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Abstract
This thesis collects new contributions to the theory of subelliptic parabolic
equations. The approach used varies from computational issues and Malli-
avin calculus to methods from the theory of partial di¤erential equations.
Before we present the papers we introduce the topic and account for the
link between the di¤erent methods and problems considered. In particular,
we will explain the proper geometric setting, which is not the Euclidean
one. Hence, in the following, Sobolev spaces and Hölder spaces are the
intrinsic ones.

Paper I-II deals with issues concerning the obstacle problem for opera-
tors

H =

qX
i;j=1

aijXiXj +

qX
i=1

biXi � @t;

in a domain 
T � Rn+1, where fXigqi=1, q < n; is a set of Hörmander
vector �elds: Firstly we prove that, under suitable assumptions, there exists
a unique strong solution u to the obstacle problem. The method we use is
the classical penalization technique. As part of our argument, and this is
of independent interest, we prove an embedding type theorem and interior
a priori Sp-estimates. Thereafter we study regularity of u. In the interior
of the domain we prove that if the obstacle ' 2 Cm;� then u 2 Cm;� if
m = 0; 1 and u 2 S1 if m = 2. Near the initial state the boundary data g
will also have impact and we prove analogous results but this time assuming
that both ', g 2 Cm;�. To prove regularity we use "blow-ups" and argue
by contradiction.

Paper III concerns solutions to Hu = 0; with bi � 0:We establish three
main results, the �rst one being a backward Harnack inequality for nonneg-
ative solutions vanishing on the lateral boundary. We also prove that the
quotient of two nonnegative solutions which vanish continuously on a por-
tion of the lateral boundary are Hölder continuous and that the parabolic
measure associated with the operator H is doubling. The proof relies on
the interior Harnack inequality, the Cauchy problem and the existence of,
and Gaussian estimates for, fundamental solutions to the operator H.

Finally, in Paper IV, we study Kolmogorov equations and derive an
adaptive method for weak approximation. We demonstrate the method by
an example where we price options assuming Hobson-Rogers model.
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Sammanfattning
Denna avhandling samlar nya resultat inom teorin för partiella di¤eren-
tialekvationer. De metoder som används kommer från olika grenar av
matematiken och spänner från beräkningsmatematik och Malliavinkalkyl
till generaliseringar av klassisk teori för partiella di¤erentialekvationer. Ge-
mensamt är att de problem vi studerar har en grundläggande geometrisk
struktur som som skiljer sig från den vi är vana vid; här ges inte det kortaste
avståndet mellan två punkter av en rät linje. Vi börjar med att redogöra
för den geometriska strukturen och den röda tråd som sammanbinder ar-
tiklarna.

Artikel I och II behandlar operatorn

H =

qX
i;j=1

aijXiXj +

qX
i=1

biXi � @t;

i ett område 
T � Rn+1; där fXigqi=1, q < n; är en uppsättning Hörmander-
vektorfält. Speciellt studerar vi hinderproblemet, det vill säga att hitta
funktioner u så att�

maxfHu� f; '� ug = 0 i 
T ;
u = g på @p
T ;

för givna funktioner f; g och ': I Artikel I visar vi att, under vissa anta-
ganden, �nns det en entydig stark lösning u till hinderproblemet. När vi
vet att det �nns en lösning frågar vi oss vilka egenskaper lösningen har. I
Artikel II visar vi att i det inre av området kommer hindret, '; att avgöra
hur slät lösningen u är, medan både g och ' avgör hur slät lösningen är
nära t = 0:

I Artikel III studerar vi lösningar till problemet Hu = 0; där bi � 0:
Här visar vi tre satser som beskriver hur lösningar uppför sig nära randen
av området, det vill säga, vad som händer när vi är på väg ut ur området.

I Artikel IV härleder vi en adaptiv algoritm för svag approximation
av stokastiska di¤erentialekvationer, vårt bidrag är att denna metod även
fungerar för så kallade Kolmogorovekvationer. Speciellt så använder vi
denna metod för att med en given felmarginal kunna uppskatta värdet på
en option då vi använder Hobson-Rogers modell för optionsprissättning.
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Notation
Rn n-dimensional Euclidean space.

 A bounded domain in Rn:

T 
� (0; T ):
@
; @p
T The boundary/parabolic boundary of 
/
T .

 The closure of 
.
C Space of continuous functions.
C1; C1b ; C

1
p Space of in�nitely di¤erentiable functions which are

bounded/polynomially bounded.
[�; �] Lie bracket or commutator.
j � j Euclidean norm.
BE(x; r) Open Euclidean ball (center x and radius r).
� Group law.
G Lie group.
g Lie algebra.
�� Dilations.
N(s; q) Free Lie group of step q with s generators.
G(s; q) Free Lie algebra of step q with s generators:
jj � jj Homogeneous norm.
dG; dp;G Homogeneous quasidistance.
dX ; dp;X Carnot-Carathéodory distance.
BdX (x; t) Open Carnot-Carathéodory ball (center x; radius r).
Ck;�X Intrinsic Hölder spaces.
SpX Intrinsic Sobolev spaces.
Cr(x; t) Cylinders, BdX (x; r)� (t� r2; t+ r2):
C2+� Space of Hölder continuous functions with Lie

derivatives of order two.
C2;1 Space of functions with two derivatives in space and

one derivative in time.
M; r0; Ar(x0) NTA constants.
!(x;t) H-parabolic measure.
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Chapter 1

Introduction

In this thesis we study subelliptic parabolic equations and obstacle prob-
lems. In fact, subelliptic parabolic equations are generalizations of the clas-
sical heat equation, which is the prototype example of an elliptic parabolic
equation,

Hu = �u� @tu =
nX
i=1

@xixiu� @tu = 0 in Rn+1: (1.1)

This equation typically describes the evolution in time of a density of, for
instance, heat or some chemical concentration. The heat equation also ap-
pears in the study of Brownian motion and therefore in some option pricing
problems in Black-Scholes framework. The classical obstacle problem can
be formulated as�

maxfHu� f; '� ug = 0; in 
T ;
u = g; on @p
T :

Here 
T = 
�(0; T ) 2 Rn+1 is a bounded domain, f; ' and g : 
T ! R are
continuous functions and g � '. Furthermore, @p
T denotes the parabolic
boundary of 
T and is de�ned by @p
T := 
 � ft = 0g [ (@
 � ft : t 2
(0; T )g): A frequently used example is to consider a membrane attached to
a string at the parabolic boundary, restricted to stay above the obstacle.
Other applications of obstacle problems are �uid �ltration in porous media,
elasto-plasticity, optimal control, pricing of American options and climate
research, in particular, glaciology.

We look at generalizations of the classical obstacle problem; instead
of having derivatives @xi which de�ne the heat operator in (1.1) we study
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operators

H =

qX
i;j=1

aijXiXj +

qX
i=1

biXi � @t, (1.2)

which acts on functions in Rn+1. Above fXigqi=1 is a set of smooth vector
�elds, Xi =

Pn
j=1 cij(x)@xj ; cij 2 C1(Rn); which satisfy the so-called Hör-

mander condition. This condition assures that solutions are hypoelliptic,
i.e., they are "nice" functions, in a sense to be described below. Another
thing worth noting is that typically q < n which means that H is not
uniformly elliptic and hence classical theory of elliptic parabolic equations
does not apply.

In the case of elliptic parabolic operators the �rst attempts towards
developing a rigorous theory was to study operators with constant coe¢ -
cients. When considering the case of variable coe¢ cients results from the
stationary case were used together with perturbation arguments. In the
1970s, Folland noted that stationary elliptic parabolic equations are built
by translation invariant operators on the Abelian Lie group Rn+1: Since
the vector �elds Xi are assumed to be arbitrary Hörmander vector �elds
they are non-commutative which means that XiXj � XjXi are not iden-
tically zero for all i; j 2 f1; 2; : : : ; qg. Folland also noted that stationary
subelliptic parabolic operators are in fact translation invariant operators
on non-Abelian Lie groups where its Lie algebra has a structure re�ecting
the structure given by the vector �elds fXigqi=1: Hence, the proper geo-
metric setting to study equations structured on Hörmander vector �elds is
non-Euclidean. Below we will account for the proper setting. Thereafter
we give a brief introduction to obstacle problems. We conclude this intro-
ductory chapter considering Kolmogorov equations and its connection to
subelliptic parabolic equations as well as its stochastic interpretation. In
Chapter 2 we present the major results from the appended papers and give
some directions of future research.

1.1 Hörmander vector �elds and geometry

The starting point for research on subelliptic parabolic equations structured
on Hörmander vector �elds was the paper [Hör67] by Hörmander. Before
we can state the main result in [Hör67] we introduce some notation. Given
a set of smooth vector �elds we de�ne the commutator of two vector �elds
by

[Xi; Xj ] = XiXj �XjXi:

2



Furthermore, for a given multiindex � = (�1; : : : ; �m) we say that

X� = [X�m ; [X�m�1 ; : : : ; [X�2 ; X�1 ] : : :]] (1.3)

is a commutator of order m: Hörmander�s condition then reads:

De�nition 1.1. (Hörmander�s condition) We say that a set of smooth vec-
tor �elds fXigqi=1 on Rn satis�es Hörmander�s condition of order s if there
exists a positive integer s such that fXigqi=1 together with its commutators
of order � s span Rn at every point.

Assuming this condition, Hörmander proved the sum of squares theo-
rem, see Theorem 1.1 in [Hör67].

Theorem 1.2. (Sum of squares) Assume that the smooth vector �elds
fXigqi=1 satisfy Hörmander�s condition. Then,

H =

qX
i=1

X2
i � @t (1.4)

is hypoelliptic. That is, if Hu = f in 
T ; in distributional sense, and if
f 2 C1(U) for some set U � 
T then u 2 C1(U):

What this theorem states, roughly, is that, although the operator in
(1.4) is degenerate, it still shares some good properties with classical ellip-
tic parabolic equations as long as the missing directions in the operator are
recovered by commutators of the vector �elds. In fact, in [Hör67], Hörman-
der proved that @t can be replaced by X0 if fX1; : : : ; Xq; X0g are vector
�elds on Rn which satisfy Hörmander�s condition:

Example 1.3. (Hörmander�s condition) Let X1 = @x1 +2x2@x3 and X2 =
@x2 � 2x1@x3. Obviously, those vector �elds can not span R3, but

[X1; X2] = �4@x3 ;

so fX1; X2g satis�es a Hörmander condition of order 2. Moreover,

@x1x1 + 4x2@x1x3 + @x2x2 � 4x1@x2x3 + 4(x21 + x22)@x3x3 � @t = 0

is a hypoelliptic operator although it certainly degenerates at the origin.

A few years later, in [Bon69], Bony proved a weak maximum principle
for sum of squares operators. In the proof he used barrier functions, and
to assure the existence of such functions he de�ned what he refers to as

3



Figure 1.1: At x0 there is, up to the scaling factor �; a unique outer normal
vx; while there are in�nitely many outer normals at y0:When the cusp goes
inside the domain S we have no outer normal, as illustrated at the point
z0.

an exterior normal. A vector v in Rn is an exterior normal to a closed set
S � Rn relative to an open set U at a point x0 if there exists an open
standard Euclidean ball BE in UnS centered at x1 such that x0 2 BE and
v = �(x1 � x0) for some � > 0: This is illustrated in Figure 1.1. For our
purposes the result of Bony can be restated in the following way, although
it was slightly more general in Theoreme 5.2 in [Bon69].

Theorem 1.4. (Bony�s maximum principle) Let 
� (0; T ) = 
T � Rn+1
be a bounded domain and let H :=

Pq
i=1X

2
i � @t =

Pn
i;j=1 a

�
ij@xixj +Pn

i=1 a
�
i @xi � @t. Assume that the vector �elds fX1; : : : ; Xqg satisfy Hör-

mander´ s condition and that a�ij ; a
�
i 2 C1(
T ): In addition, assume that

for all (x; t) 2 
T and for all � 2 Rn the quadratic form
Pn
i;j=1 a

�
ij(x; t)�i�j �

0: Further, assume that D is a relatively compact subset of 
 and that at
every point x0 2 @D there exists an exterior normal v such that

nX
i;j=1

a�ij(x0; t)vivj > 0; (1.5)

for all t 2 [0; T ]: Then, for all g 2 C(@DT ) and f 2 C(DT ), the Dirichlet
problem �

Hu = �f; in DT ;
u = g; on @pDT :

has a unique solution u 2 C(DT ). Furthermore, if f 2 C1(DT ), then
u 2 C1(DT ) and if f and g are both positive, then so is u.

4



It is also fair to mention the work of Ole¼¬nic and Radkeviµc, see [OR73]1

and the references therein, where Ole¼¬nic and Radkeviµc consider general
second order equations with nonnegative characteristic form. Yet another
contribution to the theory of subelliptic parabolic equations is the work
of Folland, [Fol75]. Inspired by the work carried out for the @b-complex,
see for instance [FK72], [FS74], Folland used similar ideas to develop a
regularity theory for subelliptic (parabolic) equations, but with less general
assumptions on the vector �elds. To explain this further we de�ne;

De�nition 1.5. (Lie group on Rn) Let � be a given group law on Rn; and
suppose that the map

Rn �Rn 3 (x; y)! y�1 � x 2 Rn

is smooth. Then G = (Rn; �) is called a Lie group on Rn:

For � 2 Rn �xed we de�ne ��(x) := � � x, the left translation of x by
�; and we say that a vector �eld X is left invariant on G if

X(�(��(�)))(x) = (X�)(��(x));

for all test functions � 2 C1(Rn). Let g denote the set of left invariant
vector �elds on G. Then g; viewed as a vector space, together with the
commutator operation [�; �]; also known as the Lie bracket, is called the Lie
algebra of G. It is straightforward to prove that g is a Lie algebra, that is,
that the Lie bracket is bilinear, anti-commutative and satis�es the Jacobi
identity.

De�nition 1.6. (Homogeneous Lie group on Rn) Let G = (Rn; �) be a
Lie group and assume that there exists an n-tuple of real numbers � =
(�1; : : : ; �n); 1 � �1 � : : : � �n, such that the dilation ��;

��(x) := (�
�1x1; : : : ; �

�nxn); (1.6)

is an automorphism of the group for every � > 0. Then G = (Rn; �; ��) is
called a homogeneous group.

Note that it is not restrictive to assume that �1 = 1: Indeed, if the above
statement is true for some �1 > 1; then we may consider dilations ��1=�1 :
Moreover, we say that a di¤erential operatorD is ��-homogeneous of degree
r if D(�(��(�)))(x) = �r(D�)(��(x)) for every test function � 2 C1(Rn):

1Their work was originally published in Russian in 1971, this is the English translation
from 1973.
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De�nition 1.7. (Strati�ed homogeneous Lie group on Rn) Let g be the Lie
algebra of a homogeneous Lie group G = (Rn; �; ��): Let g1 be the subspace
of g of left invariant vector �elds which are ��-homogeneous of degree �1:
If g1 generates the whole of g, then G is a strati�ed homogeneous group.
Moreover, G has step �n=�1 and m = dim(g1) generators.

Now, assume that we have a set of smooth vector �elds fX1; : : : ; Xqg;
��-homogeneous of degree 1; which generates the Lie algebra g of a homo-
geneous Lie group G. Then we can �nd a basis of g by considering iterated
Lie brackets of those vector �elds. In particular, we have the following for
l = �n=�1;

g = g1�� � ��gl; where [g1; gi] = gi+1 for i 2 f1; : : : ; l�1g and [g1; gl] = 0:
(1.7)

That is, the Lie algebra admits a strati�cation. Note that this means that

��(x) = (�x
(1); : : : ; �lx(l));

where x(i) 2 Rni and n1 + : : :+ nl = n: The number

Q := n1 + 2n2 + : : :+ l nl (1.8)

is called the homogeneous dimension of G with respect to ��.

Example 1.8. (Heisenberg group) Recall the vector �elds X1 and X2 in
Example 1.3. Are these vector �elds generators of a homogeneous group?
Well, if X1; X2 induce a homogeneous Lie group (on R3), then we can
�nd dilations so that X1 and X2 are homogeneous of degree 1; while X3 =
[X1; X2] is homogeneous of degree 2. This will be the case if we de�ne

��(x1; x2; x3) = (�x1; �x2; �
2x3):

Now, �� should also be an automorphism of the group. That is, can we
�nd a group law � such that �� preserves the group structure? After some
considerations, we see that the group law de�ned by

(x1; x2; x3) � (y1; y2; y3) = (x1 + y1; x2 + y2; x3 + y3 � 2(x1y2 � x2y1))

will preserve the structure. That is, (Rn; �; ��), with � and �� de�ned as
above, is a homogeneous group, the so-called Heisenberg group H1.

It is in this setting the work of Folland [Fol75] was carried out, that
is, on homogeneous strati�ed Lie groups. Recall that the transpose Dt

of a di¤erential operator D is de�ned so that
R
(Dtu)v =

R
u(Dv) for all

test functions u; v. One of Folland�s major achievements was to prove the
following, see Theorem 2.1 in [Fol75].
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Theorem 1.9. (Homogeneous fundamental solution) Let L be a homoge-
neous di¤erential operator of degree r on G; 0 < r < Q; such that both L
and Lt are hypoelliptic. Then there exists a fundamental solution � for L
at 0. Moreover, the distribution � 2 C1(Rnnf0g) is homogeneous of degree
r �Q:

We say that a Lie algebra g, associated to a homogeneous strati�ed
Lie group G, is free if there are as few relations as possible amongst the
generators of g. That is, the only relations between the generators, and
commutators of generators, are the ones forced by anti-commutativity and
Jacobi identity. Worth mentioning is that if G(s; q) is the free Lie algebra
of q generators of step s and if bG(s; q) is any other nilpotent Lie algebra of
step s with q generators, then there exists a surjective homomorphism of
G(s; q) onto bG(s; q):
Example 1.10. (A Lie algebra which is not free) Let X1 = @x1 ; X2 =
@x2+x3@x4 and X3 = @x3�x2@x4 be vector �elds on R4. Since [X2; X3] =
�2@x4, the set of vector �elds fX1; X2; X3g satisfy Hörmander�s condition
of step 2. We de�ne the group operation � by

(x1; x2; x3; x4) � (y1; y2; y3; y4)
= (x1 + y1; x2 + y2; x3 + y3; x4 + y4 � (x2y3 � x3y2));

and by a direct calculation we �nd out that X1; X2 and X3 are left invariant
with respect to �. We de�ne dilations by ��(x) = (�x1; �x2; �x3; �2x4) and
we note that �� preserves the structure given by �. Hence, (R4; �; ��) is a
homogeneous group, and fX1; X2; X3g are generators of the corresponding
Lie algebra. However, [X1; X2] = [X1; X3] = 0; so the Lie algebra is not
free. In fact, if f is a free Lie algebra with three generators of step 2 then
dim f = 6.

We continue with some remarks on free Lie algebras. Let e1; : : : ; eq be
the generators of G(s; q). Then, for all multiindices �, we de�ne e� in terms
of Lie brackets as in (1.3). As a consequence of the Hörmander condition
and the fact that G(s; q) is free, there exists a set A of multiindices � so that
fe�g�2A is, considering G(s; q) as a vector space, a basis for G(s; q). Thus
G(s; q) can be identi�ed with RN ; where N = dim G(s; q): Next we would
like to understand whether there is a group structure on RN which allows
us to view RN as a Lie group. It turns out that the Campbell-Hausdor¤
series, X � Y = log(eXeY ) = X + Y + 1

2 [X;Y ] + : : : ; de�nes a group law
� on RN as pointed out in Section 1 in Sanchez-Calle [SC84], for more
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information see Chapter 15 in the monograph by Bon�glioli, Lanconelli
and Uguzzoni [BLU07]. In particular, we note that the sum will be �nite
since [g1; gl] = 0. What we have discovered so far is that starting with a
strati�ed homogeneous group, we have identi�ed its free Lie algebra with
RN and in the following we denote the group

�
RN ; �

�
by N(s; q). Then

N(s; q) is a simply connected Lie group associated to the Lie algebra G(s; q)
and we refer to N(s; q) as the free Lie group associated to G(s; q): Since we
started with a strati�ed homogeneous group, N(s; q) can be endowed with
a natural family of dilations �� de�ned as in (1.6) for suitable �xed integers
�1; : : : ; �N . Then G := (N(s; q); ��)) = (RN ; �; ��) is a homogeneous Lie
group, in the sense of Stein, see pages 618-622 in [Ste93], and we de�ne the
homogeneous dimension of G to be the number

Q =
NX
i=1

�i; (1.9)

analogous to (1.8). It is justi�ed to ask what we have gained through this
layout, and the conclusion is that we can identify any homogeneous group
G with q generators of step s with the group G := (RN ; �; ��): On G we
can de�ne a homogeneous norm jj � jj through the relation�

jj0jj = 0;
jjvjj = �; i¤

�����1(v)�� = 1; (1.10)

for v 2 G, where j � j denotes the standard Euclidean norm. Using this
homogeneous norm we de�ne a quasidistance by

dG(x; y) := jjy�1 � xjj: (1.11)

The term quasidistance refers to that it di¤ers from a distance in that

dG(x; y) � cd(dG(x; z) + dG(z; y));

for some positive constant cd: For dG to be a distance we would require
cd = 1: A useful property is that the Lebesgue measure in RN is the Haar
measure on G, that is the Euclidean volume of dG-balls, BdG(x; r) := fx :
jjxjj < rg satisfy

jBdG(x; r)j = rQjBdG(0; 1)j for all x 2 G, r > 0.

The next breakthrough came the following year when Rotschild and Stein in
[RS76] proved their celebrated lifting and approximation theorems, see The-
orem 4 and Theorem 5 in [RS76]. The idea is that, as demonstrated by Fol-
land, classical tools from analysis are also accessible on homogeneous strat-
i�ed groups. Hence, if we have a set of smooth vector �elds fX1; : : : ; Xqg in
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Rn, we would like to work with them on a homogeneous strati�ed group.
The lifting approximation technique provides us with a tool to achieve
this. Intuitively, given a set of smooth vector �elds X = fX1; : : : ; Xqg in
Rn which satisfy Hörmander�s condition for some positive integer s, we can
locally lift these vector �elds into a higher dimensional space RN : Here N
is dimG(s; q) and the lifted vector �elds X̂ = fX̂1; : : : ; X̂qg are free. More-
over, in a certain coordinate system, say �, we can locally approximate the
free vector �elds X̂ = fX̂1; : : : ; X̂qg so that X̂i = Yi + Ri for i = 1; : : : ; q:
The remarkable thing with this approximation is that Yi are the unique
left invariant vector �eld, homogeneous of degree 1, which agrees with @

@�i
at the origin on a homogeneous group G, and Ri are di¤erential operators
which behaves "nicely" in some sense. In many situations, we can also lift
the problem we are facing allowing us to work in a group with a lot of
structure, i.e., translations and dilations. In Paper I we use the lifting and
approximation technique to prove a priori Sp-estimates (Theorem 1.3) and
the lifting technique to prove an embedding theorem (Theorem 1.4). The
work of Rothschild and Stein have inspired numerous mathematicians, and
we mention a few of them. Folland enlightened the geometric constructions
underlying the lifting approximation technique and thereby gave an alter-
native proof in the case where one starts with homogeneous, left invariant
vector �elds that are not free in [Fol77]. Other alternative proofs have been
provided by Goodman [Goo78] and Hörmander-Melin [HM78]. Generaliza-
tions to weighted vector �elds was provided by Christ et al in [CNSW99],
and non-smooth vector �elds was considered by Bramanti, Brandolini and
Pedroni in [BBP10].

In view of the results presented it is obvious that the proper setting
is that of a non-Abelian Lie group and on this group the geometry di¤ers
from the standard Euclidean one. Hence, we need to reconsider proper
de�nitions of function spaces, i.e., analogues to Hölder spaces and Sobolev
spaces in the Euclidean setting. In case of a strati�ed homogeneous Lie
group, whose Lie algebra is free, we can work with the distance dG; de�ned
in (1.11). If we start with Hörmander vector �elds on Rn then there is
not necessarily a homogeneous structure allowing us to de�ne a distance
in a similar fashion. In that case we will use a distance called the control
distance or the Carnot-Carathéodory distance. This distance is de�ned
based on X-subunit paths.

De�nition 1.11. (X-subunit) Let X = fX1; : : : ; Xqg be a set of vector
�elds in Rn:We say that a piecewise continuous curve  : [0; T ]! Rn; T �

9



0; is X-subunit if there exist measurable functions h = (h1; : : : ; hq) such that

�
(t) =

qX
j=1

hj(t)Xj((t)) a.e. and
qX
j=1

h2j (t) � 1 a.e.

for t 2 [0; T ]:

We remark that if X = fX1; : : : ; Xqg are Hörmander vector �elds, then
by the Chow-Rashevsky connectivity theorem, see Satz A and Satz B in
[Cho40] and [Ras38], we have that for every set of two points x; y 2 Rn
there exists T � 0 and an X-subunit path  : [0; T ] ! Rn such that
(0) = x; (T ) = y: Hence, the following de�nition makes sense.

De�nition 1.12. (Carnot-Carathéodory distance). Let X = fX1; : : : ; Xqg
be a set of Hörmander vector �elds in Rn: Then, for every x; y 2 Rn we
de�ne the Carnot-Carathéodory distance dX by

dX(x; t) = inffT :  is X-subunit, (0) = x; (T ) = yg:

Remark 1.13. (Parabolic distances) The operators we consider are struc-
tured on Hörmander vector �elds, but we also have the time-derivative @t
present. The natural extension of the Carnot-Carathéodory distance to this
parabolic setting is

dp;X((x; t); (y; s)) =
�
dX(x; y)

2 + jt� sj
�1=2

;

the parabolic Carnot-Carathéodory distance. We could extend the distance
dG in (1.11) analogously by setting

dp;G((x; t); (y; s)) =
�
jjy�1 � xjj2 + jt� sj

�1=2
:

To see that dX and dp;X in fact are distances we refer to Chapter 5.2 in
[BLU07].

It is not a trivial task to explicitly �nd the Carnot-Carathéodory dis-
tance, if possible at all. However, in the case of the Heisenberg group H1,
see Example 1.3 and Example 1.8, this can be done and we refer to [Mon00],
where Monti examines properties of balls in Heisenberg groups. In Figure
1.2 we visualize balls with di¤erent radii in H1, using (2.14) in [Mon00],
and we note that di¤erent scales are used for di¤erent balls. We present
another example below, taken from page 1086 in [GN96], which illustrates
the fact that the closure of balls in Carnot-Carahtéodory spaces does not
need to be compact.

10



Figure 1.2: Visualization of balls centered at the origin in the Heisenberg
group H1. The leftmost has radii r = 0:5, the ball in the middle is the unit
sphere while the rightmost has radii r = 2: Note that di¤erent scales are
used for di¤erent values of r.

Example 1.14. (A ball whose closure is not compact) Consider on R the
C1-vector �eld X = (1 + x2)@x: The X-subunit curves are given by,

�
(t) = h(t)(1 + 2(t));

and to �nd the in�mum over all X-subunit curves is equivalent to assign-
ing h(t) = �1: Now assume that (0) = x and (T ) = y, the Carnot-
Carathéodory distance between x and y is then T: Moreover,

T = T � 0 = �1(y)� �1(x) =
Z y

x

d

ds
�1(s)ds

=

Z y

x

 
d

dt
(t)

����
t=�1(s)

!�1
ds =

Z y

x

1

1 + s2
ds = arctan(y)� arctan(x);

that is, dX(x; y) = j arctan(x)� arctan(y)j: Hence, for any radius r � �=2;
BdX (0; r) = fy 2 R :dX(0; y) < rg is R:

Now we are ready to de�ne proper function spaces. Let U be a bounded
domain in Rn+1, � 2 (0; 1]; then we say that u : U ! R is Hölder contin-
uous with exponent �, u 2 C0;�X (U); if

jjujj
C0;�X (U)

:= sup
U
juj+ sup

z;�2U
z 6=�

ju(z)� u(�)j
dp;X(z; �)�

<1:
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Further, given a positive integer k 2 Z+; � 2 (0; 1]; and a multiindex
I = (i1; : : : ; im) with 1 � ij � q; 1 � j � m, we de�ne jIj = m and we say
that u 2 Ck;�X (U) if,

jjujj
Ck;�X (U)

:=
X

jIj+h�k
jjXI@ht ujjC0;�X (U)

<1:

Moreover, we say that u 2 Ck;�X;loc(U) if u 2 Ck;�X (V ) for every compact
subset V of U: Sobolev spaces are de�ned by

SpX(U) := fu 2 L
p(U) : Xiu;XiXju; @tu 2 Lp(U) for i; j = 1; : : : ; qg;

and we de�ne

jjujjSpX(U) = jjujjLp(U)+
qX
i=1

jjXiujjLp(U)+
qX

i;j=1

jjXiXjujjLp(U)+ jj@tujjLp(U):

Above the Lp-norms are taken with respect to the standard Euclidean met-
ric, in particular, we integrate with respect to the Lebesgue measure. If
u 2 SpX(V ) for every compact subset V of U then we say that u 2 S

p
X;loc(U):

It is in this setting we carry out Paper I-III, with some slight modi�cations
in the de�nition of Hölder spaces in Paper II.

Another way to approach the Dirichlet problem, di¤erent from Theorem
1.4, is by considering non-tangentially accessible domains, NTAX domains,
in the sense of [CG98], De�nition 1, and [CGN08], De�nition 8.1. Given a
bounded open set 
 � Rn; a ball BdX (x; r) is said to be M -non-tangential
in 
, with respect to the metric dX , if

M�1r < dX(BdX (x; r); @
) < Mr:

Given x; y 2 
 a sequence of M -non-tangential balls in 
; BdX (x1; r1),
: : :,BdX (xp; rp) is called a Harnack chain of length p joining x and y if: i)
x 2 BdX (x1; r1) and y 2 BdX (xp; rp) and ii) BdX (xi; ri)\BdX (xi+1; ri+1) 6=
; for i 2 f1; : : : ; p� 1g: We explicitly remark that by de�nition, balls in a
Harnack chain have comparable radii.

De�nition 1.15. (NTAX domain) We say that a connected, bounded open
set 
 � Rn is a NTAX domain with respect to the set of vector �elds
X = fX1; : : : ; Xqg if there exist constants M; r0 > 0 such that

i) (Interior corkscrew condition) For any x0 2 @
 and r � r0 there ex-
ists a point Ar(x0) 2 
 such that M�1r < dX(Ar(x0); x0) � r and
dX(Ar(x0); @
) > M�1r:
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ii) (Exterior corkscrew condition) Rnn
 satis�es condition i):

iii) (Harnack chain condition) There exists a constant c = c(M) > 0 such
that for any " > 0 and x; y 2 
 such that dX(x; @
) > ", dX(y; @
) >
" and dX(x; y) < c"; there exists a Harnack chain joining x and y
whose length depend on c but not on ".

So far it has been implicitly understood that given a function u :
Rn ! R and a smooth vector �eld X =

Pn
i=1 ci(x)@i on R

n we let
Xu =

Pn
i=1 ci(x)@iu. Xu is called the Lie derivative of u along the vector

�eld X. Another equivalent de�nition of Lie derivatives is stated in terms
of integral curves, and we account for this through an example.

Example 1.16. (A di¤erent approach to Lie derivatives) On R4 we con-
sider the following set of vector �elds;

X1 = @x1 + x2@x3 ; X2 = @x2 ; @t:

Since [X1; X2] = �@x3 this set of vector �elds satisfy Hörmander�s condi-
tion. Consider the integral curve  of X1; which passes through (x; t) at the
origin. We note that  is de�ned through the ordinary di¤erential equation(

�
(s) = X1I((s));
(0) = (x; t):

In this particular case, this reads,

@1(s)
@s = 1; @2(s)

@s = 0; @2(s)
@s = 2(s);

@4(s)
@s = 0;

1(0) = x1; 2(0) = x2; 3(0) = x3; 4(0) = t:

Thus, (s) = (x1 + s; x2; x3 + x2s; t) and the Lie derivative of u at (x; t) is
given by

lim
s!0

d

ds
u((s)) = lim

s!0

d

ds
u(x1 + s; x2; x3 + x2s; t)

= @x1u(x; t) + x2@x3u(x; t) = X1u(x; t):

We say that u 2 C2+aX (
T ) if u 2 C0;�X (
T ) has Lie derivatives up to
order two with respect to fX1; : : : ; Xq; @tg. Here X1; : : : ; Xq are of order
one while @t are of order two, which is consistent with the de�nition of the
intrinsic functions spaces. For NTAX domains we have the following result,
which is a consequence of the de�nition and Theorem 4.1 in [Ugu07].
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Theorem 1.17. (Solvability of the Cauchy-Dirichlet problem) Let 
 � Rn
be a NTAX domain and consider the Cauchy-Dirichlet problem

Hu =
qX

i;j=1

aij(x; t)XiXju� @tu = g in 
T ; u = f on @p
T ; (1.12)

where X = fX1; : : : ; Xqg are smooth vector �elds which satisfy Hörman-
der�s condition. Moreover, assume that A = faijg is uniformly elliptic
with Hölder continuous elements with exponent � (with respect to the vec-
tor �elds X). Then, given f 2 C(@p
T ) and g 2 C0;�X (
T ), 0 < � � �;

there exists a unique solution u 2 C2+�X (
T ) \ C(
T [ @p
T ) to (1.12).

Moreover, if 
T is a NTAX domain, then for every (x; t) 2 
T there
exists, by Riesz�representation theorem (although not immediate), a unique
probability measure ! = !(x;t) with support in @p
T such that

u(x; t) =

Z
@p
T

f(y; s)d!(x;t)(y; s):

We will refer to !(x;t) as the H-parabolic measure relative to (x; t) and 
T .
Paper III is carried out in this setting.

1.2 Obstacle problems

To introduce the obstacle problem we will give a simple, yet illustrative
example. Consider an elastic string whose endpoints are held �xed. If
tightened it will be a line segment. Now, assume that beneath the line we
have a rigid object, say a metal wire. As we push the wire upwards the
shape of the elastic string will change, see Figure 1.3. Mathematically we
can formulate this as: we have a string whose vertical position is given by
u(x), where x is the horizontal position, for, say x 2 [0; 1]: The endpoints
are �xed so u(0) = a; u(1) = b for some �xed a; b 2 R. The wire, or
obstacle, is given by ' : [0; 1] ! R and must satisfy '(0) � a; '(1) � b:
The obstacle problem then reads: how do we �nd u? Firstly, u will minimize
the tension energy, which will be proportional to the length of the string.
That is, we should try to minimize

L =

Z 1

0

p
1 + ju0(x)j2dx;
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Figure 1.3: A rigid obstacle is pushed upwards a¤ecting the appearance of
an elastic string whose endpoints are held �xed.

with the limitation that u(x) � '(x): In the one-dimensional case this is
equivalent to minimizing

I(u) :=

Z 1

0
ju0(x)j2dx:

From methods in calculus of variations, see for instance Chapter 1 in the
monograph by Friedman [Fri11], it is known that u00(x) = 0 whenever u > '
and that u00(x) � 0 everywhere. The problem can thus be formulated as to
�nd the solution u to the following non-linear partial di¤erential equation

�
maxfu00; '� ug = 0 for x 2 (0; 1);
u(0) = a; u(1) = b:

This example account for two di¤erent views of obstacle problems, either as
minimization problems or as non-linear partial di¤erential equations. Our
viewpoint will be the latter one, and the type of problems we consider are

�
maxfHu� f; '� ug = 0 in 
T ;
u = g on @p
T :

(1.13)

Above, H is the operator in (1.2), that is H is a subelliptic parabolic oper-
ator, and 
T = 
� (0; T ) is a bounded domain in Rn+1. In this particular
setting we are not aware of any results other than Paper I and Paper II in
this thesis, where we examine basic properties of solutions, i.e., existence
and regularity.
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1.3 Kolmogorov equations

The prototype example of an operator of Kolmogorov type is the following
one in R2n+1;

nX
j=1

@2

@x2j
+

2nX
j=n+1

xj�n
@

@xj
� @t:

This operator was introduced by Kolmogorov in [Kol34] and describes the
density of a system with 2n degrees of freedom. The �rst n variables
(x1; : : : ; xn) represents the velocity of the system while the following n
variables (xn+1; : : : ; x2n) represents the position. In Paper IV we study
general Kolmogorov equations, in particular, we study operators

L = 1

2

qX
i;j=1

aij(x; t)
@2

@xi@xj
+

qX
i=1

bi(x; t)
@

@xi
+

nX
i=1

cijxi
@

@xj
+ @t: (1.14)

We assume that A = faijgqi;j=1 is uniformly elliptic, that is, we assume that
there exists a constant � 2 [1;1) such that

��1j�j2 �
qX

i;j=1

aij(x; t)�i�j � �j�j2;

for all (x; t) 2 Rn+1, � 2 Rq. This means that there exists a unique q � q-
matrix A = faijgqi;j=1 such that A A = A: For a moment, assume that
bi � 0 for i = 1; : : : ; q; and freeze the operator at (x0; t0) 2 Rn+1;

L(x0;t0) =
1

2

qX
i;j=1

aij(x0; t0)
@2

@xi@xj
+

nX
i=1

cijxi
@

@xj
+ @t:

Then we can de�ne new vector �elds

X0 =

nX
i=1

cijxi
@

@xj
+ @t;

Xi =
1p
2

qX
j=1

aij(x0; t0)
@

@xj
for i 2 f1; : : : ; qg; (1.15)

and rewrite L(x0;t0) in terms of these as,

L(x0;t0)=
qX
i=1

X2
i +X0:
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Therefore, a natural assumption is that the Lie algebra generated by the
vector �elds fX1; : : : ; Xq; X0g span Rn+1 for every �xed (x0; t0) 2 Rn+1; or
equivalently, that fX1; : : : ; Xq; X0g are Hörmander vector �elds. Theorem
1.2 then assures that L is hypoelliptic. In the case of Kolmogorov equations
there is another condition, equivalent to Hörmander�s condition, namely,
we assume that the matrix C = fcijgqi;j=1 has the following block structure0BBBBB@

� C1 0 � � � 0
� � C2 � � � 0
...

...
...

. . .
...

� � � � � � Cl
� � � � � � �

1CCCCCA
where Cj ; j = 1; : : : ; q; is a qj�1 � qj-matrix of rank qj , q0 � q1 � : : : �
ql � 1; and q0+ q1+ : : :+ ql = n; while � represents arbitrary matrices with
constant entries. The equivalence of these two assumptions are proved in
[LP94], Proposition A1. On Rn+1 we can de�ne a group law � by

(x; t) � (y; s) = (y + E(s)x; t+ s); E(s) = exp(�sCT ):

Moreover, based on the block structure of C; we can de�ne dilations

��(x; t) = (�x
(1); �3x(2); : : : ; �2l+1x(l); �2t);

where x(i) 2 Rqi for i = 1; : : : ; l. That is, the induced structure is that of
a strati�ed, homogeneous group. Although not obvious at �rst, there are a
lot of similarities between the operators (1.2) and (1.14).

1.3.1 Stochastic di¤erential equations

Let L be a Kolmogorov operator and consider the backward in time Cauchy
problem�

Lu(x; t) = 0 whenever (x; t) 2 Rn � (0; T );
u(x; T ) = g(x) whenever x 2 Rn: (1.16)

Although this is a deterministic partial di¤erential equation we may pose
the problem as to determine the conditional expected value of a stochastic
process X(t) by using the formula of Feynman-Kac, see for instance Sub-
section 4.4.4 in the monograph [KS88]. We will now give a brief background
to this link between partial di¤erential equations and stochastic di¤erential
equations. For this matter, let (
;F ; P ) be a probability space, where 
 is
the space of outcomes, F is the �-algebra of events in 
 and P : 
! [0; 1]
is a probability measure.
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De�nition 1.18. (Wiener process) A stochastic process W (t) = W (t; !);
W : R+ � 
 ! R, is a one-dimensional Wiener process if the following
hold:

i) W (0) = 0 almost surely,

ii) W has independent increments; W (t2)�W (t1) and W (s2)�W (s1) are
independent for 0 � s1 < s2 � t1 < t2,

iii) Increments are normally distributed; W (t) �W (s) 2 N(0; t � s) for
0 � s � t:

Moreover, W (t) = (W1(t); : : : ;Wm(t)) is an m-dimensional Wiener process
if W (t) is a vector of m independent one-dimensional Wiener processes
Wi(t), i = 1; : : : ;m.

A �ltration is an increasing family of �-algebras and we let fFtgt�0
denote the natural �ltration associated with the random variables fW (s) :
0 � s � tg:We say that a stochastic processX(t) is adapted to the �ltration
fFtgt�0 if X(t) is Ft-measurable for all t � 0. Intuitively this means that
if we know W (s) for all s 2 [0; t] and if we can determine X(t) by using
this information, then X(t) is Ft-measurable.

De�nition 1.19. (Itô integral) Let 0 = t0 < t1 < : : : < tn = T be a
partition of [0; T ] and let �ti = ti+1 � ti. The Itô integral of a stochastic
process f(t; !) : R+ � 
 ! R; adapted to the �ltration fFtgt�0; is de�ned
by Z T

0
f(t; !)dW (s; !) := lim

n!1

n�1X
i=0

f(ti; !) (W (ti+1; !)�W (ti; !))

where the limit is taken over partitions such that max�ti ! 0, provided
that the limit exists.

We emphasize that it takes a lot of e¤ort to extend the ordinary Rie-
mann integral to the stochastic setting since the paths of W has in�nite
variation. Moreover, unlike the deterministic case, the choice of sample
points f(t�i ; !), t

�
i 2 [ti; ti+1]; will a¤ect the result. We obtain the Itô inte-

gral when we choose the left endpoint ti. A useful notational convention is
to write

dX(t) = �(X(t); t)dt+ �(X(t); t)dW (t); (1.17)
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meaning that

X(t)�X(0) =
Z t

0
�(X(s); s)ds+

Z t

0
�(X(s); s)dW (s):

The �rst integral is an ordinary Lebesgue integral for each ! 2 
; while the
second one is an Itô integral. If properly de�ned, then X(t) is called an Itô
process, or a solution to the stochastic di¤erential equation (1.17). We have
the following results concerning existence and uniqueness for stochastic
di¤erential equations, see Theorem 5.2.1 in [Øks00].

Theorem 1.20. (Solvability of stochastic di¤erential equations) Let T > 0
and let � and � be measurable functions satisfying the following growth
estimates

j�(x; t)j+ j�(x; t)j � C(1 + jxj);
j�(x; t)� �(y; t)j+ j�(x; t)� �(y; t)j � Cjx� yj;

for all t 2 [0; T ]; x; y 2 Rn and for some positive constant C: Then, the
stochastic di¤erential equation (1.17) has a unique strong solution X(t)
which is adapted to Ft and

E

�Z T

0
jX(s)j2ds

�
<1:

The term strong solution means that if we have found a solution X(t)
to (1.17) given a particular Wiener process, then, should we change the
Wiener process and solve (1.17) again, we would obtain the same expression
for X(t), but in terms of the new Wiener process. Now, let � be an n� q
matrix such that (���)ij = aij for i; j = 1; : : : ; q, and let

�i(x; s) := bi(x; s) +

qX
j=1

cijxi;

for i = 1; : : : ; n. Above it is implicitly understood that bi � 0 for i =
q + 1; : : : ; n and that �ij � 0 for i = q + 1; : : : ; n: Assume that �i and
�ij satisfy the assumptions in Theorem 1.20 and de�ne the n-dimensional
process X(t) by

Xi(t) = Xi(0) +

Z t

0
�i(X(s); s)ds+

qX
j=1

Z t

0
�ij(X(s); s)dWj(s); (1.18)
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whereW (s) = (W1(s); : : : ;Wq(s)) is a q-dimensional Wiener process. Then
we have the following result, see for instance Theorem 8.2.1 in [Øks00] or
Theorem 4.2 in Chapter 4 of [KS88].

Theorem 1.21. (Feynman-Kac) Assume that g 2 C2(Rn) and let

u(x; t) = E[g(X(T )) j X(t) = x]; (1.19)

where X(t) is de�ned as in (1.18). Then u(x; t) is the unique C2;1(Rn �
(0; T )) solution to the backward in time Cauchy problem in (1.16).

In fact, the Feynman-Kac formula is more general, but this version
will be su¢ cient for us. Many practical problems can be formulated as
a Kolmogorov backward in time Cauchy problem, or equivalently, as the
problem of determining conditional expectations. In Paper IV we focus on
problems arising in option pricing theory and in particular we investigate
how to approximate (1.19) with a prescribed accuracy. We conclude this
section with an example of a problem which can be posed as a Kolmogorov
backward in time Cauchy problem.

Example 1.22. (European Asian options in Black-Scholes model). The
simplest example of an option is the European call option. This contract
gives the holder the right, but not the obligation, to buy the underlying
asset at a pre-speci�ed price K, the so-called strike price, at a pre-speci�ed
time T , the maturity. Assuming that prices of the underlying asset evolves
according to a stochastic process S(t), the price of the option is given by

Price = e�rTE[max(S(T )�K; 0)];

where E is the expectation under the so-called risk neutral probability and r
is the �xed interest rate. The function, max(S(T )�K; 0), which describes
the outcome for the holder of the contract, is usually referred to as the pay-
o¤ function of the contract. This function indicates that if the underlying
asset is cheaper to buy on the market, the contract is worthless. On the
contrary, if the underlier is worth more than the strike price K, then the
holder can buy the asset at a cost of K and sell the same asset for S(T )
resulting in a pro�t of S(T )�K: A European Asian call option has pay-o¤
function

max

�
1

T

Z T

0
S(t)dt�K; 0

�
:
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In Black-Scholes model it is assumed that

dS(t) = �S(t)dt+ �S(t)dW (t);

or equivalently, S(t) = exp
��
�� �2=2

�
t+ �W (t)

�
. Now, de�ne,

A(t) =
1

t

Z t

0
S(t)dt;

then the price P of the contract satis�es

1

2
�2S2PSS + rSPS +

1

t
(S �A)PA � rP + Pt = 0;

which is a Kolmogorov equation. In one dimension we can still solve this
problem by means of elliptic parabolic equations, after a change of variables.
In higher dimensions no such approach is known.

Worth to be mentioned is that in Paper IV we also use Malliavin calcu-
lus. This is an extension of Itô calculus, which we have brie�y introduced.
In fact, Malliavin calculus was originally developed in [Mal78] to provide
a probabilistic proof of Hörmander�s sum of squares theorem, see Theorem
1.2.
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Chapter 2

Summary of the appended
papers

In this chapter we will present the four appended papers and state the main
results. We will also explain the ideas behind the proofs. The notation used
here might di¤er from the notation used in the appended papers and the
reason is that we choose to be consistent with the introduction.

2.1 Paper I. The obstacle problem for parabolic
non-divergence form operators of Hörmander
type

In this paper we consider the obstacle problem on a bounded domain 
T =

� (0; T ) 2 Rn+1; n � 3;�

maxfHu� u� f; '� ug = 0 in 
T ;
u = g on @p
T :

(2.1)

We assume that the operator H is a subelliptic parabolic operator, that is,

H =

qX
i;j=1

aij(x; t)XiXj +

qX
i=1

bi(x; t)Xi � @t; (2.2)

where (X1; : : : ; Xq); Xi =
Pn
j=1 cij(x)@xj , is a set of smooth vector �elds in

Rn with q < n: Let C(x) denote the q � n-matrix fcij(x)g. In particular,
we impose the following:
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(H1) The smooth vector �elds fX1; : : : ; Xqg satisfy Hörmander�s condi-
tion.

(H2) The matrix A = faijg is real symmetric with bounded and measur-
able entries and there exists � 2 [1;1) such that

��1j�j2 �
qX

i;j=1

aij(x; t)�i�j � �j�j2; whenever (x; t) 2 Rn+1; � 2 Rq:

(H3) The coe¢ cients aij and bi are measurable, bounded and, in addition,
aij , bi 2 C0;�X;loc(Rn+1) for some constant � 2 (0; 1].

(H4) There exists a neighborhood e
 of 
 such that; for all points & 2 @

there exists an exterior normal v to 
 relative e
 such that C(&)v 6= 0:

(H5) The obstacle ' is Lipschitz continuous on 
T and there exists a
constant c > 0 such that

qX
i;j=1

�i�j

Z

T

XiXj (z)'(z)dz � cj�j2
Z

T

 (z)dz;

for all � 2 Rq and for all positive test functions  2 C10 (
T ):

The assumption (H1)-(H3) assure that the di¤erential operator is hy-
poelliptic while (H4)-(H5) enable us to use Bony�s maximum principle
and to construct barriers. We have the following main result on existence
of solutions. Recall that we say that u is a strong solution to the obstacle
problem (2.1) if u 2 C(
T ) \ S1X;loc(
T ) satisfy the di¤erential equation
(2.1) almost everywhere in 
T and the boundary datum is attained at all
points of @p
T :

Theorem 2.1. (Existence of solutions) Consider the obstacle problem (2.1)
and assume that H is as in (2.2). Assume that conditions (H1)-(H5) are
ful�lled. Let ; '; f; g : 
T ! R be continuous and bounded functions such
that g � ' on 
T : Then there exists a unique strong solution to the obstacle
problem. Furthermore, given p; 1 � p < 1; and an open subset U �� 
T
there exists a positive constant c = c(H; U;
T ; p; ; '; f; g) such that

jjujjSpX(U) � c:

Moreover, the constant c only depend on ; '; f and g through their L1-
norm on 
T :
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The proof of Theorem 2.1, see also Theorem 1.1 in Paper I, is based
on the classical penalization technique and in order to complete the proof
we establish the following results, which correspond to Theorem 1.3-1.4 in
Paper I.

Theorem 2.2. (A priori Sp interior estimates) Assume that H is as in
(2.2) and that conditions (H1)-(H3) are ful�lled. Let U be a compact
subset of 
T and let 1 � p < 1: Then there exists a positive constant
c = c(H; U;
T ; p) such that

jjujjSpX(U) � c
�
jjujjLpX(
T ) + jjHujjLpX(
T )

�
;

whenever u 2 SpX(
T ):
Theorem 2.3. (Embedding theorem) Assume that H is as in (2.2) and
that conditions (H1)-(H3) are ful�lled. Let U be a compact subset of 
T
and let Q be the homogeneous dimension of the free Lie group associated
to X = fX1; : : : ; Xqg: For p 2 (Q + 2; 2(Q + 2)) let � = (p � (Q + 2))=p:
Then, there exists a constant c = c(H; U;
T ; p) such that

jjujj
C1;�X (U)

� cjjujjSpX(
T )

for every u 2 SpX(
T ):
In fact, both the a priori Sp interior estimate as well as the embedding

theorem were missing in the literature and a substantial part of Paper I is
devoted to the proof of these two theorems. In addition, we use Schauder
estimates, that is we use that we can estimate the C2;�X -norm of u by using
the L1-norm of u and the C0;�X -norm of Hu. This is a non-trivial result by
Bramanti and Brandolini, see Theorem 1.1 in [BB07]. We will now account
for the idea behind the proof of Theorem 2.1. Consider a family (�")"2(0;1)
of smooth functions with the property that for �xed " 2 (0; 1) �" is an
increasing function such that

�"(0) = 0; �"(s) � ", whenever s > 0;

and such that
lim
"!0

�"(s) = �1; whenever s < 0:

Now we can use molli�ers to obtain regularized versions of the coe¢ cients
of H and we obtain a di¤erential operator H� with smooth coe¢ cients.
Then we consider the penalized problem�

H�u";� + �u";� = f � � �"(u";� � '�); in 
T ;
u";� = g� on @p
T :

(2.3)
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Above, u";� indicates that the solution will depend both on the molli�ca-
tion, through �, and on the penalization function �". As a �rst step we
prove that there exists a classical solution u";� 2 C2;�X (
T ) \ C(
T ) to the
penalized problem (2.3) which satisfy certain growth estimates. To do this
we use a monotone iterative method and consider solutions uj";� to a linear
Dirichlet problem. In particular, by Bony�s results, there exists a classi-
cal solution uj";� 2 C1(
T ) to the linearized problem: Then we show that
fuj";�g1j=1 is a decreasing sequence and to do this we use the maximum prin-
ciple. By an application of the Schauder estimate we �nd that fuj";�g1j=1
has a convergent subsequence and by a barrier argument we �nally prove
that there exists a classical solution u";� to (2.3), namely the limit of the
convergent subsequence.

Next step is to prove that, as "; � ! 0; the function u";� ! u and
u is a strong solution to the obstacle problem. We begin to prove that
there exist constants c1 and c2; independent of both " and �; such that
�"(u";� � '�), appearing in (2.3) is bounded from above and below. The
boundedness from above follows by de�nition and to prove boundedness
from below we use the maximum principle once again. However, we are
only able to establish quite weak bounds on u, if we want the bounds to be
independent of both " and �. To prove that u";� ! u in SpX;loc we use the
a priori Sp interior estimate and by the embedding theorem this also holds
in C1;�X;loc. Using this information we can deduce that u is in fact a strong
solution to the obstacle problem.

To prove the embedding theorem we lift the problem, using the lifting
theorem of Rothschild and Stein. The reason is that we need a uniform
bound on the Euclidean volume of Carnot-Carathéodory balls. Then we
represent u and Xiu by means of an integral involving the fundamental
solution and the di¤erential operator. By establishing bounds on the fun-
damental solution and by dividing the integral into sums of integrals over
certain Carnot-Carathéodory balls we complete the proof in the lifted set-
ting. However, this carries over directly to the original problem by results
of Bramanti and Brandolini in [BB07], Proposition 8.3.

The proof of the a priori Sp interior estimates heavily relies on the lift-
ing approximation technique. Locally we lift, approximate and freeze the
original Hörmander vector �elds. The corresponing operator is then left in-
variant and homogeneous of degree two allowing us to use results of Folland,
[Fol75]. In this setting we develop certain local approximation results, in
particular, we develop an operator type calculus. This is used to construct
a parametrix, which in turn is used to derive Lp estimates in the lifted
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setting. Getting back to the original vetor �elds is then straightforward.

2.2 Paper II. Regularity in the obstacle problem
for parabolic non-divergence operators of Hör-
mander type

This paper, which is a continuation of the study carried out in Paper I,
examines regularity properties of solutions to the obstacle problem. Results
on regularity in the interior of the domain as well as near the initial state
are established. However, we are unable to carry out the study for the
wider class of operators considered in Paper I and we restrict ourselves by
imposing a stronger version of condition (H1), namely;

(H1�) The smooth vector �elds X = fX1; : : : ; Xqg satisfy Hörmander�s
condition and there exists a homogeneous Lie group G = (Rn; �; ��)
such that X = fX1; : : : ; Xqg Lie generates G: Moreover, we assume
that X = fX1; : : : ; Xqg are left invariant and homogeneous of degree
one on G.

Below we will discuss the necessity of this restriction. In addition, we also
assume that  = 0 in (2.1). The main result is that for smooth as well
as non-smooth obstacles the solution is, up to S1X -smoothness, as smooth
as the obstacle, ', in the interior of the domain. Near, and up to, the
initial state the smoothness of the solution will in addition depend on the
smoothness of the boundary data, g. In particular, we prove the following
theorems which correspond to Theorem 1.1 and Theorem 1.2 in Paper III
respectively.

Theorem 2.4. (Interior regularity) Let H be de�ned as in (2.2) and as-
sume (H1�), (H2)-(H3), let 
; 
0 be bounded domains in Rn such that

0 �� 
 and let 0 < T 00 < T 0 < T . Set 
T = 
�(0; T ), 
0T = 
0�(T 00; T 0).
Let g; f; ' : 
T ! Rn+1 be such that g � ' on 
T and assume that g; f; '
are continuous and bounded on 
T . Let � 2 (0; 1) and let u be a strong
solution to problem (2.1) in 
T . Then the following holds:

i) if ' 2 C0;�X (
T ) then u 2 C0;�X (
0 � (T 00; T 0)) and

kuk
C0;�X (
0T )

� c
�
�;
T ;


0
T ;H,kfkC0;�X (
T )

; kgkL1(
T ); k'kC0;�X (
T )

�
;
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ii) if ' 2 C1;�X (
T ) then u 2 C1;�X (
0 � (T 00; T 0)) and

kuk
C1;�X (
0T )

� c
�
�;
T ;


0
T ;H; kfkC0;�X (
T )

; kgkL1(
T ); k'kC1;�X (
T )

�
;

iii) if ' 2 C2;�X (
T ) then u 2 S1X (
0 � (T 00; T 0)) and

kukS1X (
0T ) � c
�
�;
T ;


0
T ;H; kfkC0;�X (
T )

; kgkL1(
T ); k'kC2;�X (
T )

�
:

Theorem 2.5. (Regularity up to the initial state) Under the same assump-
tions as in Theorem 2.4, but for 
T = 
 � (0; T ); 
0T = 
0 � (0; T 0), the
following holds:

i) if g; ' 2 C0;�X (
T ) then u 2 C0;�X (
0T ) and

kuk
C0;�X (
0T )

� c
�
�;
T ;


0
T ;H; kfkC0;�X (
T )

; kgk
C0;�X (
T )

; k'k
C0;�X (
T )

�
;

ii) if g; ' 2 C1;�X (
T ) then u 2 C1;�X (
0T ) and

kuk
C1;�X (
0T )

� c
�
�;
T ;


0
T ;H; kfkC0;�X (
T )

; kgk
C1;�X (
T )

; k'k
C1;�X (
T )

�
;

iii) if g; ' 2 C2;�X (
T ) then u 2 S1X (
0T ) and

kukS1X (
0T ) � c
�
�;
T ;


0
T ;H; kfkC0;�X (
T )

; kgk
C2;�X (
T )

; k'k
C2;�X (
T )

�
:

The proofs rely on "blow-up" arguments and polynomial approxima-
tions and we will shortly account for the proof of Theorem 2.4. The core
of the argument uses the function

S�k (u) = sup
C�
2�k(0;0)

juj;

wherethe supremum is taken over the cylinder C�r (0; 0) = Bd(0; r)�(�r2; 0)
for r = 2�k. Then, depending on the regularity of the obstacle ' we
consider functions F and exponents ;

(i) F = P
(0;0)
0 ';  = �;

(ii) F = P
(0;0)
1 ';  = 1 + �;

(iii) F = ';  = 2;
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where � 2 (0; 1) is the Hölder exponent of ': Moreover, P (0;0)0 ' and P (0;0)1 '
are certain intrinsic Taylor polynomials of '. The major step in proving
Theorem 2.4 is to prove that

S�k+1(u� F ) � max
�
c2�(k+1) ;

S�k (u� F )
2

; : : : ;
S�0 (u� F )
2(k+1)

�
: (2.4)

Indeed, if (2.4) holds, then, by an iterative argument, S�k (u� F ) � c=2k :
This means that if u(0; 0) = '(0; 0), then

sup
C�r

ju� 'j � cr ; r 2 (0; 1): (2.5)

That is, u cannot di¤er largely from ' on small cylinders. In fact, we
can also prove that the same holds true when the supremum is taken over
cylinders Cr = Bd(0; r) � (�r2; r2): To prove this we argue by contra-
diction, in particular, we assume that for every j 2 N there exist func-
tions (uj ; fj ; gj ; 'j); which belong to a certain function class, such that
uj(0; 0) = 'j(0; 0) while the analogue of (2.4) does not hold for some in-
teger k = kj . Let (xj ; tj) be a point in C�2�k(0; 0) where S

�
kj
(u) attains its

maximum. Then we blow up functions, vector �elds and operators near
the point (xj ; tj). Using the regularity assumptions on fj ; gj and 'j we de-
�ne functions vj and evj ; which bound u from below and above respectively.
Moreover, the functions vj and evj are de�ned as solutions to certain Dirich-
let problems, and hence, solvability of the Dirichlet problem is important
ingredient of the proof. The contradiction consists in proving that the blow-
up version of uj(0; 0) is not equal to the blow-up version of 'j(0; 0). This
task is completed using vj and evj : The �nal proof of Theorem 2.4, when
we have established (2.4), has to be divided into several cases depending
both on the regularity of the obstacle ' and on geometrical aspects. By
geometrical aspects we mean that we have to take into account how far
apart the points in the de�nition of Hölder regularity are. Using some
technical lemmas, results for solutions to the Dirichlet problem, maximum
and comparison principles and the estimate in (2.5) the proof is completed.
Finally, we remark that condition (H1�) is used extensively in the proof; it
is used to approximate functions with polynomials of a certain degree, to
construct blow-ups and to dilate points. Also, it is not clear whether Hölder
estimates can be carried through the approximation theorem of Rotschild
and Stein, and we are therefore unable to use that machinery at the present
time.
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2.3 Paper III. Non-divergence form parabolic equa-
tions associated with non-commuting vector
�elds: Boundary behavior of nonnegative so-
lutions

We divide the parabolic boundary so that @p
T = ST [ (
� ft = 0g),
with ST = @p
 � (0; T ) denoting the lateral boundary. Moreover, we let
Ar(x0; t0) = (Ar(x0); t0); withAr(x0) as in the de�nition of NTAX domains,
and we de�ne cylinders Cr(x; t) = BdX (x; r)� (t� r2; t+ r2). In this paper
we consider nonnegative solutions to

Hu =
qX

i;j=1

aij(x; t)XiXju� @tu = 0; (x; t) 2 Rn �R+;

on bounded cylinders 
T = 
 � (0; T ); for some bounded domain 
 and
for some T > 0. Throughout this section we assume that 
T is a NTAX
domain with parameters M and r0 and that the set of vector �elds X =
fX1; : : : ; Xqg satisfy condition (H1)-(H3), see Section 2.1. We will now
present our main results, Theorem 1.1-1.3 in Paper III, In Figure 2.1 we
include a schematic picture of the situation in Theorem 2.6.

Theorem 2.6. (Backward Harnack inequality) Let u be a nonnegative so-
lution of Hu = 0 in 
T with the additional property that u = 0 on ST : Let
� ; 0 < � �

p
T be a �xed constant, let (x0; t0) 2 ST be such that �2 � t0 �

T � �2; and assume that r < minfr0=2; 12
p
(T � �2 � t0; 12

p
t0 � �2g: Then

there exists a constant c = c(H;M; r0; diam(
); T; �) 2 [1;1); such that
for every (x; t) 2 Cr=4(x0; t0) \ 
T

u(x; t) � cu(Ar(x0; t0)):

Theorem 2.7. (Boundary Hölder continuity of quotients of solutions) Let
u and v be two nonnegative solutions of Hu = 0 in 
T : Given (x0; t0) 2 ST ;
assume that r < minfr0=2; 12

p
T � �2 � t0; 12

p
t0 � �2g. If u = v = 0 on

ST \ C2r(x0; t0) then the quotient u=v is Hölder continuous on the closure
of 
T \ (Cr(x0; t0) \ ft < t0g) :

Theorem 2.8. (Doubling property of the H-parabolic measure) Let K �
100 and � 2 (0; 1) be �xed constants. Let (x0; t0) 2 ST and assume that
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Figure 2.1: This schematic picture represents the situation in the backward
Harnack inequality. Given a point (x0; t0) on the lateral boundary, the
value of u at any point in the cylinder Cr=4(x0; t0); which also belong to

T ; can be bounded from above in terms of the value of u at a certain point
Ar(x0; t0):

r < minfr0=2; 12
p
T � �2 � t0; 12

p
t0 � �2g: Then there exists a constant c =

c(H;M; r0;K; �) 2 [1;1); such that for every (x; t) 2 
T ; with dX(x0; x) �
Kjt� t0j1=2 and t� t0 � 16r2; we have that

!(x;t)(ST \ C2r(x0; t0)) � c!(x;t)(ST \ Cr(x0; t0)):

The corresponding theorems in the case of uniformly parabolic equa-
tions have been proved by Fabes, Safonov and Yuan in [FSY99] and [SY99].
In that case the corresponding statements were proved for faijg being only
bounded and measurable. We restrict ourselves to Hölder continuity since
estimates on the fundamental solution, Harnack inequalities and so forth are
unavailable at present time for faijg being only measurable and bounded.
Instead we rely on the results presented in [BBLU09]. The proofs make
use of several technical lemmas, and to �nally conclude the proof numerous
steps are taken, which makes it a di¢ cult task to simplify. Instead we settle
by commenting on the results we use. First of all we make extensive use
of i)� iii) in the de�nition of NTAX domains, see De�nition 1.15. The
Harnack inequality, strong maximum principle, solvability of the Dirichlet
problem and, as mentioned above, estimates on the fundamental solution
are used repeatedly. At many instances we use iterative arguments.
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2.4 Paper IV. Adaptive stochastic weak approx-
imation of degenerate parabolic equations of
Kolmogorov type

We consider the problem of pricing European options assuming the model
proposed by Hobson and Rogers in [HR98]. This problem could be stated as
a backward in time Kolmogorov equation with Cauchy data as in (1.16), but
we choose to approach the problem using stochastic di¤erential equations
and Malliavin calculus. That is, we assume that

Xi(t) = Xi(0) +

Z t

0
�i(X(s); s)ds+

qX
j=1

Z t

0
�ij(X(s); s)dWj(s); (2.6)

for i 2 f1; : : : ; ng; and for X(t) = (X 1(t); : : : ; Xn(t))
T we wish to approxi-

mate
u(x; t) = E[g(X(T ) j X(t)]; (2.7)

with a prescribed accuracy. For notation, we refer to Subsection 1.3.1. We
assume that u(x; t) satisfy a Kolmogorov equation according to Section 1.3,
that �i; �ij 2 C1b (Rn �R+) and that g 2 C1p (Rn). We will use an Euler
scheme to approximate (2.7), that is, for a given T we let ftkgNk=1 be a
partition of the interval [0; T ]; 0 = t0 < t1 < : : : < tN = T; and we set
�tk = tk+1 � tk and �Wk =W (tk+1)�W (tk). Then we de�ne X�(t) by

X�(tk+1) = X�(tk) + �(X
�(tk); tk)�tk +

qX
j=1

�j(X
�(tk); tk)�Wj(tk);

where � = (�1; : : : ; �n)
T and �j = (�1j ; : : : ; �nj)

T : X�(tk+1) is referred
to as the discrete Euler approximation of X(t). Moreover, we de�ne the
continuous Euler approximation in terms of �(t) = supfti : ti < tg, which
is de�ned relative a certain discretization, by

X�(t) = X�(�(t)) +

Z t

�(t)
�(X�(�(s)); s)ds

+

qX
j=1

Z t

�(t)
�j(X

�(�(s)); s)dWj(s):

The continuous Euler approximation will only be used for theoretical pur-
poses, while the discrete Euler approximation will be used in actual com-
putations. In particular, we approximate

u(x; tk) � u�(x; tk) := E[X�(T ) j X�(tk) = x];
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for k 2 f0; : : : ; N � 1g: The standard method to approximate u�(x) =
u�(x; 0) is to use a Monte Carlo routine,

u�(x) � u�;M (x) =
1

M

MX
l=1

g(X�(T; !l)):

Above f!lgMl=1 represent M independent realizations of the discrete Euler
scheme. The error in this realization can be split in two parts, which we
treat di¤erently, namely

u(x) = u(x; 0) = u�;M (x) + u(x)� u�(x)| {z }
E�d (x)

+ u�(x)� u�;M| {z }
E�;Ms (x)

:

The �rst part, E�d (x); is the discretization error while the second part,
E�;Ms (x); is the statistical error. The statistical error can be estimated by
means of the central limit theorem and the Berry-Esséen theorem, and this
estimate is valid with a certain probability, to be chosen in the algorithm
presented in Paper IV. The discretization error is expanded in a computable
a posteriori form in Theorem 3.2 in Paper IV and the proof is divided into
�ve steps. First we use Itô�s lemma to represent the discretization error in
terms of Itô integrals. Then we use Itô�s lemma once again together with
assumptions on smoothness and boundedness on �i; �ij and g to be able
to represent the error as a sum, not involving integrals. The next step is to
prove that the derivatives of u, which is part of terms in the sum, can be
approximated using derivatives of u�. To do this we use Malliavin calculus.
Thereafter we replace derivatives of u� with certain dual functions, that
is, Malliavin derivatives of certain functions. Along the way we control the
error introduced and this lead us to a computable a posteriori expression
for the discretization error.

Such algorithms have been available in the uniformly parabolic setting
in [STZ01]. Our approach is therefore more general when it comes to which
underlying partial di¤erential equations that can be treated, but at a cost
of smoothness conditions on �i;�ij and g. However, in option pricing, few
pay-o¤s are smooth and to overcome this we used a regularized version of g.
In order to fasten computations, various variance reduction techniques can
be used, note however that using Quasi Monte Carlo is not one of them.
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2.5 Future research

There are still numerous open questions I would like to study and I will
give an account for a few of them. For instance, I believe that it is possible
to prove existence results for the obstacle problem if we replace @t with the
more general termX0. In that case we should assume that fX0; X1; : : : ; Xqg
Lie generates Rn+1: The bene�t would be that a lot of real life problems
can be described in this setting. Another question which arose when work-
ing with both Paper I and Paper II is whether or not we can carry Ck;�X -
estimates through the lifting approximation machinery. I have no educated
guess on this issue, although a partially a¢ rmative answer is provided in
[BB07]. Moreover, a natural continuation is to pursue towards free bound-
ary problems. To explain this further we de�ne the sets

E = f(x; t) 2 
T : u(x; t) = '(x; t)g;
C = f(x; t) 2 
T : u(x; t) > '(x; t)g:

The boundary of E , which we denote F , is called the associated free bound-
ary and I would like to study the behavior of F . Finally, when more is
known about obstacle problems in this setting I would like to construct
numerical schemes to solve such problems. A starting point would be to
construct an adaptive method for estimating the expected value of the
supremum of a stochastic process.

33



References

[BB07] M. Bramanti, L. Brandolini, Schauder estimates for parabolic
nondivergence operators of Hörmander type, J. Di¤erential
Equations 234 (2007), 177-245.

[BBP10] M. Bramanti, L. Brandolini, M. Pedroni, On the lifting and
approximation theorem for nonsmooth vector �elds, to appear in
Indiana University Mathematics Journal. ArXiv: 1002.1331v1
5 feb 2010.

[BBLU09] M. Bramanti, L. Brandolini, E. Lanconelli, F. Uguzzoni, Non-
divergence equations structured on Hörmander vector �elds:
Heat kernels and Harnack inequalities, Mem. Am. Math. Soc.,
961 (2010), 1-136.

[Bon69] J.-M. Bony, Principe du maximum, inégalité de Harnack et
unicité du problème de Chauchy pour les opérateurs elliptiques
dégénérés, Ann. Inst. Fourier (Grenoble) 19 (1) (1969) 277-304.

[BLU07] A. Bon�glioli, E. Lanconelli, F. Uguzzoni, Strati�ed Lie groups
and potential theory for their sub-Lapalcians, Springer-Verlag,
Berlin Heidelberg, (2007).

[CG98] L. Capogna, N. Garofalo, Boundary behaviour of non-negative
solutions of subelliptic equations in NTA domains for Carnot-
Carathéodory metrics, J. Fourier Anal. Appl. 4 (4-5) (1998) 403-
432.

[CGN08] L. Capogna, N. Garofalo, D. M. Nhieu, Mutual absolute conti-
nuity of harmonic and surface measure for Hörmander type op-
erators, Perspectives in partial di¤erential equations, harmonic
analysis and applications, 49-100, Proc. Sympos. Pure. Math.
79, Amer. Math. Soc., Providence, RI, (2008).

[Cho40] W. Chow, Über Systeme von linearen partiellen Di¤erentialgle-
ichungen erster Ordnung, Math. Ann. 117 (1940), 98�105.

[CNSW99] M. Christ, A. Nagel, E. M. Stein, S. Wainger, Singular and
maximal Radon transforms: Analysis and geometry, Ann. of

34



Math. 150 (1999), 489-577.
[FSY99] E. Fabes, M. Safonov, Y. Yuan, Behavior near the boundary of

positive solutions of second order parabolic equations. II, Trans.
Amer. Math. Soc. 351 (1999), 4947-4961.

[Fri11] A. Friedman, Variational Principles and Free-Boundary Prob-
lems, Dover Publications Inc., New York, (2011).

[Fol75] G. B. Folland, Subelliptic estimates and function spaces on
nilpotent Lie groups, Ark. Mat. 13 (1975), 161-207.

[Fol77] G. B. Folland, On the Rothschild-Stein lifting theorem, Comm.
Partial Di¤erential Equations 2 (2) (1977), 165-191.

[FK72] G. B. Folland, J. J. Kohn, The Neumann problem for the
Cauchy�Riemann complex, Ann. of Math. Studies 75, Princeton
University Press, Princeton, (1972).

[FS74] G. B. Folland, E. M. Stein, Estimates for the @b complex and
analysis on the Heisenberg group, Comm. Pure Appl. Math. 27
(1974), 429-522.

[GN96] N. Garofalo, D.-M. Nhieu, Isoperimetric and Sobolev inequali-
ties for Carnot-Carathéodory spaces and the existence of mini-
mal surfaces, Comm. Pure. Appl. Math., 49 (10) (1996), 1081-
1144.

[Goo78] R. Goodman, Lifting vector �els to nilpotent Lie groups, J.
Math. Pures Appl. 57 (1978), 77-85.

[HR98] D. G. Hobson, L. C. G. Rogers, Complete models with stochastic
volatility, Math. Finance 8 (1) (1998), 27-48.

[Hör67] L. Hörmander, Hypoelliptic second order di¤erential equations,
Acta. Math. 119 (1967), 147-171.

[HM78] L. Hörmander, A. Melin, Free systems of vector �elds, Ark.
Mat. 16 (1978), 83-88.

[KS88] I. Karatzas, S. E. Shreve, Brownian motion and stochastic cal-
culus, Springer-Verlag, New York (1988)

[Kol34] A. Kolmogorov, Zufällige bewegungen, Ann. of Math. 35 (2)
(1934), 116-117.

[LP94] E. Lanconelli, S. Polidoro, On a class of hypoelliptic evolution
operators, Rend. Semin. Mat. Univ. Politec. Torino 52 (1994),
29-63.

[Mal78] P. Malliavin, Stochastic calculus of variations and hypoelliptic
operators, Proc. Inter. Symp. on Stoch. Di¤. Equations, Kyoto
1976, Wiley, 1978, 195-263.

[Mon00] R. Monti, Some properties of Carnot-Carathéodory balls in the

35



Heisenberg group, Rend. Mat. Acc. Lincei, s. 9, (11) (2000),
155-167.

[Øks00] B. Øksendal, Stochastic di¤erential equations, an introduction
with applications, Springer-Verlag, Berlin Heidelberg, (2000).

[OR73] O. A. Ole¼¬nic, E. V. Radkeviµc, Second Order Equations With
Nonnegative Characteristic Form, Amer. Math. Soc., Provi-
dence, 1973.

[Ras38] P. K. Rashevsky, Any two points of a totally nonholonomic
space may be connected by an admissible line, Uch. Zap. Ped.
Inst. im. Liebknechta, Ser. Phys. Math., 2 (1938), 83-94.

[RS76] L. Rothschild, E. M. Stein, Hypoelliptic di¤erential operators
and Nilpotent Lie groups, Acta Math. 137 (1976), 247-320.

[SY99] M. Safonov, Y. Yuan, Doubling properties for second order par-
abolic equations, Annals of Mathematics (2) 150 (1999), 313-
327.

[SC84] A. Sánchez-Calle, Fundamental solutions and geometry of the
sum of squares vector �elds, Invent. Math. 78 (1984), 143-160.

[Ste93] E. M. Stein, Harmonic analysis: real-variable methods, orthog-
onality, and oscillatory integrals, Princeton University Press,
Princeton, 1993.

[STZ01] A. Szepessy, R. Tempone, G. E. Zouraris, Adaptive weak ap-
proximation of stochastic di¤erential equations, Comm. Pure
Appl. Math. 54 (10) (2001), 1169-1214.

[Ugu07] F. Uguzzoni, Cone criteria for non-divergence equations mod-
eled on Hörmander vector �elds, Subelliptic PDE�s and appli-
cations to geometry and �nance, 227-241, Lect. Notes Semin.
Interdiscip. Mat., 6, Semin. Interdiscip. Mat., Potenza, 2007.

36


