differ from those of the
/-line simply by the offset in k. This is true even for the case of no
tilting. However, due to the symmetry about k = 0 the Kramer’s
doublet is preserved.

In the simplest model of a CNT sealed off at the ends6 by some
confinement potential, waves would scatter at the ends and the
eigenstates of electrons in the tube would be standing waves, i.e.
they would be superpositions of exp(ıkz) and exp(−ıkz), z being
the coordinate in the axis direction, thus mixing states at k and
−k to form energy levels[15, 24].

Scattering from a potential V(z) can be estimated in first-
order perturbation theory, yielding terms like 〈exp(ık2z) | V(z) |
exp(ık1z)〉 if states are waves described by exponentials. If the
potential V(z) varies slowly on the atomic scale so it can be
treated as a constant, the integral simply yields a Kronecker delta
demanding k1 = k2, i.e. no scattering. This is an idealized
case. If the potential varies somewhat slowly, one would expect
a modification, leading to k1 ≈ k2. If the potential on the other
hand is very sharp, in the extreme case a delta function, then
the integral is simply a constant, which allows for any k1 and
any k2, i.e. completely random scattering. Of course this is also
an idealization. The point is: strong scattering (big k-difference)
requires sharp potentials.

Due to the “V-shape” of the positive-energy region in the
vicinity of the K and K ′ points, these energy bands are sometimes
referred to as valleys – the K-valley and the K ′-valley, for armchair
CNTs which are the only ones to have two valleys rather than
one. Scattering from one valley to the other is then referred
to as inter-valley scattering and scattering within the same valley
as intra-valley scattering. Since inter-valley scattering demands a
big k-difference, it can occur only for very sharp confinement
potentials7. Also, inter-valley scattering requires, by definition,
two valleys, and can thus only occur in armchair CNTs. The
two cases, intra- and inter-valley scattering will now be treated
separately.

Consider first the case of intra-valley scattering for a chiral CNT.
It is enough to focus on the K-valley; the K ′-valley follows by
symmetry. See Figure 16 for reference. The wave number k will
be measured from the band-gap point. Denoting the speeds of
the the \-line (left, L) and the /-line (right, R)lines by vL and vR,

6 Actually, wherever it is sealed off effectively becomes the end.
7 ...and defects, which can be regarded as delta functions. However, this discus-

sion concerns only pristine CNTs.
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respectively, the energies of each line are (neglecting the band
gap and focusing only on the asymptotic velocites)

EL = − hvLkL

ER =  hvRkR ,

where kL and kR is used for allowed states on the left and right
line, respectively. Separating the speeds into their average value
v̄ and their deviation from it, ∆v, yields

vL = v̄−∆v

vR = v̄+∆v .

Doing the same thing for the allowed k-values, i.e.

kL = −(k̄−∆k)

kR = k̄+∆k ,

and then, to have a standing wave comprised of kLand kL, de-
manding the two energies to be equal, EL = ER, yields

∆k = −
∆v

v̄
k̄ .

Substituting the above expression into the energy results in

EL = ER =  h

(
v̄−

∆v2

v̄

)
k̄ .

Therefore, for the eigenstate Ψ(z) (z being the translational direc-
tion):

Ψ(z) ∝ eı(k̄+∆k)z − e−ı(k̄+∆k)z = eı∆kz
(
eık̄z − eık̄z

)
= 2ıeı∆kz sin(k̄z) ,

i.e. a standing wave where ∆k enters only as a phase factor. The
boundary condition Ψ(0) = Ψ(L) = 0, L being the CNT length,
yields the quantization of the wave number8, as

k̄ =
2π

L
n̄ , n̄ ∈ Z ,

in which only the average value k̄ appears. Thus, tilting does not
have any drastic effects on the intra-valley scattering case. The
two slopes are essentially replaced by their average.

Consider now the case of inter-valley scattering in an armchair
CNT. The wave number k will once again be measured from
the center of the cutting line. For every allowed energy in the
K-valley there is an equal-energy point at the K ′-valley, having

8 Compare with Equation (3.7), for which a periodic boundary condition was
used. Only difference is a factor “2”.
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the same |k| but opposite sign. In the present model, these two
states combine into a standing wave, making up an eigenstate of
the finite-length CNT. Thus every allowed energy in the K-valley
corresponds to an actual energy, and it is enough to consider that
valley. See Figure 17.

Due to the energy-band tilting the \-line and the /-line have
different slopes (velocity) and thus the energy ∆E “climbed” by a
step between allowed k-values ∆k is different for each of these
two lines. This means that there are two types of excitations, having Note that ∆k has a

different definition
for the cases of intra-
and inter-valley
scattering.

the unequal energy increments ∆EL and ∆ER. This breaks the
K-K ′ degeneracy, leaving only the twofold spin degeneracy9.

There have been experiments showing fourfold degeneracy[29,
15], which is allowed by the current theory when both offset and
tilting allows for it, and there have also been other experiments
showing twofold degeneracy[30], as described above, even when
the spacing has sometimes been sufficiently small for the levels
to have been labeled “fourfold”[31].

As previously mentioned, the k-quantization itself can be
enough to break the K-K ′ degeneracy10 if there is an offset in the
allowed k-states for the \- and /-lines. However, for that case
there would still only be one kind of excitation, ∆EL = ∆ER, and
the level spacing caused by the offset would be constant. Tilting
on the other hand, having two kinds of excitations, may cause a
K-K ′ degeneracy breaking which is occasionally restored when the
energy levels accidentally overlap.

Once again using vL and vR for the speeds, the energy increme-
nents for a step between allowed k-values ∆k are simply

∆EL = − hvL∆k

∆ER =  hvR∆k .

Counting integer number of ∆k-steps out from the Dirac point in
each direction with integers nL and nR, each count yielding an
energy level, the energies are

EL = E
(0)
L −nL∆k

ER = E
(0)
R +nR∆k

where E(0)L and E
(0)
R are the energies of the lowest, allowed,

positive energies for each line. Due to the k-shift they are not
necessarily equal, but they must still be an integer number of ∆k
away from the k-origin since they are allowed states (actually, the
present discussion assumes an offset). They must also differ by

9 Again, this thesis does not consider spin-orbit interaction, which causes spin-
splitting for chiral and zigzag CNTs[25, 26, 27, 28, 15].

10 There are also other ways to break this degeneracy, e.g. defects.
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no more than one ∆k, as can be realized by the definition. They
will be written

E
(0)
L = −n0∆k

E
(0)
R = (−n0 + 1)∆k .

Setting EL = ER then yields the condition

vR
vL

=
−n0 +nL

−n0 + 1+nR
≡
n ′L
n ′R

,

where n ′L/R ∈ Z. This means that if the quotient of the two
speeds is a rational number, two levels overlap and the four-
fold degeneracy is restored. Now, if, instead of starting at the
lowest positive energies, the integers nL and nR are set to zero
for two overlapping levels, a similar calculation can reveal a
periodicity in the fourfold degeneracy. Starting at a degenerate
level (the present discussion subsumes the case for which there
is an allowed k-state at the Dirac point and E = 0 is four-fold
degenerate), the condition becomes

vR
vL

=
nL
nR

,

Thus, if the quotient of the speeds is a rational number nL/nR,
every (nL +nR)th energy level would be fourfold degenerate.

Of course, in the real world, the odds of the speed quotient
being strictly rational is simply zero. However, energy measure-
ments are not perfect, and energy levels sufficiently close together
will be perceived as degenerate in an experiment. Therefore, it
would be expected that if the speed quotient is almost rational the
energy levels will be almost degenerate and will register as such in
an experiment.

Indeed, an energy-level measurement showing periodic four-
fold degeneracy would constitute good evidence in favor of the
energy-band tilting-effect. Both twofold and fourfold degeneracy
have been observed in the same sample[30] and an experiment
by Maki et al. shows what looks like a degeneracy varying
between two- and fourfold[32]. Something similar is found by
Makarovski et al.[33]. Another experiment by Holm et al. reports
fourfold degeneracy with some irregularities which they explain
by tunneling[34]. The tilting effect should be considered as a
possible explanation to such observations.
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Figure 14: The asymptotic, i.e. large-kT , velocities of (a) left-going and
(b) right-going waves for metallic CNTs near the K point,
plotted as a function of tube diameter dt. (a) The average
velocity and (b) the velocity difference are also shown. The
dots indicate the numerical calculation and the circles the
fitting of the analytic expression. Lines connect CNTs of equal
2n+m. Double-parenthesis number indicate the (n,m) of
CNT, while just a single number above the dashed line is
the summed value of 2n +m. The dashed line itself is
the convergence value for large diameter (as expected, the
velocities both converge to the same value, vF = 8.3 · 105
m/s. “Z” (“A”) denotes an (n,m) close to zigzag (armchair).
The energy origin is set at the Fermi level.
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Figure 15: Energy bands for metallic (in the sense of fulfilling Equation
(3.17)) CNTs with (n,m) = (4, 4), (6, 6), (7, 1) and (9, 0) near
the Fermi energy for both K (a) and K ′ point (b). The tilting of
the energy bands is clearly visible and is affects the armchair
nanotubes the most. Note also that the tilting is opposite for
the K and K ′ regions.
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Figure 16: Effective-model energy band structure around the Dirac
point at K of a (4, 4) CNT calculated analytically from Equa-
tions (5.1), (5.8) and (5.10) with the energy zero shifted to
the Fermi energy. Allowed k-values are connected to their
corresponding energies by dotted lines. The dashed lines
energy band structure about K show the case about K for no
tilting and is also equal to the average of the L- and R-lines
since the tilting then averages to zero. ∆k is the difference in
k caused by the tilting for a given E(k).

Figure 17: Effective-model energy band structure near the Fermi energy
of a (4, 4) CNT calculated analytically from Equations (5.1),
(5.8) and (5.10) with the energy zero shifted to the Fermi
energy. Allowed k-values are connected to their correspond-
ing energies by dotted lines. The dashed lines energy band
structure about K show the case about K for no tilting and is
included for comparison. ∆k is the the k-quantum induced
by the finite length (a rather small length, on the order of nm,
has been used). Note that ∆EL 6= ∆ER due to the tilting and
thus the topmost indicated energy level is K-K ′ degenerate.





6
C O N C L U S I O N S

It is discovered that curvature, in addition to the previously well-
known k-shift[6, 5, 19, 20], also induces a compression/rotation
of the Dirac cone termed Dirac cone warping and, especially, a
Dirac cone tilting. These effects are hitherto overlooked. The
major effect of Dirac cone warping is shown to be a change in
the overall Fermi velocity, while the Dirac cone tilting tilts the
CNT energy bands of all but the zigzag CNTs, causing left- and
right-going waves to have different velocities. Thus, the velocity
symmetry assumed for all CNTs is false and the current models
need to take this effect into account, at least for small-diameter
nanotubes.

Both warping and tilting are found to be second order in
curvature (leading term), and the tilting is maximal for armchair
CNTs while disappearing for zigzag ones. The tilting effect is a
pure second-order perturbation effect, arising from transfer via
intermediate σ states.

The effects appear in numerical calculations on metallic CNTs,
and a fitting of the analytical expression is in good agreement
with the numerical result. The tilting effect is by no means
negligible, being able to cause velocity differences as big as a
25 %.

Dirac cone tilting, albeit induced by different means, has pre-
viously been observed in organic conductors[35, 36, 37, 38]. It is
possible that some concepts developed in that field may find use
in the tilting-including model of CNTs.

Since the velocities are different for the two lines, the energy
increment corresponding to the distance between two allowed k-
states in a finite-length CNT differ, leading to two different excita-
tions (in the simple model of eigenstates as standing waves[15, 24]
formed by inter-valley scattering). This not only serves as a new
mechanism for breaking the K-K ′ degeneracy, but also allows
for a periodic restoration of this degeneracy when the energy
levels corresponding to the two different kinds of excitations
accidentally overlap.

In experiments, both fourfold[29, 15] and twofold[30] degener-
acy have been observed, which is allowed by this theory. Some-
times the fourfold-degeneracy observations show some splitting
suggestive of a twofold degeneracy[31, 34]. Some experiments
have shown both types of degeneracies in the same sample, vary-
ing across levels[32, 33]. Observations like these should be re-
examined with the tilting effect in mind to see if it can provide
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an explanation alternative to those already provided. A clear
observation of periodic, fourfold degeneracy would constitute a
good indication of the validity of the tilting effect.

To conclude, the curvature-induced tilting of the energy bands,
and thus the introduction of asymmetric Fermi velocities, is
a powerful revision to the CNT effective model which has the
potential to palpably affect future research.



A
W I RT I N G E R C A L C U L U S

The energy in Equation (2.14),

Ei(~k) =
〈Ψi | H | Ψi〉
〈Ψi | Ψi〉

=

∑n
j,j ′=1Hjj ′(

~k)C∗ijCij ′∑n
j,j ′=1 Sjj ′(

~k)C∗ijCij ′
,

is to be minimized by varying the C-coefficients. This corresponds
to finding the value for which the derivative of Ei with respect to
each coefficient is zero.

The energy is a function of the complex coefficients Cij and
their complex conjugates C∗ij. Defining the real and imaginary
parts of the complex coefficients C as

Cij = c
R
ij + ıc

I
ij ⇒ C∗ij = c

R
ij − ıc

I
ij , (A.1)

allows the energy minimum condition to be written as(
∂Ei

cRij

)
cIij

=

(
∂Ei

cIij

)
cRij

= 0 .

From Equation (A.1) it is easily confirmed that

cRij =
Cij +C

∗
ij

2
cIij =

Cij −C
∗
ij

2ı
(A.2)

and hence the energy may instead be expressed in the real vari-
ables cRij and cIij. The derivatives ∂Ei(cRi1, cIi1, · · · , cRin, cIin)/∂c

R/I
ij

are then just ordinary partial derivatives.
The Wirtinger derivatives are defined as

∂

∂Cij
≡ 1
2

(
∂

∂cRij
− ı

∂

∂cIij

)
,
∂

∂C∗ij
≡ 1

2ı

(
∂

∂cRij
+ ı

∂

∂cIij

)
(A.3)

and can be shown to behave like ordinary partial derivatives,
that is, they differentiate a function with respect to Cij (C∗ij)
while treating its complex conjugate C∗ij (Cij) as a constant. For
additional information, see e.g. von Reinhold[39, p. 67].

According to the chain rule Post-parenthesis
subscripts indicate
quantites held
constant during the
differentiation.

∂Ei
∂C∗ij

=

(
∂cRij

∂C∗ij

)
Cij

(
∂Ei

∂cRij

)
cIij

+

(
∂cIij

∂C∗ij

)
Cij

(
∂Ei

∂cIij

)
cRij

,

which, using Equation (A.2), may be written (omitting redundant
subscripts) The cIij and cRij

subscripts are
redundant since
these variables are
obviously
independent.
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∂Ei
∂C∗ij

=
1

2

(
∂Ei

∂cRij
+ ı
∂Ei

∂cIij

)
,

and thus

∂Ei
∂C∗ij

= 0⇒ ∂Ei

cRij
=
∂Ei

cIij
= 0⇒ ∂Ei

∂Cij
= 0 ,

since Ei is a real-valued function. This means that a minimum
for the energy Ei in every coefficient is obtained by the single
condition

∂Ei(c
R
i1, cIi1, · · · , cRin, cIin)

∂C∗ij
= 0 .
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