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Abstract

The concept of a front plays a decisive role in various fields in physics and
beyond. In the present thesis we study key aspects of front dynamics and stability
in the context of laser plasmas, organic semiconductors and quantum media.

In laser plasmas, we investigate the hydrodynamic instabilities developing at
the fronts of laser deflagration (ablation). Using direct numerical simulations, we
find noticeable velocity increase of the Rayleigh-Taylor bubble at a deflagration
front in comparison with that arising at an inert interface. We study the Darrieus-
Landau instability of laser deflagration accounting for the specific features of the
fusion plasmas: strong temperature dependence of the thermal conduction and
sonic velocities of the plasma flow. We find that these features of the laser plasmas
make the Darrieus-Landau instability stronger by a factor of 3 in comparison with
the well-known case of slow flames. We clarify the experimental conditions required
for observations of the Darrieus-Landau instability in laser plasmas.

In quantum plasmas, we study interplay of the classical and quantum effects
for shock waves and for the pseudo-ferrofluid instability. For shocks in quan-
tum plasmas, we demonstrate transition from a monotonic Burgers classical shock
structure to the train of oscillations (solitons) in the quantum limit. We obtain
also a counterpart of the ferrofluid instability in quantum magnetized plasmas due
to collective spin-dynamics in an external magnetic field. We discuss importance
of the instability for thermonuclear explosions of white dwarfs in the Supernovae
Ia events.

In organic semiconductors, we develop the theoretical and numerical model of
the electrochemical doping fronts. The study is based on the modified mobility-
diffusion approach to the complex semiconductor plasmas consisting of holes, elec-
trons, positive and negative ions. The model describes the doping front structure
and predicts the front velocity in a very good agreement with the experiments.
We discover a new fundamental instability, which distorts the doping fronts and
speeds-up the process considerably. We demonstrate how the instability may be
controlled and used to improve performance of optoelectronic devices.

Finally, we study avalanches of spin-switching in crystals of nanomagnets,
which may be described as magnetic deflagration and detonation due to strik-
ing resemblance to the respective combustion phenomena. We find that magnetic
deflagration becomes unstable and propagates in a pulsating regime when poten-
tial barrier of the spin-switching is sufficiently high in comparison with the energy
release in the process. We also demonstrate the possibility of magnetic detonation
in the crystals, which explains the astounding effect of ultra-fast spin-avalanches
encountered in recent experiments. We find that magnetic detonation does not
destroy the unique properties of the crystals, a very important conclusion in view
of possible applications of nanomagnets in quantum computing.
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Sammanfattning

Konceptet med en utbredningsfront spelar en avgörande roll inom m̊anga olika
omr̊aden i fysik. I denna avhandling studeras centrala aspekter av utbrednings-
fronters dynamik och deras stabilitet i för laser-plasmaväxelverkan, organiska
halvledare samt kvantmedier.

För laser-plasmaväxelverkan har vi undersökt de hydrodynamiska instabiliteter,
som t ex Rayleigh-Taylor-instabiliteten, vilka utvecklas vid deflagrationsfronter
(under s̊a kallad laserablation). Med hjälp av direkta numeriska simuleringar har
vi hittat en märkbar hastighetökning av Rayleigh-Taylor bubblan i en deflagra-
tionsfront jämfört med det som kan ses vid ett inert gränssnitt. Vi har även
studerat Darrieus-Landau-instabiliteten vid laserdeflagration, speciellt hur denna
p̊averkas av de specifika egenskaperna hos ett fusionsplasma: ett starkt temper-
aturberoende hos värmeledningen samt plasmaflödet som uppn̊ar ljudhastighet.
Vi har funnit att dessa egenskaper hos laser-plasmasystem gör Darrieus-Landau
instabilitet starkare jämfört med det vanliga fallet av l̊angsamma flammor. Vi har
även klargjort de experimentella förutsättningar som krävs för observationer av
Darrieus-Landau instabilitet i laser-plasmasystem.

Vi har studerat samspelet mellan klassiska och kvantmekaniska aspekter i
kvantplasmor. Specifikt har vi undersökt chockv̊agors utbredning och dynamik
samt instabiliteter i pseudo-ferrofluider. För chocker i kvantplasmor har vi visat
att en överg̊ang fr̊an Burgers klassiska monotona chockstruktur till ett v̊agt̊ag
av solitoner sker i kvantgränsen. Vi för ocks̊a en motsvarighet till ferrofluid-
instabiliter i magnetiserade plasmor p̊a grund av dess kollektiva spinn-dynamik
i ett yttre magnetfält. Vi har diskuterar instabilitetens roll för termonukleära
explosioner hos vita dvärgar i supernovor av typ Ia.

I organiska halvledare har vi utvecklat en teoretisk och numerisk modell av elek-
trokemiska dopningsfronter. Studien är baserad p̊a en modifierade drift-diffusiond-
modell för komplexa dopade halvledare, vilka best̊ar av h̊al, elektroner, positiva
och negativa joner. Modellen beskriver dopningsstrukturen och gör det möjligt att
beräkna dopningsfrontens hastighet med värden som överensstämmer mycket väl
med experimenten. Vi har även upptäckt en ny grundläggande instabilitet, vilket
gör dopningsfronter anisotrop och snabbar upp processen betydligt. Vi visar hur
instabilitet kan styras och användas för att förbättra optoelektronisk utrustning.

Slutligen studerar vi laviner av spin-växlingar i kristaller best̊aende av nano-
magneter. Denna process kan beskrivas i termer av ett nytt analogt koncept, s̊a
kallad magnetiska deflagration och detonation, p̊a grund av de sl̊aende likheter
dessa har till motsvarande förbränningsfenomen. Vi har funnit att magnetiska
deflagration blir instabil och propagerar i en pulserande regim när potential-
barriären för spin-växling är tillräckligt hög i jämförelse med frigörelsen av energi
i processen. Vi visar ocks̊a möjlighet till magnetisk detonation i dessa kristaller,
vilket förklarar de ultrasnabba spin-laviner man stött p̊a under vid experiment
helt nyligen. Denna magnetiska detonation förstör inte de unika egenskaperna
hos kristallerna, en mycket viktig slutsats med tanke p̊a möjliga tillämpningar av
nanomagneter i kvantdatorer.
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1 Introduction

In general, the concept of fronts concerns a wide range of different phenomena
in physics and beyond. Apart from the straightforward military meaning of the
word, which is of little connection to the present Thesis, we can meet fronts of
different types, e.g., in weather studies in meteorology, spreading of information or
deceases, expansion/extinction of biological populations, dynamics of landscapes
(e.g. deserts or rainforest) in geo-science, propagation of signals in the human
body, forest fires, and in large scale historical events like migration of peoples,
see Fig. 1. Even if we limit our consideration by physics only, examples of front-
like phenomena are countless with flames, shocks and phase transitions being,
probably, the most representative ones. So what is a front? How can we study
fronts in the most effective way? What can we say about front dynamics and
stability?

In this Thesis we present new results on front dynamics in the context of
ablative plasma in inertial confinement fusion, gaseous flames, shocks in quantum
plasma, doping in organic semiconductors and magnetic avalanches in crystals of
molecular magnets.

1.1 General remarks on fronts and instabilities

We consider a medium which can be either in state 1 or 2, characterised, for
example, by different energy, density, temperature, conductivity, magnetization,
etc. We are interested in the case when transition from one state (say, the initial
state 1) to the other one (the final state 2) requires some help from the neighbour-
ing layers. As a rule, the transition does not occur simultaneously and uniformly
within the medium, but it starts locally and spreads through the medium due
to a certain physical mechanism, which facilitates the transformation. Such a
transition process may be usually described as a front, i.e., a propagating zone
strongly localized in space, where the transformation takes place. As one of the
most typical examples of front propagation we may consider a flame, illustrated
in Fig. 1.2, which is also known as slow combustion or deflagration. A flame front
is a region of exothermal chemical reactions and heat transfer, which separates a
cold fuel mixture and hot products of burning [1]. Chemical reactions in a flame
are extremely sensitive to temperature, so that moderate increase in temperature
leads to increase in the reaction rate by many orders of magnitude [2]. When
an exothermal chemical reaction is ignited locally in the originally cold gas, the
released energy is transported by thermal conduction from the hot area to cold
surroundings. Because of the heating, temperature in the neighbouring layers of
the cold gas increases, the reaction goes much faster and the zone of active energy
release propagates in the fuel (see Fig 1.2 (b) with the internal flame structure).
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Figure 1.1: Fronts of different nature, (a) atmospheric front; (b) lichen on a rock;
(c) forest fire.
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Figure 1.2: (a) Flame in a tube (temperature distribution from Ref [3]), (b)
schematic flame structure and (c) profiles of density, temperature and energy re-
lease from Paper 2.

Since flame (deflagration) spreads due to thermal conduction, this process is rather
slow with the characteristic flame velocity much lower than the sound speed (e.g.
from 10 cm/s to 10 m/s for premixed flames in gases). As an alternative to defla-
gration, a front of chemical reaction may also propagate in a supersonic regime of
detonation with velocities about 2000-3000 m/s. In the case of detonation, heat-
ing of the originally cold fuel mixture happens because of the leading shock [1].
The present Thesis is devoted mostly to relatively slow fronts (deflagrations), still
two papers (Papers 3 and 9) study supersonic front phenomena in different me-
dia. Namely, Paper 3 deals with weak shocks in quantum plasmas, and Paper 9
considers magnetic detonation.

As other well-known examples of deflagrations we can mention laser deflagra-
tion (ablation) in inertial confined fusion (ICF) [4–7] and thermonuclear flames in
Supernovae of Type Ia, see [8–11]. In the case of Supernovae Ia, illustrated in Fig.
1.3, the similarity between the thermonuclear deflagration and a usual chemical
flame is straightforward, with the thermonuclear reactions playing the same role
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Figure 1.3: The front of thermonuclear deflagration in a Supernovae Type Ia with
the large-scale mushroom structure because of the Rayleigh-Taylor instability, from
Ref. [11]. The arrows indicate velocity of the stellar medium.

as chemical reactions. Though in Supernovae Ia one encounters length, time and
velocity scales quite different from our everyday combustion experience, still the
thermonuclear flame remains an essentially subsonic process with the “slow” flame
velocity of 100 km/s being two orders of magnitude smaller than sound speed in
the exploding stars [9]. Plenty of works have been devoted to dynamics of ther-
monuclear flames in Supernovae Type Ia, see [8–11] and reference herein, and,
therefore, we do not focus on this process in the present Thesis. Instead, we will
be interested in the thermonuclear flames only as a source of dramatic density and
temperature variations on small scales of few centimetres in the ultra-relativistic
degenerate plasma of exploding white dwarfs. In Paper 4 of the Thesis, we show
that the density and temperature variations produce strongly non-uniform plasma
magnetization, which, in turn, leads to a specific MHD instability of the ther-
monuclear deflagration front propagating along the magnetic field of the star.

In the case of an ablation front in ICF, the energy is supplied by the laser ra-
diation coming at the dense plasma target, which is originally opaque for the laser
light, see Fig. 1.4. We remind that electromagnetic radiation may not propagate
in plasma layers with plasma frequency ωp larger than the radiation frequency

ωlaser, i.e. for ωlaser > ωp = e
√
n/ε0me, where e and me are electron charge and

mass, and n is plasma concentration [4]. Energy of the laser radiation absorbed
by the outer layers of the target leads to increase of the plasma temperature, de-
crease of the plasma density and electron concentration until the plasma frequency
becomes sufficiently low, ωp < ωlaser, thus making the heated plasma transparent
for the laser light. The energy absorbed in the outer layers is transferred into the
dense cold target by thermal conduction, (see also Fig 2.2, 2.7). The whole process
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Figure 1.4: The laser ablation scheme in ICF, spherical (a) and planar (b) geome-
tries.

of energy gain and transport develops in the form of a front known as laser defla-
gration or ablation. Papers 1 and 2 of the Thesis are devoted to hydrodynamic
instabilities in laser deflagration in ICF.

Recently, another interesting example of a deflagration front has been obtained
experimentally in the process of spin avalanche (magnetic deflagration) in crystals
of molecular magnets. When placed in an external magnetic field, a magnetic
dipole tends to align along the field. In a common situation, switching of the field
leads to switching of the dipoles. However, in the case of molecular magnets in
crystals, e.g. of Mn12-acetate, the spin switching may not happen freely because
of the large energy barrier between the respective quantum levels [12,13]. Instead,
the transition happens in the form of thermally assisted tunnelling with the tran-
sition rate determined by the Arrhenius function similar to chemical reactions.
Temperature increase in the magnetic crystals is provided by Zeeman energy of
the magnetic dipoles directed opposite to the magnetic field. The energy released
in one layer of the crystal because of the spin-switching may be transferred to the
neighbouring layers by thermal conduction, which helps the transition in the new
layers and so on. Thus, we obtain a process strikingly similar to usual combustion,
which, therefore, has been called magnetic deflagration. Dynamics of magnetic de-
flagration is studied in Paper 8 of the Thesis. As we show in Paper 9, the front
of spin-switching may also propagate as magnetic detonation, which consists of a
leading shock and a zone of Zeeman energy release.

Finally, Papers 5–7 consider fronts of electrochemical doping in organic semi-
conductors, which transforms the original insulating electrolyte into a medium of
metallic conductivity. The doping transformation is one of the key processes in
organic electronics; it may be performed in situ by applying a sufficiently large
electric field to the active material. The doping transformation rate is controlled
by the external electric field and by ion mobility in the polymer. Though the dop-
ing fronts may not be characterized as deflagrations in a straightforward way due
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to some specific features of the process, still, as we show in the Thesis, the dop-
ing fronts demonstrate instabilities, which resemble the hydrodynamic Darrieus-
Landau instability of a flame front and other deflagration waves.

The main parameters describing a front are propagation velocity Uf and thick-
ness Lf . Front velocity is typically well-defined, at least locally, and it may be
determined in numerical modelling and/or measured experimentally. To be spe-
cific, one defines Uf as the velocity of a planar stationary front, see Fig. 1.5 (a),
though, in general, the propagation speed of the front may depend on the com-
plicated shape and non-stationary features of the process, as illustrated in Fig.
1.5 (b), c. As an example, the planar flame velocity is determined by the char-
acteristic time of energy release τf and by the coefficient of thermal conductivity
(thermal diffusion) χ. The dimensional analysis leads to the following order of
magnitude scaling for the flame velocity Uf ∝

√
χτf . One comes to a similar

evaluation in the case of magnetic deflagration in crystals of molecular magnets,
with τf standing for the characteristic time of spin-switching in that case. On the
contrary, the velocity Ua of laser ablation in ICF is determined by the boundary
conditions since the process of laser light absorption does not involve any specific
time scale. At the back side of the laser ablation front, heated plasma of low den-
sity with ωp < ωlaser expands into vacuum with velocity equal to the local sound
speed. For this reason, laser ablation corresponds to the ultimately fast regime of
deflagration known as the Chapman-Jouguet deflagration [1]. Specific properties
of laser ablation are discussed in details in Paper 2 of the Thesis. Unlike deflagra-
tion fronts, the propagation speed of a shock wave considered in Paper 3 is a free
parameter determined by the shock strength. The detonation speed is typically
determined by the energy release. In Paper 9 we have shown that the magnetic
detonation velocity exceeds only slightly speed of sound in molecular magnets. In
Papers 5, 6 we also obtain the propagation velocity for fronts of electrochemical
doping in organic semiconductors. We demonstrate that this speed is controlled
by the external electric field in agreement with experimental observations.

Unlike the front velocity, which may be usually determined in an unambiguous
way, front thickness depends on a particular definition as a characteristic length
scale of the problem. For example, in the case of a usual chemical flame the front
width may be defined as

Lf ≡
χ

Uf
=

[
m2/s

m/s

]
= [m], (1.1)

which leads to the order-of-magnitude scaling Lf ∝
√
χ/τf . At the same time,

the front thickness defined by Eq. (1.1) may differ considerably from the effective
width of the transition zone observed experimentally or found in numerical simu-
lations. Quite often this difference is related to a complicated internal structure of
the front when diffusion, thermal conduction and other transport coefficients vary
strongly within the front, see Fig 1.2.

As a rule, the theoretical study of front dynamics starts with the simplest
possible geometry of a planar stationary front like the flame shown in Figs. 1.2,
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Figure 1.5: Planar (a), curved (b) and strongly corrugated (c) flame fronts con-
verting a cold fuel mixture (blue) into hot products of burning (red).

1.5. By adopting the reference frame of the front, we obtain a time-independent
“flow” with all important parameters (velocity, density, temperature, etc) changing
from the initial state to the final one as the medium passes through the front. At
sufficiently large scales, much larger than thickness of the transition zone, the front
may be treated as an infinitely thin interface with neglected transport processes
(diffusion, thermal conduction, viscosity). Then physical values experience jump at
the discontinuous front determined by the conservation laws (equation integrals).
Taking the transport processes into account, we find the same changes in the
form of a smooth continuous front structure of finite thickness. Velocity and
structure of a planar stationary front are key points in analysing front dynamics
in a complicated multi-dimensional geometry with possible non-stationary effects,
as shown in Fig. 1.5 (c). As an example, we study development of strongly
corrugated shapes of doping fronts in Paper 6 of the Thesis, and acceleration of
the fronts in light-emitting electrochemical cells in Papers 5, 7.

As a next step in understanding front dynamics, we investigate stability of a
planar front with respect to small perturbations. Quite often, fronts related to
energy implosion (e.g. deflagration waves) demonstrate different types of instabil-
ities, which modify the regime of front propagation. The main goal of the stability
analysis is to obtain characteristic time and length scales of perturbation growth.
Small perturbations of a planar stationary front propagating with velocity Uf , say,
along the z-axis, may be presented as a superposition of Fourier harmonics

z = Uf t+
∑

X̃k exp(σt+ ik · x), (1.2)

where k = 2π/λ is the perturbation wave number related to the wavelength λ, σ
is the growth rate and X̃k stands for the mode amplitude. Instability develops
if the real part of the growth rate is positive, Re(σ) > 0, at least for some per-
turbation modes; at the same time, the imaginary part may be zero or non-zero.
Solution to the stability problem yields the dispersion relation between the growth
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rate and the perturbation wave number σ = σ(k), which provides all necessary
information on the instability development at the early stages. In particular, us-
ing the dispersion relation one finds the fastest growing perturbation mode with
σmax, kmax = 2π/λmax; this mode dominates at the linear stage of the instability
as long as perturbation amplitudes are small. The other important characteristic
of an instability is provided by the cut-off wave number kcut (related to the cut-off
wavelength λcut), for which the growth rate turns to zero. Typically, perturbations
of short wavelength with k > kcut, λ < λcut, are stabilized by the transport pro-
cesses: diffusion, thermal conduction, viscosity, etc. For example, the dispersion
relation of the Darrieus-Landau (DL) instability at a flame front may be found
as [14–16]

σ = ΓUfk(1− k/kcut), (1.3)

where the numerical factor Γ depends on the density ratio of the fuel mixture and
the burnt gas. For perturbations of long wavelengths, k << kcut, the DL insta-
bility growth rate is proportional to the wave number, σ = ΓUfk; this result may
be anticipated from the dimensional analysis for an infinitely thin front. Stabi-
lization of the DL instability for short wavelength perturbations k > kcut happens
due to thermal conduction and finite front thickness. The cut-off wavelength is
proportional to the flame thickness, λcut ∝ Lf , though the proportionality factor
is typically rather large, being about 40-60 for hydrocarbon flames [14]. At the
linear stage the fastest perturbation mode of the DL instability corresponds to
kmax = kcut/2 with σmax = ΓUfkcut/4. In the present Thesis we study the DL
instability in the context of laser deflagration. We also find a similar instability at
the doping fronts in organic semiconductors with σ = Ufk for perturbations with
wavelength much larger than the front thickness, kLf << 1, see Paper 6. In order
to obtain a dispersion relation, one has to solve the linear eigenvalue problem by
integrating the linearized equations over a front. At the same time, the dispersion
relation gives only qualitative ideas about front dynamics at the late nonlinear
stages of the instabilities, when the perturbation amplitude becomes considerable.

In order to study the nonlinear stage of the instabilities, we perform direct
numerical simulations in Papers 1, 8, and solve the Cauchy problem for a model
nonlinear equation in Paper 6. At the nonlinear instability stage, we also find
similar features for different fronts. As one of these features, we can mention
formation of cusps at the fronts due to the Huygens kinematical stabilization illus-
trated in Fig. 1.6. Due to the Huygens nonlinear stabilization, the convex parts
of the fronts get smoother, while the concave parts become sharper, which even-
tually produces cusps at the front. Local nonlinear increase of the front velocity
at the cusps balances instability growth at the convex parts of the front and leads
to a structure of smooth humps, as we obtain for different front instabilities in
Papers 1, 6. The cusp structure may be also observed in Fig. 1.1 for the fronts
of forest fire and for lichen on a rock, which demonstrates common nature of this
mechanism. In the present Thesis we discuss a number of instabilities bending the
fronts: the DL and Rayleigh-Taylor (RT) instabilities of flames and laser ablation,
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Figure 1.6: Nonlinear front stabilization due to the Huygens principle.

the magneto-hydrodynamic instability in plasma with intrinsic magnetization, the
doping front instability in organic semiconductors. These instabilities lead to com-
plicated multidimensional structures at the fronts, which increase the velocity of
front propagation. Still, one-dimensional front instabilities are also possible like
the pulsating instability of magnetic deflagration in crystals of molecular magnets.
Different from the multi-dimensional instabilities, the pulsating instability results
in slow-down in the average front velocity.

1.2 Brief characteristic of the physical problems considered
in the Thesis

Here we present briefly the physical problems considered in the Thesis: ICF,
quantum plasmas, organic semiconductors and magnetic avalanches in molecular
magnets. Though the problems look different at the first sight, dynamics and
stability of fronts encountered in these problems require similar theoretical and
numerical methods.

The purpose of ICF is to ignite thermonuclear reactions in a plasma target by
compressing it, e.g., using laser irradiation. In the face of great technical progress
in the area, hydrodynamic instabilities remain the main limiting factor in fusion
performance and efficiency. For this reason there have been thorough theoretical
and experimental studies of the laser ablation instabilities for the last decades.
Most of these investigations have been devoted to the RT instability, which is the
key obstacle in achieving the ICF. The DL instability in laser ablation has been
obtained first as a process accompanying the RT instability. Though the DL in-
stability in ablation wave received much attention lately, still, many fundamental
questions concerning the instability persisted. In particular, it remained unclear
if the DL instability in laser deflagration is stronger or weaker than in the tra-
ditional combustion case. In Paper 2 we demonstrated that the DL instability
in laser ablation is much stronger than in combustion; considerable increase in
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the instability growth rate happens because of the strong plasma compression in
laser ablation process. We also show that the DL instability can be important for
bubble dynamics at the nonlinear stage of the RT instability.

Studies of quantum plasmas are motivated by potential applications to nanoscale
systems, ultracold plasmas, plasmonic devices and many others: the subject of
quantum plasmas is relatively young and rapidly expanding. In the present Thesis
we consider two problems related to fronts in quantum plasmas, namely, the struc-
ture of a quantum shock and hydrodynamic instability in plasma with intrinsic
magnetization due to collective spin-effects. We demonstrate that the quantum
Bohm-de Broglie dispersion modifies the structure of weak shocks, resulting in a
soliton train at the shock front. The hydrodynamic instability develops in non-
uniform quantum plasmas when intrinsic magnetization changes along the external
magnetic field. As an example, we demonstrate that the instability may be quite
strong at the thermonuclear flame fronts spreading through the ultra-relativistic
degenerate plasma in white dwarfs exploding as Supernovae Ia.

Dynamics of complex plasma in organic semiconductors (OSCs) is one of the
most important parts of the Thesis. OSC demonstrate a number of interesting
properties, which distinguish them from conventional inorganic semiconductors.
A unique feature of OSCs is the opportunity for a controlled tuning of the elec-
tronic and optical properties of the active material by means of chemical and
electrochemical doping techniques. Here we study the doping transformation in
polymer-based light-emitting electrochemical cells, which develops in the form of
two fronts of p- and n-doping accelerating towards each other. When the fronts
meet, a light-emitting p-n junction is formed. In the present Thesis we study
dynamics of the fronts, velocity, internal structure and the regime of fronts’ ac-
celeration. Our theoretical and numerical results are in good agreement with
measurements performed in the Organic Electronics Group of our Department.
Besides, we have demonstrated that the planar doping fronts are unstable; the
instability leads to corrugated front shapes and higher doping velocity, thus im-
proving considerably kinetics of OSC devices. The doping front instability shows
many interesting properties, which are similar to the DL instability of flames and
laser ablation.

Finally, the last two papers of the Thesis investigate magnetic avalanches in
crystals of molecular magnets. Molecular magnets have been a subject of intense
studies both experimentally and theoretically for almost two decades. The field
belongs to mesoscopic physics as the typical length scales related to the research
area are between microscopic and macroscopic. Such an intermediate position
of the problem provides unique conditions for observing quantum and classical
phenomena acting together. Besides, a large magnetic spin of a single molecule
makes molecular magnets natural candidates for novel magnetic storage media
and quantum computing. In an external magnetic field the spins of molecule
magnets are orientated along the field. When we reverse the field direction, the
spins may not follow the magnetic field for free, but they require certain help from
their neighbours. Several experimental studies [99, 100] have shown that the spin
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reversal does not happen simultaneously within the whole sample, but it occurs
in a narrow zone propagating as a front at a velocity of few meters per second.
This avalanche is accompanied by significant heat release similar to a deflagration
wave in combustion and for this reason it was called “magnetic deflagration”. In
the Thesis, we demonstrate that magnetic deflagration is unstable with respect to
one-dimensional perturbations, which results in a pulsating regime at the nonlinear
stage of the instability. Recent experiments [106] have also detected an ultra-fast
regime of spin reversal with supersonic velocities, which has been hypothetically
identified as magnetic detonation. In Paper 9 we have demonstrated theoretically
the possibility of magnetic detonation in crystals of molecular magnets. We have
shown that the velocity of a stationary detonation front is slightly above to the
sound speed and it is almost independent of the external magnetic field.

The described physical problems are presented in detail in Chapters 2-5 of the
Thesis. The numerical methods employed in the problems constitute an important
part of the Thesis work, they are collected in Chapter 6. The Thesis ends with a
summary of the results and conclusions.
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2 The hydrodynamic instabilities in laser plasmas

The ICF is believed to be one of the most promising energy sources in the
twenty first century. The aim of the ICF is to compress a target to density and
temperature high enough to trigger thermonuclear reactions. The compression
usually occurs due to the target exposure to intense laser irradiation, see Fig. 1.4
(a). The heated outer layer expands, producing a reaction force against the rest
of the target, accelerating it inward, and sending shock waves into the center. A
sufficiently powerful set of shock waves can heat the fuel at the center igniting
the fusion reactions. Still, the compression/ignition process involves complicated
plasma hydrodynamics, which is not completely understood yet. To gain a bet-
ter insight of the process, a planar target geometry is often used instead of the
realistic spherical one in many theoretical, experimental and numerical studies,
as illustrated in Fig. 1.4 (b). In this case, the experimental setup involves easier
diagnostics and cheaper target production.

The most difficult obstacle in achieving the ICF is the RT instability, which
develops when light plasma supports heavy one in a gravitational field, real or
effective [5, 6, 17–19]. As illustrated in Fig. 1.4 (b), target acceleration in ICF is
equivalent to effective gravity, with the gravitational acceleration pointing from
the heavy plasma layers to the heated envelope. In the traditional RT geometry,
the interface between two plasmas is inert with no mass flux through it. However,
the RT instability in ICF has many specific features different from the traditional
case, since the boundary between two plasmas is a propagating front of laser
deflagration similar to a flame front [7, 18, 20, 21]. For the same reason, the RT
instability is not the only instability developing in ICF; for example, the laser
plasma is also subjected to the DL instability [1,2,14], which is discussed in details
below in Section 2.3. In Fig. 2.1 we sketch the front structure of the laser ablation
wave. When a thermonuclear target is illuminated by a powerful laser, plasma
is heated and ablated from the target surface producing a hot outflow. Energy
of the laser radiation is partly absorbed in the hot plasma at the critical surface,
where plasma frequency is equal to the laser frequency, ωlaser = ωp. The absorbed
energy is transported to the target heavy plasma due to thermal conduction. For
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Figure 2.1: Structure of a planar front in laser ablation.
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comparison, in flames, energy is provided by exothermal reactions, and transported
to the cold fuel mixture by thermal conduction of the burning gas. A flow generated
by a planar flame front may be stationary in the reference frame of the front; then
the fuel mixture is drifted to the front with the velocity of flame propagation.
We may achieve a similar stationary flow for laser ablation of an infinitely thick
target. In that case the front in Fig. 2.1 is at rest, but the cold heavy plasma flows
to the right with uniform velocity uz = Ua, undergoes transition in density and
temperature and, finally, the hot light plasma gets drifted with velocity uz = Uc
away from the critical surface. Here and further index “a” stands for the ablation
surface and index “c” stands for the critical one. The ablation velocity Ua is
determined by the critical density and the laser light intensity [20–22], while the
velocity of a flame front is determined by the rate of energy release and thermal
conduction. In comparison with the ablation flow, hydrodynamics of a flame front
is well studied while laser ablation is a much more difficult process than flames.
For this reason, the similarity between combustion and laser ablation is extremely
helpful for studying hydrodynamic instabilities in laser fusion process. The flame
theory provides new ideas to the ICF studies and often serves as a physical model
of the laser ablation process.

2.1 The Rayleigh-Taylor instability in a deflagration flow

The first paper of this Thesis (Paper 1) is devoted to the RT instability in a
deflagration flow. The classical theory of the RT instability considers interface of
two inert plasmas (gases or fluids) in a gravitational field with the heavy plasma
supported by the light one. At the linear stage of the RT instability illustrated
in Fig. 2.2 (a), small perturbation modes at the interface grow exponentially in
time as exp(σt + ikx) with the instability growth rate σ ∝

√
gk. In Paper 1

we were mainly interested in the nonlinear stage of the RT instability in laser
ablation. In the case of inert plasmas, the nonlinear stage may be often described
as stationary rising of large bubbles of light plasma and almost free fall of heavy
thin spikes. In Fig. 2.2 we demonstrate typical evolution of the RT instability
at a flame front obtained in our simulations with colour representing plasma/gas
temperature. At the nonlinear stage shown in Fig. 2.2 (b-c), the light bubble
attains a constant velocity, but the spikes have finite length due to the Huygens
nonlinear stabilization described in Section 1.1.

The classical Layzer theory [18] predicts an asymptotic velocity for an infinitely
light inert bubble as Ub =

√
αg/k, where α is a numerical factor depending on a

particular geometry (α = 1/3 in the 2D case). However, the recent study of Betti
and Sanz, Ref. [23], encountered bubble velocity in inertial fusion exceeding the
classical Layzer formula considerably. They suggested that the numerical results
described a new deeply nonlinear stage of the RT instability, and related this
velocity increase to vorticity in the light plasma generated by ablation. The results
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Figure 2.2: The evolution of the RT instability, linear (a) and nonlinear stages
(b,c). Heavy plasma (blue) is supported by light one (red) under gravity force
with Fr−1 = 160. The figures (a), (b) and (c) correspond to the time instants
0.05 ms, 0.08 mc and 0.12 ms respectively.

by Betti and Sanz were in contrast with previous studies of the RT instability for
usual flames in a gravitational field [14, 24, 25], which did not show any specific
“deeply nonlinear stage”. Taking into account physical similarity between flames
and laser ablation, it would be natural to expect similar development of the RT
instability in both cases. Unfortunately, studies of the RT instability for flames
have been fragmentary so far. For this reason, in Paper 1, we performed extensive
numerical simulations of the RT instability at a deflagration front in an external
gravitational field.

The main parameter for our simulations is the scaled gravitational force, pre-
sented by the inverse Froude number, Fr−1 = 2gR/U2

f , where R is the hypothetic
tube radius controlling the bubble size and Uf is a deflagration front velocity,
which is similar to the ablation velocity Ua. Typical stationary shape of a curved
deflagration front is presented in Fig. 2.2 (c) for Fr−1 = 160, which corresponds
to relatively high gravitational acceleration and strong RT instability. Still, we
stress that flame becomes curved even in the case of zero gravity because of the
DL instability inherent to all types of deflagration waves in gases and plasmas as
shown in Fig. 1.5 (b). In Fig. 2.2 the DL instability works together with the RT
instability, though the latter dominates. In a sense, the inverse Froude number
Fr−1 indicates the relative roles of the RT instability and intrinsic properties of
a deflagration front including the DL instability. Similar to Ref. [23], we observe
vorticity produced behind a curved deflagration front, as shown in Fig 2.3 (b).
Vorticity is produced at the surface of a curved front and then it gets drifted away,
which is a well-known result in the combustion science [2].

Increase in the deflagration velocity is determined by the curved shape of the
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front: stronger RT instability for larger gravity acceleration leads to higher propa-
gation velocity of a curved deflagration front, Uw. In Fig. 2.5 we present evolution
of the front velocity for Fr−1 = 0; 40; 160. One can see that the velocity increases
exponentially at the beginning, then saturates and reaches its stationary value.

The results of Paper 1 for the deflagration velocity are presented in Fig. 2.6
(squares and diamonds) and compared to the previous numerical works. The
result obtained in [23] is depicted by the triangle; circles show previous results
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Figure 2.3: Density (a) and vorticity (b) at the deflagration front, propagating
upwards for Fr−1 = 160, acceleration points to the left. Vorticity changes from
−1.7 · 106 to 2.4 · 106, and it is almost zero in the heavy plasma.

Figure 2.4: Scaled deflagration velocity increase vs. time for Fr−1 = 0; 40; 160.
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on simulations the RT instability in flames, Ref [20]. Paper 1 suggested also a
phenomenological formula for the deflagration speed increasing due to the bubble
effects and the DL instability

Ub =

√
g

3k
+ β2

DLU
2
f . (2.1)

In Eq. (2.1), the coefficient βDL determines velocity increase due to the DL
instability only, which depends on the density ratio of heavy and light plasma. The
first term in (2.1) is a counterpart of the Layzer result for a deflagration front,
which has been derived rigorously in Paper 1 in the limit of Fr−1 >> 1. The
modification of (2.1) in comparison with the Layzer result is essential in the case
of small gravity, when the DL instability is dominating or comparable to the RT
instability. With the increase of the gravitational force the Layzer theory becomes
an asymptotic for expression (2.1). One can see that our numerical results are
in a very good agreement with expression (2.1), as well as with [24]. The result
of Betti and Sanz lays noticeably higher than the Layzer theory and somewhat
higher than our results. Still, the difference is not dramatic to be described as
a new highly nonlinear stage of the RT instability. Instead, it can be explained
by inevitable numerical errors as well as by some specific features of the ablation
process like non-stationary target acceleration.

Figure 2.5: The deflagration speed vs. Fr−1/2 for Θ = 5, R = 20Lf (black
squares) and Θ = 6, R = 27Lf (blue squares). The dashed line stands to the
Layzer theory, solid line represents our formula (2.1). The result of [23] is shown
as red triangle, while green circles depict results of [24].
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2.2 Characteristic features of laser ablation in plasmas in
comparison with flames

In the previous section we have indicated strong similarity between flames
and laser ablation. Still, there are also some properties, which are different for
these two flows and which become of special importance in the studies of the DL
instability in laser ablation presented in Paper 2 of the Thesis.

One of the most distinctive features of deflagration in the ICF is that plasma
velocity reaches the isothermal sound speed at the critical surface of laser light
absorption. For this reason, laser ablation corresponds to the so-called Chapman-
Jouguet (CJ) deflagration, which is the ultimately fast propagation regime possible
for a deflagration front. Thus, in order to describe the DL instability in laser ab-
lation one has to take into account strong compression of the plasma flow with
relatively high values of the Mach number. Another important property inherent
to the laser plasma is strong temperature dependence of plasma thermal conduc-
tion (typically controlled by electron thermal conduction), which determines total
thickness and the internal structure of the ablation front. Strong plasma compres-
sion and electron thermal conduction have significant effect on the DL instability
of laser plasma making it different from the classical case of slow flames.

The strength of the DL instability depends mostly on the expansion factor

Θ =
ρa
ρc

=
Uc
Ua
, (2.2)

which shows density drop from the original cold plasma to the critical surface.
In chemical flames the expansion factor has moderate values, Θ = 5 ÷ 10, while
in laser ablative plasma it can be much larger, depending on particular ablator
type [18]. Still in our studies we employ moderate expansion factors as used in [23].
Another important parameter of a deflagration wave is the ratio of flow velocity
to the local speed of sound, i.e. the Mach number. In the classical case of usual
flames the Mach number is negligible, and it may be taken zero with a very good
accuracy [1, 14]. On the contrary, laser ablation provides the largest value of the
Mach number possible for a deflagration flow. We specify the adiabatic Mach
number at the critical surface as

Mac = Uc

√
ρc
γPc

, (2.3)

where γ is the adiabatic exponent. In laser ablation, the isothermal Mach number
at the critical surface is equal to unity ρcU

2
c /Pc = 1, and we have Ma2

c = 1/γ
for the adiabatic Mach number [20, 21]. In our study we consider a general case
of a deflagration front with an arbitrary Mach number changing within the limits
0 ≤Ma2

c < 1/γ.
The plasma thermal conduction depends strongly on temperature, κ ∝ T ν ,

where ν is determined by the type of the thermal conduction. For example, we have
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ν = 5/2 for electron thermal conduction, while the dependence is much stronger
for radiation heat transfer with ν = 13/2. According to recent experiments the
value ν varies for different type of ablator as ν ≈ 1 ÷ 3, [26, 27]. In our studies
we consider mainly the generally accepted electron type of thermal conduction.
One can specify a characteristic width of the deflagration front due to the thermal
conduction as

Lf ≡
κ

CpρfUf
. (2.4)

Thermal conduction varies slightly in chemical flames, so that expression (2.4)
defines the only length scale of the flow. Because of the strong temperature de-
pendence of electron thermal conduction, the laser deflagration involves two length
scales, Lc and La, for hot (κc) and cold (κa) regions, respectively as illustrated
in Fig. 2.2. The presence of two different scales is one more specific feature of
laser ablation in comparison with usual flames. In the incompressible limit, when
Ma2

c << 1, the temperature ratio coincides with the expansion ratio, Tc/Ta = Θ,
and we can evaluate this scale difference for the electron thermal conduction as
Lc/La = (Tc/Ta)5/2. Taking the expansion factor Θ = 6 as an example, we find
that the length scales differ by two orders of magnitude, Lc/La ≈ 88. However,
the temperature ratio decreases with increasing of flow compressibility. In laser
ablation with Ma2

c = 1/γ and high values of density drop (Θ >> 1), the temper-
ature ratio is about twice smaller than the expansion factor, Tc/Ta ≈ Θ/2. As a
consequence, the ratio of the length scales decreases noticeable, Lc/La ≈ 16, and
the profiles of density and temperature are expected to be much smoother in the
ablation flow in comparison with the incompressible counterpart. This behaviour
is reflected in Fig. 2.6, which shows the numerical solution to the eigenvalue prob-
lem of a stationary deflagration front. Two uniform flows correspond to the heavy
plasma target at the left side and light blowoff plasma at the right side; so that
the whole geometry is similar to that one in Fig. 2.2.

2.3 The linear stage of the Darrieus-Landau instability in
laser ablation

The DL instability is one of the most fundamental and important instabilities
in hydrodynamics. It is inherent to any kind of deflagration waves and is related to
the plasma (gas) expansion due to energy release. Originally the theory of the DL
instability was developed for slow combustion by Darrieus [28] and Landau [29].
According to the DL theory, small perturbations of an infinitely thin flame front
grow exponentially in time as exp(σt + ikx) with the growth rate σ = Γ (Θ)Ufk
depending on the expansion factor as
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Figure 2.6: Profiles of density, temperature and energy release for Θ = 6, blue
lines stand for Mac = 0 and red lines depict Mac = 0; 0.75.

Γ (Θ) =
Θ

Θ + 1

(√
Θ + 1− 1

Θ
− 1

)
. (2.5)

The coefficient Γ (Θ) shows how strong the instability is; it increases with the
increase of the expansion factor Θ and disappears for Θ = 1. The DL theory does
not take into account finite thickness of the flame front and transport processes
like thermal conduction, which stabilize the perturbation growth at sufficiently
small length scales. Thermal stabilization of the DL instability has been obtained
in [15] as

σ = Γ (Θ)Ufk

(
1− λcut

2π
k

)
, (2.6)

where the cut-off wavelength λcut depends on the thermal and chemical properties
of the fuel mixture. According to Eq. (2.6), all perturbations with the wavelengths
smaller than λcut are suppressed because of thermal stabilization. Typical values
of λcut for usual flames are at least an order of magnitude larger than the flame
front thickness Lf , with λcut ≈ (20÷ 40)Lf .

Somewhat surprisingly, in the context of ICF research, the DL instability has
been encountered only recently within the studies of the linear RT instability [6].
Since that time, a number of papers considered linear and nonlinear stages of the
DL instability in ICF [22,27,30–34]. However, despite of much work, these papers
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did not answer the most important questions concerning the DL instability in laser
ablation:

1) How strong is the DL instability in laser ablation in comparison with the
traditional combustion case? Is it stronger or weaker than the DL instability
developing at a slow flame front?

2) What is the characteristic length scale of the instability development? This
question is especially important from the experimental point of view, since the
answer determines the target size, for which the DL instability may be observed.

3) What is the outcome of the DL instability at the nonlinear stage?
There have been numerous attempts to answer the first question within the

model of a discontinuous deflagration front in a compressible gas/plasma flow [22,
33–36]. Unfortunately, the discontinuous model encounters the deficit of matching
conditions at the deflagration front; the number of unknown values exceeds the
number of conservation laws at the front by one. First the deficit was faced within
the studies of the RT instability in laser ablation, see [5, 6, 19]; more detailed
discussion on this subject may be found in [34]. In the classical incompressible
limit of the DL instability at a slow flame front, the extra condition is given by
the so-called DL condition of a constant deflagration speed with respect to the
cold gas, which can be proved rigorously, see [14, 37]. A counterpart of the DL
condition for a compressible flow is not obvious. The solution to the problem
turned to be sensitive to the assumed extra condition, so that different analytical
theories proposed so far led to qualitatively different results. For this reason, it was
unclear if strong plasma compression in laser ablation makes the DL instability
stronger, or weaker, or produces minor changes in the instability strength. Within
this context, studies [38] deserve special attention, since these papers considered
influence of gas compression on the DL instability taking into account a continuous
structure of the deflagration front. Though [38] were devoted to combustion and
the respective results cannot be extrapolated directly to the DL instability in laser
ablation, still, the method employed in [38] may be used for the ablation studies
as well. This method eliminates the deficit of the boundary conditions and allows
investigating properties of the DL instability in laser ablation. In Paper 2 of the
present Thesis we employ the methods of [38] to study the linear stage of the DL
instability in laser plasma, thus answering questions 1) and 2) of those outlined
above.

The main result of Paper 2 is the dispersion relation of the DL instability for
different Mach numbers presented in Fig. 2.7. The DL instability turned out to
be very sensitive to the plasma compressibility. The DL instability becomes much
stronger with increase of the Mach number. Namely, the maximal perturbation
growth rate increases by a factor of 3 and the cut-off wave number increases by
a factor of 2 as the Mach number changes from zero to the limiting CJ value.
The cut-off wave length for the DL instability in the case of laser ablation is of
the same order of magnitude as the total width of the ablation front. Namely, we
obtain λcut ≈ 2.5Lc for Mac = 0.73, and this value is almost independent of the
expansion factor. For comparison, for usual flames, the DL cut off is typically two
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Figure 2.7: The scaled instability growth rate vs. scaled wave number for different
Mach number and Θ = 6.

orders of magnitude larger than the flame thickness.
We have also obtained characteristic experimental plasma parameters needed

to observe the DL instability in laser ablation. Both the RT and the DL in-
stabilities behave in a similar way bending the ablation front, and they require
similar diagnostics. For this reason, when designing the experiment one has to
be sure that the DL instability dominates over the RT instability, at least at the
perturbation wavelengths about λmax ≈ 2λcut. As an example, we take an ab-
lation flow similar to [24] with the expansion factor Θ = 6, which provides the
DL instability of about same strength as in the numerical calculations of Paper
2. We consider a DT target with initial density ρa = 0.2 g/cm3, ablation velocity
Ua = 3.5 µm/ns, ablation front thickness La = 0.18 µm and Spitzer electron
thermal conduction with ν = 5/2. The required laser wavelength may be found
from the relation between the critical density ρc = ρa/Θ and the laser frequency,
ωlaser = e

√
ρc/ε0meM , which in the present case leads to λlaser ≈ 0.45 µm. The

theory [20, 21] yields the laser intensity Ilaser ≈ 5 × 1013 W/cm2 needed to pro-
duce such a flow, which is in line with recent experiments [27,32]. We can also find
the distance to the critical surface in such a flow as Lc = ΘνLa ≈ 0.16 µm and
the wavelength of the fastest growing DL perturbations λmax ≈ 74 µm using Fig.
2.8. From Fig. 2.8, we find the respective maximal DL instability growth rate
σmax ≈ 0.3 ns−1, which is an order of magnitude smaller than the RT growth rate
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encountered in similar experimental flows, e.g. see [24,25]. Still, the RT instability
depends on the target acceleration g and on the initial target size Ltarget, since
g ≈ Pa/ρaLtarget, where the ablation pressure is determined due to the momen-
tum conservation equation. Thus, the RT instability growth rate decreases for
large targets as σRT ∝

√
gk ≈ 1/

√
Ltarget. On the contrary, the DL instability

does not depend on the acceleration and we can find the target size for which
the ablative DL instability dominates. Evaluating the RT instability growth rate
from above by σRT ≤

√
gk, we find that a target of thickness Ltarget = 2 mm

provides the DL instability about 5 times stronger than the RT instability. Such
a large target is unusual for ablation experiments, but it allows observing the DL
instability. Taking larger targets we make the relative role of the DL instability
even stronger. Still, all these estimates depend strongly on the expansion factor
Θ and on the type of thermal conduction.
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3 Quantum plasmas in the MHD approach

For the last decades investigation of quantum plasmas has been a growing
branch of modern physics. Plenty of studies in the area are motivated by potential
applications in many prospective areas such as nonlinear wave formation [39, 40],
micro- and nanoscale devices [41], high-intensity light sources and many others
[42–46]. Quantum plasmas demonstrate specific properties due to the finite width
of the electron wave function which gives rise to collective quantum effects and
dispersion in the high-density and/or low temperature conditions. The so-called
Bohm-de-Broglie potential, Fermi pressure and spin properties can significantly
modify quantum plasma dynamics.

In the present Thesis we are interested in hydrodynamic effects and use, re-
spectively, the hydrodynamic approach to quantum plasmas. Since equations of
quantum hydrodynamics are not as well known as the classical equations used in
Papers 1, 2, therefore, here we provide some extra details on the subject. We start
our analysis from the basic equation of nonrelativistic quantum mechanics, which
is the Schrödinger equation. It governs the dynamics of an electron wave function
ψ in an external electromagnetic field (φ,A):

ih̄
∂ψ

∂t
+

h̄

2me

(
∇+

ie

h̄
A

)2

ψ + eφψ = 0, (3.1)

where h̄ is the Planck constant, and e, me are electron charge and mass. The
Schrödinger equation may be reduced to the hydrodynamic plasma equations us-
ing the Bohm and de Broglie decomposition ψ =

√
ρ exp(iS/h̄), where

√
ρ is the

amplitude and S is the phase of the wave function, respectively [47]. To obtain a
final set of single-fluid quantum hydrodynamic equations we use two more assump-
tions. First, we consider typical length scales larger than the Fermi wavelength;
it helps with averaging over the whole particle ensemble. The second assumption
is to treat plasma ions as purely classical due to their large mass and inertia. In
Paper 3 we consider the case of zero magnetic field, and obtain a set of equations,
which are similar to the classical hydrodynamic equations

∂ρ

∂t
+

∂

∂xi
(ρui) = 0, (3.2)
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∂
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(
ρ
∂2 ln ρ
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)
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where u = ∇S/me is the plasma velocity, P is pressure, ε, h are thermal energy and
enthalpy, κ is thermal conduction, me,mi are electron and ion masses. The energy
conservation equation is derived using the Wigner approach [44]. The system of
equations (3.2)-(3.4) takes into account quantum effects as additional terms in the
momentum and energy transfer equations, which allow relatively simple analysis
of this complex phenomenon.

3.1 Structure of weak shocks in quantum plasmas

Recently, there has been much interest in shocks in quantum-like systems, such
as nonlinear optical fiber and Bose-Einstein condensates [42,48]. The structure of
such quantum shocks is markedly different from the classical ones [1]. A shock of
constant speed in classical fluids/gases displays a stationary monotonic structure,
which is governed by transport processes, i.e. viscosity and thermal conduction.
In the limit of a weak shock it can be described by the monotonic Burgers solu-
tion [1]. In contrast, quantum media typically exhibit dispersion due to the Bohm
potential instead of dissipation, so that a quantum shock propagating with a con-
stant velocity in uniform medium has a non-stationary non-monotonic structure.
The transition from initial to compressed quantum media occurs as a train of soli-
tons of different amplitudes. These solitons propagate with different velocities,
which makes the whole structure intrinsically nonstationary. However, quantum
plasma exhibits both dissipation and dispersion and, therefore, shocks in quantum
plasmas may demonstrate transitional behaviour between classical and quantum
systems.

The main parameter charactering strength of a shock wave is the Mach number,
which is the ratio of the flow velocity to the local sound speed. In Paper 3 we
consider weak shocks with Ma2 − 1 << 1. Within this approach, starting with
Eqs. (3.2)-(3.4), we have derived a single differential equation for a weak shock in
scaled dimensionless variables:

φ(1− φ) =
dφ

dξ
− q d

2φ

dξ2
. (3.5)

Here φ stands for the scaled temperature, q describes the relative role of quan-
tum effects and thermal conduction, and ξ is a scaled coordinate (see Paper 3
for details). In the limit of zero quantum effects, q = 0, Eq. (3.5) recovers the
stationary Burgers equation with the solution φ = exp ξ/ (1 + exp ξ), describing
monotonic transition from the initial to the compressed plasma in a classical weak
shock. In the limit of strong quantum effects, q → ∞, it can also be solved
analytically, as φ = 3

2 tanh2
(
ξ/
√
q
)
− 1

2 , which corresponds to a dark soliton of
Korteweg-de Vries type. The numerical solution to Eq. (3.5) is shown in Fig. 3.1
for zero and moderate influence of quantum dispersion. Quantum dispersion modi-
fies the Burgers solution, resulting in oscillations ahead of the shock. In the case of
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Figure 3.1: Profiles of the scaled temperature φ vs. the scaled coordinate ξ for
different strength of quantum effects, q=0; 1; 5.

small but nonzero quantum effects, q = 1, we can see one well-pronounced “dark”
region with temperature below initial (φ < 0). Increasing the role of the quantum
effects, we find several peaks and troughs ahead of the shock wave. Finally, in the
case of really large quantum effects, q = 1000, the front side of the shock looks
like a train of oscillations, decaying at rather long distance. Fig. 3.2 resembles a
nonstationary train of solitons in a purely quantum medium [43, 49, 50]. Still we
would like to stress that the shock structure obtained in Paper 3 is stationary, the
train of oscillations propagates together with the shock with the same velocity.

3.2 Magnetohydrodynamic instability in quantum plasma
with intrinsic magnetization

A number of recent works focused on hydrodynamic instabilities in quantum
plasmas and Bose-Einstein condensates such as, e.g., the RT, Richmyer-Meshkov,
Weibel and Jeans instabilities [34, 49–52, 54–56]. In the context of plasmas, these
studies have mostly demonstrated modifications of classical results due to quantum
effects like Bohm-de Broglie dispersion. However, one could expect the quantum
contributions to give qualitatively new phenomena, quite different from classical
plasma systems. One of the interesting features of quantum plasma is the con-
siderable magnetization produced by collective behaviour of electron spin at high
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Figure 3.2: Profiles of the scaled temperature φ vs. the scaled coordinate ζ = ξ/
√
q

for highly quantum plasma, q=1000.

densities and low temperatures [43, 57–59]. For this reason, one should expect
new phenomena, unusual for classical plasma, but possible, e.g., for ferrofluids,
such as the normal-field instability [60]. The aim of Paper 4 was to show that a
counterpart of the normal-field instability exists in plasmas.

We study the instability taking into account plasma magnetization in an ex-
ternal magnetic field, which modifies the hydrodynamic equation of momentum
conservation (3.3) as follows

ρ
∂u

∂t
+ (ρu · ∇)u =−∇P + ρg −∇

(
B2

2µ0
−M ·B

)
+ (B · ∇)

(
B

µ0
−M

)
+

h̄2

12memi
∇
(
ρ∇2 ln ρ

) (3.6)

In Paper 4 we work within the limit of incompressible flows, for which any
velocity involved in the problem is much smaller than the sound speed. Within the
incompressible limit, the equation of energy transfer (3.4) becomes excessive. In
addition, the MHD equation for the magnetic field complements the hydrodynamic
equations. The interaction between the magnetic field and electron spin is given
by the Brillouin function
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M =
µBρ

miB
tanh

(
µBB

kBT

)
B, (3.7)

where µB = eh/4πme is the Bohr magneton, kB is the Boltzmann constant. Tra-
ditionally, the properties of magnetic media are described using magnetic suscep-
tibility. Still, in the present work it is much more convenient to define another
factor, M = βB/µ0, which is related to the magnetic susceptibility as

β =
χ

1 + χ
= µ0

µBρ

miB
tanh

(
µBB

kBT

)
. (3.8)

A plasma layer exhibits paramagnetic properties when magnetic susceptibility is
positive with 0 < β < 1. The ferromagnetic case corresponds to high values of
magnetic susceptibility, χ→∞ with β → 1. In the classical case we have negligible
susceptibilityχ << 1 and β → 0.

We consider a plasma with non-uniform density, temperature and magneti-
zation, ρ0 = ρ0 (z) , T0 = T0 (z) , β0 = β0 (z), which vary in the direction of a
uniform external magnetic field B0 = âzB0. In general, the hydrodynamic equilib-
rium is determined by the balance of thermodynamic pressure, magnetic pressure
and the Bohm-de Broglie potential. In the chosen geometry, magnetic field is
uniform and, therefore, magnetic forces do not contribute to the equilibrium. In
the incompressible limit, pressure variations are negligible in comparison with the
background thermodynamic pressure so that it becomes independent of density
and temperature and we are free to choose any profile for density. A particular
equation of state is not of principal importance for the problem at hand. It is
needed mostly to couple variations of electron temperature and density, and to
specify variations of plasma magnetization in the equilibrium.

Next, we assume small perturbations of the equilibrium state, so that any
plasma variable has the form ϕ (x, z, t) = ϕ0 (z) + εϕ̃ (z) exp (σt+ ikx), where σ is
the instability growth rate and k = 2π/λ is the perturbation wave number. Lin-
earizing the MHD equations of quantum plasma, after tedious but straightforward
algebra, we obtain a single equation

1

ρ0k2

d

dz

(
ρ0
dũz
dz

)
+
c2A
σ2

d

dz

[
(1− β)

dũz
dz

]
+

(
c2A
σ2

d2β0

dz2
− 1

)
ũz −

c2A
σ2k2

d2

dz2

[
(1− β)

d2ũz
dz2

]
(3.9)

+
h̄2

12σ2memi

{
1

ρ0

d

dz

[
dρ0

dz

d

dz

(
ũz
ρ0

dρ0

dz

)]
− k2ũz

(
ρ0
dρ0

dz

)2
}

= 0,

where cA = B0/
√
µ0ρ0 is the Alfven speed, which is not uniform in space. Equation

(3.9) describes the development of the hydrodynamic instability in a non-uniform
magnetized quantum plasma with β0 = β0 (z). The term with d2β0/dz

2 may be
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Figure 3.3: Scaled velocity perturbation vs. the scaled coordinate for kL = 10 to-
gether with unperturbed profiles of scaled temperature, density and magnetization
factor.

treated as the driving force for the instability. For magnetization changing on the
characteristic length scale L, within the limit of short wavelength perturbations,
we evaluate the instability growth rate as σ ∝

√
βcA/L.

As a physical example of the instability, we consider a degenerate ultra-relativistic
plasma in a carbon-oxygen white dwarf undergoing thermonuclear Supernova ex-
plosion [9,10,61]. Magnetic field in a white dwarf may be as large as B = 102−105

T, [62, 63] with maximal values produced due to complete magnetization of cold
plasma Bmax = µ0µBne, yielding, e.g., B = 3.4 · 107 T, for ρ1 = 107g/cm3. The
equation of state for strongly degenerate ultra-relativistic plasma is [64]

P =

(
3π2
)1/3

4
h̄cn4/3

e +

(
3π2
)2/3

6h̄c
n2/3
e T 2. (3.10)

In order to find a solution to eq. (3.9) one needs to specify the unperturbed
profiles and the boundary conditions. We consider a transitional plasma layer of
width L between two uniform plasma layers of different temperatures:

T = T1 z < 0,

T = T1 exp(αz) 0 < z < L, (3.11)

T = T2 = T1 exp(αL) z > L,

where labels 1 and 2 correspond to the uniform regions of cold and hot plasma re-
spectively; α characterizes plasma stratification. Density variations are calculated
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Figure 3.4: The instability growth rate σ vs. the wave number k for different values
of the magnetic field. The dispersion relation for the DL instability is shown for
comparison.

from the equation of state within the incompressible limit. The profiles of density,
temperature, and the magnetization factor in the transitional zone are shown in
Fig. 3.3.

The numerical solution to Eq. (3.9) is shown in Figs. 3.4, 3.5. Figure 3.4
shows the dispersion relation, i.e. the instability growth rate versus the wave
number for different values of the magnetic field intensity. The instability growth
rate increases linearly σ = AcA1k for long wavelength perturbations kL << 1,
where A is a numerical factor depending on particular profiles of density and
temperature. In the present case we find A ≈ 1.1. The linear increase follows
from the dimensional analysis. In the opposite limit of short wavelength kL >> 1
the instability growth rate saturates to σmax = 0.9

√
β1cA1/L in agreement with

the qualitative prediction obtained above. Again, the numerical factor 0.9 is not
universal, but depends on a particular structure of the transition region. In the
considered example quantum dispersion is negligible, and we do not observe any
stabilization of the instability at reasonable wavelengths. Instead, one should
expect stabilization at short wavelength due to dissipative processes (e.g. thermal
diffusion), which is beyond the scope of the present theory.

We have also compared the obtained MHD instability to the intrinsic DL insta-
bility of a deflagration front presented in Fig. 3.4 by the dashed line in agreement
with [10]. Both instabilities are of comparable strength for the magnetic field
B = 103T. For larger magnetic fields the MHD instability dominates, being pro-
portional to the magnetic field intensity σ ∝ B. Because of rather weak thermal
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Figure 3.5: Isolines of the perturbed z-velocity with the perturbed magnetic field
as background for parameters of Fig. 3.1. and different values of wave numbers,
(a) kL = 0.5 and (b) kL = 10.

stabilization, one should expect turbulent mixing of hot and cold plasma at the
nonlinear stage of the MHD instability. Turbulent mixing may be important for
the theory of thermonuclear Supernovae, since it provides strong local increase
of the deflagration velocity in the direction of magnetic field and destroys the
explosion symmetry in agreement with recent observations [61].

The physical mechanism of the instability is clarified in Fig. 3.5 for the same
parameters as in Fig. 3.4 with kL = 0.5; 10 corresponding to long and short
wavelength perturbations. Plasma of higher density/magnetization is in the low
part of Fig. 3.5. The solid lines in Fig. 3.5 show the perturbed z-velocity, ũz,
which illustrates shift of plasma particles in the Lagrangian reference frame at the
linear stage of the instability. The colors represent perturbations of the magnetic
field, B̃z, which also coincides with perturbations of absolute value of the magnetic
field. As we can see in Fig. 3.5, magnetic field increases below the humps in the
region of stronger plasma magnetization, and decreases above the humps in the
weakly magnetized plasma. Qualitatively, the increase/decrease of the magnetic
field may be understood as the MHD effect of frozen field-lines, which converge
below the hump and diverge above it. On the other hand, increase of the magnetic
field in plasma with strong magnetization produces a force ∇(m ·B), which pushes
the plasma magnetic dipoles m further in the same direction, thus leading to the
instability.
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4 Organic Semiconductors.

Organic semiconductors (OSCs) are expected to revolutionize everyday elec-
tronics by offering interesting and attractive properties which distinguish them
from conventional inorganic semiconductors [65–67]. In addition to simple process-
ing, low cost, soft and conformable character, OSCs provide the intriguing possi-
bility of in situ chemical and electrochemical doping. The electrochemical doping
transforms the OSCs from essentially insulating state to a metallic-like state with
the conductivity increased by several orders of magnitude [68]. This transforma-
tion is accompanied by a considerable change of the material properties including
colour, photoluminescence capability, volume, and surface energy [67,69,70]. The
electrochemical doping can be performed straightforward in situ, when an OSC
coated on a metal electrode is in contact with an electrolyte and is subjected to an
appropriate electric potential. In the transformation process, electronic charges
(electrons and holes) from the electrode are injected into the OSC and subsequently
electrostatically compensated by an influx of respective ions from the electrolyte
(cations and anions) [71–73].

The opportunity for tuning the electronic and optical properties of OSCs has
triggered a number of studies at the fundamental as well as practical aspects of
doping. These works in turn paved the way to numerous applications of this
process in novel electronic and photonic devices [65–67, 69, 70, 74–77]. A classical
example of the electronic devices utilizing the electrochemical doping is polymer
based light-emitting electrochemical cells (LECs) [65,72,78–80]. A LEC comprises
an organic semiconductor in a form of conjugated fluorescent polymer, which is
blended with a solid state electrolyte. The blend of the conjugated polymer and
the electrolyte forms the active material of the LEC and is sandwiched between
two electrodes. When an electric potential applied between the electrodes exceeds
the band gap potential of the conjugated polymer, then the doping transformation
starts with injected holes and electrons forming the p- and n-type doped regions
close to the respective electrodes [81]. The doping process in planar LECs can be
visualized under ultra-violet illumination since doped OSCs display very high rate
of photoluminescence quenching, see Fig. 4.1 (c, d). The doped material in LEC
is observed as dark regions quite distinct from the original undoped substance. By
employing the ultra-violet visualization, it was demonstrated experimentally that
doping transformation in OSC develops in the form of two localized fronts of p-
and n-type doping, which emerge at the electrodes and propagate towards each
other [80–84], as illustrated in Fig. 4.1. When the fronts meet, the two doped
regions form a p-n junction, which emits a visible light. Papers 5-7 of the Thesis
provide a theoretical model for the doping front structure and dynamics in LECs
prior to the development of the p-n junction. In Paper 6 we show that performance
of organic optoelectronic devices can be significantly improved by utilizing new
fundamental instability of the doping fronts, which exhibits interesting similarities
to combustion front instabilities and laser deflagration in plasma.
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Figure 4.1: Schematic of LEC (a), planar doping front (b) and experimental photos
(c, d) and front resolution of the doping front in LEC device.
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4.1 Mobility-diffusion model for organic semiconductors

Below we describe a model of the electrochemical conversion of an organic
semiconductor from the undoped non-conducting state to the doped conducting
state. It is based on the mobility-diffusion model together with the Nernst-Planck
equation for injection barrier. Besides we take into account the strongly nonlinear
dependence of the hole and electron mobility (diffusion) on the doping level. In
general, dynamics of ions is determined by equations of force balance

nm
dv

dt
= −qn∇φ− kBT∇n−

1

τ
nmv, (4.1)

where q = ±e is charge of positive/negative ions, m is ion mass, n is concentration,
φ is potential of an electric field with E = −∇φ, kB is Boltzmann constant and
T is polymer temperature, which may be taken constant and uniform. The last
term in Eq. (2.1) takes average contribution of collisions into account. In the case
of organic polymers, the collisions dominate over the inertia terms, which allows
the mobility-diffusion approach, giving the velocity according to v± = ∓µ±∇φ−
D±∇n±/n±, where the mobility is given by µ = eτ/m, labels ± correspond to
positive and negative ions, respectively, and the diffusion coefficient D is related to
mobility using the Einstein relation µ = eD/kBT . When substituting velocity to
the continuity equations, we arrive to the mobility-diffusion model for ion motion

∂n±
∂t
−∇ · [±µ±n±∇φ+D±∇n±] = 0. (4.2)

Equations for electrons and holes may be presented in a similar way, though in
the case of light charges one has to take into account an injection barrier φN for
the electrons and holes in the transition from the doped regions to the undoped
one

∂nh
∂t

− ∇ · [µhnh∇(φ− φN ) +Dh∇nh] = 0, (4.3)

∂ne
∂t

− ∇ · [−µene∇(φ− φN ) +De∇ne] = 0, (4.4)

where labels “h” and “e” stand for holes and electrons, respectively. The barrier
originates from quantum and thermodynamic effects, and the interpretation of φN
in terms of an electrostatic force should therefore be done with caution. We discuss
the necessity of φN for self-consistent description of the doping front structure in
Section 4.2. Meanwhile we point out that this term is non-zero only inside the
doping fronts, and it should turn to zero in the uniform undoped and doped
material ahead of the fronts and behind the fronts, respectively. In general, the
electric field obeys the Poisson equation, but we demonstrate in Paper 7 that the
condition of quasi-neutrality n− +ne−n+−nh = 0 holds within the doping fronts
with a very good accuracy.
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It was demonstrated experimentally [80, 83, 84] that doping process in organic
semiconductors happens in a form of two fronts propagating towards each other
as shown schematically in Fig. 4.1. A p-doping front populates the semiconductor
with holes, while the n-front makes the semiconductor rich with electrons. Both
fronts propagate due to external electric field created by the potential difference
between the ends of the semiconductor film. In the present section we consider
planar p- and n-fronts as propagating discontinuity surfaces, which transform the
original undoped semiconductor (label 0) to a p- and n-doped conducting material
(labels 1 and 2, respectively). Looking for solutions to Eqs. (4.2)-(4.4) in the form
of propagating transformation fronts, Ψ = Ψ(x−Ut), we find the integrals across
the fronts, which specify, e.g., the p-front velocity and ion concentration in the
p-doped region as

Up =
n0

n1h
(µ+ + µ−)E0, (4.5)

n1− = n0 + n1h
µ−

µ+ + µ−
, (4.6)

n1+ = n0 − n1h
µ+

µ+ + µ−
. (4.7)

Similar formulas may be obtained for the n-doping electron front. We point
out that concentrations of electrons and holes in the doped regions are known from
the experiments as n1h = 8.6 · 1025m−3, n2e = 1.3 · 1026m−3, see [80,84]. We note
also that the p- and n-fronts propagate with different velocities related as

Un =
n1h

n2e
Up = βUp. (4.8)

Taking data for electron and hole concentration we find velocity of the n-front
smaller than for the p-front with β = 0.661.

Now we consider a semiconductor of finite size with voltage φ0 applied to the
ends and two planar doping fronts moving towards each other. Initial distance
between the fronts is L0. Since the distance between the fronts L(t) decreases
in time and the potential difference is fixed, then electric field E0(t) in the gap
between the fronts grows in time and the fronts accelerate according to Eqs. (4.5),
(4.8). We designate position of the fronts by Xp(t), Xn(t). In the experiments
[80, 84], the n-front (electron) starts later, after a time delay te; and we have two
time intervals in the solution: t < te and t > te. We start with the first interval,
t < te, when only the p-front propagates. In that case from Eq. (4.5) for the
p-front velocity we find

Xp

L0
= 1−

√
1− 2Up0t/L0. (4.9)

At the moment te when the n-front starts, the p-front is already at the position
Xp(te)/L0 = 1 −

√
1− 2Up0te/L0, with the reduced distance between the fronts

Le = L(te) = L0 −Xp(te).
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Now we consider the interval t > te, when both fronts propagate. In that case
the distance between the fronts varies as L = Xn −Xp with

L =
√
L2
e − 2(1 + β)Up0L0(t− te), (4.10)

Xp = Xp (te) +
1

1 + β
(Le − L) , (4.11)

Xn = L0 −
β

1 + β
(Le − L) . (4.12)

Figure 4.7 compares the analytically found positions of the planar p- and n-fronts,
Eqs. (4.11), (4.12), to the experimental data, which shows average position of the
fronts as well as width of the two-dimensional (2D) front structure indicated by the
error bars. The 2D structure develops because of front instabilities, which will be
discussed in Sec. 4.3. Figure 4.7 indicates that the analytical 1D solution describes
rather well (within the 10% accuracy of the experimental data) the backside of the
front structure. At the same time, the leading parts of the front move noticeably
faster than the 1D theory predicts. The last fact demonstrates an important role
of 2D instabilities in the doping front dynamics.

4.2 Internal structure of a doping front

In the present section we investigate the internal structure of a stationary
doping front. We consider only the p-front, since analysis for the n-front is similar.
Internal structure of the doping front is determined by diffusion in Eqs. (4.2)-(4.4)
integrated within the front

−nhUp + nhµh(E − EN ) = Dh
dnh
dx

, (4.13)

(n0 − n−)Up − µ−(n−E − n0E0) = D−
dn−
dx

, (4.14)

(n0 − n+)Up + µ+(n+E − n0E0) = D+
dn+

dx
, (4.15)

where EN = −∇φN . Characteristic length scale Lp involved in the problem is
determined by slow diffusion of ions, and we may choose, e.g., D− to construct
the definition

Lp ≡
D−

Up
=

D−n1h

(µ+ + µ−)n0E0
. (4.16)

As an example, we take the experimental data of Refs. [80,84] for n0 = 3.1·1026 m−3,
µ+ = 1.0·10−10 m2/Vs, µ− = 2.2·10−10 m2/Vs, T = 360 K, E0 = 3·103 V/m, and
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Figure 4.2: Internal structures of p-doping front.

evaluate initial p-front velocity as Up0 ≈ 3.6·10−6 m/s and the initial length scale
as Lp0 ≈ 1.8 ·106 m. Still, one has to remember that Lp does not portray the
full structure of the doping front. We show below that there are several different
characteristic length scales within the front from the undoped to the doped region.

The next important question concerns the term specifying injection barrier φN ,
EN , in Eqs. (4.3). In the doped region, Eq. (4.1) should also describe hydrostatic
equilibrium of electric and pressure forces for holes, proportional to −∇φ and
−∇nh, respectively. However, in the geometry of the doping process, the electric
and pressure forces point in the same direction (e.g. to the right for the sketch
of Fig. 4.1) and cannot balance each other. Without the barrier term, Eq. (4.1)
suggests free acceleration of holes into the semiconductor, which contradicts the
very essence of the doping process. In order to obtain a doping front, one has to
balance electric and pressure forces in Eq. (4.1) by a counter-term, which takes
into account the thermodynamic barrier of the doping process. As discussed in
Papers 5, 8, we choose φN in the form of the Nernst potential in the doped region.
Another important feature of the system is a strongly nonlinear dependence of
the hole mobility on concentration µh(nh) obtained experimentally [85]. A similar
property holds also for electrons. Because of this dependence, hole mobility is
much larger than the ion mobility in the doped region µh >> µ±, but it becomes
much lower µh << µ± in the undoped region where nh/nh1 << 1. The nonlinear
dependence is consistent with basic understanding of doping as the process of
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Figure 4.3: The profiles of p-doping front near the undoped region for holes con-
centration and E-field.

increasing mobility of charge carriers; we obtained the dependence as an empirical
fit of the experimental results, see Papers 5, 7.

Figure 4.2 presents the internal structure of a stationary p-doping front ob-
tained numerically for the concentration of holes, positive and negative ions and
the electric field. The front propagates to the right converting the undoped semi-
conductor material to the doped one with high conductivity. The whole doping
front has a complicated nonlinear structure with several specific zones character-
ized by different length scales. Variations of the length scale within the front are
related, first of all, to dramatic changes of the hole mobility by 3 orders of mag-
nitude from the undoped to doped regions. We point out a sharp “head” of the
doping front in the undoped region, an extremely smooth relaxation “tail” in the
doped region and an additional “plateau” coupling these two regions. In Paper 7,
we develop also an analytical theory, which explain the specific structure of the
doping front in agreement with the numerical solution. The smooth relaxation tail
in the doped region happens due to high mobility of holes in that region and the
Nernst term describing the injection barrier. In particular, for the parameters of
Fig. 4.2, the characteristic length scale of the “tail” relaxation exceeds the length
scale of ion diffusion Lp, Eq. (4.16), approximately by two orders of magnitude.
Details of the p-front structure at the “head” of the front in the undoped region
are shown in Fig. 4.3. We can see sharp gradients of the hole concentration with
characteristic length scales noticeably smaller than the length scale of ion diffu-

37



p-front

n-front

Figure 4.4: The p- and n- fronts accelerating towards each other. Holes (magenta)
and electrons (green) concentrations are depicted.

sion Lp. The theory of Paper 7 predicts that electric field in the leading part of
the front is roughly proportional to the spatial derivative of hole concentration,
which leads to a sharp peak in electric field clearly visible in Fig. 4.3. One more
interesting detail of the doping front structure is the transition plateau from the
doped to undoped region demonstrated in Paper 7. The transition plateau has an
interesting physical meaning of the region where holes move locally with the same
velocity µhE as the p-doping front, which may be also interpreted as a “resonance”
between the light charges and the front. To the left of the plateau (in the doped
region) hole mobility may provide faster velocity of the particles in comparison
with the front. To the right of the plateau, hole mobility is too low for holes to
keep up with the front velocity. All characteristic features of the doping front for
holes are relevant for electron doping as well.

In Paper 7 we have also calculated the structure of the p- and n-doping fronts
as they accelerate towards each other, see Fig. 4.4. Since the characteristic time
scales related to the fronts (τp ∝ Lp/Up = D−/U

2
p and τn ∝ Ln/Un = D−/U

2
n)

are much smaller than the time of front acceleration, then the structure may
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be obtained within the quasi-classical Wentzel-Kramers-Brillouin approximation.
Within this approximation, structure of the fronts remains self-similar, but the
length scales Lp and Ln decrease due to the increase of the electric field and the
front velocities Up and Un as described in previous section.

4.3 Instability of a doping front

As we have demonstrated in Sections 4.1, 4.2, the electrochemical doping in-
volves redistribution of heavy ions, which makes such organic electronics devices
slow to turn-on. Therefore the speed-up of the doping process becomes very im-
portant issue for technical applications. Here we obtain an instability of the doping
front, which leads to much faster kinetics of the process. Using previous results for
planar doping fronts, we develop the theory of the instability and perform numer-
ical modelling, which shows good agreement with the experimental results. We
also suggest an improved device design on the basis of the attained fundamental
insight. We show that an amplified instability, facilitated by a corrugated pattern
in the electrode surfaces, increases the doping rate by a factor of 2 and improves
the device kinetics.

In Sections 4.1, 4.2 we considered dynamics of the planar doping fronts. The
doping fronts, however, can never be ideally planar because the unavoidable small
perturbations grow with time and distort their shape. The physics behind this new
instability is related to the phenomenon of St. Elmo’s fire, which visualizes strong
increase of the electric field at sharp convex conducting surfaces by numerous dis-
charges in the surrounding air [86], see Fig. 4.5. In the present configuration, any
leading perturbation hump at a doping front causes local increase of the electric
field in the undoped region. Since the front velocity is proportional to the electric
field, see Eqs. (4.5), (4.8), this stronger electric field will force the front to propa-
gate faster locally, thus producing a positive feedback and an unstable growth of
the hump.

To study the instability growth, we rewrite the p/n-doping front velocity Eqs.
(4.5), in the vector form

Up,n = ± n0

n1h,e
(µ+ + µ−)E0 (4.17)

The “±” sign in Eq. (4.17) indicates that the p-type (+) and n-type (-) doping
fronts propagate in opposite directions. We consider a perturbation Fourier mode
X̃(t) exp(iky) of a p-doping front x = Xp(y, t) in Fig. 4.5, which induces also
perturbations of the electrical field in the undoped region. The front thickness
may be characterized by a length scale Lp, of approximately 10−4 − 10−3 mm,
determined by ionic diffusion, see Eq. (4.16). Since the characteristic size of
the experimentally observed front perturbations (approximately 0.2 mm) is much
larger than Lp, we may treat the front as infinitesimally thin. Most of the time
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Figure 4.5: Schematic of the corrugated doping front in LEC.

the doping fronts are sufficiently far away from each other, k(Xn − Xp) >> 1,
therefore, the instability of one front is not affected by the other. The solution
to the linearized form of Eq. (4.17) together with the Laplace equation for the
electric potential, yields the equation

∂tX̃ = Up|k|X̃ (4.18)

describing the perturbation growth with time (see Paper 6 for details). Thus,
we obtain an instability for the p-type doping front, where the initially small
perturbations grow exponentially as X̃(t) ∝ exp(σt), with the growth rate σ =
Up|k|. The obtained dispersion relation σ ∝ |k| is mathematically similar to the DL
instability encountered in combustion, astrophysics and laser fusion [2, 14, 55, 87].
The role of the electric field in the new instability may be also compared to that
of the gas velocity field in flames.

The experimental observations of the instability are presented in Fig. 4.6 (a-
c). Two counter-propagating doping fronts can be distinguished in Fig. 4.6 (a, b);
the dark regions correspond to the doped part of semiconductor; the electrodes
are indicated with white dashed lines. When the fronts meet and form a p-n
junction, recombination of subsequently injected holes and electrons can lead to
light emission shown in Fig. 4.6 (c). Figures 4.6 (a, b) clearly demonstrate that
both doping fronts are unstable with respect to small perturbations, though with
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different outcomes at the nonlinear stage. The instability of the p-front produces
smooth humps with a relatively large scale, about (0.1-0.3) mm, while the n-front
appears as a combination of thin elongated ”fingers”. We focus on the p-front
dynamics, since p-doping dominates for this choice of OSC sweeping more than
75% of the active material [88].

A smooth shape of the p-doping front allows reducing the full diffusion-mobility
model to a single nonlinear equation, see Paper 6. In developing the nonlinear
theory we take into account interaction of modes with different wave numbers and
after some derivations end up with a single equation

1

Up

∂X̃

∂t
=

_

JX̃ +

(
∂X̃

∂y

)2

+
1

Up

_

H

[
∂X̃

∂t

∂X̃

∂y

]
+
λp
2π

∂2X̃

∂y2
, (4.19)

where the DL operator
_

J implies product by |k| in Fourier space and the Hilbert

operator
_

H means multiplication by |k|/(ik) in Fourier space; λp is the instability
cut-off wavelength, which is proportional to the small front thickness, λp ∝ Lp.
Equation (4.19) has some common features with the nonlinear equation for the
hydrodynamic flame front instability [14, 89–92]. A stationary periodic solution
to Eq. (4.19) may be found using the method of pole decomposition [10, 90–92].
Particularly, applying this method we find that the p-doping front distorted on
large scales may propagate twice faster than the planar one.

Equation (4.19) has been solved numerically using the method of Fourier modes
[93] with initial conditions extracted from the experimental data for t = 10 s. The
numerical modelling reproduces well the characteristic shape of the p-front at later
instants, e.g. at t = 70s, see Fig. 4.6 (d). Figs. 4.6 (e) and (f) show the computed
electric field ahead of the corrugated p-type front. The observed increase in the
electric field at the humps of the front demonstrates the instability mechanism,
as explained earlier. The analytical, experimental, and numerical results for the
doping front positions are presented in Fig. 4.7. The analytical result (solid
lines) shows two planar fronts accelerating towards each other. The p- and n-
front velocities diverge as the fronts meet; then the front propagation comes to
a complete halt at the p-n junction. In the 1D analytical model, the junction
is formed simultaneously all over the fronts. In the experiments, the instability
makes the fronts curved and the leading parts of the fronts meet at a shorter time,
while the slower parts are still propagating.

The experiments reveal a noticeably faster propagation of the cellular doping
fronts compared to the analytical result for planar fronts. In Fig. 4.7, open
diamonds show the mean positions of the experimental non-planar doping fronts,
where the ”uncertainty” bars indicate the difference between the fastest and the
slowest parts of the front brush. The difference can be attributed to the developing
instability and the associated wrinkled front, which is not accounted for in the
analytical description of the planar fronts. The analytical prediction for positions
of the planar fronts correlates well with the slowest points of the experimentally
observed fronts, while the leading points in experiments move approximately 1.4
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Figure 4.6: Experimental photos of the doping fronts demonstrate development
of the instability, (a) initial stage, (b) developed stage at t = 80 s, and the light
emitting p-n junction - the bright line in photo (c). Plot (d) compares the p-
front shapes obtained in simulations (white curve) and experiments (shading) at
70 s. Plots (e), (f) show relative increase of the electric field in the undoped
region obtained numerically for the whole front squeezed along Y-axis, (e), and
for selected part with equal scales, (f).
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Figure 4.7: Mean front position for p- and n- fronts vs. time obtained experimen-
tally; predicted theoretically for the planar fronts; and calculated numerically for
the wrinkled fronts.

times faster. In contrast, the numerical modelling of Eq. (4.19) does account for
the instability and shows good agreement with the experiments.

The results of Paper 6 therefore verify that front instability increases the dop-
ing rate. However, the instability theory also indicates that the time and space
available for the perturbation growth in the employed LEC devices are not suf-
ficient to achieve a strongly curved front. Specifically, the theory suggests that
the instability may increase the curved front velocity by a factor of 2 and more in
comparison to a planar front, which is not observed in the experimental results of
Fig. 4.7 discussed above. Such strong increase of the front velocity happens due
to strongly curved humps, which may develop at the front (see the insert of Fig.
4.8).

To achieve a strongly curved front and a faster turn-on, we have triggered the
instability growth by modifying the initial conditions so that the slowest initial
stage of hump growth from natural ”white-noise” perturbations is eliminated. Fig-
ure 4.8 presents results from an experiment with a corrugated pattern introduced
as the surface of the anode (see the dotted line); the corrugation size was compa-
rable to the humps observed in Fig. 4.8. The corrugations, though negligible in
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Figure 4.8: Time evolution of the p-type doping front in experiments on a LEC
device with the initial corrugated anode. The insert shows the characteristic shape
of the strongly curved hump obtained in the theory.

comparison with the total (1 mm) width of the active material, were anticipated
to give rise to the desired initial perturbations of the p-type front. Confirming
our anticipation, we observed strongly curved and rapidly growing humps at the
p-type front, see Fig. 4.8. The position of the humps in this experiment is also
included in Fig. 4.7, which shows that, in devices with a corrugated electrode
surface, the doping rate may increase significantly; by a factor of 2 in the present
case.
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5 Molecular Magnets.

Molecular magnetism is a rapidly developing interdisciplinary research aria
of the modern physics. One of the widely investigated material in the subject is
Mn12-acetate, (see Fig. 5.1), with high spin number (S = 10) and strong magnetic
anisotropy [12,13]. At sufficiently low temperature all the spins of a sample orient
along an external magnetic field occupying the ground level (e.g. Sz = 10), and
magnetization reaches its saturation value, see Fig. 5.2. When the direction of
the magnetic field changes to the opposite one, the former ground state becomes
metastable with an increased potential energy (the Zeeman energy). Transition
of the molecules from this state to the new ground state can occur in several
ways. The first possibility is thermal relaxation, which goes slowly and uniformly
in the whole sample; it can be neglected at temperatures of a few K, since its
characteristic time is rather large, e.g., about two months for Mn12 at 2 K [94].
Second, a resonant quantum spin tunnelling takes place at a certain specific values
of the magnetic field, though this mechanism is negligible in the most range of the
field intensity out of the selected resonance points [94–96]. Third, several papers
demonstrated fast spin relaxation in a form of avalanche with the characteristic
time of about few milliseconds depending on the field strength and the sample
size [97,98]. Detailed studies of the avalanche revealed that the spin reversal does
not happen simultaneously within the whole sample, but it occurs in a narrow
zone propagating as a front at a velocity of a few meters per second [99–105]. The
avalanche is accompanied by significant heat release similar to a deflagration wave
in combustion and for this reason it was called “magnetic deflagration”.

In magnetic deflagration, the Zeeman energy of the molecular magnets in an
external magnetic field plays the same role as the energy of chemical reactions
in combustion. The released energy is distributed to the neighbouring layers by

Figure 5.1: Schematic view of the core of the Mn12 molecule, the 16 acetate
bridging ligands and 4 water molecules are omitted for clarity.
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thermal conduction, which increases the temperature of the originally cold medium
and leads to much higher probability of spin transition. In recent studies, Garanin
and Chudnovsky [102] developed a theoretical description of a planar stationary
magnetic deflagration with maximal possible release of the Zeeman energy. They
called such a regime as “full burning”, meaning that initially all the molecules
had spin in one direction and at final stage all the molecules changed their spin.
Since then, a number of papers have been devoted to ignition techniques and speed
measurements of the magnetic deflagration in Mn12, Refs. [101,103–106]. However,
it is not necessarily that all molecules participate in the avalanche. Due to the
thermal equilibrium a part of molecules can occupy the other energy level with
the opposite spin direction, see Fig. 5.2, hence only a part of molecules contribute
to the total Zeeman energy. As we show in the Paper 8, the Zeeman energy
release depends on the external magnetic field and on the initial concentration of
active molecules. A sufficiently low energy release may lead to a new pulsating
regime of magnetic deflagration as demonstrated in Paper 8 of the Thesis. Another
important possibility of ultra-fast avalanches is related to magnetic detonation
studied in Paper 9.

5.1 A planar stationary front of magnetic deflagration

We consider a sample of Mn12-acetate placed in an external magnetic field.
The simplified Hamiltonian of the system has been suggested in Ref. [102] as

H = −DS2
z − gµBHzSz, (5.1)

where S is spin, D ≈ 0.65K is the magnetic anisotropy constant, g ≈ 1.94 is the
gyromagnetic factor µB is the Bohr magneton, and Hz is the external magnetic
field. As an example, the energy levels for a molecule magnet Mn12 in the external
field of Hz = 0.2T are depicted in Fig. 5.2, where Q indicates the Zeeman energy
and Ea is the energy barrier of the transition from the metastable state to the
ground state, which plays the role of activation energy for magnetic deflagration
(both Q and Ea are presented in temperature units). Using the Hamiltonian Eq.
(5.1) we find how these two energies depend on the magnetic field

Ea = DS2 − gµBHzS +
g2

4D
µ2
BH

2
z , (5.2)

Q = 2gµBHzSz. (5.3)

The last term in Eq. (5.2) is quite small in comparison with the first two, so the
activation energy decreases with increase of the magnetic field. On the contrary,
the Zeeman energy increases linearly with the magnetic field. If the magnetic field
is high enough, the energy difference between the ground state (Sz = −10) and
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Figure 5.2: The energy levels for the molecule of Mn12 in the external magnetic
field.

the metastable state (Sz = 10) is rather large, so that all the molecules tend to
occupy the lowest energy level, i.e. Sz = −10 in Fig. 5.2. When direction of
the external magnetic field switches to the opposite one, then the ground state
and the metastable state change places and all the molecules tend to change
their spin projection to the opposite one. Garanin and Chudnovsky identified
such transition as “full burning” of molecular magnets [102]. Still, the external
magnetic field is a controlled parameter of the experiments, which allows reducing
the energy difference between the stable and metastable levels in comparison with
the equilibrium temperature. In that case the Zeeman energy is rather low, and
we obtain a considerable fraction of molecules on the first energy level according
to

n =
1

exp (Q/T ) + 1
, (5.4)

where total number of molecules in all energy levels corresponds to unity. In
the typical experimental conditions, population of levels above the first one is
negligible. At the same time, the fraction at the first level, Eq. (5.4), may be
significant in a low magnetic field and cannot be neglected. As we will see, stability
of magnetic deflagration is sensitive to the activation energy scaled by the energy
release in the process. This ratio increases also when the active Mn12 molecules
are “diluted” with some neutral media as it was performed experimentally, e.g.
in [107–109]. When mixed carefully with other compounds, the Mn12 molecules
retain their magnetic properties. Since the heat release in magnetic deflagration
happens only due to active magnet molecules, then the neutral compound reduces
total energy release and the final temperature of the sample, Tf , thus increasing
the scaled activation energy Ea/Tf . As a result, the scaled activation energy in
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magnetic deflagration becomes a free parameter, which may be controlled in the
experiments by the external magnetic field and by the level of dilution.

The governing equations for magnetic deflagration are [102]

∂E

∂t
= ∇ · (κ∇E)− fQ∂n

∂t
, (5.5)

∂n

∂t
= − 1

τR
exp

(
−Ea
T

)[
n− 1

exp (Q/T ) + 1

]
(5.6)

where E is the thermal phonon energy, κ is thermal diffusion of energy, Q is the
Zeeman energy release in temperature units, f ≤ 1 indicates possible reduction of
the energy release because of dilution of active molecules (f = 1 corresponds to
zero dilution), n is fraction of magnetic molecules in the metastable state, Ea is the
energy barrier of tunnelling measured in temperature units and τR is a constant
of time dimension. In magnetic deflagration, thermal diffusion and heat capacity
depend strongly on temperature. Following [102], we take thermal energy and the
heat capacity C = dE/dT in the classical form corresponding to phonons [112]

E =
AkB
α+ 1

(
T

ΘD

)α
T, C = AkB

(
T

ΘD

)α
, (5.7)

where ΘD is the Debye temperature, with ΘD = 38K for Mn12, kB is the Boltz-
mann constant, A = 12π4/5 corresponds to the simple crystal model, α is the
problem dimension (we take α = 3 in most of the calculations, which corresponds
to the 3D geometry). Dependence of thermal diffusion on temperature may be
taken in the form κ ∝ T−β , where parameter β was considered in Refs. [102, 113]
within the range between 0 and 13/3. In the present paper we take β within the
same range, and show that it has minor influence on the deflagration stability.

An important parameter of deflagration dynamics is determined by the ratio of
the energy barrier (in temperature units) and the temperature in the hot region,
Ea/Tf . A combustion counterpart of this value is related to the activation energy
of chemical reaction, which is typically rather large. In the case of complete
burning in magnetic deflagration of Mn12 this parameter was evaluated in [102]
as Ea/Tf ≈ 6, which is not a large value. At the same time, this parameter may
increase almost without limits at low magnetic fields and for considerable dilution
of active molecular magnets. The final temperature Tf is determined by energy
conservation at the deflagration front. In Fig. 5.3 we show the final temperature
and the scaled activation energy versus the magnetic field for two dilution factors
f = 1; 1/3 and the initial temperature T0 = 0.2K. The dilution factor f = 1
stands for pure Mn12 media, while f = 1/3 means that the average energy release
is 3 times lower in comparison with the pure substance. The final temperature
increases with the magnetic field, while the scaled activation energy decreases.
The change in the scaled activation energy due to the dilution factor may be also
quite strong.

Now we consider a stationary solution to Eqs. (5.5), (5.6) in the form of a
planar front propagating with velocity Uf . To be particular, we assume that the
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Figure 5.3: The final temperature and the scaled activation energy in magnetic
deflagration vs the magnetic field for the initial temperature T=0.2K and two
dilution factors f = 1, 1/3.

front moves along the x-axis in the negative direction as shown in Fig. 5.4. Here
we see several characteristic features of the magnetic deflagration front, mentioned
above. The main change in concentration of active magnetic molecules together
with the energy release take place in a localized zone, defining the length scale
of the process. Different temperature profiles correspond to different types of
thermal conduction, determined by β-factor. This parameter stands for the total
width of the magnetic deflagration front (compare with Fig. 2.6 and Ch. 2.2),
but it has no influence on the concentration of the magnetic molecules. Due to
Eq. (5.4) we see, that the number of excited molecules is rather high both in
initial and in final states. In that way only 30% of the magnetic molecules change
their spin direction during the process with the stated parameters. In the limit of
large activation energy, Ea/Tf >> 1, the magnetic deflagration velocity may be
obtained using the classical method of Zeldovich-Frank-Kamenetsky developed in
the combustion theory [2]

Uf =

√
κf
ZτR

exp

(
− Ea

2Tf

)
, (5.8)
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Figure 5.4: Stationary profiles of the concentration, temperature, and the energy
release. The plot parameters are Ea/Tf = 30, β = 3, θ0 = 0.2. The dashed lines
show the respective temperature profiles for β = 0, 13/3.

where

Z =
Ea
Tf

fQ (nf − n0)

CfTf
=

1

(α+ 1)

Ea
Tf

(5.9)

plays the role of the Zeldovich number employed in the combustion science. With
the accuracy of a factor of 1/ (α+ 1), the Zeldovich number shows the ratio of the
activation energy and the final temperature in the deflagration front. In Paper 8
we have found how the Zeldovich number depends upon the main experimental
parameters of the problem; in particular, high values of the Zeldovich number
correspond to the low field strength. For a simplified quantitative estimate for
fields about 0.1 Tesla and smaller, we find an evaluation for the Zeldovich number

Z ≈ 1.3[Hzf (n0 − nf )]
−1/4

, (5.10)

where Hz is the magnetic field in Tesla units. A more accurate though a much
heavier formula may be found in paper 8.
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5.2 Pulsation instability of magnetic deflagration

The main result of Paper 8 is the demonstration that magnetic deflagration
may be unstable at sufficiently large values of the Zeldovich number (the scaled
activation energy). Here we start with an analytical scaling for the 1D instability of
the magnetic deflagration front in the model of a thin transition zone, i.e. at a large
Zeldovich number Z >> 1. In that case, according to Eq. (5.8), the deflagration
velocity is extremely sensitive to temperature variations in the transition zone.
In comparison with the Arrhenius function exp (−Ea/2Tf ), all other parameters
in Eq. (5.8) may be treated as constant. We investigate linear stability of the
stationary deflagration and consider small perturbations to all variables in the
exponential form Ẽ ∝ exp(σt), where the growth rate σmay have both real and
imaginary parts. The stability problem may be solved analytically within the
model of a thin transition zone similar to [2], which results in the dispersion
relation (

4σL

Uf

)2

− 4σL

Uf
(Z2/4− 2Z − 1) + 2Z = 0. (5.11)

Equation (5.11) describes the instability growth rate as a function of the Zeldovich
number. According to Eq. (5.11), the instability develops for Z > 4 + 2

√
5 ≈

8.5. Close to this critical value the real part of the growth rate Reσ goes to
zero, while the imaginary part remains finite, ω = Imσ 6= 0, which indicates the
pulsation regime of the instability. The obtained critical value of the Zeldovich
number corresponds to rather high scaled activation energy, Ea/Tf ≈ 34, still, this
value is attainable experimentally for smaller magnetic fields and some dilution
of the active molecules. At even larger value of the Zeldovich number, Z = 11.7,
corresponding to Ea/Tf = 46.8, Eq. (5.11) demonstrates bifurcation so that the
instability growth rate becomes purely real with zero imaginary part for Z > 11.7.

A more accurate numerical solution to the stability problem has been obtained
in Paper 8 taking into account finite width of the transition zone. The numerical
solution is shown in Fig. 5.5 for different values of the scaled activation energy
proportional to Zeldovich number as Ea/Tf = 4Z for the same deflagration pa-
rameters as used in Fig. 5.5. As we can see in Fig. 5.6, planar stationary magnetic
deflagration is unstable at sufficiently large values of the scaled activation energy;
the stability limit was calculated as Ea/Tf = 28.2. The instability domain consists
of two parts separated by the bifurcation point at Ea/Tf = 33.2. Most of the do-
main (to the right of the bifurcation point) corresponds to purely real instability
growth rate σ > 0 with two branches describing the fast and slow perturbation
modes (shown by the solid lines). The instability growth rate of the fast mode in-
creases with the scaled activation energy without any limit. The analytical model,
Eq. (5.11), predicts the asymptotic increase of the growth rate for the fast mode
as σ ∝ (Ea/Tf )2 for Ea/Tf → ∞. The growth rate of the slow mode decreases
with the scaled activation energy. For this reason it is expected that the slow mode
plays a noticeable role only close to the bifurcation point, where the growth rates of
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Figure 5.5: The instability growth rate σ and the perturbation frequency ω vs the
scaled activation energy. The solid lines shows the domain with zero frequency;
the dashed and dotted lines correspond to the regime when the perturbations
have both real (σ) and imaginary parts (ω); the dash-dotted lines present analyt-
ical solution to Eq. (4.7). The markers show the results of the direct numerical
simulations, open circles for a stable regime and filled triangles for the unstable
regime of the deflagration.

the fast and slow modes are comparable. In a small part of the instability domain,
for intermediate values of the scaled activation energy in between the stability
limit and the bifurcation point, 28.2 < Ea/Tf < 33.2, the instability growth rate
is complex with the real part, σ > 0 (dashed line), and imaginary part, ω (dotted
line). Although this part of the instability domain is rather small, it indicates the
physical outcome of the instability at the nonlinear stage. Because of the non-zero
frequency, ω 6= 0, it is natural to expect that the instability leads to a pulsating
regime of magnetic deflagration at the nonlinear stage. The analytical solution,
Eq. (5.11), obtained within the model of a thin transition zone (dashed-dotted
lines) shows qualitatively the same stability properties of magnetic deflagration as
the numerical solution. Still, we observe minor quantitative difference between the
analytical model and the numerical solution. According to the analytical model,
the stability limit and the bifurcation point are expected at Ea/Tf = 34.0 and
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Figure 5.6: The stability limit (dashed line) of the magnetic deflagration in coor-
dinates of the diluting factor f and the magnetic field H. The shading shows the
instability growth rate. Other solid lines correspond to the respective constant
values of the Zeldovich number.

Ea/Tf = 46.8, respectively, which differ by approximately 20-30% from the re-
spective numerical values. The limited accuracy of the analytical model is due
to the simplifying approximations of a constant coefficient of energy diffusion and
an infinitely thin zone of energy release. In particular, the shortcomings of the
discontinuity model have been discussed in [6,14] in the context of solid propellant
combustion.

The numerical solution to the stability problem indicates the experimental
parameters required to observe the unstable non-stationary regime of magnetic
deflagration. We plot the stability diagram in Fig. 5.6 in f − Hz coordinates
using Eq. (5.10); the shading represents absolute value of the instability growth
rate. The dashed white line in Fig. 5.6 corresponds to the critical value of the
Zeldovich number (the stability limit) obtained numerically. Magnetic deflagration
propagates stationary in the parameter domain to the right of the stability limit,
in the region of a high magnetic field. To the left of the critical curve, for a low
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Figure 5.7: Deflagration speed vs. time for different values of the scaled activation
energy, Ea/Tf = 28.55, 28.8, 39.6 respectively.
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magnetic field, the stationary magnetic deflagration is unstable, and we expect a
pulsating regime of the deflagration front. Particularly, in the case of Mn12 with
the dilution level f = 1/3 one should expect the instability for the magnetic fields
below 10−2T, which is possible to achieve experimentally.

In order to understand front dynamics at the nonlinear stage of the instability,
we perform direct numerical simulations of Eqs. (5.5)-(5.6). The corresponding
simulation results, i.e. evolution of the magnetic deflagration speed, are shown
in Fig. 5.7 for different values of the scaled activation energy. Figures 5.7 (a,
b) demonstrate front behaviour close to the stability limit in the stable (a) and
unstable (b) parameter domain. In the first case with Ea/Tf = 28.55, the velocity
perturbation oscillates and decays in time, which implies a negative instability
growth rate. On the contrary, in Fig. 5.7 (b) with Ea/Tf = 28.8, the amplitude of
velocity oscillations grows in time, which corresponds to the instability onset. The
markers in Fig. 5.6 show the oscillation frequency of the magnetic deflagration
obtained in direct numerical simulations with empty circles and filled triangles
standing for the stable and unstable regimes, respectively. As we can see, the direct
numerical simulations are in a good agreement with the solution to the eigenvalue
problem, which concerns both the stability limits and the oscillation frequency.
Still, the instability is rather weak in Fig. 5.7 (b) with the oscillations described
well by the sine function. The nonlinear effects become noticeable for higher
values of the scaled activation energy with sharp peaks and smooth troughs in the
oscillations as presented in Fig. 5.7 (c) for Ea/Tf = 39.6. The obtained results
are qualitatively similar to the pulsation instability of solid propellant combustion
studied, e.g. in [115,116].

The simulations explain the physical mechanism of the obtained instability.
Magnetic deflagration propagates due to two effects: release of the Zeeman energy
in a thin transition zone and transfer of the energy to the cold layers (preheating)
due to thermal conduction. In a stationary regime of magnetic deflagration, these
two processes work at the same rate and balance each other. However, at high
values of the activation energy, the rate of energy release is too sensitive to tem-
perature in the transition zone. Small temperature perturbations may increase
the “burning” rate considerably, which makes the transition zone sweep fast over
the preheated matter until it comes to cold regions and stops waiting for a new
portion of cold matter to be preheated. As soon as it happens, next pulsation of
the front takes place.

5.3 Magnetic detonation

As we have pointed out in the previous section, absolute majority of works on
magnetic avalanches in Mn12 concern deflagration with propagation speed of few
m/s. In contrast to other studies, recent experiments by Decelle et al. [106] dis-
covered a new ultra-fast regime of the spin-switching. The experiments provided
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typical time scales of spin reversal of a few µs with the corresponding front velocity
up to several thousand m/s, ≈ 2000 m/s. Though a limited number of sensors
in the experiments led to rather large uncertainty in measuring the front veloc-
ity, still the experiments indicated clearly that it was comparable to the sound
speed in the crystals, and it exceeded the typical magnetic deflagration speed by
three orders of magnitude. Decelle et al. [106] suggested that the new regime may
be interpreted as magnetic detonation taking into account similarity between the
magnetic avalanche and combustion processes [1,110]. In Paper 9 we have resolved
the most important issues raised by the experiments [106]. We demonstrate un-
equivocally the possibility of magnetic detonation in form of a front with a leading
shock and a zone of Zeeman energy release. We study the key features of the
process and find that the magnetic detonation speed is only slightly greater than
the sound speed.

We consider a stationary magnetic detonation front in crystals of molecular
magnets. Similar to the theory of shocks in solids [111], we adopt the reference
frame of the detonation front and find the conservation laws of mass, momentum
and energy as

ρ0D = ρ1u, (5.12)

P0 + ρ0D
2 = P1 + ρ1u

2, (5.13)

ε0 +
P0

ρ0
+

1

2
D2 +Q = ε1 +

P1

ρ1
+

1

2
u2 +Qa, (5.14)

where labels 0 and 1 designate the initial state and the state behind the detonation
wave, D is the detonation speed, u is velocity behind the detonation front, ε is
thermal energy per one molecule, a is the fraction of molecules in the metastable
state (i.e. with the spin opposite to the field direction). Here we neglect the
thermal conduction as a relatively slow process; also we assume that the external
magnetic field is strong enough, so that all the molecules change their spin direction
during the process. Traditionally, in the theory of shock waves one uses volume
per unit mass V ≡ 1

ρ instead of density. The conservation laws Eqs. (5.12)-

(5.14) have to be complemented by an equation of state. According to Ref. [111],
pressure and energy of a condensed matter at low temperature may be presented as
a combination of elastic (label c) and thermal (label T) components P = Pc +PT ,
ε = εc + εT , with

P =
c20
V0n

[(
V0

V

)n
− 1

]
+

Γ(V )

V

AkB
α+ 1

(
T

ΘD

)α
T, (5.15)

ε =
c20
n

{
1

n− 1

[(
V0

V

)n−1

− 1

]
+
V

V0
− 1

}
+

AkB
α+ 1

(
T

ΘD

)α
T. (5.16)
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where c0 is the sound speed (we take c0 ≈ 2000m/s according to [106]), the power
exponent n ≈ 4 as suggested in [111], Γ ≈ 2 is the Gruneisen coefficient. Thus we
have a complete system of equations (5.12)-(5.16) for describing magnetic deto-
nation in molecular magnets. The properties of classical shocks and detonations
are usually presented by the Hugoniot curve, which shows pressure as a function
of specific volume P = P (V ), see Ref. [1, 110, 111]. For further analysis it is
convenient to introduce the scaled density ratio r = ρ/ρ0 = V/V0 which character-
izes matter compression. Then, using Eqs. (5.12)-(5.16), we derive the following
implicit form for the detonation relation

(
1

Γ
− r − 1

2

)
P

ρ0
=

c20
n− 1

[
r − 1−

(
1− n− 1

Γ

)
rn − 1

n

]
+ rQ (1− a) +

(
r +

r − 1

2
Γ

)
ε0.

(5.17)

In the case of zero energy release (a = 1, Q = 0), Eq. 5.17 reduces to the Hugoniot
equation, which couples parameters of a shock wave. In the detonation, the leading
shock compresses the sample, leads to temperature increase and hence facilitates
the spin reversal with the Zeeman energy release. The released Zeeman energy
implies expansion of the medium, which acts like a piston and supports the leading
shock. In the case of the completed spin reversal (a = 0), Eq. 5.17 describes the
final state behind the detonation front and determines detonation parameters for
the fixed value of the magnetic field.

The insert of Fig. 5.8 shows the Hugoniot and detonation curves found using
Eq. 5.17 for H = 4T. We assume that there is no external atmospheric pressure
so that at initial point (V = V0; r = 1) the total pressure consists of the thermal
constituent term only, which is usually pretty small (T0 ≤ 1K). Because of the
energy release, the detonation curve is always above the Hugoniot one. In the case
of Mn12 we find out that the elastic constituents of pressure and energy dominate
over the thermal one, which leads to a rather weak detonation with velocity ex-
ceeding the sound speed only slightly in reasonable range of magnetic field. For
this reason the shock and detonation curves almost coincide at the inset of Fig.
5.8. In the case of a self-supporting detonation, the detonation speed corresponds
to the so-called Chapman-Jouguet (CJ) regime, for which velocity of the prod-
ucts in the reference frame of the front is equal to the local sound speed [1]. The
CJ regime corresponds to the tangent point connecting the initial state and the
detonation curve. Since the detonation and Hugoniot curves are extremely close
at the insert of Fig. 5.8, intersection of the tangent line cannot be seen either in
the traditional representation of the curves. In order to make the figure illustra-
tive, we subtract this tangent line from the Hugoniot and detonation curves in
Fig. 5.8. In the new representation, the tangent line corresponds to the zero line,
while the Hugoniot and the detonation curves may be distinguished quite well.
The ”Chapman-Jouguet point” in Fig. 5.8 corresponds to the final state behind
the detonation front. The ”Shock point” in Fig. 5.8 indicates strength of the
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Figure 5.8: The Hugoniot and detonation curves with the tangent line extracted;
label ”t” stands for tangent. The inset: traditional presentation of the Hugoniot
and detonation curves and the tangent line to the detonation curve in Mn12-acetate
for the external magnetic field H = 4T

leading shock as determined by the Zeeman energy release for the CJ regime; the
compression and the pressure acquires maximum values at the shock front. Zee-
man energy release behind the shock produces expansion of matter with pressure
reduction. We will discuss the internal structure of the detonation front in more
details below.

From the inset to Fig. 5.8 we notice that the Mn crystal is compressed only
slightly, by few percents, in the detonation wave. Such slight compression justifies
almost constant values for the Gruneisen coefficient used above and allows devel-
oping an analytical theory for the detonation front parameters using r = 1 + δ
with δ � 1. In the analytical theory, we can also neglect initial temperature due
to the strong dependence in Eqs. (5.15), (5.16) with exponent α = 3. Under these
approximations we find the final compression behind the detonation front as

δd =
1

c0

√
2ΓQ

n+ 1
, (5.18)

while the compression behind the leading shock is larger by a factor of 2, δs ≈ 2δd.
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The detonation front speed is found as

D = c0

(
1 +

n+ 1

4
δS

)
, (5.19)

which means that it exceeds only slightly the sound speed being almost indepen-
dent of the magnetic field. Having substituted Eq. (5.18) into Eqs. (5.12)-(5.16)
we find analytical expressions for pressure and temperature at the shock and det-
onation fronts. Relatively weak compression of a molecular crystal results in low
pressure increase during the process. Namely, the maximum value of the shock
pressure is below 1.2 atm for 10 Tesla, consequently, the magnetic detonation does
not destroy the magnetic properties of the crystals, which is extremely impor-
tant for future plausible application of molecular nanomagnets. In comparison
with combustion science, the obtained results provides a unique example of an
extremely weak detonation. Fig. 5.9 demonstrates excellent agreement of the an-
alytical theory and the numerical solution to the system (5.12)-(5.16) for density
and temperature at the shock wave and behind the detonation front. The crystal

Figure 5.9: Temperature and density at the leading shock and behind the deto-
nation front versus the external magnetic field. Solid lines show exact numerical
solution; the dashed lines stand for the analytical theory.
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Figure 5.10: Stationary profiles of the scaled temperature, pressure and fraction
of molecules in the metastable state for Hz = 3T. The background shading shows
the energy release.

temperature increases considerably because of the shock, which stimulates a fast
spin reversal and a further temperature increase. Besides, one should notice that
the temperature at the shock is comparable to that expected for the magnetic
deflagration, which also makes the reaction time comparable in both processes.
In the classical combustion, temperature at the leading shock in the detonation
wave is still quite small in comparison with the activation energy of chemical re-
actions [110], so that the active reaction zone lags considerably behind the shock.
The situation may be quite different in the magnetic detonation. When the mag-
netic field is stronger than 2-3 Tesla, the shock temperature is relatively high
(Ea/Ts < 5) so that active magnetic ”burning” starts right at the shock wave. In
Fig. 5.9 we also show the energy barrier as a function of the external magnetic
field. One should take into account that the energy barrier decreases with the
growth of the magnetic field, Eq. (5.2), as shown in Fig. 5.9. When the magnetic
field exceeds 10 Tesla the energy barrier vanishes, the metastable level becomes
unstable and the molecules may settle down freely to the ground level. Hence one
may discuss magnetic avalanches in the form of detonation and deflagration only
for the fields below 10 Tesla.

Finally, we describe the internal structure of the magnetic detonation front.
In the reference frame of the moving front, the molecule fraction with the spin
opposite to the field direction is determined by [102]
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u
∂a

∂x
=

a

τR
exp

(
−Ea
T

)
, (5.20)

where τR is a constant of time dimension characterizing the spin reversal. We
integrated eq. 5.20 numerically along the tangent line in Fig. 5.8 from the shock
to the detonation point; the obtained profiles are depicted in Fig. 5.10 for H = 3
Tesla. The background shading represents the energy release due to the spin re-
versal; the temperature and the pressure are scaled to their maximal values. The
coordinate is scaled by the characteristic length L0 = c0τR ≈ 2 · 10−4s, where we
take τ0 ≈ 10−7s as obtained in several experiments [99–101,103]. Using this value
we can estimate the width of the stationary detonation wave as a few millimeters,
as a distance from the initial shock to the place where the spin reversal is almost
completed. The applied magnetic field influences strongly the reaction rate and
thus the front width. For magnetic field higher than 5 Tesla, the detonation width
is less than one millimeter, while for a low field the width may increase consider-
ably. For this reason, the detonation mechanism in molecular magnets is possible
only for high enough magnetic fields, as the typical crystal size is about several
millimeters. Since the stationary detonation width obtained in the present theory
is comparable to the sample size used in [106], then the avalanche regime ob-
served experimentally was presumably a non-stationary detonation in the process
of developing.
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6 Numerical methods

Numerical solutions to the discussed problems constitute an important part
of all the papers presented in the Thesis; it is also my main contribution to the
most of the papers. Paper 1 deals with direct numerical simulation of deflagration
dynamics using a full set of hydrodynamic equations. Paper 2 contains two numer-
ical tasks: first, we find the eigenvalue stationary solution for a planar deflagration
front; second, we solve the eigenvalue stability problem of small perturbations dy-
namics. The numerical method developed for this paper was implemented in a
computer code and successfully used in several our works. In Paper 3 we have de-
rived and solved numerically the nonlinear differential equation describing a weak
shock in quantum plasmas. Paper 4 involves the eigenvalue stability problem in
magnetized quantum plasma, similar to Paper 2. In Papers 5 - 7 we integrate
numerically the system of diffusion-mobility equations to find the internal struc-
ture of a doping front. Paper 6 involves also numerical solution to the nonlinear
equation for a doping front corrugated because of the instability. The solution
has been performed mostly by V. Akkerman; therefore these numerical meth-
ods are not presented in the Thesis. Paper 8 deals with three numerical tasks:
first, we have studied a stationary front of magnetic deflagration; second, we have
solved the eigenvalue stability problem, using the method of Paper 2; third, we
have performed direct numerical simulations of magnetic deflagration in pulsating
regime. Below we present a brief description of these methods, namely, direct
numerical simulations used in Paper 1 and Paper 8, and solution to boundary-
value/eigenvalue problem in Papers 2, 4-8.

6.1 Direct Numerical Simulations, Paper 1

In Paper 1 we have performed direct numerical simulations of compressible
Navier-Stokes equations including transport processes (thermal conduction, dif-
fusion, viscosity) and energy release due to chemical reactions. In our simula-
tions we have used a 2D hydrodynamic Eulerian code, based on the cell-centered
finite-volume scheme. The original code was developed by Lars-Erik Eriksson in
Chalmers Technical University and Volvo Aero [117]. The numerical scheme of
the code is of the second order of accuracy in time, the forth order in space for
convective terms and the second one for diffusive terms. This method is robust
to model different kinds of complex hydrodynamics flows. It was used success-
fully to simulate flame instabilities [24, 25, 38], flame interaction with shocks and
acoustic waves [118], with turbulent vortices [119,120], spontaneous flame acceler-
ation [121–124] and other problems. The detailed description of this method and
its algorithm can be found in [121,122,124].
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In paper 1 we investigate dynamics of a deflagration front in a hypothetic two-
dimensional tube of width D. We adopt adiabatic and slip boundary conditions
at the walls. In that case the “walls” play also the role of symmetry axes; the
main role of the walls is to control maximal perturbation wavelength of the RT
instability. Both tube ends were open with non-reflection boundary conditions at
the ends, so that any acoustic or shock wave coming to the tube end passes it with
no reflection. These boundary conditions have been tested in details in [122].

To save computational time, we used non-uniform grid along z-axis, the direc-
tion of flame propagation. The region around the curved deflagration front was
resolved using fine mesh with squared grids of size 0.2Lf . Outside the fine grid,
the mesh size increases gradually in z-direction from 0.2Lf to about 15Lf . Such
grid allows us to deal with quite long tubes and it provides rather fine resolution of
energy release inside the deflagration front, see [122]. When rescaling the results
for RT instability in laser ablation, typical time step was (1 ÷ 2)ns, while the
developing of the nonlinear stage of the RT instability takes up to 1ms, so we
need about a million computational steps in one run.

The initial conditions for numerical simulations of a flame front are formulated
as a combination of uniform flows of a fuel mixture and a burnt matter separated
by a rather thin planar front [14, 24, 119–122, 124]. The initial front is typically
described by the analytical Zeldovich–Frank-Kamenetsky solution [2]. In Paper 1
we are interested in the dynamics of a deflagration front in a gravitational field,
which can be rather strong. Taking into account considerable length of the tube
we modify the initial conditions, corresponding to the adiabatic plasma profiles
ahead of the front and behind the front. In the original code there was no gravity
included, so I modified the code in order to add the gravitational term in a proper
way.

6.2 Direct Numerical Simulations, Paper 8

In Paper 8 we have studied the nonlinear stage of the unstable regime of mag-
netic deflagration using direct numerical simulation of the process. I have devel-
oped a code based on the fourth order Runge-Kutta method for time integration
and finite difference scheme of the second order for spatial derivatives. In this work
we are interested in a planar front propagation which allows 1D geometry. For this
reason we can use uniform grid with rather fine front resolution, namely, 20 points
for the front width. The corresponding resolution tests have shown that a smaller
number of points leads to noticeable numerical dissipations. The time step has
been chosen to be the maximum one, which provides stable solution. With such a
time step it takes one-two days in order to obtain regular pulsations, depicted in
Fig. 5.7.
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6.3 Calculations of stationary front structures

Paper 2 deals with two numerical problems which are general for most of the
papers of the Thesis as well. The first one concerns calculation of stationary
profiles with an eigenvalue, determined by the energy release. A similar problem
is encountered in Paper 8; besides we also find stationary profiles numerically in
Papers 5-7. One more common feature of these problems is that the fronts are
usually rather wide as compared to the characteristic length scale of the problems;
up till several thousands of Lf in Papers 5-7, see Figs 2.7, 4.2, 4.3, 5.4. Because
of the large front width direct numerical integration along the spatial coordinate
is difficult, as it demands too many mesh points for the front resolution. For this
reason I have developed a special algorithm and implemented it in a computer
code for calculating elongated profiles with prescribed accuracy and reasonable
number of points. The key point of the algorithm is to use another variable
instead of the coordinate one, which has a smooth monotonic behaviour. For each
particular task one should chose the most convenient variable. Then, it is often
possible to construct an implicit scheme and compute all the values at the next
integration step, without superfluous numerical solution to the nonlinear equation,
see Eq. (6.1). As a result, the calculated profiles are well-resolved with much less
numerical efforts. The proper profile resolution plays an important role for the
next numerical tasks. For example, the solution to the stability problem in Paper
2 is very sensitive to the computed stationary profiles. In Paper 8, the stationary
profiles serve as initial condition for further direct numerical simulations, and it
can lead to numerical divergence if the profile resolution is not accurate enough.

Usually we introduce dimensionless variables for analytical and numerical anal-
ysis of the problem. For example, in Paper 2 the scaled variables are ϕ = ρ/ρc,
θ = T/Tc, u = uz/uc and ξ = z/Lc for plasma density, temperature, velocity and
coordinate respectively. Then the energy equation looks like

∂

∂ξ

[
θ +

(γ − 1)

2ϕ2
Ma2

c − θ5/2 ∂θ

∂ξ

]
= Λ (ϕ− 1)

n
exp (−βϕ) . (6.1)

where γ is the adiabatic exponent, the Mach number is defined in (6.1), Λ =

L2
cΩρ

n
c (κcTc)

−1
is an eigenvalue of the stationary problem. The momentum con-

servation equation provides correlation between density and temperature as

θ =
1 + γMa2

c

ϕ
− γMa2

c

ϕ2
. (6.2)

In the incompressible case of usual flames Eq. (6.2) simplifies to ϕθ = 1, but
in the case of laser ablation we have to take into account finite Mach number.
Having chosen the temperature variable as a governing one, we resolve Eq. (6.2)
for density and substitute it into Eq. (6.1). In finite difference representation, the
Eq. (6.1) reduces to a quadratic equation for the spatial step. We also use the
shooting method in order to find the eigenvalue of the problem.
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6.4 The eigenvalue stability problem

Stability problem is addressed in most of the papers considered in the Thesis.
Direct numerical simulations mentioned above depicts the whole evolution of a
process, but they usually require much effort for developing of a robust computer
code and plenty of time for computational runs. However one can study stability of
a planar front at the initial stage of the instability evolution with respect to small
perturbations. The calculated dispersion relation provides all important informa-
tion about the instability behaviour at the linear stage, such as, the characteristic
length scale and the strength of the instability, see Sec. 1.1. Below we describe
the solution to the eigenvalue stability problem by the example of the Darrieus-
Landau instability in laser ablation, studied in Paper 2. The same algorithm is
used in Paper 4 and Paper 8 of the Thesis and also in Refs [34,55].

We consider dynamics of small perturbations of the stationary solution, so that
all variables may be presented as

φ̃(x, y, t) = φ̃(x) exp(σt+ iky), (6.3)

where φ is any of the involved values (density, velocity, etc.), σ and k are the
instability growth rate and the perturbation wave number, respectively. Then we
present the linearized system in a matrix form of linear differential equations of
the first order

∂φ̃

∂ξ
= Fφ̃. (6.4)

In the case of laser ablation we introduce additional scaled variables for the
perturbed mass flow j̃, the transverse velocity ṽ, the dynamic pressure Π̃ and one
auxiliary variable ψ corresponding to the heat flux:

j̃ =
ρũz + ρ̃uz
ρcuc

, ṽ =
iũx
uc

,

Π̃ =
P̃ + ρ̃u2

z + 2ρuzũz
ρcu2

c

, ψ = θ5/2 ∂θ

∂ξ

(6.5)

with the scaled perturbation growth rate Σ = σLc/Ucand wave number K = kLc.
Then the perturbed system is reduced to the form of Eq. (6.4), with the matrix F

F =


2Σ

γMa2cu
w −Kϕ −Σ

γMa2c
w Σϕ

w 0
−2K θu

w −Σϕ K u
w K θ

w 0
−Σ −K 0 0 0
0 0 0 − 5

2
1
θ
dθ
dξ θ−5/2

Aj Av AΠ Aθ Aψ

, (6.6)

where w = θ − γMa2
cu

2, ϕ = ρ/ρc, θ = T/Tc and
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Aψ = θ−5/2 θ −Ma2
cu

2

w
. (6.11)

In general case, matrix F constituents may depend on the spatial coordinate,
the instability growth rate and the wavenumber. In such a way, the dispersion
relation Σ = Σ (K) represents an eigenvalue of the problem.

Boundary conditions to Eq. (6.4) are determined by the system modes φ̃ (x) =
φ̃ exp (µx) in the uniform flows which are the eigenvalues of the matrix F. In order
to find the mode exponents µ, we solve the algebraic equation |F−Eµ| = 0, where
E is the unit matrix. The equation for µ can be presented in form of a polynomial
of the fifth order; in the incompressible case this equation simplifies and may be
solved analytically. Five different roots correspond to the vorticity mode, two
sound modes and two modes of thermal conduction and/or energy gain [6,34]. In
the case of compressible flow, we find five modes numerically with two positive
and three negative values taking µ > 0 for ξ → −∞ and µ < 0 for ξ → ∞ as
the perturbation must decay at infinity. Finally, we integrate the system (6.4)
numerically in the transitional region of the deflagration flow. We perform the
numerical integration two times from the right-hind side and three times from the
left-hand side with boundary conditions determined by different modes. These
solutions are matched at a certain point between the maximum of the energy
release and the ablation zone of sharp density gradients. The physical results do
not depend on the choice of the matching point. Then we obtain a matrix of
5x5 describing flow perturbations for five modes. Taking the determinant of this
matrix equal zero, we find the dispersion relation Σ = Σ (K).

The corresponding algorithm has been implemented in a computer code. It
is designed in a way, which allows solving similar tasks for different problems.
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Initially, the code was developed for the problem of the DL instability in laser
ablation. Later it was successfully used in the problems of magnetized quantum
plasma stability of Paper 4, pulsating instability in molecular magnets of Papers
8 and in some other papers which are not included in the Thesis.
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7 Conclusions

In the present Thesis we have studied fronts and instabilities in different me-
dia encountered in different areas of physics. We have considered several hydro-
dynamic effects in laser and quantum plasmas. In our investigations we have
employed the close similarity between the ablation flow (laser deflagration) and
flames. We have demonstrated that velocity of the RT bubble developing at a de-
flagration front is larger than velocity of a similar inert bubble because of intrinsic
deflagration speed and the DL instability. We have solved the linear stability
problem for the DL instability in laser ablation taking into account sonic plasma
flow close to the critical surface and strong temperature dependence of plasma
thermal conduction. We have found that the cut-off wave length of the instability
is comparable by order of magnitude to the distance between the ablation and
critical surfaces. Due to the high plasma compressibility, the scaled DL growth
rate is larger by a factor of 3 in comparison with the classical case of slow flames.

We have studied some interesting hydrodynamic phenomena in quantum plasma,
which may exhibit intermediate properties between the classical plasma and a
purely quantum media like Bose-Einstein condensates. The quantum effects have
been taken into account by the Bohm-de-Broglie potential and intrinsic plasma
magnetization. We have shown that a weak shock in quantum plasmas has a
non-monotonic structure with a train of oscillations in the leading part of the
shock. In Paper 4 we have obtained a hydrodynamic instability in quantum mag-
netized plasmas with intrinsic magnetization changing along an external magnetic
field. We have discussed the physical reason of the instability and investigated
the perturbation growth rate numerically. This instability may be important, for
example, in the context of exploding white dwarfs in Supernovae Ia.

For organic semiconductors we have developed a theoretical model of the elec-
trochemical doping fronts. The study is based on the mobility-diffusion approach,
taking into account the Nernst injection barrier and strongly non-linear hole and
electron mobility dependence on their concentration. The model predicts the dop-
ing front velocity with a good accuracy. We have also investigated dynamics and
internal structure of the doping fronts in organic semiconductors. Both analyti-
cal and numerical solution demonstrate specific multi-scale features of the doping
fronts, which include an extremely smooth relaxation “tail” in the doped region,
a sharp “head” of the front in the undoped region and a plateau at the critical
point. Besides, we have shown theoretically and experimentally that electrochem-
ical doping fronts are unstable. The instability distorts the fronts and increases
their velocity considerably, reducing the turn-on time in light-emitting devices
build with an organic semiconductor.

Finally, we have studied spin-avalanches in crystals of molecular magnets in
the regimes of deflagration and detonation. We have demonstrated both theo-
retically and numerically that the magnetic deflagration front becomes unstable
if the Zeldovich number exceeds a certain critical value. We have indicated the
problem parameters necessary to observe the instability experimentally. Besides,
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our numerical simulations have demonstrated the pulsating regime of magnetic
deflagration at the nonlinear stage of the instability. We have developed a theory
of magnetic detonation, which explains recent experimental results on ultra-fast
magnetic avalanches. We have shown that the detonation velocity slightly exceeds
the sound speed, and the spin-switching is accompanied by moderate pressure
increase. Thus, magnetic detonation does not destroy molecular magnet crystal,
preserving its magnetic properties, which is very important for possible applica-
tions in quantum computing.
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8 Summary of obtained results

Paper 1. “Bubble velocity in the nonlinear Rayleigh-Taylor instability at a
deflagration front”.
M. Modestov, V. Bychkov, R. Betti and L.-E. Eriksson. Phys. Plasmas 15, 042703
(2008).

We have performed extensive direct numerical simulations of the RT insta-
bility at a deflagration front. We have shown that for sufficiently large gravita-
tional field, the effects of bubble rising dominate in the deflagration dynamics.
We demonstrated both analytically and numerically that the deflagration speed is
described asymptotically by the Layzer theory in the limit of large acceleration.
In the opposite case of small and zero gravitational field, intrinsic properties of the
deflagration front becomes important. In that case the deflagration speed is deter-
mined by the velocity of a planar front and by the DL instability. Because of these
effects the deflagration is larger than predicted by the Layzer theory. An analyti-
cal formula for the deflagration speed is suggested, which matches two asymptotic
limits of large and small acceleration. The formula is in good agreement with the
numerical data in a wide range of Froude numbers. The numerical results are also
in agreement with previous numerical simulations on this problem.

Paper 2. “Growth rate and the cutoff wavelength of the Darrieus-Landau
instability in laser ablation”.
M. Modestov, V. Bychkov, D. Valiev and M. Marklund. Phys. Rev. E 80, 046403
(2009).

Main characteristics of the linear DL instability in the laser ablation flow are
investigated and compared to the classical case of a usual slow flame. The disper-
sion relation of the instability is found numerically as a solution to an eigenvalue
stability problem taking into account continuous structure of the flow. Unlike
the usual flame, laser ablation is characterized by an ultimately strong plasma
compression possible for a deflagration wave. Another specific feature of laser ab-
lation is strong dependence of electron thermal conduction on temperature. We
demonstrate that the DL instability in laser ablation is much stronger than in
the classical case. Particularly, the maximal growth rate in the ablation flow is
about three times larger than in the incompressible case. The cut-off wavelength
changes drastically too as we go over from the classical case of an incompressible
flow to the ablation flow. The cut-off wavelength is also strongly influenced by
the temperature dependence of thermal conduction. It is known that the DL in-
stability for usual flames develops on quite large length scales exceeding the flame
thickness by almost two orders of magnitude. On the contrary, the characteristic
length scale of the DL instability in the ablation flow (e.g. the cut-off wavelength)
is comparable to the total distance from the ablation zone to the critical zone of
laser light absorption, Lc. Still, even these values are quite large from the point
of view of possible experimental observations of the DL instability in laser abla-
tion. The DL instability can be observed only if the accompanied RT instability is
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suppressed. This may be achieved, for example, for sufficiently large targets with
thickness much larger than the distance Lc from the critical to the ablation zone.
Our estimates show that the target must be two orders of magnitude larger than
those used in modern experiments.

Paper 3. “The structure of weak shocks in quantum plasmas”.
V. Bychkov, M. Modestov and M. Marklund. Phys. Plasmas 15, 032309 (2008).

We derive a nonlinear equation governing the structure of a weak shock in
quantum plasma. The equation contains both dissipation terms due to plasma
thermal conduction and dispersive quantum terms due to the Bohm potential. Un-
like quantum system without dissipation, even relatively weak thermal conduction
may lead to a stationary structure of a shock. In the limit of zero quantum effects,
we recover the monotonic Burgers solution for the weak shock wave. Still, even
small quantum terms make this structure nonmonotonic with the shock driving
a train of oscillations into the initial plasma. The oscillations propagate together
with the shock with the same velocity. The oscillations become stronger as the
role of the Bohm potential increases in comparison with the thermal conduction.
The obtained results can be of importance for laser-plasma interaction, such as
inertial confinement fusion, in astrophysical environment, as well as in condensed
matter system.

Paper 4. “Magnetohydrodynamic stability property in plasmas with intrinsic
magnetization”.
V. Bychkov , M. Modestov and M. Marklund. Phys. Plasmas 17, 112107 (2010).

From a magnetofluid description for plasma with intrinsic magnetization, a new
instability is obtained. The plasma magnetization is produced by the collective
electron spin. This instability develops in nonuniform plasma when the electron
concentration and temperature vary along an externally applied magnetic field.
Alfven waves and quantum dispersion play an important role in the instability.
The instability properties are numerically investigated for a particular example of
an ultrarelativistic degenerate plasma in exploding white dwarfs.

Paper 5. “Model of the electrochemical conversion of an undoped organic
semiconductor film to a doped conductor film”.
M. Modestov, V. Bychkov, G. Brodin, D. Valiev, M. Marklund, P. Matyba, and
L. Edman. Phys. Rev. B 81, 081203(R) (2010).

We develop a model describing the electrochemical conversion of an organic
semiconductor (specifically, the active material in a light-emitting electrochemi-
cal cell) from the undoped non-conducting state to the doped conducting state.
The model, an extended Nernst-Planck-Poisson model, takes into account both
strongly concentration-dependent mobility and diffusion for the electronic charge
carriers and the Nernst equation in the doped conducting regions. The standard
Nernst-Planck-Poisson model is shown to fail in its description of the properties of
the doping front. Solving our extended model numerically, we demonstrate that
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doping front progression in light-emitting electrochemical cells can be accurately
described.

Paper 6. “Speedup of doping fronts in organic semiconductors through plasma
instability”.
V. Bychkov, P. Matyba, V. Akkerman, M. Modestov, D. Valiev. G. Brodin, C. K.
Law, M. Marklund, and L. Edman. Phys. Rev. Lett. 107, 016103 (2011).

The electrochemical doping transformation in organic semiconductor devices is
studied in application to light-emitting electrochemical cells. It is shown that the
device performance can be significantly improved by utilizing new fundamental
properties of the doping process. We have demonstrated theoretically and experi-
mentally that electrochemical doping fronts in OSC are unstable. The instability
distorts the fronts and increases the doping rate considerably. This understanding
of the new fundamental effects in OSCs plasmas was utilized in the design of LECs
with the turn-on times reduced by a factor of 2 for an film; in the case of a bulk
geometry, a further increase of the doping rate, by a factor of 3 is expected.

Paper 7. “Internal structure of planar electrochemical doping fronts in organic
semiconductors”.
M. Modestov, V. Bychkov, D. Valiev and M. Marklund. J. Phys. Chem. C 115,
21915 (2011)

Dynamics and internal structure of doping fronts in organic semiconductors
are investigated theoretically using the diffusion-mobility model for ions, electrons
and holes. The model involves also injection barriers for electrons and holes in
the partially doped regions in the form of the Nernst equation, as well as strong
dependence of the electron and hole mobility on concentrations. The analytical
theory is employed to describe acceleration of the p- and n-fronts towards each
other. The analytical results demonstrate good agreement with the experimental
data. It is shown that the internal structure of the doping fronts is determined by
the diffusion and mobility processes. Asymptotical behaviour of the concentrations
and the electric field is studied analytically in the specific zones inside the doping
fronts. Numerical solution for the front structure confirms the most important
prediction from the analytical theory: a sharp “head” of the front in the undoped
region, a smooth relaxation “tail” in the doped region, and a plateau at the critical
point of the transition from doped to the undoped regions.

Paper 8. “Pulsating regime of magnetic deflagration in molecule magnets”.
M. Modestov, V. Bychkov, and M. Marklund. Phys. Rev. B 83, 214417 (2011).

Stability of magnetic deflagration front in a media of molecule magnets is
considered. It is demonstrated that stationary deflagration is unstable with respect
to one-dimensional perturbations if the energy barrier of the magnets is sufficiently
high in comparison with the Zeeman energy release at the front. Their ratio may
be interpreted as the Zeldovich number similar to combustion problems. When the
Zeldovich number exceeds a certain critical value, a stationary deflagration front
becomes unstable and propagates in a pulsating regime. Analytical estimates for
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the critical Zeldovich number are obtained. Linear regime of the instability is
investigated numerically by solving an eigenvalue problem. The nonlinear regime
of the instability is studied using direct numerical simulations. The parameter
domain required for experimental observation of the pulsating regime is discussed.

Paper 9. “Ultra-fast spin avalanches in crystals of nanomagnets in terms of
magnetic detonation”.
M. Modestov, V. Bychkov, and M. Marklund, Accepted in Phys. Rev. Lett.

In this paper we have developed the theory of magnetic detonation in molecu-
lar magnets, which explains the new regime of fast magnetic avalanche discovered
recently in the experiments [106]. The detonation regime is two-three orders of
magnitude faster than the magnetic deflagration observed before [99–101,103]. We
have shown that the leading shock triggers the spin reversal of molecular magnets,
and the magnetic avalanche propagates with velocities slightly larger than the
sound speed. Different from traditional detonation in combustion characterized
by strongly supersonic velocities and ultra-high pressure, the magnetic detonation
involves rather moderate pressure increase, which is about 1 atm even for con-
siderable magnetic fields. For this reason, magnetic detonation does not destroy
magnetic properties of the crystals, which is very important in view of possible
applications to quantum computing.
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