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BD = Brownian dynamics 

D = donor of energy 

D = director frame with its z-axis aligned along the symmetry axes of the donor 
orientation distribution 

DDEM = donor-donor energy migration 

EFT = extended Förster theory 

EM = energy migration 

f = fluorescence intensity 

L= laboratory frame 

M= frame fixed to chromophore 

MC = Monte Carlo 

OP = one-photon 

OPE = one-photon excited 

TPE
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R = interchromophore distance 
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R = coordinate system fixed to the linker group 
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A  = absorption tensor 

Tij = Cartesian components of absorption tensor 

TCSPC = time-correlated single-photon counting 

TP = two-photon 

TPE = two-photon excited 

U = fluorophore orienting potential 
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1. Introduction 

Since Stryer and Haugland suggested[1] that electronic energy transfer could be 
used as a “spectroscopic ruler”, numerous studies have been published based on this 
theme. The classical Förster theory[2], which neglects the influence of reorientation and 
spatial motions of the interacting molecules, has been applied in an overwhelming number 
of studies, although these approximations frequently are invalid. To overcome these 
limitations an extended Förster theory (EFT) has been developed[3] and applied on 
various chemical systems. The EFT provides a new tool for examining 
biomacromolecular structure, which can complement established structural methods. The 
EFT imposes complex and time-consuming data analyses, however, as compared to the 
conventional and crude approaches commonly used in applications of the classical Förster 
theory. On the other hand, also molecular information from NMR or X-ray diffraction 
methodologies requires extensive sample preparations and advanced data analyses. In 
applications of the EFT of pair-wise interaction between chromophores located at a fixed 
distance, the analysis involves the description of their reorientational restriction and 
dynamics. This demands the modelling of anisotropic potentials, which are characterised 
by their strength and geometrical configuration. These properties can be obtained from 
data measured for the donor groups in the absence of energy migration. For this, time-
resolved fluorescence depolarisation studies utilising the time-correlated single-photon 
counting (TCSPC) technique are most useful. The obtained fluorescence decays easily 
cover four orders of magnitude, for which the statistical noise obeys poissonian 
statistics[4, 5]. 

This work presents a general approach for the determination of relevant molecular 
parameters. This is demonstrated by fitting simulated data to synthetic data that mimic 
TCSPC experiments. In search for the optimal parameter values, two different strategies 
have been implemented, namely; a Genetic Algorithm (GA)[6], and a Covariance Matrix 
Adaptation algorithm[7]. In the procedure of fitting test data to TCSPC data, it was found 
convenient and time-saving to work in the Fourier transform mode.  

Fluorescence depolarisation experiments can be performed by means of the 
standard one-photon excitation (OPE), as well as by less common two-photon excitations 
(TPE). Unlike OPE depolarisation experiments, linearly and circularly polarised two-
photon excitation experiments provide additional information. Actually, OPE and TPE 
experiments are independent and importantly, they provide the same molecular 
information about reorienting motions[8, 9] and energy migration processes[4].  

TPE donor-acceptor electronic energy transfer is increasingly used in life 
sciences[10]. E.g. in imaging studies of living cells and bio-assays[11-14]. A few 
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applications of TPE-DDEM exist, where the aggregation of proteins have been 
studied[15]. The theory of fluorescence depolarisation induced by TPE has been 
developed previously[9, 16]. Recently the theory of TPE fluorescence has been 
extended to two-colour excitation[17]. However, so far no theory of fluorescence 
depolarisation is available that accounts for electronic energy transport upon TPE in 
the presence of molecular reorientation. This motivates the following unified treatment 
of OPE and TPE fluorescence depolarisation using computer simulations. 

The proposed approach for analysing of depolarisation data and the results of its 
application to experiment are presented in the four papers included in this thesis (Paper I – 
Paper IV) and outlined below. References to sections of the current thesis explaining 
concepts used are given parenthesises. 

Paper I points the relevant theoretical expressions for the case of fluorescence 
depolarisation (section 4.2) in presence of energy migration within pairs of arbitrarily 
ordered and reorienting identical donor groups (section 3.1). These donors are covalently 
linked to a rigid macromolecule, such as a protein. The theoretical anisotropy expressions 
were derived for commonly used experimental polariser setups. Simulated depolarisation 
data were generated that mimics different experimental conditions in the absence, as well 
as in the presence of donor-donor energy migration. The theoretical expressions for 
residual anisotropies (section 5.1.3) for different particular cases of two-photon transition 
tensors presented. It was shown that simulations provide values of residual anisotropies 
which are consistent with those theoretically predicted. This supports the correctness of 
simulation routines used. In Paper II, the classical and the extended Förster theories 
(section 3.3) were compared. Perspectives of applying the extended Förster theory and 
computer simulations were considered for the study of biomacromolecular structures. 
Also in this paper, the preliminary results of the conformational parameters fitting of two 
photon excitation TCSPC experiment (section 2.3) obtained for bis(9-
anthrylmethylphosphonate bisteroid dissolved in 1,2-propanediol were presented. Details 
of the computer simulations are presented in Paper III. General expressions for orientation 
factors of the absorption-emission probabilities in one and two photon experiments 
(section 5.1.1) were derived. A new reorientation potential was proposed (section 5.3.1.3). 
To exemplify the analysis of previously synthesised depolarisation data it has been shown 
that the correct configuration parameters and distances can be retrieved. In the Paper IV, 
results of the developed analysis have been applied on two photon excitation 
depolarisation data obtained for bis(9-anthrylmethylphosphonate bisteroid. The 
discrepancy between theoretically predicted values of fundamental anisotropy and the 
experimentally obtained initial values of anisotropy (section 5.1.3) has been explained by 
distribution of transition tensors/moments(section 5.1.6). The importance of measuring 
the two photon polarisation ratio (section 5.1.2) for analysis of depolarisation data has 
been demonstrated.  
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2. Concepts of fluorescence 

Fluorescence is a particular case of a luminescence in which susceptible 
molecules emit light from electronically excited states which are created by either a 
physical (for example, absorption of light) or chemical mechanism. The generation of 
luminescence through the electronic excitation of a molecule by ultraviolet or visible 
light photons is a phenomenon termed photoluminescence, which is formally divided 
into two categories, fluorescence and phosphorescence, depending upon the electronic 
configuration of the excited state and the emission pathway. 

2.1. Intrafluorophore relaxation pathways 

Electronic states of chromophores and the excitation/emission pathways among 
them are illustrated by Jablonski diagrams[18] (Figs. 2.1 and 3.1). 

Radiative transitions involve the absorption or emission of one or multiple 
photons. In the work one photon (OPE) and two photon (TPE) excitations followed by 
emission of a single photon are considered. Following the excitation, several 
nonradiative transitions can also occur through several different mechanisms. The 
relaxation of the excited state to its lower vibrational level is denoted VR in the 
diagram. This process involves the dissipation of energy from the molecule to its 
surroundings through collisions. A second type of nonradiative transitions is internal 
conversion (IC), which occurs when a vibrational state of an electronically excited 
state y couples to a isoenergetic vibrational level of another electronic state of the 
same spin multiplicity. Another possible nonradiative transition is intersystem crossing 
(ISC); which is a transition to a state with a different spin multiplicity. In condensed 

Fig. 2.1. Intrafluorophore relaxation pathways 
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matter the dissipation of energy by VR takes a time, which is considerably shorter than 
the characteristic times of IC and ISC. Thus, IC and ISC transitions usually occur from 
the lowest vibrational level of electronic state. Finally, the fluorophore can return to its 
electronic ground state by emitting a photon. The process of emission between singlet 
states is called fluorescence, while the radiative transition from a triplet state to a 
singlet state is called phosphorescence. 

2.2. Fluorescence lifetime 

The intensity of fluorescence ( )f t  is proportional to population of excited state 

Sn . For an ensemble of identical fluorophores this population typically obeys first-

order kinetics: 

( )S
r nr S

dn
n

dt
     ,                                                                  (2.1) 

where, r  and nr are the rates of radiative and nonradiative transitions, respectively. 

The constant 1/ ( )f r nr     is called fluorescence lifetime. In the following D  

refers to lifetime of donor (see Section 3.2.). The effectiveness of fluorescence 
emission pathways is characterised by a quantity / ( )r r nrQ      called the 

fluorescence quantum yield. 
The solution to Eq. 2.1 in response to the ideal infinitely short excitation pulse 

is a simple exponential decay: 

0( ) f

t

f t f e 


  ,                                                                          (2.2) 

In real systems fluorophores cannot be considered identical, which can give rise to non 
exponential fluorescence decays. The time-dependence of total fluorescence intensity 
irrespective to its polarisation refers here to as photophysics. 

The process of phosphorescence occurs in a manner similar to fluorescence, but 
with a much longer excited state lifetimes which is due to quantum mechanically 
forbidden transitions T S . 

2.3. Time-correlated single photon counting (TCSPC) 

The fluorescence lifetime introduced in the previous section is a quantity that 
characterises an ensemble of fluorophores. The time of a particular absorption-
emission event can vary arbitrary in wide range restricted at short time scales by time 
of absorption. Thus, measuring time-dependence of the emission intensity requires the 
observation of a number of absorption emission events. There are two approaches to 
such measurements – frequency domain measurements and time-resolved 
measurements. In this work time-correlated single photon counting (TCSPS) 
experiments were used. The scheme of a TCSPC experimental setup is illustrated in 
Fig.2.2. 
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In TCSPC experiments the sample is excited by sequence of the light pulses and 

the emitted photons are registered by a photomultiplier tube (PMT). The intensity of the 

light source is tuned in such way that the maximum of one photon is registered per each 

excitation pulse. Nowadays light emitting diodes and lasers are commonly used as light 

sources for one photon excitation. Since the simultaneous absorption of two photons is a 

more rare event then absorption of one photon, intense lasers are required for TPE 

experiments. The time interval between the moment of excitation and emission of 

photon is converted to an analogue signal by the time-to-analogue converter (TAC), 

digitised and then transferred to a computer. The number of photon counts are stored in 

the time channels corresponding to the ranges of measured emission times from it  to 

it t , Exp0...i N . The time interval t  defines the time resolution of the experiment 

and is restricted by properties of PMT and excitation source. In this way time 

distribution histograms representing the fluorescence intensity decay ( )f t  are 

accumulated. The excitation-emission cycles are repeated until the maximum of a 

histogram reaches a desired number of counts PeakN . The polarisation and wavelength of 

registered photons (which are also stochastic quantities) and the excitation light are 

chosen by setting appropriate polarisers P and filters F in the excitation and emission 

light pathways. 

 

Fig.2.2. The scheme of a TCSPC experiment. Polarisers and filters are indicated 
by the letters P and F respectively. 
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3. Electronic energy transport 

The emission pathways considered above are intrachromophoric. The excited 
fluorophore can also interact with other chromophores. One possible mechanisms of 
interaction is resonance energy transfer often referred as Förster resonance energy 
transfer (FRET). Electronic energy migration (EM) can occur between fluorophores 
when there is an overlap between the emission spectrum of donor and the absorption 
spectrum of the acceptor. The process is radiationless and thus involves no transfer of 
photons, contrary to another possible interaction, e.g. reabsorption. The Jablonski 
diagram of resonance energy transfer is illustrated at Fig. 3.1. 

3.1 DAET, PDDEM, DDEM 

Electronic energy transport can occur between chemically different, as well as 
between chemically identical chromophores. The former process is irreversible and 
hereafter referred to as donor-acceptor energy transfer (DAET), whereas the latter is 
reversible and called donor-donor energy migration (DDEM). The energy migration 
within two chemically identical fluorophores which exhibit different photophysics 
constitutes an intermediate case [19-21] which is referred to as partial donor-donor 
energy migration (PDDEM). Experimentally, DAET is observed as quenching of the 
donor fluorescence whereby its lifetime is shortened and its fluorescence quantum 
yield decreases. These properties are, however, invariant to the DDEM process. 
DDEM can only be monitored from fluorescence depolarisation experiments. In most 
applications the quantitative analysis of DAET and DDEM is complicated by not 
knowing the spatial and orientational distributions of the interacting molecules, as well 
as by the influence of their translational and orientational motions on the fluorescence 
timescale. 

 

Fig. 3.1. Relaxation pathways in the presence of electronic energy transfer 
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Energy migration can also involve more then two fluorophores. Contrary to the 
DDEM within a pairs of fluorophores, the theory of energy migration has not been 
developed yet. However, this case has been treated by computer simulations of many-
body DDEM in helical aggregates of proteins and molecular membranes [22]. In the 
current work only pairs of identical fluorophores (i.e. DDEM) have been considered. 
The simulation approach presented here can easily be extended to multi-fluorophore 
systems. 

3.2. Classical Förster theory (CFT) 

The quantum mechanical description of resonant energy transfer was first given 
by Förster [2]. Förster derived an equation that relates the rate of energy transfer   to 
the distance between the interacting fluorophores in the dipole-dipole interaction 
approximation: 

62
0D

D

3 ( )
( )

2

Rt
t

R




   
 

 ,                                                                              (3.1) 

here    2
2
D 1 2 1 2

ˆ ˆˆ ˆ ˆ ˆ3 R R           defines the orientation factor of energy 

migration, and D  is the donor fluorescence lifetime. The unit vectors 1̂ and 2̂  are 

along the electronic transition dipole moments of donors, and R̂  is a unit vector 
connecting the donor groups. The value R0, called the Förster radius, and it measures 
of coupling strength and depends on properties of donor acceptor pairs according to: 

6
0 5 4

4

3000ln10
64

( ) ( )

A

QJ
R

n N

J f d



    



 
 ,                                                                      (3.2) 

where Q, NA, n stands for fluorescence quantum yield, Avogadro number and 
refractive index of the medium, respectively.   is the light frequency, ( )f   is the 
fluorescence emission spectrum of the donor normalised to unity and ( )   is molar 

absorption spectrum of the acceptor. Unlike for other fluorescence quenching 
processes there is a relation between the rate of energy transfer and measurable 
fundamental spectroscopic properties, which can then be interpreted at a molecular 
level and suggests a potential applicability of the transfer process in studies of 
distances and structure at a macromolecular scale. That is why the classical Förster 
theory has rendered a wide interest and applicability in several scientific topics. 

In the 1967 the 6R  dependence of Förster theory was experimentally 
confirmed by Stryer and Haugland [1]. Since then, extensive work has been performed 
using energy transfer to address specific structure related questions. Frequently the 
applications deal with biomacromolecular systems like proteins, protein complexes, 
nucleic acids and membranes. Several reviews[23, 24] and books[25-28] have been 
written presenting selected applications and results. 
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3.3. Extended Förster theory (EFT) 

In most applications the quantitative analysis of fluorescence data in the presence of 
energy transfer is complicated by not knowing the spatial and orientational 
distributions of the interacting molecules, as well as the influence of their translational 
and orientational motions on the fluorescence timescale. The expression for the energy 
transfer rate given by CFT (Eq. 3.1) is justified for the extreme limits of very slow of 
very fast energy transfer rates as compared to reorienting and fluorescence relaxation 
rates (see Paper II). Quite often, these extreme conditions are not valid, especially in 
studies of biomacromolecules. The local reorienting motions of covalently attached 
fluorescent groups to macromolecules, e.g. in a protein typically occur on the ns 
timescale, and consequently they are comparable with the fluorescence lifetimes and 
transfer rates. The extended Förster theory (EFT) accounts also for this intermediate 
time regime[29]. The EFT is obtained as solutions to the stochastic master equations 
which have been derived from the stochastic Liouville equations of DDEM [3, 30] (see 
below), DAET [29,31] and PDDEM [32. The solutions account for the orientational 
and the translational dynamics of the chromophores which are interacting according to 
the Förster dipole-dipole coupling mechanism[2]. The rate at which the transient 
excited state relaxes to the emitting excited state is assumed to be fast (typically on the 
ps-timescale), as compared to the rates of fluorescence relaxation and energy transfer 
(typically on the ns-timescale). That is, the extension of the FT refers to reorientational 
and energy transfer dynamics, but is not accounting for the strong coupling case of 
exciton coupling, which is another extension of the FT.  

3.4. Förster theory as a “spectroscopic ruler” 

The extended Förster theory has been applied to estimate intramolecular distances in 
proteins[31]. The experiments with singly labelled proteins provide information about 
the dynamics and order of the donor groups in the two binding sites. This information 
can be used to determine the orienting potential of each donor in its site. In the EFT 
analysis of the depolarisation data for the DD labelled protein; these potentials are 
used to simulate the motions of the interacting groups. The technical details for the 
analysis are described elsewhere[31, 33]. These studies show that the EFT of DDEM 
can be used to accurately determine chromophore-chromophore distances in proteins 
from fluorescence depolarisation TCSPC experiment. It also demonstrated how to 
overcome the so-called “2-problem”. In Papers III and IV it was shown that 
application of EFT in the framework of  a simulation approach also can provide 
information about the angular configuration of the interacting donors. Taken together, 
the EFT brings the analyses of DDEM data to the same level of molecular detail as in 
ESR- and NMR-spectroscopy and therefore can successfully complement these 
techniques. 
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4. Fluorescence depolarisation 

Transition probabilities depend on the wavelength and polarisation of the 
absorbed/emitted photons, as well as on molecular properties and orientations. In the 
current work, time-resolved fluorescence experiments have been considered and thus 
we are mainly interested by polarisation and orientational dependence of transition 
probabilities. 

The polarisation of fluorescent light is modulated by the orientation of the 
emitting fluorophores. Thus, depolarisation measurements potentially provide 
information about the reorientation of the fluorophores in a system studied. 
Nevertheless, in a single measurement of the fluorescence intensity for a given 
polarisation, this information is entangled with features of fluorophore photophysics. 
To reveal the orientational information, measurements of the intensity for different 
polarisations can be performed and combined in such way that photophysics decay can 
be eliminated from resulting quantity. This is idea behind the concept of fluorescence 
anisotropy. As mentioned before, the photophysics of pairs of fluorophores is invariant 
to the process of DDEM. Thus, the fluorescence depolarisation measurements provide 
a unique way for obtaining information about the energy. 

4.1. One and two photon transition probabilities 

Generally fluorophores can be excited by the absorption of multiple photons. 
The most easily implementable and most common way of excitation is the one photon 
excitation. Assuming that the electrical properties of a fluorophore can be described 
within electric dipole approximation and that transition times are short, the 

orientational part of the probability ( OP ) of the absorption or emission of one photon 

with the polarisation   is given by: 

2 (1) (1) 2
OP p p

p

| | | |      


                                                                     (4.1) 

Here,   is the transition electric dipole moment vector characterizing the electronic 

ground and excited states. The vector components in Eq.4.1 are given in the spherical 
irreducible representation. In the following text, a bar above a vector/tensor property x 
(written as x ) denotes the irreducible representation of the complex conjugate of the 

corresponding vector/tensor. Thus, ( )
p

l  stands for an irreducible representation of the 

complex conjugation of the polarisation vector   . 

The orientational part for the absorption of two photons with the polarisations 

  and 


 and frequencies   and    is given by: 
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2 2 ( ) ( ) 2
TP p p

p

| | | | | |l l

l

        
                                                   (4.2) 

In Eq. 4.2, ( )    is tensor product of polarisation vectors and   stands for the 

two photon absorption tensor, for which the Cartesian components are: 

| | | | | | | |m n n m
mn

r rg r rg r

r g f r f r r g

i i 

   
     

      
       
                           (4.3) 

Here the summation is taken over all possible pairs of successive time ordered electric 
dipole interactions via intermediate electronic states r, starting in the ground state g 
and leading to the final excited state f. rg  and r  are the transition frequency and the 

homogeneous linewidth of state r, and ... | | ...m   are Cartesian components of 

transition dipoles involved. The resonance condition for the two photon absorption 
process is that the sum of the energy of the two photons matches the energy difference 
between the ground and the final state. The intermediate state r needs not to be 
resonant. For non-resonant intermediate states the homogeneous linewidth can be 
omitted. 

A comparison between the spherical irreducible representation of one and two 
photon transition probabilities (Eqs. 4.1, 4.2) reveal a difference only in the rank of the 
tensors involved. Thus, one could use a general expression (Eq.4.4), while keeping in 
mind that this equation provides the one-photon probability if the absorption and 

emission tensors consist of only first rank components, (1) (1)
p p : 

  1 2 1 2 2 1 1 2

1 2 1 2
1 2 1 2 1 2

( ) ( ) ( ) ( ) ( , , ) ( , , )( ) ( ) 2
p p p p p p p p

p , p ,p , , p

| | l l l l l l l l l ll l

l l l l l l

                     (4.4) 

Here the following tensor products 1 2( , , )l l l  and 1 2( , , )l l l  have been introduced: 

1 2 1 21 2

1 21 2
1 2

1 2 1 21 2

1 21 2
1 2

( , , ) ( ) ( )
p pp p p

p ,p

( , , ) ( ) ( )
p p pp p p

p ,p

l l l l ll l l
p

l l l l ll l l

 
 
  

 
 
  









  

  
                                                                    (4.5) 

The symbol
 

1 2

1 2p p p

l l l 
 
  

denotes a Clebch-Gordon coefficient34. 

The joint probability of the processes in which photons of a particular polarisation 
have been absorbed and subsequently emitted by fluorophores with a particular 
fluorophore orientation is given by: 

A2 A1 A E2 E1 E A1 A2 A E1 E2 E

AL EL AL EL
A1 A2 A AL EL

E1 E2 E

L( , , ) L( , , ) L( , , ) L( , , )
AE A E A p E p A p E p

, , p ,p
, ,

l l l l l l l l l l l l

l l l
l l l

                     (4.6) 

Finally, the orientational distribution of interacting pairs of fluorophores can be 

accounted by averaging Eq. 4.6: 
RL

AE( )t


   , where RL  is the orientation of the 
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interfluorophore vector relative to the laboratory frame (see Fig. 5.1). The 
corresponding derivation for expressions for ( )t  in the case of isotropically 

distributed fluorophore pairs is given in Paper III. 

4.2. Fluorescence depolarisation – a general formulation 

The anisotropy of the fluorescence emission is defined by[18]: 

( )
( )

( )

D t
r t

S t
                                                                                                 (4.7) 

where ( )D t and ( )S t stand for linear combinations of the observed fluorescence 

intensities ( ( )f t ). They are obtained for different polariser settings ( ) [5]. For most 

experimental setups, the expression for ( )D t  is given by the difference5: 

( ) ( ) ( )D t f t f t                                                                                      (4.8) 

Here light propagates of along ZL-axis of a laboratory frame with its polarisations in 
the XLYL-plane, whereas the emission polariser settings are in XLZL-plane. The 
symbol   denotes a parallel setting of the excitation and emission polariser with 

respect to the XL-axis, while   refers to excitation and emission polariser settings 
parallel to the YL- and ZL-axis, respectively. A particular linear combination ( )S t  can 

be constructed which is invariant to the fluorophore orientation (see details in Paper III 
and results), whereby ( )S t  becomes proportional to the total intensity of emitted 

fluorescence[18]. In experiments using linearly or circularly polarised excitation light, 
this is achieved by constructing the following combinations: 

Lin

Cir

( ) ( ) 2 ( )

( ) 2 ( ) ( )

S t f t f t

S t f t f t




 

 




                                                                               (4.9) 

4.3. General expression for the anisotropy in presence of DDEM 

For energy migration within a donor-donor pair, the fluorescence intensities and 
corresponding difference and sum curves are given by: 

p s
, ii i i , ij j i

i =1, 2 i, j  =1, 2
i j

p s
D, ii i i D , ij j i

i =1, 2 i, j  =1, 2
i j

p s
S, ii i i S, ij j i

i =1, 2

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) (

k
ex

k
ex

f t t t f t t t f t I

D t t t f t t t f t I

S t t f t t f t

     

   

   





   

   

  

 

 



    

    

  
i, j  =1, 2

i j

) k
exI





                        (4.10) 

where 



12       4. Fluorescence depolarisation 

 

D, ij , ij , ij

S Lin, ij , ij , ij

S Cir, ij , ij , ij

( ) ( ) ( )

( ) ( ) 2 ( )

( ) 2 ( ) ( )

t t t

t t t

t t t
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In Eq. 4.10 ...   denotes an ensemble average over fluorophore pairs, exI is the 

excitation light intensity, k is equal 1 in case of OPE and 2 in case of TPE. The binary 

function i ( )f t  describes whether the ith fluorophore, initially excited at a time t = 0, is 

still excited at a time t later in the absence of energy migration. The functions p
i ( )t  

and s
i ( )t  describe whether the ith fluorophore is primary (p) or secondary (s) excited. 

Taken together the set of functions  p s
i i i( ), ( ), ( ); i ={1, 2}t t f t     describe the history 

of excitation for a particular pair of fluorophores. The ensemble averages, which are 

denoted p p
i i i( ) ( ) ( )t t f t    , s s

i i i( ) ( ) ( )t t f t     and i i( ) ( )f t f t     i {1, 2} ) refer 

to the primary and secondary excitation probability, as well as to the photophysics 
decay, respectively. The functions α, ij ( )t  accounts for the probability that a photon 

with a given polarisation is absorbed by the ith fluorophore and then followed by the 
emission of a photon with the polarisation α  from the jth fluorophore (see section 4.1., 

and Paper III). Here α, ij ( )t , p
i ( )t  and s

i ( )t  depend on orientations i j( ), ( )t t   of 

the ith and jth fluorophore at the times of absorption and emission. 
Under the assumption that photophysics and energy migration processes are 

independent, the fluorescence anisotropy obtained for pairs of identical molecules is 
given by: 

p s
ii i ij j

i =1, 2 i, j  =1, 2
i j

ij D, ij S

( ) ( ) ( ) ( ) ( )

( ) ( )/ ( )

r t r t t r t t

r t t t

 

 


    

  

   

 
                                                 (4.12) 

By introducing new functions i ( )t , which are equal to unity only when the ith 

fluorophore is initially excited, and by accounting for the fact that 1 2( ) ( ) 1t t    , 

Eq. 4.12 can be rewritten as follows: 

1 1
ii ij2 2

i =1, 2 i, j  =1, 2
i j

( ) ( ) ( ) ( )(1 ( ))r t r t t r t t 


                                                 (4.13) 

In Eq. 4.13, ( )t  depends on the energy migration rate, ( )t , which at each moment 

of time is given by CFT (Eq. 3.1 ). From Monte Carlo (MC) simulations, ( )t  can be 

determined. 
The EFT provides an alternative approach for the evaluation of the fluorescence 

anisotropy. According to the EFT of donor-donor energy migration [3], the expression 
for r(t) exhibits the same analytical shape as that given by Eq. 4.13. However, the 
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excitation probability of the primary excited donor is then given by the following 
averaged stochastic function3: 

1
EFT 2

0

( ) 1 exp 2 ( ') '
t

t t dt 
  

    
  

                                                       (4.14) 

The algorithms for MC procedure and EFT approach are outlined in Paper III. 

4.4. Origin of fluorescence depolarisation: influence of molecular 
reorientation and electronic energy transport 

Several physical properties can influence to depolarisation process. The 
depolarisation is defined by features of inherent molecular absorption and emission 
transition moments/tensors. Thus, for example, for OPE experiments in systems with 
different mutual orientation of the absorption and emission transition moments lead to 
different initial values of obtained anisotropy. In the absence of other sources of 
depolarisation anisotropy value remains constant. 

The second source of depolarisation is molecular reorientation. If the 
fluorophores reorient between the moments of excitation and emission the polarisation 
of the emitted photon influence the obtained anisotropy values. At sufficiently long 
time the correlation between the initial and final orientations vanishes and the 
anisotropy value reaches a stationary level. If these motions occur with characteristic 
times being much shorter then time resolution of experiment, then the detectable sign 
of motion will be decrease of initial anisotropy. Then the influence of fluorophore 
motion on the anisotropy can not be distinguished from the influence of molecular 
alignment of transition tensors/moments. Additional information is provided from the 
two photon ratio (see section 5.1.2) which is invariant to fluorophore reorientation of 
and therefore reveals fundamental information about two-photon absorption tensor. 

The energy migration influences the polarisation in a similar way as molecular 
reorientation. To understand this similarity it should be noted that in DDEM 
experiments emitted photons have the same wavelength and there is no way to 
distinguish whether a photon has been emitted by the initially excited fluorophore or 
by its counterpart. To reveal the influence of EM it is necessary to have possibility to 
“switch off” energy transfer in the system. For this the obvious way is to study 
independently the depolarisation on systems in which one of interacting fluorophores 
is removed. 

The influence of energy migration for fluorescent groups exhibiting different 
photophysics relaxation also complicates the analysis. However, throughout this work, 
the energy migration is within pairs of identical fluorophores and this source of 
complication is irrelevant. 
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5. Results and Discussions 

5.1. Theoretical prerequisites 

5.1.1. General expressions derived for the OPE/TPE depolarisation 

In the presence of DDEM, the expressions for the anisotropy are the same in OPE and 
in TPE fluorescence depolarisation experiments (see Eq. 4.13). In both cases the 
expressions for the orientation factors of absorption-emission probabilities for 
isotropically oriented donor-pairs, ij( )t , exhibit the same analytical structure (see 

Paper III): 

A E A E
A E

A E A E i j

2
( ) ij( )

ij p ,p p ,p
0 p ,p

ij( ) ( )
p ,p p ,p M M

( ) ( )

( ) ( ( ))

l
l l

l l

l l

t C V t

V t D t




 







 
                                                             (5.1) 

In Eq. 6.1 the indices i and j refer to energy migration within a pair of donors, i.e. 

i, j {1, 2} . The Wigner rotation matrix elements 
A E i j

( )
p ,p M M( )lD   [34], transform 

irreducible tensors components between the M-frames linked to each donor group (see 

Fig. 5.1). The time-dependent anisotropy is described by a set of functions 
A E

ij( )
p ,p ( )lV t . 

The time-independent functions 
A E

( )
p ,p

lC  account for the molecular absorption/emission 

transition tensors, as well as for the polariser settings used in OPE and TPE 

experiments. The number of non-vanishing 
A E

( )
p ,p

lC -functions can be considerably 

reduced by an alignment of the M-frames along the principal axes of the transition 
moment tensors as in Paper IV (see also Section 5.5). 

Regarding the purpose the expressions for 
A E

ij( )
p ,p ( )lV t  can be rewritten in different forms: 

A E A i E j

ij( ) ( )* ( )
p ,p p ,q M R p ,q M R

q

( ) ( (0)) ( ( ))l l lV t D D t                                                 (5.2) 

Eq. 5.2 describes the orientation of the absorbing and emitting fluorophores (

iM R , i {1,2}  ), relative to a linker frame R (Fig.5.1). This form is useful in the 

computation of the correlation functions, because the trajectories of fluorophore 
motions are conveniently computed in the linker frame. 

A E A A i i E E j j A E i j
A E

ij( ) ( ) ( ) ( )
p ,p p ,q M D p ,q M D q ,q D D

q ,q

( ) ( (0)) ( ( )) ( )l l l lV t D D t D                        (5.3) 
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Figure 5.1. The chemical structure of a hypothetical bifluorophoric molecule 
[D1-R-D2] in which the linker part (R) could be a protein. The donor groups D1 
and D2 are chemically and photophysically identical. The schematic below 
indicates the different coordinate systems needed to describe the orientation of 
the initially one-photon-excited (OPE) or two-photon excited (TPE) donor, as 
well as its orientation at the time of fluorescence emission. The laboratory fixed 
and the linker fixed frames are denoted L and R, respectively. The z-axes of the 
D1 and D2 frames are chosen to coincide with the symmetry axes of the donor 
orientation distributions. The z-axis of the R-frame connects the two donors. 
Here A and EM denote the two-photon absorption tensor and the one-photon 
emission transition moment tensor, respectively. 

 In Eq. 5.3, 
A E

ij( )
p ,p ( )lV t  are expressed by transformations between the donor frames and 

the corresponding local director frame (
i iM D , i {1,2}  ), as well as an inter-director  

frame transformation (
i jD D ). The mutual orientation of the D-frames defines the 

configuration angles for a bifluorophoric molecule D1-R-D2. For a uniaxially 
symmetric orientation distribution, it is most convenient to align the 

iDZ -axis of each 

director frame along an effective symmetry axis. Eq. 6.3 is of particular importance for 
evaluating residual anisotropies, which are further discussed below. 

5.1.2. Expressions for the two-photon polarisation ratio 

In addition to the anisotropy another useful quantity obtained from the TPE 
experiments is the ratio of isotropic emissions of linearly and circularly polarized 
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light[35, 36]. This is denoted by TPE
/   and hereafter called the two-photon polarisation 

ratio. By using results for isotropic emissions (see Paper III) it is easy to find 
expressions of this ratio through components of absorption tensor: 

TPE 2 TPE 2
TPE Cir A A

/ TPE 2 TPE 2
Lin A A

3Tr( ) (Tr )

2Tr( ) (Tr )

S

S
 

 
 

 
                                                       (5.4) 

Clearly, the two-photon ratio is invariant to rotation of the tensor eigenframe and 
uniquely defined by eigenvalues of absorption tensor. Thus, this quantity is not 
influenced by the fluorophore reorientation and it reveals the nature of the two-photon 
absorption tensor. An example of application of this quantity in the analysis of the 
absorption tensor of anthrylmethyl moieties attached to bisteroid is given in the Paper 
IV (see also Section 5.5). It should be noted that the one photon absorptivity in 
solution is independent of excitation polarisation and measurement of the 
corresponding OPE quantity provides no additional information. 

5.1.3. Expressions for the residual anisotropy 

After sufficiently long times following the excitation (denoted t  ), the anisotropy 

reaches a stationary level ( r ), which is commonly referred to as the residual 

anisotropy. In this time limit, the excitation probability functions converge to a value 

of 1
EFT 2( )t   . Moreover, the initially created orientation distribution reaches its 

equilibrium distribution, i.e. the angles 
i iM D (0)  and 

i iM D ( )t   become 

uncorrelated. Thus, the orientation correlation functions 
A E

ij( )
p ,p ( )lV t     are given by: 

A E A A i i E E j j A E i j
A E

ij( ) ( ) ( ) ( )
p ,p p ,q M D p ,q M D q ,q D D

q ,q

( ) ( (0)) ( ( )) ( )l l l lV t D D t D                    (5.5) 

For DDEM both donor groups have identical orientation distributions, the indices 
i,j = {1, 2}[1] can be omitted. The averaged matrix elements in Eq. 5.5 have the 

meaning of order parameters[37], denoted 
i i

( ) ( )
p,q M D p, q( )l lD S   . Thus, Eq. 5.5 can be 

written: 

A E A A E E A E i j
A E

ij( ) ( ) ( ) ( )
p ,p p ,q p ,q q ,q D D

q ,q

( ) ( )l l l lV t S S D                                                     (5.6) 

Taken together, the Eqs. 4.13 ,5.3 and 5.6 lead to the following expression for residual 
anisotropy: 

A E A A E E A E i j
A E A E

( ) ( ) ( ) ( )1 1
p ,p p ,q p ,q q ,q D D2 2

0 p ,p q ,q i j

1 ( )l l l l

l

r C S S D  


 

   
 

                                  (5.7) 
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5.1.4. OPE and TPE anisotropy with absorption tensor of linear symmetry 

For standard OPE depolarisation experiments[5], it is possible to show 
(Paper III) that: 

A E A E
A E

(1) (2) (2) ij(2)3
ij A p E p p ,p5

p ,p

r M M V                                                                        (5.8) 

Here, (2) (2)
A p E pandM M  are irreducible tensor components of the absorption (A) and the 

emission (E) tensors in a fluorophore-fixed frame. These tensors are generated as the 
direct product between of corresponding transition dipole moments (see Paper III). If 
both electronic transition moments are aligned along the molecular z-axis, and in the 
absence of energy migration, Eq. 5.8 transforms into the following frequently cited 
formula;  

(1) ii(2)2
ii 0,05( ) ( ) ( )r t r t V t                                                                             (5.9) 

From Eq. 5.3 it then follows that 2
2 M5( ) (cos ( ))r t P t    (in the Eulerian angular 

representation), which is another frequently cited equation. Here P2 denotes the second 
rank Legendre polynomial and M( )t  stands for the angle between the absorption and 

emission transition moments. 

Actually in TPE one obtains the same time-dependence as for OPE, i.e. 
(2) (2)

0 2 M( ) (cos ( ) )r t r P t   , for fluorophores with only the component ZZ 0T   and the 

emission transition dipole moment aligned parallel to molecular z-axis. Here the 

fundamental anisotropy[18] (2)
0 4/7r  . If one assumes a uniaxial orientation 

distribution for each donor group, the residual anisotropy value (see Eq. 5.7) is given 

by  2(2)1
0 0,0 22 (1 (cos ))r r S P    . Here (2)

0,0S denotes an order parameter and   is angle 

between the z-axes of local director frames. 

The expressions and values of residual anisotropy for some others special cases 
are summarised in Paper I. 

One should notice that the equations for the TPE anisotropy in the presence of 
energy migration presented in Paper I and Paper II are only justified for this particular 

case. The general expressions for (2)
ij ( )r t  are more complex (see Paper III) and the 

corresponding anisotropies are considerably different from the OPE anisotropy. 

5.1.5. TPE anisotropy of planar molecules 

Now consider a TPE experiment, where the absorption and emission transition 
dipoles of the fluorophores are parallel and directed along the molecular z-axis and the 
two-photon absorption tensor is defined with non-zero components in the molecular 
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YZ-plane, i.e. XX XY XZ 0T T T   . For the linear polarisation experiment the usual 

polariser setup is L L L
A E E(1,0,0); (1,0,0); (0,0,1)        and for circular 

excitation polarisation given by vector L 1
A 2 2

( , ,0)i
Cir    (in a Cartesian 

representation).  
Then the expression for the anisotropy correlation function ( )t  (Eq. 5.1) for the 

linearly polarised excitation can be rewritten as follows (see Papers III and IV): 
TPE,lin ,TPE,lin (2) ,TPE,lin (2)

0,0 0,0 2,0 2,0( ) ( ) 2 Re( ( ) )t C V t C V t      ,                                (5.10) 

where constants ,TPE,lin
p,0C  are given by: 

,TPE,lin Y/Z2
0,0 7 2

Y/Z Y/Z

,TPE,lin ,TPE,lin1 4
2,0 0,0 76

,TPE ,TPE
Y/Z A YY A ZZ

3
3 1

3 2 3

/

R
C

R R

C C

R



 

 

 
    

   
  

                                                        (5.11) 

Here, ,TPE
A YY
  and ,TPE

A ZZ
  are components of two-photon absorption tensor in the 

framework of its eigenvectors (see Fig. 5.2).  
In this case the task of calculating the correlation functions ( )t  implies the 

calculation of two time-dependent functions and two constants. 

The function (2)
2,0 ( )V t  vanishes and function (2)

0,0 ( )V t  is equal to unity at 

moment 0t   whereby the initial value of anisotropy (referred to as fundamental 

anisotropy value) is defined by coefficient ,TPE,lin
0,0C . Thus, the fundamental anisotropy 

value is fully defined by ratio of absorption tensor components Y/ZR . On the other 

hand, Y/ZR  also defines two photon polarisation ratio /
TPE   which can be measured 

independently and for a planar geometry of the fluorophore is given by: 

2
/ /

/ 2
/ /

2 2 2

3 2 3
TPE Y Z Y Z

Y Z Y Z

R R

R R
  


                                                                           (5.12) 

Eqs. 5.11 and 5.12 set up unique relation between the fundamental anisotropy value 
and the two photon polarisation ratio in the TPE experiments. 
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5.1.6. TPE absorption tensor distribution 

The initial value of anisotropy obtained from real experiments often differs 
from the fundamental anisotropy value established above (see Paper IV and section 
5.5.1). This discrepancy can be explained by the fast reorientation of fluorophores at 
the time scales much shorter then the time resolution of TCSPC experiment. Really, 
the characteristic time of fluorophore reorientation of between successive collisions 
with molecules of solvent usually is defined by their moment of inertia and for the 
commonly used fluorophores. These times are in the sub-picosecond range while the 
usual time resolution of TCSPC experiment is several picoseconds. The change of the 
molecular dipole moment can be also caused by the change in the molecular geometry 
during a vibration. 

The effect of fast unresolved fluorophore reorientations can be accounted by 
introduction of orientational distribution of the absorption transition tensors and 
emission moment[38, 39]. The observed anisotropy in the presence of such 
distribution of absorption tensor is given by: 

A E

TPE,lin TPE,lin
,r       ,                                                                         (5.13) 

In Eq. 5.13 the outer average refers to all possible realisations of reorientation 
trajectories of the fluorophores in the diffusional regime, whereas the inner average 
accounts for reorientation at shorter timescales. For simplicity, assume that the emission 
transition moment is aligned along the z-axis of the ME frame (see Fig. 5.2), i.e. 

E EM 0  . The inner average in Eq. 5.13 can then be expressed by: 

 

Fig 5.2. Schematic of a fluorophore fixed frames and the corresponding angles 
used in the present work. The M-frame is frame is aligned with molecular 
symmetry, the A E,Λ Λ  frames are frames aligned with eigenvectors of absorption 
tensor and emission moment, respectively. 



20       5. Results and Discussions 

A

TPE,lin TPE,lin TPE,lin
A A( )

A
d                                                           (5.14) 

Here ( )A  stands for the probability distribution of A  and the integration refers to six 

absorption tensor components i.e. the three components of angle 
A AM  and three 

eigenvalues A
A
 .  

Assume that the symmetry of A  is C2v which is appropriate for many useful 

fluorophores. In the Euler representation of orientation, this implies the following 
symmetry relations[34]; 

A A A A A A A A A A A A

A A A A A A A A A A A A

M M M M M M

M M M M M M

( , , ) ( , , )

( , , ) ( , , )

     

     

      

     

 

 

 

 
                              (5.15) 

The principal axes of A( )  coincide with the MA frame. It can be shown that these 

symmetry relations lead to following averaged anisotropy: 
, , , (2) , , (2)

0,0 0,0 2,0 2,02 Re
A

TPE lin eff TPE lin M eff TPE lin MC V C V                                             (5.16) 
, , , , (2) , , (2)

,0 0,0 ,0 2,0 ,2( ) 2 ( )
A A A A A

eff TPE lin TPE lin TPE lin
p p M p MC C D C D 

     


                      (5.17) 

Notice that Eqs. 5.17 and 5.11 exhibit the same analytical shape, and that eff,TPE,lin
p,0C

contains details about the shape and its distribution. 
For the C2v symmetric planar moiety, the MA frame can be oriented so that the z-

axis is aligned along the C2 symmetry axis and the y-axis is in the molecular plane. Now 
consider a discrete distribution of the absorption tensor for which the eigenvalues are 
constant and the eigenframe only takes two equally probable orientations given by the 
eulerian angles 

A AM ( 2, , 2)      . The x-component of the absorption tensor is 

assumed negligible, i.e. A, XX 0  . Under these circumstances, the following 

expressions for eff,TPE,lin
p,0C are obtained: 

A A

ff,TPE,lin Λ,TPE,lin ,TPE,lin ,TPE,lin (2)2
60,0 0,0 0,0 2,0 2,0 M Λ6

eff,TPE,lin eff,TPE,lin1 4
2,0 0,0 76

[ ] ( )

,

eC C C C d

C C

    

   
                      (5.18) 

Thus Eqs. 5.16 and 5.18 show that the anisotropy depends only on relative 
values of the absorption tensor components, because the anisotropy is a ratio of 
fluorescence intensities. Consequently, knowledge of absolute values of the absorption 
tensor components is not needed. 

A TPE experiment using linear excitation polarisation only yield ff,TPE,lin
0,0
eC  

coefficient from the initial anisotropy. But independent information is obtained from 
measurements of the two photon ratio. Values of /Y ZR  for a known /

TPE  value can be 

resolved from Eq. 5.12 and substituted into Eqs. 5.16-5.18. Hereby, it possible to solve 
these equations with respect to the angle 

A AM Λ . 
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5.2. Routines of analysis  

5.2.1. An overview 

The overall route of analysis of depolarisation data is presented on Fig. 5.3. 

The analysis starts by fitting of parameters of the depolarisation process in the 

absence of electronic energy migration (the left block in Fig.5.3.). This process 

depends on the rotational correlation times (dynamical parameters), components of the 

absorption tensor and parameters of the restricting orienting potential. Then the 

dynamical parameters obtained are used for fitting to the depolarisation data, obtained 

in presence of EM (the right block in Fig.5.3.) subject to finding parameters 

controlling energy migration (configuration parameters) which are configuration 

angles defining mutual orientation of exchanging fluorophores and the distance 

separating them. 

Both fitting stages depend on the experimentally measured photophysics decays. 

Nevertheless, the presence of noise in experimental photophysics data and their 

convolution with experiment response function (IRF) make them inappropriate for the 

analysis. That is why the experimental photophysics decays are replaced by a 

multiexponential approximation obtained by fitting photophysics data prior to the 

analysis of depolarisation data. 

The fitting of photophysics and depolarisation data follows the same route 

illustrated in Fig 5.4.  

To facilitate a comparison between experimental and the testing data the main 

fitting recurrence (shown in solid red line) involves convolution of testing curves with 

experimentally measured IRF. A standard way to perform a fast convolution utilises 

the transform to Fourier domain (see internal block in Fig. 5.4.), which requires the 

calculation of two fast Fourier Transforms, forward (FFT) and inverse (IFFT), for each 

optimization cycle. To avoid the calculation of at least IFFT we found it convenient to 

omit this step of convolution and to perform a comparison between experimental and 

testing data (which involves estimation of chi squared) in Fourier domain (this 

alternation of algorithm is indicated in Fig.5.4 by dotted line). Omitting the forward 

FFT easily accomplished in case of fitting of multiexponential approximation of 

photophysics as in this case the testing curves given by simple expression. In case of 

fitting depolarisation data such procedure requires a treatment of the fluorophore 

dynamics and EM in Fourier domain i.e. a reformulation of the theory in terms of 

spectral densities, which is not yet performed out and is subject for future work. 
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Fig. 5.3. The outline of the analysis of depolarisation data

 

Fig. 5.4. The convolution - fitting routine for photophysics and depolarisation 
data. Here “Experimental Data”and“Synthetic Data” stand for synthetic and 
experimental photophysics data or depolarisation data i.e. fVV , fVH. 
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5.2.2. Generation of synthetic depolarisation data 

Details for calculating synthetic depolarisation data are outlined in Fig. 5.5.  

A general bifluorophoric molecule denoted by D1-R-D2 has been studied in which 
donor groups are covalently connected to a rigid linker group (see Fig. 5.1). The 
ensemble of D1-R-D2 molecules is assumed to be isotropically oriented.  

The reorientation trajectories of the donor groups within a pair are generated 
according the routines described in section 5.3. Trajectories used for calculating the 

absorption-emission probabilities ( ( )t ) and excitation probabilities ( EFT ( )t ). The 

latter property was calculated from the EFT (see Eq. 4.14). The simulated time-

resolved anisotropy (see Fig. 2 of Paper III ) was constructed from ( )t  and EFT ( )t  

by means of Eq. 4.13.  

The orientation functions ij i j( ) ( (0), ( ) )t t     were calculated according to 

Eqs. 5.1-5.2 by using generated trajectories. This involves the computation of the 

functions 
A E

ij( )
p ,p ( )lV t , for which two strategies were used. One utilises Eq. 5.2, whereby 

the orientation trajectories 
i iM D ( )t  generated in D-frame can be used to calculate 

A E

ij( )
p ,p ( )lV t . Alternatively, Eq. 5.3 was calculated after transforming the trajectories of 

1 1M D ( )t , 
2 2M D ( )t  into 

1 2M M ( )t . The former expressions for 
A E

ij( )
p ,p ( )lV t  are more 

complex, and the calculations are therefore more time-consuming. The latter approach 
requires more time for the angular transformations. It turned out to be faster to use Eq. 

5.2. The time needed for calculating ij ( )t  can be reduced two-fold, since it is 

sufficient to calculate the correlations for the currently excited fluorophore within a 

Fig. 5.5. Outline of the simulation of synthetic depolarisation data 
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pair. Terms in Eq. 4.13 which correspond to the unexcited fluorophore vanish, due to 
the multiplication with the excitation probability function. The final anisotropy decays 
were calculated by from Eqs. 4.12 and 4.13. For simulating data that mimic real 
experiments, 106 trajectories were used, whereas 104 trajectories were found sufficient 
for the generation of test curves. 

5.2.3. Transformation to observable intensities 

In practise the fluorescence anisotropy can not be measured, but constructed 
from the obtained fluorescence intensities ( )f t  and ( )f t . To facilitate the analysis of 
real depolarisation experiments by the methods described here, the simulated 
anisotropy [ ( )r t ] has been transformed into ( )f t  and ( )f t . For instance, in 
depolarisation experiments using linearly polarised excitation (see Eqs. 4.7-4.9) one 
obtains that: 

1
3

1
3

( ) ( ) (1 2 ( ))

( ) ( ) (1 ( ))

f t f t r t

f t f t r t

 

 


                                                                            (5.19) 

, where ( )f t  denotes the photophysics´ decay. For the analysis of real experiments, 
the measured photophysics´ decay, or its smoothed fitting can be used. 

Thereafter the fluorescence anisotropy was used to calculate the intensity decay 
curves, ( )f t  and ( )f t . In principle these decays are obtained from time-resolved 
fluorescence depolarisation experiments under idealised conditions, e.g. an infinitely 
short excitation pulse and an ideal detector. In order to mimic real experimental 
intensities  α ( ), { , }F t    , α ( )f t  needs to be convoluted with an experimental 
instrumental response function ( ( )I t ), i.e. α α( ) ( ) ( )F t I t f t  . The obtained synthetic 
intensity decay curves are illustrated in Paper III. 

5.2.4. Optimisation routines: the overview and requirements 

The Levenberg-Marquardt optimisation approach [40] has been used for finding a 
multiexponential approximation of the photophysics relaxation. 

The synthetic depolarisation data for testing are generated by using the averaging 
of finite number of stochastic quantities corresponding to the reorientation trajectories 
of the particular pairs of the fluorophores and thus are always noisy. The presence of 
noise in testing curves makes the usual fitting approaches (such as Levenberg-
Marquardt) unstable and ineffective. That is why in case of depolarisation data 
evolutional algorithms (for example, genetic algorithm) have been applied. 
Evolutional algorithms rely on the calculation of population of testing points in the 
area of potential solution. Then set of transformation are applied to population in 
recurrent manner to converge it to the solution. Using of a population instead of one 
testing point makes optimisation routines more stable to noise in the data and testing 
curves. 
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Another argument for using evolutional algorithms is that multiple solutions could 
be consistent with experimental data. Thus a method is required which efficiently 
searches for all local solutions. In practise, most optimisation methods tend to 
converge into one single local optimum. Usually a procedure of fitting with 
evolutional algorithms is made in two steps. First the algorithm is tuned in such way 
that it covers the whole region of possible solutions in order to detect areas of 
parameters which are suspected to contain the optimum solution. Then series of fine 
tuned fitting are performed in the regions of potential interest. For this and at both 
stages, it was found convenient to use a GA, since this algorithm is easily tuned for a 
global scanning, or for finding the exact value of a local optimum. In the present work 
a slightly modified PIKAIA GA routine[6] was used. Another routine which was 
tested for the optimisation is a Covariance Matrix Adaptation algorithm[7].  

5.3. Simulation routines 

5.3.1. Simulations of molecular motion 

The algorithm used for simulating of molecular reorientation is illustrated in 
Fig. 5.6 

The procedure starts by the generation of sets of rotational trajectories, 
i iM D ( )t  

i = {1, 2} for NTr fluorophore pairs in frames linked to the symmetry axes of the 
orienting potentials (see section 5.3.1.2.). The trajectories obtained are then rotated by 
angle 

iD R  to obtain trajectories in a frame linked to the host molecules

Fig. 5.6. Outline of the simulating algorithm of molecular reorientation 
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i i i iM D D R M R( ) ( )t t    . Because the number of such rotations is quite large 

(2×NTr×N) the effectiveness of the simulation routine relays on a method used for 
rotation. 

5.3.1.1. Choice of an orientation representation - quaternions 

A straightforward method for encoding fluorophore orientations/rotations is the 
Euler angles. The operation of composition of orientations represented by Euler angles 
usually relays on the representation of rotations by 3×3 rotation matrices ( )R   and 

operation of composition is performed by multiplication of corresponding matrices: 

i i i iM R D R M D( ) ( ) ( )R R R   . The components of rotation matrixes are trigonometric 

functions of the Euler angles. Therefore, this method requires a number of 
trigonometric calculations for each rotation. Calculations of trigonometric functions 
are slow computational operations and to improve the efficiency of the simulation they 
should be avoided. This aim can be achieved by using the quaternion representation of 
orientations/rotations. 

Quaternions[41] are four dimensional algebraic objects which can be represented 
by scalar-vector pairs: 0( , )q q q , where 0q  is scalar part of quaternions and q  is a 

usual vector which can be represented by triplet of its coordinates: 1 2 3( , , )q q q q . The 

components of the unit quaternion representing rotation are expressed in Euler angles 
( , , )     (in y-z-y notation) according to: 

0

1

2

3

cos cos
2 2

sin sin
2 2

sin cos
2 2

cos sin
2 2

q

q

q

q

  

  

  

  





 







                                                                              (5.20) 

The composition of successive rotations ,p q   is represented by product of the 

corresponding quaternions, which is defined by: 

0 0 0 0( , )pq p q p q p q q p p q      , where “” is vector dot-product and “ ” vector 

cross-product. For computational purposes the quaternionic product is expressed in the 
following matrix form: 

0 0 1 2 3 0

1 1 0 3 2 1

2 2 3 0 1 2

3 3 2 1 0 3

( )

( )

( )

( )

pq q q q q p

pq q q q q p
pq

pq q q q q p

pq q q q q p

      
         
    
    

    

                                          (5.21) 
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As shown below the generation of rotation trajectories can be performed in 
quaternionic form. The Wigner-functions 

A E

( )
p ,p ( )lD   appearing in the expressions for 

the orientation factors of absorption-emission probabilities (Eq. 5.1) can also be 
conveniently expressed through corresponding quaternions[42]. Expressions for some 
first order Wigner-functions expressed in components of quaternions are given below:  

1
0,0

1 2 0 3
1,1

2 11
21,0

1 2
1, 1

1
20, 1

D ad bc
a q iq

D a
b q iq

D ab
c b

D b
d a

D bd
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The higher order Wigner-functions can be obtained through the usual recurrence 
relations[34].  

Hence, the procedure of simulation of the molecular reorientation and the 
calculation of correlation functions are effectively performed in quaternionic form 
without using of trigonometric functions. 

5.3.1.2. Generation of rotation trajectories: Integration of the Euler-Langevin 
equation 

The donor groups undergo local independent reorienting motions, which are 
described by Brownian dynamics simulation in the presence a restricting orienting 
potential, 

i ii M D( )U   i = {1, 2}. According to this model the motion of donors is 

considered as series of instant random reorientations in time. At each moment the 
reorientation of a donor depends only on its current position. Thus, the displacement is 
independent of the history of previous motions (i.e. in accordance with a Markov 
process). The orientation of the fluorescent groups has been encoded by 
quaternions[41]. If at time t the orientation is ( )q t , then at time t t  later it is given 

by the quaternionic product ( ) ( )q t q t .  The displacement quaternion ( )q t is related 

to the angular displacements of a donor according to the following relation[41] 

0 0

1 1

2 2

3 3

0( ) ( )

0( ) ( )1
0( ) ( )2

0( ) ( )

x y z

x z y

y z x

z y x

q t q t

q t q t

q t q t

q t q t

  
  
  
  

      
             
         

                             (5.23) 

In Eq. 5.23, i ( )q t  i={0...3} denote quaternion components in the immobile frame, 

and i  i={x, y, z} are components of angular displacement in the molecular frame. 

The angular displacement can be calculated by using the Euler-Langevin equation[43]: 

( ) '( )I t      F                                                                       (5.24) 
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Here, I denotes the fluorophores´ moment of inertia, R( ) ( )U  F  is the torque 

caused by the restricting potential, '( )t  is a random torque imposed on fluorophore 
group by a stochastic surrounding, and   is a friction matrix. From the integration of 

Eq. 5.24 over the time-interval ( ,t t t  ) and by choosing 1t I    one obtains 

that[43]: 

1( ) ( ) ( )t t t       F                                                                 (5.24) 

Here the stochastic displacement ( )t  is a random vector with a zero mean-value 

and the covariance matrix 12f kT t    . The distribution of ( )t  has no principal 

meaning and is conveniently normalised and is given by: 
1 (3)( ) 2 (0,1)t kT t     . Here (3) (0,1)  denotes a random vector with a 

standard normal distribution. In practice it is convenient to diagonalise the friction 
matrix by aligning the molecular frame along its eigenvectors. Then the components of 
angular displacements are given by: 

i i

1
( ) (0,1) { , , }

2 3 3i i
ci ci

t t
U F i x y z 

 
 

                                 (5.25) 

In Eq. 5.25, ci  stand for the rotational correlation coefficients which are related to 

eigenvalues of the friction matrix by expression B/ (6 )ci i k T   and characterise the 

rotational motion of the donor about its molecular axes in the absence of a restricting 
potential, iU  are coefficients that characterise the magnitude of the orienting torque (in 

thermal energy units Bk T ). The force i ( )F   depends on components of the angular 

torque.  
The reorientation trajectories for the pairs of donor groups studied in current 

work were generated relative to the D-frames, for which the z-axes were aligned along 
the symmetry axes of these distributions. The initial positions of fluorophores 0( )t  

were calculated by the inversion/rejection method[44], and it was assumed that the 
fluorophore orientation in the external potential obeys the Boltzmann equilibrium 
distribution. 

The symmetry axes of the donor orientation distributions with respect to the R 
frame are described by the angles 1,   and 2  (see Fig. 5.1.). These are referred to as 

the configuration angles. Furthermore, a two-fold symmetry is assumed for the 
symmetry axes of the distributions, i.e. 1 2      . The hypothetical donor 

groups are assumed to be planar, as is also true for most fluorescent probes. In this 
case the two-photon absorption tensor related to the donor frame (i.e. the M-frame or 
the molecular frame) consists of three independent components. The direction of the 
emission transition moment (and absorption transition moment in case of OPE) was 
chosen to coincide with the z-axis of the M-frame. 
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5.3.1.3. Modelling of a restricting potential 

To generate rotation trajectories using Eqs. 5.23, 5.25, the potential ( )U   

imposing orientational restrictions on the motion of fluorophores must be given. In 
general the arbitrary shape of potential can be used. This can be obtained for example 
from independent measurements of a studied system or as a result of molecular 
simulations. It is common to expand the potential into sum of Wigner functions and 
truncate this sum to obtain an appropriate computable approximation[45]. 

For a simulating the motions of a planar fluorophore, in the following we have 
used potential: 

DM DM DMB( ) (1 cos )(1 cos2 )kU T       ,                                         (5.26) 

In Eq. 5.26 the Euler angles ( DM DM,  ) define the orientation of the M frame relative 

to the D frame, and Bk  is the Boltzmann constant. The z-axis of the D frame coincides 

with the C -axis of the potential (see Fig. 5.1). The strength and anisotropy of the 

ordering potential are denoted   and  , respectively. A schematic of the Boltzmann 

orientational distributions of the 9-anthrylmethyl group is displayed in Fig. 5.7. For 
0   the maximum of the orientation distribution shifts towards 

0, 0 orDM DM     , which reflects the restriction imposed on the donor by the 

bisteroid structure. In terms of Wigner functions this potential can be expanded in 
infinite sum: 

   1 ( 2)!
B 0,0 0,2 0,2( 2)DM DM DM DM!

2

( ) ( )1 (2 1) ( ) ( )l ll

l
l

k TU D l D D    







     



  (5.27) 

In the simulations presented in this work a more compact representation of the 
proposed potential (Eq. 5.26) through position quaternion was used: 

Fig. 5.7. Boltzmann distribution of angles generated by potential given by Eq. 5.26 
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The components of the torque i ( )F   in Eq. 5.25 are found by a quaternionic 

differentiation of Eq. 5.28. The resulting expressions include only arithmetic 
operations over components of quaternions which represent position of a fluorophore 
and thus can be effectively computed. 

5.3.2. Simulation of energy migration 

The energy migration rates,  i j( ), ( )t t   within each donor-donor pair were 

calculated (Eq. 3.1) by using generated reorientation trajectories. The fluorescence 
lifetime of the donors was chosen to be D 11 ns  . The obtained migration rates were 

used to compute the excitation functions  ( )t   for the ensemble of pairs. Two 

approaches have been used for computing  ( )t  , namely; MC simulations and the 

EFT (Eq. 4.13). Details concerning the MC simulations are given elsewhere22. The 
MC approach relies on the simulation of random events of energy migration. This 
procedure introduces an additional randomness in computing  ( )t  . Thus, to 

achieve the same accuracy as in the EFT approach, MC simulations require the 
averaging over larger ensembles. In general the EFT approach is faster, especially at 
high rates of energy transfer. The results presented were obtained by utilising the EFT. 

5.4. Testing on synthetic data 

To illustrate the proposed procedure of analysis it was applied to synthetic data 
that mimic TCSPC experiments. Since the data were generated with known modelling 
parameters, the molecular parameters can be fully controlled, and thereby this enables 
an objective comparison between different strategies of analysis. The generation of the 
fitting test data and synthetic experimental data follows the same computational 
procedures, except for the addition of poissonian noise to the synthetic data, which is 
needed to mimic the statistics of the TCSPC technique.  

Details for modelling of molecular structures and dynamics, the calculation of 
observable intensities, as well as the examined strategies for the fitting of modelling 
parameters, are summarised in Paper III and section 5.2 of this thesis. 
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5.4.1. Simulated OPE and TPE fluorescence depolarisation 

The fluorescence depolarisation decays [ ( )F t  and ( )F t ] corresponding to 

one- and two-photon excitation of a hypothetical bifluorophoric molecule, D1-R-D2, 
were generated in the absence of energy migration. The depolarisation decays were 
convoluted with a real instrumental response function for which the full width at half 
maximum was 100 ps. Moreover, poissonian noise was added in order to mimic the 
statistics of TCSPC experiments,. Typical simulated fluorescence intensity and 
anisotropy curves are shown in Fig. 2, A-B of Paper III. Here, the intensity decay rate 
is dictated by the intrinsic rotational correlation times ( cX = 3.0 ns, cY =12.5 ns,

cZ 9.0 ns  ) and orientational restrictions of the donor groups with respect to the 

linker group. These restrictions define an anisotropic distribution of donor orientations, 
which are revealed by the stationary residual anisotropies ( r , see Fig. 2, A-B of Paper 

III). The value of the residual anisotropy[46] are related to the local order parameters 
(see Paper I). In OPE depolarisation experiments (1) (1) (2)2 2

0 0,0 zz/r r S S   , where (1)
0r  is 

initial value of anisotropy and zzS  is the order parameter referring to the molecular Z-

axis. The rather high value of zz 0.7S  , implies that the Z-axis is preferentially 

oriented parallel to the vC -axis of the orientation distribution.  

Qualitatively, the anisotropy data generated in the presence of energy migration 
and reorienting motions are similar to those discussed in the previous subsection (see 
Fig. 2 A-B, Paper III). The mimicked experimental data refer to the configuration 
parameters (see Section 5.2) and the interfluorophore distance given by 

1 2D R,exp D R,exp DR,exp exp33 , 123           and exp 0/ 0.95R R  , respectively. The 

TP absorption tensor components were chosen to be; TZZ = 1, TYY = 0.5, and 
TYZ = 0.707. As compared to data shown in absence of DDEM, the differences 
concern a faster relaxation and lowered residual anisotropies. The former is explained 
by fact that excitation jumps cause an apparent increase of the reorientation of the 
excited donors. The lowered plateau values are expected because the angular 
distribution of excited donors becomes broader as compared to that in the absence of 
DDEM, provided that the orienting donor distributions are not collinear. Furthermore, 
the residual anisotropy values depend on the order parameters of the donors D1 and D2, 
as well as by the angle   (see Fig. 5.1.) between the symmetry axes of corresponding 
orientation distributions. 

5.4.2. Fitting to synthetic depolarisation data 

A modified genetic algorithm was used to examine whether the correct distance 
and configuration angles can be recovered. These test data were fitted to the synthetic 
experimental OPE and TPE depolarisation data. Here the test data were synthesised in 
the same way as the synthesised experimental data. Poissonian noise was not added, 
and in order to speed up the analysis tenfold fewer rotational trajectories were used. As 
a goodness of fit parameter the reciprocal value of the reduced 2

r -value was used. 
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The obtained maps of 2
r -values (shown Fig. 5.8. C-D) are very similar for the 

analyses of OPE and TPE data. Clearly two regions of acceptable solutions (s1 and s2) 
are revealed. The best values of 2

r  are close to unity for each region, that imply that 

the solutions that perfectly fit to the experimental data. 
The known correct values of configuration parameters are centred at s1, while 

the solution s2 provides a somewhat shorter inter-fluorophore distance, i.e.

s2 00.88 /R R . The configuration angles DR,s2 s263 and 56    differ considerably 

from the experimental values DR,exp 33  and exp 123   . The two solutions obtained 

for the configuration angle   can be ascribed to the 2cos  -dependence of the 
residual anisotropy (see Eq. 5.7 and Section 5.1.4), since o

s1 123   and 

0 10 20 30 40 50
0.0

0.1

0.2

0.3

0.4

r(1
) (t

)

t, ns

A

0 10 20 30 40 50
0.0

0.1

0.2

0.3

0.4
B

r(2
) (t

)

t, ns
 

Figure 5.8. Simulated OPE (A) and TPE (B) anisotropy curves in absence of EM 
(black dots) and in presence of EM (red dots). The maps C and D show the 
results obtained by using a GA in fitting the configuration ( DR ,  ) and the 

distance ( R) parameters to the independent OPE and TPE depolarisation data. 
The red lines indicate values of the configuration parameters used for 
synthesising depolarisation data that mimic TCSPC-experiments. 
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o
s2 s2 56      correspond the same r -value. The behaviour of the initial part of 

the anisotropy decay depends on the history of energy transfer rates within the 
ensemble of donor-donor pairs. 
By considering the special case of a narrow orientation distribution of the donors for 
which   is almost static, a qualitative explanation can be given. In this limit 
configuration parameters that define the anisotropy decay are related by equation (see 
Eq.3.1):  

2 2 6
DR const(cos 3cos ) / R                                                                (5.29) 

This equation exhibits two branches of an infinite number of solutions for DR  and R, 

all of which correspond to two different values of . The situation is however similar 

for dynamic cases, but the time-dependence of the DDEM rate   then shifts the 
solutions relative to the static case, and an infinite set of solutions converge to the 
observed couple of discrete solutions. 

Taken together, this demonstrates that the determination of the configuration 
parameters DR  and R can only be achieved if one accounts for the dynamics of 

energy migration. 

5.5. Analysis of 9-anthrylmethylphosphonate bisteroid depolarisation data 

A previously developed approach was used for analysing the fluorescence 
depolarisation experiments (Paper III) with respect to donor-donor energy migration 
(DDEM) within a bis-(9-anthrylmethylphosphonate) bisteroid (see insert in Fig. 5.10) 
dissolved in 1,2-propanediol at 283 K. Two-photon excited (TPE) depolarisation 
experiments were performed in the time domain by using the TCSPC technique. 
Furthermore, depolarisation experiments performed on the mono-(9-
anthrylmethylphosphonate) bisteroid were useful for the modelling of anisotropic 
orienting potentials. 

The excitation source used for the TPE experiments was a 200 kHz femtosecond 
laser amplifier system (COHERENT), operating at 780 nm. The time-resolved 
fluorescence decays was measured using the standard procedure of time-correlated 
single photon counting (see section 2.3). For fluorescence lifetime studies, the emission 
polariser was set to the magic angle (i.e., 54.7°). The decays of the photophysics ( )f t , 

needed for calculating depolarisation test curves (Eq. 5.19), were obtained from a 
deconvolution of the experimental decay ( ) 2 ( )F t F t . The experimental TPE 

fluorescence depolarisation data are shown in Fig. 5.9. In order to achieve reasonable 
statistical precision, a typical experiment was run until 15 000 -30 000 counts were 
collected in the peak channel for the magic angle and difference curve. 

For analysing the TPE experiments the instrumental response function was 
measured using the nonlinear signal obtained by replacing the sample with a 
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suspension of colloidal gold nanoparticles[47]. The measured half width of the 
instrument response function was ~ 40 ps. 

The position of the laboratory frame was chosen so that the polariser settings 
were; L L L

A E E(1,0,0), (1,0,0), (0,0,1)       .  

The orientation of the D1 and D2 frames respect to the bisteroid group in the bis-
(9-anthrylmethylphosphonate) bisteroid exhibits two-fold symmetry, which implies 
two parameters are sufficient for describing the configuration, namely; 

1 2 1 2D D RD RD,          (see Fig. 5.1). 

5.5.1. Results of the TPE depolarisation experiments analysis  

From the initial value of the anisotropy decay one finds that 
TPE,lin eff,TPE,lin

0,0(0) 0.30r C  . According to Eq. 5.18 there is two values of the 

absorption eigenvalues ratios and angular parameters Y/ZR  that correspond to 

measured value of / 0.6TPE   : Y/Z 0.063R   and Y/Z 15.87R  . Substitution of them 

into Eq. 5.17 predicts two values of ,TPE,lin
0,0C 0.55 and -0.26, which are not coinciding 

with measured value 0.3. The reduced value of initial anisotropy was explained by 
presence of some fast process occurring at time scales shorter then resolution of our 
experiment (see section 5.1.6). The two possible values of absorption tensor angular 
distribution parameter were obtained: 

A AM Λ 1 33.68    and 
A A A AM Λ 2 M Λ 1    . 

The obtained parameters of the restricting potential were 37.5  , 0.87  . 
The rotational correlation times of the 9-anthrylmethyl group were cX = 5 ns, cY
= 13 ns, cZ = 25 ns. Here the subscripts X, Y and Y refer to the symmetry axes of the 

9-anthrylmethyl group. The correlation time for the overall isotropic tumbling of 
bisteroid molecule is 25 ns. 

To determine the configuration parameters of bis-(9-anthrylmethylphosphonate) 
bisteroid from the corresponding depolarisation data, the potential and rotational 
correlation times obtained for the mono-(9-anthrylmethylphosphonate) bisteroid were 
used. Details for the analysis are described in Paper III. The fitted depolarisation 
curves together with the obtained configuration parameters are summarised in Figs. 
5.9 and 5.10. Two solutions consistent with the experimental data were revealed: (1) 

s1 s1122 , 34     , s1 0/ 0.96R R   and (2) s2 s258 , 62     , s2 0/ 0.93R R  , where 

0R = 26.8 Å is the Förster radius for the anthryl-anthryl pair30. The solution number 1 

provides most reasonable values regarding the known chemical structure of the studied 
compound (see insert in Fig. 5.10). 
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Fig. 5.9. The measured TPE polarised fluorescence intensity decays F(t) (left, 
upper in red), F^(t) (left, lower in blue), total intensity decay F(t) (left, middle in 
green) and the fluorescence anisotropy (right, black points) for the bis-(9-
anthrylmethylphosphonate) bisteroid. The corresponding fitted decays are the solid 
black lines in the left panel and by solid red lines in the right one. 

 

Fig. 5.10. The plot shows values of the fitness function (reciprocal of reduced chi 
squared) vs. configuration parameters ( , , R  ) for bis-(9-anthrylmethyl-
phosphonate) bisteroid TPE depolarisation data. The best fits are indicated in red. 
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6. Conclusions and future perspectives 

The results presented in this thesis demonstrate that the proposed theoretical-
computational approach for analysing synthetic depolarisation data yields physically 
reasonable values on physical parameters. It is shown that angular configuration 
parameters can be determined only by considering the dynamics of energy migration. 
It is also shown that an analysis of experimental data based on computer simulations of 
the depolarisation in the presence of EM ables to provide much more detailed 
information about a studied system than traditionally used method can do. Contrary to 
the traditional methods widely used for the determination of interfluorophore distances 
the new approach applied to TPE depolarisation data allows to determine also the 
mutual orientation of the interacting fluorophores, the parameters of their dynamics as 
well as valuable information about TP absorption tensor. Such possibilities look 
promising in studies of biomacromolecular systems such as proteins their aggregates 
and membranes. 

To extend the applicability of the method presented here, several developments 
could be proposed. First, the current analysis relies on the assumption that 
interchromophore distance remains constant on the time-scale of fluorescence. It is 
true for relatively rigid molecular complexes, but flexible macromolecules and 
membranes may exhibit substantial internal mobility of the fluorescent groups. The 
theory of fluorescence energy transfer that accounts for such translations is highly 
desirable. In the current work the quaternionic representation of angular position was 
successfully utilised. Unfortunately, quaternions are not suitable for the description of 
translational displacements. Nevertheless, quaternions are elements of algebra which is 
a subalgebra of the general Clifford algebra. It was shown that Clifford algebra can be 
successfully applied to the description of the systems where motions of rotational and 
translational nature can be combined [48, 49]. It would be interesting to apply this 
mathematical apparatus to the current problem of depolarisation in the presence energy 
migration. 

Another direction of perspective research concerns the development of a theory 
of energy migration that describes multiple interacting among fluorophores. Such 
systems can be treated in a manner similar to treatment of isolated fluorophores pairs 
presented in this work but only MC option for simulation of EM is possible in this case 
as there is no extended Förster theory for multi-body systems available at present time. 

Finally, it would be interesting to describe the dynamics of interacting 
fluorophores without applying stochastic simulations. In the present study the 
observable quantities (fluorescent intensities) are calculated as ensemble averages of 
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some functions which are characterising a particular fluorophores. Alternatively, it 
would be possible to express these observables through conditional probability 
distributions that describe dynamics of the ensemble of fluorophores as a whole. The 
corresponding theory for rotational dynamics of isolated particles is well 
developed[45]. On the other hand, the extended Förster theory can be seen as theory 
describing the energy migration in the ensemble of fluorophores pairs moving along an 
identical reorientation trajectory, but exhibiting different realisations of energy 
migration within pairs. So these two theories complement each other and probably 
could be combined. Calculation of depolarisation on the base of such a theory would 
not relay on computationally extensive stochastic simulations and could be performed 
much faster than in the approach described in this work. 
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