
(0,0,1)

(0,0,0)

(0,1,0)

(0,1,1)

(1,0,0)

(1,1,0)

(1,1,1)

(1,0,1)

L1

L2

L3

L4

What can Turán tell us about the 
hypercube?
Vad kan Turán berätta för oss om hyperkuben?

Emilott Lantz

Student
VT 2012
Examensarbete, 15 hp
Kandidatexamen i Matematik, 180 hp
Institutionen för matematik och matematisk statistik



What can Turán tell us about the hypercube?

Emilott Lantz
Bachelor degree essay in mathematics

Supervisor: Klas Markström

Examiner: Lars-Daniel Öhman
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Abstract

The Turán problem is a fundamental problem in extremal graph theory. It asks
what the maximum number of edges a given graph G can have, not containing
some forbidden graphH, and is solved using the Turán number ex(n,H), density
π(H) and graph Tr(n). Turán’s theorem tells us that the Turán graph Tr(n) is
the largest Kr+1-free simple graph on n vertices.

This paper is an overview of Turán problems for cliques Kn, hypercubes
Qn and Hamming graphs H(s, d). We end it by proving a new result we call
“the layer theorem”, solving the Hamming-Turán problem using a method of
creating layers of vertices in a graph. This theorem gives a lower bound for the
Hamming-relative Turán density as follows:

πs,d(Hs,d, F ) ≥ 1− f + g

||H(s, d)||
,

where

f =

(
s

2

)(
1− r − 2

r − 1

)
dsd−1 and g =

n/(t−1)∑
i=1

(d−i(t−1))(s−1)i(t−1)+1

(
d

i(t− 1)

)
for the forbidden graph F stretching over t layers and r = χ(F ).

Sammanfattning

Turán-problemet är det fundamentala problemet inom extremal grafteori. Det
ställer fr̊agan vad det maximala antalet kanter en given graf G kan ha utan att
inneh̊alla n̊agon förbjuden graf H, och löses med hjälp av Turán-talet ex(n,H),
-densiteten π(H) and -grafen Tr(n). Turán’s sats säger oss att Turán-grafen
Tr(n) är den största Kr+1-fria enkla grafen p̊a n hörn.

Denna uppsats är en överblick av Turán-problem i klickar Kn, hyperkuber
Qn och Hamming-grafer H(s, d). Vi avslutar den med att bevisa ett nytt resultat
som vi kallar “lagersatsen”, vilket löser Hamming-Turán-problemet med hjälp
av en metod som skapar lager av hörnen i en graf. Lagersatsen ger en undre
gräns för den Hamming-relativa Turán-densiteten enligt följande:

πs,d(Hs,d, F ) ≥ 1− f + g

||H(s, d)||
,

där

f =

(
s

2

)(
1− r − 2

r − 1

)
dsd−1 och g =

n/(t−1)∑
i=1

(d−i(t−1))(s−1)i(t−1)+1

(
d

i(t− 1)

)
för den förbjudna grafen F som sträcker sig över t lager samt r = χ(F ).
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1 Introduction and Background

Throughout this essay, I use standard notation which the reader can find in
Appendix A.

A person new to this mathematical field, just reading the title, will probably
first wonder who this Turán is and second what a hypercube is. Paul Turán is
the person who could be said to have started the field of extremal graph theory,
the main field of this essay, which I will come to in a bit.

The chance is higher that one might have heard about hypercubes, but never
really grasped it. Before I started studying this field, my idea of a hypercube was
sort of a science fiction idea having something to do with higher dimensions and
so on. And, okay, the dimension-thing was right, but it’s really not as science
fiction-ish as I thought it was. In fact, drawn on a paper it is just as normal as
a common square, see figure 1. By that I don’t mean that it isn’t interesting
any more, I actually mean that it’s more interesting than I first thought.

Figure 1: How a square via a cube becomes a hypercube.

1.1 Graph Theory

Graph theory is a relatively young field in mathematics, mostly explored during
the last 100 years. However, one would have to admit that one of the first papers
written in the field was in 1736 by Leonhard Euler [4]. Despite its age, graph
theory is useful in many scientific and technological areas such as computer
science, applied electronics, chemistry, biology, physics, etc. Famous problems
one might have heard of related to this field are the Königsberg Bridge problem,
the Traveling Salesman problem and the Four Color problem.

Graph theory is a subtopic to discrete mathematics; thus, we are studying
discrete mathematical structures. Some branches to graph theory are algorith-
mic graph theory, random graph theory and our focus in this essay: extremal
graph theory.

1.2 Extremal Graph Theory

This branch of graph theory was initiated by a big name in this essay: Paul
Turán himself.
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Broadly speaking, extremal graph theory involves the study of extremal
graphs and their extremal properties. “Extremal” is meant in the sense that
the graphs are either maximal or minimal in some way; it could be considering
the size, the order or any other interesting graph property. The property of
interest in this essay is called the Turán number.

1.3 The Turán Problem

The Turán problem is also called “the forbidden subgraph problem” and is,
according to Bollobás in [5, p. 103] “the quintessential extremal problem”. It
derives from the question: for a graph on n vertices, how many edges can it
have not containing a forbidden subgraph H? To solve this problem, we need
to define the Turán number.

Definition 1.1 (The Turán number). Let n be a given integer and let Gn be
the class of simple graphs on n vertices, i.e. G ∈ Gn =⇒ |V (G)| = n. Then,
the Turán number is ex(n,H) = maxG∈Gn{|E(G)| : |V (G)| = n,H * G}. That
is, ex(n,H) denotes the maximum number of edges for a given simple graph G
with n vertices and a forbidden subgraph H.

As one can see in the above definition, the size n of the vertex set V (G) is
used as the size (or order) property of the graph G. We will later in this essay
use a more common property, but for the moment we settle for this definition.

Since the Turán number can be hard to evaluate, we also need to define
the Turán density, which is the upper limit when we let n go to infinity of the
Turán number divided with the greatest possible number of edges for a simple
graph on n vertices.

Definition 1.2 (The Turán density). For a graph with n vertices and a for-
bidden subgraph H, the Turán density π(H) gives the edge density according
to:

π(H) = lim
n→∞

ex(n,H)(
n

2

) . (1)

We divide with this since
(
n
2

)
is the maximum number of edges for a graph with

n vertices, i.e. a complete graph Kn. From this definition of the Turán density,
the Turán number could also be expressed as

ex(n,H) = π(H)

(
n

2

)
+ f(n,H) (2)

for some function f of order o(n2) that will tend to zero when n approaches
infinity.

Now we are ready to give the theorem of decreasing ratios, saying that the
Turán density is a decreasing function, tending to a non-zero limit.

Theorem 1.3. For any n ∈ N,

ex(n+ 1, H)(
n+ 1

2

) ≤ ex(n,H)(
n

2

) . (3)
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Proof. We can write ex(n + 1, H) as the sum of the edges in the subsets S
of the vertices in some (n+ 1)-vertex extremal graph G (i.e. all of G’s induced
subgraphs), which we have to divide by some factor since some edges are counted
several times. So what we get is:

ex(n+ 1, H) =
1(

n− 1

n− 2

) ∑
S⊂V (G)

|E(G[S])| (4)

since we no longer pick vertices from a set of (n + 1) vertices, because two are
taken, so now we have to make the choice

(
n−1
n−2

)
. We continue:

1(
n− 1

n− 2

) ∑
S⊂V (G)

|E(G[S])| ≤ 1(
n− 1

n− 2

)∑
S

ex(n,H) =
1(

n− 1

n− 2

)(n+ 1

n

)
ex(n,H).

(5)
Symmetry gives that: (

n+ 1

n

)
(
n− 1

n− 2

) =

(
n+ 1

1

)
(
n− 1

1

) =
n+ 1

n− 1
, (6)

and we obtain:

ex(n+ 1, H) ≤ ex(n,H)
n+ 1

n− 1
. (7)

Now, divide both sides with
(
n+1

2

)
:

ex(n+ 1, H)(
n+ 1

2

) ≤ ex(n,H)(
n+ 1

2

) · n+ 1

n− 1
. (8)

To get where we want, we use this trick of symmetry:(
n+ 1

2

)
=

(
n

2

)
n+ 1

n− 1
(9)

and rewrite (8) as:

ex(n+ 1, H)(
n+ 1

2

) ≤ ex(n,H) ·
((

n

2

)
· n+ 1

n− 1

)−1

· n+ 1

n− 1
, (10)

which is equivalent to:

ex(n+ 1, H)(
n+ 1

2

) ≤ ex(n,H)(
n

2

) , (11)

and thereby we have completed the proof.

Corollary 1.4. • the limit in (1) is well defined and exists since it is a
positive, decreasing sequence;
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• π(H) ≤ ex(n,H)(
n

2

) for every fixed n.

Example 1.5. For an odd clique Kr+1, e.g. K3, it’s easy to give a lower limit
for the Turán number by constructing an r-partite graph. So, for our example
K3, we construct a complete, n-vertex, bipartite graph such that each of the
parts V1 and V2 contain n/2 vertices if n is even or, if n is odd, bn/2c and dn/2e
vertices respectively so that |V1 − V2| ≤ 1. Since this means that every vertex
in one part is a neighbor of every vertex in the other part, ||K2(n)|| = |V1| · |V2|,
so we limit the Turán number to ex(n,K3) ≥ |V1[K2(n)]| · |V2[K2(n)]|.

For e.g. n = 3, we get that ex(3,K3) ≥ 2 · 1 = 2. In fact, it precisely equals
2, which we can easily check by hand, see figure 2.

Figure 2: Illustration of ex(3,K3).

By corollary 1.4, we also get an upper limit for the Turán density:

π(K3) ≤ ex(3,K3)(
3

2

) = 2/3. (12)

We compare this to the case when n = 4, and investigate if the theorem of
decreasing ratios holds for our example. A graph on 4 vertices can at most
contain ||K4|| = 6 edges, see figure 3.

Figure 3: K4 has 6 edges.

In K4, we can find at most 4 K3’s (according to
(

4
3

)
= 4), and one idea is to

remove the crossing edges, see figure 4.

So, for n = 4 and ex(4,K3) = 4,

π(K3) ≤ ex(4,K3)(
4

2

) =
4

12/2
= 2/3. (13)
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Figure 4: Illustration of ex(4,K3).

According to our theorem, the following should hold:

ex(4,K3)(
4

2

) ≤ ex(3,K3)(
3

2

) , (14)

and here equality holds: (12) = (13), therefore the theorem of decreasing ratios
holds for our example.

So, now we know that we are able to limit the Turán density for at least K3,
without the theorems and proofs of the Turán density that will follow in this
essay, to π(K3) ≤ 2/3 ≈ 0.67.

The supersaturation lemma of Simonovits [20] tells us that if we add some
edge(s) with a factor ε

(
n
2

)
where 0 < ε < 1, we will immediately receive forbidden

graphs. In other words, if one would “step over” the threshold π(Kr)
(
n
r

)
that

Turán’s theorem provides, there would be a rapid increase of forbidden graphs.
For a step as small as (π(Kr) + ε)

(
n
2

)
we suddenly receive lots of forbidden

subgraphs! So π(Kr)
(
n
2

)
works as a steady threshold or cliff edge.

2 Classical Extremal Graph Theory

2.1 The Turán Theorem and the Turán Graph

In 1941, Paul Turán stated what we call the Turán theorem. The theorem gives
an upper limit for the number of edges in a simple graph G that does not contain
a clique Kr, for some integer r. To prove the theorem, Turán constructed a
graph called the Turán graph, a generalization of the complete partite graph.

Definition 2.1 (The Turán graph). For r, n ∈ N, the Turán graph Tr(n) is
a graph with r parts and n vertices. The parts differ in size by at most 1:
0 ≤ |Vi − Vj | ≤ 1,∀(1 ≤ i, j ≤ r). ||Tr(n)|| = tr(n) denotes the number of edges
in the Turán graph.

For an example of a Turán graph, se figure 5.
Looking back at the end of the last chapter, the supersaturation lemma

tells us that if you are just above the threshold, the graph will look like a
Turán graph you just erased some edge(s) from, which gives evidence for the
accuracy of Turán graphs.

We find that the Turán graph Tr(n) has the following properties: it has n
vertices, it is simple and it is Kr+1-free. It is the edge-largest possible graph
given a certain number of vertices and a certain (forbidden) subgraph H, namely
Kr+1.

6



We now give a lower bound for the number of edges in the Turán graph:

Lemma 2.2.

tr(n) ≥
(
r − 1

r

)(
n2

2

)
=

(
1− 1

r

)(
n2

2

)
(15)

That is, the number of edges tr(n) is bounded by the number of vertices n
and order r in this way, and, in fact, the bound is even more precise, according
to the following theorem.

Theorem 2.3 (Turán’s theorem).

ex(n,Kr+1) = tr(n). (16)

We also give an alternative formulation of Turán’s theorem:

Theorem 2.4 (Turán’s theorem, alternative formulation). Let G be an n-vertex
graph not containing an r + 1-clique. Then ||G|| ≤ tr(n), and if ||G|| = tr(n)
then G ∼= Tr(n).

So now we also know that the Turán graph is unique. Among the Kr+1-free
graphs, say there is some graph G. Then tr(n) ≥ ||G||. If there is equality, then
G must be exactly the Turán graph: G = Tr(n).

Proof. We have two claims about our graph G that we want to prove:

Claim 1. G is complete r-partite.

V (G) = {S1 ∪ S2 ∪ ... ∪ Sr}, i.e. there are r partitions of the vertices of
G. If two vertices vi and vj are part of the same partition vi, vj ∈ Sx they
are not neighbors, vi � vj . But if they are part of different partitions
vi ∈ Si, vj ∈ Sj for i 6= j they are neighbors vi ∼ vj , meaning that there
is an edge vivj between these two vertices so that {vivj} ∈ E(G).

Claim 2. The size of the partitions |Sr| differ by at most one.

0 ≤ |(|Si| − |Sj |)| ≤ 1 for any 1 ≤ i, j ≤ r and i 6= j. This also means that
the degrees of the vertices in V (G) differ with at most one.

We start with claim 1. Pick three vertices u, v, w ∈ V (G) such that uv ∈ E(G)
and u, v, w 6= K3. Assume for a contradiction that our first claim is false. We will
then create a new graph G′ such that |G| = |G′|, ||G|| < ||G′|| and G′ + Kr+1.
Split this first claim in two cases 1.1 and 1.2:

1.1 One of following inequalities holds: d(w) < d(u) or d(w) < d(v). Assume,
without loss of generality, that the first one holds: d(w) < d(u). Erase w
and clone u into u′, so that N(u) = N(u′). Our new graph G′ obviously
has the same number of vertices but more edges than G. A clique in G′

only contains one of the vertices u and u′, and since we assumed that our
original graph G did not contain a clique, neither does G′. (If there wasn’t
one from the beginning, there can’t be one now.)

We get yet another conclusion about the edges: ||G′|| = ||G|| − d(w) +
d(u′) > ||G|| since we, when erasing w, also erased its edges, and then
cloning u into u′ added more edges than we erased.

So, we conclude that case 1.1 leads to a contradiction since we assumed
that G was the graph with the most edges (i.e. maximal in edge aspect),
so we can not find three such vertices u, v, w.
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1.2 In this case, both of the following inequalities hold: d(w) ≥ d(u) and
d(w) ≥ d(v). Simply erase both u and v and clone w twice into w′ and
w′′, so that N(w) = N(w′) = N(w′′). We will once again draw the same
conclusions about the cliques and the edges. The calculation for the edges
will look like this: (d(w)−d(u))+(d(w)−d(v)) ≥ 2, since each parenthesis
is ≥ 1, and so ||G′|| = ||G|| − (d(u) + d(v)− 1) + 2d(w) ≥ ||G||+ 1, where
−1 is to avoid double counting the edge uv.

We conclude that neither of the cases 1.1 or 1.2 can occur because we reached
a contradiction and so claim 1 is true.

We now prove the second claim. The number of edges |E| in a complete k-
partite graph is maximized when the partition sizes differ with at most one. To
see this, note that if our graph G is a complete k-partite graph with partitions
V1, V2, . . . , Vk such that |Vi| > |Vj |+1 for i 6= j, then we can increase the number
of edges in G by erasing a vertex in the bigger part Vi and cloning a vertex in
the smaller part Vj , i.e. “moving” a vertex. What we are actually doing then is
algorithmically creating our wanted Turán graph Tr(n), which will satisfy the
second claim.

And by this, we have proven the theorem.

A constructive corollary to Turán’s theorem is a simple algorithm to create
a Turán graph. Such an algorithm would build on these two steps:

1 Erase a vertex with a low degree.

2 Clone a vertex with a high degree.

Repeat until optimization is reached.

Example 2.5. Start with a C5:

• V (C5) = {v1, v2, v3, v4, v5},

• E(C5) = {{v1, v2}, {v2, v3}, {v3, v4}, {v4, v5}, {v5, v1}}.

Let the forbidden graph be K3. C5 obviously doesn’t contain a K3, but what
is ex(5,K3)? See figure 5 and follow this example.

We “zoom in” on the vertices v1, v2, v4. They do not create a K3, and the
following holds: d(v4) ≥ d(v1) and d(v4) ≥ d(v2). So, we have case 1.2 from the
proof of theorem 2.4, and we erase the two vertices v1, v2 and clone v4 twice. Now
we have C ′5: V (C ′5) = {v3, v4, v5, v

′
4, v
′′
4}, E(C ′5) = {{v3, v4}, {v4, v5}, {v3, v

′
4}, {v′4, v5},

{v3, v
′′
4}, {v′′4 , v5}}.

Drawn on paper, one can easaliy see that by rearranging the vertices we
have created the Turán graph for 5 vertices T2(5) with this single run-through
of the algorithm. Check that the graph we have received is balanced by setting
S1 = {v4, v

′
4, v
′′
4} and S2 = {v3, v5} and calculating |S1 − S2| ≤ 1.

8



v1
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v3v4

v5
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v3v4
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Figure 5: Example of how to create T2(5) out of C5.

2.2 The Erdős-Stone Theorem

What about the Turán problem for any graph? That’s where this theorem from
1946 comes in handy. In [5, p. 120], Bollobás states that “the Erdős-Stone
theorem is rightly called the fundamental theorem of extremal graph theory”.
The theorem states that if you would just step over the Turán number with
a small step as ε > 0, the graph G would immediately contain the forbidden
subgraph. Erdős and Stone made a very nice and simple connection between the
Turán density π(H) and the chromatic number of the forbidden subgraph H,
χ(H); saying that the Turán density of a graph only depends on the chromatic
number of the forbidden subgraph.

Theorem 2.6 (The Erdős-Stone Theorem). π(H) =
χ(H)− 2

χ(H)− 1

This is what we call the Erdős-Stone Theorem in this essay, though in [5] the
reader will find it as a corollary to what we here call ”the strong version” below
in theorem 2.9, and to prove this strong version, we will start with presenting a
weak version.

Theorem 2.7 (The Erdős-Stone Theorem, weak version). Let r ≥ 1 be an
integer and let ε > 0. Then there is an integer n0 = n0(r, ε) such that if
|G| = n ≥ n0 and δ ≥ (1− 1

r + ε)n, then G ⊃ Kr+1(t) where t ≥ ε logn
2r−1(r−1)! .

Proof. The method we use is induction on our variable r. For r = 1, we will
have the Zarankiewicz problem [5, p. 112], and hence we have our induction
base. For the induction step, we let r ≥ 2 and G be a graph with n vertices and
δ(G) ≥ (1− 1

r + ε)n. Note that 0 < ε < 1/r.
By the induction hypothesis we have that δ(G) > (1− 1

r + 1
r(r−1) )n, thus G

might contain a Kr(T ) = K with |T | = ddr log ne in one class, where dr = 22−r

r! .
Let U be the set of vertices in V (G)− V (K), connected to at least (1− 1

r +
ε
2 )|K| vertices of |K|. Now we claim that |U | ≥ εn. To justify that, we note
that the number e of edges between K and U satisfies

|K|
{(

1− 1

r
+ ε

)
n− |K|

}
≤ e ≤ |U | · |K|+ (n− |U |)

(
1− 1

r
+
ε

2

)
|K| (17)

or in another way

rεn

n
≤ |U |

(
1− rε

2

)
+ r|K|. (18)
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What this implies, is that |U | ≥ rεn/2 ≥ εn if our n is large enough, and so
our claim is justified.

Now, set t = dlog n/2r−1(r − 1)!e, then t ≤ d(rε/2)T e, so we get

d(1− 1

r
+
ε

2
)|K|e = d(r − 1)T + (εr/2)T e ≥ (r − 1)T + t. (19)

We call a subgraph H of G covered by a vertex vx if vx ∼ v : ∀v ∈ V (H), so
the inequality shows that every v ∈ V (U) covers at least one Kr(t) subgraph of

K. In K there are only
(
T
t

)r
such subgraphs, and so ∃W ⊂ U : |W | ≥ |U |/

(
T
t

)t
,

such that every vertex of W covers the same Kr(t) subgraph of K.
Now, all we have to do to complete the proof is to check that |W | ≥ t, and

t/eT > ε/3. By Stirling’s formula t ≥ (t/e)t, we have

|W | ≥ εn
(
t

eT

)tr
≥ εn(ε/3)tr > εn(ε/3)r ex p{log(ε/3)rε log n/2r−1(r − 1)!}

Since r ≤ 2r−1(r − 1)! and log(ε/3)ε ≥ log(1/6)/2 > −1, we have that
|W | > t, and thereby we are done.

Now, to strengthen the theorem, we need the following lemma:

Lemma 2.8. Let c, ε > 0. If n is sufficiently large, say n > 3/ε, then every
graph of order n and size at least (c+ ε)

(
n
2

)
contains a subgraph H with δ(H) ≥

c|H| and |H| ≥ ε1/2n.

Proof. Let G be a graph of order n > 3/ε and size ||G|| ≥ (c+ ε)
(
n
2

)
. Note that

in this case 0 < ε < ε + c ≤ 1. If the claim fails then there is a sequence of
graphs Gn = G ⊃ Gn−1 ⊃ · · · ⊃ G`, ` = bε1/2nc, such that |Gj | = j and for
n ≥ j > ` the only vertex of Gj not in Gj−1 has degree less than cj in Gj . Then

||G`|| > (c+ ε)

(
n

2

)
−

n∑
j=`+1

cj = (c+ ε)

(
n

2

)
− c

((
n+ 1

2

)
−
(
`+ 1

2

))
> ε

(
n

2

)
+ c

(
`+ 1

2

)
− cn > ε

(
n

2

)
>

(
`

2

)
,

since 0 < ε < 1 and n ≥ 3/n. This contradiction completes the proof.

Here is the strong version of the Erdős-Stone theorem:

Theorem 2.9 (The Erdős-Stone Theorem, strong version). Let r ≥ 1 be an
integer and let ε > 0. Then there is an integer n0 = n0(r, ε) such that if
|G| = n ≥ n0 and ||G|| ≥ (1 − 1

r + ε)
(
n
2

)
, then G ⊃ Kr+1(t) for some t ≥

ε log n/(2r+1(r − 1)!).

Proof. If n > 3/ε then, by lemma 2.8, G has a subgraph H with |H| = h ≥ ε1/2n
and δ(H) ≥ (1− 1

r + ε/2)h. Hence, if n is sufficiently large, then H contains a
Kr+1(t) with t ≥ ε

2 log h/(2r−1(r− 1)!) ≥ ε log n/(2r+1(r− 1)!), as claimed.

The Erdős-Stone theorem, theorem 2.6, follows as a corollary via the con-
nection between complete graphs and the chromatic number. For details, see
[5].
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3 Turán Problems in Hypercubes

In this chapter we are going to look at another type of Turán problem in some-
thing called hypercubes, so let’s start with defining what a hypercube is and
look at its properties.

Figure 6: Q0, Q1, Q2, Q3, Q4.

3.1 The Hypercube

Definition 3.1 (The hypercube). The n-dimensional hypercube, or the n-cube
(the generalized names for a higher-dimensional cube1 graph), is denoted Qn
where n denotes the dimension. The vertex set V (Qn) contains all 0-1 strings
of length n, and the edge set consists of all edges adjoining vertices that differ
in only one position/number in their 0-1 string.

(0,0,1)
(0,0,0)

(0,1,0)
(0,1,1)

(1,0,0)

(1,1,0) (1,1,1)

(1,0,1)

Figure 7: Example of a Qn where n = 3, i.e. a “normal” cube.

Lemma 3.2 (Properties of the hypercube). Some properties of the hypercube
are the following:

1. The number of vertices is |Qn| = 2n.

2. The n-cube is n-regular.

1Not to be confused with cubic graphs. Cubic graphs are 3-regular graphs e.g. “naturally
occurring patterns” in soap bubble liquid etc., so Q3 is the only graph which is both cubic
and a cube graph.

11



3. The number of edges is ||Qn|| = n2n−1.

Proof. The reader will have no difficulty in showing that:

1. n positions in each string can take on 2 different values: 0 or 1,

2. the strings in the vertex set have n positions that can take on the values 0
or 1, so for adjoining another vertex, the string has to differ in one value
in n possible ways: 1 · n = n,

3. by the handshaking lemma and due to its n-regularity, it contains (n2n)/2 =
n2n−1 edges.

The hypercube is used in information technology, and occurs in code theory,
especially something called Gray code. For further reading, see [18].

An important comment here, compared to what we have seen earlier in
this essay, is that we now use the same notation n for the size or order of the
graph, only now this refers to the dimension instead of the size of the vertex set
(although, as seen in the lemma above, the size of the vertex set is still easily
calculated from the dimension).

3.2 The Hypercube Problem

We start with defining a “relative” Turán number and density. We can refer
to other size properties in graphs than, as earlier, the number of vertices n; so
instead of writing n in the function, we write the graph itself.

Definition 3.3 (The relative Turán number). The relative Turán number ex(G,H)
denotes the maximum number of edges a subgraph of G not containing a for-
bidden subgraph H can have.

Definition 3.4 (The relative Turán density). Let G be a sequence of graphs:
G = {G1, G2, G3, . . .}. The relative Turán density is the function

π(G, H) = lim
n→∞

ex(Gn, H)

|E(Gn)|
. (20)

Erdős suggests that we can consider the Turán problem for the hypercube
family as well, asking “How many edges can a subgraph of Qn have that contains
no 4-cycles?” [8, p. 273]. It is interesting because the cube graphs are very
structured even though they contain very few edges. For our problem this
means that compared to a random graph of the same vertex-size, hypercubes
are crawling with even cycles. Erdős conjectured that the asymptotically correct
proportion for no C4’s to exist in a subgraphG ofQn ought to be half the number
of edges in G.

Now we give the cube-relative Turán number and density:

Definition 3.5 (The cube-relative Turán number). The cube-relative Turán num-
ber ex(Qd, H) denotes the maximum number of edges a subgraph of a d-dimensional
hypercube Qd not containing a forbidden subgraph H can have.

12



Definition 3.6 (The cube-relative Turán density). We define Q as the sequence
of hypercubes: Q = {Q0, Q1, Q2, . . .}. From the lemma about the properties of
the hypercube we have that ||Qn|| = n2n−1, so the cube-relative Turán density
π(Q, H) can be expressed as:

π(Q, H) = lim
d→∞

ex(Qd, H)

d2d−1
. (21)

Hereby we express Erdős’ conjecture as follows:

Conjecture 3.7 (Erdős’ conjecture).

π(Q, C4) = 1/2. (22)

We also give a new variant of the theorem of decreasing ratios in 1.3:

Theorem 3.8. For any H and d ∈ N,

ex(Qd, H)(
d

d− 1

) ≤ ex(Qd−1, H)(
d− 1

d− 2

) . (23)

Proof. Now, instead of counting subgraphs of cliques not containing smaller
cliques as we did in chapters 1 and 2, we want to look at subgraphs to Qd that
don’t contain some forbidden graph H. So, when we evaluate our sum in (4):

ex(n+ 1, H) =
1(

n+ 1

n− 1

) ∑
S⊂V (G)

|E(G[S])|,

we choose our sets S carefully so that every S gives raise to an H in Qd. These
sets are all symmetrical, which means that every edge will appear exactly the
same number of times in our calculations, so what we need to divide the sum
with is precisely 2

(
d−1
d−2

)
(two times for the two coordinate symbols 0 and 1)

because that’s how many Qd−1 every edge lies in:

ex(Qd, H) =
1

2

(
d− 1

d− 2

) ∑
S⊂V (Qd)

|E(Qd[S])|, (24)

for sets S such that S is an H in Qd. Then, since the largest possible number of
edges is less than or equal to the Turán number for a cube of one smaller size,
we can rewrite our sum and express it in terms of a smaller cube, an inequality
for the same S:2

ex(Qd, H) =
1

2

(
d− 1

d− 2

) ∑
S⊂V (Qd)

|E(Qd[S])| ≤ 1

2

(
d− 1

d− 2

) ∑
S⊂V (Qd)

ex(Qd−1, H).

(25)
There are 2d many subcubes of order d− 1 in Qd, so:

2Note how the index of Q changes.
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ex(Qd, H) ≤ 1

2

(
d− 1

d− 2

) · 2d · ex(Qd−1, H), (26)

which can be rewritten as

ex(Qd, H)

d
≤ ex(Qd−1, H)(

d− 1

d− 2

) , (27)

where d =
(
d
d−1

)
, so the theorem of decreasing ratios holds here too.

Turán problems in hypercubes are about finding cycles in a subgraph of a
hypercube; generally even cycles, i.e. bipartite subgraphs. We are going to look
at a generalization of these problems in the next chapter.

Chung [8] made the first great steps towards an upper bound in Erdős’
conjecture, who himself had proven the lower bound to be 1/2 in [11]. He had
also given an upper bound, but it’s too big to be relevant here. Chung proved
the upper bound for the edge density to be less than 0.623. . . and after her,
Thomason and Wagner [21] took her “handmade proof” and refined it with the
help of a computer to 0.62256. . . Then, with the help of something called flag
algebra (we come to that in a bit), Baber [2] improved it further to 0.60680.3

Erdős also considered higher order even cycles C2k for k ≥ 3. He expected
that the cube-relative Turán densities for these cycles tended to zero, and he
thought this would be the case for every even cycle except for C4. Chung [8] has
proven that for C6 the proportion is positive, but for cycles higher than C12 it
is definitely zero. Baber improved the upper bound for C6 to 0.37550. Conlon
[9] showed that π(Q, C8) = 0. The correct value of π(Q, C10) remains an open
problem:

Open problem 3.9. π(Q, C10) = 0?

In [13], Füredi and Özkahya show that for k ≥ 3, the size of a C4k+2-free
(i.e. C14 and higher) subgraph of Qn is o(||Qn||) — an extension of their previous
result in [14] saying that π(Q, C14) tends to zero.

Theorem 3.10 (Füredi and Özkahya). For k ≥ 3,

π(Q, C4k+2) =

{
O(n−

1
2k+1 ), k ∈ {3, 5, 7},

O(n−
1
16 + 1

16(k−1) ), otherwise.

What these results mean is practically that π(Q, C4k+2) = 0 for k ≥ 3 when
n approaches infinity.

A more general problem is finding hypercubes in subgraphs of higher-order
hypercubes, i.e. Qk in G ⊂ Qn for some integers 0 < k < n. The specific
problem treated in this chapter is to keep k fixed so that k = 2 (keep in mind
that Q2 = C4 = K2,2). So, how can we find Q2-subgraphs in a subgraph G of
Qn for some n > 2? The cases n = 1 or 2 are not interesting since they are

3According to personal sources, Baber has now improved it further to 0.6046, though it’s
not published yet, hence I will only mention this in a footnote.
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trivial: in Q1 there can obviously not be any higher dimensional cubes, and
non-trivial subgraphs to Q2 can obviously not contain the whole Q2 itself.

So, generally we look for Q2 in G ⊂ Qn and expect the Turán density to be
1/2 according to Erdős. What we want to prove then is that 0 < π(Q, Q2) < 1,
or even better. The first half, that the lower bound ought to be strictly greater
than zero, involves something called layers.

Definition 3.11 (A layer in a hypercube). A layer in a d-cube is denoted

as LQd

i and contains vertices with permutations of the same symbols in their
coordinate-string.

So the vertices in a layer won’t be neighbors. For example, in Q3, we would
have one layer with {111}, another with {110, 101, 011} and so on; see figure 8
and compare to figure 7. What this tells us generally is that a Qd in a graph
G ⊂ Qn would have to “cross” d layers in G, so by removing certain (carefully
picked) layers, one could prevent a sub-cube to exist in G.

(0,0,1)

(0,0,0)

(0,1,0)

(0,1,1)

(1,0,0)

(1,1,0)

(1,1,1)

(1,0,1)

L1

L2

L3

L4

Figure 8: A layered Q3.

For the upper bound, that π(Q, Qd) < 1, view Qn as built up by cubes with
lower dimension: Qn ⊃ Qn−1 ⊃ · · · ⊃ Qd+1. The last one will certainly contain
a Qd. So we will have to remove at least one edge. If we apply a modified
version of (1), we will receive a Turán number which is lower than one due to
a decreasing property, in full accordance with the theorem of decreasing ratios.
We will return to this in chapter 4.

3.3 Chung’s Theorem

Chung worked with the G ⊂ Qn-problem. She looked at hypercubes for n > 3
as being built up by Q3’s, since calculations on Q3 are possible to do by hand,
and used the fact that ex(Q3, C4) is known. We are going to sketch the proof of
her main theorem in [8], by looking at her lemmas. The whole proofs are found
in [8].

Assume that G is a subgraph of Qn, and that G does not contain a C4. How
many edges can G have at most? Fifteen lemmas will take us to Chung’s final
theorem, where an upper bound for π(Q, C4) is proved to be π(Q, C4) ≤ α ≤
0.623 . . . for a constant α she denotes as the fraction of number of edges G has,
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according to Qn since |Qn| = n2n−1, so G has n2n−1α edges. Let ξn denote the
fraction of the total number of C4’s with G∩C4 isomorphic to subgraphs of Q3.

Lemma 3.12. 2ξ3 + ξ2 =
8

n(n− 1)2n
∑
v

(
dv
2

)
.

Lemma 3.13. Let d̄v = n− dv, then ξ2 + 2ξ1 + 4ξ0 =
8

n(n− 1)2n
∑
v

(
d̄v
2

)
.

Lemma 3.14. ξ0 − ξ′2 =
4

n(n− 1)2n
∑
v

((
dv
2

)
+

(
d̄v
2

))
− 1. This implies

that ξ0 − ξ′2 ≥ (2α− 1)2 +O(1/n).

Lemma 3.15. Any Q3 ⊂ Qn can contain at most 2 vertices with degree 3 in
G ∩Q3.

We denote ai as a fraction such that a number of ai
(
n
3

)
2n−3 Q3-subcubes of

Qn contain i vertices of degree 3 in G∩Q3 where i = 0, 1 and 2. By definition,
a2 + a1 + a0 = 1; and the ai’s satisfy the following lemma:

Lemma 3.16. 2a2 + a1 =
48

n(n− 1)(n− 2)2n
∑
v

(
dv
3

)
.

Now we have enough of information to draw a simple, though weak, conclu-
sion about the upper bound on α:

Lemma 3.17. Suppose a subgraph G of Qn contains no 4-cycles and has
αn2n−1 edges. Then α satisfies (n−1)(n−2) ≥ 4α3n2−12α2n+8α. This then
implies that α ≤ (1 + o(1))( 1

4 )1/3 ≈ 0.630.

So, we have a first upper bound, though to improve it and state Chung’s
theorem, more work and lemmas are needed.

For each vertex v, we consider M(v) and Gv such that M(v) = {u : u is
adjacent to v in Qn but not in G}. For each pair u,w in M(v), we say that
{u,w} is blue if the unique 4-cycle containing the vertices u, v, w contains 2
edges of G other than {u, v} and {v, w}.

Consider triples {t, u, w} in M(v) for each v. A triple {t, u, w} is said to be
of type (v, i) if exactly i of the three pairs {t, u}, {t, w} and {u,w} are blue.

In a 3-subcube Q3 in Qn, we call a vertex v allowed if there are 3 vertices
t, u, w in Q3 and {t, u, w} is of type (v, 3) or (v, 0).

Here, Chung makes use of a result of Goodman [15] which states the follow-
ing:

Lemma 3.18. Let X be a graph on t vertices with p
(
t
2

)
edges. Then, the number

of monochromatic triangles (i.e., triples with all pairs being edges or all being
non-edges) is at least (1− 3p+ 3p2)

(
t
3

)
.

If the considered graph doesn’t contain a C4, it must fulfill some conditions
such as a certain number of vertices of some degree and so on. Lemma 3.15 and
the following three lemmas are examples of this.

Lemma 3.19. In a 3-subcube Q3 of Qn, if G∩Q3 contains 2 vertices of degree
3; then it contains no allowed vertices in G ∩Q3.
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Lemma 3.20. If G ∩Q3 contains one vertex with degree 3, then it contains at
most one allowed vertex.

Lemma 3.21. If G ∩ Q3 contains no vertex with degree 3, then it contains at
most eight allowed vertices.

So, summing up lemmas 3.18-3.21, we have:

Lemma 3.22. (a1 + 2a0)
(
n
3

)
2n−3 ≥ (1/16)

∑
v

(
d̄v
3

)
.

We can now make a small improvement of lemma 3.17:

Lemma 3.23. Suppose a subgraph G of Qn contains no 4-cycles and has
αn2n−1 edges. Then α satisfies (5α3+α2−α−1)n2+(5−2α−9α2)n+10α−2 ≤ 1.
This then implies that α ≤ 0.628.

To improve lemma on 3.23, we need to define some weighting functions to help
keeping track of various counts in subgraphs of G:

Definition 3.24. For every vertex v, a 3-subcube Q3 and G ⊂ Qn, we define a
weighting function f(v,Q3) as follows:

f(v,Q3) =


1 if d(v) = 3 in G ∩Q3,
1
4 if v is allowed,

0 otherwise.

We also define a weighting function on a pair of vertices:

Definition 3.25. We denote a weighting function on a pair of vertices u, v ∈
Q3 ⊂ Q4 by g(u, v,Q3). Let g(u, v,Q3) = 0 if {u, v} ∈ E(G). Now, suppose
{u, v} /∈ E(G); then we say g(u, v,Q3) = 1

4 if each Q2 containing u, v in Q3 has
exactly two edges of G where one of the edges contain u and both edges share
a vertex, and 0 otherwise.

These two weighting functions have the following properties:

Lemma 3.26. For a subcube Q3 in Qn we define f(Q3) =
∑
v f(v,Q3) and

g(Q3) =
∑
{u,v} g({u, v}, Q3). Then, for every Q3 in Qn, we have that f(Q3) +

g(Q3) ≤ 2.

Lemma 3.27.
∑
Q3
f(Q3) ≥ 1

4

∑
v d̄v

(
d̄v
2

)
(1 − 3ρv + 3ρ2

v) +
∑
v

(
dv
3

)
where Q3

ranges over all 3-subcubes of Qn and there are ρv
(
d̄v
2

)
blue pairs in M(v) for all

v in Qn.

Lemma 3.28.
∑
Q3
g(Q3) ≥ 1

4

∑
v d̄v

(
ρv d̄v

2

)
.

Now, we are finally ready to give Chung’s theorem:

Theorem 3.29 (Chung’s theorem). A subgraph G of Qn containing no C4 can
have at most (α+o(1))n2n−1 edges where α ≈ 0.623 satisfies 9α3+5α2−5α−1 =
0, i.e. π(Q, C4) ≤ 0.623.
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Proof (sketch). We sketch the proof by combining all of Chung’s fifteen lemmas
above. Starting with lemmas 3.26-3.28, we get that:

2 ·
(
n

3

)
2n−3 ≥

∑
v

(
dv
3

)
+

1

4

∑
v

((
d̄v
3

)
(1− 3ρv + 3ρ2

v) + d̄v

(
ρvd̄v

2

))
.

Now, note that:

(
d̄v
3

)
(1−3ρv+3ρ2

v)+d̄v

(
ρvd̄v

2

)
≥
(
d̄v
3

)
(1−3ρv+6ρ2

v)−ρvd̄2
v/6 ≥

5

8

(
d̄v
3

)
−ρv

(
d̄v
2

)
/3

since the function 1 − 3ξ + 6ξ2 has its minimum 5/8 at ξ = 1/4, and also∑
ρv
(
d̄v
2

)
= ξ2

(
n
2

)
2n−2. From the Cauchy-Schwarz inequality we have the fol-

lowing:

α

(
n

3

)
2n−3 ≥ 2n

(
αn

3

)
+

5

32

(
(1− α)n

3

)
−
(
n

2

)
2n−2/12,

and therefore α satisfies

1

4
≥ α3 +

5

32
(1− α)3 + o(1)

which completes the proof.

In other words, Chung’s method is about how to view the hypercube-problem.
She finds out lots of facts about the 3-cube and generalizes these facts for the n-
cube through the connection Q3 ⊂ · · · ⊂ Qn. What this means is that, through
her lemmas, she is simply piecing together Q3’s on the Qn, and considering
some properties. The core of Chung’s argument is that for integers n,m where
n < m, you can always see Qm as multiples of Qn built together, and therefore
apply the same conclusions on Qm as for Qn (or maybe just a bit modified).

3.4 Thomason and Wagner’s Version of Chung’s Theorem

Thomason and Wagner took Chung’s proof and refined it with the help of a
computer. They improved the bound of π(Q, C4) from 0.623. . . to 0.62256. . . .
Their method involves investigating l-stars in Qn, that is, l edges with one
shared vertex. An l-star could also be viewed as a K1,l. One could compare
these stars with what Chung mentions/uses in lemma 3.19, and it’s somewhere
around this lemma Thomason and Wagner take off.

We have actually already used this method in the section about Chung’s
result, since C4 = Q2. Where Chung considers C4 = Q2 ⊂ Q3 in Qn, Thomason
and Wagner consider Q5 in Qn instead. Q3 is simple enough to check by hand
whereas Q5 requires the help of a computer. They check for C4-free subgraphs
in Q3 and Q4, and then sort of “level up” and apply it in the search of C4’s
in subgraphs of Q5. As we have been hinting at before (in the end of the last
subsection), one could actually view Q5 as two Q4’s put together with edges
joining all corresponding (or “same”) vertices (in the same way you “build”
hypercubes, see figures 1 and 6 for reference). Comparing to something familiar,
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Figure 9: The two “Q3-halves” of Q4, colored red and blue, adjoined with green
edges.

e.g. the human brain, it could be said that Q5 has a right and a left half (two
Q4’s), compare to figure 9.

At large, it is so much to keep an eye on there, so that’s why you need the
computer for help.4

3.5 The Flag Algebra Method

The flag algebra method is a rather new method, expected to be possible to
use on hypercubes generally. Not much is done here yet. An advantage of this
method is that it takes into consideration how subgraphs (e.g. “small cubes”)
overlap each other (in the “big cube”) — sort of an extension of Bondy’s results
in [6]. This makes it more effective, and thereby gives a more accurate number
of the Turán density. Considering other graphs than cliques though, e.g. G ⊂
Km,n, it immediately gets harder to estimate the Turán number, and to work
with this method, a computer is required.

With the flag algebra method, Baber [2] managed to improve on Chung’s
results even further so that α = 0.60680. According to5 recent, yet unpublished,
results he has recently improved it even further to 0.6046. Baber viewed Erdős’s
problem as a color problem and asked what the maximum number of blue edges
an edge-colored Qn can have, if it does not contain a blue Q2 [2, p. 3]. He
defined this edge density as

de(Qn) =
|{v1v2 ∈ E(Qn) : κ(v1v2) = blue}|

|E(Qn)|
, (28)

i.e. the number of blue edges in Qn divided by the total number of edges in Qn.

4 Turán Problems in Hamming Graphs

Now we are going to look at a generalization of the Turán problem, in something
called Hamming graphs, which is what we will start looking at. Note that we
now call our forbidden graph F instead of H.

4Referring to the introduction and my own first thoughts about these problems, we can now
conclude that there isn’t any magic mystery when the dimension rises, it is just comfortably
straight forward in the same way. Just a bit more of it. . .

5Information from my supervisor who recently spoke with a colleague of Baber.
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4.1 The Hamming Graph

A Hamming graph is very symmetrical, and is useful in code theory e.g. when
treating errors. First, we need to define it:

Definition 4.1 (The Hamming graph). Let H(s, d) be the graph whose vertex
set is the strings of length d with s possible values. Now you can express it as
H(s, d) = {0, 1, ...., s − 1}d, and vertices are neighbors if they differ in one of
their coordinates.

It can be viewed as the graph cartesian product of d copies of the clique Ks.
Now we can give some properties for a Hamming graph in the following lemma:

Lemma 4.2 (Properties of the Hamming graph). Let H(s, d) be a Hamming
graph. Then the following holds:

1. the number of vertices is |H(s, d)| = sd,

2. the Hamming graphs are (d(s− 1))–regular,

3. the number of edges is ||H(s, d)|| = (dsd(s− 1))/2.

Proof. We easily see that these properties hold since:

1. d positions can take on s different values;

2. every vertex v contains d positions in its string, which can all take on s
different values. So for a neighboring vertex u, it would have to differ in
only one position not being the same value as this position in v, i.e. it can
take on one of (s− 1) values. This is repeated for all d positions;

3. by the handshaking lemma and due to its regularity, the Hamming graph

contains
dsd(s− 1)

2
edges.

Good examples of Hamming graphs are some of the graphs we’ve already
been looking at: the cube graphs and the complete graphs are actually both sub-
families to the Hamming graphs. Cube graphs can be seen as keeping s fixed
to 2 for the binary representation of the vertices: Qd = H(2, d); and complete
graphs can be seen as keeping d fixed to one: Kn = H(n, 1), since every vertex
holds only one position which is also the one that differs, and consequently,
every vertex will be a neighbor of every other vertex.

We will also define the Hamming distance, which is an actual metric measure:

Definition 4.3 (Hamming distance). The Hamming distance dH(u, v) between
two vertices u and v equals

∑
|vi − ui| if v and u are 0,1-vectors. dH is how

many positions the two vectors differs in.

In cube graphs, the Hamming distance is constantly 1; i.e. every n-cube is
also a Hamming graph. We can easily verify this by taking any two neighbor-
ing vertices and check their distance between each other. We already have it
intuitively by the 0-1-vector definition.
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4.2 The Hamming-Turán Problem

The Hamming-Turán problem is a generalization of the Turán problem, so we
start with writing down the Hamming-relative Turán number and densities.

Definition 4.4 (The Hamming-relative Turán number). The Hamming-relative
Turán number ex(H(s, d), F ) denotes the number of edges a subgraph to H(s, d)
not containing a forbidden subgraph F can have.

Definition 4.5 (The Hamming-relative Turán density for keeping s fixed). Let
Hs,d be a sequence of Hamming graphs. From the lemma about the properties of
the Hamming graphs we have that ||H(s, d)|| = (dsd(s−1))/2, so, the Hamming-
relative Turán density for keeping s fixed is denoted as πs(Hs,d, F ) and expressed
as:

πs(Hs,d, F ) = lim
d→∞

2
ex(H(s, d), F )

dsd(s− 1)
. (29)

Definition 4.6 (The Hamming-relative Turán density for keeping d fixed). In
the same way as in definition 4.5 above, the Hamming-relative Turán density
for keeping d fixed is denoted as πd(Hs,d, F ) and expressed as:

πd(Hs,d, F ) = lim
s→∞

2
ex(H(s, d), F )

dsd(s− 1)
. (30)

Compared to what we have already been looking at, the Hamming-Turán
problem is like the Turán problem in hypercubes, but instead of one variable we
now have two variables s and d. In the same way that we considered the decreas-
ing quotients in the previous chapters, we get something similar for Hamming-
graphs; since a graph H(s, d) of this kind, too, could be viewed as being built
up by smaller such graphs.

Now we might have realized that there are actually two types of Hamming-
Turán problems, since we could choose to keep either s or d fixed in H(s, d)
and let the other variable tend to infinity. These problems have not been that
much explored, but it is expected that keeping d fixed will raise problems of the
same kind as the Turán problems we started this essay with considering cliques,
and that keeping s fixed will behave as Turán problems for the hypercube. It
should be possible to apply Chung’s method on these problems to achieve some
constructive results. We will not do this here, just leave this as a comment and
an open problem. We will now look more closely at the two kinds of Hamming-
Turán problems.

4.2.1 Fixed s

Our problem about finding C4’s in a subgraph of Qn could be adapted here
according to the fact that C4 = H(2, 2): for n > 2, how many edges can be kept
in H(2, n) without creating an H(2, 2)?

Generally, our hypercube-problem could be viewed as finding H(2, d)-graphs
in subgraphs of H(2, n) for some d < n, i.e. finding d-cubes in Qn-subgraphs.
The layer-method mentioned earlier in chapter 3 works pretty well for the
H(2, d)-problem, that is, keeping s fixed to 2.

Theorem 1.3 of decreasing ratios looks like this for keeping s fixed:
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Theorem 4.7. For any s, d ∈ N,

ex(H(s, d), F )

||H(s, d)||
≤ ex(H(s, d− 1), F )

||H(s, d− 1)||
. (31)

Proof. Choose the sets S such that

ex(H(s, d), F ) ≤ 1(
d−1
d−2

) ·∑
S⊂V

ex(H(s, d− 1), F ) (32)

(compare to the hypercube-problem), and the rest is algebra:

1(
d−1
d−2

) ·∑
S⊂V

ex(H(s, d− 1), F ) =
1(
d−1
d−2

) · sd · ex(H(s, d− 1), F ). (33)

(32) and (33) together yield

ex(H(s, d), F ) ≤ ex(H(s, d− 1), F ) · sd

(d− 1)
. (34)

From the Hamming graph-properties we have that

||H(s, d− 1)|| = (d− 1)(s− 1)sd/2s, (35)

which, multiplied with d, gives that

sd

(d− 1)
=

(s− 1)dsd

2||H(s, d− 1)||
. (36)

This results in a new expression for (34):

ex(H(s, d), F )

(s− 1)dsd/2
≤ ex(H(s, d− 1), F )

||H(s, d− 1)||
, (37)

where, again from the properties of Hamming-graphs,

(s− 1)dsd

2
= ||H(s, d)||. (38)

This in turn yields

ex(H(s, d), F )

||H(s, d)||
≤ ex(H(s, d− 1), F )

||H(s, d− 1)||
(39)

which completes the proof.

4.2.2 Fixed d

For H(s, 2), every vertex will have two coordinates and s values for these co-
ordinates and can be expressed as v = (d1(s), d2(s)). For every vertex v, there
will be cliques as neighbors for each coordinate d1(s) and d2(s). Visually, it
could be said to look like a two-dimensional lattice. Further, an H(s, 3) could
be said to look like a 3-dimensional lattice, and so on. So H(s, d) could be said
to look like a d-dimensional lattice, if it is any help for the reader.

The theorem of decreasing ratios, (1.3), for keeping d fixed will look like this:
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Theorem 4.8. For any s, d ∈ N,

ex(H(s, d), F )

||H(s, d)||
≤ ex(H(s− 1, d), F )

||H(s− 1, d)||
. (40)

Proof. In the same way as in the proof of theorem 4.7, we choose the sets S
such that

ex(H(s, d), F ) ≤ 1

cs
·
∑
S⊂V

ex(H(s− 1, d), F ) (41)

where cs =
(
s−1
s−2

)
(compare to the clique-problem). The rest of the proof is

omitted in the same way as the proof of theorem 4.7.

4.3 The Layer Theorem

Now we are going to look at a construction of a lower bound of the Turán density
for Hamming graphs.

From chapter 3 we have that a layer in a hypercube contains vertices with
permutations of the same symbols in their coordinate-string, so they won’t be
neighbors. What this tells us generally is that a Qd in a graph G ⊂ Qn would
have to “cross” d number of layers in G, so by removing edges between certain
(carefully picked) layers, you could prevent a sub-cube to exist in G.

Let’s start with defining some new kinds of layers and distance, useful in this
section to properly state the layer theorem. This layer-construction will yield a
lower bound for the Turán density.

Definition 4.9 (Hamming layer in a Hamming graph). A Hamming layer LHi
in a Hamming graph H(s, d) is a set of vertices with different permutations of
the same symbols in their string.

Definition 4.10 (Manhattan distance). The Manhattan distance dM (x̄, ȳ) is
a metric of the distance between vertices x̄ and ȳ in a graph G, and calculated
as: dM (x̄, ȳ) =

∑d
n=1 |xn − yn|.

The Manhattan distance actually originates from measuring distances on
Manhattan, which is built up as a rectangular grid. With this distance, we can
define this type of layer:

Definition 4.11 (Manhattan layer). A Manhattan layer LMi in a graph G
consists of vertices on the same Manhattan distance from the zero string, con-
sidering the whole coordinate string, i.e. dM (x̄i, 0̄) = k, ∀x̄i ∈ LMk .

So generally, one could say that a layer consists of vertices on the same
distance from the zero string considering some given metric such as Hamming
or Manhattan. But how can layers and layer construction be useful to us? Well,
say that we have some forbidden graph F that necessarily stretches over t layers
in our graph G. To break such an F ⊂ G we must remove all edges between
some carefully picked layers, making sure we don’t erase too many or too few
edges. So for our F stretching over t layers, we would have to disconnect every
(t − 1):th layer in G from every t:th layer, i.e. remove all edges between every
multiple of layers t and (t− 1).
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That was an easy example. It can be way more problematic than that: F
can stretch over several layers with all its edges “jumping over” layers, or lie
inside a layer. How do we forbid such an F? That’s why we want to state what
we call the layer theorem.

Theorem 4.12 (The layer theorem). For r = χ(F ) and F stretching over t
layers, we get a lower bound for the Turán density as

πs,d(Hs,d, F ) ≥ 1− f + g

||H(s, d)||
, (42)

where f =
(
s
2

)
(1− r−2

r−1 )dsd−1 and g =
∑n/(t−1)
i=1 (d−i(t−1))(s−1)i(t−1)+1

(
d

i(t−1)

)
.

Proof. We actually want to prove two things for our variables s and d respec-
tively:

• πd(Hs,d, F ) ≥ 1− f + g

||H(s, d)||
,

• πs(Hs,d, F ) ≥ 1− f + g

||H(s, d)||
.

For keeping s fixed and considering d as our variable, we want to use Hamming
layers LH ; and for keeping d fixed and considering s as our variable, we want
to use Manhattan layers LM . We first create Turán graphs in every layer to
prohibit F inside layers. For some dM = t, remove edges between layers t and
(t−1) for multiples of t. Also, remove edges between layers i and j if |i− j| ≡ 0
mod (π(F )− 1).

We have now removed f edges inside every layer and g edges between layers,
and we want to calculate f and g respectively.

Finding f : For f , we have removed as many edges as when you subtract the number
of edges of the Turán graph from the number of edges of the complete
graph, dsd−1 times: f = (||Ks|| − tr−1(s))dsd−1, and since ||Kn|| =

(
n
2

)
and tr−1(n) = ex(n,Kr), f = (

(
s
2

)
− ex(s,Kr))ds

d−1. From corollary 1.4

we know that π(F ) ≤ (ex(n, F ))/
(
n
2

)
, and since we are looking at precisely

the Turán graph, we get that ex(s,Kr) =
(
s
2

)
π(Kr). The Erdős-Stone

theorem told us that π(F ) = (χ(F )−2)/(χ(F )−1), and since χ(Kn) = n,
we get further that ex(s,Kr) =

(
s
2

)
(r − 2)/(r − 1), and conclude that

f =

((
s

2

)
−
(
s

2

)
r − 2

r − 1

)
dsd−1 =

(
s

2

)(
1− r − 2

r − 1

)
dsd−1. (43)

Finding g: For g, we multiply the size of layer j, |LHj | = (s− 1)j
(
d
j

)
, with the degree

of the same layer j, d(LHj ) = (d− j)(s− 1), for every layer j such that

g =

n/(t−1)∑
i=1

(d− j)(s− 1)j+1

(
d

j

)
,

{
j = i(t− 1)

t(F )
(44)

for the forbidden graph F stretching over t layers.
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We receive our answer by realizing that dividing the number of edges left
after the removal with the total numbers of edges possible from the beginning
will give us the lower bound for the Turán density, which will be the same for
both s and d:

πs,d(Hs,d, F ) ≥ ||H(s, d)|| − f − g
||H(s, d)||

= 1− f + g

||H(s, d)||
, (45)

where ||H(s, d)|| is known to be (dsd(s− 1))/2 from the lemma about the Ham-
ming graph properties. So we evaluate:

πs,d(Hs,d, F ) ≥ 1−2

(
s

2

)(
1− r − 2

r − 1

)
dsd−1 +

n
t−1∑
i=1

[
(d− i(t− 1))(s− 1)i(t−1)+1

(
d

i(t− 1)

)]
dsd(s− 1)

which completes the proof.
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A Notation and Conventions

• G(V,E) = G denotes a graph, in this essay generally a simple one, with
vertex set V (G) and edge set E(G).

• u, v, w (generally small letters) denote vertices. If they are in G, then
u, v, w ∈ V (G).

• uv, uw, vw (letters referring to the vertices) denote edges. Since we are
generally using 2-uniform graphs in this essay, an edge uv denotes that the
two vertices u and v are neighbors through the relation u ∼ v, meaning
that they are connected by an edge uv.

• {uv} = euv denotes an edge element euv in the edge set, such that euv ∈
E(G) holds when the edge lies in G. Also, {uv} = {vu}, since we are
not using directed graphs. Every edge element is a 2-set since we are only
concerned about 2-uniform graphs.

• d(v) = dv denotes the degree of a vertex v, i.e. how many edges it takes
part in.

• N(v) is the neighbor set of a vertex v and consists of all neighbor vertices.
|N(v)| = dv.

• |G| = |V (G)| denotes the number of vertices of the graph G.

• ||G|| = |E(G)| denotes the number of edges of the graph G.

• A subgraphG′ toG is a graph such that V (G′) = V (G) and E(G′) ⊂ E(G).

• H and F also denote graphs; in this essay simple, forbidden subgraphs.

• G[S], for S ⊂ V (G), denotes an induced subgraph of G with vertex set S.

• Kn denotes the complete graph on n vertices, and is also called an n-clique.

• If G is k-partite; V1, V2, . . . , Vk denote the parts of G.

• G2(m,n), or Gm,n, denotes a bipartite graph, with m vertices in the first
partition V1 and n vertices in the second partition V2.

• K2(n) or Kbn/2c,dn/2e is the complete bipartite graph with n vertices to-
tally, and 0 ≤ |V1 − V2| ≤ 1.
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Häggkvist conjecture”, Discrete Mathematics 165/166 (1997) 71-80.

[7] W.G. Brown, “On graphs that don’t contain a Thomsen graph”, Canadian
Mathematical Bulletin 9 (1966) 281-285.

[8] F.R.K. Chung, “Subgraphs of a Hypercube Containing No Small Even
Cycles” Journal of Graph Theory 17 (1992) 273-286.

[9] D. Conlon “An extremal theorem in the hypercube”, The Electronic Jour-
nal of Combinatorics 17 (2010).

[10] R. Diestel, Graph Theory, Springer (2000).
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