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Abstract 

As many of the world’s nuclear power plants are near the end of their supposed life span a need 

arise to assess the components crucial to the safety of these plants. One of these crucial components 

is the concrete reactor confinement; to assess its condition, non-destructive testing (NDT) is an 

attractive method.  

Traditional testing of concrete structures has comprised of drilling out a sample and performing 

stress tests on it, but because of the radioactive environment inside the containment this method is 

far from ideal. NDT is of course possible to use at any structure but at reactor containments the 

benefits from not creating holes in the structure are prominent; NDT is also an attractive option from 

an esthetical point of view because it leaves the structure intact. 

The NDT method pertaining to this study is the impact echo method which comprise of applying a 

force on the structure, usually a hammer blow, and measuring the response with a receiver. The 

impact will excite waves propagating in the structure which gives rise to Lamb modes. Lamb modes 

are structural oscillations of the wall and it is the frequency of these modes that are used to 

determine the thickness of the wall. The elastic properties of the structure can in turn be obtained by 

measuring the velocities of the waves propagation. It is also possible to use the impact echo method 

to detect irregularities in the structure such as cracks or delamination.  

To simulate the dynamics of a system using NDT numerical methods such as finite element modeling 

(FEM) is often used. The purpose of this study is to assess the possibility to utilize absorbing layers 

using increasing damping (ALID) in models to reduce the computational time of FEM analyses. ALIDs 

are used at the edges to simulate an infinite system and are thus supposed to cancel out incoming 

waves to prevent unwanted reflection from the edges. The models in this study have all pertained to 

two dimensional plates utilizing infinitesimal strain theory; the decrease in computational time is 

significant when using ALIDs and for three dimensional models it would be even more so. 

The ALIDs are specified by length and maximum mass proportional Rayleigh damping (�����), in this 

study three different lengths are tested, 0.5, 1.5 and 4.5 m for ����� ranging from 10� to 2 ∗ 10� 

Ns/m. The damping is increased with increasing distance into the ALID with specified maximum value 

at the back edge. However, it should be noted that the increase in damping causes difference in 

impedance between elements and if this difference is too large it will cause reflections of waves at 

the boundary between the elements. The ALID must thus be defined so that it sufficiently cancels out 

the wave without causing unwanted reflections due to impedance differences. 

The conclusion is that the 0.5 m long ALID does not provide good results for any choice of maximum 

mass proportional Rayleigh damping. Both the 1.5 and 4.5 m long ALIDs are, however, concluded to 

be applicable; the 1.5 m ALID having 2 ∗ 10� < ����� < 5 ∗ 10� Ns/m and the 4.5 m ALID having 5 ∗ 10� < ����� < 10� Ns/m are choices that have shown promise in the performed simulations. 

The hope is that the results obtained in this study will aid in the development of numerical analysis 

techniques for NDT methods that can be used in the construction of new reactor confinements 

and/or maintenance of existing reactor confinements and other thick concrete structures.  
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Sammanfattning 

Många av världens kärnkraftverk närmar sig slutet på sin beräknade livslängd och ett behov uppstår 

då att kunna utvärdera de komponenter som är väsentliga för säkerheten på dessa verk. 

Reaktoromslutningen i betong är en av dessa komponenter och oförstörande provning (NDT) är en 

attraktiv metod för att bedöma dess tillstånd.  

Traditionellt har utvärdering av betongkonstruktioner bestått av stresstester på borrprover men 

p.g.a. den radioaktiva miljön på insidan av omslutningen är denna metod ej att föredra. NDT är 

självklart möjligt att använda på allsköns betongkonstruktioner då det ger både konstruktionsmässiga 

och estetiska fördelar.  

NDT metoden som rör denna studie kallas impact echo och går ut på att man med en hammare slår 

till en punkt på väggen och mäter responsen en bit därifrån. Lasten ger upphov till vågor i form av 

deformation som propagerar i väggen och dessa ger i sin tur upphov till Lamb moder. Lamb moderna 

är strukturella oscillationer av väggen och genom att studera dess frekvenser kan väggens tjocklek 

bestämmas. Elastiska egenskaper i väggen erhålls utifrån de olika vågornas propageringshastigheter. 

Impact echo metoden kan även användas för att finna strukturella oegentligheter inuti väggen så 

som sprickor och delaminering.  

För att utföra numeriska simuleringar av dynamiska system med NDT-metoder är finita 

elementmetoden (FEM) användbar. Syftet med denna studie är att bedöma vilka möjligheter som 

finns för att implementera absorberande ränder med ökande dämpning (ALID) i datamodeller för att 

minska beräkningstiden av FEM-analyser. ALID används vid kanterna för att simulera ett oändligt 

system, dess uppgift är att dämpa bort inkommande vågor så att dessa ej reflekteras tillbaka och stör 

mätningarna. Samtliga modeller i denna studie är två-dimensionella med antagen oändligt liten 

spänning i normalriktningen. Vinsten i beräkningstid av att använda ALID är stor och ökar ytterligare 

om modellen utökas till tre dimensioner.  

Ett ALID definieras genom dess längd och maximala massproportionerlig Rayleigh-dämpning 

(�����). I denna rapport har längderna 0.5, 1.5 and 4.5 m använts med ����� i intervallet från 10� 

till 2 ∗ 10� Ns/m. Dämpningen ökar med ökat avstånd in i ALID med det specificerade maxvärdet vid 

den bakre kanten. Det bör noteras att skillnad i dämpning mellan element leder till skillnad i 

impedans; reflektioner av vågorna uppstår vid övergång från ett element med lägre impedans till ett 

med högre impedans. Ett ALID måste således vara definierat så att det dämpar bort tillräckligt av de 

inkommande vågorna utan att oönskade reflektioner i ALID uppstår. 

Studien pekar på att ett 0.5 m långt ALID inte åstadkommer önskvärda resultat för något av valen för ����� som använts i denna rapport. Både det 1.5 och 4.5 m långa ALID har däremot get bra resultat; 

ett 1.5 m långt ALID bör ha 2 ∗ 10� < ����� < 5 ∗ 10� Ns/m och ett 4.5 m långt ALID 5 ∗ 10� <����� < 10� Ns/m.  

Förhoppningen med studien är att resultaten skall underlätta utvecklingen av NDT-metoder som kan 

användas vid konstruktion och underhåll av reaktoromslutningar och andra tjocka 

betongkonstruktioner.  
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1 Introduction 

1.1 Background 

This study is a part of an ongoing project aiming at devising methods for non-destructive testing 

(NDT) that can be used in the construction of new and maintenance of existing power plants. Sweden 

has at this time 10 reactors at three nuclear power plants; four reactors at Ringhals, three at 

Oskarshamn and three at Forsmark. Europe has 181 nuclear reactors spread over 17 countries with 

18 more currently under construction. After the Fukushima disaster in Japan Germany commissioned 

the shutdown of their entire fleet of 17 reactors to the year 2022 (World Nuclear Association, 2012), 

but the general picture is that worldwide fleet is still growing with 436 reactors worldwide and 63 

currently under construction (European Nuclear Society, n.d.). As many of these nuclear power 

plants are nearing the end of their supposed life span a need arise to assess the components crucial 

to the safety of these plants. The concrete reactor confinement is one of these crucial components 

and NDT is an attractive method for assessing the condition of it.  

The confinement pertaining to this study consists of a cylindrical reinforced concrete wall with a 

thickness of 1.5 m and consists of both reinforcement and pre-stressed reinforcement to manage the 

potential pressure build-up inside the reactor in case of an accident. In addition there is also a cover 

plate inside the wall to prevent any radioactive particles from penetrating the relatively porous 

concrete.  

As a method for NDT, impact echo is performed by striking the surface of an object with a hammer or 

dropping a small ball, usually a steel ball, on the surface. This will create propagating waves in the 

structure and the resulting acceleration at the surface is measured by a receiver located near the 

impact point. Figure 1.1 illustrates the impact echo method and the subsequent excited waves. The 

impact is applied on the outer surface and the excited waves propagate between the front and back 

surfaces which gives rise to Lamb modes. Lamb modes are structural oscillations of the wall and it is 

the frequencies of these modes that are used to determine the properties of the structure, this was 

researched by Claire Prada et al. (2008). N.J. Carino (2011) studied how irregularities, such as cracks 

and delamination, can be identified using NDT and Nils Ryden (2004) studied how NDT can be used 

to determine properties of pavements. Ryden used multichannel analysis of surface waves (MASW) 

which comprise of performing impact echo measurements at an array of distance 0.1 to 3.1 m from 

the impact. The results can then be combined to give a clearer picture of the frequency response. 

Michael Drozdz (2008) studied the potential of using perfectly matched layers (PML) and absorbing 

layers using increasing damping (ALID) when identifying cracks in FEM simulations.  

Traditional testing of concrete structures has comprised of drilling out a sample and performing 

stress tests on it but because of the radioactive environment inside the containment this method is 

far from ideal. NDT is of course possible to use on any structure but at reactor containments the 

benefits from not creating holes in the structure are clear, NDT is also an attractive option from an 

esthetical point of view because it leaves the structure intact.  
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Figure 1.1. Illustration of the impact echo method and the compressional (P), shear (S) and Rayleigh (R) wave from Carino 

(2011). 

 

1.2 Purpose 

The purpose of this study is to assess the possibility of utilizing absorbing layers using increasing 

damping (ALID) in FEM simulations to reduce the computational time. The impact echo method will 

be simulated on a two dimensional plate; the most important aspect of the ALID is that the 

frequency response of the plate is undisturbed so that the Lamb mode frequencies can be identified. 

ALIDs are used at the edges to simulate a semi-infinite system and are thus supposed to cancel out 

incoming waves to prevent unwanted reflection from the edges. 

 

1.3 Objectives 

The contents of this study deal with how numerical models can be used to efficiently predict the 

results from actual measurements using the impact echo method. The main goal of this study is to 

test the effects of applying ALIDs at the edges of a model and to inspect its effect on the frequency 

response of the wall. The absorbed energy of the ALIDs and the amplitude of the reflected Rayleigh 

wave are also studied.  

The complexity of the interior part of the wall has been simplified to obtain a general model that can 

be used as a comparison with theory. To this end, the model is chosen as a continuous homogenous 

material without regard to the effects of the reinforcement or cover plate. The simulations has been 

done with Abaqus by considering a two dimensional horizontal cross-section of the reactor 

confinement wall.  

The hope is that the results of this study will aid in developing more accurate methods to predict 

material properties to be used in the construction and maintenance of thick concrete structures.  
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1.4 Limitations 

There is today a great deal of NDT methods that are being used and researched, where the impact 

echo method is perhaps one of the crudest. But this method has proven to accurately predict the 

properties of the studied structure. However, as the thickness of structures increases, the 

uncertainty of the results increases as well (Carino 2011). In practice, the confinement wall is thick 

compared to other structures where impact echo is used. 

The studies performed in this study have pertained to a single model type, i.e. the thickness and 

material properties of the wall has been considered constant through the simulations. The 

confinement wall has also been simplified and modeled as homogenous with no regard for 

reinforcement, cover plate or internal faults. However, it should be noted that further studies are 

needed to understand how these parameters affects the ALIDs ability to reduce the amplitude of the 

incoming waves and the subsequent frequency response. 

Only two dimensional models have been analyzed in this study but the anticipation is that the 

obtained results will provide tools to devise more efficient models in both two and three dimensions.  
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2 Theory 

2.1 Waves in infinite media 

Waves occur in the material when it is subjected to a dynamic force, e.g. the hammer stroke applied 

in the impact echo method. The velocities at which waves propagate in matter are dependent on the 

material properties such as density and elasticity described by Young’s modulus and Poisson’s ratio. 

There are however different types of waves that propagate at different velocities and cause 

displacements in various ways. First an expression for the wave equation in infinite media is 

described and the waves that exist under these conditions are presented. Second, the theory for 

wave propagation in layered media is presented; this describes wave propagation in a semi-infinite 

plate. Surface waves exist under these conditions; for a two dimensional plate, Rayleigh waves are 

excited.  

The Fourier transform is presented along with other properties that are relevant to the analysis. 

The integration scheme of Abaqus/Explicit is derived as well as conditions for stable time increments 

when using an explicit solver. Also, the damping of wave propagation in the ALIDs is defined. 

 

2.1.1 The wave equation in infinite matter 

The wave equation in an infinite, isotropic material is derived from Newton’s second law, � = �� =��� , where � is the force on, � is the mass of and � is the acceleration of an object. ��  is the second 

derivative of the deformation with respect to time. This can be rewritten as. 

��,��� = ��� � = ���� �           ⇔          ��� � = ��,����  (2.1) 

   

�� is the deformation in the  �-direction, � is the density and � is the Volume of the object. The 

force in  �-direction can be written as the sum of the normal contribution, ��,�, and the two shear 

contributions, ��,! and ��,�. Looking at the force acting on an infinitesimal volume element the 

equation above becomes.  

��� � = "��,� + "��,! + "��,�" �" !" � = "��,�"$�" � + "��,!"$!" ! + "��,�"$�" � (2.2) 

   

where "$�, "$! and "$� are the area-element with normal vector in the  �-,  !- and  �-directions 

respectively. Equation (2.2) can be expressed in terms of the normal stress, %��, and shear stresses, %�! and %��. The equations for these on an infinitesimal element are. 

"%�� = "��,�"$�  (2.3) 

"%�! = "��,!"$!  (2.4) 

"%�� = "��,�"$�  (2.5) 
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Using the same method to derive expressions for the deformation in  !- and  �-direction we obtain 

the following set of equations for the deformations. 

��� � = "%��" � + "%�!" ! + "%��" �  (2.6) 

��� ! = "%!�" � + "%!!" ! + "%!�" �  (2.7) 

��� � = "%��" � + "%�!" ! + "%��" �  (2.8) 

 

In an isotropic material, i.e. a material which has the same properties regardless of what coordinate 

system is used, Hooke’s law can be written as.   

%+, = -.//0+, + 21.+,                   2, 3, 4 = 1, 2, 3 (2.9) 

 

where 0+,  is the Kronecker delta and - and 1 are the first and second Lamé parameters respectively, 1 is also commonly denoted G (shear modulus). The Lamé parameters are related to Young’s 

modulus, 6,  and Poisson’s ratio, 7 by the following equations.  

- = 67(1 + 7)(1 − 27) (2.10) 

1 = 9 = 62(1 + 7) (2.11) 

 

For small deformations � ≪ 1 higher ordered terms in the strain tensors can be neglected and 

linearity can be assumed. Strains in the material will thus be approximated with the infinitesimal 

strain tensor .+,. 

.+, = 12 ;"�+" , + "�," + < (2.12) 

 

Both the strain and the stress tensors are symmetrical around the main diagonal, i.e. they obey the 

following conditions. 

.�! = .!�         .�� = .��                .!� = .�! (2.13) 

%�! = %!�         %�� = %��                %!� = %�! (2.14) 

 

Rewriting equations (2.6)-(2.8) using equation (2.9) and (2.12) yields an expression for the 

displacement equation of motion.  
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��� � = (- + 1) "" � ="��" � + "�!" ! + "��" �> + 1 ;"!��" �! + "!��" !! + "!��" �! < (2.15) 

��� ! = (- + 1) "" ! ="��" � + "�!" ! + "��" �> + 1 ;"!�!" �! + "!�!" !! + "!�!" �! < (2.16) 

��� � = (- + 1) "" � ="��" � + "�!" ! + "��" �> + 1 ;"!��" �! + "!��" !! + "!��" �! < (2.17) 

 

Waves in infinite medium (with infinite wave front perpendicular to the direction of propagation) can 

be expressed as two terms, the first for waves propagating in positive  ?-direction and the second 

for waves propagating in negative  ?-direction. 

�? = $@+(/�ABC�) + D@+(/�AEC�)                    F = 1, 2, 3 (2.18) 

 

4 is the wavenumber and G is the angular frequency. A and B are the magnitudes of the respective 

waves. Differentiation of equation (2.18) and inserting the results into equation (2.15)-(2.17) yields 

two possibilities for the velocity of waves propagating in infinite media, so called bulk waves.  

HI = J- + 21� = J 6(1 − 7)�(1 + 7)(1 − 27) (2.19) 

 

HK = J1� = J 62�(1 + 7) (2.20) 

 

Where HI is the velocity of the fastest (primary) P-wave and HK is the velocity of the slower 

(secondary) S-wave. 

 

2.1.2 Bulk waves 

Bulk waves are waves that exist in an infinite medium, i.e. that are undisturbed by boundaries or 

deformations in the material. Under such conditions there exist only primary- (P) and secondary- (S) 

waves as described in section 2.1.1. The nature of the deformations caused by these waves is shown 

in Figure 2.1. 

P-waves (also called: compressional, longitudinal and dilatational waves) causes deformations that 

are parallel to the direction of propagation. The name primary comes from the fact that they are the 

fastest propagating waves and thus are the first waves that are detected by a receiver. S-waves (also 
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called: shear, transverse and rotational waves) causes deformations that are perpendicular to the 

direction of propagation.  

 

Figure 2.1. Illustration of the motion of the P- and S-waves from Park (2012) 

 

2.2 Waves propagating in a 2 dimensional plate 

Clearly in a concrete wall the medium is not infinite but the waves are guided in the material 

between the free surfaces. The P- and S-waves will thus be reflected at the surfaces fulfilling Snell’s 

law. By superimposing the P- and S-waves between the layers implementing appropriate boundary 

conditions one can predict the wave equation; the theory was first stated by Thomson (1950) and 

applications for matrix solutions have since been derived from that theory, e.g. Lowe (1995) which 

the method presented in section 2.1.1 is taken from. An expression for wave propagation in layered 

media is derived and then waves that pertain to these conditions are presented; the P- and S-waves 

described in the previous section still exist in the interior of the plate. 

 

2.2.1 The wave equation in layered media 

To model a two dimensional plate one need an expression for the wave propagation in semi-infinite 

media, i.e. propagation bounded by the front and back of an infinitely long plate. The theory of this 

section will ultimately arrive at expressions for guided waves in layered matter using matrix notation.  

Start by dividing the displacement into one compressional and one shear component, i.e. the effect 

of the P-wave parallel and the effects of the S-wave perpendicular to the direction of propagation. 

This is done with Helmholtz method where the scalar function L denote the compressional part and 

the vector function M denote the shear part of the displacement, i.e. L is rotation free and M is 

divergence free, thus. 

∇ × ∇L = 0 (2.21) 

∇ ∙ M = 0 (2.22) 

The displacement vector can now be expressed using L and M. 
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Q = ∇L + ∇ × R (2.23) 

 

Having a two dimensional system the displacement is restricted to the plane of the plate spanned by 

the  �- and  !-axes; i.e. the strain normal to the plate ( �-direction) is much smaller than the strains 

in the plane spanned by the plate. Under this assumption plane strain theory is adopted and strains 

normal to the plate are set to zero ( � = 0, �� = 0). 

The solution for the displacement equation of motion, equation (2.15)-(2.17), in a given direction is 

thus given by. 

L = $I@+S±/U,V�V±/U,W�WBC�X (2.24) 

R = $K@+S±/Y,V�V±/Y,W�WBC�X (2.25) 

 

Where $I and $K denote the magnitude of the compressional and shear waves and 2 = √−1. Snell’s 

law is used at each interface and from this the wavenumber in the direction parallel to the layers will 

be equal for the incident and reflected waves. The incident and reflected waves will share angular 

frequency, G, and wave number, 4�, in the  �-direction. All field equations will thus depend on  � by 

a factor of. 

� = @+(/V�VBC�) (2.26) 

 

The phase velocity in the direction of propagation is given by.  

[\] = Ĝ
 (2.27) 

 

Pythagoras theorem can be used to obtain expressions for the 4! component in terms of 4� for the 

compressional and shear waves.  

4I±,! = ±J G!HI! − 4�! (2.28) 

4K±,! = ±JG!HK! − 4�! (2.29) 

 

where the + and - indicate a wave travelling in positive or negative  !-direction respectively and 4 is 

the wavenumber. Thus the equation of motion could be expressed solely by the 4� part of the wave 

number but the notation for 4! is kept. Figure 2.2 shows an illustration as to how the positive and 

negative compressional (longitudinal) and shear waves are defined. The waves are considered 

positive if they propagate in positive  !-direction. 
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Figure 2.2. Illustration of the different waves at a free edge, from Drozdz (2008). 

The components of interest are the deformations in the plane spanned by the plate, �� and �!, and 

the normal and shear stress, %!! and %�!. The contributions from compressional waves are. 

�� = 24�$IE�@+/U.W�W + 24�$IB�@B+/U.W�W (2.30) 

�! = 24I.!$IE�@+/U.W�W − 24I.!$IB�@B+/U.W�W (2.31) 

%!! = −(G! − 2HK!4�!)�$IE�@+/U.W�W − (G! − 2HK!4�!)�$IB�@B+/U.W�W (2.32) 

%�! = −2HK!4�4I.!�$IE�@+/U.W�W + 2HK!4�4I.!�$IB�@B+/U.W�W (2.33) 

 

The contribution of shear waves is similarly. 

�� = 24K.!$KE�@+/Y.W�W − 24K.!$KB�@B+/Y.W�W (2.34) 

�! = −24�$KE�@+/Y.W�W−24�$KB�@B+/Y.W�W  (2.35) 

%!! = 2HK!4�4K.!�$KE�@+/Y.W�W − 2HK!4�4K.!�$KB�@B+/Y.W�W (2.36) 

%�! = −(G! − 2HK!4�!)�$KE�@+/Y.W�W − (G! − 2HK!4�!)�$KB�@B+/Y.W�W  (2.37) 

 

Before collecting equations (2.30)-(2.37) into a matrix representation the following substitutions 

are made to simplify the expressions. 

_I = @+/U.W�W (2.38) 

_K = @+/Y.W�W (2.39) 

D = G! − 2HK!4�! (2.40) 

X1 

X2 
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Using the substitutions defined in equation (2.38)-(2.40) we rewrite equations (2.30)-(2.37) in 

matrix form. 

` ���!%!!%�!
a = � bcc

d 24�_I 24�/_I 24K.!_K               −24K.!/_K24I.!_I −24I.!/_I −24�_K               −24�/_K�D_I2�4�HK!4I.!_I
�D/_I−2�4�HK!4I.!/_I −2�4�HK!4K.!_K 2�4�HK!4K.!/_K�D_K �D/_K fgg

h i$IE$IB$KE$KB
j (2.41) 

 

Equation (2.41) describes the propagation of the waves in a single layer. The matrix above is called 

an interface matrix, kl,m, for layer 3 and describes the waves behavior at the upper and lower 

interface of the concerned layer having different  !-coordinates. The expression at an interface thus 

consists of a contribution from the layers just above, kl,nm, and below, kl(,E�)�m the interface. 

The boundary conditions state that deformations and stresses between layers must be equal at the 

interfaces, thus. 

i �,�n�,!n%,!!n%,�!n
j = i �(,E�)���(,E�)!�%(,E�)!!�%(,E�)�!�

j (2.42) 

 �,�n represents the deformation at the bottom of layer 3 in  �-direction and so on. 

Combining equation (2.41) and equation (2.42) gives. 

 
kl,nm bcc

cd$,IE$,IB$,KE$,KBfgg
gh = kl(,E�)�m bcc

cd$(,E�)IE$(,E�)IB$(,E�)KE$(,E�)KBfgg
gh
 (2.43) 

 

The following substitutions are made. 

k$,m = bcc
cd$,IE$,IB$,KE$,KBfgg

gh                          �Fo                       k$(,E�)m = bcc
cd$(,E�)IE$(,E�)IB$(,E�)KE$(,E�)KBfgg

gh
 (2.44) 

 

And equation (2.43) is rewritten as.  

kl,nmk$,m − kl(,E�)�mk$(,E�)m = 0 (2.45) 

 

In matrix notation the full system consisting of F layers can be written as. 



  

18 

 

bcc
ccc
dpl�nq −pl!�q 0         …                00  pl!nq −pl��q        …                    0      ⋮

0
⋮
0

⋱   ⋱      0     kl(?B�)nm −pl?�q0 0    pl?nq fgg
ggg
h

bc
cc
d p$�qp$!q⋮k$(?B�)mp$?q fg

gg
h = bcc

cd00⋮00fgg
gh
 (2.46) 

 

The large matrix is called the system matrix and is denoted puq and the amplitudes of the 

displacements and stresses are derived from this expression. This expression is used to describe the 

wave propagation between the front and back of the plate as well as the wave propagation between 

the various layers in the ALID. The latter will consist of a large number of layers and will therefore 

consist of a rather large system matrix but the system describing the propagation in the homogenous 

part of the plate is simpler, for the plate studied in this study there will be 3 layers (see Figure 2.3) 

and the global matrix is given by. 

puq = vpl�nq −pl!�q pl!nq −pl��q w (2.47) 

 

Each row in puq represents an interface and each column a layer. Included in the matrix are the semi-

infinite layers on each side of the wall, i.e. pl�nq represents the outer layer (the side that is struck by 

the hammer with the impact echo method) and pl��q the inner layer. Boundary conditions set the 

stresses to zero at the two interfaces between the plate and the front and back layers consisting of 

vacuum.  

 

Figure 2.3. An illustration of the layered system describing the plate. Boundary conditions at the interfaces set stresses to 

zero.  

 

2.2.2 Rayleigh wave 

Rayleigh waves propagate along the surface and cause deformations in the plane spanned by the 

direction of propagation and the surface normal. Rayleigh waves are weakened at increasing depth 

of the wall and don’t exist far in (Hassan, 2009). Figure 2.4 shows the nature of the Rayleigh wave, it 

has the largest amount of energy compared to the P- and S-waves. It contains approximately 67 % of 

the energy while the P- and S-wave have 7 and 36 % respectively (Carino, 2011). As a result the 
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Rayleigh wave will have the largest effect on the structure in terms of deformations and 

accelerations. The study of the ALIDs will therefore focus on the cancellation of Rayleigh waves. 

 

Figure 2.4. Illustration of the motion of the Rayleigh wave from Park (2012) 

The Rayleigh wave velocity can be approximated by a relation with either the P- or S-wave velocity. 

The Rayleigh wave velocity relation with the P-wave velocity is approximated by (Gibson and 

Popovics 2005). 

Hx = 0.862 + 1.1471 + 7 J2(1 − 7)(1 − 27) HK (2.48) 

 

Combining equation (2.48) with the equations for the P- and S-wave velocities found in equation (2.19) and (2.20) gives the dependence of the S-waves velocity. 

Hx = 0.862 + 1.1471 + 7 HK (2.49) 

 

2.2.3 Lamb wave 

Lamb waves are created from reflections of the longitudinal and transversal waves between the back 

and front of the plate. There exist two base types of Lamb modes; symmetric and anti-symmetric. In 

theory there exist an infinite amount of modes for each of these types but for the application used 

here only some of the lower ordered modes will be detectable depending on the frequency content 

of the impact. Figure 2.5 shows the nature of these two types of modes. 

 

Figure 2.5. Illustration of a symmetrical (upper figure) and anti-symmetrical (lower figure) modes, from Wikipedia (2007). 
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The frequencies corresponding to the first symmetric and anti-symmetric modes (yK,z and y{,z, the 

fundamental modes) have zero cutoff frequency and will not correspond to any resonance condition 

in the plate (Gibson and Popovics 2005). The cutoff frequencies for the symmetrical modes can be 

found by the following equations found in an article by Prada (2008). 

y|} �|o@ u!?E�: y� = (2F + 1)HI2o : F = 0, 1, 2 … (2.50) 

y|} �|o@ u!?:  y� = FHKo :  F = 1, 2 … (2.51) 

 

And similarly for the anti-symmetric modes. 

y|} �|o@ $!?E�: y� = (2F + 1)HK2o : F = 0, 1, 2 …   (2.52) 

y|} �|o@ $!?: y� = FHIo : F = 1, 2 … (2.53) 

 
The expressions in equation (2.50)-(2.53) give the cutoff frequencies of the plate but in addition, 

there is another type of mode that may occur. These are created from the merger of two cutoff 

modes from the same family (symmetric or anti-symmetric) and are called zero group velocity (ZGV) 

modes, e.g. the first zero group velocity mode of the system is the result of the S1 and S2 cutoff 

modes blending and is called S1-S2-ZGV or just S1-ZGV. The modes that pertain to the particular 

plate modeled in this study are described in further detail in section 3.2.1. 

 

2.3 Fourier transform 

The Fourier transform converts data from the time domain to the frequency domain which is used in 

the impact echo method. The fast Fourier transform (FFT) is a commonly used algorithm for Fourier 

transforms of discrete data sets and for the evaluation of frequency space the Matlab built in FFT will 

be used.   

Using FFT, the thickness can be estimated by identifying the frequency corresponding to the various 

modes. The frequency response of the plate is compared to Lamb mode theory as described in 

section 2.2.3. To determine material properties such as Young’s modulus and Poisson’s ratio in 

practice one can measure the velocity of the propagating waves along the surface from the impact 

point to the receiver location as theoretically presented in section 2.1 and 2.2. The structure of the 

concrete makes such a method slightly erroneous since the material properties usually vary with the 

walls depth. For the numerical simulations however these parameters are supplied by the engineer.  

 

2.3.1 Fourier series 

For any periodic function that is ideal (i.e. for a pure sinusoidal waveform) the frequency spectra will 

only contain two frequencies yz and −yz, which is essentially one frequency. But for periodic 

functions that are not ideal (i.e. not pure sinusoidal) there will be disturbances in the frequency 
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spectra at integer multiples of the fundamental frequency yz. This property of the Fourier transform 

will provide some limitations to possible output processing techniques described in section 4. The 

origin of this effect is described in this section. The higher order frequencies are defined as. 

y? = (F + 1) ∗ yz                            F ∈ 1, 2, … (2.54) 

 

where the frequencies y� and y! correspond to the first and second ordered harmonics and so on. 

The basic assumption is that any periodic function can be expressed as a Fourier series. For any 

function, real or complex, the Fourier series is defined as (Wikipedia, Fourier series 2012). 

y(�) = � �?@+C?��
?�B�  (2.55) 

�? = 1� � y(�)�E��
�� @B+C?�o�                    F ∈ ℤ (2.56) 

� ∈ {ℝ, �z ≤ � ≤ � + �z}. (2.57) 

 �? is a magnitude coefficient, G is the angular frequency and � is the time. For real periodic functions 

like the impact force and the oscillations of the Lamb waves one can rewrite the Fourier series with 

the help of Euler’s formula. 

y(�) = �z2 + � �? cos(FG�) + �? sin(FG�)�
?��  (2.58) 

�? = 2� � y(�) cos(FG�) o��
z                     F ∈ 0, 1, … (2.59) 

�? = 2� � y(�) sin(FG�) o��
z                      F ∈ 1, 2, … (2.60) 

 

where �? is the cosine coefficient and �? the sine coefficient. Since n only can be real integers we 

will have integer multiples of our basic frequency described above. It is this phenomenon which 

causes the multiple peaks in the frequency spectra, the Fourier transform interprets these “un-pure” 

periodic waves as a combination of harmonics, y�, y! and so on, of the fundamental frequency yz.  

Figure 2.6 illustrates how a signal is constructed by adding on higher order modes with different 

amplitudes to the fundamental mode, the compounded signal (black) will in the frequency domain 

consist of the three frequencies of the added functions.  
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Figure 2.6. The dark curve is a summation of the fundamental mode together with the 1:st and 2:nd order harmonics. 

 

2.4 Abaqus/Explicit 

The equation of equilibrium for our system can be expressed using Newton’s second law in terms of 

the mass, damping and stiffness matrices and external load vector. 

 p�q 2� �ℎ@ ���� ���}2   

 p�q 2� �ℎ@ l���2F_ ���}2   

 p�q 2� �ℎ@ u�2yyF@�� ���}2   

 ���� 2� �ℎ@ y|}�@ �|}42F_ |F �ℎ@ ����@�  

 

The equation of equilibrium is. 

p�qQ� + p�qQ� + p�qQ = ���� (2.61) 

 

Abaqus/Explicit uses a diagonal mass matrix instead of the consistent mass matrix which gives a 

simpler system to be calculated at each time step. Calculations of the accelerations for the nodes are 

also greatly simplified when using a diagonal matrix because of the simple task of taking the inverse 

of a diagonal matrix. Newton’s second law gives. 
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Q� = p�qB����� (2.62) 

 

Where ���� is defined as the subtraction of internal forces from external forces, ���� = � ¡� − �¢£�. 

Since there are no boundary constraints the initial hammer stroke will be the only external force that 

is applied to the model. Internal forces are integrated from the stresses that arise in the concrete 

from the wave propagations. 

The explicit solver solves this step by step utilizing the central difference integration scheme 

described in section 2.4.1. Contrary to the implicit methods, which have the advantage of being 

unconditionally stable, explicit methods are conditionally stable as described in section 2.4.2. 

 

2.4.1 Numerical integration 

Abaqus/Explicit uses the central difference integration scheme together with mass, stiffness and 

damping matrices to advance the equations of motion. To arrive at the equations used one start with 

the Taylor expansion of the deformation around the time �¤E�/! at �¤ and �¤E� denoting �(�¤) = �+.  
�+E� = �+E�! + ∆�2 �� +E�! + (∆�/2)!2 �� +E�! + ¦(∆��) (2.63) 

�+ = �+E�! − ∆�2 �� +E�! + (∆�/2)!2 �� +E�! − ¦(∆��) (2.64) 

 

Subtracting equation (2.64) from equation (2.63) with the error terms omitted, yields. 

�� +E�! = �+E� − �+∆�             ⇒           �+E� = �+ + ∆��� +E�! (2.65) 

 

In the same manner we make a Taylor expansion around �¤ at times �¤E� and �¤B�. 

�+E� = �+ + ∆��� + + ∆�!2 �� + + ¦(∆��) (2.66) 

�+B� = �+ − ∆��� + + ∆�!2 �� + − ¦(∆��) (2.67) 

 

Adding equation (2.66) and (2.67) together, with the error term omitted, yields. 

�+E� + �+B� = 2�+ + ∆�!�� + (2.68) 

 

Replacing equation (2.65) in equation (2.68) yields. 

�� +E�! = �+ − �+B�∆� + ∆��� + = �� +B�! + ∆��� + (2.69) 
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Taking the time steps to be evaluated at the point of integration gives the following equations that 

are used by the explicit dynamics solver in Abaqus. 

�� +E�! = �� +B�! + ∆�+E� + ∆�+2 �� + (2.70) 

�+E� = �+ + ∆�+E��� +E�! (2.71) 

 

The central difference integration scheme has an error term of ¦(∆��) and is thus correct up to 

second order. 

 

2.4.2 Stability of the time increments 

The central difference integration scheme is stable for time increments smaller than the critical time 

increment, Δ��©, which is expressed in terms of the highest angular frequency, G��� = 2ªy���, for 

the system. For a system without damping the time increment must satisfy (Abaqus 6.11, user‘s 

manual, 2011). 

∆� ≤ ∆��© = 2G��� 
(2.72) 

 

Equation (2.72) is valid for the simulations without ALID because no damping of any kind has been 

introduced. But for the models with ALIDs, where Rayleigh damping is included, the stable time 

increment becomes smaller; the time increment must then satisfy. 

∆� ≤ ∆��© = 2G��� ;«1 + ¬���! − ¬���< 
(2.73) 

 ¬��� is the fraction of critical damping in the mode with highest damping defined as.  

¬��� = ��2G��� + G����2  
(2.74) 

 

where �� and � are the mass and stiffness proportional Rayleigh damping defined in section 2.4.3. 

We can see that as ¬��� goes towards zero, equation (2.73) will go toward equation (2.72) and by 

increasing ¬��� we will decrease the critical time increment. Studying equation (2.74) indicate that 

for lower frequencies (G��� < 1 ®¯) the mass proportional damping will contribute most to the 

increase of ¬��� and for higher frequencies (G��� > 1 ®¯) the stiffness proportional damping will 

contribute most to the increase of ¬���. All the simulations done in this study correspond to high 

frequency systems so the mass proportional damping can be considered suitable when applying 

damping. 
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2.4.3 Absorbing layers 

The absorption of the energy of propagating waves that reach the plate boundary is achieved by 

defining Rayleigh damping for the elements of the ALID. The damping is performed by viscous 

dissipation of the waves that propagate in a damped region, i.e. the mechanical energy of the wave is 

converted into energy in the material (mostly thermal). High damping of the system would result in a 

more viscous material and the wave would experience more resistance propagating in such a region 

compared to a region with lower damping. To define the damping of the system lets consider waves 

propagating in positive x-direction. 

�( , �, �) = �z@B+C�@+/� (2.75) 

 

where G = 2ªy is the angular frequency and 4 = G/H±² is the wavenumber where H±² is the wave 

phase velocity. Under this assumption  �� = −2G� and one can write the equation of motion in 

equation (2.61) as. 

−p�qG!� − p�q2G� + p�q� = y (2.76) 

 

The damping matrix can be defined as the sum of the contributions from the mass and stiffness 

matrices, i.e the Rayleigh damping is divided into mass and stiffness proportional damping. 

p�q ≡ ��( )p�q + �( )p�q (2.77) 

 

Inserting equation (2.77) into equation (2.76) gives. 

−p�q�SG! + 2G��( )X + p�q�S1 − 2G�( )X = y (2.78) 

 

It is required that the damping in the ALID gradually increase as the wave penetrates deeper into the 

ALID so the damping parameters are defined as.  

��( ) ≡ �����´( )± (2.79) 

�( ) ≡ ����´( )±  (2.80) 

 ����� and ���� are constants, the maximum values of the respective damping parameters, and ´( ) is defined as.  

´(2F�@}y��@: �}@� |y ���o� − $µ¶l) = 0 (2.81) 

´(���4 |y $µ¶l) = 1  (2.82) 
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� is the order of which the damping increase further into the ALID. Earlier studies have shown that ´( ) should be a quadratic or cubic function, 2 ≤ � ≤ 3 (Drozdz, 2008). In accordance with this � is 

chosen to be 3. 

 

Figure 2.1. The principle for the damping distribution over an ALID with 10 elements. x (small x) goes from the interface 

between the area of study and ALID to the back of the ALID. 

For high frequency systems it is advantageous with respect to computational time to put �( ) = 0 

when defining the ALID, thus only defining the damping with the mass proportional part, see section 

2.4.2. The equation of motion in equation (2.78) becomes. 

−p�q�SG! + 2G��( )X + p�q� = y (2.83) 

 

Inserting equation (2.79) and � = 3 yields the following equation of motion in the ALID. 

−p�q�(G! + 2G�����´( )�) + p�q� = y (2.84) 

 

In the area of study one will have no damping and equation (2.84) can be simplified to. 

−p�q�G! + p�q� = y (2.85) 

 

The ALID has the same material properties as the area of study and only varies with the damping that 

is attributed to the ALID. To minimize the reflections at both the interface between the area of study 

and the ALID and inside the ALID itself the difference in damping between elements will be kept as 

small as possible, i.e. to minimize the impedance difference between layers of the ALID each layer is 

set to be the minimum of one element long.  
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3 Method 
In this section the parameters and properties of the modeled structure are specified along with 

convergence analyses of mesh size and plate length. Degrees of freedom of the different model types 

are studied to illustrate the advantage of using proper ALIDs and an estimation of the stable time 

increment is stated. 

In section 3.3 it is demonstrated the effect on the oscillation of the Lamb modes when having ALIDs 

and section 3.4 illustrate how both the time and frequency domain are affected by unwanted 

reflections from a short model. 

 

3.1 Impact 

The purpose of the impact is to excite the structure to identify the Lamb modes. There are many 

simple ways to achieve this such as using a hammer which is both simple to use and cheap. 

The impact can be a source of inconsistencies between measurements; the person striking the wall 

will not be able to repeat the same impact over and over again; previous experience, however, has 

shown that this impact duration is approximately 400 µs long and should be modeled as half a period 

of a sinusoidal wave. Figure 3.1 shows different possibilities for the impact function both in the time 

and frequency domain, the impact has been chosen to be modeled as a quadratic sine. Abaqus has a 

built in function called SMOOTH STEP which creates a graph between points having zero derivative at 

all points, this function is compared with the different sine functions. We can see in Figure 3.1 that 

the SMOOTH STEP function is very well matched by the quadratic sine both in the time and 

frequency domain. For the analyses done in this study the impact of the hammer is thus modeled 

using the SMOOTH STEP function.  

Because the load consists of only half a period we will not receive a clear frequency response with 

prominent peaks as in the case if the amplitude consisted of a full period or more (sine burst). In this 

case one must define the cut-off frequency (shown in red in the figure), all frequencies below this 

value will be considered in the analyses. The large frequency content in the frequency spectra in 

Figure 3.1 is located below 5 kHz but additional lobes, containing higher frequencies, are extended 

beyond this frequency and higher frequency modes can thus be excited. 

It has been shown that the modeling of the impact greatly influence the results from the analyses; 

the impact time and cutoff frequency are of great importance whereas the magnitude of the impact 

has been shown to be rather unimportant. Figure 3.2 shows a comparison between an impact with 

magnitude of 1 and 2 N distributed over one node, the difference in magnitude of the transient 

signal is apparent but the frequency response is however identical.  

Some instability has been found when applying the load over one single node, Figure 3.3 shows the 

resulting transient signals of a 2 N load distributed over one and two nodes. A zoomed region of the 

signal shows the small scale oscillations that exist in the signal using one impact node. The frequency 

results are not affected by this difference in the region of interest, the small oscillations corresponds 

to high frequency responses. This will, however, warrant the use of two impact nodes since the signal 

in this case will be cleaner. 
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The impact used when analyzing the ALIDs will thus be chosen as a 2 N load distributed over two 

nodes using the SMOOTH STEP function to mimic a squared sine function. 

 

Figure 3.1. Plot showing the different choices for modeling the impact. The chosen method, squared sine is as can be 

seen in great unison with the SMOOTH STEP function. 
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Figure 3.2. Plot showing the independence of the frequency response with regards to the magnitude of the impact. 

 

Figure 3.3. Shows the small scale oscillation that arise when using only one impact node compared to using two impact 

nodes. The lowest figure shows the independence in the low frequency area with regards to number of impact nodes. 
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3.2 Model  

3.2.1 Structural properties 

The plate is modeled as homogenous with linear elasticity for all simulations. The reinforcement and 

the cover plate in the wall are not modeled. The material parameters for the concrete are.  

� = 2400 4_/��  
 6 = 38.1 9·� 

 7 = 0.27 

(3.1) 

 

where 6 is the dynamic modulus of elasticity, i.e. the dynamic Young’s modulus. These parameters 

are made constant in all simulations. The area of interest in the models will have no applied 

damping; neither will any model without ALIDs. The ALIDs will, however, be modeled with increasing 

mass proportional Rayleigh damping in the  �-direction for the right ALID, see Figure 3.6. The nature 

of this damping is described in section 2.4 and a Matlab script is used to distribute the damping 

across the elements of the ALID in accordance with the theory in section 2.4.3.  

With the material properties specified it is possible to calculate the velocities of the different waves. 

The velocities of the P-, S- and Rayleigh waves according to equation (2.19), (2.20) and (2.48) or (2.49) are.  

HI = 4454 �/� (3.2) 

HK = 2500 �/� (3.3) 

Hx = 2303 �/� (3.4) 

 

Figure 3.4 show the normalized frequency dependence on different choices for Poisson’s ratio (Prada 

et al 2007), the vertical line corresponds to a Poisson’s ratio of 0.27. The thicker curves in the figure 

correspond to the symmetric and anti-symmetric zero group velocity (ZGV) modes. The S1-ZGV is the 

mode with lowest frequency that will be excited in the simulations with the S1 cutoff mode just 

slightly higher. In accordance with Figure 3.4, the theory in section 2.2.3 and the parameters used in 

this study the theoretical frequencies for these modes are. 

yK�B¸¹º = 1400 ®¯ (3.5) 

yK�_�¼��½½ = y� = 1485 ®¯ (3.6) 

Higher order modes will also be excited but it is mainly these first modes that will be used to predict 

the plate thickness. The modes in Figure 3.4 that are noted are those that are expected to be found 

in the simulations with the impact applied normal to the outer wall. The modes that are not excited 

are those that correspond to deformations parallel to the plate as opposed to deformations in the 
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normal direction of the wall. It is important to sort out these modes since they reside in the 

frequency content of the impact but is not excited. 

 

Figure 3.4. Illustration of the excited modes in the system for varying Poisson’s ratio from work done by Claire Prada and 

the modal frequencies corresponding to the specific material parameters of the confinement wall studied in this study, d 

is the wall thickness. 

Some information can be found by studying the data from the receiver in the time domain but by 

performing a Fourier transform and studying the frequency domain the frequencies at which the 

symmetric and anti-symmetric Lamb modes oscillate should be possible to find. The S1 cutoff mode 
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corresponds to the propagation back and forth of the P-wave once inside the wall and an expression 

for the thickness, o, can be written as. 

yK�_�¼��½½ = HI2o ,            o = HI2yK�_�¼��½½ (3.7) 

 

The S1-ZGV mode is excited by both the P- and S-waves and will propagate at a slightly lower velocity 

than the P-wave; the use of the correction factor ¾ on the P-wave velocity was earlier thought to be 

a correction of the velocity for the S1 cutoff mode (Gibson and Popovics, 2005) but more recent work 

has shown that this actually pertain to the S1-ZGV mode (Prada, 2008). The expression for the 

thickness dependence of the S1-ZGV frequency is thus given by. 

yK�B¸¹º = ¾HI2o ,           o = ¾HI2yK�B¸¹º (3.8) 

 

Using the linear relation between frequency and the P-wave velocity the correction factor can be 

estimated as the relation of the theoretical frequencies. 

¾ = yK�B¸¹ºyK�_�¼��½½ = 14001485 = 0.943 (3.9) 

 

Thus, in accordance with the theory presented in this study, the correct thickness should be received 

by identifying either of the S1 cutoff and S1-ZGV mode.  

The studied ALID lengths are 0.5, 1.5 and 4.5 m long with maximum mass proportional Rayleigh 

damping ranging from 1000 Ns/m to 200 000 Ns/m. 

¿À¿ÁÂ = p0.5, 1.5, 4.5q 
 ÃÄÅÆ¡ = p10�, 5 ∗ 10�, 10�, 2 ∗ 10�, 5 ∗ 10�, 10�, 2 ∗ 10�q (3.10) 

 

 

3.2.2 Geometry 

There are two types of models for the simulations done in this study; a long model without ALID and 

models with ALID. As mentioned earlier, the impact echo method comprise of striking the wall and 

taking measurements of the response close to the point of impact. Conventionally the measurement 

is taken 0.1 m from the impact point. MASW is performed by taking measurements at an array of 

points from 0.1 to 3.1 m from the impact with 0.1 m steps. Figure 3.5 and Figure 3.6 shows how the 

models are constructed. The length of the long model is chosen to be 46 m, this value is chosen so 

that the fastest propagating wave, the P-wave, does not reenter the area of interest as shown in 

Figure 3.6 for a 10 ms simulation. 

A convergence analysis using eigenfrequency extractions is also done to support this choice of model 

length in section 3.2.5. 
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Figure 3.5. Illustration of the long model without ALIDs, The impact is centered on the plate. 

 

Figure 3.6. Illustration of a model with ALIDs. The impact is centered on the plate. 

 

3.2.3 Mesh 

The model is 2-dimensional and the elements are chosen to be 4-node bilinear reduced integration 

types, more specific the 4 node plane strain elements CPE4R. A control using 4-node bilinear fully 

integrated elements (CPE4) yields a difference in the frequency response of the plate that is less than 

0.01 % and reduced integration is thus adopted. Using CPE4R elements is in accordance with plane 

strain theory as described in section 2.2.1.  

To obtain accurate results from the FEM simulation, caution is needed when choosing the element 

size. It is important that the results have converged sufficiently and are not influenced by small 

alterations of the element size. There are two properties that need to be examined when 

determining the element size, the wavelengths of the propagating waves in the system and the 

frequency content in the initial impact shown in Figure 3.1. As described in section 3.1 we expect to 

see responses of the symmetrical and anti-symmetrical modes up to a certain frequency depending 
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on the excitation of the impact. By taking the cutoff frequency on the safe side including the first dip 

in frequency and a couple of additional lobes no information is lost. The cutoff frequency is thus 

chosen as, y�¼��½½ = 25 4®¯. The formula for the wavelength is. 

- = Hy (3.11) 

 

where H is the velocity of the wave. The slowest wave which will yield the shortest wavelength is the 

Rayleigh wave with velocity defined in section 2.2.2, for the material parameters used in this study Hx = 2303 �/�. The smallest wavelength to be considered is thus given by. 

-�+? = Hxy�¼��½½ = 0.115 � (3.12) 

 

However, the above expression has been found to have a large error term. To reduce the error,  

equation (3.12) is divided by an additional safety factor of 15 (Drozdz, 2008) which gives. 

-�+? = Hx15 ∗ y�¼��½½ = 6.1 �� (3.13) 

 

This would suggest that 6 by 6 mm elements would be sufficient.   

As a verification to the recommendation by Drozdz a convergence analysis for the element size has 

been done in both time and frequency domain. For the simulation in time domain the impact has 

been applied over just one node to keep consistency with the different simulations. A Fourier 

transform (using FFT in Matlab) is then performed and the appropriate frequency peak is located. A 

source of error will be the large frequency resolution that arises from having quite short analysis time 

(see section 4.1). As a result there will be difficulties distinguishing the S1 cut-off frequency from the 

S1-ZGV mode frequency. As a result of this, the first peak in the frequency spectrum will be a blend 

of these two frequencies and will create irregularities for the explicit measurements. 

As a complement to the explicit simulations, an eigenfrequency simulation is conducted over an 

interval that is expected to contain the frequencies of interest, in accordance with the theoretical 

values defined in section 2.2.3. In this respect, the frequency interval of 1300-1500 Hz should contain 

the sought after frequencies. Subsequently, the mode shapes are studied and the modes and 

frequencies corresponding to the S1 cutoff and S1-ZGV oscillations are determined.  

A 46 m long model with free edges as defined in section 3.2.2 is used, and eigenfrequency 

simulations for 50, 20, 10 and 5 mm element sides are performed. The response is measured at a 

point 0.1 m from the impact. Table 3.1 shows the input used in the convergence analysis, the critical 

time step calculated with equation (3.16), the time step used in the simulations and the 

corresponding Nyquist frequency. The last three columns contain the results obtained for the 

frequencies. The S1-ZGV and S1 cutoff frequencies have been interpreted from the eigenfrequency 

extractions and the explicit results are obtained by a FFT of the data in the time domain.  
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Table 3.1. Resulting frequencies obtained for the convergence analysis using both implicit and explicit method. 

Element size  

[mm] 

Critical 

time 

step [µs] 

Chosen time 

step  [µs] 

Nyquist 

frequency 

[kHz] 

S1-ZGV 

frequency 

[Hz] 

S1 cutoff 

frequency 

[Hz] 

Explicit 

frequency 

[Hz] 

5 1.123 1.10 454.5 1396.5 1483.9 1428.7 

10 2.245 2.20 227.3 1396.5 1483.9 1428.2 

20 4.490 4.40 113.6 1396.2 1483.8 1427.8 

50 11.226 11.20 44.6 1394.7 1483.0 1426.5 

 

Figure 3.7 and Figure 3.8 shows the appearance of the S1 cutoff mode and S1-ZGV mode 

respectively. The S1 cutoff mode should be a standing wave of the whole plate, the smaller wave 

pattern observed at the surfaces of the plate is not in accordance with the theory which states that 

the whole wave should be in unison oscillation, i.e. that the surface of the plate oscillate as one. For 

the S1-ZGV mode we would expect the wave pattern on the surfaces of the plate to be perfectly 

symmetric with each wave equal to the next. The reason for these deviations from the expected 

results is most likely a consequence of having a finite plate length. 

 

Figure 3.7. Illustration of the S1 cutoff mode shape; converged frequency in the eigenfrequency simulations is 1483.9 Hz, 

theoretical frequency 1484.7 Hz.  

 

 

Figure 3.8. Illustration of the S1S2-ZGV mode shape; converged frequency in the eigenfrequency simulations is 1396.5 Hz, 

theoretical frequency 1400 Hz.  

The results for the convergence analysis from the eigenfrequency extraction analyses are plotted in 

Figure 3.9 and the results for the convergence analysis using the explicit solver is plotted in Figure 

3.10, here are also plotted the results from the eigenfrequency extractions to emphasize the 

apparent blending of the S1 cutoff and S1-ZGV modes when using explicit simulations with to sparse 

frequency resolution. The frequency responses for the different element sizes for the explicit solver 

are shown in Figure 3.11. 

Figure 3.9 shows that the frequencies for the S1 cutoff and S1-ZGV converge in a similar fashion and 

at an element size of 10 mm convergence is obtained at a value somewhat lower than the theoretical 

frequency. The S1 cutoff frequency converges to 1483.9 Hz which only differs by 0.05 % from the 

theoretical value of 1484.7 Hz. The S1-ZGV frequency converges to 1396.5 Hz and differs 0.25 % from 

the theoretical value of 1400 Hz. The relative differences from the theoretical values are reasonably 

small and thus acceptable.  
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Figure 3.9. Results from eigenfrequency extraction analysis, convergence of the S1 cutoff and S1-ZGV modes with respect 

to element size. 

 

Figure 3.10. Results from the explicit simulations plotted with the convergence of the S1 cutoff and S1-ZGV modes for the 

eigenfrequency simulations with respect to element size. There is only one peak observed that obviously is a 

combination of the S1 cutoff and S1-ZGV frequencies. 
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Figure 3.11. Plot of the frequency response of the plate for different element sizes obtained with the explicit solver. 5, 10 

and 20 mm elements have a very similar response. 

One reason for having a small element size is that we want to define the impact of the hammer 

stroke over two nodes to obtain a signal absent of the high frequency oscillations described in 

section 3.1. Since a large element size would spread out the impact over an unrealistic area it is 

necessary to keep the elements small. Also since it is advantageous to keep the element size equal 

over the whole plate it is not recommended to create a finer mesh close to the impact. 

The convergence analysis suggests that 10 by 10 mm elements would suffice but in accordance with 

equation (3.13) a smaller element size should be used. For the purpose of having a continuous 

element size over the whole model a 5 by 5 mm element size is chosen. This choice for elements is 

evenly dividable with all dimensions for all models. 

 

3.2.4 Degrees of freedom 

The total number of degrees of freedom (DOFS), i.e. the number of variables of the system, is 

calculated as number of nodes times the dimensionality of the system, l. ¿ is a vector containing the 

lengths of the system in the 2: �ℎ dimension and � is the element size. 

l¦�u = l ∗ Ç =µ+� + 1>È
+��  (3.14) 

  
Table 3.1 shows the lengths of the various models and the resulting number of DOFS for both two 

and three dimensional systems. The latter system has been added to stress the advantage of being 

0 1 2 3 4 5 6 7 8 9 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Frequency [kHz]

N
o
rm

a
liz

e
d
 m

a
g
n
it
u
d
e

Fourier transform 0.1 m from impact

 

 

5 mm elements

10 mm elements

20 mm elements

50 mm elements



  

38 

 

able to use ALIDs when extending the simulations to three dimensions. Also shown are the quotas for 

the different ALID lengths of the long model. The thickness of the system is 1.5 m and the three 

dimensional model is spanned by expanding the two dimensional model the total length defined in 

the table, the element size is 5 by 5 mm.  

Table 3.2. Degrees of freedom for the system in 2- and 3-dimensions having an element size of 5 by 5 mm 

  

Total 

lenght 

2D DOFS 

[10^6] Quota 

3D DOFS 

[10^6] Quota 

ALID 0.5 7,6 0,92 0,165 2089,0 0,027 

ALID 1.5 9,6 1,16 0,209 3332,3 0,044 

ALID 4.5 15,6 1,88 0,339 8795,8 0,115 

No ALID 46 5,54 1.0 76446,5 1.0 

 

The apparent gain from reducing the model is clear in both the two and three dimensional system. In 

two dimensions the model with 0.5 m ALIDs is reduced to just 17 % of the long models DOFS and in 

three dimensions just 3 %.  

 

3.2.5 Model length 

Since the theory behind the oscillating behavior of Lamb modes applies to infinite plates a 

convergence analysis for the length of the plate is performed. This control is done solely with 

eigenfrequency simulations. The element size chosen in the previous section, 5 by 5 mm, is applied 

to plates with lengths specified in Table 3.3. In this table are also presented the resulting frequencies 

found for the S1-ZGV and S1 cutoff modes.    

Figure 3.12 shows the S1-ZGV frequency converging from above with increasing plate length which is 

expected when looking at earlier work done on thinner plates (Gibson and Popovics 2005). However, 

the S1 cutoff mode is somewhat elusive; having a finite plate raises some questions as to what this 

mode actually looks like. For some plate lengths no mode with the properties assigned to the S1 

cutoff mode could be found indicated by NA (Not Available) in Table 3.3. This can imply that the S1 

cutoff mode is not always excited.  

Table 3.3. Results from the eigenfrequency extractions for various plate lengths. 

Plate Length 

[m] 

S1-ZGV 

frequency 

[Hz] 

S1 cutoff 

frequency 

[Hz] 

7.5 1417.9 1480.1 

15 1401.4 1480.5 

20 1399.9 NA 

25 1398.2 NA 

30 1397.5 1483.2 

40 1396.8 NA 

46 1396.5 1483.9 
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Figure 3.12. The S1-ZGV frequency for eigenfrequency simulations with respect to plate length, also shown is the 

theoretical value.  

The model length of 46 m is a reasonable choice for the long model and is therefore deemed to be a 

good comparison for the tests of the ALIDs. 

 

3.2.6 Estimated stable time increments 

As suggested for high frequency systems in section 2.4.2 and 2.4.3 the stiffness proportional 

damping, �, is set to zero and only the mass proportional part, �� is used to define the ALID. 

Inserting equation (2.74) into equation (2.73) yields. 

∆� ≤ ∆��© = 2G��� ÉJ1 + = ��2G���>! − ��2G���Ê (3.15) 

 

Figure 3.13 shows the difference in the way that the mass and stiffness proportional damping affect 

the critical time step for high frequency systems. The plot shows normalized critical time step as a 

function of �� and � respectively with maximum angular frequency set to 10 000 rad/s (an 

arbitrary high value to illustrate the difference between �� and �). For the critical time step to 

decrease to 10 % of the non-damped time step the mass proportional damping would be 

approximately 100 000 whilst the stiffness proportional damping would be 0.001. The difference is 

great and justifies the sole use of the mass proportional damping for systems with frequencies much 

larger than 1 rad/s. Note that for different systems with frequencies much smaller than 1 rad/s it 

would be more advantageous to use stiffness proportional damping, but for all simulations done in 
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this study G��� ≫ 1 ®¯. Larger frequencies would result in even larger difference between the use 

of mass and stiffness proportional damping. 

 

Figure 3.13. Two plots illustrating the difference in mass and stiffness proportional damping for a high maximum angular 

frequency, ÌÅÆ¡  = 10 000 Hz. Notice the scale on the x-axis. 

A conventional way to estimate the critical time increment is to calculate the time it takes for the 

fastest way to propagate over the smallest element. The fastest propagating wave is the P-wave and 

the models will have uniform element size with length ℎ = 5 �� so the condition for the stable time 

increment can be estimated as. 

∆� ≤ ∆��© ≈ ℎHI = 0.0054454 = 1.12 1� 
(3.16) 

 

Equation (3.16) is used to determine the time increment for the simulations done in this study. 

Using this simplification is well on the safe side and combined with having high maximum 

frequencies the system allows for large mass proportional damping before the system becomes 

unstable.  

Figure 3.14 shows the relation between the critical time step calculated with equation (2.73) and the 

estimation in equation (3.16) for a typical model that will be used in subsequent simulation. The 

model has an element size of 5 mm and an estimated highest frequency of 100 kHz. One expects 

excitation of the first and some of the higher order modes up to frequencies that should be well 

below 100 kHz. Also, for lower frequencies the critical time step depending on �� in equation (2.73) 

will actually converge to the estimated critical time step defined in equation (3.16). This confirms 

that equation (3.16) is a valid approximation of the critical time step as long as the mass 

proportional damping is kept below the intersection of the two lines in Figure 3.14, i.e. as long as �� < 1.56 ∗ 10Î. 
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Figure 3.14. The critical time step as a function of mass proportional damping. The highest frequency of interest is 100 

kHz. 

 

3.3 ALID considerations 

The length of the ALID is important because it affects the impedance difference between elements in 

the ALID when performing FEM analysis. This is important since large differences in impedance 

between adjacent elements cause reflections of the waves or part of the waves inside the ALID. 

Having a large ALID is not however computationally cost efficient and with damping over large areas 

there will be unwanted damping of the Lamb modes. Figure 3.15 and Figure 3.16 shows the nature of 

the Lamb mode damping by 4.5 m long ALIDs, both figures show the system after 4.36 ms with the 

thin lines indicating the front of the ALIDs. Figure 3.15 shows a system with ����� = 10� Ns/m and 

Figure 3.16 a system with ����� = 2 ∗ 10� Ns/m. For the latter case it is evident that the plate is 

unaffected at the ends of the ALIDs, the incident waves are cancelled out but the ALIDs are also 

affecting the Lamb waves, most likely because of the large applied damping.  

 

Figure 3.15. Snapshot of the wave propagation in the plate (magnitude of acceleration as contour plot) and deformation 

of a plate having 4.5 m long ALIDs at 4.4 ms. The thin lines indicate the start of the ALIDs. ÃÄÅÆ¡ = ÏÐÑ. The 

deformation is scaled with Ò ∗ ÏÐÏÐ. 
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Figure 3.16. Snapshot of the wave propagation in the plate (magnitude of acceleration as contour plot) and deformation 

of the plate having 4.5 m long ALIDs at 4.4 ms. The thin lines indicate the start of the ALIDs. ÃÄÅÆ¡ = Ò ∗ ÏÐÓ. The 

deformation is scaled with Ò ∗ ÏÐÏÐ. 

 

3.4 Problem exemplification of having a finite plate length 

Figure 3.17 and Figure 3.18 is plotted to illustrate the problem that arise from unwanted reflections 

at edges, the measurement has been taken 3.1 m from the impact point. Figure 3.17 shows the 

response in the time domain for a 46 m long model undisturbed by reflections and for a 7.6 m short 

model with reflections at the side edges; it is also shown the theoretical times when the P-, S- and 

Rayleigh wave reach the measuring point before and after reflection in the short model. The long 

model will only be subjected to the incident waves. The distortion in the signal is evident when the 

reflections of the waves reach the measuring point, the P-wave has a small effect but the S- and 

Rayleigh waves cause large disturbances which completely alter the signal. 

 

Figure 3.17. Transient signal for a 46 m long model compared to a 7.6 m long model which suffers from unwanted 

reflections of the waves at the left and right edges. 
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The frequency response of the signal shown in Figure 3.18 is greatly distorted for the shorter model 

compared to the long one. This leads to the conclusion that a good absorbing layer is needed. 

 

 

Figure 3.18. Comparison of the Fourier transform of the transient signals shown in Figure 3.17. 
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4 Output processing 
This Section deals with how the obtained data is processed to obtain a clearer picture of the sought 

frequency peaks. 

 

4.1 Frequency resolution 

Because of the inverse relation of the time stepping, o�, and the frequency resolution, oy, the  

frequency spectra will not be very detailed. The frequency resolution is defined as.  

oy = 1Ôo� = 1� (4.1) 

 

where N is the total number of time steps and T is the total analysis time. The frequency resolution is 

thus determined only by the total time of the analysis. Because the waves propagate at relatively 

high velocities the simulations will approximately be 10 ms long, this yields a frequency resolution of 

100 Hz. The two modes of interest (S1 cutoff and S1-ZGV) have frequencies of 1400 and 1485 Hz, i.e. 

only  85 Hz apart, as a consequence the two expected peaks are presented as only one broader peak. 

This is a problem that requires further study if one wishes to conduct these simulations using an 

explicit solver. Figure 4.1 shows the Fourier transform of a 1 s long simulation compared to a 0.01 s 

long simulation which is used to confirm the existence of the two peaks masked as one broad. A total 

time of 1 s will, in accordance with equation (4.1), yield a frequency resolution of 1 Hz which clearly 

shows the two peaks in the frequency spectra. The 0.01 s simulation yields a frequency resolution of 

100 Hz and the results have been zero padded to 1 Hz to smoothen out the curve. Zero padding is 

described further in section 4.1.2. 

This problem is more prominent for thicker structures since the frequencies of the S1-ZGV and S1 

cutoff modes are lower and closer together than for thinner plates. The difference between the two 

modes is also dependent on the material properties in accordance with section 3.2.1. 
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Figure 4.1. Plot illustrating the existence of two peaks in close vicinity of each other. These are presented as one broader 

when having a to sparse frequency spectra, i.e. when having to short analysis time.  

Since the simulations are limited to a finite number of discrete points, a spectral leakage will occur. 

To reduce the spectral leakage one would need to measure the signal for a longer period of time. 

One consequence of spectral leakage is that the magnitude of any frequency component will contain 

contributions from all frequencies in the spectrum. Sidelobes will spread out from the main lobe 

(frequency peak) with decreasing magnitude further away. This could result in the “loss” of 

frequency peaks with smaller amplitude that are simply overwhelmed by the leakage of a larger 

peak. For the purposes of this study there is, however, no interest in the magnitude of the peak but 

rather the actual frequency of it. Some spectral leakage is evident in the analyses but poses no 

practical problem. 

 

4.1.1 Constructing a longer time series 

To obtain a denser frequency spectrum one can generate a longer signal by repeating a period of the 

original signal. It is done by locating an undisturbed oscillation of the plate and repeating that period 

to generate a longer signal; the undisturbed oscillation of the plate is defined as the part of the signal 

which is not influenced by the incident or reflected P-, S- or Rayleigh waves. A problem with this 

method is that the fundamental frequency of the sampled signal as well as higher ordered harmonics 

of the sampling will be observed; this is a consequence of a Fourier series described in section 2.3.1. 

For actual measurements this method will thus create difficulties in separating the actual frequency 

response from that created by the harmonics of the sampling. 
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4.1.2 Zero padding 

Zero padding is done by simply adding a large number of zeros at the end of the Fourier transform, 

this will not however increase the amount of data of the frequency spectra but will visualize the 

leakage from the different FFT bins. If the frequency resolution is calibrated so that a peak occurs at a 

frequency of the discrete spectra, no leakage will occur. This is however not the case for most 

spectral analyses and as a consequence the magnitude at the central bin will leak into the 

neighboring bins with decreasing scale. Zero padding has been used in all the spectral analyses in this 

study.  

As stated above in section 4.1 the peaks of interest are relatively close to each other and are 

suspected to be presented as one broader peak. Therefore, using zero padding under this 

assumption will actually tune in the peak to a value somewhere between the S1 cutoff and S1-ZGV 

frequencies. Since the main purpose of this study is to compare the effects of various ALIDs on the 

frequency response of the plate, the blended peak will give rise to some error. Wrongfully identifying 

the S1 cutoff frequency for the S1-ZGV frequency or vice versa would in accordance with equation (3.7)-(3.9) for the parameters specified yield an estimated wall thickness 90 mm larger or smaller 

respectively than the actual thickness of 1.5 m. This is a relative error of 6 % and can be a subject for 

further study.  

From an instructive point of view, before using an explicit solver with the help of FFT it would be 

prudent to determine a way to reduce or eliminate the error originating from the double peak. Either 

by increasing the total analysis time to refine the frequency resolution, e.g. by choosing the total 

time of 100 ms instead of 10 ms would reduce the frequency resolution of 10 Hz. This should be 

enough to separate the two peaks and the expectation is that the error due to the double peak can 

be eliminated. This is however a time consuming option that would not be practical when doing 

simulations in 3 dimensions with the computational power that are available today. 

An alternative way is to understand the relation between the S1 cutoff and S1-ZGV mode and deduce 

how the individual frequency peaks can be obtained from the broader double peak with a smaller 

error. 

 

4.2 Cutoff time 

One way to obtain a clearer picture of the frequency spectra is to discard the initial transient signal, 

i.e. the part which contain the incident P-, S- and Rayleigh waves. Figure 4.2 shows the reduction of 

unwanted frequencies in the frequency spectra when cutting away the initial part of the signal. In 

this example a 46 m long model with 5 by 5 mm elements is used with a total simulation time of 10 

ms. The two curves shows the Fourier transform for the whole signal and for a signal where the first 

1 ms has been discarded. The frequency peaks are more prominent and this technique is thus 

implemented in this study. 

It is prudent to notice that using this technique will not create a better resolution of the frequency 

spectra but will only reduce the frequency response for the initial unwanted part of the signal, which 

in turn makes it easier to identify the various peaks. In fact, when cutting away part of the signal the 

total time becomes shorter and the frequency resolution becomes larger as the relation in equation (4.1) suggests. 
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Figure 4.2. Results for a long model (46 m) without ALID; above is the transient signal and also shown the cutoff time, 

below is the difference in the frequency spectra when doing a Fourier transform on the whole signal compared to the 

signal from 1 ms to 10 ms (i.e. a 10 ms signal compared to a 9 ms signal).  
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5 Results 
The evaluation of the ALIDs will consist of a comparison of absorbed energy of the ALIDs, amplitude 

of the reflected Rayleigh wave and calculated frequencies of the Lamb waves implementing 

Abaqus/Explicit. In addition, an eigenfrequency extraction has been performed to use as a 

comparison with the results obtained with the explicit method.  

Figure 5.1 to Figure 5.6 show a selection of snapshots from different stages of wave propagation in 

the plate with the edges of the ALIDs shown as thin vertical lines. The ALIDs are modeled to be 1.5 m 

long with ����� = 5 ∗ 10� Ns/m and the color scale has been kept under 10 % of the maximum 

acceleration magnitude. 

 
Figure 5.1. Snapshots for the magnitude of acceleration in the plate at � = Ð. Ò ÅÕ. Just after the impact, the specific 

wave types are not yet distinguishable. 

 
Figure 5.2. Snapshots for the magnitude of acceleration in the plate at � = Ð. Ó ÅÕ. The P-, S- and Rayleigh waves are 

visible. 

 
Figure 5.3. Snapshots for the magnitude of acceleration in the plate at � = Ð. Ö ÅÕ. The first P-wave reaches the ALID. 

 
Figure 5.4. Snapshots for the magnitude of acceleration in the plate at � = Ï. Ñ ÅÕ. The S-wave reaches the ALID shortly 

followed by the Rayleigh wave. The P-wave has been canceled out successfully. 

 
Figure 5.5. Snapshots for the magnitude of acceleration in the plate at � = Ò. Ï ÅÕ. The S- and Rayleigh waves reach the 

back of the ALID and are reflected. 
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Figure 5.6. Snapshots for the magnitude of acceleration in the plate at � = Ò. × ÅÕ. The Rayleigh wave should exit the 

ALID at this time but has been reduced to a value smaller than that of the color scale. The wave fronts that propagate 

between the front and back side of the plate in the area of interest are clearly visible. 

The ALID has a number of effects on the system; ideally it would only cancel out the incident waves 

but the difference in impedance between elements give rise to reflection within the ALID. In 

addition, there is an increasing stiffness of the system at the edges of the plate with increasing mass 

proportional Rayleigh damping specified in the elements of the ALID, the effect of this is discussed in 

section 3.3. 

 

5.1 Absorbed energy 

As an initial check of the ALIDs performance a comparison between the viscous dissipation for the 

different models is performed. Viscous dissipation represents the energy that has been converted 

from mechanical energy of the waves to energy in the ALID because of the Rayleigh damping. This 

indicates how well the ALID has canceled out the incident waves.  

Figure 5.7 to Figure 5.9 shows the energy absorbed by ALIDs of 0.5, 1.5 and 4.5 m lengths 

respectively using the models defined in section 3.2.2. The figures show normalized absorbed energy 

for the values specified for ����� in section 3.2.2. The dashed lines represent the time when the 

front of the Rayleigh wave enters, reflects at the back edge and reenters the area of interest. It is 

evident that the lowest damping (with ����� = 10� Ns/m) is not a good choice for any of the ALIDs 

since it does not absorb as much of the waves as the higher choices for �����.  

The absorbed energy is generally increasing with increasing ����� but in Figure 5.7 and Figure 5.8 

there is a maximum absorbed energy at ����� = 5 ∗ 10� Ns/m, after that the absorbed energy is 

lowered as ����� is increased more. This is evidence that the differences in impedance caused by 

the damping between elements are too large and parts of incident waves are reflected inside the 

ALID before they reach the back part of the ALID. This reflection can be minimized by keeping ����� 

as low as possible or choosing longer ALIDs, both strategies result in a smoother increase in 

impedance. In Figure 5.9 we can see that no apparent reflection seems to occur for the longest 4.5 m 

ALID for the values of ����� studied here, i.e. all curves for ����� ≥ 10� Ns/m seem to converge to 

a similar value.  
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Figure 5.7. Absorbed energy for a 0.5 m long ALID for different ÃÄÅÆ¡ plotted against time. 

 

Figure 5.8. Absorbed energy for a 1.5 m long ALID for different ÃÄÅÆ¡ plotted against time. 
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Figure 5.9. Absorbed energy for a 4.5 m long ALID for different ÃÄÅÆ¡ plotted against time. 

Figure 5.10 shows a comparison between the three ALID lengths at the point when the Rayleigh wave 

exits the ALID. The absorbed energy has been normalized as to not account for the additional 

absorption that occurs for longer ALID due to cancellation of additional P- and S-waves. This figure 

also shows the reflection that occurs when having to large impedance differences between elements, 

i.e. for large �����.  

The 0.5 and 1.5 m long ALIDs have a maximum value of absorbed energy at ����� = 5 ∗ 10� Ns/m, 

the negative slope of the curve for higher values implies that part of the incident waves are reflected. 

The 0.5 m long ALID has a steeper slope than the 1.5 m ALID as would be expected because of the 

greater difference in impedance between elements for the shorter ALID.  For the 4.5 m long ALID 

there is a convergence of the absorbed energy for ����� > 10� Ns/m. This plateau implies that an 

optimum absorption is obtained, i.e. this implies that the incident waves are fully canceled out with 

the impedance difference between adjacent elements not causing reflections in the ALID. The lowest 

value of ����� on this plateau can be interpreted to be the best choice. The 1.5 m ALID seems to be 

close to convergence and is therefore not discarded, the 0.5 m ALID is however deemed to be 

ineffective because of the sharp peak at the maximum value. 

The results obtained by studying absorbed energy of the ALIDs would thus indicate that the optimum 

choice would be either a 1.5 m long ALID with ����� = 5 ∗ 10� Ns/m or a 4.5 m long ALID with ����� = 10� Ns/m.  
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Figure 5.10. Absorbed energy for the ALIDs as a function of the logarithm of ÃÄÅÆ¡ at the moment when the Rayleigh 

wave leaves the ALID.  

 

5.2 Reflection of the Rayleigh wave 

The Rayleigh wave has the largest energy content of waves existing for a two dimensional plate, 

therefore it will be most difficult to cancel out for the ALIDs. The transient signal of the 46 m long 

model is used as the ideal case with no reflection, short models without ALIDs, i.e. the same length as 

the models with ALIDs, are used to obtain the amplitude of a fully reflected Rayleigh wave. The 

amplitude of the reflected Rayleigh wave is then compared for the models with ALIDs.  

Figure 5.11 and Figure 5.12 show contour plots of the incident and reflected Rayleigh wave. The 

deformation is scaled by 3 ∗ 10�z and the color scale has been kept under 10 % of the maximum 

magnitude of acceleration. The reflected wave is hardly noticeable in this figure with the specified 

color scale. 

 

 

Figure 5.11. Contour plot of the magnitude of acceleration of the incident Rayleigh wave. The start of the ALID is shown 

as a thin line. 
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Figure 5.12. Contour plot of the magnitude of acceleration of the reflected Rayleigh wave. The start of the ALID is shown 

as a thin line. 

Figure 5.13 to Figure 5.15 shows the transient signal for the models with ALIDs described in section 

3.2.2 for the various choices of �����. Each plot of the transient signal has the reflected Rayleigh 

wave indicated on it and the theoretical time for when it should reach the receiver is noted in the 

figure caption. The data is obtained at a point 3.1 m from the impact, i.e. 0.2 m from the edge of the 

ALID. All signals in this section have been low pass filtered using a Butterworth filter incorporated in 

Abaqus with cutoff frequency at 30 kHz. This is done because the original signals contain high 

frequency oscillations which disturb the measurement of the reflected Rayleigh waves.  

 

 

Figure 5.13. Transient signal for 0.5 m long ALID measured 3.1 m from impact. The reflected Rayleigh wave is indicated in 

the plot, the theoretical time for the reflected Rayleigh wave is 1.95 ms. 
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Figure 5.14. Transient signal for 1.5 m long ALID measured 3.1 m from impact. The reflected Rayleigh wave is indicated in 

the plot, the theoretical time for the reflected Rayleigh wave is 2.82 ms. 

 

Figure 5.15. Transient signal for 4.5 m long ALID measured 3.1 m from impact. The reflected Rayleigh wave is indicated in 

the plot, the theoretical time for the reflected Rayleigh wave is 5.43 ms. 
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Figure 5.16 contains the normalized amplitude of the reflected Rayleigh wave for the different ALID 

lengths. The amplitude for the various ALID lengths are not necessarily the same and there are 

different conditions for the various lengths, i.e. the disturbances from P- and S- waves will be 

different for the different ALID lengths. By studying the amplitude of the reflected Rayleigh wave in 

this manner results in some uncertainty. What is important with the results presented in Figure 5.16 

is the shape of the curves. The sharp point for the 1.5 m ALID at ����� = 2 ∗ 10� Ns/m indicates 

that the ALID properties are optimal, i.e. for lower ����� less of the wave is canceled out and for 

higher ����� there are unwanted reflections inside the ALID. These results also indicate that ����� 

for the 0.5 m long ALID need to be even larger than the limits of the performed simulations which is 

in unison of the conclusions drawn by studying absorbed energy in section 5.1. Also in accordance 

with the results of section 5.1 is the optimal value for the 4.5 m long ALID which is ����� = 10� 

Ns/m. 

 

Figure 5.16. Normalized amplitude of the reflected Rayleigh wave for the ALIDs. 
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5.3 Lamb mode frequencies 

Lamb mode frequencies are the central component for using impact echo. By correctly identifying 

the Lamb modes combined with the theory presented in section 2.2.3 one can determine the wall 

thickness. For numerical simulations however these properties of the plate are known, or rather 

assumed to be some value. The resulting frequency response of the plate is expected to be in close 

relation to the theoretical values. That the ALIDs used in the model will not alter the expected 

frequency response of the plate is thus its most important property.  

In Figure 5.17 to Figure 5.19 it is presented the first peak in the frequency spectra for the 0.5, 1.5 and 

4.5 m long ALIDs respectively. The Impact echo method is performed by taking output 0.1 m from the 

impact. Also included in this section is the frequency response 3.1 m from impact, i.e. the closest and 

furthest measurement points when doing MASW. Only the response between 1 and 2 kHz are shown 

to give a clear picture of the first peak. As described in section 4.1 this first peak actually contain the 

frequency response for both the S1-ZGV and S1 cutoff modes, the width of the peaks are 200 – 300 

Hz and the maximum value of the peak is located between the two included mode frequencies.  

The frequency response for the 1.5 and 4.5 m long ALIDs have quite close relation to the long model 

but the 0.5 m long ALID does not yield an acceptable frequency response. The magnitude of the 

frequency response of the first peak at 0.1 m from impact for ����� = 10�, 5 ∗ 10� and 10� Ns/m is 

significantly smaller than the long models. Furthermore, at 3.1 m from impact for ����� = 5 ∗10�, 10� and 2 ∗ 10� Ns/m there is an unexpected additional peak around 1620 Hz.  

 

Figure 5.17. Frequency response for the models with 0.5 m long ALIDs at the distance 0.1 and 3.1 m from the impact. The 

figures are spanned over 1-2 kHz to contain only the response of the S1-ZGV and S1 cutoff modes. 
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Figure 5.18. Frequency response for the models with 1.5 m long ALIDs at the distance 0.1 and 3.1 m from the impact. The 

figures are spanned over 1-2 kHz to contain only the response of the S1-ZGV and S1 cutoff modes. 

 

Figure 5.19. Frequency response for the models with 4.5 m long ALIDs at the distance 0.1 and 3.1 m from the impact. The 

figures are spanned over 1-2 kHz to contain only the response of the S1-ZGV and S1 cutoff modes.  

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
0

0.2

0.4

0.6

0.8

1

Frequency [kHz]

N
o
rm

a
liz

e
d
 m

a
g
n
it
u
d
e

Fourier transform 0.1 m from impact

 

 

Long model

ALID 1.5m C
Mmax

=1e3

ALID 1.5m C
Mmax

=5e3

ALID 1.5m C
Mmax

=1e4

ALID 1.5m C
Mmax

=2e4

ALID 1.5m C
Mmax

=5e4

ALID 1.5m C
Mmax

=1e5

ALID 1.5m C
Mmax

=2e5

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
0

0.2

0.4

0.6

0.8

1

Frequency [kHz]

N
o
rm

a
liz

e
d
 m

a
g
n
it
u
d
e

Fourier transform 3.1 m from impact

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
0

0.2

0.4

0.6

0.8

1

Frequency [kHz]

N
o
rm

a
liz

e
d
 m

a
g
n
it
u
d
e

Fourier transform 0.1 m from impact

 

 

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
0

0.2

0.4

0.6

0.8

1

Frequency [kHz]

N
o
rm

a
liz

e
d
 m

a
g
n
it
u
d
e

Fourier transform 3.1 m from impact

Long model

ALID 4.5m C
Mmax

=1e3

ALID 4.5m C
Mmax

=5e3

ALID 4.5m C
Mmax

=1e4

ALID 4.5m C
Mmax

=2e4

ALID 4.5m C
Mmax

=5e4

ALID 4.5m C
Mmax

=1e5

ALID 4.5m C
Mmax

=2e5



  

58 

 

Figure 5.20 shows the difference in frequency for the maximum value of the first peak for the 0.5, 1.5 

and 4.5 m long ALIDs compared to the value for the 46 m long model. This is plotted as a function of 

maximum mass proportional damping, �����.  

 

 

Figure 5.20. Difference in frequency for the first peak of the ALIDs compared to the long model plotted as a function of 

the maximum mass proportional damping, ÃÄÅÆ¡. 
The optimum choice for ����� for the 4.5 m ALID is 5 ∗ 10� Ns/m, i.e. approximately the point when 

the convergence is reached. For the 0.5 and 1.5 m long ALIDs Figure 5.20 implies that ����� =2 ∗ 10� Ns/m for both these choices but since the 0.5 m long ALID give a frequency response that is 

greatly distorted compared to the long model it is discarded. The 1.5 and 4.5 m long ALIDs are viable. 
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5.21. As can be seen, there is an absolute maximum at 1393 and 1488 Hz corresponding to the S1-

ZGV and S1 cutoff modes. These vary from the theoretical values by only   0.5 % for the S1-SGV mode 

and 0.2 % for the S1 cutoff mode. Also notable is that the frequencies 1393 and 1488 Hz are 

contained inside the broader peaks found in the explicit simulations in section 5.3.   

The eigenfrequency extractions have the advantage that various modes can be visualized and thus 

provide another tool to locate the frequencies of the S1 cutoff and S1-ZGV modes since we know 

their theoretical appearance. But as mentioned in section 3.2.5 it is not always a straight forward 

task to locate these modes on a finite length plate, sometimes there are even a number of potential 

modes for the S1-ZGV and S1 cutoff modes very close together in the frequency spectra.  

Both methods are applicable to the problem and both are currently used in simulations of non-

destructive testing. However, in this study the eigenfrequency extractions are only performed to 

verify the model and the results obtained with the explicit simulations.  

 

Figure 5.21. Results from the steady state analysis identifying the S1-ZGV (1393 Hz) and S1 cutoff (1488 Hz) mode. 
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6 Implementation of 1.5 m long ALIDs 

To test the ALIDs potential the model with 1.5 m long ALIDs having ����� = 5 ∗ 10� Ns/m is studied 

further. To get a clear picture of the frequency response of the plate the simulation is performed 

over a period of 1 s, the resulting frequency response is thus 1 Hz (without zero padding) in 

accordance with equation (4.1). Table 6.1 contains the theoretical and numerical frequencies for the 

nine first modes that are expected to be excited and also the relative difference between the two. 

Figure 6.1 shows the frequency response as well as the theoretical frequencies up to 10 kHz. There is 

a close relation between the theoretical and numerical results, which verify the feasibility of using 

ALIDs for these types of simulations.  

The 1.5 m ALID with ����� = 5 ∗ 10� Ns/m was chosen because it provided sufficient results for the 

analyses performed in section 5. The close relation between theoretical and numerical values for all 

the expected modes suggest the possibility to look at several modes instead of only the S1-ZGV and 

S1 cutoff to obtain the wall properties, i.e. by properly fitting the properties to match the obtained 

frequency response. Of course, this requires that higher order modes are excited. 

  

Table 6.1. The excited Lamb modes theoretical frequencies as well as the frequencies obtain from the simulation utilizing 

1.5 m ALIDs. The difference in percentage between the numerical value and the corresponding theoretical value is also 

presented. 

  

Theoretical 

freq. [Hz] 

Numerical 

freq [Hz] 

Relative 

diff. [%] 

S1S2-ZGV 1400 1414 1,00 

S1 cutoff 1485 1467 -1,21 

A2A3-ZGV 2485 2490 0,20 

A2 cutoff 2969 2986 0,57 

S3 cutoff 4454 4461 0,16 

A4A7-ZGV 5808 5813 0,09 

A4 cutoff 5938 5951 0,22 

S5 cutoff 7423 7428 0,07 

A6 cutoff 8908 8911 0,03 
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Figure 6.1. The frequency response of the plate for a 1 s long simulation utilizing 1.5 m ALIDs. The theoretical values for 

the expected modes are shown as thin vertical lines. 
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7 Conclusions 
When choosing the ALID properties one should try to minimize the ALID size because it will minimize 

the number of degrees of freedom of the system and thus the computational time. The maximum 

mass proportional damping should also be minimized to yield smaller impedance difference between 

elements in the ALID; i.e. the smallest value that still results in an ALID that cancels out an acceptable 

amount of the incoming waves.  

For the purpose of simulating the impact echo method the most important aspect of the ALID is that 

it should not alter the frequency spectra from the values obtained for a theoretical model with 

infinite length. This is important because it is the frequencies of the Lamb modes that are used to 

determine the thickness of the plate. Small changes in amplitude of the time series may be 

acceptable if the frequency response is unaffected.  

The test of 1.5 m long ALIDs performed in section 6 demonstrates the effectiveness of using ALIDs to 

provide accurate results within a relatively small margin of error. Figure 5.20 implies that the 

frequency response at 0.1 and 3.1 m from impact converge at certain values for �����. These are 

presented in Table 7.1 for the different ALID lengths together with the optimum values of ����� 

obtained from studying absorbed energy and the reflected Rayleigh wave. The appropriate value for ����� with respect to the frequency response is consistently lower than or equal to that of the 

absorbed energy and reflected Rayleigh wave. Therefore, for the impact echo method which is 

concerned with the frequency domain one can choose to implement ALIDs that are not necessarily 

tuned in perfectly, the frequency response of the plate will still be discernible.  

Table 7.1. Obtained optimum choices for the mass proportional damping with respect to absorbed energy, reflection of 

the Rayleigh wave and the frequency response of the Lamb modes. 

  

Absorbed energy Reflected Rayleigh wave Frequency response 

CMmax CMmax 

CMmax 0.1 m 

from impact 

CMmax 3.1 m 

from impact 

ALID 0.5 > 2 ∗ 10� > 2 ∗ 10� 2 ∗ 10� 2 ∗ 10� 

ALID 1.5 5 ∗ 10� 2 ∗ 10� 10� 2 ∗ 10� 

ALID 4.5 10� 10� 5 ∗ 10� 5 ∗ 10� 

 

For the purpose of simulating impact echo responses it is concluded that ALIDs can be implemented 

to obtain reasonable values for the Lamb modes frequency response. The 1.5 m ALID having 2 ∗ 10� < ����� < 5 ∗ 10� Ns/m and the 4.5 m ALID having 5 ∗ 10� < ����� < 10� Ns/m are 

choices that should be used. The 0.5 m long ALID is not recommended since it has poor 

correspondence with the long model.  

A problem that must be addressed for impact echo simulations of thick concrete structures is the 

merger of the frequency response of the S1-ZGV and S1 cutoff modes for simulations with sparse 

frequency spectra. In section 6 this problem was treated by performing a relatively long simulation. 

This is of course not an efficient method and is hardly applicable for three dimensional systems. 

Alternatively, one can interpret the broad peak and from it deduce reasonable values for the 

frequencies of the two modes. But the results of section 6 indicate another possibility since there is a 

good agreement with the theoretical values in the frequency domain for both initial and higher order 
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modes. Another alternative would thus be to make a fit of not just the initial modes but also higher 

ordered ones depending on how much is excited, although if this is applicable in practice is still 

unclear. Further studies in this subject are thus needed. 

Possibilities for further research is to create a three dimensional model and include the 

reinforcements and cover plate. When extending the model into three dimensions there is a 

significant increase in the number of degrees of freedom of the system and the advantage of having 

functioning ALIDs would increase drastically. Further research as to how different material properties 

and thickness of the plate affect the ALIDs ability to cancel out incoming waves can also be 

performed. Furthermore, there are no boundary conditions applied on the plate in this study, it is 

believed that different choices for boundary conditions will not affect the frequency response of the 

plate. This assumption can, however, also be studied further.  

Mapping different materials that can be used in practice to obtained appropriate values of Rayleigh 

damping is another possible subject for further research. 
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