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Abstract

The amounts of data collected from each sample of e.g. chemical or biological mate-
rials have increased by orders of magnitude since the beginning of the 20th century.
Furthermore, the number of ways to collect data from observations is also increas-
ing. Such configurations with several massive data sets increase the demands on the
methods used to analyse them. Methods that handle such data are called multiblock
methods and they are the topic of this thesis.

Data collected from advanced analytical instruments often contain variation from
diverse mutually independent sources, which may confound observed patterns and
hinder interpretation of latent variable models. For this reason, new methods have
been developed that decompose the data matrices, placing variation from different
sources of variation into separate parts. Such procedures are no longer merely pre-
processing filters, as they initially were, but have become integral elements of model
building and interpretation. One strain of such methods, called OPLS, has been par-
ticularly successful since it is easy to use, understand and interpret.

This thesis describes the development of a new multiblock data analysis method
called OnPLS, which extends the OPLS framework to the analysis of multiblock and
path models with very general relationships between blocks in both rows and columns.
OnPLS utilises OPLS to decompose sets of matrices, dividing each matrix into a glob-
ally joint part (a part shared with all the matrices it is connected to), several locally
joint parts (parts shared with some, but not all, of the connected matrices) and a unique
part that no other matrix shares.

The OnPLS method was applied to several synthetic data sets and data sets of
“real” measurements. For the synthetic data sets, where the results could be compared
to known, true parameters, the method generated global multiblock (and path) models
that were more similar to the true underlying structures compared to models without
such decompositions. I.e. the globally joint, locally joint and unique models more
closely resembled the corresponding true data. When applied to the real data sets, the
OnPLS models revealed chemically or biologically relevant information in all kinds of
variation, effectively increasing the interpretability since different kinds of variation
are distinguished and separately analysed.

OnPLS thus improves the quality of the models and facilitates better understanding
of the data since it separates and separately analyses different kinds of variation. Each
kind of variation is purer and less tainted by other kinds. OnPLS is therefore highly
recommended to anyone engaged in multiblock or path model data analysis.
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Sammanfattning

Mängden data som samlas in från enskilda prover i experiment från t.ex. kemi eller
biologi har mångfaldigats sedan början av 1900-talet. Dessutom ökar även antalet sätt
på vilket det går att samla in data. Uppställningar med flera sådana väldigt stora block
av data ställer större och större krav på de metoder som används för att analysera dem.
Metoder för att hantera sådana data kallas flerblocksmetoder, och det är om sådana
denna avhandling handlar.

Data som samlas in från avancerade analytiska instrument innehåller ofta variation
från flera olika, ömsesidigt oberoende källor. Dessa olika bidrag kan störa varandra
och vara ihopblandade, och genom det hämma modelltolkningen. På grund av detta
har nya metoder utvecklats som delar upp varje datamatris så att de olika källorna
placeras i olika delar. Sådana metoder är inte längre bara förprocesseringsfilter, vilket
de initialt var, utan har blivit en integrerad del av modellbyggande och tolkning. En
uppsättning sådana metoder, kallad OPLS, har varit särskilt framgångsrik på grund av
att metoderna är användbara och enkla att förstå, använda och tolka.

Denna avhandling beskriver utvecklingen av en ny projektionsbaserad flerblocks-
metod med latenta variabler som heter OnPLS. Denna metod utökar OPLS till att
innefatta flerblocks- och stigmodeller med väldigt generella relationsstrukturer i både
rader och kolonner. OnPLS använder sig av OPLS för att dela upp dessa matriser så
att varje matris innehåller en globalt gemensam del (som delas mellan alla direkt ihop-
kopplade datamatriser), flera lokalt gemensamma delar (som delas mellan delmängder
av direkt ihopkopplade datamatriser) och en unik del som inte är gemensam med nå-
gon annan datamatris.

OnPLS användes här för att analysera flera konstgjorda data samt data från “verk-
liga” mätningar. I den konstgjorda datan, där resultaten gick jämföra med kända un-
derliggande sanningar, gav OnPLS globala modeller som var mer lika “sanningarna”
jämfört med när sådan uppdelning inte hade gjorts. De globala, lokala och unika mod-
ellerna var alltså mer felfria än motsvarande modeller utan uppdelning. På de verkliga
mätningarna gav OnPLS kemiskt och biologiskt relevant information om alla delar
och ökade genom det modellens tolkningsbarhet eftersom de olika delarna skildes åt
och analyserades var för sig.

OnPLS förbättrar alltså modellerna samt underlättar förståelsen för datan, efter-
som metoden delar upp och analyserar de olika delarna var för sig. De olika delarna
är “renare” och mindre ihopblandade med andra delar. OnPLS rekommenderas därför
till alla som jobbar med flerblocks- och/eller stiganalys.
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Notation

The notation used in this thesis is widely used to describe PLS regression and features
of the data sets addressed in the chemometrics literature: capital bold letters, e.g. X,
are used to denote matrices; lower, case bold letters, e.g. t, to denote vectors; lower
case Greek letters, e.g. α, are usually used to denote scalars; and lower case English
(Latin) letters, e.g. ci, j, are used to identify elements of vectors and matrices.

The number of matrices in a multiblock or path model is denoted n and their run-
ning index is i = 1, . . . ,n. The terms block and matrix are used interchangeably. These
matrices are related such that each row (observation) represents the same phenomenon
(e.g. sample, case, patient, process, time point etc.). When analysing two modes (as
discussed in Section 2.2) the columns are related such that they also represent the
same phenomenon.

Usually, an upper limit is denoted by an upper case letter. E.g. the size of all data
matrices, Xi, is M×Ni (unless stated otherwise). The rows or columns of a matrix Xi
are denoted xi, j, for j = 1, . . . ,M or j = 1, . . . ,Ni and the context clarify whether the
notation identifies rows or columns. The elements of a matrix Xi are denoted xi, j,k, for
j = 1, . . . ,M and k = 1, . . . ,Ni. It is always assumed that the columns of data matrices,
Xi, have zero mean. They may also be scaled or otherwise preprocessed, but that will
not be discussed in this thesis. All vectors are column vectors and row vectors are
denoted using a superscript T to denote that they have been transposed, e.g. pT or XT.

To simplify the notation, the use of the identity matrix I will be rather relaxed.
Two equations both using I are not thought of as using the same I, but rather one of
appropriate size for their corresponding equations.

The terms variation and variance will be used interchangeably to denote the sum
of squares of variables. When discussing variance it thus refers to an unscaled or
unadjusted measure of the dispersion of a variable. While not formally correct, this
greatly simplifies the text and the equations. We thus let Var(t) = tTt. The scaling by
the number of degrees of freedom of the variable cancels in most cases or otherwise
does not change the problem.

Similarly, the term covariance will be used loosely and interchangeably with the
inner product. When it is written that Cov(t,u) = tTu it should be clear that the factor
of number of degrees of freedom, e.g. 1/(M − 1), has been intentionally omitted, but
also that the end result has not changed.
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Notation

The norms used are the Euclidean norm for the length of vectors, i.e.

‖t‖ = ‖t‖2 =

√√√√
M∑

j=1

t2
j =
√

tTt

and for matrices we use the Frobenius norm (square root of the sum of squares of the
elements)

‖X‖ = ‖X‖F =

√√√√
M∑

i=1

N∑

j=1

x2
i, j =

√
tr
(
XXT

)
,

where tr(XXT) is the trace of XXT (the sum of its diagonal elements).
Some results are presented in terms of the modified RV coefficient. This notion

was suggested by Smilde et al. (2009) as a correlation coefficient similar to the Pearson
correlation but for measuring the degree of similarity between matrices. The modified
RV coefficient is defined as

RVmod(X,Y) =
Vec

(
X̃XT

)T
Vec

(
ỸYT

)

√
Vec

(
X̃XT

)T
Vec

(
X̃XT

)
·Vec

(
ỸYT

)T
Vec

(
ỸYT

) ,

where Vec(X) is the vectorised version of X and X̃XT = XXT − diag(XXT); diag(X) is
a matrix containing only the diagonal elements of X.

The reader needs to be acquainted with singular value decomposition (SVD) and
principal component analysis (PCA). They are very useful matrix decompositions and
will be used throughout this thesis. All real matrices (and complex, using the conju-
gate transpose, but that is not discussed in this thesis) matrices can be decomposed
such that

X = UΣVT,

where U and V are orthonormal matrices of left and right singular vectors, respec-
tively, and Σ is a diagonal matrix with the non-negative singular values along the
diagonal. The elements of Σ are ordered such that the first element is the largest.
The first set of singular vectors represents the best rank 1 representation of the ma-
trix X, the second set represents the best rank 1 representation of matrix X under the
constraint that it is orthogonal to the first set of singular vectors, and so on.

The SVD is equivalent to PCA by the relation

TPT = UΣVT,

i.e. such that the score matrix of the PCA is T = UΣ and the PCA loading matrix
is P = V. The amount of variance found in each dimension is thus put on the left
singular vectors to carry in PCA. PCA is mainly used for data exploration purposes,
while SVD is a mathematical decomposition used because of its orthogonality and
optimal compression properties.
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Notation

SVD is also an alternative way to find eigenvalues and eigenvectors of a matrix
since

XXT = UΣVTVΣUT = UΣ2UT

and
XTX = VΣUTUΣVT = VΣ2VT,

which gives the eigenvalue decompositions

XXTU = UΣ2

and
XTXV = VΣ2.

The singular values are thus the positive square roots of the eigenvalues.
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Outline

This thesis is divided in four parts. The first part, Chapter 1, provides an overview
of and background to the methods relevant for the presented results. The methods
described include PLS regression, the OPLS framework (various OSC methods, OPLS
and O2PLS), and different multiblock methods (in particular the MAXDIFF method)
and path modelling (in particular PLS path modelling).

Although I have attempted to outline most relevant methods, and the history of
multiblock and PLS path modelling, I am not in any way pretending to cover the his-
tory of these methods and their development comprehensively. Instead I have touched
upon and mentioned some of the most important advances, and focused in more detail
on the most important methods in the context of this thesis.

The second part, Chapter 2, describes the OnPLS method, from its initial concep-
tion for multiblock data analysis, through the development of more general path mod-
els of arbitrary relationships among both rows and columns, to the complete OnPLS
modelling approach for decomposing each of a set of connected matrices into several
parts (containing variation from various sources), such that all subsets of matrices can
be considered and modelled.

The third part, in Chapter 3, includes a summary of the work presented in this
thesis and discusses some of the future work that is left to do.

The fourth part comprises the four papers that this thesis is based upon. These
papers describe OnPLS in a multiblock context (Paper I), OnPLS in a path modelling
context (Paper II), OnPLS in a bi-modal context, considering path relationships in
both rows and columns (Paper III) and finally the full decomposition of each matrix
into a globally joint, several locally joint and one unique model (Paper IV).
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Background

CHAPTER 1

Background

This chapter begins with an explanation of latent variable methods and how they are
used in projection based methods in chemometrics. It continues with an exposition of
some of the most important methods relevant to this thesis. Some of the methods are
described in detail, while others are only mentioned briefly.

Most of the methods and concepts described in this chapter are important to un-
derstand in order to apprehend the results presented in Chapter 2.

1.1 Chemometrics and multivariate data analysis

In the latter half of the 20th century the basis for scientific measurements changed fun-
damentally with the introduction of highly sensitive and accurate instruments. These
instruments provide orders of magnitude larger amounts of data than the amounts sci-
entists previously had to analyse (Baird, 1993), revolutionising the conceptual scope
of studies in the natural sciences generally, and in biology and chemistry, particularly.
Indeed, with the parallel advent of powerful electronic computers allowing analy-
sis of the increasingly massive amounts of data generated, entire new fields of study
emerged, notably chemometrics. These revolutions were accompanied by increas-
ing needs for powerful data analysis methods capable of identifying patterns in the
massive data sets and linking them to important biological or chemical phenomena.
Thus, for instance, chemometrics sprang from the ability to collect large amounts of
multivariate data, and both the need for and possibility to implement new methods to
analyse the information (Wold, 1991; Trygg, 2001).

Multivariate statistics is, quite simply, a branch of statistics that deals with the
analysis of more than one variable, measured on the same set of samples, simultane-
ously. Using multivariate methods has numerous benefits. They give an overview of
all variables simultaneously, allowing evaluation of clusters, correlations and outliers;
and provide weighted averages that highlight systematic variation and decrease effects
of noise (Wold, 1991).

Not only are scientists able to collect much more data nowadays, but they can
also collect many more kinds of data. Hence, information on several different kinds
of variables, or “blocks” of data, may be collected in each observation (or sample).
Methods that deal with such data are called multiblock methods and they are the topic
of this thesis.
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OnPLS - Chapter 1

1.1.1 Latent variable methods

Latent variable analysis was introduced by Spearman (1904) within the field of psy-
chometrics. He developed a procedure called “factor analysis” in attempts to find an
objective measure of intelligence, which he named “general intelligence”. Under his
definitions, this was an underlying factor (score vector, component or latent variable)
correlated to results of several cognitive tests (Borsboom et al., 2003; Bartholomew,
2007).

The term “factor analysis” is generic and covers diverse methods for analysing cor-
relation structures between observable variables and the relationships between these
variables and a smaller set of unobserved, explanatory “factors”. Spearman’s method
is very similar to principal component analysis (PCA), another early example of a
multivariate latent variable method (Pearson, 1901).

Latent variables are variables that cannot be observed directly, but which instead
are inferred from or indirectly measured by a set of observable variables, sometimes
called manifest variables or indicators. Since these variables are not observable, they
are not measurable either, but are instead connected to the set of measurable manifest
variables by some mathematical model. A latent variable may, for instance, capture
concepts such as satisfaction, intelligence, motivation, performance, socioeconomic
status, a country’s development level, molecular flexibility, disease or phenotype.

1.1.2 Chemometrics

The term “chemometrics” was coined by Svante Wold in 1974 (Wold, 1995) when he
wrote:

The art of extracting chemically relevant information from data produced in
chemical experiments is given the name of ‘chemometrics’ in analogy with
biometrics, econometrics, etc. Chemometrics, like other ‘metrics’, is heavily
dependent on the use of different kinds of mathematical models [...]. This task
demands knowledge of statistics, numerical analysis, operation analysis, etc.,
and in all, applied mathematics. [...]; in chemometrics the main issue is to
structure the chemical problem to a form that can be expressed as a mathemat-
ical relation.

Chemometrics is thus the information aspect of chemistry, i.e. the extraction of infor-
mation from chemical data. Chemometrics deals with two main topics: designing and
performing experiments, and the subsequent analysis of the measured multivariate
data. Chemometrics has been very successful in areas such as multivariate calibra-
tion, structure-activity relationship (SAR) modelling, classification and multivariate
process modelling (Wold & Sjöström, 1998). While chemometrics initially only ad-
dressed the measure and analysis of chemical data, its applications have expanded
greatly and the statistical techniques and methods founded in and/or used by chemo-
metricians are now also used in many life sciences such as biology, molecular biology,
genetics and medicine.

While designing and performing experiments is a very important and recognised
aspect of chemometrics, this thesis will focus solely on its data analysis aspect.
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Background

The basic chemical models considered often have the form

Y = f (X) + F,

where Y contains dependent variables (e.g. the constituents or concentrations in a
sample), X contains measurements of independent variables, f is the chemical model
of the data and F is a residual matrix. The residual matrix contains the noise, the
uncertainties or deviations from “true” measurements that are deemed to arise when
acquiring experimental data. The purpose of these models may be, for instance, to pre-
dict the properties or constituent concentrations of a set of samples from their spectra
(Geladi et al., 1999; Berntsson et al., 2002). They may be any type of mathemati-
cal model that relates the independent variables to the dependent variables for both
interpretation and prediction, i.e. analysis of the independent variables and their rela-
tionships to the dependent variables, and the prediction of values of new dependent
variables.

1.1.2.1 Projection based latent variable methods
The multivariate methods employed in chemometrics include: supervised methods,
such as discrimination analysis, artificial neural networks and regression techniques;
unsupervised methods like clustering and Bayesian classifiers; parametric methods,
such as maximum likelihood and hidden Markov models; non-parametric methods,
such as nearest neighbour estimation; and stochastic methods, such as simulated an-
nealing and genetic algorithms.

However, a family of latent variable methods based on projection by ordinary least
squares has been particularly important in chemometrics. The projection based meth-
ods are very capable, useful and have geometric structures that are highly amenable
to intuitive interpretation, since they are based on data matrices X of size M×N, in
which each row represents a point in an N-dimensional space, where N is the number
of variables measured for each of the M points (Wold et al., 2002).

The most prominent of these methods have traditionally been principal component
analysis (PCA) and partial least squares regression (PLS-R), both of which can be
conveniently implemented using the NIPALS algorithm presented by Herman Wold
(see Section 1.5 for details). PLS-R is described in Section 1.2, so it will not be
considered here, but PCA will be described to some extent. The relation of PCA to
singular value decomposition (SVD) was mentioned in the Notation section at the
beginning of the thesis, but PCA models are usually presented using a very intuitive
geometrical interpretation. We consider a loading vector p onto which we project the
rows of the data matrix X using a simple regression like

t =
Xp
pTp

, (1.1)

to obtain a score vector t that summarises the columns of X. Now, it turns out that
projecting the columns of X onto the score vector t gives us the loading vector, again
like

p =
XTt
tTt

. (1.2)

3



OnPLS - Chapter 1

We put these equations together and notice once more the relation to the eigenvalue
decomposition

(tTt ·pTp) · t = XXTt, (1.3)

and that
(pTp · tTt) ·p = XTXp, (1.4)

as we saw in the Notation section.
One of the most important features of PCA is that the variance explained by t is

maximal. Assume we constrain p to norm 1, such that t = Xp, and want to maximise
the variance of t, i.e. we want to maximise

tTt = pTXTXp⇒ XTXp = λmaxp, (1.5)

where λmax is thus the largest eigenvalue of XTX.
Projection based latent variable methods have many advantages: they use all data

simultaneously, they have no collinearity problems, they work even when some data
is missing and with noisy data, they provide separate models of all included matrices
and they can be visualised graphically, which simplifies interpretation of the mod-
els Trygg (2001). The interpretation of these projections is illustrated in Figure 1.1.
If we project the manifest variables onto the loading vector corresponding to the di-
rection of maximal variance we get a new set of coordinates along the loading vector
that constitute the score vector. The interpretation is similar for the projection onto
the score vector. We can thus use the score vectors, the latent variables, as a low-
dimensional approximation of the columns of the data matrix X and analyse them
instead of all the (possibly thousands of) manifest variables.

PLS regression, OPLS, O2PLS, MAXDIFF, PLS path modelling, OnPLS and
plenty of other projection based methods all generate a set of score and loading vec-
tors, which are found by maximising some objective function (by a series of ordinary

Figure 1.1: An illustration of how the projection based latent variable methods work
geometrically. (A) shows the original data with two manifest variables plotted on each
axis. Note the correlation structure. (B) The first loading vector is in the direction of
highest variance (the one that gives the smallest residual). (C) Multiplying X by the
loading vector p is a projection (since p has unit norm) onto p. (D) The coordinates
of the projection are called scores and these coordinates are the values of the score
vector t.

4



Background

least squares regressions, or some other form of projection) and are low-rank approxi-
mations of their corresponding matrices. These score and loading vectors then consti-
tute the model of their corresponding matrix and can be used for analysis, prediction
or any other use the analyst chooses.

1.2 PLS regression

PLS regression (PLS-R) was proposed by Wold et al. (1983b,a) as an alternative to or-
dinary least squares regression, ridge regression and principal component regression,
some of the most widely used methods at the time, for analyses of linear relationships
in multivariate data sets. A PLS-R model is a special case extension of a two block
PLS path model in Mode A (discussed in Section 1.5) and has become an established
method for modelling data in chemical and biological applications when ordinary least
squares is problematic to apply, because of collinearities (Wold et al., 1983b, 2001).

PLS regression has been highly successful in chemometric applications due to its
ability to relate quality, quantity or properties of chemical and biological samples (Y)
to their chemical composition/structures or properties of their respective manufactur-
ing processes or biological systems (X). It has proven value in multivariate calibration,
pattern recognition, classification and discriminant analysis (Wold et al., 2001; Trygg
& Wold, 2002).

PLS regression is a special case of PLS path modelling in that it only handles two
matrices in Mode A, and the main extension is that it standardises the weight vectors
instead of the score vectors, so in fact it uses New Mode A (again, see Section 1.5
for details). Another extension is that more than one component can be extracted by
deflating the matrices (as discussed in detail in the following sections).

The multivariate calibration problem is modelling one or several dependent vari-
ables (responses), Y, by one or several predictor variables, X. This is one of the most
common problems in science and technology and has therefore received much atten-
tion (Wold et al., 2001). The solution is to find a linear model that relates X and Y
such that

Y = XB + F, (1.6)

where Y contains the dependent variables, X contains the independent, predictor, vari-
ables, B is a set of regression coefficients and F is the set of residual variables. Usually
we want to summarise the predictor variables in X by a set of latent score vectors

T = XV, (1.7)

for some matrix V. The scores T can then be used in the model of Y as

Ŷ = TQT (1.8)

for some matrix Q. We combine these equations and get

Ŷ = XVQT, (1.9)

where thus B = VQT.

5



OnPLS - Chapter 1

Traditionally, the solution to this problem has been to use multiple linear regres-
sion by means of ordinary least squares (OLS), utilising the normal equations as

B =
(
XTX

)−1
XTY. (1.10)

OLS works well as long as the number of samples (observations) is equal to or larger
than the number of variables in X and the variables are uncorrelated (i.e. XTX has full
rank). However, modern instruments used in chemistry, e.g. in spectrometry, chro-
matography, imaging or time-dependent processes, provide data on numerous (often
hundreds or even thousands) of often strongly correlated variables, thus XTX is usu-
ally rank-deficient and OLS cannot be used (Wold et al., 2001).

Many statistical techniques have been proposed in order to overcome this problem.
The two most common methods used to be principal component regression (PCR)
and ridge regression (RR) (Helland, 1988), but extensive research into the properties
of PLS regression has shown that it is preferable to these techniques. PLS-R and
PCR give similar predictions, but PLS-R gives slightly better results, yields a smaller
number of components than PCR (which aids interpretation) and is computationally
less demanding than both PCR and RR. When the columns of X are orthonormal, the
reduction in number of components is substantial: PLS-R requires only one compo-
nent, while PCR still requires a full set of components. PLS-R is also more robust,
i.e. it yields models that do not change much when new samples are introduced, which
is important for all the previously mentioned applications (Helland, 1988; Geladi &
Kowalski, 1986; Yeniay & Göktaş, 2002).

Another important property of PLS-R is that when the number of model compo-
nents equals the rank of X, PLS-R is equivalent to OLS in terms of prediction. This
is also the case when the columns of X are orthonormal, but that is rare in practice
(Wold et al., 1989; Martens & Næs, 1989).

The objective in PLS regression is to find a score vector t = Xw, a linear combi-
nation of the columns of X, that maximally overlaps with Y in terms of covariance,
i.e.

max
t

∥∥YTt
∥∥2

= max
t

tTYYTt = max
w

wTXTYYTXw. (1.11)

Equation 1.11 implies that this maximum is found when w is the eigenvector corre-
sponding to the largest eigenvalue of XTYYTX.

Numerous PLS regression algorithms have been published, all of which give the
same regression matrix B in Equation 1.6. See Andersson (2009) for an overview
of several algorithms for the single-y case. The algorithms vary widely in terms (in-
ter alia) of speed and numerical stability and some have been developed for specific
purposes, e.g. handling matrices of particular sizes (Andersson, 2009; de Jong, 1993;
Lindgren & Rännar, 1998; Lindgren et al., 1993; Rännar et al., 1994).

The original algorithm (Algorithm 1), is still frequently used and is based on the
PLS (NIPALS) algorithm for path models presented by Herman Wold, see Section 1.5.
While not the fastest, Algorithm 1 still has many attractive properties: it is easy to un-
derstand with transparent steps; it is numerically stable, correct and give components
with straightforward interpretations.
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From the steps of Algorithm 1 we can see that

wnew = XTu
= XTYc/

(
cTc
)

= XTYYTt/
(
cTc · tTt

)

= XTYYTXw/
(
cTc · tTt

)
, (1.12)

i.e. an eigenvector of XTYYTX is found. The algorithm iterates on this equation, as
shown, which is equivalent to applying the power method for determining the largest
eigenvector of a matrix. It therefore converges quickly in almost all cases. Uniqueness
problems may arise if the largest eigenvalues are equal, but the algorithm will still
converge (Lorber et al., 1987; Höskuldsson, 1988).

Once a first set of components has been found by Algorithm 1, the matrix X is
deflated by removing the variation found by

X← X − tpT =
(

I −
ttT

tTt

)
X (1.13)

and the algorithm may be run again using this deflated X to obtain the next set of
components. Y may also be deflated, but this is not a necessary operation (Wold et al.,
2001).

The PLS-R model of X is

X =
A∑

a=1

tapT
a + E = TPT + E, (1.14)

Algorithm 1 The PLS regression algorithm
Input: Two matrices X and Y, arbitrary w with ‖w‖ = 1, and small ε > 0
Output: Weight vectors w and c, loading vector p and score vectors t and u
Algorithm:

1: loop
2: t← Xw
3: c← YTt/(tTt) {c may be normalised here}
4: u← Yc/(cTc)
5: wnew← XTu
6: wnew← wnew/‖wnew‖ {Any constraints may be put on w here}
7: if ‖w − wnew‖< ε then
8: w← wnew
9: break loop

10: end if
11: w← wnew
12: end loop
13: p← XTt/(tTt)

7
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in which the residual matrix E is “small” (in a least squares sense) and orthogonal to T.
The score and loading matrices collect all score and loading vectors as T =

[
t1| · · · |tA

]

and P =
[
p1| · · · |pA

]
, respectively.

There is a problem here, however. Since each weight vector w is computed from
the deflated matrices the score vectors are not related to the original X matrix, but a
new set of weights can be found that gives the scores in terms of the original variables
of X. The new set of weights is denoted w∗a and is collected in the weight matrix
W∗ =

[
w∗1 | · · · |w∗A

]
. It is found by rewriting the relations between w and t in terms of

deflations of X, as shown for example by Höskuldsson (2003), which gives the new
weight vectors as

W∗ = W
(
PTW

)−1
, (1.15)

and all score vectors are then linear combinations of X like

T = XW∗ (1.16)

directly (Helland, 1988; Martens & Næs, 1987; Wold et al., 2001).
The matrix T, with all score vectors of X, has maximum covariation with Y. It is

therefore a good predictor of Y, and we can use it as

Ŷ = TCT = XW∗CT = XB, (1.17)

where therefore B = W∗CT and thus

Y = XB + F, (1.18)

which was sought in the beginning of this section in Equation 1.6. In this equation the
residual matrix F is also “small” and in the previous equation C =

[
c1| · · · |cA

]
, where

A is the number of components in the PLS-R model.
The score vectors t and u capture information regarding the objects and how they

relate to each other in terms of similarities and dissimilarities. The weights w and c
capture information regarding the variables’ importance for the relationships between
X and Y, while the loading vector p describes how the score vector t relates to the
variables of its own matrix X. It should be noted that a loading vector q = YTu/

(
tTt
)

of Y can also be found indicating how the score vector u relates to the variables of X.
The residuals E and F are also of interest. Large residuals in Y imply that the

model does not describe the relationships very well, or rather that there is not a strong
relationship between X and Y. Large residuals in X imply that a substantial amount
of variation in X is not related to Y (Wold et al., 2001).

1.2.1 Extensions

Several extensions and alternative approaches of PLS regression have been proposed
since its introduction. These include nonlinear extensions (Wold et al., 1989; Frank,
1990; Wold, 1992; Höskuldsson, 1992; Rosipal & Trejo, 2001), orthogonal signal
correction (see Section 1.3) with extensions (Rantalainen et al., 2007), and hierarchical
extensions for use with many or very large data sets (Wold et al., 1996, 2002).
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One extension of PLS allows analysis of relationships in both the columns (as
usual) and in the rows by building bi-modal (bi-focal, 2-way or L-) models. This
involves construction not only of a regression model between the descriptor matrix X
and response matrix Y, but also a further regression model connecting the weights or
loadings of X to another matrix, Z, positioned “below” X, as illustrated in Figure 1.2.

Bi-modal modelling was introduced by Wold et al. (1987) as an extension of the
PLS-R algorithm to encompass coupled data in the row space. They provided an
example relating to enzyme activity, for which they noticed that the second mode
stabilised the predictive score vectors.

Several extensions and alternatives to the bi-modal method of Wold et al. (1987)
have been proposed. Many of these are also extensions of the PLS-R algorithm to
incorporate the second mode by adding iteration steps with simple regressions of the
second mode. Examples of such methods can be found (inter alia) in Eriksson et al.
(2004) and Sæbo et al. (2008, 2010).

There is also an approach analogous to the PLS-R extensions based on taking the
SVD of the inner product matrix YTXZT when X is connected to Y in the column
space and to Z in the row space, as illustrated in Figure 1.2. This approach has been
discussed by Martens et al. (2005) and Sæbo et al. (2010).

The multiblock and path model procedure of Höskuldsson (2001a, 2008) can be
used to resolve very general models in both modes. This approach is fairly similar to
the nPLS method described in Section 2.1.3, but has a different objective function.

Bi-modal modelling is being used increasingly frequently in diverse disciplines
that use chemometric methods, including quantitative structure-activity relationship

Figure 1.2: A bi-modal model connects matrices both in the column space, as for X
and Y, and in the row space, as for X and Z.

9
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(QSAR) modelling, genetic fingerprinting, consumer studies and environmental appli-
cations (Martens et al., 2005; Sæbo et al., 2010; Eriksson et al., 2004). The procedures
generally stabilise the modelling, as illustrated in Paper III.

1.3 Orthogonal projections to latent structures

As discussed in Section 1.1.2.1, projection based latent variable methods usually pro-
duce score vectors t as linear combinations of the columns of a corresponding matrix
X using weight vectors w such that t = Xw. In this context generally, and in the context
of PLS regression in particular, we may assume that we can decompose X in predictive
and orthogonal parts as

X = Xp + Xo (1.19)

such that the predictive (joint) variation YTXp = YTX is maximal and the orthogonal
(unique) variation YTXo = XT

p Xo = 0. I.e. there is some part of X that is related to Y
(the predictive variation) and another part that is unrelated (the orthogonal variation).
When we calculate the score vectors t we therefore get

t = Xw = (Xp + Xo)w = Xpw + Xow (1.20)

in which Xow need not be zero while at the same time YTXow = 0. The scores may
thus contain variation that won’t change the relation to Y but will surely affect inter-
pretation of the score vector t. PLS-R is still able to model these matrices and create
a very capable regression model, but the model will require more predictive compo-
nents than necessary and therefore be more difficult to interpret than necessary (Trygg
& Wold, 2002; Verron et al., 2004).

Consider a matrix constructed as illustrated in Figure 1.3 (A). The score vectors
are orthogonal by construction, i.e. tT

p to = 0, and the loading vectors are equal. Since

Figure 1.3: A matrix X is created as illustrated in (A), i.e. with one component, tp,
shared with the single y and one component orthogonal to both tp and y. Both parts
of X have the same loading. The first resulting PLS regression score vector in such a
case will be correlated to both the predictive vector, tp, and to the orthogonal vector,
to, as seen in (B) and (C).
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y = tp we have

w =
XTy
‖XTy‖ =

XTtp

‖XTtp‖
=

pp

‖pp‖
, (1.21)

but when computing the score vectors, t = Xw, we get the result shown in Figure 1.3 (B).
Since w is equal to p in this example, we have

t = Xw =
(
tppT + topT)w = tp pTw︸︷︷︸

=1

+to pTw︸︷︷︸
=1

= tp + to, (1.22)

thus the correlation between the computed score vector and those score vectors used
in constructing X is

Cor
(
t, tp
)

= Cor(t, to) =
1√
2
≈ 0.707, (1.23)

as seen in Figure 1.3 (C). This is not the desired result.

1.3.1 OSC methods

Methods that find and extract variation with the property outlined above were origi-
nally called orthogonal signal correction (OSC) methods, or filters (Wold et al., 1998).
However, they have moved beyond being merely pre-processing filters to become inte-
gral components of the model building and interpretation procedures (Trygg & Wold,
2002; Trygg, 2002; Trygg & Wold, 2003).

OSC was first introduced by Wold et al. (1998) as a preprocessing method for
PLS regression to find variation in a descriptor matrix that is unrelated to that in a
response matrix, and which therefore can be extracted and analysed separately. OSC
thus finds a set of score vectors of the descriptor matrix X that are orthogonal to
the response matrix Y. The purpose of these kinds of methods is generally not to
improve prediction (since we remove variation unrelated to the response matrix, we
cannot generally improve prediction), but to simplify the interpretation both in the
subsequent analysis of the resulting PLS regression model, and in terms of the number
of components to analyse. OSC has been applied to diverse types of data with very
good results (Sjöblom et al., 1998; Höskuldsson, 2001b; Trygg & Wold, 2003).

However, the OSC method proposed by Wold et al. (1998) does not have a well-
formulated optimisation criterion. In fact, this OSC method has many problems: It is
iterative (and therefore slow), the orthogonal scores may not lie in the column space of
X (and may therefore introduce variation), the orthogonal scores may not capture large
variations in X (so unstable directions may be modelled), it requires the computation
of inverses (which may not exist), it does not have a unique solution (related to not
having a clear objective function), it still gives too many predictive PLS regression
components (with one y variable, there should only be one predictive component, but
OSC may still give more than one) and so on (Westerhuis et al., 2001).

Several other very different alternative OSC methods have therefore been pro-
posed, including those described by Sjöblom et al. (1998); Andersson (1999); West-
erhuis et al. (2001); Feudale et al. (2002); Yu & MacGregor (2004); Ergon (2005)
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and Kemsley & Tapp (2009). This has led to some confusion, as properties of several
widely differing methods have been muddled. For instance, the properties of some
have been wrongly thought to be held by others with different properties since they
share the OSC designation.

One particular example of an alternative and improved approach was proposed by
Fearn (2000) that stated the problem and solution more clearly than the original OSC
formulation. Fearn proposed to maximise

max
wo

wT
o XTXwo, (1.24)

under the constraints that
YTXwo = 0 (1.25)

and
wT

o wo = 1. (1.26)

The solution to this problem was given by Rao (1964) as the eigenvector correspond-
ing to the largest eigenvalue of MXTX where

M = I − XTY
(
YTXXTY

)−1
YTX. (1.27)

Fearn’s approach was further clarified by Höskuldsson (2001b).
As in other projection based latent variable methods, the scores, to = Xwo, and the

loadings, po = XTto/(tT
o to), are found and the orthogonal variation is deflated from X.

Adequate numbers of orthogonal components are found and removed as

Xp = X −
∑

topT
o , (1.28)

and the subsequent PLS regression model is built using Xp instead of X.

1.3.2 OPLS and O2PLS

While Fearn’s method gives orthogonal score vectors that are orthogonal to Y, lie
in the column space of X and capture large systematic variations in X, it does not
necessarily give score vectors that actually disturb the predictive score vectors. This
leads to the problem that with a single y vector, the subsequent PLS regression model
may still have more than one component. Trygg & Wold (2002) therefore devised
the orthogonal projections to latent structures (OPLS) method as a computationally
superior alternative to the OSC approaches that does not suffer from their limitations.
In particular it ensures that the orthogonal score vectors found capture as much of
the variation in the predictive score vectors, T, of X as possible, while still being
orthogonal to Y. OPLS extends the PLS regression algorithm, Algorithm 1, by adding
a filtering step that removes variation orthogonal to Y from the scores of X. The
single-y OPLS algorithm is presented in Algorithm 2.

Steps 2 through 6 are simply the PLS regression algorithm between X and y. Then
the orthogonal weight vector, wo, is found as the difference between p and w. The
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score vector found in Step 8 is orthogonal to y, because

yTto = yTXwo = yTX (p − w)
= ‖yTX‖wT (p − w)
= ‖yTX‖wTp −‖yTX‖wTw
= ‖yTX‖−‖yTX‖ = 0, (1.29)

since wTw = 1 and wTp = wTXTt/(tTt) = tTt/(tTt) = 1. This also directly tells us that

wTwo =
yTXwo

‖yTX‖ =
yTto

‖yTX‖ = 0. (1.30)

This latter result is easily realised by considering the orthogonal projection of p onto
w

projw(p) =
pTw
wTw

w = w, (1.31)

since pTw = wTw = 1, and so p−w = p−projw(p). We thus have the situation depicted
in Figure 1.4.

An alternative approach to OPLS, called projected orthogonal signal correction
(POSC), was also proposed by Trygg & Wold (2002). The POSC method was sub-
sequently reported by other authors, examples include the extended target projections
(XTP) by Kvalheim et al. (2009) and PLS-ST by Ergon (2005). OPLS, POSC, XTP
and PLS-ST are all equivalent when the same numbers of predictive and orthogonal
score vectors are extracted. Numerous alternatives to and variations of OPLS and
POSC have been proposed, some of which are equivalent to one of these methods
while others are similar to one or both of them (Yu & MacGregor, 2004; Ergon, 2005;
Kemsley & Tapp, 2009).

Algorithm 2 The OPLS filtering algorithm
Input: A matrix X, a vector Y and the number of orthogonal components Ao
Output: Unique score matrix To, orthogonal weight matrix Wo and orthogonal load-
ing matrix Po
Algorithm:

1: for a = 1, . . . ,Ao do
2: w← XTy/‖XTy‖
3: t← Xw
4: c← yTt/(tTt)
5: u← uc−1

6: p← XTt/(tTt)
7: wo,a← (p − w)/‖p − w‖
8: to,a← Xwo,a
9: po,a← XTto,a/(tT

o,ato,a)
10: X← X − to,apT

o,a
11: end for

13
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OPLS was mainly advocated as a prediction method for single-y cases, although
a method for using it to address multi-Y cases was also suggested. However, Trygg
(2002) (see also Trygg & Wold (2003)) proposed a formal extension of OPLS called
O2PLS for such cases. OPLS and O2PLS are equivalent when applied to single-y
cases, but may give different results with a multivariate Y.

The main conceptual difference between OPLS and O2PLS is that while OPLS is
a filtering method for PLS regression, O2PLS is a symmetric data exploration method
in its own right. O2PLS is symmetric in that it does not distinguish between X and Y,
allows predictions to be made in both directions and extracts orthogonal components
for both matrices.

An O2PLS model is based on the SVD of the variance-covariance matrix between
the matrices X and Y, i.e.

WΣCT = XTY. (1.32)

This is equivalent to maximising the covariance between score vectors of the two
matrices, namely

max
t,u

Cov(t,u) = max
t,u

tTu = max
w,c

wTXTYc, (1.33)

where the maximum is attained when w and c are the left and right singular vectors
corresponding to the largest singular value of the variance-covariance matrix, i.e.

XTYc = σ1w, (1.34)

and the full SVD finds all these vectors simultaneously as the vectors corresponding to
nonzero (or larger than some threshold) singular values. Note that orthogonal variation
in either one of the matrices won’t be included in the covariance matrix. Therefore the
weight vectors corresponding to sufficiently large (e.g. nonzero) singular values only
capture systematic predictive variation. This is easy to see because if X = Xp + Xo and

Figure 1.4: Score vectors (left) and loading vectors(right) found by PLS regression.
OPLS finds the parts of the PLS regression components that deviate from the true
directions. These parts are: the orthogonal score vector, to, and the orthogonal weight
vector, wo.
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Y = Yp + Yo, then

XTY =
(
Xp + Xo

)T (Yp + Yo
)

= XT
p Yp + XT

p Yo + XT
o Yp + XT

o Yo︸ ︷︷ ︸
=0

= XT
p Yp. (1.35)

Any vectors in the row spaces of X and Y that are orthogonal to the weight vectors
found in Equation 1.32 for X and Y will therefore give score vectors orthogonal to the
other matrix. This is because

YTto = YTXwo = CΣWTwo = 0, (1.36)

and
XTuo = XTYco = WΣCTco = 0. (1.37)

Therefore, orthogonalising X with respect to W and Y to C leaves only orthogonal
directions in the matrices. Let

X̂o = X
(
I − WWT) = X − TWT = X − X̂p (1.38)

and
Ŷo = Y

(
I − CCT) = Y − UCT = Y − Ŷp, (1.39)

be approximations of Xo and Yo, and X̂p and Ŷp be approximations of Xp and Yp,
respectively. When weights corresponding to small, but nonzero, singular values are
excluded from the weight matrices of the SVD in Equation 1.32 for use in the orthog-
onalisation above, the resulting orthogonal score vectors won’t be strictly orthogonal
to the other matrix as in Equations 1.36 and 1.37. However, when noise levels and
other factors are considered, they are not relevant to the other matrix; we instead call
them “systematically orthogonal” variation instead, and this is the kind of variation
we will be addressing from now on (Trygg & Wold, 2002).

Note that if we use the full SVD, such that WΣCT = XTY then Equation 1.27
reduces to

M = I − XTY
(
YTXXTY

)−1
YTX

= I − WΣCT
(

CΣWTW︸ ︷︷ ︸
=I

ΣCT
)−1

CΣWT

= I − WΣCT
(

CΣ2CT
)−1

CΣWT

= I − WΣCTC−T
︸ ︷︷ ︸

=I

Σ−2 C−1C︸ ︷︷ ︸
=I

ΣWT

= I − WΣΣ−2Σ︸ ︷︷ ︸
=I

WT

= I − WWT, (1.40)

assuming the inverses exists (that there are no zero-valued singular values). When
there are zeros in Σ there will be a rank reduction and we only keep the first columns
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of W and C corresponding to the nonzero singular values. Note also that we get
MXT = X̂T

o . The first step of O2PLS is thus equivalent to Fearn’s method, but it is able
to immediately handle orthogonal and “systematically orthogonal” variation.

The main difference between O2PLS and Fearn’s method is in the next step.
Fearn’s method finds weight vectors that are singular vectors of X̂T

o X. This approach
gives orthogonal score vectors of X̂o with maximal norm. But, as mentioned above,
this is not an optimal objective. The objective should be to filter as much of the orthog-
onal variation captured by the predictive scores as possible. This is instead achieved
by finding weight vectors that are singular vectors of X̂T

o X̂p.
Since T and U contain orthogonal variation, by Equation 1.20, we want to find

to = X̂owo and uo = Ŷoco that have maximal overlap with the predictive matrices,
X̂p = TWT and Ŷp = UCT. We therefore look for

max
to

(
X̂T

p to

)2
= max

wo

(
X̂T

p X̂owo

)2

= max
wo

wT
o X̂T

o X̂pX̂T
p X̂owo

= max
wo

wT
o X̂T

o TWTW︸ ︷︷ ︸
=I

TTX̂owo,

= max
wo

wT
o X̂T

o TTTX̂owo, (1.41)

where the solution thus is the eigenvector corresponding to the largest eigenvalue of
X̂T

o TTTX̂o. We also see that wo is the first weight vector of a PLS regression model
between X̂o and X̂p. The orthogonal weight and score vectors are found analogously
for Y.

Once the orthogonal weight vector has been found, the orthogonal score vector is
found as

to = Xwo =
(

X̂o + TWT
)

wo = X̂owo (1.42)

and an orthogonal loading vector is found by

po =
XTto

tT
o to

=
XTX̂owo

wT
o X̂T

o X̂owo
=

(
X̂p + X̂o

)T
X̂owo

wT
o X̂T

o X̂owo

=
X̂T

p X̂owo + X̂T
o X̂owo

wT
o X̂T

o X̂owo
= p̂p + p̂o, (1.43)

where p̂p and p̂o are some loading vectors related to X̂p and X̂o, respectively. The
loading vector thus contains a mix of loading profiles from the approximated orthog-
onal part and the approximated predictive part.

Once these orthogonal score and loading vectors have been found, they are deflated
from the original matrices like

X← X − topT
o , (1.44)

and analogously for Y. This means that the variation in the score space of X̂p related
to to will be found and removed. Further, the subsequent t = Xpw won’t contain this
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orthogonal variation related to these loading profiles. The process is repeated until
there are no more orthogonal components to extract, at which point we have

X̂o = Xo, Ŷo = Yo, X̂p = Xp and Ŷp = Yp. (1.45)

The O2PLS algorithm is presented in Algorithm 3.

1.3.3 Concluding remarks

It should be emphasised that while most OSC methods give PLS regression models
with fewer predictive components, the prediction rates are the same as with regular
PLS regression. The number of components in the SVD in Equation 1.32 is actually a
lower bound on the number of components in a PLS-R model of the same data (Verron
et al., 2004; Höskuldsson, 1988).

However, the total number of components in the model is constant. I.e. the sum of
the numbers of predictive and orthogonal components is the same, because when the
number of orthogonal components increases, the number of predictive components

Algorithm 3 The O2PLS algorithm
Input: Two matrices X and Y, and the numbers of predictive and orthogonal compo-
nents Ap, Ao,x and Ao,y
Output: Predictive score matrices T and U, predictive weight matrices W and C;
orthogonal score matrices To and Uo, orthogonal weight matrices Wo and Co and or-
thogonal loading matrices Po and Qo
Algorithm:

1: WΣCT← SVD
(
XTY,Ap

)
{Extract Ap predictive components}

2: for a← 1, . . . ,Ao,x do
3: T← XW
4: X̂o← X − TWT

5: λxwo,a← EIG
(

X̂T
o TTTX̂o

)

6: to,a = Xwo,a
7: po,a = XTto,a/(tT

o,ato,a)
8: X← X − to,apT

o,a
9: end for

10: for a← 1, . . . ,Ao,y do
11: U← YC
12: Ŷo← Y − UCT

13: λyco,a← EIG
(

ŶT
o UUTŶo

)

14: uo,a = Yco,a
15: qo,a = YTuo,a/(uT

o,auo,a)
16: Y← Y − uo,aqT

o,a
17: end for
18: T = XW
19: U = YC
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decreases. This leads to a risk of overfitting since the orthogonal components also
model the noise, and this model is used when filtering future samples (Verron et al.,
2004; Biagioni et al., 2011).

Note that even though OSC methods have the same predictive power as PLS re-
gression the methods give very different scores and loadings (Biagioni et al., 2011).
The predictive score vectors of OSC-filtered models will be more strongly correlated
than those of models generated without OSC, and the predictive loading vectors, p,
will be more strongly correlated to the corresponding weight vectors, w, when an in-
creasing number of orthogonal components is extracted (Fearn, 2000; Höskuldsson,
2001b; Kvalheim et al., 2009). This is easy to see when considering the correlation
between the score vectors (only expanded for t for brevity)

Cor(u, t) =
uTt
‖u‖‖t‖ =

uTXw
‖u‖‖t‖ =

uT
(
Xp + Xo

)
w

‖u‖‖
(
Xp + Xo

)
w‖

=

(
uTXp +

=0︷ ︸︸ ︷
uTXo

)
w

‖u‖
√

wT
(
Xp + Xo

)T (Xp + Xo
)

w

=
uTXpw

‖u‖
√√√√wT

(
XT

p Xp + XT
p Xo + XT

o Xp︸ ︷︷ ︸
=0

+XT
o Xo

)
w

=
uTt

‖u‖
√

wTXT
p Xpw + wTXT

o Xow
, (1.46)

so if wTXT
o Xow is large then the correlation will be small and vice versa.

We also note that

(tTt)p = XTt =
(
Xp + Xo

)T t = XT
p t (1.47)

after extracting Xo, and

(uTu)w =
(
Xp + Xo

)T u = XT
p u (1.48)

(before normalisation of w) since XT
o u = 0 by definition. Thus, the correlation between

p and w increases when the correlation between t and u increases due to the decreased
amount of orthogonal variation in X. This is intuitive in OPLS when considering
Figure 1.4; since we remove differences between t and y, and between p and w, they
are bound to become more similar.

Some attempts to extend the OPLS framework to multiblock cases have been
made. For instance, Eriksson et al. (2006) used O2PLS in a hierarchical fashion to
extract joint and unique variation from several matrices. A similar approach was used
by Gabrielsson et al. (2006).
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A serial, or cascade, application of O2PLS to three matrices was proposed by
Bylesjö et al. (2009) as a multiblock method with OPLS-type filtering. This approach
can be readily extended to more than three matrices, but may yield different results
depending on the order in which the matrices are processed, i.e. it is not symmetric.
This approach is very similar to OnPLS in that the objective is to separate the globally
joint variation from the rest (Bylesjö et al., 2009). As seen in Paper IV, it gives results
very similar to those of OnPLS.

A method that can be used with a similar aim to that of O2PLS (to find and sepa-
rate predictive and orthogonal variation in two matrices) is generalised singular value
decomposition (Golub & Van Loan, 1996). Given two matrices X and Y, the decom-
position is such that

X = UCAT (1.49)

and
Y = VSAT, (1.50)

where U and V are orthogonal matrices, A is invertible and C and S are diagonal ma-
trices containing the generalised singular values. Comparing the relative sizes of the
generalised singular values gives an indication of which matrix a component belongs
to, or if it is shared between the matrices (Alter et al., 2003).

Another method with a similar aim is called partial common principal component
analysis (Flury, 1987, 1984), a multiblock generalisation of principal component anal-
ysis. This method is more general than O2PLS in that it finds a joint model for n≥ 2
matrices. Partial common principal component analysis finds two sets of eigenvectors
for each data set. One shared between all matrices, B = Bi,1, and another, Bi,2, that is
unique to each matrix, such that

BT
i,1B j,2 = 0 (1.51)

for all i, j = 1, . . . ,n. The model assumes that the n covariance matrices, XT
i Xi, corre-

sponding to the n matrices, Xi, all have a set of identical eigenvectors such that

BTXT
i XiB = Λi, (1.52)

for i = 1, . . . ,n.

1.4 Multiblock data analysis

The aim of multiblock data analysis is to find underlying, i.e. latent, relationships
between several blocks, or matrices, of data under the hypothesis that they are re-
lated (Smilde et al., 2003).

Multiblock data analysis is related to regression analysis, but the aim is differ-
ent. Instead of trying to predict the values in one block given the values in another,
as in regression analysis, the objective in multiblock data analysis is to analyse the
relationships between blocks asymmetrically. Several approaches for this have been
developed, including the following.
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Factor analysis was initially primarily concerned with analysing the intercorrela-
tions within a matrix (Thurstone, 1947), as mentioned in Section 1.1.1, and the proper-
ties and interpretations of such models (Kaiser, 1958). However, it has been extended
to allow analyses of two matrices, and subsequently generalised for analysis of several
matrices.

Two notable examples of two-block factor analysis methods are canonical cor-
relation analysis (Hotelling, 1935, 1936), and inter-battery factor analysis (Tucker,
1958). Canonical correlation analysis describes the relationship between two matrices
by finding linear combinations that are maximally correlated. The objective is to find
scores t = Xw and u = Yc that maximise Cor(t,u). The solution can be found by using
the method of Lagrange multipliers. The problem is stated mathematically as given
above,

Λ (w,c) = wXTYc −
1
2
λX
(
wTXTXw − 1

)
−

1
2
λY
(
cTYTYc − 1

)
, (1.53)

with the constraints that wTXTXw = cTYTYc = 1, where λX and λY are the Lagrange
undetermined multipliers. Finding partial derivatives of Λ and setting them to zero
yields the system of equations

(
XTX

)−1
XTYc = λXw (1.54)

(
YTY

)−1
YTXw = λYc. (1.55)

Putting them together leads to

(
XTX

)−1
XTY

(
YTY

)−1
YTXw = λXλYw (1.56)

and (
YTY

)−1
YTX

(
XTX

)−1
XTYc = λYλXc, (1.57)

where r2 = λXλY is the squared correlation coefficient between the score vectors. The
loading vectors are thus eigenvectors of the corresponding matrices and the maximal
correlation is obtained from the vectors corresponding to the largest eigenvalues.

Since
Cor(t,u) =

Cov(t,u)√
Var(t)

√
Var(u)

(1.58)

the method maximises the covariation while minimising the amount of variance cap-
tured by the components. The solution will thus be well-correlating, but may describe
very little of its corresponding matrix (Tenenhaus, 1998).

The inter-battery method of factor analysis aims to find two score vectors t and u
that are linear combinations of the columns of two matrices X and Y such that their
covariance is maximised

Cov(t,u) = tTu = wTXTYc, (1.59)
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where w and c are weight vectors. The solution is easily found, again using Lagrange
multipliers. Let

Λ (w,c) = wXTYc −
1
2
λX
(
wTw − 1

)
−

1
2
λY
(
cTc − 1

)
, (1.60)

be the auxiliary function with constraints wTw = cTc = 1. Finding the partial deriva-
tives of Λ and setting them to zero yields the system of equations

XTYc = λXw (1.61)
YTXw = λYc, (1.62)

and putting them together gives

XTYYTXw = λXλYw (1.63)
YTXXTYc = λYλXc, (1.64)

which is the same solution as for PLS regression (see Section 1.2). The first compo-
nents found in inter-battery factor analysis and PLS regression are thus equivalent, but
the higher-order components differ due to the deflation in PLS-R. The difference be-
tween canonical correlation analysis and inter-battery factor analysis is thus a matter
of how to constrain the solution.

Equations 1.61 and 1.62 tell us that w and c are left and right singular vectors of
XTY, respectively. Inter-battery factor analysis uses the full singular value decompo-
sition of the variance-covariance matrix directly

XTY =
A∑

a=1

σawacT
a = WΣCT. (1.65)

to find all weight vectors simultaneously. These are thus exactly the same vectors as
found in Equation 1.32 in Section 1.3.2, so O2PLS is equivalent to inter-battery factor
analysis, but with OSC-like filtering.

In PLS regression the higher-order components differ from the inter-battery com-
ponents by an amount depending on the difference between pa and wa (as we saw in
Section 1.3.2). This is expressed by the weights W∗ as

T = XW∗ = XW
(
PTW

)−1
. (1.66)

Since PTW is closer to the identity when all orthogonal variation has been removed
(when pa and wa are maximally correlated), PLS regression, O2PLS and inter-battery
factor analysis models are all very similar if there is no orthogonal variation in the
data or when all orthogonal variation has been extracted.

Many of the two-block methods were subsequently generalised to more than two
matrices. For instance, Horst (1961b,a) proposed a generalisation of canonical corre-
lation analysis that seeks to maximise the sum of all pair-wise score intercorrelations.
This generalised approach is commonly known as the SUMCOR method.
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Several other generalisations of canonical correlation have also been proposed that
can handle cases with more than two sets of data, but have other objective functions.
Two examples are the GENVAR method (Steel, 1951), which finds the minimum gen-
eralised variance of an associated block correlation matrix, and Carroll’s generalised
canonical correlation (Carroll, 1968). Carroll’s generalised canonical correlation aims
to find a proxy variable, z, that has maximal squared correlation with the score vectors,
ti, of all matrices, Xi, with i = 1, . . . ,n. Both these methods are equivalent to canonical
correlation analysis for two-matrix cases.

Kettenring (1971) compared and contrasted five of the most well-known generali-
sations of canonical correlation analysis for handling two or more matrices. The meth-
ods all reduce to canonical correlation analysis for two-matrix cases, but they gener-
alise to more than two matrices by optimising different (but in some cases equivalent)
functions in order to find linear combinations that exhibit maximal intercorrelations,
according to specific criteria.

As mentioned above, the score vectors obtained by canonical correlation analysis
describe maximal between-matrix correlations, but that means they do not describe
the corresponding matrices very well, as indicated by Equation 1.58. Canonical cor-
relation analysis is therefore a problematic method to use in subsequent model inter-
pretation (van den Wollenberg, 1977). Van de Geer (1984) therefore investigated how
different criteria affect the solution, and proposed a family of new methods (MAX-
BET, MAXDIFF, MAXRAT and MAXNEAR) that to various degrees describe the
relationships both between and within matrices.

The most interesting methods in this context are MAXBET and MAXDIFF. MAX-
BET finds linear combinations that maximise the sum of the variances and covariances
within and between all matrices, while MAXDIFF, on the other hand, maximises the
sum of the covariances only. The objective function of MAXDIFF is

f (wi, . . . ,wn) =
n∑

i=1

n∑

j=1, j 6=i

wT
i XT

i X jw j =
n∑

i=1

n∑

j=1

wT
i XT

i X jw j −
n∑

i=1

wT
i XT

i Xiwi, (1.67)

where the first part of the right-hand side is the MAXBET criterion and the second part
is the within-matrix variance that is not accounted for by MAXDIFF. MAXDIFF is
therefore a generalisation of Tucker’s inner-battery factor analysis to cases with more
than two matrices. The name MAXDIFF stems from the fact that MAXDIFF aims to
make the sum of score vectors ti + t j large in relation to their differences ti − t j (Van de
Geer, 1984).

Numerous approaches can be adopted once a set of first-order components has
been found in order to find the higher-order components, see Van de Geer (1984); ten
Berge (1988) for details. We will return to this in Section 2.1.2.1.

Notable is also that generalised canonical correlation analysis (SUMCOR) is a
special case within this framework (ten Berge, 1988).

The MAXBET and MAXDIFF methods were generalised by ten Berge (1986,
1988) and Hanafi & Kiers (2006) subsequently generalised these methods even further.
They showed that several of the aforementioned methods are special cases within a
framework that they suggested. They also proposed several new multiblock criteria
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along with a general monotonically converging algorithm for finding the solutions
to a whole class of techniques for describing the relationships between two or more
matrices. Any criteria can be solved that seeks to maximise a function f (W1, . . . ,Wn)
for which

f (W) = g (W,W) , (1.68)

where
g (W,U) = tr

(
WTA(U)W

)
, (1.69)

in which WT =
[
WT

1 | · · · |WT
n
]
, UT =

[
UT

1 | · · · |UT
n
]
, and A(U) is a symmetric and positive-

definite matrix generated by the matrices Xi, for i = 1, . . . ,n, and which is continuous
in U. Additionally it is assumed that

g (W,U)≤
√

g (W,W)
√

g (U,U), (1.70)

which is taken care of by the algorithm. The algorithm is a generalisation of the
algorithm presented by ten Berge (1988) and maximises f (W) subject to WTW = I or
WT

i Wi = IA, where A is the number of components extracted.
The algorithm of Hanafi & Kiers (2006) is applicable to most of the aforemen-

tioned methods. For instance, MAXDIFF has

g (W,U) = tr
(

WTA(U)W
)

=
n∑

i=1

n∑

j=1, j 6=i

tr
(

WT
i A(U)

i, j W j

)
, (1.71)

where

A(U) =
[
A(U)

i, j

]
=
{

XT
i X j, if i 6= j,
0, if i = j,

(1.72)

and A(U)
i, j are blocks of the block matrix A(U). Note that A(U) is not dependent on U in

this case with MAXDIFF.
The algorithm takes the SVD

PΣQT = A(U)
i U, (1.73)

of A(U)
i U, where A(U)

i is a block row of A(U), and improves f (W) in each iteration
by replacing Ui by Wi = PQT for all i = 1, . . . ,n. This algorithm is formulated in
Algorithm 4 and we will return to it in Section 2.1.1.

Another class of methods that are also often used in multiblock data analysis are
various generalisations of approaches such as PCA or PLS-R that describe several
matrices simultaneously by a set of super scores. Examples include simultaneous
component analysis (ten Berge et al., 1992); hierarchical/consensus PCA and hierar-
chical PLS regression (Wold et al., 1987, 1996; Westerhuis et al., 1998; Hanafi et al.,
2010); generalised PCA (Casin, 2001); PCA-SUP and SUM-PCA (also related to Split
PCA) (Kiers, 1991; Derks et al., 2003; Lohmöller, 1989); etc. These methods give in-
sights into the general consensus structure of the blocks as well as how the individual
blocks relate to the super model.
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SUM-PCA is of particular interest here, because it is used in OnPLS, as presented
in Section 2.1.4. In SUM-PCA, all matrices are concatenated in a block matrix like

X =
[
X1| · · · |Xn

]
(1.74)

and PCA is performed on this matrix X. This amounts to modelling all blocks with
the same scores T, but with individual block loading matrices Pi and block residuals
Ei. The objective of SUM-PCA is therefore to minimise the sum of the residual norms
as

min
T,P

∥∥X − TPT∥∥2
= min

T,Pi

n∑

i=1

∥∥Xi − TPT
i
∥∥2
, (1.75)

with the constraints that TTT = I and PTP = I (Smilde et al., 2003).
Tenenhaus & Hanafi (2010) presented an important review of some of the methods

discussed in this section and showed how they relate to the path modelling approach,
to be discussed next.

1.5 Path model analysis

Another class of methods for multiblock data analysis is often referred to as path
modelling. In multiblock analysis all blocks are connected to all other blocks, but
path models instead connect each block to a subset of the other blocks. Path mod-
elling thereby establishes a set of paths of varying complexity along which informa-
tion may be considered to flow between the blocks. These paths may represent, for
instance, a known time sequence, an assumed causality order, or some other chosen

Algorithm 4 The Hanafi-Kiers algorithm

Input: The matrices Xi, and arbitrary WT =
[
WT

1 | · · · |WT
n
]

such that WT
i Wi = IA,

where A is the number of components to find; and small ε > 0
Output: Weight matrices Wi and score matrices Ti, for i = 1, . . . ,n
Algorithm:

1: repeat
2: U←W
3: Generate A(U) according to e.g. Equation 1.72
4: for i = 1, . . . ,n do
5: PiDiQT

i ← SVD
(

A(U)
i U

)
{where A(U)

i is a block row of A(U)}
6: Wi← PiQi
7: end for
8: WT =

[
WT

1 | · · · |WT
n
]

9: until f (W) − f (U)< ε
10: for i = 1, . . . ,n do
11: Ti← XiWi
12: end for
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organisational principle. Usually, a path diagram is used to illustrate how the blocks
are related, similar to the schematic illustrattion in Figure 1.5. The path diagram in
Figure 1.5 could for instance be represented by linear relationships like

t3 = b1→3t1 + b2→3t2,

t4 = b3→4t3.

The methodology of path analysis was introduced by the geneticist Wright (1918,
1934, 1960) and aims to estimate a set of linear equations describing a cause-effect
type of relationship assumed by the analyst. Wright studied inheritance, more specif-
ically how, and to what degree, properties (the size and colour) of rabbits and guinea-
pigs affected their offspring (Denis & Legerski, 2006). The first approaches to path
modelling addressed the manifest variables directly, and models connecting latent
variables were not proposed until the 1960s (Duncan, 1966; Wold, 1980). Key ad-
vances in this respect were made when simultaneous equation models applied in
econometrics (Haavelmo, 1943) were combined with latent variable (factor analysis)
concepts used in psychometrics and path model ideas from genetics and sociology in
a unified multidisciplinary framework (Wold, 1985; Jöreskog & Wold, 1982; Bollen,
1989; Matsueda, 2011).

The term path modelling is often used in the PLS literature, but other names are
also prevalent. For instance, the term structural equation modelling (SEM) is com-
mon in economics and psychology, while the term causal modelling is often used in
sociology and social science, etc. They are all considered parts of the path modelling
framework.

Many methods for estimating these path models have been proposed in widely dif-
ferent fields, but two main branches of methods have emerged. These are the covari-
ance based methods and component based methods (Tenenhaus, 2008). One of the
most well-known examples of covariance based methods is LISREL (LInear Struc-
tural RELations), developed by Jöreskog (1970). This method uses a general maxi-
mum likelihood procedure to estimate parameters of diverse types of models (Jöreskog

Figure 1.5: Schematic diagram of a simple path model.
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& Wold, 1982) and opened up the world of structural equation modelling to the masses
by developing a widely used computer program with the same name (LISREL) for use
in empirical applications (Matsueda, 2011; Bollen, 1989).

The maximum likelihood (ML) method was introduced to factor analysis by Law-
ley (1940). ML procedures view parameters of sample distributions as constant but
unknown quantities, and their objective is to find parameters that maximise the prob-
ability of obtaining the observed samples (Duda et al., 2001). Several methods had
been available for finding the parameters of path models, but they were either not very
efficient, or very difficult to compute (often because they were based on inefficient
ML procedures). However, the increasing availability of electronic computers cou-
pled with Jöreskog’s efficient estimation method (and subsequent developments) led
to major advances in path modelling (Trujillo Sánchez, 2009).

One of the most well-known methods from the component based branch for es-
timating the parameters of path models is based on a series of ordinary least squares
steps and is called partial least squares, PLS, or the PLS approach to path models with
latent variables (Wold, 1980). A key step in the development of this approach was
the introduction by Herman Wold (1966b,a) of an algorithm called NILES (Nonlinear
Iterative LEast Squares) for estimating parameters of diverse kinds of models, includ-
ing principal component and canonical correlation models. Wold (1973) later renamed
this algorithm as NIPALS (Nonlinear Iterative PArtial Least Squares) and extended it
to cover estimation of causal and predictive path models. NIPALS for the purpose
of estimating path models was subsequently renamed as PLS (Partial Least Squares),
and by then the method was used in a wide range of fields (e.g. psychology, chemistry,
sociology, economics and political science) for cases where other statistically rigor-
ous methods could not be used because they required too much information from the
researchers regarding the distribution of variables in the population from which the
observations were sampled (Wold, 1980). PLS is more general and flexible, since the
theory has fewer constraints (e.g. it does not require knowledge of multivariate dis-
tributions, has fewer orthogonality constraints, and can be applied to small numbers
of samples), but still provides a robust, computationally inexpensive, statistical proce-
dure for model estimation. In most cases, PLS gives the same, or very similar, results
as maximum likelihood based methods (Wold, 1973, 1975, 1980; Jöreskog & Wold,
1982).

Wold called his approach “soft modelling” as opposed to the “hard modelling”
assumptions of e.g. maximum likelihood based methods such as LISREL (Wold, 1975;
Hanafi & Qannari, 2005).

A PLS path model consists of two sub-models: an outer model that relates the
manifest variables to their latent variables and an inner model (the structural model)
connecting latent variables to latent variables of other blocks (Hanafi, 2007; Tenen-
haus et al., 2005).

There are two main ways to relate the manifest variables to their corresponding
latent variables in the outer model. These are called the reflective way, in which the
manifest variables are related to the latent variables by a simple regression, as

xk = pkt + fk, (1.76)
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where xk is a column of X, assuming that the residual fk has zero mean and is inde-
pendent of (orthogonal to) the latent variables. In reflective interpretation the latent
variables comes first and lead to the manifested properties (Tenenhaus et al., 2005;
Borsboom et al., 2003). An example of this could be where a doctor examines body
temperature, blood pressure etc. to identify a disease; the disease leads to particular
symptoms being manifested (Trujillo Sánchez, 2009).

The second is called the formative way and in this interpretation the relationship
is reversed. The manifested properties comes first and generate the latent proper-
ties (Borsboom et al., 2003). An example of this could be where a doctor ask ques-
tions about eating or drinking habits etc. to identify a disease; the habits lead to the
particular disease (Trujillo Sánchez, 2009). This is expressed as a linear combination
of the manifest variables

t =
∑

k

wkxk + gk, (1.77)

in which again it is assumed that the residual vector gk has zero mean and is indepen-
dent of the manifest variables.

The choice of outer model affects the estimation of the outer weights in the PLS
algorithm. When a reflective model is selected, measurement Mode A is used and the
weights are calculated as a simple regression

wi = XT
i ti
(
tT
i ti
)−1

. (1.78)

When a formative model is selected, measurement Mode B is used and the weights
are calculated as a multiple regression

wi =
(
XT

i X
)−1

XT
i ti, (1.79)

where ti is defined as in Equation 1.80 below. If both modes are used in the same
model the combination is called Mode C (Wold, 1980; Henseler, 2010; Tenenhaus &
Tenenhaus, 2011).

In chemometrics it is usually assumed that the manifest variables are caused by an
underlying latent construct. Thus, Mode A is usually used in chemical and biological
applications.

There may be practical problems of using Mode B because of the inverse. How-
ever, these can be avoided by using PLS regression instead of ordinary least squares
regression. Note that Mode A is a one-component PLS regression between Xi and ti,
and that Mode B is equivalent to a full PLS regression between Xi and ti (see Sec-
tion 1.2). Of course, any number of components could be kept, giving an intermediate
between Modes A and B (Tenenhaus et al., 2005).

For the purpose of OnPLS it is also important to mention another mode that was re-
cently proposed (Krämer, 2007; Tenenhaus & Tenenhaus, 2011). This is called “New
Mode A” and is the same as Mode A, but with the weights, wi, constrained to unit
norm instead of being constrained such that the latent variables, ti, have unit variance,
which is customary in PLS.
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The second model is the inner model, which relates latent variables to latent vari-
ables. The latent variables are related to the other connected variables by a multiple
regression

ti =
n∑

j=1, j 6=i

ci, jbi, jt j + hi, (1.80)

where hi is assumed to be uncorrelated to the other latent variables; ci, j is 1 if t j is
connected to ti and 0 otherwise; and bi, j are the regression weights, also called path
coefficients.

The values ci, j constitute an n×n adjacency matrix C representing the connections
between blocks. These connections are established manually by the investigator using
intuition or prior knowledge based on theoretical or conceptual considerations. A
visual diagram is usually used to illustrate how the blocks are related, as shown in
Figure 1.5. When this inter-block network has been specified, the formal estimation
of this model can be readily performed (Wold, 1982, 1985; Hanafi, 2007).

Two iteration procedures are commonly used in estimating the latent inner vari-
ables. The first, presented by Wold (1982), estimates the inner model by directly using
the latent variables already computed in the current iteration; i.e. latent variables of it-
eration (s+1) are computed using other latent variables of the previous iteration (s) and
any variables already computed in the same iteration (s + 1). The second, suggested
by Lohmöller (1989) as an alternative to Wold’s procedure, calculates new latent vari-
ables for each matrix in each iteration, but does not use them until the next iteration.
I.e. latent variables in iteration (s + 1) are computed using latent variables of the pre-
vious iteration (s) only. These two procedures yield the same results in most practical
cases, but Wold’s procedure has some beneficial convergence properties, which are
further discussed below. The PLS algorithm is presented in Algorithm 5.

The inner latent variables are estimated in Step 8 by

u(s+1)
i =

n∑

j=1, j 6=i

ci, jei, jt(s)
j , (1.81)

or

u(s+1)
i =

i−1∑

j=1

ci, jei, jt(s+1)
j +

n∑

j=i+1

ci, jei, jt(s)
j , (1.82)

depending on the chosen iteration procedure; ei, j is called an inner weight, and there
are several weighting schemes to choose from (Hanafi, 2007; Tenenhaus & Tenenhaus,
2011). Some of the most common inner weighting schemes are Horst’s, the Centroid
and Factorial schemes, as seen in Step 7 of the algorithm.

Updated weight vectors can be calculated once the inner estimation is done, as
seen in Step 9, by

w(s+1)
i = XT

i u(s+1)
i (1.83)

when Mode A is used, or by

w(s+1)
i =

(
XT

i Xi
)−1

XT
i u(s+1)

i (1.84)
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Algorithm 5 The PLS path modelling algorithm

Input: n matrices Xi, arbitrary nontrivial w(0)
i , adjacency matrix C and small ε > 0

Output: Weight vectors wi and score vectors ti
Algorithm:

1: for i = 1, . . . ,n do

2: t(0)
i ←

{
Xiw

(0)
i /‖w(0)

i ‖ New Mode A
Xiw

(0)
i /‖Xiw

(0)
i ‖ otherwise

3: end for
4: s← 0
5: repeat
6: for i = 1, . . . ,n do

7: ei, j←





1 Horst’s scheme,

sign
(

Cor
(

t(s)
i , t

(s̃)
j

))
Centroid scheme,

Cor
(

t(s)
i , t

(s̃)
j

)
Factorial scheme,

where s̃←
{

s + 1 j > i and Wold′s procedure
s otherwise

8: u(s+1)
i ←

{∑n
j=1, j 6=i ci, jei, jt

(s)
j Lohmöller’s procedure∑i−1

j=1 ci, jei, jt
(s+1)
j +

∑n
j=i+1 ci, jei, jt

(s)
j Wold’s procedure

9: w(s+1)
i ←

{
XT

i u(s+1)
i Mode A or New Mode A(

XT
i Xi
)−1 XT

i u(s+1)
i Mode B

10: t(s+1)
i ←

{
Xiw

(s+1)
i /‖w(s+1)

i ‖ New Mode A
Xiw

(s+1)
i /‖Xiw

(s+1)
i ‖ otherwise

11: end for
12: s← s + 1
13: until ‖w(s)

i − w(s−1)
i ‖< ε for all i = 1, . . . ,n

14: for i = 1, . . . ,n do

15: wi←
{

w(s)
i /‖w(s)

i ‖ New Mode A
w(s)

i /‖Xiw
(s)
i ‖ otherwise

16: ti← t(s)
i

17: end for
18: for i = 1, . . . ,n do
19: T→i =

[
ta, | · · · |tb

]
{Subset of latent variables predicting ti}

20: bi←
(
TT
→iT→i

)−1 TT
→iti {Regression vector in the inner model for ti}

21: end for
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when Mode B is used.
The outer latent variables are linear combinations of their corresponding manifest

variables, i.e.
t(s+1)
i = αiXiw(s+1)

i , (1.85)

where αi is a normalisation constant that depends on the mode used, i.e. α = 1/‖Xiwi‖
if Mode A or B; or α = 1/‖wi‖ if New Mode A.

The initial weight vectors are chosen arbitrarily and these steps are iterated for i =
1, . . . ,n until the change in the updated weight vectors is smaller than some threshold.

The final latent variables are those found in the last step of the algorithm. The
latent variables connected to a particular latent variable, ti, are collected in a matrix
T→i in Step 19 and the multiple regression of Equation 1.80 can be solved by ordinary
least squares as in Step 20.

Until recently it was assumed that the PLS algorithm converges “almost always”
in practical use (Tenenhaus et al., 2005; Hanafi, 2007), but there had been no formal
proof of this assumption. However, Hanafi & Qannari (2005) proposed an alternative
and equivalent algorithm for PLS in Mode B that is guaranteed to converge mono-
tonically. Hanafi (2007) later also proved that the original PLS algorithm in Mode
B converges monotonically when using Wold’s procedure, and showed that in practi-
cal situations the PLS algorithm in Mode B when using Lohmöller’s procedure does
not converge monotonically (although it may still converge). Henseler (2010) later
demonstrated that the PLS algorithm in Mode A is not always convergent in prac-
tical situations when using inner weighting schemes other than the centroid scheme
(Horst’s scheme was not considered in this study); in such case it may even oscillate
between different values of the stop criterion (absolute changes in the weight vectors
between iterations). Wold’s procedure is therefore preferred to Lohmöller’s procedure
since it converges monotonically, and thus implicitly provides better performance in
terms of convergence speed since it explores optimal directions in the solution space
(Hanafi, 2007).

PLS was presented as an algorithmic solution to the path modelling problem rather
than a rigourous optimisation procedure as e.g. the maximum likelihood based meth-
ods are. This makes what is being done and what (if anything) is optimised less
transparent, and more difficult to study and understand theoretically.

The method is an iterative multi-step estimation procedure that alternates between
finding the outer and inner models. Each local step is based on least squares minimi-
sation, and is thus locally optimal (in a least squares sense), but for a long time no
global optimisation criteria were known for handling more than two matrices.

For cases with two blocks, PLS with New Mode A is equivalent to Tucker’s inner-
battery method of factor analysis (and PLS regression), while PLS with Mode B is
equivalent to Canonical correlation, as they are stated in Section 1.4. When Mode C is
used, i.e. with Mode A for one block and Mode B for the other, PLS is equivalent to a
method called Redundancy analysis, see for instance Rao (1964), van den Wollenberg
(1977) or Israels (1984). In cases with two matrices the inner weighting scheme is of
no importance and all solutions are identical regardless of the inner weighting scheme
used (Tenenhaus, 2004; Tenenhaus et al., 2005).
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PLS regression (Section 1.2) is a special case of PLS path modelling, see Wold
et al. (1983b,a), and there has been some confusion between the methods since they
both have been commonly referred to as PLS.

It was therefore suggested by Harald Martens to rename the PLS approach to path
modelling with latent variables as “PLS path modelling” to distinguish it from two-
block “PLS regression” (Tenenhaus et al., 2005). In addition, Svante Wold suggested
that PLS should be called Projections to Latent Structures, to make what the method
does clearer (Wold et al., 2001).

However, over the years, optimisation criteria for several special cases of PLS for
cases with more than two matrices have also been found (Mathes, 1993; Tenenhaus
et al., 2005; Tenenhaus & Esposito Vinzi, 2005; Hanafi, 2007; Tenenhaus & Tenen-
haus, 2011). For instance, with New Mode A and Horst’s inner weighting scheme,
PLS is related to the sum of covariances criterion, i.e. MAXDIFF:

n∑

i=1

n∑

j=1, j 6=i

ci, jCov
(
Xiwi,X jw j

)
. (1.86)

When New Mode A and the centroid weighting scheme is used, PLS is related to the
sum of absolute covariances criterion, i.e.

n∑

i=1

n∑

j=1, j 6=i

ci, j|Cov
(
Xiwi,X jw j

)
|. (1.87)

And with New Mode A and the factorial scheme PLS is related to the sum of squared
covariances criterion,

n∑

i=1

n∑

j=1, j 6=i

ci, j
(
Cov

(
Xiwi,X jw j

))2
. (1.88)

The MAXDIFF criterion is thus optimised using PLS in New Mode A with Horst’s
inner weighting scheme and C having ones everywhere but on the diagonal.

Similarly, with Mode B, PLS is related to the sum of correlations (SUMCOR)
criterion

n∑

i=1

n∑

j=1, j 6=i

ci, jCor
(
Xiwi,X jw j

)
, (1.89)

the sum of absolute correlations criterion (SABSCOR), i.e.

n∑

i=1

n∑

j=1, j 6=i

ci, j|Cor
(
Xiwi,X jw j

)
|, (1.90)

and sum of squared correlations criterion (SSQCOR),

n∑

i=1

n∑

j=1, j 6=i

ci, j
(
Cor

(
Xiwi,X jw j

))2
, (1.91)
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when using Horst’s, Centroid and Factorial inner weighting schemes, respectively.
The GENVAR method of Steel (1951), mentioned in Section 1.4, is also related to
PLS in Mode B (Mathes, 1993).

PLS models generated using different inner weighting schemes in conjunction
with Mode B generally differ, but the differences are small (Mathes, 1993) and in
practical applications they may sometimes even be considered equal (Tenenhaus &
Hanafi, 2010).

Tenenhaus & Tenenhaus (2011) suggested a new framework called Regularised
generalised canonical correlation analysis, closely related to PLS path modelling, that
solves the objective functions related to New Mode A and Mode B stated above as
special cases within their framework.

The PLS path modelling algorithm can also be used in a hierarchical way for
multiblock data analysis (Wold, 1982). This approach introduces a super block, Xn+1 =[
X1| · · · |Xn

]
, that is the concatenation of all the original blocks. A PLS path model is

then built with the original blocks connected to the super block.
Using Mode A and an inner weighting scheme called the Path Weighting Scheme—

not reviewed here, but see Lohmöller (1989) for details—results in tn+1 being the first
principal component of Xn+1; hence this approach is related to SUM-PCA (Tenenhaus
& Hanafi, 2010), presented in Section 1.4.

Some other criteria are also known for Mode A that will not be considered here,
but are listed by Tenenhaus & Hanafi (2010).

The sum of correlations criteria, Equation 1.89, with all matrices connected, is
found when using Mode B and the centroid scheme; and the sum of squared corre-
lations with proxy variable (Carroll’s generalised canonical correlation, mentioned in
Section 1.4) is found when all matrices are connected and Mode B is used in conjunc-
tion with the factorial scheme.

PLS can thus also be used for multiblock data analysis, thus these approaches are
very closely related (Lohmöller, 1988). It has even been proposed that PLS can be
regarded as a unifying framework for multiblock data analysis. The relationships be-
tween multiblock data analysis and path modelling have been investigated by several
authors, e.g. Tenenhaus et al. (2005) and Tenenhaus & Hanafi (2010).
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CHAPTER 2

Results

This chapter presents and discusses the results and conclusions presented in Papers I–
IV. These papers all describe different aspects of extending O2PLS to multiblock and
path modelling with more than two matrices in a method called OnPLS. Paper I
presents the development of a general multiblock extension of O2PLS that can be
used to analyse two kinds of variation: globally joint and non-globally joint (locally
joint or unique) variation. Paper II outlines the extension of OnPLS to path modelling
for cases in which all matrices are not necessarily connected to all other matrices, but
possibly to a subset of the other matrices. Paper III presents yet another extension of
OnPLS in which not only connections between score vectors in the column space are
found, but also connections between loading vectors in the row space. This approach
is called Bi-modal OnPLS. Paper IV outlines an approach that finds a complete de-
composition of all kinds of variation between the matrices. This includes the globally
joint, the unique and all combinations of locally joint variation between all subsets of
matrices.

2.1 Papers I and II: OnPLS

Papers I and II present the fundamental design of OnPLS. This encompasses how
to decompose the matrices into two parts, one globally joint part and a part that is
not globally joint. Once the matrices are decomposed, a multiblock or path model is
built using the globally joint part only. Paper I describes how to build the multiblock
model and Paper II describes how to extend this to path modelling.

2.1.1 Selecting an appropriate data analysis method

Van de Geer (1984) suggested three criteria analysts need to consider before selecting
a method to analyse their data:

(i) What to analyse,

(ii) Fairness and orthogonality constraints,

(iii) Variance bias.

“What to analyse” regards the type of model to build, e.g. whether it should mainly
reflect the relationships between matrices or the structure within each matrix as well.
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This choice is related to selecting Mode A or Mode B in PLS, because the first choice
leads to solutions that maximise correlation (Mode B), i.e. that only describes the
relationships between matrices, and the second to solutions that maximise covariance
(Mode A), describing the relationships both between and within matrices.

A “fair” solution is one that is built using the same amount of information from
all matrices, and an “unfair” solution is one that is dominated by information from
only one or some of the matrices. Fairness also relates to orthogonality constraints
put on the model components, because if all the components within a matrix, ti,a, for
components a = 1, . . . ,A are orthogonal, they will form a basis for the column space of
Xi and therefore explain all of the variation in Xi, while components that are allowed to
correlate may not. Constraints may also be put within a matrix, such that for instance,
tT
i,ati,a = 1, where a = 1, . . . ,A and A is the number of components extracted. However,

constraints may also be put on all matrices simultaneously such that

n∑

i=1

tT
i,ati,a = n.

The latter allows some tT
i,ati,a to be very large, while others may be small, and hence

give less fair solutions (Van de Geer, 1984; Hanafi & Kiers, 2006).
The third choice regards the extent to which the within-matrix variation is ex-

plained. The two extremes are Xiwi = 0, explaining no within-matrix variation, and
XT

j Xiwi = 0, explaining no between-matrix variation. Maximum emphasis would for
instance be put on explaining the within-matrix variance by doing a PCA on each
matrix separately, and describing the between-matrix relation maximally could be
achieved by canonical correlation analysis.

These choices were considered when selecting a multiblock and path modelling
procedure for use in OnPLS. The devised approach was named nPLS and will be jus-
tified in the following sections using the criteria stated above. This modelling method
(proposed for handling multiblock cases in Paper I and path models in Paper II,
respectively) is very similar to MAXDIFF, but with some properties related to PLS
regression and O2PLS.

2.1.2 Selecting a multiblock model

When considering what to analyse in OnPLS we immediately chose Mode A (or more
precisely, New Mode A, for reasons discussed below), because it is applied in PLS
regression and O2PLS, and gives a model describing relationships both between and
within matrices. This means that we want to maximise covariances between the ma-
trices Xi.

Given n matrices, we therefore wanted to find score vectors ti = Xiwi, for i =
1, . . . ,n, that give the maximum sum of covariances, i.e. to find weight vectors wi,
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with the constraints ‖wi‖ = 1, such that

maxwT
1 XT

1 X2w2 + · · ·+ wT
1 XT

1 Xnwn + · · ·
+ wT

2 XT
2 X3w3 + · · ·+ wT

2 XT
2 Xnwn + · · ·+ wT

n−1XT
n−1Xnwn

= max tT
1 t2 + · · ·+ tT

1 tn + tT
2 t3 + · · ·+ tT

2 tn + · · ·+ tT
n−1tn

= max f (w1, . . . ,wn). (2.1)

We note that

f (w1, . . . ,wn) =
n−1∑

i=1

n∑

j=i, j 6=i

tT
i t j =

1
2

n∑

i=1

n∑

j=1, j 6=i

tT
i t j. (2.2)

This can be seen as a set of pair-wise PLS regression problems that are to be max-
imised simultaneously and constrained by each other.

We could of course choose to maximise other features, e.g. the absolute pair-wise
covariances or the squared pair-wise covariances instead, but using the absolute values
gives an objective function that is not continuous and hence not differentiable, which
is unattractive, and using the squared covariances would introduce a weight on each
“link” that is the covariance between the score vectors, which would reduce the fair-
ness of the solution since it increases the importance of links with high covariance and
reduce that of links with low covariance.

The stationary equations for the optimal weight vectors are easily found using
the method of Lagrange multipliers (Duda et al., 2001). The auxiliary function to
maximise is

Λ(w1, . . . ,wn,λ1, . . . ,λn) = f (w1, . . . ,wn) +
1
2

n∑

i=1

λi
(
gi(w1, . . . ,wn) − 1

)
, (2.3)

where the constraint functions are

gi(w1, . . . ,wn) = wT
i wi = 1, (2.4)

and λi are the Lagrange undetermined multipliers. The optimal weight vectors are
found when the partial derivatives of Λ are zero, i.e. when the auxiliary function has
an extreme point, ∂Λ = 0. Setting the partial derivatives to zero and rearranging gives

XT
1 X2w2 + . . .+ XT

1 Xn−1wn−1 + XT
1 Xnwn = λ1w1,

XT
2 X1w1 + . . .+ XT

2 Xn−1wn−1 + XT
2 Xnwn = λ2w2,

...
...

XT
n−1X1w1+ XT

n−1X2w2+ . . .+ XT
n−1Xnwn = λn−1wn−1,

XT
n X1w1 + XT

n X2w2 + . . .+ XT
n Xn−1wn−1 = λnwn.

(2.5)

These equations are the conditions that maximise the function f in Equation 2.1,
which is equivalent to the MAXDIFF criterion, see Equation 1.67 in Section 1.4, and
we chose it rather than the MAXBET criterion because of variance bias. The MAX-
BET criterion would add unique variation to the scores, since the term tT

i ti would
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be included in f , and since (as we will see in the following sections) the purpose of
OnPLS is to separate globally joint variation (between-matrix variation) from unique
variation (within-matrix variation), this criterion is unattractive.

We chose the orthogonality constraints wT
i wi = 1 partly because they are very easy

to work with, but mainly because we want the amount of variation found in the score
vectors to be reflected by the norm of the score vectors. As mentioned above, applying
this constraint to each matrix separately gives fair solutions since all sets have equal
importance in the solution. As will be seen in Section 2.1.5.2, we also have wT

i, jwi,k = 0
when j 6= k, which further improves fairness, as mentioned above.

New variables, Ai, j, are defined for the covariance matrices, XT
j Xi, of Equation 2.5

such that

Ai, j =
{

XT
i X j, i 6= j,

0, i = j.
(2.6)

The Ai, j matrices are put in a block matrix A, and the weights wk are put in a block
vector wT =

[
wT

1 | . . . |wT
n
]
. Iterating on the equations in Equation 2.5 will maximise

wTAw =




w1
w2
...

wn−1
wn




T


0 A1,2 · · · A1,n−1 A1,n
A2,1 0 · · · A2,n−1 A2,n

...
...

. . .
...

...
An−1,1 An−1,2 · · · 0 An−1,n
An,1 An,2 · · · An,n−1 0







w1
w2
...

wn−1
wn



, (2.7)

monotonically when A is symmetric and positive-definite. When A is not symmetric
and positive-definite, it can be made so by replacing A with its symmetric part, i.e. let-
ting As = (A + AT)/2, and adding a matrix σI. Thus, when A is not symmetric and
positive-definite, Equation 2.7 is replaced by

wT(As +σI)w, (2.8)

where σ is chosen to be larger than −n times the smallest eigenvalue of As. The optimi-
sation problem is left unchanged since the criterion only changes by a constant (Hanafi
& Kiers, 2006).

The problem stated in Equation 2.7 is equivalent to the MAXDIFF formulation
in Equation 1.71 (Section 1.4) with block covariance matrices A(U) formulated as
in Equations 1.72 and 2.6. This problem can thus be solved by using the general
algorithm (Algorithm 4) proposed by Hanafi & Kiers (2006). Using this algorithm
in single component cases is equivalent to iterating on the equations in Equation 2.5,
under the assumption of positive-definiteness of A.

This general algorithm converges monotonically but is unfortunately not guaran-
teed to reach a global optimum. It is therefore advisable to try several different initial
vectors and use the one that yields the best results. It is possible to test and see, under
certain conditions, if the weight vectors found constitute a global optimum (Hanafi &
ten Berge, 2003).

By monotone convergence, we mean the monotone convergence of the sequence
generated by the algorithm. This is the sequence of weight matrices generated in each
iteration. The function f in Equation 1.68 converges monotonically by this sequence.
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2.1.2.1 Deflation and higher-order components
It is generally not known in advance how many weight vectors to extract. It is pre-
ferred to have orthogonal score vectors (as in PLS regression and O2PLS), and to be
able to evaluate model diagnostics after extracting each component. It is therefore
normally preferable to extract the components one at a time, which will also ensure
that the first component captures the maximum possible variation, resulting in less
variation for the subsequent components to capture (ten Berge, 1988). Extracting sev-
eral components simultaneously gives the same total variance, but different amounts
per component. The former is desirable, because we want the first component to cap-
ture as much variation as possible, as in PLS regression and O2PLS. We also want
the second component to capture as much variation as possible under the constraint
of orthogonality to the first component, and so on. This can be accomplished by sub-
tracting, deflating, the calculated variation of each component from each matrix in the
same manner this is done in PLS regression (Wold et al., 2001; Martens & Næs, 1989;
Höskuldsson, 1988). Let

X(1)
i = Xi, (2.9)

and each score and loading vector found be denoted

ti,h = X(h)
i wi,h, (2.10)

and

pi,h =
X(h)T

i ti,h

tT
i,hti,h

. (2.11)

Then each matrix is deflated such that

X(h+1)
i = X(h)

i − ti,hpT
i,h =

(
I −

ti,htT
i,h

tT
i,hti,h

)
X(h)

i , (2.12)

for i = 1, . . . ,n. In MAXDIFF (ten Berge, 1988) the deflation is

X(h+1)
i = X(h)

i − ti,hwT
i,h = X(h)

i

(
I −

wi,hwT
i,h

wT
i,hwi,h

)
. (2.13)

This provides a way of computing “residual matrices”, which represent the ba-
sis for the higher order components, from the first order solution. After deflation of
X(h)

i , the next set of components may be computed using the matrices X(h+1)
i . Re-

sults, graphical representations and interpretation of the resulting models may depend
heavily on the chosen deflation procedure.

This alternative deflation approach, in which the matrices are deflated using the
loadings pi, is quite different from MAXDIFF (in which they are deflated using the
weights wi) and may yield different weight and score vectors. In order to distinguish
it from MAXDIFF, this approach was named nPLS in Paper I.

The h subscript and superscript will be excluded in the following sections for
brevity and to make the notation easier to read.
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It should be noted that in nPLS wi 6= pi generally, but in OnPLS, after removing the
non-globally joint variation, wi ≈ pi, so in practice the deflations may be very similar.
The argument in Section 1.3.3 for this can be used here as well, but we may write it in
a different way heuristically by noting that

(
tT
i ti
)

pi = XT
i ti (2.14)

and that from Equation 2.5 we have

λiwi = XT
i

∑

j 6=i

X jw j = XT
i

∑

j 6=i

t j. (2.15)

If the mutual correlation between score vectors is increased (maximally), we then have

ti ≈
1

n − 1

∑

j 6=i

t j, (2.16)

and thus (
tT
i ti
)

pi = XT
i ti ≈

1
n − 1

XT
i

∑

j 6=i

t j =
λi

n − 1
wi. (2.17)

The associated value of the objective function, Equation 2.7, is

wTAw = λ1 + . . .+λn, (2.18)

and the associated value of a block row of Ai is therefore λi (Hanafi & ten Berge,
2003). The average covariance for each block is thus

λi/(n − 1) = wT
i XT

i X jw j = tT
i t j

Therefore, if the score vectors are highly correlated, the difference between pi and
wi is only a matter of normalisation by a constant tT

i ti/tT
i t j ≈ 1.

The deflation method suggested above may be problematic to interpret theoreti-
cally, as stated by e.g. Höskuldsson (2001a). However, to avoid the use of several sets
of components and several sets of deflated matrices for each block, the above approach
is preferred to regression-based deflation procedures. Further, since the score vectors
of different matrices differ somewhat in general, the above deflation procedure may
very well result in higher-order components being correlated to this difference. How-
ever, the risk of this influencing interpretation of the results is considered small, and
a similar procedure is often used in other multiblock methods (Westerhuis & Smilde,
2001).

2.1.3 Selecting a path model

OnPLS was presented in Paper I as a multiblock method for analysing the relation-
ships among a set of n matrices, assuming that all of these matrices are related to all
of the other matrices. However, if the analyst knows that some of the matrices are, or
at least theoretically should be, independent then a path model is preferred instead.
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A multiblock nPLS model, schematically illustrated in Figure 2.1 (A), can be rep-
resented by an adjacency matrix, C, with ones everywhere but along the diagonal,
where the elements are zero. We could reformulate Equation 2.2 equivalently as

fC(w1, . . . ,wn) =
n−1∑

i=1

n∑

j=i

ci, jwT
i XT

i X jw j =
n−1∑

i=1

n∑

j=i

ci, jtT
i t j =

1
2

n∑

i=1

n∑

j=1

ci, jtT
i t j. (2.19)

With this formulation it is immediately apparent that the elements of this ma-
trix C could be altered, allowing off-diagonal elements to be zero. This results in a
different graph (with fewer edges) but a similar problem, like the one illustrated in
Figure 2.1 (B).

The matrix representation of the graph is the adjacency matrix C, with elements
ci, j being 1 if the matrices Xi and X j are connected and 0 otherwise. The objective is
to maximise fC(w1, . . . ,wn) in Equation 2.19 using the general adjacency matrix C.

Generalising nPLS like as Equation 2.19 is equivalent to the maximisation cri-
terion of a PLS path model using Horst’s inner weighting scheme (where the inner
weighting scheme is the identity) and New Mode A, as defined in Section 1.5. We can
see this by formulating the problem as in Section 2.1.2 and using Lagrange multipliers.
The constraint functions are again

gi(w1, . . . ,wn) = wT
i wi = 1, (2.20)

and the auxiliary function is defined as

Λ(w1, . . . ,wn,λ1, . . . ,λn) = fC(w1, . . . ,wn) +
1
2

n∑

i=1

λi
(
gi(w1, . . . ,wn) − 1

)
. (2.21)

Figure 2.1: (A) An illustration of how the matrices in a multiblock model are con-
nected. All matrices are connected to all other matrices. (B) An illustration of how
the matrices in a path model are connected. Each matrix is only connected to a subset
of the other matrices.
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Finding the partial derivatives, setting them to zero and rearranging gives the sta-
tionary equations

c1,2XT
1 X2w2 + . . .+c1,n−1XT

1 Xn−1wn−1+ c1,nXT
1 Xnwn=λ1w1,

c2,1XT
2 X1w1 + . . .+c2,n−1XT

2 Xn−1wn−1+ c2,nXT
2 Xnwn=λ2w2,

...
...

cn−1,1XT
n−1X1w1+cn−1,2XT

n−1X2w2 + . . .+ cn−1,nXT
n−1Xnwn=λn−1wn−1,

cn,1XT
n X1w1 +cn,2XT

n X2w2 + . . .+cn,n−1XT
n Xn−1wn−1 =λnwn,

(2.22)
or more concisely

λiwi = XT
i

n∑

j=1

ci, jX jw j, (2.23)

for i = 1, . . . ,n, which is identical to Steps 8 and 9 in PLS path modelling, as seen
in Algorithm 5 when Lohmöller’s procedure and New Mode A are used with Horst’s
inner weighting scheme (Step 7).

We introduce new variables, Ai, j, here as well, but now defined as

Ai, j =
{

ci, jXT
i X j, i 6= j,

0, i = j.
(2.24)

The Ai, j matrices are the blocks of A, and the weights wk are put in a block vector
wT =

[
wT

1 | . . . |wT
n
]
. This results again in a new maximisation problem

wTAw. (2.25)

As mentioned in Section 1.5 there are two procedures (Lohmöller’s and Wold’s)
for finding the weights wi, for i = 1, . . . ,n, in the problems formulated in PLS path
modelling. It should be noted that these procedures are not traditionally used with
New Mode A, but only with unit-scaled score vectors in Modes A and B, and the
PLS path modelling algorithm does not converge monotonically when Lohmöller’s
procedure is used, as mentioned in Section 1.5. However, Lohmöller’s procedure can
be altered slightly, as mentioned above in Section 2.1.2, by forcing the block matrix A
to be positive-definite. It was discovered by Hanafi (2010) that the reason Lohmöller’s
procedure does not always converge monotonically is that the block matrix is not
positive-definite in those cases.

Partly to draw a distinction to the procedures traditionally used in PLS path mod-
elling, and partly because the following procedures can be used in multiblock mod-
elling as well, we now refer to these methods as being based on Jacobi iteration
and Gauss-Siedel iteration. The first one, based on Jacobi iteration and related to
Lohmöller’s procedure, was first reported for this purpose by ten Berge (1988), and
further extended by Hanafi & Kiers (2006). The second one, based on Gauss-Siedel
iteration and related to Wold’s procedure, was also reported by ten Berge (1988) and
extended by Hanafi (2007) and Tenenhaus & Tenenhaus (2011). The two procedures
iteratively build a sequence of weights, w(s)

i , for s = 1,2, . . ., using the iteration schemes
shown in Figure 2.2.
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The monotone convergence of these procedures is based on the following two
lemmas, for which proofs are given in Paper II.

Lemma 2.1.1. Let
(

w(s)
1 ,w

(s)
2 , . . . ,w

(s)
n

)
, s = 1,2, . . ., be a sequence of weights gener-

ated by Jacobi iteration as presented in Figure 2.2 (left). Then

fC

(
w(s)

1 , . . . ,w
(s)
n

)
≤ fC

(
w(s+1)

1 , . . . ,w(s+1)
n

)
(2.26)

holds for every (s).

Lemma 2.1.2. Let
(

w(s)
1 ,w

(s)
2 , . . . ,w

(s)
n

)
, s = 1,2, . . ., be a sequence of weights gener-

ated by Gauss-Siedel iteration as presented Figure 2.2 (right). Then

fC

(
w(s)

1 , . . . ,w
(s)
n

)
≤ fC

(
w(s+1)

1 , . . . ,w(s+1)
n

)
(2.27)

holds for every (s).

The sequence fC
(
w(s)

1 , . . . ,w
(s)
n
)

is continuous and bounded. Both Lemmas 2.1.1
and 2.1.2 imply that the sequence fC

(
w(s)

1 , . . . ,w
(s)
n
)

is increasing monotonically in the
respective cases. Therefore, the Bolzano-Weierstrass theorem tells us the sequence
fC
(
w(s)

1 , . . . ,w
(s)
n
)

converges (ten Berge, 1988; Hanafi & ten Berge, 2003). Again, the
procedures do not guarantee that the obtained solution is a global optimum.

This shows that the nPLS problem can be solved using the PLS algorithm, with
New Mode A and Horst’s inner weighting scheme, using either Wold’s procedure or a
slightly modified (but equivalent) Lohmöller’s procedure.

When a set of weight vectors are found as solutions that maximise Equation 2.19
we find the scores

ti = Xiwi (2.28)

and the loadings

pi =
XT

i ti

tT
i ti

, (2.29)

Figure 2.2: The two procedures for finding a (possibly local) maximum of Equa-
tion 2.19. Note that both the block matrices A =

[
Ai, j
]

and the iteration schemes
differ for the two procedures. Jacobi iteration requires the block matrix to be sym-
metric and positive-definite, which is why αI is added to the block matrix. We have
α = −n ·σ in cases when A is not positive-definite, where σ is the smallest eigenvalue
of A, and α = 0 otherwise. See Hanafi & Kiers (2006) for details.
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as before, and deflate each matrix by

Xi← Xi − tip
T
i =
(

I −
titT

i

tT
i ti

)
Xi, (2.30)

as described in Section 2.1.2.1. Then the whole procedure can be rerun using the
deflated matrices as input to obtain the next set of components.

2.1.4 Matrix decomposition

The objective of OnPLS is to separate variation in a set of n matrices that is joint (in
terms of covariation) from variation that is not joint with all other matrices (locally
joint and unique variation), i.e. the objective is to decompose each matrix such that

Xi = XG,i︸︷︷︸
globally joint

+ XLU,i︸ ︷︷ ︸
not globally joint

+ Ei =
∑

a

tG,i,apT
G,i,a +

∑

k

tLU,i,kpT
LU,i,k + Ei, (2.31)

where Ei is a residual matrix. This is done with the criterion that
∑

a

∑

i6= j

tT
G, j,atG,i,a (2.32)

should be maximal for all X j, and all a, under the constraints that

tT
G,i,atLU,i,k = 0 (2.33)

for all a and all k,
tT
G,i,atG,i,b = 0 (2.34)

for a 6= b,
tT
LU,i,ktLU,i,l = 0 (2.35)

for k 6= l, and that
XT

j tLU,i,k = 0 (2.36)

for at least one X j, when j 6= i.
We thus seek an XG,i matrix that maximally covaries with all other matrices and

an XLU,i matrix that is not globally joint with all other matrices X j 6=i. We can state this
differently as

∃X j ∈ {X1, . . . ,Xi−1,Xi+1, . . . ,Xn}, tLU,i ∈ C
(
XLU,i

)
: XT

j tLU,i = 0, (2.37)

i.e. that some vector tLU,i exists in the column space of XLU,i which is orthogonal
to X j, for some j 6= i. However, the space of all these vectors is equivalent to the
complement of the vector space for which

∀X j ∈ {X1, . . . ,Xi−1,Xi+1, . . . ,Xn}, tG,i ∈ C
(
XG,i

)
: XT

j tG,i 6= 0. (2.38)
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i.e. the complement of all globally joint vectors in the column space of XG,i. The
score vectors that are orthogonal to some matrices are found after removing the score
vectors that are orthogonal to no other matrix.

The matrix XLU,i was said to contain orthogonal variation in Paper I, in analogy
with O2PLS, but since that is not strictly the case it is a confusing name for this matrix.
Therefore, we now instead simply say that it contains locally joint and unique varia-
tion, or that is contains non-globally joint variation. The subscripts of the matrices’
parts have also been changed to reflect these new names. A subscript G is henceforth
used for globally joint variation, LU is used for non-globally joint variation, L is used
for locally joint variation and U is used for unique variation. These parts are illustrated
in Figure 2.3; note that the matrices XLU,i correspond to the parts outside the globally
joint part in the centre of Figure 2.3.

2.1.4.1 Why decompose?
We saw in Section 1.3 that we cannot use a latent variable method in which the la-
tent variables are linear combinations of the manifest variables, like t = Xw, to find a
strictly globally joint model. This is because we risk including non-globally joint vari-
ation in the globally joint score vectors. This problem is also present when addressing
multiblock data. Consider Equation 1.86, the sum of covariances criterion and three

Figure 2.3: An illustration of the different parts that exist in a setting with three ma-
trices. The globally joint (G) part is in the centre, the locally joint (L) parts are those
that overlap with at least one and at most n − 1 other matrices (one other in this case),
and the unique (U) parts are those that exist in only one matrix. The non-globally joint
(LU) variation is everything outside the globally joint part.
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matrices constructed such that

X1 = tGpT
G,1 + tLUpT

LU,1

X2 = tGpT
G,2 + tLUpT

LU,2

X3 = tGpT
G,3,

with ‖tG‖ = 1 and ‖tLU‖ = 2. The three matrices, X1, X2 and X3, thus share one glob-
ally joint component, tG. The matrices X1 and X2 also share a locally joint component,
tLU.

Now, the global model has a sum of covariances that is tT
1 t2 +tT

1 t3 +tT
2 t3 = 1+1+1 =

3, but the locally joint variation between X1 and X2 has covariance tT
1 t2 = 4. This

means that the maximum sum of covariances we can obtain is given by the locally
joint variation, which we do not want to incorporate in the globally joint model. This
configuration is illustrated in Figure 2.4.

If the model found in such a configuration is used directly, the joint components
cannot be interpreted as if they represent global variation. In fact, we don’t know
whether the variation we analyse is locally joint, unique or even if it contains globally
joint variation at all. This is the problem the OnPLS decomposition is intended to
solve.

Figure 2.4: An illustration of three matrices sharing one globally joint component and
one locally joint component. The globally joint variation has sum of covariances 3,
but the locally joint component between X1 and X2 has covariance 4. This locally
joint variation will therefore dominate the global model.
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2.1.4.2 The decomposition
This decomposition is performed by utilising pairwise O2PLS models to find a set
of pairwise joint weight matrices for each pair of matrices. These weight matrices
capture the globally and locally joint structures in the corresponding matrices and the
problem is then to extract the weights for the globally joint variation from this set of
matrices.

The weight matrices in O2PLS are found by taking the SVD of the covariance
matrices between pairs of matrices like

Ui, jΣi, j
̂̂W

T

i, j = c j,iX
T
j Xi (2.39)

as described in Section 1.3.2 for O2PLS. Then ̂̂Wi, j is a basis for the joint row space in
Xi onto which we project Xi to obtain a score matrix Ti that has maximum covariance

with X j. Note that only the columns of ̂̂Wi, j corresponding to nonzero values of Σ (or

sufficiently large values of Σ) are included. The number of weight vectors of ̂̂Wi, j to
use may be determined by using an appropriate procedure, e.g. cross-validation.

Each matrix Xi will be connected to a number of other matrices. In a multiblock
model, there will always be n − 1 connected matrices and in a path model there will
be
∑n

j=1 ci, j ≤ n − 1 connected matrices, where ci, j are the elements of row i of the
adjacency matrix C (mentioned in Section 1.5 and reviewed in Section 2.1.3). This

means that for each matrix, Xi, we will find up to n − 1 weight matrices ̂̂Wi, j.
Setting up an objective function to maximise for this problem is not straight-

forward because of the constraint in Equation 2.36. A much simpler approach is there-
fore suggested in Paper I, and stated in Equation 2.38, namely to find and remove the
globally joint space, leaving the locally joint and unique variation. The suggested so-
lution is as follows: Concatenate all the pair-wise weight matrices by putting them
next to each other in an augmented matrix and take the SVD of this matrix

ŴT
i ΣiVi =

[
̂̂Wi,1

∣∣∣ · · ·
∣∣∣ ̂̂Wi,i−1

∣∣∣ ̂̂Wi,i+1

∣∣∣ · · ·
∣∣∣ ̂̂Wi,n

]
, (2.40)

then use this weight matrix, Ŵi, to filter Xi using the O2PLS approach.
The resulting SVD of the augmented matrix is the same as that obtained using

the multiblock method SUM-PCA, mentioned in Section 1.4, to find superscores de-
scribing these matrices. This can be seen as a “poll” amongst the vectors included in
the augmented matrix. The common subspaces in all weight matrices are prone to be
caught by the first singular vectors of Ŵi, and the common directions in all blocks are
those capturing the globally joint variation. This idea is presented in Figure 2.5.

A balance must therefore be struck here between including too many components

in each matrix ̂̂Wi, j, thus risking disturbing the global Ŵi, and including too few, thus
risking failure to capture all of the global weight vectors. Note that the lowest number

of components used in any of the ̂̂Wi, j is an upper bound on the number of global
weight vectors in Ŵi.

45



OnPLS - Chapter 2

The O2PLS method is now applied, as described in Section 1.3.2, using the glob-
ally joint weight matrix Ŵi. Any row vector wU,i in the row space of Xi orthogonal to
Ŵi yields a score vector tU,i = XiwU,i orthogonal to the globally joint variation in X j 6=i
since XT

j tU,i = XT
j XiwU,i = Ci, jΣi, jWT

i, jwU,i, and Wi, j contains globally joint weights,
which wU,i is orthogonal to.

By orthogonalising Xi with respect to Ŵi we get

X̂LU,i = Xi

(
I − ŴiŴT

i

)
= Xi − T̂iŴT

i = Xi − X̂T
G,i, (2.41)

where T̂i = XiŴi. Any vector in the row space of X̂LU,i is a potential wLU,i vector, but
as stated in Section 1.3.2, we are interested in the one that maximally overlaps with T̂,
since this is the one distorting the globally joint score vectors the most.

Figure 2.5: Illustration showing how the SUM-PCA method selects globally joint

weight vectors for one of three matrices (X1). Two weight matrices, ̂̂W1,2 and ̂̂W1,3,
each with two weight vectors, indicated by black arrows, are found. The globally joint
weight vector, indicated by the dashed red line, is a good approximation of the first
weight vectors from the two weight matrices.
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We therefore seek

max
(

X̂T
G,itLU

)2
= max

(
X̂T

G,iX̂LU,iwLU,i

)2

= maxwT
LU,iX̂

T
LU,iX̂G,iX̂

T
G,iX̂LU,iwLU,i

= maxwT
LU,iX̂

T
LU,iT̂i ŴT

i Ŵi︸ ︷︷ ︸
=I

T̂T
i X̂LU,iwLU,i

= maxwT
LU,iX̂

T
LU,iT̂iT̂

T
i X̂LU,iwLU,i, (2.42)

for i = 1, . . . ,n, where the solution is the eigenvector corresponding to the largest eigen-
value of X̂T

LU,iT̂iT̂T
i X̂LU,i.

Once a unique weight vector is found, a unique score vector is calculated by

tLU,i = X̂LU,iwLU,i (2.43)

a unique loading vector by

pLU,i =
XT

i tLU,i

tT
LU,itLU,i

, (2.44)

and the variation found is deflated from the matrices in a similar manner as for the
global model, as described in Section 2.1.2.1, by

Xi← Xi − tLU,ip
T
LU,i =

(
I −

tLU,it
T
LU,i

tT
LU,itLU,i

)
Xi. (2.45)

The OnPLS algorithm is presented in Algorithm 6.
When all matrices have been filtered, the joint OnPLS model is found by building

an nPLS model of the filtered matrices.

2.1.4.3 Other methods for finding Ŵi

Any technique that yields a good Ŵi can be used in OnPLS. The choice is not absolute,
and other techniques for finding it may very well yield better results, at least in some
cases.

In a preliminary study, I tested the ability of several multiblock methods to find
the Ŵi of 128 different synthetic matrices, and compared their performance to that
of SUM-PCA. The multiblock methods tested included (inter alia) Consensus PCA,
Hierarchical PCA (with normalised super scores) and Generalised PCA, all imple-
mented using the descriptions in Smilde et al. (2003). Horst’s generalised canonical
correlation analysis (GCCA) in a hierarchical PLS path model, i.e. with Mode B and
centroid scheme, was also tested.

The preliminary results indicate that many methods give OnPLS models that are
indistinguishable from those obtained using SUM-PCA. However, results of some
methods differ and more diverse tests are required to discern with confidence whether
they should be used instead of SUM-PCA. This is some of the future work the author
intends to perform.
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Algorithm 6 The OnPLS algorithm
Input: A set of n matrices Xi, and the adjacency matrix C
Output: Globally joint score matrices TG,i, weight matrices WG,i and loadings PG,i;
and non-globally joint score matrices TLU,i, weight matrices WLU,i and loadings PLU,i
Algorithm:

1: {Find pairwise joint spaces}
2: for i = 1 to number of matrices n do
3: for j = 1 to number of matrices n, with j 6= i do
4: Ui, jΣi, j

̂̂WT
i, j← SVD

(
XT

j Xi

)

5: Si←
[

Si

∣∣∣ ̂̂Wi, j

]

6: end for
7: ŴiΣiVT

i ← SVD
(
Si
)

8: end for
9: {Build non-globally joint model}

10: for i = 1 to number of matrices n do
11: for a = 1 to number of non-globally joint components do
12: T̂i← XiŴi
13: X̂LU,i← XLU,i − T̂iŴT

i

14: wLU,i,a← EIG
(

XT
LU,iTiTT

i XLU,i

)

15: tLU,i,a← X̂LU,iwLU,i,a
16: pLU,i,a← XT

LU,itLU,i,a/(tT
LU,i,atLU,i,a)

17: Xi← Xi − tLU,i,apT
LU,i,a

18: WLU,i←
[
WLU,i|wLU,i,a

]

19: TLU,i←
[
TLU,i|tLU,i,a

]

20: PLU,i←
[
PLU,i|pLU,i,a

]

21: end for
22: end for
23: {Build joint nPLS model}
24: for a = 1 to number of globally joint components do
25: (wG,i,a, tG,i,a,pG,i,a)← NPLS (X1, . . . ,Xn)
26: for i = 1 to number of matrices n do
27: WG,i←

[
WG,i|wG,i,a

]

28: TG,i←
[
TG,i|tG,i,a

]

29: PG,i←
[
PG,i|pG,i,a

]

30: Xi← Xi − tG,i,apT
G,i,a

31: end for
32: end for
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2.1.5 OnPLS

The first and main task of OnPLS is to find a set of weight vectors, Ŵi, representing the
globally joint variation. The non-globally joint variation is then extracted (in relation
to the weight matrix found) in a separate model, and finally a global multiblock or path
model is built. The OnPLS method thus consists of decomposition of each matrix, Xi,
into a globally joint part and a non-globally joint part like

Xi = Xp,i︸︷︷︸
globally joint

+ Xo,i︸︷︷︸
not globally joint

+ Ei, (2.46)

and building a multiblock or path model for the globally joint part using the nPLS
method (or any other appropriate multiblock or path model chosen by the analyst.

2.1.5.1 Estimating the number of components
Important variables in the OnPLS algorithm (Algorithm 6), are the numbers compo-
nents to extract, for both the global and non-global models. Several methods have
been tested for this purpose, but not yet thoroughly evaluated.

We have tested two approaches for the global model. In the first approach we
evaluated the number of joint components in connected pairs of matrices, by building
a PLS regression model between the matrices Xi and X j, a PCA model on the matrix
XT

i X j, or an O2PLS model between Xi and X j. These models were either built us-
ing SIMCA-P+ (MKS Umetrics AB, Umeå, Sweden) or corresponding Matlab (The
MathWorks, Inc., Natick, MA, USA) routines developed in-house. An important as-
pect of this approach is that the models are built using cross-validation (Wold, 1978)
to determine the number of components in the pair-wise models. Of these the PCA
and O2PLS based methods should theoretically give fairly similar results, while the
PLS-R based should overestimate the number of components (see Section 1.3.3).

In the second approach (which is very fast and straightforward), we also built an
O2PLS model between pairs of matrices and retained components as long as they re-
mained significant. The criteria used here were that each component had to contribute
more than 1 % of the total variation and the score vectors had to have correlation co-
efficients exceeding 0.5. These thresholds were selected arbitrarily, but seem to give
fair results.

Once the numbers of components between each pair of matrices are known, they
can be used when finding the globally joint weight matrices Ŵi as described in Sec-
tion 2.1.4.2; first when finding each pair of weight matrices, and then when finding
Ŵi. The lowest number of components in any pair of matrices is an upper bound on
the number of globally joint components.

Three procedures were tested for finding the number of non-globally joint com-
ponents. In the first, based on cross-validation, all combinations of non-globally joint
components (up to some limit) are tested and an OnPLS model is built for each cross-
validation group. The number of non-global components yielding the model with the
highest combined Q2 value is selected as the “correct” number of non-global compo-
nents. The other two procedures for finding the number of non-globally joint compo-
nents are based on the observation that when locally joint and unique variation is re-
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moved the correlation between the score vectors increases, i.e.
∑

Cor
(
ti, t j

)
increases.

The correlation between loadings and weights also increases, i.e.
∑

Cor
(
pi,wi

)
in-

creases. This can be applied by calculating the sum of score vector correlations and
loading-weight correlations for all combinations of non-globally joint components,
then identifying the combination that yields the highest value of this sum.

These two approaches may be very computationally demanding. In Example 3
considered in Paper I there are six matrices and up to eight non-global components.
Thus, would have to compute (8 + 1)6 = 531441 OnPLS models to test all possi-
ble combinations of components (zero and one through eight) in order to find the
“best”. This is not feasible unless the data sets are extremely small. Simulated anneal-
ing (Duda et al., 2001) with the sum of correlations as the maximisation criterion was
therefore used in cases when evaluating all combinations of non-global variation was
not possible.

These methods all seem to give fairly similar results, but as mentioned above they
have not been tested thoroughly. This is also some of the future work the author
intends to perform.

2.1.5.2 Properties of OnPLS
The procedure involving use of Equation 2.19 with the stationary equations of Equa-
tion 2.22, optimised by the procedures presented in Figure 2.2 or Algorithm 4, is called
nPLS and works for both multiblock and path models. It shares some very attractive
properties with PLS regression and O2PLS, derived from the way the matrices are
deflated, i.e. from Equation 2.30. To describe these properties, the notation

WG,i =
[
wG,i,1| . . . |wG,i,A

]

will be used to refer to the columns of the globally joint weight matrix with A weight
vectors belonging to Xi, and equivalently

TG,i =
[
tG,i,1| . . . |tG,i,A

]

and
PG,i =

[
pG,i,1| . . . |pG,i,A

]

for the A score and loading vectors of Xi. Corresponding notation will be used for the
matrices of the non-globally joint part, but with LU subscripts, We have the following
properties for which proofs are presented in Paper I.

Property 2.1.3. The columns of the globally joint weight matrices WG,i are mutually
orthogonal, i.e. wT

G,i, jwG,i,k = 0 for j 6= k.

Property 2.1.4. The columns of the non-globally joint weight matrices WLU,i are
mutually orthogonal, i.e. wT

LU,i, jwLU,i,k = 0 for j 6= k.

Property 2.1.5. The columns of the globally joint score matrices TG,i are mutually
orthogonal, i.e. tT

G,i, jtG,i,k = 0 for j 6= k.
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Property 2.1.6. The columns of the non-globally joint score matrices TLU,i are mu-
tually orthogonal, i.e. tT

LU,i, jtLU,i,k = 0 for j 6= k.

Property 2.1.7. The globally joint weight vectors wG,i, j are orthogonal to the corre-
sponding loading vectors pG,i,k when j < k.

Property 2.1.8. The non-globally joint weight vectors wLU,i, j are orthogonal to the
corresponding loading vectors pLU,i,k when j < k.

2.1.6 Summary and conclusions

Paper I presents an extension of the well-known two-block data analysis method
O2PLS. O2PLS separates joint variation (covariation) from unique variation (varia-
tion orthogonal to the other matrix) thereby improving model interpretability. The new
method, called OnPLS, builds multiblock models in which the globally joint variation
(variation shared with all other matrices) is separated from that which is not glob-
ally joint, resulting in more relevant joint multiblock models with further improved
interpretability.

When the two kinds of variation have been separated, a multiblock model is built
using the globally joint parts. This multiblock modelling approach is a slight modifi-
cation of the MAXDIFF multiblock method, called nPLS.

Paper I also presents three synthetic examples illustrating the difference between
building a “regular” nPLS/MAXDIFF model and an OnPLS model. The examples
show that OnPLS works very well and manages to find the the globally joint variation
in all three examples, even when noise is present and the amount of non-globally joint
variation is much larger than the amount of globally joint variation. The difference
between an OnPLS model and a “regular” nPLS model is illustrated in Figure 2.6.

The OnPLS method was generalised in Paper II making the multiblock model
approach of Paper I a special case of a new formalisation that allows path models also

Figure 2.6: (A) True loadings of the three matrices used in the first synthetic example
considered in Paper I. (B) The nPLS model of these data with two components for
each matrix. Note how the non-globally joint variation is mixed with the globally
joint variation. (C) The corresponding OnPLS model with one globally joint and one
non-globally joint component for each matrix. The globally and non-globally joint
variation has been separated.
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to be built within the OnPLS framework as well. This new formulation is equivalent to
PLS path modelling using Horst’s inner weighting scheme and New Mode A, but with
filtering of non-globally joint variation and extraction of multiple components. While
the convergence of the path model problem using Horst’s inner weighting scheme and
normalised weights (i.e. New Mode A) has been proven several times in the literature,
convergence of the PLS algorithm for this configuration does not seem to have been
previously proven. Proofs of the monotonic convergence for both Wold’s procedure
and a modified Lohmöller’s procedure are provided in Paper II. However, the new
method is not restricted to use of Horst’s inner weighting scheme and New Mode A.
Any PLS path modelling setup of choice could be applied after the non-globally joint
variation has been extracted. Note, however, that depending on the path modelling
settings chosen, the globally joint and non-globally joint scores may not be extracted
using similar objective functions, and thus may be theoretically very different. In
practice, however, there should be no problem doing this.

OnPLS in the path modelling context is thus an extension of PLS path modelling
for the extraction and analysis of both globally joint and non-globally joint variation.

Paper II considers two examples. One shows (like the examples in Paper I) that
OnPLS finds a closer approximation to the true globally joint variation in synthetic
matrices than “regular” PLS path modelling; yielding a model with higher score inter-
correlations and discerning the correct proportions of globally joint and non-globally
joint variation. This improves interpretation of the path model components. Note
also that since OnPLS reduces the impact of unique and locally joint variation in the
globally joint model, it also increases the fairness of the globally joint model.

2.2 Paper III: Bi-modal OnPLS

Paper III presents an extension of OnPLS, called Bi-modal OnPLS, which is able to
model relationships bi-modally, in the row space as well as the column space. Such
models were described in Section 1.2.1. This method builds a multiblock or path
OnPLS model that captures joint variation in both the columns and the rows simul-
taneously, and extracts non-globally joint (locally joint and unique) variation in both
modes.

The globally joint score vectors that Bi-modal OnPLS finds exhibit maximal co-
variance and correlation in the column space, and the corresponding set of globally
joint loading vectors exhibit maximal correlation in the row space. The number of
components extracted by Bi-modal OnPLS is also minimised since irrelevant varia-
tion is removed from them.

The non-globally joint components in the columns are interpreted as in “regular”
OnPLS, and are orthogonal to at least one other matrix in the column space. The non-
globally joint components in the row space are orthogonal to at least one other matrix
in the column space.

This means that the non-globally joint score vectors in the columns give

XT
j tLU,i = 0, (2.47)

52



Results

for at least one other matrix X j, and the non-globally joint loadings in the rows give

XkpLU,i = 0, (2.48)

for at least one other matrix Xk.
This is achieved by transposing the regular type of system illustrated in Fig-

ure 2.7 (A) and considering the relationships shown in Figure 2.7 (B) instead, while
maintaining the objective and constraints shown in Figure 2.7 (A). We would like to
maximise the correlation between the weight vectors in Figure 2.7 (B), but since the
role of weights and scores have been transposed now, the weight vector would be the
linear combination of the rows of its corresponding matrix, i.e. something like XTt.
However, we already know this vector as the loading vector, and this would introduce
conflicts with the constraints, since we would require ‖XTt‖ = 1, and we already have
‖w‖ = 1.

Figure 2.7: (A) An example of a bi-modal model that connects X and Y matrices in
the column space, and X and Z in the row space. (B) Building a model in the column
space means transposing the system in (A), i.e. changing places of weights, loadings
and scores.
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2.2.1 The joint model

A solution to this problem was proposed in Paper III as maximising

fD(w1, . . . ,wn)≈ f̂D(p1, . . . ,pn)

=
n∑

i=1

n∑

j=1, j 6=i

δ
(
pi,p j

)

=
n∑

i=1

n∑

j=1, j 6=i

δ

(
XT

i ti

tT
i ti

,
XT

j t j

tT
j t j

)

=
n∑

i=1

n∑

j=1, j 6=i

δ

(
XT

i Xiwi

wT
i XT

i Xiwi
,

XT
j X jw j

wT
j XT

j X jw j

)
, (2.49)

where

δ(wi,w j) =
{

di, jwT
i w j, Ni = N j,

0, Ni 6= N j,
(2.50)

and di, j are elements of the adjacency matrix D that, like elements of C in “regular”
OnPLS, have the value 1 if the matrices Xi and X j are connected (in the row space this
time) and 0 otherwise. Ni is the number of elements of wi, i.e. the number of columns
of Xi.

We saw in Sections 1.3.3 and 2.1.2 that the difference between weight and load-
ing vectors decreases when we remove non-globally joint variation. The difference
between maximising the inner product of loading vectors and of weight vectors will
thus be small when non-globally joint variation is removed.

We use Lagrange multipliers again and set up the auxiliary function like

ΛD(w1, . . . ,wn,λ1, . . . ,λn) = f̂D(w1, . . . ,wn) +
1
2

n∑

i=1

λi
(
gi(w1, . . . ,wn) − 1

)
, (2.51)

where the constraint function is

gi(w1, . . . ,wn) = wT
i wi = 1, (2.52)

for i = 1, . . . ,n.
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We find the partial derivatives of ΛD as

∂ΛD

∂wi
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n∑

j=1, j 6=i
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αipi

+λiwi ≈ ηiwi,

(2.53)

for all i = 1, . . . ,n. It is understood that some of the inner products may not be valid
because the vectors may have different lengths, but we dropped use of the function δ in
the first three lines of the equation to simplify the notation. The notation δ

(
pT

i p j
)
→

1 simply means that we seek to maximise the correlation, and that the maximum
(sought) value is 1. If all correlations between loading vectors were one this sum
would simply be n − 1 in a multiblock case when all matrices are connected to all
other matrices.

We rewrite these stationary equations as

n∑

j=1, j 6=i

δ

(
XT

i Xi,
XT

j Xiw j

wT
j XT

j X jw j

)
≈ (wT

i XT
i Xiwi) ·ηiwi = µiwi, (2.54)

and define new variables, Bi, j, by

Bi, j =





δ

(
XT

i Xi,
XT

j X jw j
wT

j XT
j X jw j

)
, j 6= i,

0, j = i.

The Bi, j matrices are combined into a block matrix B, and the weights wi are combined
into a block vector wT =

[
wT

1 | . . . |wT
n
]
. Like in Section 2.1.3 (Equation 2.25) we state

this problem equivalently using the block matrix and vector, such that

wTBw. (2.55)

The general algorithm of Hanafi & Kiers (2006) can be used here as well, and
in this case we have a block matrix that is dependent on the weights (because of the
division by wT

j XT
j X jw j).
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We may add the two maximisation problems in Equations 2.25 and 2.55 as

wTAw + wTBw = wT (A + B)w, (2.56)

to maximise them simultaneously. This is the Bi-modal nPLS method for finding the
joint models.

Note that the sum matrix, A + B, needs to be symmetric and positive definite in
order for the algorithm to converge, just as before.

When the weight vectors are found we compute the score and loading vectors and
deflate the variation found from each matrix, as described in Section 2.1.2.1, and rerun
the algorithm on the residual matrices.

Note that this is similar to the approach proposed by Wold et al. (1987), making
it effectively a variant of the “extended PLS-R” type of methods mentioned in Sec-
tion 1.2.1; or perhaps a more fitting name might be “extended nPLS”.

2.2.2 The decomposition

The decomposition method proposed in Paper III is very similar to the one presented
for OnPLS in Section 2.1.4.2, but is applied to transposed matrices. Working with XT

i ,
the objective is to find loading vectors, pi, such that X jpi = 0 for at least one j 6= i.
This is achieved again by turning the problem around and seeking all vectors pi such
that X jpi 6= 0 for all j 6= i. Let

Ui, jΣi, j
̂̂TT

i, j = δ
(
XT

j ,X
T
i
)

(2.57)

be the SVD of the covariance matrix between two connected matrices XT
i and XT

j .

Then ̂̂Ti, j is a basis for the joint column space in Xi onto which we project Xi to
obtain the joint loading vectors for the model in the row space. Let

T̂iΣiVT
i =
[
̂̂TT

i,1

∣∣∣ . . .
∣∣∣̂̂TT

i,i−1

∣∣∣̂̂TT
i,i+1

∣∣∣ . . .
∣∣∣̂̂TT

i,n

]
(2.58)

be the singular value decomposition of the augmented matrix with all relevant singular
vectors from Equation 2.57 (i.e. all nonzero vectors).

Note that the presence of the elements di, j in the δ function ensures that only those
matrices to which Xi is actually connected will be included, assuming that the globally

joint variation present in all matrices ̂̂Ti, j will be captured by the first (and therefore
most important) vectors of T̂i.

Analogously to O2PLS and “regular” OnPLS, as described previously, the objec-
tive is to find a set of loading vectors that have maximum overlap with the globally

joint vectors. This time with those in P̂i = XT
i T̂i

(
T̂T

i T̂i

)−1
, i.e.

max‖P̂T
i pLU,i‖2 = max

∣∣∣∣∣

∣∣∣∣∣
P̂T

i XT
LU,itLU,i

tT
LU,itLU,i

∣∣∣∣∣

∣∣∣∣∣

2

= max
tT
LU,iXLU,iP̂iP̂T

i XT
LU,itLU,i(

tT
LU,itLU,i

)2 , (2.59)
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with the constraints that ‖wLU,i‖ = 1 for some vector wLU,i such that tLU,i = XLU,iwLU,i.
Any vector tLU,i in the column space of Xi orthogonal to the columns of Ti will

yield a loading vector, pLU,i = XitLU,i/(tT
LU,itLU,i), orthogonal to the globally joint row

space of some matrix X j 6=i since

X jpLU,i =
X jXT

i tLU,i

tT
LU,itLU,i

=
Ui, jΣi, j

̂̂TT
i, jtLU,i

tT
LU,itLU,i

= 0, (2.60)

for some j 6= i such that di, j = 1. We orthogonalise XT
i with respect to T̂i by

X̂T
LU,i = XT

i

(
I − T̂i

(
T̂T

i T̂i

)−1
T̂T

i

)
= XT

i − P̂iT̂
T
i = XT

i − X̂G,i, (2.61)

where P̂i = XT
i T̂i(T̂T

i T̂i)
−1. Any vector in the column space of X̂LU,i is a potential

tLU,i vector. The vector we are interested in is the one that results in maximum over-
lap in Equation 2.59. When maximising Equation 2.59, the vector pLU,i will capture
the non-globally joint variation contained in the loading matrix P̂i, while tLU,i max-
imises the overlap between pLU,i = XT

i tLU,i/(tT
LU,itLU,i) and Pi. This vector, tLU,i, is

thus the eigenvector corresponding to the largest eigenvalue of X̂LU,iPiPT
i X̂T

LU,i and
the weight vector wLU,i is the eigenvector corresponding to the largest eigenvalue of
PiPT

i X̂T
LU,iX̂LU,i.

When tLU,i is found, we calculate pLU,i as in OnPLS and remove the non-globally
joint variation by deflating the variation found as before, like

Xi← Xi − tLU,ip
T
LU,i =

(
I −

tLU,it
T
LU,i

tT
LU,itLU,i

)
X, (2.62)

and we are then ready to find a new set of non-globally joint components, if there are
any.

Thus, when dealing with a matrix that is related to other matrices through both the
rows and the columns, such as matrix X in Figure 2.7 (A), we will end up with two
sets of non-globally joint components in the Bi-modal OnPLS model: one set for the
column space, as described in Section 2.1.4.2, and one for the row space, as described
here.

The order in which we extract the non-globally joint components may matter here.
If a component is orthogonal in both the column and the row space, it will be extracted
in the mode examined first. However, this only determines which set of orthogonal
variables it ends up in, and the order does not matter in cases when only either the
rows or the columns of a component are orthogonal to the other matrices.

2.2.3 Summary and conclusions

Paper III presents Bi-modal OnPLS, a general extension of OnPLS that allows glob-
ally joint and non-globally joint variation to be studied in both the column space mode
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(as usual) and row space mode. Bi-modal OnPLS takes advantage of bi-modal ar-
rangements and allows two “directions” in the analysis and interpretation, thereby
enabling a better understanding of the data. The model and its interpretation are im-
proved, just like in “ordinary” OnPLS.

The order of extraction of the orthogonal variation is of no importance for finding
the components, but it may determine whether a component is considered to belong to
the column or the row space in cases when it belongs to both. Note also that variation
that is joint in the column space but not joint in the row space, or vice versa, may be
removed, but this is reasonable, since we want the globally joint model to only contain
globally joint variation in both modes.

Paper III presents applications to two synthetic datasets and one real data set
regarding sensory information and consumer preferences for dairy products. Bi-modal
OnPLS was shown to greatly improve the intercorrelations between both joint loadings
and joint scores while still finding the correct proportions of globally joint and non-
globally joint variation.

It was shown in the simulated examples that adding the second mode to the models
increased both the precision and accuracy of the models as a whole. More importantly,
extracting orthogonal variation greatly improved the precision and accuracy of both
the row and column models. These results highlight the importance of using filtering
methods in latent variable data analysis methods.

The real data example arose from a study of dairy products intended to identify
ways to produce better products in terms of variables such as nutritional value, taste,
smell, functionality and cost efficiency. The results showed that the Bi-modal OnPLS
methodology provides a good basis for analysing and understanding data with a bi-
modal structure.

The conclusion is that Bi-modal OnPLS is capable of effectively extending the
OPLS framework to multiblock and path models in two modes.

2.3 Paper IV: Global, local and unique models

The way OnPLS was presented in Papers I–III decomposes the variation in each
matrix into two parts (not counting the residual) which contain: the globally joint
variation, called predictive variation, and the locally joint and unique variation, called
orthogonal variation in Papers I–III. However, as mentioned in Section 2.1.4, these
names are confusing, partly because the method does not primarily build models for
predictive purposes but for exploratory data analysis, and partly because the “orthog-
onal variation” is not necessarily orthogonal at all, but may in fact be locally joint.

These names were a legacy from O2PLS and the OPLS framework, and we now
instead use the names globally joint or global model; locally joint or local model; and
unique model.

In the local model lump together all locally joint variation, regardless of between
which matrices it is locally joint. This is not a restriction in itself, but greatly simplifies
the notation.

The idea presented in Paper IV is that if the globally joint variation, relating all n
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matrices, has been successfully separated from the rest of the variation, then a locally
joint model can be found by applying the same approach recursively to subsets of the
matrices to find the variation that they share.

Let’s formalise this slightly, by letting the function
(
{XG,1, . . . ,XG,n} ,{E1, . . . ,En}

)
= ONPLS

(
{X1, . . . ,Xn}

)
, (2.63)

be an application of OnPLS such that

Xi = XG,i + Ei, (2.64)

for i = 1, . . . ,n, where XG,i is the globally joint variation in matrix Xi, and Ei is every-
thing else (locally joint variation, unique variation and noise). Then the locally joint
variation is found by applying this function to the subsets of {E1, . . . ,En} with at least
2 and at most n − 1 matrices. I.e. we select a subset S⊂ {E1, . . . ,En} with 2≤ |S|< n
and compute ({

XL,a, . . . ,XL,b
}
,{Fa, . . . ,Fb}

)
= ONPLS (S) , (2.65)

which is a globally joint model for the set of matrices in S, but a locally joint model
for the set of matrices {X1, . . . ,Xn}.

Of course, the possible locally joint models may overlap, and depending on how
we extract them we may get different results, so we need some strategy for extracting
them systematically in order to get predictable results.

Two such strategies were presented in Paper IV. The first was called the “full
approach” and is basically a brute force approach that scans all submodels with n −
1,n − 2, . . . ,3,2 matrices in order, and for each “level” (the second level has n − 1
matrices, the third level has n−2, and so on) the combination of matrices that yields the
maximum value of the objective function, e.g. Equation 2.19 or Equation 2.56, on the
current level is deflated. The procedure continues until there are no more significant
components on the current level, after which the procedure continues on the next level.
The full approach is illustrated in Figure 2.8 (A).

The second strategy, called the “partial” approach, is motivated by the facts that
the full approach requires 2n − n − 2 submodels to be examined in total and there may
be several components in each submodel. Thus, the computational burden may simply
be too high to adopt the full approach. In contrast, the partial approach finds a one-
component nPLS or MAXDIFF model (or any other suitable multiblock model) and
removes the matrix corresponding to the least significant component. A new multi-
block model is then built with the matrix corresponding to the least significant com-
ponent removed. This procedure is repeated until there are no more non-significant
components in the multiblock model, i.e. until all components are significant. An
OnPLS model is then built using the retained matrices and one component is deflated
from the matrices. When this is done the process starts from the beginning by building
a one-component nPLS or MAXDIFF model again using all matrices. This procedure
is continued until all but one component is deemed non-significant. At this point there
is only unique variation and noise left in the matrices. This approach is computation-
ally less demanding than the full approach since it requires fewer models to be built.
The partial approach is illustrated in Figure 2.8 (B).

59



OnPLS - Chapter 2

When all locally joint variation has been found and extracted, both procedures
build a PCA model of the variation that is left. This is done in order to separate
the systematically unique variation from noise, and to obtain a unique model with
successively smaller components.

Note that in both approaches subsets can only be used if the resulting model is
connected according to the path structure of the model defined in C (or D if a bi-
modal model is built). This means that the next to least significant component may
need to be discarded if the least significant component would result in a disconnected
path model, and so on.

2.3.1 Applications

The method’s utility was demonstrated in Paper IV by its application to both a sim-
ulated data set and a real data set acquired from metabolomic, proteomic and tran-

Figure 2.8: An example of how the locally predictive variation is found in a case of n =
4 matrices. The full model (A, left) is understood top to bottom, such that all possible
local submodels with three matrices are built on the first row. The one with the largest
value of the objective function used (e.g. Equation 2.19 or Equation 2.56) is kept
(in this example the submodel with X1, X2 and X3), while the others are discarded.
This variation is deflated and all models are rebuilt. This is continued as long as the
maximum model is significant. Then the process continues with two matrices. The
first maximal model found (row four) was the one with X2 and X4. The partial model
(B, right) is read top to bottom and left to right. All matrices are included and the
one with the least significant model is discarded. The matrix discarded was X4 on the
first row. When a matrix has been discarded, a new model us build and evaluated, as
illustrated in rows four through six. This process is continued as long as there are at
least two matrices with significant components. The two procedures find basically the
same locally predictive variation, but the partial model does this while building fewer
models, as evident in the illustration.
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scriptomic profiling of three genotypes of hybrid aspen. The simulated data set was
identical to that used to illustrate the use of OnPLS in Example 3 in Paper I, apart
from the addition of a unique component to each matrix.

The globally joint, locally joint and unique models were compared to the true
models created in the example using three statistics: the correlations between score
vectors, R2 values and modified RV coefficients.

The data used in the real example arose from transcriptomic, proteomic and meta-
bolomic profiling of three hybrid aspen (Populus tremula × Populus tremuloides)
genotypes, presented by Bylesjö et al. (2009). The genotypes were wild-type (WT),
G5 (carrying several antisense constructs of the growth-related gene PttMYB21a) and
G3 (carrying one antisense construct of the gene). Tissue samples were collected from
stems of all genotypes at three internode positions (A—C), corresponding to an ap-
proximate growth gradient. These samples were analysed using: GC/TOFMS, which
identified 281 metabolites; UPLC-MS, which identified 3 132 peptide markers; and
cDNA microarrays resulting in 27 648 single spotted cDNA clones from the Populus
genus. See Bylesjö et al. (2009) for details.

An OnPLS model was built with a model of the global, local and unique variation
in each matrix, and the OnPLS results were compared to those of the method used in
Bylesjö et al. (2009).

2.3.2 Summary and conclusions

In factor analysis, Spearman considered three types of factors, or latent variables: the
general factors, common to all variables; the group factors, common to some but not
all of the variables; and specific factors, unique to a single variable (Thurstone, 1931).

The current formulation of OnPLS extends this way of considering different types
of latent variables as being related to different parts of the investigated system.

The results of the synthetic example revealed that the multilevel OnPLS method
can extract relevant variation in all models (global, local and unique) and that both the
proposed approaches (“full” and “partial”) give very good results. The real example
showed that the OnPLS method is able to extract biologically relevant information
from both global and local models of metabolite, protein and transcript data.
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CHAPTER 3

Summary and conclusions

This thesis describes the development of a new data analysis method called OnPLS,
which extends the OPLS framework to the analysis of multiblock and path models
with several data matrices, very general relationships between blocks, and arbitrary
connections between matrices in both rows and columns. The variation that is not re-
lated to the global variation of the connected matrices is subdivided into a multitude of
local models with the same properties as the global model. The variation not extracted
in a global or local model is unique to its particular matrix, and modelled separately.

The first approach, presented in Section 2.1 and Paper I, describes how the glob-
ally joint variation in a multiblock model can be separated from non-globally joint
variation. The first two synthetic examples in Paper I clearly illustrates the interpre-
tational problems that arise if methods such as OnPLS are not used to separate joint
and non-joint variation.

The first version of OnPLS, presented in Paper I, implicitly assumed that all matri-
ces were related. In Paper II this approach was extended, as described in Section 2.1,
to allow the matrices to have general connections, such that in this new formulation
each matrix could be connected to a subset of the other matrices. The formulation in
Paper I is thus a special case of the more general modelling approach, which essen-
tially placed the OnPLS method in the PLS path modelling framework. The synthetic
example in Paper II illustrated that the same kind of problems that arose in multiblock
cases in Paper I also arise in path model cases.

The OnPLS method was further extended in Paper III, as presented in Section 2.2,
to allow the examination of general connections in both the column space (as usual)
and row space, in what is called a bi-modal model. The synthetic examples here
illustrated that the globally joint model stabilises when adding a second mode, and
stabilises even further when non-globally joint variation is separated from the globally
joint variation.

Paper IV, again extends the OnPLS framework, as described in Section 2.3, for
decomposing connected matrices into three main parts (a global model, several local
models and a unique model) by applying OnPLS recursively to successively smaller
subsets of matrices to find the locally joint variation.

The OnPLS method was applied to several synthetic data sets and three data sets of
“real” measurements. For the synthetic data sets, where the results could be compared
to known, true parameters, the method yielded better results than nPLS/MAXDIFF,
i.e. the globally joint, locally joint and unique models more closely resembled the cor-
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responding true data. The results imply that the procedure improves both the precision
and accuracy of the models.

When applied to the real data sets, the OnPLS models revealed unique and lo-
cally joint variation captured in the globally joint components of the corresponding
nPLS/MAXDIFF models. They also had higher score intercorrelations and greater
interpretability since the local and unique components could be analysed separately.

Thus, OnPLS was shown to improve the quality of the models (e.g. in terms of
similarity between score vectors) and to facilitate better understanding of the data
since it separates and separately analyses different kinds of variation. Each kind of
variation is thus “cleaner” and less tainted by other kinds. OnPLS is therefore highly
recommended to anyone engaged in multiblock or path model data analysis.

3.1 Future perspectives

The OnPLS method described in this thesis is not regarded as a final version. Instead
it represents a first attempt to develop a procedure for analysing joint, local and unique
variation in multiblock and path model data sets.

The OnPLS method is highly modular, and any part may be replaced if better ap-
proaches are found, or analysts simply wish to test other methods. In fact, the overall
method will improve if any part of the method is improved, which is a very useful
property. This is particularly relevant for finding the globally joint weight matrices,
Ŵi. If new methods are developed that give better approximations of Ŵi then the lo-
cally joint and unique models will improve automatically. It is therefore imperative to
continue to develop, test and assess available methods, and to develop new methods.
As mentioned in Section 2.1.4.3, preliminary studies indicate that it may be possible
to improve Ŵi, and this is an important prospect that warrants thorough investigation.

The numbers of components found in the different models (global, local and
unique) determines the variation that will be “left” for the later models to find. This
may thus have an important impact on the quality of the models. The methods pre-
sented in Section 2.1.5.1 for determining the numbers of globally joint and non-
globally joint components have not been evaluated rigorously. It would therefore be
potentially rewarding to evaluate several methods for optimising these numbers. The
evaluated methods could include those suggested in Section 2.1.5.1 , but there are also
other possibilities of course.

While it is all well and good to evaluate the performance of OnPLS using synthetic
data sets, this is mainly a theoretical exercise. The true potential of OnPLS will not be
revealed until it has been thoroughly tested on multiple real world data sets. Several
such studies are underway, that the author is aware of, with promising preliminary
results. It will be very interesting to examine the studies performed in the future using
OnPLS, and to see the extensions and improvements that hopefully will come. OnPLS
has a promising future!
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