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Abstract
In this thesis, we study two different kinds of approximation of plurisubhar-
monic functions.

The first one is a Mergelyan type approximation for plurisubharmonic
functions. That is, we study which domains in Cn have the property that
every continuous plurisubharmonic function can be uniformly approximated
with continuous and plurisubharmonic functions defined on neighborhoods
of the domain. We will improve a result by Fornæss and Wiegerinck and
show that domains with C0-boundary have this property. We will also use
the notion of plurisubharmonic functions on compact sets when trying to
characterize those continuous and plurisubharmonic functions that can be
approximated from outside. Here a new kind of convexity of a domain comes
in handy, namely those domains in Cn that have a negative exhaustion func-
tion that is plurisubharmonic on the closure. For these domains, we prove
that it is enough to look at the boundary values of a plurisubharmonic func-
tion to know whether it can be approximated from outside.

The second type of approximation is the following: we want to approx-
imate functions u that are defined on bounded hyperconvex domains Ω in
Cn and have essentially boundary values zero and bounded Monge-Ampère
mass, with increasing sequences of certain functions {uj} that are defined
on strictly larger domains. We show that for certain conditions on Ω, this
is always possible. We also generalize this to functions with given boundary
values. The main tool in the proofs concerning this second approximation is
subextension of plurisubharmonic functions.

2010Mathematics Subject Classification: Primary 32U05; Secondary 32W20,
32U15, 31C10.
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Introduction

In this thesis, we study approximation of plurisubharmonic functions with
plurisubharmonic functions defined on strictly larger domains. We shall be-
gin to study a Mergelyan type approximation for plurisubharmonic functions.
Let Ω ⊂ Cn be a domain, i.e. an open and connected set, and letO(Ω) denote
the functions that are holomorphic on Ω. Remember that a domain Ω has the
Mergelyan property if every f ∈ O(Ω)∩C(Ω̄) can be approximated uniformly
on Ω̄ with functions holomorphic on neighborhoods of Ω̄. By the classical
theorem of Mergelyan, [Me], we know that if K ⊂ C is a compact set such
that C \K is connected, then every function f ∈ O(K◦) ∩ C(K), where K◦

denotes the interior of K, can be approximated uniformly on K by polynomi-
als. The problem is more difficult in Cn, when n > 1, and has been studied
for example by Henkin, Kerzman and Lieb, [Hen, Ker, Li]. Let PSH(Ω)
denote the class of plurisubharmonic functions defined on a domain Ω in Cn.
We say that a bounded domain Ω in Cn has the PSH-Mergelyan property
if every function ϕ ∈ PSH(Ω) ∩ C(Ω̄) can be approximated uniformly on Ω̄
with continuous and plurisubharmonic functions defined on neighborhoods
of Ω̄. The question of which domains have the PSH-Mergelyan property has
been studied by, for example, Sibony [Sib, Theorem 2.2] who showed that if
Ω is a pseudoconvex domain with smooth boundary, then Ω has the PSH-
Mergelyan property. Fornæss and Wiegerinck then proved that this is true
even for arbitrary bounded domains with C1-boundary (see [FW, Theorem
1]). One of the main results in this thesis is Theorem 7.3, where we improve
this result and prove that it is enough with C0-boundary.

In Chapter 8, another type of approximation is discussed. Here we will
use Monge-Ampère techniques and we need to consider some classes of neg-
ative plurisubharmonic functions where the Monge-Ampère operator is well-
defined. For the definition of the classes F(Ω), N (Ω), E(Ω), and F(Ω, F ),
see Chapter 3. Let Ω b Ωj+1 b Ωj be hyperconvex domains. Here b de-
notes that Ωj+1 is relatively compact in Ωj. We say that a domain Ω has the
F-approximation property if every function u ∈ F(Ω) can be approximated
with an increasing sequence {uj}, uj ∈ F(Ωj), a.e. on Ω. Just as the PSH-
Mergelyan property, this gives us approximation with functions defined on
strictly larger domains, but the convergence here is no longer uniform. But,
on the other hand, we get control of the approximating sequence. In Theorem
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8.2, we show that a hyperconvex domain has the F -approximation property
if, and only if, we can find a function 0 > v ∈ N (Ω) and a sequence {vj},
vj ∈ N (Ωj), such that vj → v a.e. on Ω. This condition is of course neces-
sary and is needed to make sure that the sequence {Ωj} converges to Ω in
the sense that cap(K,Ω) = limj cap(K,Ωj) for every compact subset K of Ω.
Here, cap(K,Ω) is the relative Monge-Ampère capacity defined by Bedford
and Taylor in [BT2]. In Theorem 8.3 we prove that the result in Theorem
8.2 can be generalized to functions in the class F(Ω, H), where H ∈ E is a
maximal function that is continuous up to the boundary.

When discussing these two approximation properties we shall use the no-
tion of plurisubharmonic functions on compact sets, which is discussed in
Chapter 5. Plurisubharmonic functions on compact sets have proven to be
very useful when, for example, characterizing plurisubharmonic hulls and
studying uniform algebras of holomorphic functions on compacts (see [Po4]).
Recently, in [PS], Poletsky and Sigurdsson studied plurisubharmonic func-
tions on compact sets from the point of view of several different general-
ized Dirichlet problems. There are different ways to define plurisubharmonic
functions on a compact set X ⊂ Cn. In Chapter 5, we define them as up-
per semicontinuous functions on X, that satisfy a submean inequality with
respect to a certain class of Jensen measures, Jz(X). This definition is in-
spired by Sibony in [Sib]. By Theorem 5.11, it follows that a domain Ω has
the PSH-Mergelyan property if, and only if, every ϕ ∈ PSH(Ω) ∩ C(Ω̄)
is also plurisubharmonic on the compact Ω̄. It is therefore interesting to
know when a given function ϕ ∈ PSH(Ω) ∩ C(Ω̄) also is plurisubharmonic
on Ω̄. To do this, we introduce a new type of convexity that we will call
P-hyperconvexity. A bounded domain in Cn is called P-hyperconvex if it has
a negative plurisubharmonic exhaustion function that is plurisubharmonic
on the closure of the domain. In Chapter 6, this notion is discussed and in
Theorem 6.7, we show that if Ω is a P-hyperconvex domain, then a function
ϕ ∈ PSH(Ω) ∩C(Ω̄) is plurisubharmonic on Ω̄ if, and only if, ϕ is plurisub-
harmonic on ∂Ω. The notion of P-hyperconvexity is also used to characterize
those domains in Cn that have the F -approximation property. In Corollary
8.4 we show that if Ω is P-hyperconvex and has a Stein neighborhood basis,
then Ω has the F -approximation property.

In Appendix A, we shall follow the construction of plurisubharmonic func-
tions on compact sets as it is done by Poletsky in [Po4]. He constructs a class
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of Jensen measures that he calls holomorphic measures. These measures are
defined as weak∗-limits of measures that are push forwards of the arc length
measure on the unit disk with analytic disks. He later uses these measures
to define plurisubharmonic functions on compact sets in the same way as we
do in Chapter 5. In Appendix A, we prove that his holomorphic measures
and the class Jz(X) are the same. This result has been hinted by Poletsky
in [Po4] and proven by Nguyễn, Dung and Hung in [NDH]. In Appendix A
we give complete proofs of the theorems involved.

The main tool in the proofs concerning the F -approximation property
is subextension, which is the main subject of Chapter 4. Let Ω and Ω̂ be
hyperconvex domains such that Ω b Ω̂. Given a plurisubharmonic function
u on Ω, when can we find a plurisubharmonic function v on Ω̂, v 6≡ −∞,
such that v ≤ u on Ω? The function v is called a subextension of u to Ω̂.
In Chapter 4, we discuss the problem of subextending functions with given
boundary values without increasing the total Monge-Ampère mass. This has
proven to be important in applications, for example when estimating the
volume of plurisubharmonic sublevel sets (see [ACKPZ]). The main result
regarding subextension is Theorem 4.6 which says the following: Let Ω and
Ω̂ be hyperconvex domains such that Ω ⊂ Ω̂. Given a function F ∈ E(Ω), a

maximal plurisubharmonic function G ∈ E(Ω̂), such that G ≤ F on Ω, and a
function u ∈ F(Ω, F ), we show that there exists a subextension v of u such

that v ∈ F(Ω̂, G) and
∫

Ω̂
(ddcv)n ≤

∫
Ω

(ddcu)n. If we add the conditions that

Ω b Ω̂, F ∈ E(Ω) ∩ C(Ω̄), and
∫

Ω
(ddcu)n <∞, then we obtain the stronger

result that: if v is the maximal subextension of u to Ω̂, then we get control
of the Monge-Ampère measure of v instead of the Monge-Ampère mass.

In Chapter 9, we study B-regularity. In [Sib], Sibony used the class of
Jensen measures, Jz(Ω̄), to draw conclusions regarding the solvability of the
Dirichlet problem. Specifically, he studied compact sets whose only Jensen
measures are the Dirac measures, the so-called B-regular sets. He also con-
nects these sets to Catlin’s Property (P), [Ca], and the ∂̄-Neumann problem.
We will recall Sibony’s definition of a B-regular compact set and also define
a B-regular domain. Here a domain Ω will be called B-regular if one can
solve the Dirichlet problem, i.e. if every f ∈ C(∂Ω) can be extended to a
function F ∈ PSH(Ω)∩C(Ω̄). In [Sib], Sibony proved that for domains with
C1-boundary, being B-regular is the same as having B-regular boundary. In
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Theorem 9.3, we show that this is actually true for domains with the PSH-
Mergelyan property (i.e. especially when Ω has C0-boundary). We also show
that every B-regular domain with C1-boundary has the F -approximation
property. To show this we use results regarding Property (P), and in Theo-
rem 9.6 we prove that, for domains that have the PSH-Mergelyan property,
Property (P) is the same as having B-regular boundary. For domains Ω that
are not B-regular, it is interesting to characterize which f ∈ C(∂Ω) has a con-
tinuous and plurisubharmonic extension to Ω. This is studied in Chapter 10,
where we connect plurisubharmonic extension with plurisubharmonic func-
tions on compact sets. We show that if Ω is P-hyperconvex, then f ∈ C(∂Ω)
has an extension F that is continuous and plurisubharmonic on Ω̄ if, and
only if, f ∈ PSH(∂Ω).
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Chapter 1

Preliminaries

1.1 Basic definitions in pluripotential theory

In this section we state some definitions and well known results from pluri-
potential theory. We begin with the definition of subharmonic functions.
Note that, with a domain we mean an open and connected set

Definition 1.1. Let Ω be a domain in Rn. An upper semicontinuous function
u : Ω→ R∪{−∞} is said to be subharmonic if, for every relatively compact
open subset U of Ω and every continuous function h : Ū → R that is harmonic
on U , we have the implication

u ≤ h on ∂U ⇒ u ≤ h on U.

The study of subharmonic functions is often referred to as the classical
potential theory and has been of great importance in the study of holomor-
phic functions in C. In higher dimension (i.e. in Cn ' R2n, n > 1), the
classical potential theory has not had the same impact. One reason for this
is that the class of subharmonic functions is to large. In pluripotential theory
one therefore studies a smaller class of functions namely those subharmonic
functions whose composition with biholomorphic mappings are subharmonic.
This class is precisely the class of plurisubharmonic functions that will be
properly defined below. For further information about pluripotential theory,
see for example the monograph Pluripotential theory by Klimek [Kl]. From
now on, let Ω ⊂ Cn be a bounded domain. Note that a complex line in Cn

is a set of the form {a+ bζ : ζ ∈ C} where a, b ∈ Cn are fixed.
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Definition 1.2. Let ϕ : Ω→ R∪{−∞} be an upper semicontinuous function
which is not identically −∞ on any connected component of Ω. We say that
ϕ is plurisubharmonic if, for each complex line l = {a + bζ} ⊆ Cn, the
function

ζ 7→ ϕ(a+ bζ)

is subharmonic on Ωl = {ζ ∈ C : a + bζ ∈ Ω}. The class of plurisubhar-
monic functions on Ω is denoted by PSH(Ω) and the subclass of nonpositive
plurisubharmonic functions is denoted by PSH−(Ω).

Note that, for n = 1, plurisubharmonic is the same as subharmonic. As
mentioned above, we can see the plurisubharmonic functions as a counterpart
to the subharmonic functions. A natural counterpart to the class of harmonic
functions is the class of maximal plurisubharmonic functions that is defined
below. Note that harmonic functions are maximal subharmonic functions
in the same sense. In the definition below, we use the same terminology as
Sadullaev in [Sa].

Definition 1.3. A plurisubharmonic function u on Ω is said to be maximal
if for each relatively compact open subset ω of Ω and for each upper semi-
continuous function v defined on ω̄ such that v ∈ PSH(ω) and v ≤ u on
∂ω, we have that v ≤ u on ω. The maximal plurisubharmonic functions on
a domain Ω is denoted byMPSH(Ω).

One important reason why plurisubharmonic functions are interesting to
study is that they can be used to define pseudoconvex domains.

Definition 1.4. A domain Ω ⊆ Cn is called pseudoconvex if there exists a
continuous plurisubharmonic function Φ on Ω such that for every c ∈ R, we
have that {z ∈ Ω : Φ(z) < c} b Ω.

Such a function Φ is called an exhaustion function for Ω. Here b means
that the closure of {z ∈ Ω : Φ(z) < c} is compact in Ω. If moreover, the
domain has a negative exhaustion function, then Ω is called hyperconvex.

Definition 1.5. A domain Ω ⊆ Cn is called hyperconvex if there exists a
plurisubharmonic function ψ : Ω→ (−∞, 0) such that {z ∈ Ω : ψ(z) < c} b
Ω, for every c ∈ (−∞, 0).

Kerzman and Rosay, [KR], showed that if Ω b Cn is hyperconvex, then
the exhaustion function ψ can be chosen C∞ smooth and strictly plurisub-
harmonic, and by Cegrell, [C7], ψ can be chosen from the class E0(Ω) (see
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Definition 3.1 for the definition of E0). Note that every hyperconvex domain
is pseudoconvex and Demailly showed in [De] that a bounded pseudoconvex
domain with Lipschitz boundary is hyperconvex. Kerzman and Rosay also
showed in [KR], that a domain is hyperconvex if, and only if, it has a weak
plurisubharmonic barrier at every boundary point. Here a weak plurisubhar-
monic barrier is defined as the following:

Definition 1.6. A domain Ω b Cn has a weak plurisubharmonic barrier at
a boundary point z0 if there exists a function v ∈ PSH(Ω) such that v < 0
on Ω and limw→z0 v(w) = 0.

Another characterization of hyperconvex domains has been obtained by
Carlehed, Cegrell and Wikström in [CCW]. They used the class of Jensen
measures J c

z (Ω̄) that they defined as the following:

Definition 1.7. Let Ω b Cn be a domain and for z ∈ Ω̄, let J c
z (Ω̄) be the

collection of all probability measures µ defined on Ω̄ such that

u(z) ≤
∫

Ω̄

u dµ

for every u ∈ PSH(Ω) ∩ C(Ω̄).

The characterization theorem can then be formulated as below, see [CCW,
Theorem 2.8] for the proof of this theorem.

Theorem 1.8. Let Ω b Cn be a domain. Then Ω is hyperconvex if, and only
if, for every z ∈ ∂Ω and every measure µ ∈ J c

z (Ω̄), µ is supported on ∂Ω.

In many situations we need to glue two plurisubharmonic functions to-
gether and the next theorem helps us with this (for the proof of this theorem
see [Kl]). Note that this property is special (i.e. works) for subharmonic
functions and does not hold for example for holomorphic functions.

Theorem 1.9. Let Ω be an open set in Cn, and let ω be a non-empty proper
open subset of Ω. If u ∈ PSH(Ω), v ∈ PSH(ω) and lim supx→y v(x) ≤ u(y)
for each y ∈ ∂ω ∩ Ω, then

ψ =

{
max(u, v), on ω

u, on Ω \ ω,

defines a plurisubharmonic function on Ω.
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1.2 Weak∗-topology

In this thesis we will consider non-negative measures and the space of non-
negative measures will be equipped with the weak∗-topology. We will now
explain what the weak∗-topology is and remind the reader of some of its
properties. Let X be a normed vector space, then the dual of X consists of
all continuous linear functionals on X and is denoted by X ∗. The dual space
of X ∗, X ∗∗, is then the space of continuous linear functionals on X ∗. There
is a natural imbedding of X in X ∗∗ by the point evaluations. That is, for
every x ∈ X we can define a function x̂ on X ∗ by x̂(f) = f(x) for all f ∈ X ∗.
Definition 1.10. Let X be a normed vector space. The weak∗-topology
on X ∗ is the weakest topology on X ∗ that makes all the point evaluations
continuous.

A sequence {φj} in X ∗ converges to φ in the weak∗-topology if, and only
if, φj(x)→ φ(x) for every x ∈ X .

In the following, by a measure we mean a non-negative regular Borel
measure. If Ω is a bounded domain in Cn, then the set of measures on Ω
is, because of Riesz representation theorem, equal to C0(Ω)∗. Here C0(Ω)
denotes the set of continuous real-valued functions on Ω whose support is
compact. This means that a sequence {µj} of measures on Ω, converges to
a measure µ on Ω, as j →∞, in the weak∗-topology if, and only if,∫

Ω

ϕµj →
∫

Ω

ϕµ,

for every ϕ ∈ C0(Ω).
If K is a compact set in Cn, the measures on K only have support on K

so they can be seen as measures on Cn. This means that if {µj} and µ are
measures on K, then µj converges weak

∗- to µ, as j →∞ if, and only if,∫
K

ϕµj →
∫
K

ϕµ,

for every ϕ ∈ C(Cn).

Observe that if {µj} converges to µ in the weak∗-topology, then it doesn’t
necessarily imply that µj(Ω) → µ(Ω), even for Ω = Cn. But, we have the
following theorem that will be used later. For the proof of the theorem and
more about measures, see e.g. [Ma].
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Theorem 1.11. Let µ1, µ2, . . . be Radon measures on a locally compact met-
ric space X. If {µj} converges to µ in the weak∗-topology and if K ⊂ X is
compact and G ⊂ X is open, then

µ(K) ≥ lim sup
i→∞

µj(K)

and
µ(G) ≤ lim inf

i→∞
µj(G).

The next theorem, Banach-Alaoglu theorem, is used in Chapter 5 where
we show that a certain class of Jensen measures, Jz(X), is compact in the
weak∗-topology. For the proof the Banach-Alaoglu theorem see for example
[RS, Theorem IV.21].

Theorem 1.12 (Banach-Alaoglu Theorem). Let X be a normed vector space.
The closed unit ball B in the dual X ∗ is compact in the weak∗-topology.

As said earlier, X is in a natural way imbedded in X ∗∗, but there can be
elements in X ∗∗ that are not point evaluations. But, in the case when X ∗
has the weak∗-topology, the dual X ∗∗ only consists of point evaluations. For
proof see [Co, Theorem 1.3, p 125].

Theorem 1.13. Let X be a normed vector space. If X ∗ is equipped with the
weak∗-topology, then X ∗∗ = X .

9



Chapter 2

Introduction to B-regularity

We will now discuss the definitions and some properties of B-regular domains
and B-regular compact sets. These notions will be used throughout the thesis
and will also be investigated further in Chapter 9. In Chapter 1 we defined
a hyperconvex domain Ω as a domain in Cn that has a negative plurisubhar-
monic exhaustion function. We also mentioned that they can be character-
ized as those domains that admit a weak plurisubharmonic barrier at every
boundary point. The domains that admit a strong plurisubharmonic barrier
at every boundary point are called B-regular domains and were studied by
Sibony in [Sib]. For the definition of a strong plurisubharmonic barrier, see
Definition 2.4. Sibony showed that a domain has a strong plurisubharmonic
barrier at every boundary point if, and only if, every continuous function f
on ∂Ω can be extended to a plurisubharmonic function defined on Ω that
is continuous on Ω̄. This will be how we define B-regular domains. Note
that, by Bouligand’s lemma, see [Bo] or [Hö, Theorem 3.4.16], we have that
if Ω ⊂ Rn, then given a boundary point x0, it is equivalent that Ω has a weak
subharmonic barrier at x0 and that Ω has a strong subharmonic barrier at
x0. This means that in C the notions of B-regularity and hyperconvexity are
the same. In [Sib], Sibony also defines B-regular compact sets and because
of its connection to approximation from outside, they will play an important
role in this thesis.

Definition 2.1. A compact set X ⊂ Cn is B-regular if every continuous
function defined on X can be approximated uniformly on X with continuous
plurisubharmonic functions defined on neighborhoods of X.

Proposition 1.3 in [Sib] gives the following characterization of B-regular
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compact sets.

Theorem 2.2. For a compact set X ⊂ Cn the following assertions are equiv-
alent:

(1) X is B-regular.

(2) Jz(X) = {δz} for every z ∈ X. For the definition of Jz(X), see
Definition 5.2.

(3) For every M > 0 there exists a function λ that is plurisubharmonic and
smooth in a neighborhood of X, 0 < λ < 1, such that 〈Lλ(z)w,w〉 ≥
M |w|2 for z ∈ X and w ∈ Cn.

Here we denote the Levi form of a C2-function ψ by

〈Lψ(z)w,w〉 =
∑
i,j

∂2ψ(z)

∂zi∂z̄j
wiw̄j,

where w ∈ Cn.

Definition 2.3. A domain Ω b Cn is called B-regular if every continuous
function defined on ∂Ω has a continuous extension to Ω̄ which is plurisub-
harmonic on Ω.

Before we come to the next theorem, that is due to Sibony, we recall
the definition of a strong plurisubharmonic barrier. For the definition of a
weak plurisubharmonic barrier, see Definition 1.6. Here v∗ denotes the upper
semicontinuous regularization of v, i.e. v∗(z) = lim supΩ3w→z v(w).

Definition 2.4. A domain Ω b Cn has a strong plurisubharmonic barrier
at a boundary point z0 if there exists a function v ∈ PSH(Ω) such that
limw→z0 v(w) = 0 and v∗(z) < 0 for every z ∈ Ω̄ \ {z0}.

The following theorem was showed by Sibony in [Sib, Theorem 2.1].

Theorem 2.5. Let Ω be a bounded domain in Cn. Then the following asser-
tions are equivalent:

(1) Ω is B-regular.

(2) Every boundary point z0 admits a strong plurisubharmonic barrier.
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Since a domain that has a strong plurisubharmonic barrier also has a weak
plurisubharmonic barrier (see Definition 1.6), every B-regular domain is also
hyperconvex, but there are hyperconvex domains that are not B-regular, for
example the polydisc in C2.

Example 2.6. Let P be the polydisc in C2 and assume that P is B-regular.
Let f ∈ C(∂P ) be a function such that f = 0 where |z1| = |z2| = 1 but
f(z0) > 0 at a point z0 ∈ ∂P (see Figure 2.1). Since P is assumed to be
B-regular we can find a function g ∈ PSH(P ) ∩ C(P̄ ) such that g|∂Ω = f .
Let {zj} be a sequence in P such that zj → z0. Then we can, for every zj
in the sequence {zj}, find a complex line Πj through zj that is parallel to
the part of the boundary that contains z0. It follows from the maximum
principle that g(zj) has to be smaller than the boundary value of Πj. But,
these boundary values tends to zero when j →∞, since we are approaching
the point where |z1| = |z2| = 1. Thus f(z0) = g(z0) ≤ 0, which gives us a
contradiction. Hence P is not B-regular.

|z2|

|z1|

|z1| = |z2|

Πj zj

P

1

1

z0

f(z0) > 0

f = 0

Figure 2.1: The polydisc in C2 is not B-regular

Remark 1. If Ω is a bounded domain in Cn and D is the unit disk in C, we
can use the same argument as in the example above to see the following: if
there exist holomorphic mappings ϕj : D → Cn, ϕj(D) ⊂ Ω such that ϕj
converges locally uniformly on D to a holomorphic mapping ϕ : D → Cn

that satisfies ϕ(D) ⊂ ∂Ω, then Ω can not be a B-regular domain.
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Chapter 3

The complex Monge-Ampère
operator

3.1 The complex Monge-Ampère operator

In this section we define a generalization of the Laplace operator. Note
that the Laplace operator applied to a locally integrable function defines a
distribution and this distribution is a non-negative measure exactly on the
subharmonic functions (and is equal to zero on harmonic functions). The
complex Monge-Ampère operator, (ddc·)n, defines a non-negative measure
on certain plurisubharmonic functions and for those functions we have that
the operator is equal to zero on maximal function (see Definition 1.3 for the
definition of maximal). Let f be a C1-function defined on a domain Ω in Cn,
then the differential of f is df = ∂f + ∂̄f , where

∂f =
n∑
j=1

∂f

∂zj
dzj,

∂̄f =
n∑
j=1

∂f

∂z̄j
dz̄j.

Let the operator dc be defined by

dc = i(∂̄ − ∂),

and note that
ddc = 2i∂∂̄.

13



If u is a C2-function defined on a domain Ω in Cn, then the complex
Monge-Ampère operator (ddc·)n is defined by

(ddcu)n = (ddcu) ∧ . . . ∧ (ddcu) = 4nn! det

(
∂2u

∂zj∂z̄k

)
dV,

where

dV = dx1 ∧ dy1 ∧ . . . ∧ dxn ∧ dyn =

(
i

2

)n
dz1 ∧ dz̄1 . . . ∧ dzn ∧ dz̄n

is the usual volume form in Cn or R2n. If n = 1, then (ddcu)n = ∆u dV , so
u is subharmonic if, and only if, (ddcu)n ≥ 0 and harmonic if, and only
if, (ddcu)n = 0. It was shown by Shiffman and Taylor, [Siu], that this
operator can not be extended in a meaningful way to the whole class of
plurisubharmonic functions and still have the range contained in the class of
non-negative measures, see also [Ki, Example 3.1] or [C3, Example 4]. But,
Bedford and Taylor showed in [BT1] that the complex Monge-Ampère op-
erator is well-defined on n-tuples of plurisubharmonic and locally bounded
functions. Here locally bounded functions on Ω are denoted by L∞loc(Ω). If
u ∈ PSH(Ω) ∩ L∞loc(Ω), then (ddcu)n is a positive measure on Ω.

3.2 The classes E0, F , N and E
In [C5], Cegrell defined a subclass, E , of the negative plurisubharmonic func-
tions that is the natural domain of definition for the complex Monge-Ampère
operator, in the sense that it is closed under the operation of taking the
maximum of two functions and the Monge-Ampère operator has a continu-
ity property on decreasing limits of functions in this class (see [C5, Theorem
4.5]). In this section we define this class and other related classes. In Chapter
4, we will study subextension of functions from these classes and in Chapter
8 we study approximation of functions in the class F , that will be defined be-
low. For further reading about these classes, see [ACCH, C4, C5, C6, Czy1].
In this section, let Ω ⊂ Cn be a bounded hyperconvex domain.

Definition 3.1. Let E0(Ω) be the class of bounded plurisubharmonic func-
tions ϕ on Ω such that limz→ξ ϕ(z) = 0 for every ξ ∈ ∂Ω and

∫
Ω

(ddcϕ)n <
+∞.
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By Bedford and Taylor, the complex Monge-Ampère operator is well-
defined on E0. By the maximum principle one can see that if ϕ ∈ E0, then
either ϕ < 0 or ϕ ≡ 0 on Ω.

Example 3.2. Let B(0, 1) = B be the unit ball in Cn and let M < 0 be a
constant. If we define u(z) = max(log |z|,M), then u|∂B = 0 and one can
show that

∫
(ddcu)n = (2π)n, so u ∈ E0(B).

Definition 3.3. Let F(Ω) be the class of negative plurisubharmonic func-
tions ϕ on Ω such that there exists a decreasing sequence {ϕj}, ϕj ∈ E0(Ω),
that converges to ϕ on Ω and such that supj

∫
Ω

(ddcϕj)
n < +∞.

Example 3.4. Let B(0, 1) = B be the unit ball in Cn and let u(z) = log |z|.
Then u can be approximated from above with uj(z) = max(log |z|,−j), which
by Example 3.2 are in the class E0(B), and sup

∫
(ddcuj)

n = (2π)n, hence
u ∈ F(B). Note that u /∈ E0(B).

Now we come to the definition of the class E .

Definition 3.5. Let E(Ω) be the class of all negative plurisubharmonic func-
tions ϕ on Ω such that for every z0 ∈ Ω there exists a neighborhood ω of z0

and a decreasing sequence {ϕj}, ϕj ∈ E0(Ω), that converges to ϕ on ω and
such that supj

∫
Ω

(ddcϕj)
n < +∞.

By the definition above we see that E(Ω) is the class of all negative
plurisubharmonic functions that are locally in F(Ω). From [C5], we get
that if u ∈ E and ω b Ω, ω 6= ∅, is an open set, then there exists a function
uω ∈ F such that uω ≥ u on Ω and uω = u on ω. An example of a function
in E(B(0, 1)) which is not in F(B(0, 1)), is the function u(z) = −1 (this
function is locally in F , see Example 3.4).

Remark 2. Since we have already mentioned that the class E(Ω) is, in some
sense, the largest class of negative plurisubharmonic functions where the
Monge-Ampère operator is well-defined (see [C5]) and since Bedford and
Taylor, [BT1], showed that the Monge-Ampère operator is well-defined on
locally bounded plurisubharmonic functions we have that

PSH−(Ω) ∩ L∞loc(Ω) ⊂ E(Ω).
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Remark 3. In Definition 1.3 we defined what it means to be a maximal
plurisubharmonic function. In pluripotential theory they play an important
role since by [B lo1, B lo2] we have that if u ∈ E(Ω), then

u is maximal⇔ (ddcu)n = 0 on Ω.

In one dimension, the maximal subharmonic functions and the harmonic
functions are the same. In several variables, all plurisubharmonic function
that does not depend on every variables is maximal. Hence, there are maxi-
mal plurisubharmonic functions that are not in the class E(Ω).

We now define the class N (Ω) that was first defined in [C6]. The func-
tions in N (Ω) are those functions in E(Ω) that have essentially boundary
values zero, in the sense that their smallest maximal plurisubharmonic ma-
jorant is identically zero. We define it as follows: (Here CΩj denotes the
complement of Ωj and a fundamental sequence {Ωj} of Ω is a sequence of
strictly pseudoconvex domains such that Ωj b Ωj+1 b Ω for every j, and
∪jΩj = Ω).

Definition 3.6. Let u ∈ PSH(Ω), u ≤ 0, and let {Ωj} be a fundamental
sequence of Ω. Let uj be the function

uj = sup
{
ϕ ∈ PSH(Ω) : ϕ ≤ u on CΩj

}
.

and define

ũ =

(
lim
j→∞

uj
)∗

,

here w∗ denotes the upper semicontinuous regularization of w.

Note that the definition of ũ is independent of the sequence {Ωj} and if
u ∈ E(Ω), then u ≤ uj ≤ uj+1, so we have that ũ = (limj→∞ u

j)
∗ ∈ E . Also

note that since (ddcũ)n = 0, ũ is maximal (see Remark 3) and if u ∈ C(Ω̄),
then ũ ∈ C(Ω̄) (see [Wa]).

Definition 3.7. Let N (Ω) be the class

N (Ω) = {u ∈ E : ũ = 0}.

16



E
N
F

E0

Figure 3.1: Note that E0 ⊂ F ⊂ N ⊂ E .

By [C5], the complex Monge-Ampère operator is well-defined on E as the
limit measure given by the next theorem.

Theorem 3.8. For k=1,. . . ,n let uk ∈ E and let {ukj}, ukj ∈ E0, be a decreas-
ing sequence such that {ukj} converges pointwise to uk as j →∞. Then

(ddcu1
j) ∧ (ddcu2

j) ∧ . . . ∧ (ddcunj )

is weak∗-convergent and the limit measure is independent of the sequence
{ukj}.

Remark 4. If u ∈ F , then
∫

Ω
(ddcu)n < +∞. If u ∈ E , then

∫
w

(ddcu)n < +∞
for any open set w such that w b Ω.

We now recall some well known results about these classes that are ex-
tensively used throughout this thesis. The first theorem is from [C4, C5].

Theorem 3.9. Let K ∈ {E0,F , E}, u ∈ K and v ∈ PSH−(Ω). Then

max(u, v) ∈ K.

The next theorem explains why we sometimes say that functions in F
have essentially boundary values zero. For a proof of the theorem below see
[A2, Corollary 1.5].

Theorem 3.10. Let u ∈ F , then

lim sup
z→ξ

u(z) = 0

for every ξ ∈ ∂Ω.
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Observe that a function u ∈ F(Ω) does not have to have boundary values
zero in the sense that limΩ3w→z u(w) = 0, for every z ∈ ∂Ω. In Example
1.6 in [A2], Åhag constructed a function u ∈ F that has the property that
lim infz→ξ u(z) = −∞, for every ξ ∈ ∂Ω. Using that functions in F have
essentially boundary values zero and finite total Monge-Ampère mass Cegrell
showed a formula for integration by parts with no boundary terms (see [C5]).
This makes the class F very useful.

Theorem 3.11. If v, u1,...,un ∈ F then∫
Ω

v(ddcu1) ∧ . . . ∧ (ddcun) =

∫
Ω

u1(ddcv) ∧ . . . ∧ (ddcun) .

A corollary of this theorem is the following comparison theorem, see [C5]
and also [A1, Corollary 2.11].

Corollary 3.12. Let u, v ∈ F be such that u ≤ v on Ω, then∫
Ω

ϕ(ddcu)n ≤
∫

Ω

ϕ(ddcv)n,

where ϕ ∈ PSH−(Ω).

In [C5], Cegrell proves a useful approximation theorem for negative pluri-
subharmonic functions.

Theorem 3.13. Suppose that u ∈ PSH−(Ω). Then there is a decreas-
ing sequence of functions uj ∈ PSH(Ω) ∩ C(Ω̄) with uj|∂Ω = 0, ∀ j ∈ N,
limj→+∞ uj(z) = u(z), ∀ z ∈ Ω and

∫
Ω

(ddcuj)
n < +∞.

Remark 5. In the theorem above, the functions uj can be chosen in E0(Ω) ∩
C(Ω̄), supp(ddcuj)

n b Ω.

3.3 The classes E0(Ω, H), F(Ω, H) and N (Ω, H)

When it comes to boundary values of plurisubharmonic functions it is not
always clear what we should mean. If u is a plurisubharmonic function
defined on a domain Ω that is continuous on Ω̄, then we simply say that u|∂Ω

is the boundary values of u. If the function is not continuous on the closure
of the domain it is not that straightforward. For more about boundary
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values of plurisubharmonic functions, see for example [Kem]. We will now
define some classes of negative plurisubharmonic functions that can be seen
as generalizations of the classes defined earlier. These functions have more
general boundary values and originate from [C4]. Let K ∈ {E0,F ,N}. We
say that a plurisubharmonic function u defined on Ω belongs to the class
K(Ω, H), H ∈ E , if there exists a function ϕ ∈ K such that

H ≥ u ≥ ϕ+H .

Note that K(Ω, 0) = K and one can say that the functions in K(Ω, H) have
boundary values given by the function H (but note that, H does not need
to be defined on ∂Ω). Also note that functions belonging to K(Ω, H) not
necessarily have finite total Monge-Ampère mass. For more details about
these classes see [ACCH, C6]. The following theorem was proved in [ACCH,
Lemma 3.3] and is extensively used in this thesis.

Theorem 3.14. Let u, v ∈ N (Ω, H), H ∈ E(Ω), be such that u ≤ v and∫
Ω
ϕ(ddcu)n < +∞, where ϕ ∈ PSH(Ω), ϕ ≤ 0. Then∫

Ω

(−ϕ)(ddcu)n ≥
∫

Ω

(−ϕ)(ddcv)n.

Some other well known results are formulated in the proposition below.

Proposition 3.15. Let Ω ⊂ Cn be a hyperconvex domain and H ∈ E(Ω).

a) If {uj}, uj ∈ N (Ω, H) is a decreasing sequence that converges pointwise
to a function u ∈ N (Ω, H) as j → +∞, then

lim
j→+∞

∫
Ω

(ddcuj)
n =

∫
Ω

(ddcu)n.

b) If u ∈ E(Ω) and
∫

Ω
(ddcu)n < +∞, then u ∈ F(Ω, ũ) (for the definition

of ũ see Definition 3.6).

Proof. a) See [ACCH, Corollary 3.4]
b) See [C6, Theorem 2.1].

19



Chapter 4

Subextension

In this chapter we discuss the problem of subextending plurisubharmonic
functions. This will later, in Chapter 8, be used as a very important tool
when discussing the F -approximation property. It was shown by Bedford
and Burns in [BB] and later by Cegrell in [C1] that any smooth bounded
domain that satisfies certain boundary conditions is a domain of existence
for plurisubharmonic functions. But, since inequalities are often used when
working with plurisubharmonic functions, it is quite natural to study the
problem of subextension. The main problem is: given two domains Ω and Ω̂
in Cn, with Ω ⊂ Ω̂ and given u ∈ PSH(Ω), when can we find û ∈ PSH(Ω̂),
û 6≡ −∞, such that û ≤ u on Ω? The function û is called a subextension
of u to Ω̂. A version of this problem was studied by El Mir in [El], where
he constructed an example of a plurisubharmonic function defined on the
unit bidisk in C2 for which the restriction to any smaller bidisk admits no
subextension to C2. Bedford and Taylor, [BT3], showed that, for any domain
in Cn, n ≥ 2, with C2-boundary, there exists a smooth negative plurisubhar-
monic function that does not subextend to any larger domain. This improves
an example by Fornæss and Sibony in [FS].

We are interested in subextension without increasing the total Monge-
Ampère mass. This has been proven to be important in applications, for
example when estimating the volume of plurisubharmonic sublevel sets (see

[ACKPZ]). In the case when Ω b Ω̂ are bounded hyperconvex domains in
Cn, Cegrell and Zeriahi, [CZ, Theorem 2.2], showed that if u is a function in
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F(Ω), then one can always find a subextension û of u to Ω̂, such that∫
Ω̂

(ddcû)n ≤
∫

Ω

(ddcu)n.

The same authors, together with Ko lodziej, later showed that functions in
F(Ω) always have a global subextension which is plurisubharmonic of loga-
rithmic growth on Cn (see [CKZ1, Theorem 5.1]). For results on subextension
on compact Kähler manifolds see for example [CKZ2].

It was shown by Wiklund, [Wi, Theorem 3.2], that, for every hyper-
convex domain Ω, there exists a function in the class E which can not be
subextended. In Example 4.4 we show that this function actually must be in
N\F . Wiklund also shows that having control of the Monge-Ampère mass
does not imply that the function has a subextension. The boundary values of
the function seem to play an important role. Wiklund points out that most
examples of functions that have no subextension work because the function
has to large singularity at a boundary point. But note that, by Example 4.4,
we show that even if a function has essentially boundary values zero, it is
possible that the function can not be subextended.

In Section 4.2 we discuss subextension of functions in E0(Ω, H) ∩ C(Ω̄)
and F(Ω, H), where H ∈ E(Ω) is a given function. Here we will demand
that the subextensions also have certain given boundary values. But, we
begin with Section 4.1 where we look at the special case of subextension of
functions in E0(Ω) and F(Ω) (when H = 0).

The results in Section 4.1 are based on the paper [CH], by Cegrell and
Hed. Section 4.2 is based on the paper [CzH], by Czyż and Hed, and also
the paper [Hed] by Hed. Section 4.3 contains results from [Hed].

4.1 Subextension in E0 and F
Let Ω b Ω̂ be hyperconvex domains in Cn. As mentioned earlier, by [CZ],

we know that every function in F has a subextension to Ω̂. We want to show
that if we have a function u in E0(Ω)∩C(Ω̄), E0(Ω) or F(Ω), then the largest

subextension of u to Ω̂ will have Monge-Ampère measure with support on Ω
and the function will have the same properties as u. Before we come to this
theorem we need the follow proposition (see [BT2, Proposition 9.1]).
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Proposition 4.1. Let Ω be a domain in Cn and ψ ∈ PSH(Ω) ∩ L∞loc(Ω).
If D b Ω is strictly pseudoconvex, then there exists a unique function Φ ∈
PSH(Ω) ∩ L∞loc(Ω) such that

(ddcΦ)n = 0 on D,

Φ = ψ on Ω\D

and
Φ ≥ ψ.

We are now ready for a useful theorem about subextension in the classes
E0 and F . The proof uses an idea of Phạm in Section 4 in [Ph].

Theorem 4.2. Let Ω and Ω̂ be hyperconvex domains in Cn such that Ω b Ω̂.
If K(Ω) ∈ {E0(Ω) ∩ C(Ω̄), E0(Ω),F(Ω)} and if u ∈ K(Ω), then

û(z) = sup{ϕ(z) ∈ PSH−(Ω̂) : ϕ ≤ u on Ω}

belongs the class K(Ω̂) and (ddcû)n ≤ χΩ(ddcu)n.

Proof. Assume that u ∈ E0(Ω) ∩ C(Ω̄). First we observe that û is plurisub-

harmonic on Ω̂. This is since if we take z ∈ Ω, then obviously û(z) ≤ û∗(z)
and since

û∗(z) = lim
r→0

sup
w∈B(z,r)

û(w) ≤ lim
r→0

sup
w∈B(z,r)

u(w) ≤ u(z),

û∗ is competing in the construction of û, so û = û∗. Here we have used that
Ω is open and that u is upper semicontinuous. Since Ω b Ω̂ we can find
ϕ ∈ E0(Ω̂) such that ϕ ≤ u on Ω. Hence û ≥ ϕ and by Theorem 3.9 we

get that û ∈ E0(Ω̂). To show that supp(ddcû)n b Ω we begin to prove that

(ddcû)n = 0 near Ω̂\Ω. Take an open ball B ⊂ Ω̂ \ Ω. By Proposition 4.1

there is a function ψ ∈ PSH(Ω̂)∩L∞loc(Ω̂) such that (ddcψ)n = 0 on B, ψ = û

on Ω̂ \B and ψ ≥ û. By the definition of û we get that û ≥ ψ, hence û = ψ
and (ddcû)n = 0 on B. Now take z0 ∈ ∂Ω and let B be a small ball with
center in z0 such that sup{û(z) : z ∈ B} ≤ inf{u(z) : z ∈ B ∩ Ω}. This is

possible since u ∈ E0(Ω) and û ∈ E0(Ω̂). By Theorem 4.1 again, there is a

function ψ ∈ PSH(Ω̂)∩L∞loc(Ω̂) such that (ddcψ)n = 0 on B, ψ = û on Ω̂\B
and ψ ≥ û. Note that ψ ≤ u on Ω \ B and by the choice of B it is also true
on Ω ∩B. Hence, ψ = û and (ddcû)n = 0 on B.
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We now want to show that (ddcû)n ≤ (ddcu)n on Ω. By the same argu-
ment as above we know that (ddcû)n = 0 on the open set {z ∈ Ω : û(z) <
u(z)}. It remains to show that (ddcû)n ≤ (ddcu)n on the set A = {u(z) =
û(z)} ∩ Ω. Take a compact set K b A. Then, since K ⊂ {û > u − ε}, we
can use [C4, Lemma 5.4] to see that

∫
K

(ddcû)n =

∫
K

χ{û>u−ε}(dd
cû)n

=

∫
K

χ{û>u−ε}
(
ddc max(û, u− ε)

)n
≤
∫
K

(
ddc max(û, u− ε)

)n
.

Since max(û, u− ε)↗ u when ε→ 0 we know that the measures
(ddc max(û, u−ε))n converges to (ddcu)n in the weak∗-topology. The charac-
teristic function χK is upper semicontinuous so we can approximate χK with
a decreasing sequence of continuous functions ϕj that are bounded from
above. Then, by Lebesgue’s dominated convergence theorem, it follows that

lim sup
ε→0

∫
Ω

χK
(
ddc max(û, u− ε)

)n
= lim sup

ε→0

[
lim
j

∫
Ω

ϕj
(
ddc max(û, u− ε)

)n]
≤ lim sup

ε→0

∫
Ω

ϕj
(
ddc max(û, u− ε)

)n
=

∫
Ω

ϕj(dd
cu)n

for every fixed j ∈ N. Since
∫

Ω
ϕj(dd

cu)n ↘
∫

Ω
χK(ddcu)n =

∫
K

(ddcu)n we
know that (ddcû)n ≤ (ddcu)n on {u(z) = û(z)} ∩ Ω.

Let us now see that û ∈ C(Ω̂). Let

v = sup{ϕ ∈ PSH−(Ω̂) ∩ C(Ω̂) : ϕ ≤ u on Ω},

then v is lower semicontinuous and we want to show that û = v. Take ε > 0,
then the function û− ε is negative and plurisubharmonic on Ω̂. By Theorem
3.13 there exists a sequence {ϕj}, ϕj ∈ E0(Ω̂) ∩ C(Ω̂), such that ϕj ↘ û− ε
on Ω̂. Let ϕ′j = max(ϕj, u−ε), then since Ω b Ω̂, u ∈ C(Ω̄) and û−ε ≤ u−ε
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on Ω, we know (by Dini’s Theorem) that {ϕ′j} converges uniformly to u− ε
on Ω̄. This means that we can find jε such that ϕj < u on Ω, for every j > jε.
Hence ϕj is competing in the construction of v. Since ε is chosen arbitrary,
we have that û = v.

Now assume that u ∈ F(Ω). From Theorem 3.13 we know that there is
a sequence uj ∈ E0(Ω) ∩ C(Ω̄) such that uj ↘ u. Let

ûj = sup{v ∈ PSH−(Ω̂) : v|Ω ≤ uj|Ω},

then ûj ↘ û. By the argument above we know that ûj ∈ E0(Ω̂) and

(ddcûj)
n ≤ χΩ(ddcuj)

n on Ω̂. Since uj ≥ u, uj, u ∈ F(Ω), Corollary 3.12
gives us that ∫

Ω

(ddcuj)
n ≤

∫
Ω

(ddcu)n < +∞. (4.1)

Now

sup
j

∫
Ω

(ddcûj)
n ≤ sup

j

∫
Ω

(ddcuj)
n < +∞,

hence û ∈ F(Ω̂). To prove that (ddcû)n ≤ χΩ(ddcu)n on Ω̂ it remains to

show that χΩ(ddcuj)
n converges to χΩ(ddcu)n on Ω̂ in the weak∗-topology.

Since (ddcuj)
n converges weak∗- to (ddcu)n we know from Theorem 1.11 that

limj χΩ(ddcuj)
n ≥ χΩ(ddcu)n and by equation (4.1) we see that

∫
Ω

(ddcu)n ≥
limj

∫
Ω

(ddcuj)
n so

(ddcû)n = lim(ddcûj)
n ≤ limχΩ(ddcuj)

n = χΩ(ddcu)n,

and we are finished.

Finally, assume that u ∈ E0(Ω). We know from above that û ∈ F(Ω̂)

and (ddcû)n ≤ χΩ(ddcu)n. Take a function ψ ∈ E0(Ω̂) that is not identically

zero. Since Ω b Ω̂ and by multiplying ψ with a constant, we can assume
that ψ < u on Ω. This implies that û ≥ ψ, hence û ∈ E0(Ω̂).

4.2 Subextension with given boundary values

Now we extend the definition of subextensions and look at functions u with
boundary values given by a function in the class E . We will let û be the
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largest subextension of u with certain given boundary values (see Chapter 3
for the definitions of E and E0(Ω, F )). Remember that when u ∈ E0(Ω, F ),
F ∈ E(Ω), then the total Monge-Ampère mass of u not necessarily has to be
finite. We can use a lot of the same techniques as in the previous section.

Theorem 4.3. Let Ω and Ω̂ be hyperconvex domains in Cn such that Ω b Ω̂
and let F ∈ E(Ω) and G ∈ MPSH(Ω̂) ∩ E(Ω̂) be such that G ≤ F on Ω. If
u ∈ E0(Ω, F ) ∩ C(Ω̄), then

û = sup{ϕ ∈ PSH(Ω̂) : ϕ ≤ G on Ω̂ and ϕ ≤ u on Ω}

belongs to the class E0(Ω̂, G) and (ddcû)n ≤ χΩ(ddcu)n.

Remark 6. If G moreover is continuous on the closure of Ω̂, we can use
[ACCH, Proposition 2.5] and the same method as in the proof of Theorem

4.2, to show that û is also continuous on the closure of Ω̂.

Proof. Since u ∈ E0(Ω, F ), there exists a function ψ ∈ E0(Ω) such that

F ≥ u ≥ F + ψ

on Ω. By Theorem 4.2, we know that if ψ̂ = sup{ϕ ∈ PSH−(Ω̂) : ϕ ≤
ψ on Ω}, then ψ̂ ∈ E0(Ω̂). If we look at the function G + ψ̂, we have that

G + ψ̂ ≤ G on Ω̂ and G + ψ̂ ≤ F + ψ ≤ u on Ω. So we have that û is
well-defined, it is plurisubharmonic by the same argument as in the proof of
Theorem 4.2 and since G ≥ û by the construction

G ≥ û ≥ G+ ψ̂,

so û ∈ E0(Ω̂, G).

We show that
∫

Ω̂\Ω(ddcû)n = 0 by proving that supp (ddcû)n b Ω. Note
that, we can without loss of generality, assume that F,G ≤ −1. By replacing
F by F + ε, ε > 0, we can assume that G + ε ≤ F on Ω. Take a small
open ball B such that B̄ ⊂ Ω̂\Ω. Then, by Proposition 4.1, there is a unique

function Φ ∈ PSH(Ω̂) ∩ L∞loc(Ω̂) such that Φ ≥ û, Φ = û on Ω̂\B, and

(ddcΦ)n = 0 on B. Since G is maximal, Φ ≤ G on Ω̂ and by the construction
of û, Φ ≤ u on Ω. So, Φ = û and (ddcû)n = 0 on B. Near ∂Ω we can do the
same thing if we take a point z0 ∈ ∂Ω and a neighborhood B of z0 that is
small enough, that is such that sup{û(z) : z ∈ B} < inf{u(z) : z ∈ B ∩ Ω}.
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This is possible since G+ ε ≤ F on Ω. Use the same argument as above.

To show that (ddcû)n ≤ (ddcu)n on Ω we start by using the same argument
as above on the set {z ∈ Ω : û(z) < u(z)}∩Ω. Note that, since u ∈ C(Ω̄) we
have that the set {z ∈ Ω : û(z) < u(z)} ∩Ω is open. It remains to show that
(ddcû)n ≤ (ddcu)n on {z ∈ Ω : û(z) = u(z)} ∩ Ω. Let K ⊂ {z ∈ Ω : û(z) =
u(z)} ∩ Ω be a compact set, then especially K ⊂ {z ∈ Ω : û(z) + ε > u(z)}.
From [NP, Theorem 4.1] (see [BGZ, Theorem 2.2] for an alternative proof)
we get the second equality

∫
K

(ddcû)n =

∫
K

χ{û+ε>u}(dd
cû)n

=

∫
K

χ{û+ε>u}
(
ddc max(û+ ε, u)

)n
≤
∫
K

(
ddc max(û+ ε, u)

)n
.

Note that, since we have assumed that G + ε ≤ F on Ω, we have that
max(û + ε, u),max(û, u) ∈ E0(Ω, F ) ⊂ E(Ω) and since max(û + ε, u) ↘
max(û, u), when ε decreases to zero, Lemma 3.2 in [C6] implies that the
measure (ddc max(û+ ε, u))n converges to (ddc max(û, u))n in the weak∗-
topology. We can approximate the characteristic function χK with a de-
creasing sequence of continuous functions ϕj that are bounded from above.
Then the Lebesgue’s dominated convergence theorem gives us that

lim sup
ε→0

∫
Ω

χK
(
ddc max(û+ ε, u)

)n
= lim sup

ε→0

[
lim
j

∫
Ω

ϕj
(
ddc max(û+ ε, u)

)n]
≤ lim sup

ε→0

∫
Ω

ϕk
(
ddc max(û+ ε, u)

)n
=

∫
Ω

ϕk
(
ddc max(û, u)

)n
.

Now, since
∫

Ω
ϕj(dd

c max(û, u))n ↘
∫

Ω
χK(ddc max(û, u))n =

∫
Ω
χK(ddcu)n

we get that (ddcû)n ≤ (ddcu)n on {û = u} ∩ Ω.

To be able to generalize this theorem to the class F(Ω, F ) we need some
more results. If u ∈ E0(Ω), then it is possible to prove that (ddcu)n vanishes
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on pluripolar sets (see for example [C5, Theorem 5.11]). Next lemma, that
follows almost immediately from [ACCH, Lemma 4.12], provides us with the
same result for E0(Ω, H), when H ∈MPSH(Ω) ∩ E(Ω).

Lemma 4.4. Let Ω ⊂ Cn be a hyperconvex domain and H ∈ MPSH(Ω) ∩
E(Ω). If u ∈ E0(Ω, H), then the measure (ddcu)n vanishes on pluripolar sets.

Proof. Since u ∈ E0(Ω, H), there exists ϕ ∈ E0 such that H ≥ u ≥ H + ϕ.
Then H − ϕ ≥ u − ϕ ≥ u and hence |u − H| ≤ −ϕ. By [ACCH, Lemma
4.12], (ddcu)n vanishes on pluripolar sets.

The next proposition gives us a characterization of F(Ω, H), H ∈ E . This
is a generalization of [AC, Theorem 3.7].

Proposition 4.5. Let Ω be a hyperconvex domain in Cn and let H ∈ E(Ω).
If u ∈ F(Ω, H) is such that ∫

Ω

(ddcu)n < +∞ , (4.2)

then there exists a decreasing sequence {uj}, uj ∈ E0(Ω, H), that converges
pointwise to u as j tends to +∞, and

sup
j

∫
Ω

(ddcuj)
n < +∞ . (4.3)

Moreover if {uj}, uj ∈ F(Ω, H), is a decreasing sequence that converges
pointwise to a function u, as j tends to +∞, such that (4.3) is satisfied, then
u ∈ F(Ω, H) and (4.2) holds.

Proof. Assume that u ∈ F(Ω, H) is such that (4.2) holds. It follows from
[ACCH, Proposition 2.5] that there exists a decreasing sequence {uj}, uj ∈
E0(Ω, H), that converges pointwise to u on Ω, as j → +∞. By Proposition
3.15 a) and assumption (4.2) we have that

sup
j

∫
Ω

(ddcuj)
n < +∞ .

The outline of the rest of the proof is the following: First we show that if
there exists a sequence {uj}, uj ∈ E0(Ω, H), that converges pointwise to u
and such that (4.3) holds, then u ∈ F(Ω, H) and (4.2) holds. If the functions
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uj are in F(Ω, H), then we show that there also exists a sequence of func-
tions in E0(Ω, H) that converges pointwise to u and such that (4.3) holds.
The result then follows from the earlier argument.

Now assume that {uj}, uj ∈ E0(Ω, H), is a decreasing sequence such that
(4.3) holds and such that {uj} converges pointwise to a function u, as j →∞.
From (4.3) and Theorem 3.14 we have that

∫
Ω

(ddcH)n < +∞ (since uj, H ∈
F(Ω, H) and uj ≤ H). Proposition 3.15 b) implies that H ∈ F(Ω, H̃), where
H̃ is defined as in Definition 3.6. Hence, we can without loss of generality
assume that (ddcH)n = 0. The measure (ddcuj)

n has finite total mass and
vanishes on pluripolar sets by Lemma 4.4. Therefore Lemma 5.14 in [C5]
implies that there exists a uniquely determined function ϕj ∈ F(Ω) such
that (ddcϕj)

n = (ddcuj)
n. Furthermore,

(ddc(ϕj +H))n ≥ (ddcuj)
n .

Thus, uj ≥ ϕj + H, by Corollary 3.2 in [ACCH]. Let ϕ′j be the function
defined by ϕ′j = (supk≥j ϕk)

∗. This construction implies that {ϕ′j}, ϕ′j ∈
F(Ω), is a decreasing sequence and

sup
j

∫
Ω

(
ddcϕ′j

)n ≤ sup
j

∫
Ω

(ddcϕj)
n < +∞ ,

by (4.3) and the fact that (ddcϕj)
n = (ddcuj)

n. Thus, by [Czy2, Lemma 2.1],
ϕ = (limj→+∞ ϕ

′
j) ∈ F(Ω). For every k ∈ N it holds that uj ≥ u(j+k) ≥

ϕ(j+k) + H. Hence, for every j ∈ N we have that uj ≥ ϕ + H. By letting
j → +∞ we get that u ∈ F(Ω, H). Now (4.3) and Proposition 3.15 a) imply
that ∫

Ω

(ddcu)n = lim
j→+∞

∫
Ω

(ddcuj)
n < +∞.

For the last step in the proof, assume that there exists a decreasing se-
quence {uj}, uj ∈ F(Ω, H), that converges pointwise to a function u and
such that (4.3) holds. Then we can take ψ ∈ E0(Ω), ψ 6≡ 0 and define the
functions u′j as

u′j = max(uj, jψ +H).

Since jψ + H ∈ E0(Ω, H), for every fixed j, we know that u′j ∈ E0(Ω, H).
By the construction, u′j ↘ u when j →∞ and then Theorem 3.14 and (4.3)
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imply that
∫

Ω

(
ddcu′j

)n ≤ ∫
Ω

(ddcuj)
n. It follows from (4.3) that

sup
j

∫
Ω

(
ddcu′j

)n
<∞,

hence it follows from the argument above that u ∈ F(Ω, H) and
∫

Ω
(ddcu)n <

+∞.

We will now state two different theorems about subextension in the class
F(Ω, F ), where F ∈ E(Ω).

Theorem 4.6. Let Ω and Ω̂ be bounded hyperconvex domains in Cn such
that Ω ⊂ Ω̂. Given F ∈ E(Ω) and G ∈MPSH(Ω̂) ∩ E(Ω̂) such that

F ≥ G on Ω . (4.4)

If u ∈ F(Ω, F ), then there exists û ∈ F(Ω̂, G) such that û ≤ u on Ω and∫
Ω̂

(ddcû)n ≤
∫

Ω

(ddcu)n .

Under the assumption that Ω is relatively compact in Ω̂ and that F and G
are the Perron-Bremermann envelope of certain continuous functions f and g
that satisfy (4.4), the theorem above has been proved in [AC, Theorem 5.4].
Example 5.5 in [AC] shows that assumption (4.4) is necessary. At this point
the author do not know if the assumption that G is a maximal function is
necessary, but note that it is necessary that

∫
Ω̂

(ddcG)n ≤
∫

Ω
(ddcF )n.

If we now assume that F is continuous up to the boundary, that Ω b Ω̂
and that

∫
Ω

(ddcu)n < +∞, we get a stronger result and control of the

Monge-Ampère measure of the subextension. Note that the subextension
we get in the theorem below is maximal on Ω̂ \ Ω. This differs from the
result in Theorem 4.6 where we have no knowledge about maximality of the
subextension.

Theorem 4.7. Let Ω and Ω̂ be hyperconvex domains in Cn such that Ω b Ω̂.
Given F ∈ E(Ω) ∩ C(Ω̄) and G ∈ MPSH(Ω̂) ∩ E(Ω̂) that satisfy G ≤ F on
Ω. If u ∈ F(Ω, F ) and ∫

Ω

(ddcu)n < +∞, (4.5)

then there exists a function û ∈ F(Ω̂, G) such that û ≤ u on Ω, (ddcû)n ≤
χΩ(ddcu)n.
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Now we come to the proofs of the two theorems. The proof of Theorem 4.7
uses the same techniques as earlier and relies heavily on Theorem 4.3 where
we prove the corresponding subextension theorem for the class E0(Ω, F ) ∩
C(Ω̄), F ∈ E . The proof of Theorem 4.6 uses solutions of the Dirichlet
problem.

Proof of Theorem 4.6. Let u ∈ F(Ω, F ). First assume that∫
Ω

(ddcu)n < +∞ . (4.6)

This assumption and Theorem 3.14 imply that
∫

Ω
(ddcF )n < +∞, since

u, F ∈ F(Ω, F ) and u ≤ F . Proposition 3.15 b) implies that F ∈ F(Ω, F̃ ),
where F̃ is defined as in Definition 3.6. Hence, we can without loss of gen-
erality assume that (ddcF )n = 0. Proposition 4.5 implies that there exists a
decreasing sequence {uj}, uj ∈ E0(Ω, F ), which converges pointwise to u on
Ω, as j → +∞, and

sup
j

∫
Ω

(ddcuj)
n < +∞ . (4.7)

Consider the measure µj = χΩ(ddcuj)
n defined on Ω̂, where χΩ is the

characteristic function defined in Ω̂ for the set Ω. The measure µj is a Borel

measure in Ω̂ and it vanishes on pluripolar sets by Lemma 4.4. Moreover,
from (4.7) it follows that µj(Ω̂) < +∞. Since G is maximal we can use
[ACCH, Theorem 3.7] together with Proposition 3.15 b) to see that there

exists a uniquely determined function ψj ∈ F(Ω̂, G) such that (ddcψj)
n = µj

on Ω̂. Theorem 5.11 in [C5] implies that there exist functions wj ∈ E0(Ω̂)

and ϕj ∈ L1
(
Ω̂, (ddcwj)

n), ϕj ≥ 0, such that µj = ϕj(dd
cwj)

n on Ω̂. For

k ∈ N let the measure µjk be defined on Ω̂ by

µjk = min(ϕj, k)(ddcwj)
n .

In the same way as above it follows from [ACCH, Theorem 3.7] and Propo-

sition 3.15 b) that there exist decreasing sequences {ψjk}∞k=1, ψjk ∈ F(Ω̂, G),
{ϕjk}∞k=1, ϕjk ∈ F(Ω, F ) such that

(ddcψjk)
n = µjk on Ω̂ and (ddcϕjk)

n = µjk on Ω .
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Furthermore, the sequence {ψjk}∞k=1 converges pointwise to ψj on Ω̂ and
{ϕjk}∞k=1 converges pointwise to uj on Ω, as k → +∞. Corollary 3.2 in [ACCH]
and (4.4) yield that

ψjk ≤ ϕjk on Ω .

Thus, ψj ≤ uj on Ω. For each j ∈ N let the function vj be defined by

vj = (supl≥j ψl)
∗. By construction we have that vj ∈ F(Ω̂, G),

vj ≤ uj on Ω , (4.8)

and vj ≥ ψj on Ω̂. Therefore it follows from Theorem 3.14 that∫
Ω̂

(ddcvj)
n ≤

∫
Ω̂

(ddcψj)
n =

∫
Ω

(ddcuj)
n ,

hence

sup
j

∫
Ω̂

(ddcvj)
n ≤ sup

j

∫
Ω

(ddcuj)
n < +∞ . (4.9)

Thus, (limj→+∞ vj) ∈ F(Ω̂, G), by Proposition 4.5. Let û = (limj→+∞ vj),
then it follows from (4.8) that û ≤ u on Ω and by (4.9) and Theorem 3.14
we have that ∫

Ω̂

(ddcû)n ≤
∫

Ω

(ddcu)n ,

which completes the proof in this case.
Now assume that u ∈ F(Ω, F ) is such that∫

Ω

(ddcu)n = +∞ . (4.10)

Then it suffice to construct a function û in F(Ω̂, G) such that û ≤ u on Ω.
By definition there exists a function u′ ∈ F(Ω) such that

F ≥ u ≥ u′ + F.

From the first part of the proof there exists a function û′ ∈ F(Ω̂) such that

û′ ≤ u′ on Ω. Now let û = û′ + G, then û ∈ F(Ω̂, G) and it follows by
assumption (4.4) that

u ≥ u′ + F ≥ û′ +G = û ,

on Ω. Thus, the proof is completed.
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Proof of Theorem 4.7. Take u ∈ F(Ω, F ) and let û = sup{ϕ ∈ PSH(Ω̂) :

ϕ ≤ G on Ω̂ and ϕ ≤ u on Ω}. Since F ∈ E(Ω) ∩ C(Ω̄), it follows from
[ACCH, Proposition 2.5] that there exists a decreasing sequence {uj}, uj ∈
E0(Ω, F )∩C(Ω̄) that converges pointwise to u on Ω. Then by (4.5) together
with Proposition 3.15 a) we have that

lim
j

∫
Ω

(ddcuj)
n =

∫
Ω

(ddcu)n < +∞,

so we have that

sup
j

∫
Ω

(ddcuj)
n < +∞. (4.11)

Now let

ûj = sup{ϕ ∈ PSH(Ω̂) : ϕ ≤ G on Ω̂ and ϕ ≤ uj on Ω}.

Then ûj ↘ û and by Theorem 4.3, ûj ∈ E0(Ω̂, G) and

(ddcûj)
n ≤ χΩ(ddcuj)

n. (4.12)

Because of (4.11), we know that

sup
j

∫
Ω̂

(ddcûj)
n < +∞.

Proposition 4.5 then implies that û ∈ F(Ω̂, G).

It remains to show that (ddcû)n ≤ χΩ(ddcu)n. We have that ûj ↘ û

and ûj, û ∈ F(Ω̂, G) ⊂ E(Ω̂), so by [C6, Lemma 3.2], we have that (ddcûj)
n

converges to (ddcû)n in the weak∗-topology, so (ddcû)n = limj→∞(ddcûj)
n.

Now we show that limj χΩ(ddcuj)
n = χΩ(ddcu)n on Ω̂. Since Ω is open

and by Theorem 1.11 we know that limj χΩ(ddcuj)
n ≥ χΩ(ddcu)n, so it is

enough to show that
∫

Ω
(ddcu)n ≥ limj

∫
Ω

(ddcuj)
n. But since uj ≥ u and

uj, u ∈ F(Ω, F ) we can use Theorem 3.14 to see that
∫

Ω
(ddcuj)

n ≤
∫

Ω
(ddcu)n

for every j. Therefore we have that limj χΩ(ddcuj)
n = χΩ(ddcu)n. Hence,

(4.12) gives us that

(ddcû)n = lim
j→∞

(ddcûj)
n ≤ lim

j→∞
χΩ(ddcuj)

n = χΩ(ddcu)n on Ω̂.
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4.3 An example

In this section we construct an example of a function in N\F that can not be
subextended (see Example 4.4). We begin with a characterization theorem
for the class N . Let Ω be a hyperconvex domain in Cn.

Proposition 4.1. Let u ∈ E(Ω). Then the following assertions are equiva-
lent:

(1) u ∈ N (Ω),

(2) there exists a plurisubharmonic function ϕ =
∑∞

j=1 ϕj, ϕj ∈ F(Ω),
such that u ≥ ϕ on Ω.

Proof. Assume that u ∈ N (Ω), i.e. ũ = 0. Let {Ωj} be a fundamental
sequence of Ω. The sequence {uj}, where uj is defined as in Definition 3.6,
increases pointwise to ũ on Ω\A, where A is a pluripolar subset of Ω. Hence
there exists a point a ∈ Ω and a subsequence {ujk} of {uj} with the properties
that u(a) > −∞ and ujk(a) ≥ − 1

2jk
. To simplify the notation {uj} and {− 1

2j
}

will be used instead of {ujk} and {− 1
2jk
}. The original sequence will not be

used any more. Let ωj be defined by

ωj =

{
Ω2 if j = 1

Ωj+1\Ω̄j−1 if j ≥ 2 .

This construction implies that ωj is an open and connected set such that
ω̄j ⊆ Ω, Ω =

⋃+∞
j=1 ωj and ωj ⊆ CΩj−1 (remember that CΩj−1 denotes the

complement of Ωj−1). For each j ≥ 1 define

ϕj = sup{ψ ∈ PSH−(Ω) : ψ ≤ u on ωj}.

In particular this construction yields that ϕj ≥ u on Ω and ϕj = u on ωj.
Since u ∈ E(Ω) and ωj b Ω we know from Section 3.2 that there exists a
function uωj

∈ F(Ω) such that uωj
≥ u on Ω and u = uωj

on ωj. By the
construction of ϕj, ϕj ≥ uωj

, so ϕj ∈ F(Ω) by Theorem 3.9. Furthermore,
for j ≥ 2, note that ϕj ≥ uj−1 on Ω . Then we have that

∞∑
j=1

ϕj(a) = ϕ1(a)+
∞∑
j=2

ϕj(a) ≥ u(a)+
∞∑
j=2

uj−1(a) ≥ u(a)−
∞∑
j=2

1

2j−1
> −∞ ,
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since u(a) > −∞. Thus, the function defined by ϕ =
∑∞

j=1 ϕj is plurisub-

harmonic, since {
∑k

j=1 ϕj}∞k=1 is a decreasing sequence of plurisubharmonic
functions which converges pointwise to a function ϕ, which is not identically
−∞, as k → ∞. To complete this implication we need to prove that u ≥ ϕ
on Ω. Let z ∈ Ω, then there exists a j0, which is not necessarily uniquely
determined, such that z ∈ ωj0 and therefore we have that

u(z) = ϕj0(z) ≥
∞∑
j=1

ϕj(z) = ϕ(z) .

For the converse assume that u ∈ E(Ω) is such that (2) holds. Let vk =∑k
j=1 ϕj, then {vk} is a decreasing sequence which converges pointwise to

ϕ ∈ PSH(Ω), ϕ ≤ 0, as k → ∞. The fact that vk ∈ F(Ω), that u ≥ ϕ and
the definition of the ˜-operator yields that

ũ ≥ ϕ̃ ≥
∞∑
j=k

ϕj

for every k ≥ 1. Let k → ∞, then it follows that ũ(z) = 0, since {vk}
converges pointwise to ϕ. Thus, u ∈ N (Ω), since u ∈ E(Ω) by the assump-
tion.

Before we come to the main example in this section we remind the reader
of the definition of the Lelong number. It is a way to measure the singularity
of a plurisubharmonic function and can be seen as a generalization of the
multiplicity of a holomorphic function.

Definition 4.2. Let Ω be a domain in Cn and u ∈ PSH(Ω). The Lelong
number of u at z is defined by

ν(u, z) = lim
r→0

sup{u(w) : w ∈ B(z, r)}
log(r)

.

Remark 7. It is well known that whenever u is plurisubharmonic, u 6= −∞,
and z ∈ Ω, then ν(u, z) is finite. Also note that if u does not have a singularity
at z, then ν(u, z) = 0.

Example 4.3. If u(z) = log |z|, then ν(u, 0) = 1, while v(z) = log |z|2, which
has a larger singularity at 0, has ν(v, 0) = 2.
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Remark 8. If u, v ∈ PSH(Ω) are such that v ≤ u, then ν(u, z) ≤ ν(v, z) for
all z ∈ Ω.

In Example 4.4 we show that subextension is not in general possible
in N\F . This example is based on an idea by Wiklund (see the proof of
Theorem 3.2 in [Wi]).

Example 4.4. Let Ω be a bounded hyperconvex domain in Cn and g(z, w) be
the pluricomplex Green function for Ω with pole at w ∈ Ω. Let the function
u be defined by

u(z) =
∞∑
j=1

j g(z, wj) ,

where the poles wj ∈ Ω are chosen such that wj → z0 as j → ∞, for some
z0 ∈ ∂Ω and such that u ∈ PSH(Ω) (see the proof of Theorem 3.2 in [Wi]).
We now show that u has no subextension by using the Lelong number ν. Note
that ν(u,wj) ≥ j. Assume that v is a subextension of u to a larger domain
Ω′ ⊃ Ω such that z0 ∈ Ω′. Then v ≤ u on Ω so ν(v, wj) ≥ ν(u,wj) ≥ j
and limj ν(v, wj) = ∞. This is a contradiction since the Lelong number of
a plurisubharmonic function is finite. Hence u has no subextension to any
larger domain containing Ω. By the proof of Theorem 3.2 in [Wi] we have
that u ∈ E(Ω). Proposition 4.1 implies that u ∈ N , since (j g(z, wj)) ∈ F(Ω)
for all j. Finally, since the pluricomplex Green function is the fundamental
solution to the Monge-Ampère operator and u is a sum of infinitely many
such functions, the total Monge-Ampère mass of u is infinite and it follows
that u 6∈ F .

Example 4.5 shows that Proposition 4.1 is not, in general, true if we
remove the assumption that u ∈ E .

Example 4.5. Let P = {(z1, z2) ∈ C2 : |z1| < 1, |z2| < 1} be the unit
polydisc in C2 and for each j ≥ 1 let uj be the function defined by

uj(z1, z2) = max

(
j2 ln |z1|,

1

j2
ln |z2|

)
.

Then uj ∈ PSH(P ), limz→ξ uj(z) = 0 for every ξ ∈ ∂P , and (ddcuj)
2 =

(2π)2δ(0,0), where δ(0,0) denotes the Dirac measure at (0, 0) ∈ C2. Hence,

uj ∈ F(P ). Let vk : P → R ∪ {−∞} be defined by vk =
∑k

j=1 uj. The
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sequence {vk} is decreasing and for every point (z1, z2) ∈ P , z2 6= 0, we have
that

lim
k→∞

vk(z1, z2) =
∞∑
j=1

uj(z1, z2) ≥ 2 ln |z2| > −∞ ,

which implies that u = (limk→∞ vk) ∈ PSH(P ). We are now going to show
that ũ = 0 and u /∈ E , hence u /∈ N . For each k ≥ 1 it holds that

0 ≥ ũ ≥
∞∑
j=k

uj

since (
∑k

j=1 uk) ∈ N . For the definition of ũ see Definition 3.6. Since vk → u
on P we have that ũ = 0 on P \A, where A is pluripolar, which implies that
ũ = 0 everywhere on P . Assume now that u ∈ E(P ), then∫

ω

(ddcu)n < +∞

for every ω b P. But if ω b P is an open neighborhood of (0, 0), then∫
ω

(ddcvk)
2 =

∫
ω

(ddc(u1 + . . .+ uk))
2 ≥

k∑
j=1

∫
ω

(ddcuj)
2 = (2π)2k .

Thus, limk→∞
∫
ω

(ddcvk)
2 = ∞, which is a contradiction to the assumption

that u ∈ E (see Remark 4 on page 17 or [C5]).
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Chapter 5

Plurisubharmonic functions on
compact sets

As we saw in Chapter 1, we usually define plurisubharmonic functions on
open sets. In this chapter we will define the notion of plurisubharmonic
functions on compact sets. This has earlier been studied by, for example
Poletsky [Po4, PS], Sibony [Sib] and Gamelin [Ga]. The plurisubharmonic
functions on compact sets are closely related to approximation from out-
side. We will later see that every plurisubharmonic function u on a compact
set X can be approximated with a monotone sequence of continuous pluri-
subharmonic functions defined on neighborhoods of X. If the function u
additionaly is continuous, this approximation will be uniform (see Theorem
5.11 and Theorem 5.12). There are different ways to define plurisubhar-
monic functions on compact sets. In this chapter we consider a construction
that follows a Choquet-theoretical point of view (as was done by Sibony in
[Sib]). We do this by defining a function cone of continuous functions on X
and associating to this a class of representing measures, Jz(X). Note that
this class is different from the class J c

z (X) that was defined in Chapter 1.
We then say that a plurisubharmonic function on X is an upper semicon-
tinuous function that satisfies the submean inequality with respect to these
measures. The same measures can be constructed as the weak∗- closure of
measures that are push-forwards of the arc length measure on the unit disk
with analytic disks. This was done by Poletsky in [Po4]. In Appendix A
we discuss this construction and show that these two different approaches
are the same. The Choquet theoretical approach is not as technical as the
approach by Poletsky which perhaps makes it, at first, easier to understand.
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The advantage of the approach by Poletsky is that it gives us more explicit
information about how these measures, Jz(X), really are constructed. The
main new results in this chapter are Theorem 5.12 and Theorem 5.16. As
mentioned above, Theorem 5.12, says that a function u is plurisubharmonic
on X if, and only if, it can be approximated with a decreasing sequence
of functions that are plurisubharmonic and continuous on neighborhoods of
X. The second theorem, Theorem 5.16, says that it is enough to look at
z ∈ ∂Ω if we want to know if a function ϕ ∈ PSH(Ω) ∩ C(Ω̄) is plurisub-
harmonic on Ω̄. This chapter is based on results by Hed and Persson in [HP].

Let X ⊂ Cn be a compact set. To be able to define Jz(X), we need the
following definition.

Definition 5.1. Define

PSHo(X) = {u|X : u ∈ PSH(U) ∩ C(U) for some open U ⊃ X}.

Definition 5.2. For given z ∈ X, let Jz(X) be the set of all probability
measures µ defined on X such that

u(z) ≤
∫
u dµ, ∀ u ∈ PSHo(X).

Remark 9. This set is always non-empty, since δz ∈ Jz(X).

Remark 10. The class Jz(X) is compact in the weak∗-topology. Too see this,
take a sequence {µj} ⊂ Jz(X) and show that µj converges to a measure
µ ∈ Jz(X) in the weak∗-topology. By the Banach-Alaoglu theorem (see
Theorem 1.12 on page 9) we know that the space of probability measures on
X is compact when equipped with the weak∗-topology of C(X). This means
that there is a subsequence µj(k) converging to a probability measure µ on
X. By the definition of Jz(X) one can confirm that µ ∈ Jz(X).

Remark 11. It follows immediately that J c
z (Ω̄) ⊆ Jz(Ω̄) (for the definition of

J c
z (Ω̄) see Definition 1.7 on page 7). In Example 6.2 we present an example

of a domain where J c
z (Ω̄) 6= Jz(Ω̄).

One important property of PSHo(X) is that it is a convex cone of con-
tinuous functions that contains the constants and separates points. This
means that we can use techniques from Choquet theory when working with
this class. In the terminology of Choquet theory the measures in Jz(X)
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are called representing measures or PSHo-measures for z. For more about
Choquet theory see the monograph [Ga] by Gamelin. Note that we would
have ended up with the same set Jz(X) if we, in the definition of PSHo(X),
had let go of the continuity requirement or considered the uniform closure
of PSHo(X). The later definition was used by Sibony in [Sib]. Now we
are ready to define what we mean with a plurisubharmonic function on a
compact set.

Definition 5.3. Let u be an upper semicontinuous function defined on X.
We say that u is plurisubharmonic on X if, for all z ∈ X, it holds that

u(z) ≤
∫
u dµ, ∀ µ ∈ Jz(X).

We denote the set of all plurisubharmonic functions on X by PSH(X).

Remark 12. By the definition, we see that PSHo(X) ⊆ PSH(X).

The functions in PSH(X) share a lot of nice properties with ordinary
plurisubharmonic functions. Here follows some examples of that.

Example 5.4. Let u1, u2 ∈ PSH(X). Then it follows from the properties
of the integral that for real numbers s, t ≥ 0, s u1 + t u2 ∈ PSH(X).

Example 5.5. Let u1, u2 ∈ PSH(X). Then for z ∈ X and µ ∈ Jz(X),∫
max(u1, u2) dµ ≥

∫
ui dµ ≥ ui(z), for i = 1, 2.

Hence max(u1, u2) ∈ PSH(X).

Example 5.6. Let u be a plurisubharmonic function defined on X. Suppose
also that φ is a convex, strictly increasing function defined on the range of
u. Then it follows from Jensen’s inequality that φ ◦ u ∈ PSH(X).

Example 5.7. Let u be a plurisubharmonic function defined on a neighbor-
hood of X, then u ∈ PSH(X). If u is continuous, this follows directly from
Definition 5.3. If u is not continuous, we use regularization to approximate
u with a decreasing sequence of functions, uj, that are plurisubharmonic and
smooth on neighborhoods of X. Let z ∈ X and take µ ∈ Jz(X), then (by
the monotone convergence theorem)

u(z) = lim
j
uj(z) ≤ lim

j

∫
X

uj dµ =

∫
X

lim
j
uj dµ =

∫
X

u dµ.

Hence u is plurisubharmonic on X.
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Example 5.8. If Ω b Cn is a domain and u ∈ PSH(Ω̄), then u ∈ PSH(Ω).
This follows since the measure we get when checking the submean inequality
on complex lines is in Jz(X).

One important theorem in Choquet theory is, the very useful, Edwards’
theorem [Ed]. In our setting:

Theorem 5.9 (Edwards’ Theorem). Let ϕ be a lower semicontinuous func-
tion defined on X. Then

sup

{
ψ(z) : ψ ∈ PSHo(X), ψ ≤ ϕ

}
= inf

{∫
ϕdν : ν ∈ Jz(X)

}
.

Let us now remind ourselves of Choquet’s lemma (for proof see [Kl]). We
will use it in the proofs of Theorem 5.11, Theorem 5.16 and Theorem 7.5.

Theorem 5.10 (Choquet’s Lemma). Let X be a compact set in Cn and let
{uα}α∈A be a family of functions on X that are locally bounded from above.
Then there exists a countable subset {αj} ⊂ A such that

(sup{uα : α ∈ A})∗ = (sup{uαj
: j ≥ 1})∗.

Moreover, if the functions uα are lower semicontinuous, then we can choose
{αj} such that

sup{uα : α ∈ A} = sup{uαj
: j ≥ 1}.

The main reason for us to study plurisubharmonic functions on compact
sets in this thesis, is the next theorem that connects them with approximation
from outside. This theorem is due to Poletsky, [Po4, Lemma 3.1], but here
we present an alternative proof that is based on Choquet’s lemma.

Theorem 5.11. Let X ⊂ Cn be a compact set and suppose that u is an upper
semicontinuous function defined on X. Then u ∈ PSH(X) ∩ C(X) if, and
only if, there exist functions uj ∈ PSHo(X) such that uj ↗ u on X.

Remark 13. By Dini’s theorem, uj → u uniformly on X.

Proof of Theorem 5.11. Let u ∈ PSH(X) ∩ C(X). Since the Dirac measure
δz ∈ Jz(X), we have that u(z) = inf{

∫
u dµ : µ ∈ Jz(X)}. By using

Edwards’ theorem we see that

u(z) = inf{
∫
u dµ : µ ∈ Jz(X)} = sup{ϕ(z) : ϕ ∈ PSHo(X), ϕ ≤ u}.
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Since the functions in PSHo(X) are continuous, Choquet’s lemma (Theorem
5.10) says that there exists a sequence uj ∈ PSHo(X) such that uj ↗ u.

Now assume that u is upper semicontinuous on X and that there exists
a sequence uj ∈ PSHo(X) such that uj ↗ u. Then u can be written as the
supremum of continuous functions and u is lower semicontinuous. Since we
have assumed that u is upper semicontinuous, u is continuous. Let z ∈ X
and µ ∈ Jz(X), then

u(z) = lim
j
uj(z) ≤ lim

j

∫
uj dµ =

∫
lim
j
uj dµ =

∫
u dµ,

hence u ∈ PSH(X) ∩ C(X).

If we no longer assume continuity on our function u, then we loose the uni-
form approximation but we still have pointwise approximation. The following
theorem gives us a nice characterization of the plurisubharmonic functions
on a compact set X.

Theorem 5.12. Let X ⊂ Cn be a compact set and let u be a function defined
on X, then u ∈ PSH(X) if, and only if, there is a sequence uj ∈ PSHo(X)
such that uj ↘ u on X.

Proof. We begin by assuming that u can be approximated as in the statement
of the theorem. Then, being the decreasing limit of continuous functions, u
must be upper semicontinuous and for z ∈ X and µ ∈ Jz(X) we have that

u(z) = lim
j
uj(z) ≤ lim

j

∫
uj dµ =

∫
u dµ.

Hence u ∈ PSH(X). Now suppose that u ∈ PSH(X). We begin to show
that for every f ∈ C(X) such that u < f on X, we can find v ∈ PSHo(X)
such that u < v ≤ f . Let

F (z) = sup{ϕ(z) : ϕ ∈ PSHo(X), ϕ ≤ f} = inf{
∫
f dµ : µ ∈ Jz(X)}.

For each z ∈ X, we can find µz ∈ Jz(X) such that F (z) =
∫
f dµz. That

such a measure exists is because of the fact that Jz(X) is weak∗-compact
(see Remark 10). Since then, the continuous point evaluation µ 7→

∫
f dµ

must attain its minimum on Jz(X). We have that

F (z) =

∫
f dµz >

∫
u dµz ≥ u(z),
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so u < F . By the construction of F we know that for every given z ∈
X, there exists a function vz ∈ PSHo(X) such that vz ≤ F and u(z) <
vz(z) ≤ F (z). Since the function u − vz is upper semicontinuous, the set
Uz = {w ∈ X : u(w) − vz(w) < 0} is open in X. Since X is compact,
there are finite many points z1, ..., zk with corresponding functions vz1 , ..., vzk
and open sets Uz1 , ..., Uzk such that u ≤ vzj in Uzj and X =

⋃k
j=1 Uzj . The

function v = max(vz1 , ..., vzk) belongs to PSHo(X) and u < v ≤ f .

It is now easy to prove that u can be approximated as in the statement
of the theorem. Since u is upper semicontinuous, it can be approximated
with a decreasing sequence {fj} of continuous functions. We can then find
a function v1 ∈ PSHo(X) such that u < v1 ≤ f1. Assuming that we have
found a decreasing sequence {v1, v2, . . . , vk} such that vj ∈ PSHo(X) and
u < vj for j = 1, . . . k, we find a function vk+1 ∈ PSHo(X), such that
u < vk+1 and vk+1 ≤ min{fk+1, vk}. Now the conclusion of the theorem
follows by induction.

In [FW, Theorem 1], Fornæss and Wiegerinck showed that every arbitrary
bounded domain Ω in Cn with C1-boundary has the PSH-Mergelyan prop-
erty, i.e. every ϕ ∈ PSH(Ω) ∩ C(Ω̄) can be approximated, uniformly on Ω̄,
with functions in PSHo(Ω̄). In [FW], they comment that Sibony has made
the observation that the proof of this theorem actually says that approxi-
mating plurisubharmonic functions in this way is a local property. Gauthier
made this statement precise (see [G, Corollary 2]). The localization theorem
below is very important in this thesis since it will be used to prove that P-
hyperconvexity is a local property (Theorem 6.10) and that every bounded
domain in Cn with C0-boundary has the PSH-Mergelyan property (Theo-
rem 7.3). For the readers convenience and for the completeness of this thesis
we include the proof of the localization theorem from Gauthier in [G].

Theorem 5.13 (Localization theorem). If X ⊂ Cn is a compact set then
u ∈ PSH(X)∩C(X) if, and only if, for each z ∈ X, there is a neighborhood
B = Bz such that u|X∩B̄ ∈ PSH(X ∩ B̄) ∩ C(X ∩ B̄).

Proof. That the restriction of a function u ∈ PSH(X) ∩ C(X) to X ∩ B̄ is
plurisubharmonic on X ∩ B̄ follows easily, we show the converse.

Since X is compact there exists a finite open covering {Bj} of X such
that u|X∩B̄j

∈ PSH(X ∩ B̄j)∩C(X ∩ B̄j) for all j. For every j, we can find
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compact sets Kj,k such that Kj,k ⊂ Bk and

∂Bj ∩X ⊂
⋃
k 6=j

Kj,k.

Let Kk =
⋃
jKj,k and note that Kk ⊂ Bk. Set dk = dist(Kk, ∂Bk). For every

k there exists a function χk that is smooth on Cn, −1 ≤ χk ≤ 0, χk(z) = 0
when dist(z,Kk) ≤ dk

2
and χk = −1 outside of Bk. Choose an arbitrary con-

stant c > 0. Since the function |z|2 is strictly plurisubharmonic, there exists
a constant η0

k > 0 such that for every 0 < ηk < η0
k, the function ηkχk + c|z|2

is plurisubharmonic and continuous on an open set Vk, Bk b Vk.

Choose a sequence {εj} of positive numbers such that

2 max
z∈B̄j

εj < min
z∈B̄j

ηj (5.1)

for every z ∈ X. The reason for this will be clear later. Since we have
assumed that u|X∩B̄j

∈ PSH(X ∩ B̄j) ∩ C(X ∩ B̄j) for every j, Theorem
5.11 says that there exist open sets Uj, (X ∩ Bj) b Uj b Vj and functions
uj ∈ PSH(Uj) ∩ C(Uj) such that

|u− uj| < εj on X ∩ B̄j. (5.2)

For z ∈ (Uj \X)
⋃

(X ∩ B̄j) set

fj(z) = uj(z) + ηjχj(z) + c|z|2

and elsewhere, set fj = −∞. Now define the function

v(z) = max fj(z).

It remains to show that v approximates u uniformly on X and that v ∈
PSHo(X), then the result will follow from Theorem 5.11.

For z ∈ X we have that

|u(z)− v(z)| = |u(z)−max fj(z)|
= |u(z)− max

z∈X∩B̄j

(uj(z) + ηjχj + c|z|2)|

≤ max
z∈X∩B̄j

ηj + |u(z)− max
z∈X∩B̄j

uj(z)|+ c|z|2.
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By choosing the constants c, ηj, εj in the right order and small enough, the
expression above can be made arbitrary small. Hence v approximates u uni-
formly on X.

To prove that v ∈ PSHo(X), first take z ∈ X that does not lie on the
boundary of any Bj. The functions fk, that are not −∞ at z, are finitely
many and they are continuous and plurisubharmonic in a neighborhood of
z. If z ∈ ∂Bj ∩X, then there exists a k such that z ∈ (X ∩Kk) ⊂ (X ∩Bk).
For this j and k we have that

fj(z) = uj(z) + ηjχj + c|z|2

= uj(z)− ηj + c|z|2

=
(
uj(z)− uk(z)

)
+
(
uk(z) + ηk0 + c|z|2

)
− ηj

= uk(z) +
(
uj(z)− uk(z)

)
− ηj ≤ fk(z)

where the last inequality follows from assumption (5.1) together with (5.2)
(that makes sure that |uj(z) − uk(z)| < εj + εk). This means that locally,
near z, we can assume that the function v is the maximum of functions fk,
k 6= j, where the functions fk are continuous and plurisubharmonic in a
neighborhood of z. This concludes the proof.

A consequence of the localization theorem is that we can glue plurisub-
harmonic functions on compacts together and still have a plurisubharmonic
function defined on a compact set.

Theorem 5.14. Let ω ⊂ Ω ⊂ Cn be open sets and let u ∈ PSH(ω̄) ∩ C(ω̄),
v ∈ PSH(Ω̄) ∩ C(Ω̄) and u(z) ≤ v(z) for all z ∈ ∂ω. Define the function ψ
by

ψ(z) =

{
max

(
u(z), v(z)

)
, z ∈ ω

v(z), z ∈ Ω̄ \ ω.

Then ψ ∈ PSH(Ω̄) ∩ C(Ω̄).

Proof. Let

ψε(z) =

{
max

(
u(z), v(z) + ε

)
, z ∈ ω,

v(z) + ε, z ∈ Ω̄ \ ω.

Then, by Theorem 5.13, it holds that ψε ∈ PSH(Ω̄)∩C(Ω̄) and ψε ↘ ψ when
ε→ 0. Since ψ ∈ C(Ω̄) it follows from Theorem 5.11 that ψ ∈ PSH(Ω̄).
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As said earlier, the motivation for us to study plurisubharmonic func-
tions on compact sets is to learn more about which domains have the PSH-
Mergelyan property. A direct consequence of Theorem 5.11 is the following:

Corollary 5.15. A domain Ω b Cn has the PSH-Mergelyan property if,
and only if, PSH(Ω) ∩ C(Ω̄) = PSH(Ω̄) ∩ C(Ω̄).

Remark 14. Note that we always have that PSH(Ω̄) ∩ C(Ω̄) ⊆ PSH(Ω) ∩
C(Ω̄).

So, it is interesting to know when a function ϕ ∈ PSH(Ω)∩C(Ω̄) also is
plurisubharmonic on Ω̄. By the definition of plurisubharmonicity on compact
sets, we know that ϕ ∈ PSH(Ω̄) ∩ C(Ω̄) if, for every z ∈ Ω̄ and every
µ ∈ Jz(Ω̄), it holds that ϕ(z) ≤

∫
ϕdµ. The next theorem shows that it is

enough to check this for z ∈ ∂Ω. In Chapter 6, where we study P-hyperconvex
domains, we will investigate this question further (see Corollary 6.7).

Theorem 5.16. Let Ω b Cn be a domain. If ϕ ∈ PSH(Ω) ∩ C(Ω̄) and for
every z ∈ ∂Ω we have that

ϕ(z) ≤
∫
ϕdµ ∀ µ ∈ Jz(Ω̄), (5.3)

then ϕ ∈ PSH(Ω̄) ∩ C(Ω̄).

Proof. Assume that ϕ ∈ PSH(Ω) ∩ C(Ω̄) and let

v = sup{u : u ∈ PSHo(Ω̄), u ≤ ϕ}.

By Edwards’ Theorem (Theorem 5.9) it follows that

v(z) = inf{
∫

Ω̄

ϕdµ : µ ∈ Jz(Ω̄)},

so by (5.3) we see that v|∂Ω = ϕ|∂Ω and especially that v ∈ C(∂Ω). By using
Choquet’s lemma (Theorem 5.10) we can find a sequence vj ∈ PSHo(Ω̄)
such that vj ≤ ϕ and vj ↗ v. Since v ∈ C(∂Ω) and by using Dini’s Theorem
we see that vj → v uniformly on ∂Ω. This means that for every ε > 0
we can find v̂ ∈ {vj} such that v − v̂ < ε on ∂Ω. This also means that
ϕ − ε < v̂ on ∂Ω. Since v̂ ∈ PSHo(Ω̄), we can assume that v̂ is continuous
and plurisubharmonic in a neighborhood of Ω̄. Now let

vε(z) =

{
max

(
v̂(z), ϕ(z)− ε

)
, z ∈ Ω

v̂(z), otherwise.
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Then vε|Ω̄ ∈ PSHo(Ω̄) and since v ≤ ϕ on Ω̄ we have that

v − ε ≤ ϕ− ε ≤ vε ≤ v ≤ ϕ on Ω̄.

Hence vε → ϕ uniformly on Ω̄ and by Theorem 5.11 we know that ϕ ∈
PSH(Ω̄) ∩ C(Ω̄).
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Chapter 6

P-hyperconvexity

We shall now introduce a new notion of convexity called P-hyperconvexity.
This notion is quite natural when working with approximation of plurisub-
harmonic functions and it uses plurisubharmonic functions on compact sets
that were defined in Chapter 5. Remember that a domain is hyperconvex if
it has a negative exhaustion function in PSH(Ω)∩C(Ω̄) (see Definition 1.5).
A domain will be called P-hyperconvex if it has a negative plurisubharmonic
exhaustion function that is plurisubharmonic on Ω̄. The main results in this
chapter are that P-hyperconvex domains can be fully characterized using the
support of the Jensen measures Jz(Ω̄) in the boundary points and that, if
z ∈ ∂Ω, then Jz(Ω̄) = Jz(∂Ω) for every P-hyperconvex domain Ω. Finally,
we see that for a P-hyperconvex domain Ω, a function ϕ ∈ PSH(Ω) ∩ C(Ω̄)
is in PSH(Ω̄)∩C(Ω̄) if, and only if, ϕ|∂Ω ∈ PSH(∂Ω). This chapter is based
on results by Hed and Persson in [HP].

Definition 6.1. A domain Ω b Cn is called P-hyperconvex if it has a negative
exhaustion function in PSH(Ω̄) ∩ C(Ω̄).

Remark 15. If Ω is a P-hyperconvex domain, then Ω is fat, i.e. Ω = (Ω̄)◦.
To see this, assume that Ω is P-hyperconvex but not fat. Then Ω has an
exhaustion function ψ ∈ PSH(Ω̄) ∩ C(Ω̄), ψ|∂Ω = 0. Assume that z ∈
∂Ω ∩ (Ω̄)◦, then ψ(z) = 0. But, by Example 5.8, ψ ∈ PSH(Ω) so ψ attains
a maximum in an interior point, hence Ω is not P-hyperconvex.

Every P-hyperconvex domain is hyperconvex (by Example 5.8). The
converse is not true. This follows from Example 6.2 below. It is still un-
known to the author if there are hyperconvex domains that are fat but not
P-hyperconvex.
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Example 6.2. Let Ω = D\ [−1
2
, 1

2
], where D is the unit disk in C (see Figure

6.1). This domain is hyperconvex since it is regular with respect to the
Laplace equation (see [Ra]) but it is not fat so it can not be P-hyperconvex.
Observe that this is also an example of a domain where Jz(Ω̄) 6= J c

z (Ω̄).
To see this, let µ be the measure we get when integrating the Lebesgue
measure on ∂B(0, 3

4
). We claim that this is a measure in J0(Ω̄) \J c

0 (Ω̄). Let
ϕ ∈ PSHo(Ω̄), then

ϕ(0) ≤
∫
ϕdµ,

hence µ ∈ J0(Ω̄). Since Ω is hyperconvex, it has a negative plurisubharmonic
exhaustion function ψ. Then

ψ(0) >

∫
ψ dµ

which shows that µ /∈ J c
0 (Ω̄). By taking the cross product of Ω and some

hyperconvex domain, we get an example in higher dimension of a domain
that is hyperconvex but not P-hyperconvex.

D \ [−1
2
, 1

2
]

Figure 6.1: An example of a domain that is hyperconvex but not P-
hyperconvex.

Let us now look at some examples of domains that are P-hyperconvex.

Example 6.3. Every hyperconvex domain Ω with the PSH-Mergelyan prop-
erty is P-hyperconvex. In Theorem 7.3 we will see that every hyperconvex
domain with C0-boundary has the PSH-Mergelyan property, so they are
P-hyperconvex.
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Example 6.4. Every strongly hyperconvex domain is P-hyperconvex. With
strongly hyperconvex we mean that Ω has a negative plurisubharmonic ex-
haustion function ψ ∈ PSHo(Ω̄). By Example 5.7, we see that ψ ∈ PSH(Ω̄)∩
C(Ω̄), hence Ω is P-hyperconvex. An analytic polyhedron is an example of a
strongly hyperconvex domain, hence an analytic polyhedron is P-hyperconvex.

Remark 16. It follows by the definition of P-hyperconvexity that if Ω1 and
Ω2 are P-hyperconvex domains, then so are Ω1 ∩ Ω2 and Ω1 × Ω2.

In the same way as hyperconvexity can be fully characterized using the
Jensen measures J c

z (Ω̄) (see Theorem 1.8 on page 7), the notion of P-
hyperconvexity has a corresponding characterization using the measures Jz(Ω̄),
for z ∈ ∂Ω.

Theorem 6.5. Let Ω b Cn be a domain. The following assertions are then
equivalent:

(1) Ω is P-hyperconvex,

(2) for every z ∈ ∂Ω and every µ ∈ Jz(Ω̄), we have that supp(µ) ⊂ ∂Ω,

(3) for every z ∈ ∂Ω there exists a function ϕ ∈ PSH(Ω̄) ∩ C(Ω̄), ϕ 6≡ 0
such that ϕ ≤ 0 and ϕ(z) = 0.

Proof. (1) ⇒ (2) Assume that Ω is P-hyperconvex, then there exists a neg-
ative exhaustion function ψ ∈ PSH(Ω̄) ∩ C(Ω̄). Take z ∈ ∂Ω and let
µ ∈ Jz(Ω̄), then

0 = ψ(z) ≤
∫

Ω̄

ψ dµ ≤ 0.

Hence
∫

Ω̄
ψ dµ = 0 and since ψ < 0 on Ω we have that supp(µ) ⊂ ∂Ω.

(2) ⇒ (1) Now assume that for z ∈ ∂Ω, every measure µ ∈ Jz(Ω̄) has
support on ∂Ω. Since J c

z (Ω̄) ⊆ Jz(Ω̄), it follows from Theorem 1.8 that Ω
is hyperconvex. Then Ω has a negative exhaustion function ψ ∈ PSH(Ω) ∩
C(Ω̄). We want to show that ψ ∈ PSH(Ω̄). By Theorem 5.16 it is enough
to show that for every z ∈ ∂Ω we have that

ψ(z) ≤
∫
ψ dµ ∀ µ ∈ Jz(Ω̄).
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By the assumption every µ ∈ Jz(Ω̄) has support on ∂Ω when z ∈ ∂Ω and we
know that ψ|∂Ω = 0. Hence ψ ∈ PSH(Ω̄) and Ω is P-hyperconvex.

(1) ⇒ (3) Assume that Ω is P-hyperconvex, then Ω has an exhaustion
function ψ ∈ PSH(Ω̄) ∩ C(Ω̄). This function satisfies the condition in (3)
for every z ∈ ∂Ω.

(3) ⇒ (2) Let z ∈ ∂Ω and assume that there exists a function ϕ ∈
PSH(Ω̄) ∩C(Ω̄), ϕ 6≡ 0 such that ϕ ≤ 0 and ϕ(z) = 0. Let µ ∈ Jz(Ω̄), then

0 = ϕ(z) ≤
∫

Ω̄

ϕdµ ≤ 0.

Hence supp(µ) ⊂ ∂Ω by the same argument as above.

If we want to know when a function ϕ ∈ PSH(Ω) ∩ C(Ω̄) also is pluri-
subharmonic on Ω̄, then we showed in Theorem 5.16 that it is enough to
check the submean inequality for measures in Jz(Ω̄) when z ∈ ∂Ω. The next
theorem gives us the additional advantage that if Ω is P-hyperconvex, then
it is not only enough to look at points in the boundary, it is also enough to
look at measures in Jz(∂Ω).

Theorem 6.6. If Ω is P-hyperconvex, then Jz(∂Ω) = Jz(Ω̄) for every z ∈
∂Ω.

Before we prove this theorem we formulate two useful corollaries that will
be used to prove that P-hyperconvexity is a local property (see Theorem
6.10).

Corollary 6.7. Let Ω b Cn be a P-hyperconvex domain. A function ϕ is in
PSH(Ω̄)∩C(Ω̄) if, and only if, ϕ ∈ PSH(Ω)∩C(Ω̄) and ϕ|∂Ω ∈ PSH(∂Ω).

Note that the next corollary says that if we can approximate one pluri-
subharmonic and continuous function from outside, then we can approximate
every plurisubharmonic and continuous function, that has the same boundary
values, from outside.

Corollary 6.8. Let Ω b Cn be a P-hyperconvex domain. If ϕ ∈ PSH(Ω) ∩
C(Ω̄) and if there exists a function ψ ∈ PSH(Ω̄) ∩ C(Ω̄) such that ϕ|∂Ω =
ψ|∂Ω, then ϕ ∈ PSH(Ω̄).
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We are now ready to prove Theorem 6.6.

Proof of Theorem 6.6. First note that for z ∈ ∂Ω, we always have that
Jz(∂Ω) ⊆ Jz(Ω̄), so it is enough to show the reverse inclusion. Let f ∈
PSHo(∂Ω). We can assume that f is smooth in a neighborhood of ∂Ω
(otherwise use regularization). Since Ω is P-hyperconvex, it has an exhaus-
tion function ψ ∈ PSH(Ω̄) ∩ C(Ω̄). By Theorem 5.11 there are functions
ψj ∈ PSH(Ωj) ∩ C(Ωj), Ω̄ ⊂ Ωj, such that ψj → ψ uniformly on Ω̄. Note
that Ω especially is hyperconvex, so it also has a strictly plurisubharmonic
exhaustion function φ (see [KR]).

Let U be an open set such that ∂Ω ⊂ U and f ∈ PSH(U) ∩ C∞(U).
Finally, let K be a compact set such that Ω̄ ⊂ K ∪ U and ∂K ⊂ U .

Choose M large enough so that

φ(z)− 1 > Mψ(z) ∀ z ∈ K.

Since ψj → ψ uniformly on Ω̄, we can assume that |ψ(z) − ψj(z)| < 1
jM

for

z ∈ Ω̄. Let

ψ̂j =

{
max

(
φ− 1

j
,Mψj

)
z ∈ Ω

Mψj z ∈ Ωj \ Ω.

Then, by Theorem 1.9 on page 7, ψ̂j ∈ PSH(Ωj) and ψ̂j = φ− 1
j
on K.

Now, let θ be a smooth function identically 1 in a neighborhood of ∂Ω
and such that supp(θ) ⊂ U . By choosing C large enough the function

Fj = Cψ̂j + θf,

will belong to PSHo(Ω̄). Furthermore, since

|Fj(z)− f(z)| = |Cψ̂j(z)| = |CMψj| <
C

j
, ∀ z ∈ ∂Ω,

it holds that Fj converges to f uniformly on ∂Ω. Hence, for z ∈ ∂Ω and
µ ∈ Jz(Ω̄), we have that

f(z) = lim
j
Fj(z) ≤ lim

j

∫
Fj dµ =

∫
lim
j
Fj dµ =

∫
f dµ.

Here we have used Theorem 6.5 which gives us that supp(µ) ⊂ ∂Ω, since Ω
is P-hyperconvex. Hence µ ∈ Jz(∂Ω).
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Remark 17. For a P-hyperconvex domain Ω, the exhaustion function ψ ∈
PSH(Ω̄)∩C(Ω̄) can be chosen such that ψ is strictly plurisubharmonic on Ω
and ψ ∈ E0(Ω)∩C∞(Ω). This follows from the fact that every P-hyperconvex
domain Ω is hyperconvex, and by Cegrell, [C7, Corollary 1.3], Ω has a strictly
plurisubharmonic exhaustion function ϕ ∈ E0(Ω) ∩ C∞(Ω). Then ϕ|∂Ω = 0
so by Corollary 6.7, ϕ ∈ PSH(Ω̄).

In the same way as hyperconvexity is a local property (see [KR, Propo-
sition 1.1]), so is P-hyperconvexity. Before we prove this we need another
result. Remember that condition (3) in Theorem 6.5 says that if Ω is a
P-hyperconvex domain, then every boundary point admits a weak barrier
that is plurisubharmonic on Ω̄. If moreover the boundary is B-regular, this
barrier will be a strong barrier. For more about B-regularity see Chapter
2 and Chapter 9. In the proof of Theorem 6.9 below, we use a result from
Chapter 10 that says that for a P-hyperconvex domain Ω, every function
f ∈ PSH(∂Ω)∩C(∂Ω) has an extension F ∈ PSH(Ω̄)∩C(Ω̄) (see Corollary
10.6).

Theorem 6.9. Let Ω b Cn be a P-hyperconvex domain such that ∂Ω is B-
regular. Then for every z ∈ ∂Ω there exists a function ϕ ∈ PSH(Ω̄) ∩ C(Ω̄)
such that ϕ(z) = 0 and ϕ(ξ) < 0 for every ξ 6= z.

Proof. Let z ∈ ∂Ω and let f ∈ C(∂Ω) be a function such that f(z) = 0
and f < 0 otherwise. Since ∂Ω is B-regular, we know that Jz(∂Ω) = {δz}
(Theorem 2.2 on page 11), so f ∈ PSH(∂Ω). By using this, together with
the fact that Ω is P-hyperconvex and Corollary 10.6, we know that there
exists F ∈ PSH(Ω̄) ∩ C(Ω̄) such that F |∂Ω = f. Then F will be a strong
barrier in z.

We are now ready to prove that a domain that is locally P-hyperconvex,
also is globally P-hyperconvex.

Theorem 6.10. Let Ω b Cn be a domain such that for every a ∈ ∂Ω there
exists a neighborhood Va such that Ω ∩ Va is P-hyperconvex, then Ω is P-
hyperconvex.

Proof. By the assumption, Ω is locally P-hyperconvex, then it is also locally
hyperconvex. By Kerzman and Rosay, [KR, Proposition 1.1], we know that
Ω must be hyperconvex. Hence, there exists ψ ∈ PSH(Ω) ∩ C(Ω̄), ψ 6≡ 0,
such that ψ|∂Ω = 0. We want to show that ψ ∈ PSH(Ω̄). By Theorem
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5.13 it is enough to show that for every z ∈ Ω̄ there is a ball Bz such that
ψ|Ω̄∩B̄z

∈ PSH(Ω̄ ∩ B̄z). For z ∈ Ω this is obviously true so it is enough to
look at z ∈ ∂Ω. Fix a point z0 ∈ ∂Ω and a small ball Bz0 around z0. We
can assume that Bz0 b Vz0 so Ω∩Bz0 is P-hyperconvex. Then, by Corollary
6.7, it is enough to show that ψ ∈ PSH

(
∂(Ω ∩ Bz0)

)
, i.e. that for every

z ∈ ∂(Ω ∩Bz0) and every µ ∈ Jz(∂(Ω ∩Bz0))

ψ(z) ≤
∫
ψ dµ. (6.1)

Suppose that z ∈ ∂Ω ∩ Bz0 \ ∂Bz0 . We want to show that µ ∈ Jz(∂(Ω ∩
Bz0)) only has support on ∂Ω since then (6.1) holds. Since Ω ∩ Vz0 is P-
hyperconvex, it has an exhaustion function ϕ ∈ PSH(Ω̄ ∩ V̄z0) and especially
ϕ ∈ PSH

(
∂(Ω̄ ∩ B̄z0)

)
. Let µ ∈ Jz (∂(Ω ∩Bz0)), then

0 = ϕ(z) ≤
∫
ϕdµ ≤ 0.

Hence, µ has support where ϕ = 0, i.e. on ∂Ω.

Now suppose that z ∈ Ω ∩ ∂Bz0 . We claim that Jz (∂(Ω ∩Bz0)) = {δz}
and this makes that (6.1) holds. Since Bz0 is P-hyperconvex and ∂Bz0 is B-
regular, we know by Theorem 6.9 that every boundary point admits a strong
barrier that lies in PSH(B̄z0). This means that for every z ∈ Ω∩ ∂Bz0 there
exists a function ϕ ∈ PSH (∂(Ω ∩Bz0)) such that ϕ(z) = 0 and ϕ(ξ) < 0 for
every ξ 6= z. By the same argument as above, we see that Jz (∂(Ω ∩Bz0)) =
{δz}. The same argument holds for z ∈ ∂Ω ∩ ∂Bz0 and this finishes the
proof.

Since the measures in Jz(Ω̄) can be constructed using analytic disks
(see the appendix) and since they only have support on ∂Ω when Ω is P-
hyperconvex and z ∈ ∂Ω, the next corollary follows immediately.

Corollary 6.11. Let Ω be a P-hyperconvex domain and let f be a holomor-
phic function from the unit disk D to Ω̄ such that f(0) ∈ ∂Ω, then f(D) ⊂ ∂Ω.
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Chapter 7

PSH-Mergelyan property

Let Ω ⊂ Cn be a domain and let O(Ω) denote the functions that are holo-
morphic on Ω. We say that a domain Ω has the Mergelyan property if every
f ∈ O(Ω) ∩ C(Ω̄) can be approximated uniformly on Ω̄ with functions holo-
morphic on neighborhoods of Ω̄. By the classical theorem by Mergelyan,
[Me], we know that if K ⊂ C is a compact set with an interior such that
C \K is connected, then every function f ∈ O(K◦) ∩ C(K) can be approx-
imated uniformly on K with polynomials. In the case when n > 1, there
are still many open problems. Henkin, Kerzman and Lieb, [Hen, Ker, Li],
proved that every smoothly bounded, strictly pseudoconvex domain has the
Mergelyan property. They proved this by showing the deep result that one
can solve the ∂̄ with uniform estimates. There are examples of smooth pseu-
doconvex domains that does not have the Mergelyan property. An example
of this is the worm domain defined by Diederich and Fornæss (see [DF, The-
orem 2]). The worm domain is also an example of a smooth pseudoconvex
domain that does not have a Stein neighborhood basis and it is conjectured
that a smooth domain Ω has the Mergelyan property if, and only if, Ω has a
Stein neighborhood basis. For more about the Mergelyan property see [BF]
and [FN].

In this chapter we discuss the corresponding Mergelyan property for pluri-
subharmonic functions. A domain Ω b Cn has the PSH-Mergelyan property
if every function ϕ ∈ PSH(Ω) ∩ C(Ω̄) can be approximated uniformly on
Ω̄ with functions that are plurisubharmonic and continuous on neighbor-
hoods of Ω̄. The question of investigating which domains has this property
has been studied by, for example, Sibony ([Sib, Theorem 2.2]) who showed
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that if Ω is a pseudoconvex domain with smooth boundary, then Ω has the
PSH-Mergelyan property. Fornæss and Wiegerinck then showed that this is
true even for arbitrary bounded domains with C1-boundary (see [FW, The-
orem 1]). Note that the worm domain, discussed above, does not have the
Mergelyan property but, since it has smooth boundary, it has the PSH-
Mergelyan property. We will begin by improving the result by Fornæss and
Wiegerinck and show that it is enough with C0-boundary for a domain to
have the PSH-Mergelyan property. Later we use the notion of plurisubhar-
monic functions on compact sets and P-hyperconvex domains when studying
this property. As we will see in Theorem 7.2, C0-boundary is the same as
having the segment property, so we begin by defining this property.

Definition 7.1. We say that a domain Ω b Cn has the segment property if
there, for every z ∈ ∂Ω, exists a neighborhood U of z and a vector w ∈ Cn

such that

U ∩ Ω̄ + tw ⊂ Ω, ∀ 0 < t < 1.

A domain that has the segment property can not at the same time lie on
both sides of any given part of its boundary (see Figure 7.1), but we can allow
cusps (see Figure 7.2). Observe that domains that have cusps does not have
Lipschitz boundary. The segment property has been studied by, for example,
Birtel in [Bi], who studied its connection to the Mergelyan property, and by
Kerzman and Rosay in [KR], who called it condition (∗).

Ω

Figure 7.1: Ω does not have the segment property.
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w

Ω

Figure 7.2: A part of the boundary that has a cusp

The segment property is very useful when it comes to approximation
from outside and it is actually equivalent to having C0-boundary. Here C0-
boundary means that the boundary locally can be seen as the graph of a
continuous function.

Theorem 7.2. A domain Ω ⊂ Cn has the segment property if, and only if,
Ω has C0-boundary.

Proof. For a proof see [DZ, Theorem 7.3] or [Fr, Theorem 3.3]. The idea of
the proof is to, first of all, point out that if the boundary is locally the graph
of a continuous function, then there has to be a direction into the domain,
hence the domain has the segment property. The proof of the converse is
a bit more work. The main idea is to rotate and translate the domain and
then define the continuous function that locally defines the boundary, as the
least distance from some plane to the boundary. Since the domain has the
segment property, this functions will be continuous.

Next theorem is one of the main theorems in this thesis. It improves the
result by Fornæss and Wiegerinck in [FW] that says that a domain in Cn with
C1-boundary has the PSH-Mergelyan property. We show that it is enough
with C0-boundary. The main idea in the proof by Fornæss and Wiegerinck is
that if ϕ ∈ PSH(Ω)∩C(Ω̄), then the C1-boundary gives us locally a normal
vector that makes it possible to extend ϕ locally to a small neighborhood.
Theorem 7.3 below can be proved in a similar way. But, here we have chosen
to use techniques more similar to the rest of this thesis. Remember that in
Chapter 5 we noted that a domain Ω b Cn has the PSH-Mergelyan property
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if, and only if, PSH(Ω)∩C(Ω̄) = PSH(Ω̄)∩C(Ω̄). This follows directly from
Theorem 5.11. Hence, we want to show that our function ϕ is in PSH(Ω̄).
The proof relies heavily on Theorem 5.13 that says that ϕ ∈ PSH(Ω̄)∩C(Ω̄)
if, and only if, it is true locally.

Theorem 7.3. Let Ω b Cn be a domain with C0-boundary, then Ω has the
PSH-Mergelyan property.

Proof. Take ϕ ∈ PSH(Ω) ∩ C(Ω̄), we want to show that ϕ ∈ PSH(Ω̄).
By Theorem 5.13 it is enough to show that for every z0 ∈ Ω̄ there exists a
neighborhood B such that ϕ|Ω̄∩B̄ ∈ PSH(Ω̄ ∩ B̄). If z0 ∈ Ω, this is obviously
true so let z0 ∈ ∂Ω. Since Ω has C0-boundary, Theorem 7.2 says that Ω has
the segment property. Then there exists a neighborhood U of z0 and a vector
w ∈ Cn such that U ∩ Ω̄ + tw ⊂ Ω for every 0 < t < 1. Let B = B(z0,

|w|
2

).
To show that ϕ|Ω̄∩B̄ ∈ PSH(Ω̄ ∩ B̄) we can use Theorem 5.16 to see that it
is enough to show that for every z ∈ ∂(Ω ∩B) we have that

ϕ(z) ≤
∫
ϕdµ ∀ µ ∈ Jz(Ω̄ ∩ B̄). (7.1)

Let

ϕj(z) = ϕ(z +
1

j
w),

then ϕj ∈ PSHo(Ω̄ ∩ B̄), ϕj → ϕ and the functions ϕj are bounded. By
Lebesgue’s dominated convergence theorem we have that (7.1) is satisfied,
hence ϕ ∈ PSH(Ω̄ ∩ B̄).

Remark 18. A consequence of Theorem 7.3 is that every hyperconvex domain
with C0-boundary is P-hyperconvex.

Next proposition uses the fact that on a B-regular compact set, every
continuous function is also plurisubharmonic.

Proposition 7.4. Let Ω be a bounded hyperconvex domain in Cn such that
∂Ω is B-regular. Then Ω has the PSH-Mergelyan property if, and only if, Ω
is P-hyperconvex.

Proof. That a hyperconvex domain that has the PSH-Mergelyan property is
P-hyperconvex follows directly from the definition of P-hyperconvexity. To
show the converse, let ϕ ∈ PSH(Ω) ∩ C(Ω̄) and show that ϕ ∈ PSH(Ω̄).
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Since ∂Ω is B-regular, we know that Jz(∂Ω) = {δz}, for every z ∈ ∂Ω (see
Theorem 2.2), hence ϕ ∈ PSH(∂Ω). The result then follows from Corollary
6.7.

We can also use Jensen measures to characterize the PSH-Mergelyan
property. It was proven by Nguyễn, [N, Proposition 3.1], that a domain
Ω b Cn has the PSH-Mergelyan property if, and only if, Jz(Ω̄) = J c

z (Ω̄)
for all z ∈ Ω̄. We can now improve this result for P-hyperconvex domains.
Remember that when Ω is hyperconvex and z ∈ ∂Ω, then the measures in
J c
z (Ω̄) only have support on ∂Ω (see Theorem 1.8 on page 7). We can then

see these measures as measures on ∂Ω and we can prove the following result:

Theorem 7.5. A P-hyperconvex domain Ω b Cn has the PSH-Mergelyan
property if, and only if, Jz(∂Ω) = J c

z (Ω̄) for all z ∈ ∂Ω.

Before we prove this theorem we show that for a hyperconvex domain Ω
we have that J c

z (Ω̄) ⊆ Jz(∂Ω) for all z ∈ ∂Ω. We will use the following
result that can be found in [NDH, Lemma 2.9].

Theorem 7.6. Let Ω b Cn be a hyperconvex domain and u be a C2 smooth
plurisubharmonic function defined on a neighborhood U of ∂Ω. Then there
exists u′ ∈ PSH(Ω) ∩ C(Ω̄) such that u′ = u on ∂Ω.

Lemma 7.7. Let Ω b Cn be a hyperconvex domain, then J c
z (Ω̄) ⊆ Jz(∂Ω),

for every z ∈ ∂Ω.

Proof. Take µ ∈ J c
z (Ω̄) and ϕ ∈ PSHo(∂Ω). By regularization there is a

sequence {ϕj} of plurisubharmonic and smooth functions defined on neigh-
borhoods of ∂Ω such that ϕj ↘ ϕ. Hence, by Theorem 7.6 there are functions
ϕ′j ∈ PSH(Ω) ∩ C(Ω̄) such that ϕ′j|∂Ω = ϕj and ϕ

′
j ↘ ϕ on ∂Ω. If z ∈ ∂Ω,

we have that

ϕ(z) = lim
j
ϕ′j(z) ≤ lim

j

∫
∂Ω

ϕ′jdµ =

∫
∂Ω

ϕdµ

and hence µ ∈ Jz(∂Ω).

Proof of Theorem 7.5. Assume that Ω is P-hyperconvex and has the PSH-
Mergelyan property. By Lemma 7.7 it is enough to show that Jz(∂Ω) =
Jz(Ω̄) ⊆ J c

z (Ω̄) for every z ∈ ∂Ω. Let ϕ ∈ PSH(Ω) ∩ C(Ω̄). Since Ω has
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the PSH-Mergelyan property, ϕ can be uniformly approximated on Ω̄ with
functions ϕj ∈ PSHo(Ω̄). Take z ∈ ∂Ω and let µ ∈ Jz(Ω̄).

ϕ(z) = lim
j
ϕj(z) ≤ lim

j

∫
Ω̄

ϕjdµ =

∫
Ω̄

ϕdµ (7.2)

hence µ ∈ J c
z (Ω̄).

Now assume that Ω is P-hyperconvex and that Jz(∂Ω) = J c
z (Ω̄) for all

z ∈ ∂Ω. It is enough to show that PSH(Ω)∩C(Ω̄) ⊆ PSH(Ω̄)∩C(Ω̄), then
Ω has the PSH-Mergelyan property by Corollary 5.15. Take z ∈ ∂Ω and
ϕ ∈ PSH(Ω) ∩ C(Ω̄). Let

D1ϕ(z) = sup{u(z) : u ∈ PSH(Ω) ∩ C(Ω̄), u ≤ ϕ},
D2ϕ(z) = sup{u(z) : u ∈ PSHo(Ω̄), u ≤ ϕ}.

By Edwards’ theorem (Theorem 5.9) together with the corresponding version
for J c

z (Ω̄) (see for example [W, Corollary 2.2]) we get that

D1ϕ(z) = inf{
∫

Ω̄

u(z)dµ : µ ∈ J c
z (Ω̄)},

D2ϕ(z) = inf{
∫

Ω̄

u(z)dµ : µ ∈ Jz(Ω̄)}.

Since, for z ∈ ∂Ω, we have assumed that Jz(∂Ω) = J c
z (Ω̄) and since Jz(∂Ω) =

Jz(Ω̄) (see Theorem 6.6) we have that D1ϕ(z) = D2ϕ(z) for all z ∈ ∂Ω. But
ϕ = D1ϕ and Choquet’s lemma (Theorem 5.10) gives us that there is a se-
quence in PSHo(Ω̄) that increases to ϕ on ∂Ω, hence ϕ ∈ PSH(∂Ω)∩C(∂Ω).
Now, by Corollary 6.7, we know that ϕ ∈ PSH(Ω̄) ∩ C(Ω̄).
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Chapter 8

F-approximation property

Another approximation property that we study in this thesis is, what we call,
the F -approximation property. Here we study approximation from outside
of functions in the class F(Ω) (see Section 3.2 for the definition of F).

Definition 8.1. A hyperconvex domain Ω b Cn has the F-approximation
property if there are hyperconvex domains {Ωj}, Ω b Ωj+1 b Ωj, such that
we can approximate each function u ∈ F(Ω) with an increasing sequence of
functions uj ∈ F(Ωj) a.e. on Ω.

u < 0

Ω

uj < 0

Ωj

The difference between the PSH-Mergelyan property and this approxi-
mation property is that, in the F -approximation property, we do not have
uniform convergence, the functions in the approximating sequence are not
necessarily continuous and we only have convergence inside Ω. The main
advantages of the F -approximation property are that we are able to approx-
imate functions that are not continuous and we have control of the functions
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in the approximating sequence. The worm domain, in Example 8.12, is an
example of a domain that has the PSH-Mergelyan property but not the
F -approximation property. By the proof of Corollary 8.4, we will see that
a domain that has the PSH-Mergelyan property and a Stein neighborhood
basis has the F -approximation property. It is still unknown to the author
if there are domains that have the F -approximation property but not the
PSH-Mergelyan property.

A similar approximation as the F -approximation property was studied
by Benelkourchi in [Be] but he considers functions in Fa, i.e. functions in F
whose Monge-Ampère measure vanishes on pluripolar subsets of Ω. Another
difference is that he assumes that his domain is strongly hyperconvex and
that {Ωj} is a Stein neighborhood basis. We will see that a sufficient condi-
tion for Ω to have the F -approximation property is that one single function
( 6≡ 0) in the class N (Ω) can be approximated with functions in N (Ωj). To
show this, we will use subextensions that were discussed in Chapter 4. The
results in Section 8.1 are by Cegrell and Hed in [CH], and by Hed in [Hed].
In Section 8.2 we show that if Ω has the F -approximation property, then Ω
has a weak Stein neighborhood basis.

8.1 F-approximation property

The two main theorems in this section are the following:

Theorem 8.2. Let Ω b Ωj+1 b Ωj be hyperconvex domains such that there
exists a function 0 > v ∈ N (Ω) and a sequence vj ∈ N (Ωj) such that vj → v
a.e. on Ω, then Ω has the F-approximation property.

The next theorem says that if we can approximate functions in F(Ω),
then we can also approximate functions in F(Ω, G), for certain boundary
values G.

Theorem 8.3. Let Ω b Ωj+1 b Ωj be hyperconvex domains and assume that
Ω has the F-approximation property. Let G ∈ MPSH(Ω1) ∩ C(Ω̄), G ≤ 0.
Then, to every function u ∈ F(Ω, G|Ω), such that∫

Ω

(ddcu)n < +∞,
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there exists an increasing sequence of functions uj ∈ F(Ωj, G|Ωj
) such that

uj → u a.e. on Ω.

Before we prove these theorems we have some work to do. First we for-
mulate a corollary that also will be proven in the end of this section. For this
corollary we have to assume that the sequence {Ωj} is a Stein neighborhood
basis, i.e. that the domains Ωj are pseudoconvex, Ω b Ωj and Ω̄ = ∩Ωj.

Corollary 8.4. Let Ω be a P-hyperconvex domain with a Stein neighborhood
basis, then Ω has the F-approximation property.

Remark 19. Note that Corollary 8.4 and Theorem 7.3 imply that every hyper-
convex domain Ω with C0-boundary and a Stein neighborhood basis has the
F -approximation property. See also Corollary 9.9 for a result that connects
the F -approximation property with B-regular domains.

Remark 20. Note that a strictly pseudoconvex domain with C2-boundary
has a Stein neighborhood basis. Then, by Corollary 8.4, it has the F -
approximation property.

That polydiscs are examples of non-smooth domains that have the F -
approximation property follows either from Example 6.4, which points out
that polydiscs are P-hyperconvex, or by observing that we easily can ap-
proximate one function from E0 from outside. This is shown in the following
example:

Example 8.5. Let Ω = {(z1, z2) : |z1| < 1, |z2| < 1} be the unit polydisc
in C2. Note that Ω is hyperconvex. Let {rj} be a sequence of real numbers
such that rj ↘ 1 and let Ωj = {(z1, z2) : |z1| < rj, |z2| < rj}. Look at the
function

v = max(log |z1|, log |z2|,−1) ∈ E0(Ω).

Then the functions

vj = max(log |z1

rj
|, log |z2

rj
|,−1)

are in E0(Ωj) and vj → v on Ω.

To be able to prove the theorems above we need some other results. We
start by defining the relative Monge-Ampère capacity defined by Bedford
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and Taylor in [BT2]. If K ⊂ Ω is a compact set, then the Monge-Ampère
capacity of K relative Ω is defined as

cap(K,Ω) = sup

{∫
K

(ddcv)n : v ∈ PSH(Ω),−1 ≤ v ≤ 0

}
.

If hK,Ω is the relative extremal function defined by

hK,Ω(z) = sup{v(z) : v ∈ PSH(Ω), v|K ≤ −1, v|Ω < 0},

then Bedford and Taylor, [BT2], proved that

cap(K,Ω) =

∫
Ω

(ddch∗K,Ω)n =

∫
K

(ddch∗K,Ω)n,

where h∗K,Ω is the upper semicontinuous regularization of hK,Ω.

In [Be, Proposition 2.1], Benelkourchi gave a new characterization of the
class F(Ω) in terms of the relative Monge-Ampère capacity. For the readers
convenience we include the proof.

Theorem 8.6. Let Ω be a hyperconvex domain in Cn. A function ϕ ∈
PSH−(Ω) is in F(Ω) if, and only if,

lim sup
s→0

sn cap({z ∈ Ω;ϕ ≤ −s},Ω) < +∞.

Proof. Let ϕ ∈ F(Ω), then there is a decreasing sequence of functions ϕj ∈
E0(Ω) such that ϕj ↘ ϕ on Ω and supj

∫
Ω

(ddcϕj)
n < +∞. For a fixed j we

have that h∗{ϕj≤−s},Ω ≥
ϕj

s
, where h{ϕj≤−s},Ω is the relative extremal function.

Since both functions are in E0(Ω), integration by parts (see Theorem 3.12)
gives us that ∫

Ω

(ddch∗{ϕj≤−s},Ω)n ≤
∫

Ω

(ddc
ϕj
s

)n

and hence

sn cap({ϕj ≤ −s},Ω) ≤
∫

Ω

(ddcϕj)
n.

Since supj
∫

Ω
(ddcϕj)

n < +∞ we get that
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lim sup
s→0

sn cap({ϕ(z) ≤ −s},Ω) < +∞.

For the reverse, suppose that ϕ ∈ PSH−(Ω) and that

lim sup
s→0

sn cap({z ∈ Ω : ϕ(z) ≤ −s},Ω) < +∞.

By Theorem 3.13 (see also [C5, Theorem 2.1]) there is a decreasing se-
quence of functions ϕj ∈ E0(Ω) ∩ C(Ω̄) such that ϕj ↘ ϕ when j → ∞. It
remains to show that supj

∫
Ω

(ddcϕj)
n < +∞. Take s > 0 fixed, then

1

sn

∫
{ϕj≤−s}

(ddcϕj)
n =

∫
{
ϕj
s
≤−1}

(ddc
ϕj
s

)n

=

∫
Ω

(ddc
ϕj
s

)n −
∫
{
ϕj
s
>−1}

(ddc
ϕj
s

)n

=

∫
Ω

(
ddc max(

ϕj
s
,−1)

)n − ∫
{
ϕj
s
>−1}

(
ddc max(

ϕj
s
,−1)

)n
=

∫
{
ϕj
s
≤−1}

(
ddc max(

ϕj
s
,−1)

)n
≤ cap({ϕj ≤ −s},Ω) .

Here we have used [C4, Lemma 4.1] together with the fact that both
ϕj

s

and max(
ϕj

s
,−1) are in E0(Ω). Hence we have that∫
{ϕj≤−s}

(ddcϕj)
n ≤ sn cap({ϕj ≤ −s},Ω) ∀ s > 0

and then ∫
Ω

(ddcϕj)
n ≤ lim sup

s→0
sn cap({ϕ ≤ −s},Ω) < +∞

for all j. This gives us that ϕ ∈ F(Ω).

We also need an identity principle for functions in F(Ω, H). The following
theorem is from [ACCH, Theorem 3.6].

Theorem 8.7. Let H ∈ E. If u, v ∈ N (Ω, H) is such that u ≤ v, (ddcu)n =
(ddcv)n and

∫
Ω

(−ω)(ddcu)n < +∞ for some ω ∈ E(Ω) which is not identically
0, then u = v on Ω.
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The assumption in Theorem 8.2, that there exists a function 0 > v ∈
N (Ω) and a sequence of functions vj ∈ N (Ωj) such that lim vj = v a.e. on
Ω will make sure that Ωj tends to Ω in the following way:

Theorem 8.8. Assume that Ω b Ωj+1 b Ωj are hyperconvex domains and
that there exists a function 0 > v ∈ N (Ω) and a sequence of functions vj ∈
N (Ωj) such that lim vj = v a.e. on Ω, then cap(K,Ω) = lim

j→+∞
cap(K,Ωj)

for every compact subset K of Ω.

Remark 21. By the proof of Theorem 8.2 we get that the two properties
above actually are equivalent.

Before we prove this theorem we observe that if we have a sequence vj ∈
N (Ωj) that converges to some v ∈ N (Ω) (v 6≡ 0) a.e. on Ω, then we can
assume that our sequence {vj} is increasing. We can create functions vj =
(supj≤k vk)

∗ which will be in N (Ω) (since vj ≥ v) and vj ↘ v a.e. on Ω.
Observe that (supk≥j vk)

∗ = (supk≥j vk) a.e. on Ω. Choose j0 ∈ N such that

vj 6≡ 0 ∀ j > j0. Now let v
′
s = supj0≤p≤s vp then v

′
s ∈ N (Ωs) since v

′
s ≥ vs.

We see that v
′
s ↗ vj0 = (supj0≤k vk)

∗ a.e. on Ω and vj0 < 0.

Proof of Theorem 8.8. Assume that there exists a function 0 > v ∈ N (Ω)
and an increasing sequence of functions vj ∈ N (Ωj) such that lim vj = v
a.e on Ω. Let K ⊂ Ω be a compact set and let hK,Ω be the relative ex-
tremal function for K in Ω. Then h∗K,Ω ∈ E0(Ω) ∩ C(Ω̄), −1 ≤ h∗K,Ω ≤ 0,
supp(ddch∗K,Ω)n ⊂ K. Let

hj(z) = sup{ϕ(z);ϕ ∈ PSH−(Ωj);ϕ|Ω ≤ h∗K,Ω}.

By Theorem 4.2, hj ∈ E0(Ωj) and (ddchj)
n ≤ χΩ(ddch∗K,Ω)n on Ωj. By

multiplying v and the vj:s with a positive constant, we can assume that
v < −1 near K so that vj ≤ h∗K,Ω on Ω. Then vj ≤ hj so if we define
f = (limhj)

∗, v ≤ f and f ∈ N (Ω). Because of the construction, f ≤ h∗K,Ω
and (ddcf)n ≤ (ddch∗K,Ω)n. It follows that

∫
(ddcf)n ≤

∫
(ddch∗K,Ω)n < +∞

and by Proposition 3.15 b) on page 19, f ∈ F . But, since f ≤ h∗K,Ω, it
follows from Theorem 3.12 that

∫
(ddcf)n ≥

∫
(ddch∗K,Ω)n so we get that∫

(ddcf)n =
∫

(ddch∗K,Ω)n. Therefore, (ddcf)n = (ddch∗K,Ω)n, so by Theorem
8.7, f = h∗K,Ω. Then, since hj is an increasing sequence, we know that
the measure (ddchj)

n converges to (ddch∗K,Ω)n in the weak∗-topology. But
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supp(ddchj)
n ⊂ K and supp(ddch∗K,Ω)n ⊂ K so∫

K

(ddchj)
n →

∫
K

(ddch∗K,Ω)n.

By the definition of the capacity, cap(K,Ωj) ≥
∫
K

(ddchj)
n, so the result

follows.

Remark 22. Example 4.4 shows that Theorem 8.2 is not possible to generalize
to the whole class N . This is since the example shows that not every function
in N can be subextended.

We are now ready to prove Theorem 8.2, Theorem 8.3 and Corollary 8.4.

Proof of Theorem 8.2. Let {Ωj} be a sequence of bounded hyperconvex do-
mains such that Ω b Ωj+1 b Ωj. Let u ∈ F(Ω) and let

uj = sup{ϕ ∈ PSH−(Ωj) : ϕ|Ω ≤ u}.

Then {uj} will be an increasing sequence and Theorem 4.2 gives us that
uj ∈ F(Ωj) and (ddcuj)

n ≤ χΩ(ddcu)n on Ωj. It remains to show that
f = (limuj)

∗ = u and we will do that by proving that f ∈ F(Ω) and use
Theorem 8.7 to see that f = u. Suppose that s > 0 and that K is a compact
subset of {z ∈ Ω : f(z) ≤ −s}. By Theorem 8.8 and the proof of Theorem
8.6 we get that

sn cap(K,Ω) = sn lim
j→∞

cap(K,Ωj) ≤ sn lim
j→∞

cap({z ∈ Ω : f(z) ≤ −s},Ωj) ≤

sn lim
j→∞

cap({z ∈ Ωj : uj(z) ≤ −s},Ωj) ≤ lim
j→∞

∫
Ωj

(ddcuj)
n ≤

∫
Ω

(ddcu)n.

Hence sn cap({f ≤ −s},Ω) ≤
∫

Ω
(ddcu)n < +∞ for every s > 0, so by

Theorem 8.6, f = (limuj)
∗ ∈ F(Ω). We know by the construction that

f ≤ u so by Theorem 3.12,
∫

Ω
(ddcu)n ≤

∫
Ω

(ddcf)n. But, Theorem 4.2 makes
sure that (ddcf)n ≤ (ddcu)n and hence, (ddcf)n = (ddcu)n. Now it follows
from Theorem 8.7 that f = u.
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Proof of Theorem 8.3. Let G ∈ MPSH(Ω1) ∩ C(Ω̄), G ≤ 0, and let u ∈
F(Ω, G|Ω) be such that ∫

Ω

(ddcu)n < +∞ . (8.1)

Let H = G|Ω and Hj = G|Ωj
. Since u ∈ F(Ω, H) there exists ψ ∈ F(Ω) such

that
H ≥ u ≥ ψ +H.

Now set

ψj = sup{ϕ ∈ PSH−(Ωj) : ϕ ≤ ψ on Ω} ,
uj = sup{ϕ ∈ PSH(Ωj) : ϕ ≤ Hj on Ωj, and ϕ ≤ u on Ω} .

By Theorem 4.2 we have that ψj ∈ F(Ωj) and by the proof of Theorem 8.2
we know that ψj ↗ ψ a.e. on Ω. By the assumption that G ∈ C(Ω̄) we can
use Theorem 4.7 to get that uj ∈ F(Ωj, Hj) and that

(ddcuj)
n ≤ χΩ(ddcu)n. (8.2)

Since uj, ψj + Hj ∈ F(Ωj, Hj) we get from the construction of the uj’s
that

Hj ≥ uj ≥ ψj +Hj for every j. (8.3)

Let f = (limj uj)
∗, then by (8.3), f ∈ F(Ω, H) and by (8.2) and since {uj} is

increasing, we get that (ddcf)n ≤ (ddcu)n. Moreover, since uj ≤ u, we know
that f ≤ u and Theorem 3.14 implies that

∫
Ω

(ddcu)n ≤
∫

Ω
(ddcf)n. So we

have that (ddcf)n = (ddcu)n, f ≤ u, and by Theorem 8.7 and (8.1), we have
that u = f .

Proof of Corollary 8.4. Let {Ωj} be a Stein neighborhood basis to Ω̄, then
we can assume that Ωj are hyperconvex for every j. Take a closed ball
B ⊂ Ω. Then the relative extremal function hB,Ω ∈ E0(Ω)∩C(Ω̄). Since Ω is
P-hyperconvex, we know from Corollary 6.7 that hB,Ω can be approximated
with functions ui ∈ PSHo(Ω̄) uniformly on Ω̄. Take ε > 0, then there
exists N > 0 such that supΩ̄ |hB,Ω − ui| < ε if i > N . Since Ωj is a Stein
neighborhood, we can take a large j so that ui ∈ PSH(Ωj) ∩ C(Ωj). Let

hk(z) = sup{ϕ(z);ϕ ∈ PSH−(Ωk);ϕ|Ω ≤ hB,Ω}.

Then {hk} is an increasing sequence and hk ∈ E0(Ωk) by Theorem 4.2. We
know that ui− ε < hB,Ω on Ω, so hk ≥ ui− ε for k > j . Thus, limhk = hB,Ω
and by Theorem 8.2, Ω has the F -approximation property.
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8.2 Weak Stein neighborhood basis

A hyperconvex domain Ω has the F -approximation property if there are
hyperconvex domains {Ωj}, Ω b Ωj+1 b Ωj and if every function u ∈ F(Ω)
can be approximated a.e. on Ω with an increasing sequence uj ∈ F(Ωj). A
natural question is whether these two assumptions imply that Ω̄ = (∩Ωj), i.e.
that {Ωj} is a Stein neighborhood basis to Ω̄. The answer is still unknown
to the author but in this section we will see that {Ωj} has to be a weak Stein
neighborhood basis.

Definition 8.9. Let Ω ⊂ Cn be a domain. The Nebenhülle, NH(Ω), of Ω is
the connected component of the set(⋂

{Ω̂ : Ω b Ω̂, Ω̂ pseudoconvex}
)◦

that contains Ω.

By this definition we see that the Nebenhülle of Ω is the smallest pseu-
doconvex domain that contains Ω.

Definition 8.10. A domain Ω ⊂ Cn has a weak Stein neighborhood basis if
NH(Ω) = Ω.

Note that this is not the same as having a Stein neighborhood basis. In
[Ste, Example 2], Stensønes gives an example of a bounded, pseudoconvex
domain in C2 that has a weak Stein neighborhood basis but not a Stein
neighborhood basis.

Theorem 8.11. Let Ω be a hyperconvex domain in Cn. If Ω has the F-
approximation property, then Ω has a weak Stein neighborhood basis.

Proof. Since Ω has the F -approximation property, we know that there are
hyperconvex domains {Ωj} such that Ω b Ωj+1 b Ωj. If ψ ∈ E0(Ω)∩C(Ω̄) is
an exhaustion function for Ω, then we can approximate ψ with an increasing
sequence of functions ψj ∈ E0(Ωj)∩C(Ω̄j) a.e. on Ω (it follows from Theorem
4.2 that ψj are continuous). By Dini’s theorem this approximation is uniform
on Ω. Now assume that Ω does not have a weak Stein neighborhood basis,
i.e. that NH(Ω) \ Ω contains interior points. Then ψ̂ = (limj ψj)

∗ is a
plurisubharmonic function defined on NH(Ω) ⊂ ∩Ωj and it must be equal to

ψ on Ω̄. This means that ψ̂|∂Ω = 0 so ψ̂ attains a global maximum on an
interior point and we get a contradiction.
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Example 8.12. The worm domain, defined by Diederich and Fornæss in
[DF], is an example of a smooth pseudoconvex domain in C2 that does not
have a weak Stein neighborhood basis. This implies that the worm domain
does not have the F -approximation property.

Theorem 8.13. Let Ω be a domain in Cn that has a weak Stein neighborhood
basis, then Ω is fat, i.e. (Ω̄)◦ = Ω.

Proof. This follows from the fact that (Ω̄)◦ ⊂ Ω̂ for every pseudoconvex

domain Ω̂ such that Ω̄ ⊂ Ω̂. Since Ω has a weak Stein neighborhood basis

we know that NH(Ω) =
(⋂
{Ω̂ : Ω b Ω̂, Ω̂ pseudoconvex}

)◦
= Ω. Hence

(Ω̄)◦ = Ω.

By using Theorem 8.11 and Theorem 8.13 we get the next corollary.
Note that this result is quite natural since the F -approximation property
especially says that every function in E0, i.e. with boundary values zero, can
be approximated from outside with functions that have zero boundary values
on their strictly larger domains of definition. If the domain is not fat, this
should contradict the maximum principle.

Corollary 8.14. Let Ω ⊂ Cn be a domain that has the F-approximation
property, then Ω is fat.

Example 8.15. The domain Ω = D \ [−1
2
, 1

2
], where D is the unit disk

in C, (see Example 6.2) is hyperconvex but not fat so it can not have the
F -approximation property.

When reading about the Nebenhülle in the literature the definition differs
a bit. Note that we say that it is defined as the connected component of the
set

(∩{Ω̂ : Ω b Ω̂, Ω̂ pseudoconvex})◦

that contains Ω. At this point, the author do not know whether the Nebenhülle
always is connected. The following example shows that, when Ω is the unit
ball in Cn, then there can exist hyperconvex domains Ωj, Ω b Ωj such that
(∩Ωj)

◦ is not connected. But of course, in this example, there exists a much
better choice of neighborhoods Ωj.

Example 8.16. Let Ω = B(0, 1) ⊂ Cn. The idea is to construct our neigh-
borhood basis {Ωj} by using the Barbell lemma (see [Sh] or [JP, Lemma
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4.1.44]). Take a sequence {εj} such that εj ↘ 0. Create neighborhoods
{B0

εj
} to Ω by letting B0

εj
= B(0, 1 + εj). Do the same thing for B(3, 1) and

call the neighborhoods {B3
εj
}. By the Barbell Lemma we can glue B0

εj
and

B3
εj

together and get the domain Ωj which will be hyperconvex. Then we
have that Ω b Ωj+1 b Ωj and (∩Ωj)

◦ = B(0, 1) ∪B(3, 1).
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Chapter 9

B-regularity

In Chapter 1, we defined B-regular compact sets and B-regular domains in
Cn. Remember that a compact set X ⊂ Cn is B-regular if every continuous
function defined on X can be approximated uniformly on X with continuous
plurisubharmonic functions defined on neighborhoods of X. In [Sib], Sibony
showed that X is B-regular if, and only if, Jz(X) = {δz} for every z ∈ X (see
Theorem 2.2). This makes B-regular compact sets very special. For instance,
this implies that for a B-regular compact set X, every upper semicontinuous
function f on X is also plurisubharmonic on X. A bounded open set Ω is
called B-regular if every continuous function defined on ∂Ω has a continu-
ous extension to Ω̄ which is plurisubharmonic on Ω. In [Sib], Sibony studies
domains with C1-boundary and for those domains he shows that being B-
regular and having B-regular boundary is the same. In Theorem 9.3 we will
show that this is true when the domain has the PSH-Mergelyan property
(for example when Ω has C0-boundary). We also show that every B-regular
domain with C1-boundary has the F -approximation property (see Theorem
9.9). To show this, we use results regarding Property (P). This notion was
introduced by Catlin in [Ca] and in Theorem 9.6 we show that for hypercon-
vex domains with the PSH-Mergelyan property, Property (P) is the same
as having B-regular boundary.

We begin to show that if Ω is a hyperconvex domain with B-regular
boundary, then Ω is B-regular. This was shown in [Sib] but we prove it
by using the following theorem by Wikström [W, Corollary 3.8]: (For the
definition of J c

z (Ω̄) see Definition 1.7).
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Theorem 9.1. A hyperconvex domain Ω b Cn is B-regular if, and only if,
J c
z (Ω̄) = {δz} for every z ∈ ∂Ω.

Theorem 9.2. Let Ω be a hyperconvex domain in Cn and assume that ∂Ω
is B-regular. Then Ω is B-regular.

Proof. Since ∂Ω is B-regular we know that Jz(∂Ω) = {δz} for every z ∈ ∂Ω
(see Theorem 2.2 or [Sib, Proposition 1.3]). Remember that, when Ω is
hyperconvex and z ∈ ∂Ω, Theorem 1.8 says that the measures in J c

z (Ω̄) only
have support on ∂Ω, so then we can see the measures in J c

z (Ω̄) as measures
on ∂Ω. This is needed since we now use Lemma 7.7 which says that if Ω is
hyperconvex, then J c

z (Ω̄) ⊆ Jz(∂Ω) for every z ∈ ∂Ω. Hence, J c
z (Ω̄) = {δz}

for every z ∈ ∂Ω and the result follows from Theorem 9.1.

Now we come to one of the main results in this chapter. As said earlier,
Sibony showed the result below for domains with C1-boundary (see [Sib]).
Recall that, by Theorem 7.3, the theorem below is especially true for bounded
B-regular domains with C0-boundary.

Theorem 9.3. Let Ω be a bounded B-regular domain with the PSH-Mergelyan
property. Then ∂Ω is B-regular.

Proof. Let f ∈ C(∂Ω), then we can extend this function to ψ ∈ PSH(Ω) ∩
C(Ω̄). By the PSH-Mergelyan property, we know that we can approximate
this function, uniformly on Ω̄ with functions in PSHo(Ω̄), hence ∂Ω is B-
regular (see Definition 2.1).

Wikström showed, [W, Theorem 4.1], that on bounded B-regular do-
mains, every upper bounded plurisubharmonic function u on Ω has a de-
creasing sequence uj ∈ PSH(Ω) ∩C(Ω̄) such that uj ↘ u∗ on Ω̄. But, what
do we know about approximation from outside on B-regular domains? In
Proposition 7.4 we proved that if Ω is a hyperconvex domain with B-regular
boundary then Ω has the PSH-Mergelyan property if, and only if, Ω is P-
hyperconvex. When it comes to the F -approximation property we saw in
Corollary 8.4 that every P-hyperconvex domain with a Stein neighborhood
basis has the F -approximation property. We can now use B-regularity to
make sure that Ω̄ has a Stein neighborhood basis. We do this by using the
notion of Property (P) which was introduced by Catlin in [Ca]. This was orig-
inally introduced as a sufficient condition for compactness of the ∂̄-Neumann
operator.
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Definition 9.4. A pseudoconvex domain Ω in Cn is said to satisfy Property
(P) if, for everyM > 0, there exists a function ψ that is plurisubharmonic and
smooth in a neighborhood of Ω̄ such that 0 ≤ ψ ≤ 1 on Ω̄ and 〈Lψ(z)w,w〉 ≥
M |w|2 for z ∈ ∂Ω and w ∈ Cn.

It follows from the definition that if a pseudoconvex domain Ω has Prop-
erty (P), then ∂Ω is B-regular. Sibony proved, in [Sib], that if the domain
moreover has smooth boundary then these notions are the same. We will now
improve this and show that this is true if the domain is hyperconvex and has
the PSH-Mergelyan property (i.e. especially when Ω has C0-boundary). To
do this we need the following theorem by Cegrell, [C7, Corollary 2.3], that
allows us to glue smooth plurisubharmonic functions together in a smooth
way.

Theorem 9.5. If ϕ, ψ ∈ PSH(Ω) ∩ C∞(Ω), and if ω is a neighborhood of
{ϕ = ψ}, then there is a function m̃ax(ϕ, ψ) ∈ PSH(Ω) ∩ C∞(Ω) such that
m̃ax(ϕ, ψ) ≥ max(ϕ, ψ) on Ω and m̃ax(ϕ, ψ) = max(ϕ, ψ) on Ω \ ω.

Theorem 9.6. Let Ω b Cn be a hyperconvex domain with the PSH-Mergelyan
property. Then Ω has Property (P) if, and only if, ∂Ω is B-regular.

Proof. If Ω has Property (P), then it follows from the definition that ∂Ω is
B-regular. Now assume that ∂Ω is B-regular. Fix a constant M > 0. By
Theorem 2.2 there exists a function λ that is plurisubharmonic and smooth
in a neighborhood V of ∂Ω, 0 < λ < 1 and

〈Lλ(z)w,w〉 ≥M |w|2 (9.1)

for z ∈ ∂Ω and w ∈ Cn. Since Ω is hyperconvex, it has a smooth strictly
plurisubharmonic exhaustion function ψ (see [KR]). Let θ be a smooth func-
tion with compact support in V such that θ ≡ 1 in a neighborhood U of
∂Ω. We want to find a function ϕ that is plurisubharmonic and smooth in a
neighborhood of Ω̄, 0 ≤ ϕ ≤ 1 and such that ϕ satisfies (9.1) for z ∈ ∂Ω.

Choose a constant D > 0 such that (|z|2 − D) < −1 on some ball B,
Ω̄ ⊂ B and choose a constant C > 0 such that

λθ + C(|z|2 −D)

is plurisubharmonic on B. By using the PSH-Mergelyan property together
with the technique of regularization and Dini’s theorem, we can find functions
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ψj that are plurisubharmonic and smooth in neighborhoods of Ω̄ such that
ψj ↘ ψ uniformly on Ω̄. For a fixed j, choose N > 0 big enough such that

Nψj < C(|z|2 −D) on Ω \ U.

Observe that Nψj > C(|z|2 −D) on a neighborhood of ∂Ω. Set

ϕ = λθ + m̃ax
(
Nψj, C(|z|2 −D)

)
,

where m̃ax is the smooth maximum from Theorem 9.5. Now ϕ is plurisub-
harmonic and smooth in a neighborhood of Ω̄, ϕ satisfies (9.1) for z ∈ ∂Ω and
by adjusting ϕ with suitable constants, we can make sure that 0 ≤ ϕ ≤ 1.

In [Sib, Theorem 4.1], Sibony shows that, if Ω has C3-boundary and ∂Ω
is B-regular, then Ω̄ has a Stein neighborhood basis. We can now use results
about Property (P) to improve this result. Harrington showed the following:
(see [Ha, Theorem 1.1])

Theorem 9.7. Let Ω be a pseudoconvex domain in Cn with Property (P)
and C1-boundary, then Ω̄ has a Stein neighborhood basis.

This result together with Theorem 9.6 gives us that:

Theorem 9.8. Let Ω be a B-regular domain in Cn with C1-boundary, then
Ω̄ has a Stein neighborhood basis.

In Corollary 8.4 we saw that every P-hyperconvex domain with a Stein
neighborhood basis has the F -approximation property. Every B-regular do-
main with C1-boundary is of course P-hyperconvex so the next corollary
follows immediately.

Corollary 9.9. Let Ω be a B-regular domain in Cn with C1-boundary, then
Ω has the F-approximation property.

Remark 23. Note that the F -approximation property together with a Stein
neighborhood basis does not imply B-regularity. The polydisc is an example
of that (see Example 2.6).
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Chapter 10

Plurisubharmonic extension

Let Ω be a bounded domain in Cn. One important problem in pluripotential
theory is whether every function f ∈ C(∂Ω) can be extended to a plurisub-
harmonic function F on Ω that is continuous on Ω̄. If such a function exists,
Bremermann shows in [Br], that it can be written as

F (z) = sup{v(z) : v ∈ PSH(Ω) : v∗|∂Ω ≤ f}.

Here v∗ denotes the upper semicontinuous regularization of v. The function
above is called the Perron-Bremermann envelope of f . Observe that this
function may not be upper semicontinuous, but, by a result by Walsh in
[Wa], F is continuous on Ω̄ if limw→z F (w) = f(z) for every z ∈ ∂Ω. The
class of domains where the Perron Bremermann envelope solves the above
problem are called B-regular domains and were discussed in Chapter 9. For
domains that are not B-regular it is interesting to characterize those functions
f ∈ C(∂Ω) that has a continuous extension to Ω̄ that is plurisubharmonic
on Ω. In this chapter we look at the connection between plurisubharmonic
functions on compact sets and plurisubharmonic extension. We will also dis-
cuss when the extension F can be chosen in PSH(Ω̄) ∩ C(Ω̄). In Corollary
10.6 we see that if Ω is P-hyperconvex then a function f ∈ C(∂Ω) has an
extension F ∈ PSH(Ω̄) ∩ C(Ω̄) if, and only if, f ∈ PSH(∂Ω). This chapter
is based on results by Hed and Persson in [HP].

We will begin to show that if Ω is a hyperconvex domain, then every
function f ∈ PSH(∂Ω) ∩ C(∂Ω) is a boundary value of a function F ∈
PSH(Ω) ∩ C(Ω̄). To do this, we need a result by Wikström who used the
measures J c

z (Ω̄) to characterize those continuous functions on ∂Ω that has a

75



plurisubharmonic extension to Ω (for the definition of J c
z (Ω̄), see Definition

1.7 on page 7). Remember that, if Ω is hyperconvex and if z ∈ ∂Ω, then the
measures in J c

z (Ω̄) only have support on ∂Ω (see Theorem 1.8). Wikström
showed the following in [W, Theorem 3.5]:

Theorem 10.1. Let Ω be a hyperconvex domain in Cn and let f ∈ C(∂Ω).
There exists a function F ∈ PSH(Ω)∩C(Ω̄) such that F |∂Ω = f if, and only
if, for every z ∈ ∂Ω and every measure µ ∈ J c

z (Ω̄) it holds that

f(z) ≤
∫
∂Ω

f dµ.

By using this theorem, and the fact that, if we see the measures in J c
z (Ω̄)

as measures on ∂Ω, then J c
z (Ω̄) ⊆ Jz(∂Ω) for all z ∈ ∂Ω (see Lemma 7.7 on

page 58), we get the following:

Theorem 10.2. Let Ω be a bounded hyperconvex domain in Cn and f ∈
PSH(∂Ω) ∩ C(∂Ω). Then there exists a function u ∈ PSH(Ω) ∩ C(Ω̄) such
that u|∂Ω = f .

A natural question is: for which domains Ω do we have that Jz(∂Ω) ⊆
J c
z (Ω̄) when z ∈ ∂Ω? For hyperconvex domains Ω where this holds, we have

a full characterization of which continuous functions f on ∂Ω can be extended
to a continuous and plurisubharmonic function defined on Ω.

Theorem 10.3. Let Ω be a bounded hyperconvex domain in Cn where J c
z (Ω̄) =

Jz(∂Ω) for every z ∈ ∂Ω. Let f : ∂Ω → R be a continuous function, then
the following assertions are equivalent:

(1) there exists a function u ∈ PSH(Ω) ∩ C(Ω̄) such that u|∂Ω = f,

(2) f ∈ PSH(∂Ω).

Here are some examples of hyperconvex domains where J c
z (Ω̄) = Jz(∂Ω)

for every z ∈ ∂Ω.

Example 10.4. If Ω has the PSH-Mergelyan property (for example if Ω
has C0-boundary, see Theorem 7.3) then J c

z (Ω̄) = Jz(∂Ω). Take z ∈ ∂Ω,
µ ∈ Jz(∂Ω) and let ϕ ∈ PSH(Ω) ∩ C(Ω̄). Since Ω has the PSH-Mergelyan
property, we can approximate ϕ uniformly on Ω̄ with continuous plurisub-
harmonic functions ϕj defined on neighborhoods of Ω̄. Then

ϕ(z) = lim
j
ϕj(z) ≤ lim

j

∫
Ω̄

ϕj dµ =

∫
Ω̄

ϕdµ,
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and µ ∈ J c
z (Ω̄).

Example 10.5. If Ω is a hyperconvex domain such that ∂Ω is B-regular, then
(by Theorem 2.2 on page 11) we have that the Jensen measures Jz(∂Ω) =
{δz} for every z ∈ ∂Ω. Using Theorem 9.2 we know that Ω is B-regular, so
Theorem 9.1 gives us that J c

z (Ω̄) = {δz} for every z ∈ ∂Ω. Hence J c
z (Ω̄) =

Jz(∂Ω) for every z ∈ ∂Ω.

Now we want to study plurisubharmonic extension of a function f ∈
C(∂Ω) to a function that is plurisubharmonic and continuous on Ω̄. Note
that, when Ω is P-hyperconvex, we know that every µ ∈ Jz(Ω̄) has support
on ∂Ω when z ∈ ∂Ω (see Theorem 6.5), so the integral below makes sense.

Corollary 10.6. Let Ω b Cn be a P-hyperconvex domain and let f ∈ C(∂Ω).
Then the following assertions are equivalent:

(1) there exists F ∈ PSH(Ω̄) ∩ C(Ω̄) such that F |∂Ω = f ,

(2) for every z ∈ ∂Ω and every µ ∈ Jz(Ω̄) we have that

f(z) ≤
∫
∂Ω

f dµ,

(3) f ∈ PSH(∂Ω).

Proof. (1)⇒ (2) Follows directly from the definition of PSH(Ω̄).
(2)⇒ (1) Since Ω is P-hyperconvex, it is also hyperconvex and since J c

z (Ω̄) ⊆
Jz(Ω̄), it follows from Theorem 10.1 that there exists F ∈ PSH(Ω) ∩ C(Ω̄)
such that F |∂Ω = f . The result then follows from Theorem 5.16 on page 45.
(2)⇔ (3) Follows directly from Theorem 6.6 on page 50.

Remark 24. An analytic polyhedron P is an example of a strongly hypercon-
vex domain, so it is especially P-hyperconvex. In [ACLW], they characterize
when a function f ∈ C(∂P) has a plurisubharmonic extension to P .
Remark 25. If Ω is P-hyperconvex and ∂Ω is B-regular, then every function
f ∈ C(∂Ω) is plurisubharmonic on ∂Ω and hence has an extension F ∈
PSH(Ω̄) ∩ C(Ω̄).
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Appendix A

Approximation of Jensen
measures

Let X ⊂ Cn be a compact set. The main tool in our construction of PSH(X)
in Chapter 5 is the measures Jz(X), but we have very little knowledge of
them other than how they act on the functions in PSHo(X). It is therefore
desirable to find a more explicit description of these measures. Fortunately,
using Poletsky’s theory of analytic disks, such a description has been ob-
tained. In [Po4], Poletsky introduces a class, Mz(X), of Jensen measures
on X that are defined using analytic disks. The measures in Mz(X) are
called holomorphic measures. Poletsky also defines the notion of plurisub-
harmonic functions on a compact set X as upper semicontinuous functions
on X that satisfy a submean inequality with respect toMz(X). This defi-
nition is exactly the same as the definition of plurisubharmonic functions on
compact sets that we saw in Chapter 5, but with the class Mz(X) instead
of Jz(X). The purpose of this appendix is to follow Poletsky’s construction
and show thatMz(X) = Jz(X) for every z ∈ X. This means that the notion
of plurisubharmonic functions on compacts defined by Poletsky and by Si-
bony are the same and the measures in Jz(X) can be seen as weak∗-limits of
push-forwards of the arc length measures with analytic disks. The fact that
Mz(X) = Jz(X) has been hinted by Poletsky and proved in an appendix to
a paper by Nguyễn, Dung and Hung, [NDH], but it is the authors opinion
that it has not been given the proper emphasis and detailed discussion as
it deserves. Because of this, we dedicate this appendix to a more thorough
study of this subject. This appendix is based on the work by Czyż, Hed and
Persson in [CHP].
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We recall that an upper semicontinuous function u on an open set Ω ⊂
Cn is plurisubharmonic on Ω if its restriction to complex lines are subhar-
monic. It is a quite remarkable fact that an upper semicontinuous function
is plurisubharmonic if, and only if, its compositions with analytic mappings
f : D → Ω are subharmonic. Here D is the unit disk in C. If we want to
generalize this to a compact set X, we get a problem because it is not cer-
tain that a compact set has an analytic structure, i.e. there might not exist
a holomorphic mapping f : D → X. An example of such a compact set is
the examples by Stolzenberg [Sto] and Wermer [We] of a compact set X with

non-trivial polynomial hull X̂, such that X̂ \X has no analytic structure. To
overcome this problem, Poletsky used approximation of analytic disks. We
will discuss the main ideas of his construction but try to avoid most of the
technical refinements. For more about this see [Po4].

A.1 Holomorphic measures

In the following, a bounded holomorphic mapping f : D→ Cn will be called
an analytic disk. We will consider the continuation of an analytic disk f in
radial directions as a mapping from D to Cn. By σ, we mean the normalized
arc length measure on T = ∂D. As is common in the literature we will also
allow ourself to confuse an analytic disk with its image. We start by noting
that every analytic disk f induces a measure on Cn by pushing forward the
arc length measure on the unit disk. To be more precise:

Definition A.1. For E ⊂ Cn and f an analytic disk in Cn, let

µf (E) = f∗σ(E) =

∫
T∩f−1(E)

dσ.

The idea is that it should be possible to weak∗-approximate any µ ∈
Jz(X) with a sequence of push forward measures µf . To be able to show this
we need some more notation and results.

Definition A.2. Let L = {fj} be a uniformly bounded sequence of analytic
disks. We say that L is weak∗- convergent if the measures µfj weak

∗-converges
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on Cn, that is if there is a measure µL such that∫
ϕ(z) dµL = lim

j→∞

∫
ϕ(z) dµfj , ∀ ϕ ∈ C(Cn).

Given such a sequence, we will denote its limit measure by µL and we let
limj fj(0) = zL.

Definition A.3. Let L = {fj} be a sequence of analytic disks. The cluster
of L, denoted K(L), is the set of all points z ∈ Cn such that for every r > 0
the set

{j ∈ N : fj(D) ∩B(z, r) 6= ∅},
is infinite.

Remark 26. Since the complement of the cluster is easily seen to be open,
the cluster itself will always be a closed set.

The set K(L) should be understood as the points where the limit measure
of L potentially could have mass. The following easy example shows that the
cluster of a sequence of analytic disks can be disjoint from the range of the
individual disks.

Example A.4. Let L be the sequence

fj(z) =
z + 4

4j
.

The point zL = 0 does not belong to the closure of the set fj(D̄) for any
fj ∈ L, but supp(µL) = {0} = K(L).

We now recall Poletsky’s definition of a holomorphic measure (see [Po4]).

Definition A.5. Suppose that L is a uniformly bounded sequence of analytic
disks. If K(L) ⊂ X and L is weak∗-convergent, we say that the limit measure
µL is a holomorphic measure for X at the point z = zL. We denote the set
of all such measures byMz(X).

Remark 27. Note that, by the definition of weak∗-convergence and by test-
ing against a constant function, we see that all holomorphic measures are
probability measures.

Remark 28. Suppose that z ∈ X. Then, by letting fj(ζ) = z, we get the
Dirac measure δz = limµfj , which consequently belongs toMz(X).
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Since we later will show that Mz(X) = Jz(X) for every z ∈ X, the
plurisubharmonic functions on compact sets in the sense of Poletsky are
exactly the same as the plurisubharmonic functions on compact sets that
were discussed in Chapter 5. Because of this, they will not be discussed
further. But, in the proofs of Theorem A.9 and Theorem A.14 we need the
following lemma that actually says that a plurisubharmonic function defined
on a neighborhood of X is plurisubharmonic on X in Poletsky’s sense (see
[Po4]).

Lemma A.6. Let u be a plurisubharmonic function defined on a neighbor-
hood of X. Then, for z ∈ X, we have that

u(z) ≤
∫
X

u dµ

for every µ ∈Mz(X).

Proof. Suppose that µ ∈Mz(X), then there are analytic disks fj, limj fj(0) =
z, such that ∫

ϕdµ = lim
j→∞

∫
T
ϕ ◦ fj dσ,

for all ϕ ∈ C(Cn). By regularization, the function u can be approximated
with a decreasing sequence {uk} of smooth plurisubharmonic functions de-
fined on slightly smaller neighborhoods of X. By looking at the functions
uk ◦ fj, we can conclude that they will be subharmonic on D. From this it
follows that∫

u dµ = lim
j,k→∞

∫
T
uk ◦ fj dσ ≥ lim

j,k→∞
uk ◦ fj(0) = u(z).

One useful property of holomorphic measures is that they have a rather
strong compactness property in the weak∗-topology.

Theorem A.7. Suppose that X ⊂ Xj+1 ⊂ Xj is a decreasing sequence of
compact sets in Cn such that X = ∩Xj. Suppose also that µj ∈ Mzj(Xj).
Then there is a subsequence µj(k) converging to a measure µ ∈Mz(X), with
z = lim zj.

81



Proof. Let B be the closure of a ball sufficiently large such that X1 ⊂ B.
By the same argument as in Remark 10 (on page 38) we get that there is a
subsequence µj(k) converging to a probability measure µ on B. It remains to
show that µ ∈ Mz(X). For notational comfort, we begin by renaming our
subsequence µk. By definition, there exist sequences {fk`} of analytic disks
such that µfk` weak

∗-converges to µk and such that K({fk`}) ⊂ Xk. Now let
gk = fkk. Obviously K({gk}) ⊂ X, lim gk(0) = z and since µgk converges
weak∗- to µ, we are finished.

Corollary A.8. The setMz(X) is weak∗- compact.

Proof. Since the probability measures onX are compact in the weak∗-topology
of C(X) (see Remark 10), it is enough to show that if a sequence {µj} of mea-
sures in Mz(X), weak∗-converges to a measure µ on X, then µ ∈ Mz(X).
To do this, set Xj = X and apply the previous theorem.

A.2 Equality of holomorphic measures and

Jensen measures

The key tool in proving that Mz(X) = Jz(X) is an Edwards type duality
theorem for plurisubharmonic functions and holomorphic measures. A very
similar theorem was proved by Poletsky in [Po4], whose proof we will follow.

Theorem A.9. Suppose that ϕ ∈ C(X) and define

u(z) = inf

{∫
ϕdµ : µ ∈Mz(X)

}
,

v(z) = sup

{
ψ(z) : ψ ∈ PSHo(X), ψ ≤ ϕ

}
.

Then u = v on X and there is an increasing sequence uj ∈ PSHo(X) con-
verging pointwise to this function.

Remark 29. Note that we always have that v ≤ u, since if ψ ∈ PSHo(X)
and ψ ≤ ϕ, then for given µ ∈Mz(X) we have that ψ(z) ≤

∫
ψ dµ ≤ ϕdµ.

Remark 30. Poletsky noted that a nice consequence of Lemma 3.1 in [Po4] is
that every continuous and plurisubharmonic function on X can be approx-
imated with an increasing sequence of functions in PSHo(X). In Theorem
5.11 we proved the same thing using Edwards’ theorem and Choquet’s lemma.
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Before we prove Theorem A.9 we need to define a notion of holomorphic
measures on open sets. This definition should be compared to the holomor-
phic current Φ1 of Example 3.1 in [Po3].

Definition A.10. Let Ω b Cn be open and define Hz(Ω) to be the class of
holomorphic mappings f from a neighborhood of D to Ω such that f(0) = z.

Definition A.11. Suppose that Ω b Cn is open. Then we defineMz(Ω) to
be the weak∗-closure of the set {µf : f ∈ Hz(Ω)}.

Remark 31. SinceMz(Ω) is a closed subset of the set of probability measures,
and since the set of probability measures is weak∗-compact, the same holds
true forMz(Ω).

Remark 32. Suppose that µ ∈ Mz(Ω). Then µ is the weak∗- limit of some
sequence µfj for fj ∈ Hz(Ω). The sequence L = {fj} is uniformly bounded

and K(L) ⊂ Ω. HenceMz(Ω) ⊂Mz(Ω).

We are now ready to prove Theorem A.9.

Proof of Theorem A.9. Since δz ∈ Mz(X), it follows that u ≤ ϕ. If ψ ∈
PSHo(X), ψ ≤ ϕ and µ ∈ Mz(X), we can extend ψ to a plurisubharmonic
function defined on a neighborhood of X. Then we can use Lemma A.6 to
see that

ψ(z) ≤
∫
ψ dµ ≤

∫
ϕdµ.

Taking the supremum of all such ψ we get that

v(z) = sup{ψ(z) : ψ ∈ PSHo(X), ψ ≤ ϕ} ≤
∫
ϕdµ.

Now we take the infimum of all µ ∈ Mz(X) and get that v ≤ u ≤ ϕ on X.
The idea is now to approximate u with functions smaller than v, to see that
u and v have to be equal. Let {Ωj} be a sequence of bounded open domains
such that X ⊂ Ωj+1 b Ωj and ∩∞j=1Ωj = X. Let ϕ̂ be any continuous
extension of ϕ to Ω1. Since the set Mz(Ωj) is weak∗-compact (see Remark
31), the point-evaluation functional defined by µ 7→

∫
Ωj
ϕ̂ dµ, must attain its

minimum on Mz(Ωj) (since it is continuous in the weak∗-topology). This
means that there exists a measure µzj ∈Mz(Ωj) such that∫

ϕ̂ dµzj = inf

{∫
ϕ̂ dµf : f ∈ Hz(Ωj)

}
.
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Remember that, by Remark 32, we know that µzj ∈Mz(Ωj). Also note that∫
ϕ̂ dµzj increases with increasing j (since Ωj+1 b Ωj). By letting Xj = Ω̄j

we are in the situation of Lemma A.7, and hence we get that the sequence
{µzj} has a convergent subsequence µzk which weak∗-converge to µz ∈Mz(X).
Define the functions

uk(z) =

∫
ϕ̂ dµzk −

1

k
.

By [Po1, Theorem 1], uk ∈ PSH(Ωk) and by the observation above uk+1 >
uk. We also have that

lim
k→∞

uk =

∫
ϕdµz.

Since µz ∈Mz(X), it follows that lim
k→∞

uk(z) ≥ u(z). By the definition of uk

we know that uk ∈ PSHo(X) and since δz ∈Mz(Ωk) we know that uk ≤ ϕ.
Hence uk ≤ v. Because we have already noted that v ≤ u, this implies that
v = u.

As mentioned earlier, one important element in proving that Mz(X) =
Jz(X) is that we have similar Edwards type theorems for both of the classes.
Remember that Theorem 5.9 says that if ϕ is a lower semicontinuous function
defined on X, then

sup

{
ψ(z) : ψ ∈ PSHo(X), ψ ≤ ϕ

}
= inf

{∫
ϕdν : ν ∈ Jz(X)

}
.

As the supremum above is equal to the supremum in Theorem A.9, this
gives us the necessary link between the class Jz(X) and Poletsky’s holomor-
phic measures Mz(X). We now want to use the Hahn-Banach separation
theorem. We remind the reader of the content of that theorem (see [Co,
page 111]).

Theorem A.12. Let V be a real locally convex space and A and B be two
disjoint closed convex subsets of V . If B is compact, then there exists a
continuous linear functional ϕ on V and a number α such that

sup{ϕ(b) : b ∈ B} < α < inf{ϕ(a) : a ∈ A}.

In our case, V will be the set of Radon measures on X equipped with
the weak∗-topology. Then every continuous linear functional ϕ on V can
be assumed to be a point evaluation (see Theorem 1.13). In Corollary A.8
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we saw that Mz(X) is weak∗-compact so, to be able to use Hahn-Banach
separation theorem, it remains to show thatMz(X) is convex. The theorem
below is a variant of a theorem by Bu and Schachermayer [BS] but the proof
presented here is due to Poletsky [Po2, Theorem 2.1].

Theorem A.13. The setMz(X) is convex.

Proof. Without loss of generality, we may assume that z = 0. We want to
show that for µ, ν ∈ Mz(X) and λ ∈ [0, 1], it holds that λµ + (1 − λ)ν ∈
Mz(X). Because of the definition of Mz(X), we know that µ and ν are
weak∗-limits of some sequences, {µfj} and {µgj} respectively, where the disks
{fj} and {gj} all lie in B(0,M) for some big M > 0 and K({fj}),K({gj}) ⊂
X. Let us begin by supposing that 0 < rj < 1 and consider the mappings

hj(ζ) = fj(ζ) + gj(
rj
ζ

),

defined on the annuli Rj = {ζ : rj ≤ ζ ≤ 1}.
For every ζ ∈ D, either |ζ| or rj/|ζ| is less than

√
rj. Hence choosing

rj small enough will guarantee that the set hj(Rj) belongs to an arbitrarily
small neighborhood of fj(D) ∪ gj(D). Let us from now on suppose that {rj}
is chosen such that rj → 0 when j → ∞. Now let ψj be the conformal
mapping from D to {ζ : log rj < Re ζ < 0} defined by

ψj(ζ) =
i log rj
π

log
(
e−λiπ

ζ − eλiπ

ζ − e−λiπ
)

+ log rj.

Note that ψj(0) = (1 − λ) log rj, ψj(1) = 0 and ψj(−1) = log rj. From this
it follows that the mapping ωj = eψj maps the arc γ1 = {eiθ : |θ| < λπ}
to T and the arc γ2 = T \ γ1 to rjT. Now the mappings pj = hj ◦ ωj are
analytic disks, and we claim that their corresponding measures {µpj} weak∗-
converges to λµ + (1 − λ)ν. To prove this claim we start by observing that
K({pj}) ⊂ K({fj})∪K({gj}) ⊂ X. Next, we let ϕ be an arbitrary continuous
function defined on Cn and consider the integral∫

ϕdµpj =

∫
γ1

ϕ
(
fj(ωj)+gj(rj/ωj)

)
dσ+

∫
γ2

ϕ
(
fj(ωj)+gj(rj/ωj)

)
dσ. (A.1)

We begin by studying the first integral on the right-hand side. Since ωj maps
γ1 onto T and by the construction of rj, it follows from the Schwarz lemma
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that |gj
(
rj/ωj(ζ)

)
| → 0 for ζ ∈ γ1 when j → ∞. By the continuity of ϕ it

follows that∫
γ1

ϕ
(
fj(ωj) + gj(rj/ωj)

)
dσ =

∫
γ1

ϕ
(
fj(ωj)

)
dσ + δj, (A.2)

for some numbers δj tending to zero as j tends to infinity. Now let uj be
the harmonic function defined on D with boundary values uj(ζ) = ϕ

(
fj(ζ)

)
.

Since every uj is bounded by

K = sup
B(0,M)

ϕ(z),

it once again follows by the Schwarz lemma that

|uj(ζ)− uj(0)| < K|ζ|, ∀ j ∈ N. (A.3)

Since uj ◦ ωj also is a harmonic function it follows that

uj
(
ωj(0)

)
=

∫
T
uj(ωj) dσ =

∫
γ1

ϕ
(
fj(ωj)

)
dσ +

∫
γ2

uj(ωj) dσ. (A.4)

Using (A.3) we know that

|uj
(
ωj(ζ)

)
− uj(0)| < Krj

for ζ ∈ γ2 ∪ {0}. Putting this together with (A.4) we see that

uj(0) =

∫
γ1

ϕ
(
fj(ωj)

)
dσ + (1− λ)uj(0) + δ′j.

where {δ′j} is a sequence of numbers converging to zero. Rearranging and
combining (A.2) and the definition of u we arrive at∫

γ1

ϕ
(
fj(ωj) + gj(rj/ωj)

)
dσ = λ

∫
T
ϕ
(
fj(ζ)

)
dσ + δ′′j ,

for some sequence {δ′′j } → 0. Doing a similar estimation for the second
integral on the right-hand side of (A.1), we can conclude that

lim
j→∞

∫
ϕdµpj = λ

∫
ϕdµ+ (1− λ)

∫
ϕdν,

which concludes the proof.
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After doing all this work, the main theorem in this appendix is now easy
to prove.

Theorem A.14. For every z ∈ X,Mz(X) = Jz(X).

Proof. We begin by proving that Mz(X) ⊂ Jz(X). For this, suppose that
µ ∈ Mz(X) and that u ∈ PSHo(X). This means that u can be extended
to a plurisubharmonic function defined on a neighborhood of X and then it
follows from Lemma A.6 that

u(z) ≤
∫
u dµ, (A.5)

which shows that µ ∈ Jz(X).
We will show the reverse inclusion by contradiction. For this, suppose

that there is a µ ∈ Jz(X) \ Mz(X). Since we have shown that Mz(X) is
convex and weak∗-compact, Theorem A.12 says that there exists a function
ϕ ∈ C(X) such that∫

ϕdµ < inf

{∫
ϕdν : ν ∈Mz(X)

}
= sup

{
ψ(z) : ψ ∈ PSHo(X), ψ ≤ ϕ

}
.

By Theorem 5.9, we know that this supremum equals

inf

{∫
ϕdν : ν ∈ Jz(X)

}
≤
∫
ϕdµ,

and this is a contradiction.
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