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Abstract

Pairs trading is an old Wall Street strategy often used in trading
books and is based on joint economic forces between two assets. Since
the strategy is executed by trading on temporary adverse movements
in the paired assets and selling upon mean reversion, it is reasonable
to assume that the assets are co-integrated. The risk level of trading
books have become more restricted over the last years with the Basel
capital adequacy standards, which estimate the risk with a ten day
Value at Risk (VaR) forecast. This paper studies if VaR over reports
the risk for a portfolio, containing A and B stocks, under a pairs
trading strategy due to no consideration of co-integrated assets. This
is done through a multivariate simultaneous equation system where
the risk is assessed through a ten day period Monte Carlo simulation.
Based on the sample, this paper finds that VaR overshoots the risk
on average by 15.93 percent for a 99 percent VaR confidence level and
14.89 percent for a 95 percent confidence level. This indicates that the
risk in trading books containing co-integrated assets can be increased
without breaking the capital adequacy.

Keywords: Value at Risk, Pairs trading, Trading book, Co-integration,
Simultaneous equations, GARCH BEKK, Cholesky decomposition,
Monte Carlo simulations
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1 Introduction

Trading risk has over the years come to play a bigger role for banks due to
increased activity in their trading portfolios (Jackson et al, 1998). Trading
books contain assets that are meant to be traded in the short-run for the
banks own profit (Jorion, 2007). A common market neutral trading strategy
within these books is pairs trading. The strategy is executed by trading on
the spread of two assets that move jointly but some economic force has led
them to move in different directions (Gatev et al, 2006). The trader then
simply takes a long position in the underpriced asset and a short position
in the overpriced asset. When the assets revert to an equilibrium a profit is
realized from both positions.

An increase in banks trading and risk taking has led to several economic
disasters. The most recent one is of course the global recession of 2007, stem-
ming from subprime residential mortgage derivatives (Mishkin, 2011). At the
dip of the recession, lending among large borrowers had fallen by 47 percent
compared to normal market conditions (Ivashina & Scharfstein, 2009). The
reduced lending was due to uncertainty of which banks were over leveraged
in the derivatives and thus could possibly not meet their obligations.

Since poor bank risk management has proven to be able to affect the economy
on a global scale, the market has pushed for regulators to ensure stability.
The Basel Committee on Banking Supervision (BCBS) has since their start
in 1974 introduced several bank standards1 known as the Basel-restrictions
(BCBS, 2011). As a response to the financial crisis of 2008, BCBS intro-
duced a new standard for addressing firm specific and systemic risk known
as Basel III, which is planned to be implemented in 2013 (BCBS, 2010).
Compared to the two former standards, Basel III puts a greater focus on
trading risk coverage, and thereby the capital adequacy of trading books
(BCBS, 2012).

The Basel standard measures the potential loss of trading books with a mea-
sure known as Value at Risk (VaR), introduced by JP Morgan in 1994 (Cor-
mac, 1999). VaR summarizes the worst loss over a target horizon that will
not be exceeded with a given level of confidence, and allows the institutes to

1The first implemented standard is known as Basel I and was implemented in 1988 with
a focus on bank capital requirements. The second standard, Basel II, was implemented in
2004 with a focus on promoting national rule-making guidelines.
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evaluate their total risk exposure (Jorion, 2007). In a quantitative impact
study of trading books, the BCBS found that the capital charge requirements
should be increased by an average of 110.8 percent (BCBS, 2009).

The purpose of this paper is to study if VaR reports a higher risk than it
should due to a lack of consideration of co-integrated assets. Assets are said
to be co-integrated when there is a linear stationary combination of the two
(Engle & Granger, 1987), such as for a pairs trading strategy. The study
is motivated by the fact that assets who share a stationary trend between
each other should be mean reverting and thus only deviate within bounds
between each other, implying that the risk at least theoretically should be
lower. If VaR over-reports the risk for pairs trading strategies this implies
that banks are in reality taking a lower risk than reported. This in turn
means that banks can increase the risk in portfolios containing co-integrated
assets without breaking the standard capital charge.

The study is executed by creating portfolios of stocks that are co-integrated.
The portfolio risk is then assessed through a Monte Carlo simulation (MCS)
approach by allowing one portfolio to take co-integration into consideration
but not the other. Previous studies, see Westgaard et al (2010) and Cheng et
al (2010), conclude that many assets are co-integrated and this paper will be
delimitated in the sense that only the stocks of three different companies will
be investigated for co-integration. To ensure that co-integration exists this
paper studies class A and B stocks; three different portfolios will be created
with two stocks (one class A and B stock) from the same company. If the co-
integrated portfolio reports a lower risk it means that VaR is overshooting the
actual risk due to no consideration of co-integrated assets. The companies
chosen in the sample are presented in the descriptive statistics section.
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2 Previous studies

The BASEL trading book requirements have developed rapidly over the
years. This is perhaps partly due to the wide research that has been con-
ducted in the area and pressure from banks that over the years have found
rules unrealistic or inadequate. The studies below are mainly concerned
with different approaches to measuring VaR and the implications between
them.

Jackson et al (1998) studied different VaR approaches to investigate what
measure gives the most accurate capital charge result for trading books.
Though the study was conducted in 1998 under the BASEL I regulations it
still provides some guidelines. The main conclusions were that parametric
VaR models yield less accurate measure of tail probabilities compared to
simulation-based VaR techniques. However parametric VaR follows time-
series behavior better and yields slightly more accurate volatility forecasts in
comparison to non-parametric approaches and simulation-based techniques.
Though an important factor is that for well-diversified portfolios, the gains in
forecasting accuracy were relatively slight for the parametric approach.

The question of whether banks overstate their VaR, and by that hold more
capital than the capital charge of trading books requires, has been studied by
Prignon et al (2008). In their research they studied the VaRs and P&Ls2 of
six Canadian commercial banks between the years 1999-2005. The task was
approached by first testing the banks accuracy of internal VaR models. This
was followed by calculating the VaR overstatement and the cost of overstating
VaR. Their study showed evidence of severe overstatement for some banks
in their sample. However it appeared that the cost of overstating was rather
small. They also argue that banks that consequently overstate their VaR
might do so because they do not want to gamble their reputation by taking
a higher risk and that they want to minimize exceptions3.

The Basel committee allows for the so called root-k time rule when forecasting
portfolio risk. This implies that the risk only has to be forecasted for one
day ahead and then multiplied times the squared time horizon in order to
derive the risk level. Brummelhuis & Kaufmann (2007) studied the difference

2Profit & loss describes the change in the value of a portfolio. Typically over one day
in order to be consisten with VaR (Jorion, 2007).

3The amount of times VaR is exceeded.
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in VaR reporting for the root-k rule compared to day-to-day simulations in
a Monte Carlo system. They found that the root-k rule could be severely
misguiding, especially for higher confidence levels of VaR.

Virtually any asset can be included in the trading book, given that it is
meant to be held for a short-term period. However it has been shown that
different assets and their corresponding derivatives can contribute different
risk to a portfolio. A derivative that has become popular over the years is
Credit Default Swaps (CDS). Raunig & Scheicher (2008) studied the risk of
holding CDS in trading books. They find that the VaR of the actual equity
is often substantially higher compared to the VaR of the CDS. This indicates
that the potential loss in the trading book is on average higher in the equity
market compared to the CDS with the underlying equity.

Pairs trading is a market neutral strategy and should thus be able to, if timed
correctly, be able to provide excess return. Gatev et al (2006) examined the
strategy with data from 1962-2002. They find that the strategy has become
less profitable over recent years. One of the reasons for this might be due
to that increased hedge fund activity is competing the returns away. Yuksel
et al (2010) studied the pairs trading strategy for assets that are traded on
emerging markets. The strategy showed excess return of one to three percent
for trading periods up to two months. For periods over two months the excess
return was small or negative.
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3 Theory

3.1 SIMULTANEOUS EQUATIONS

Assume that the weakly stationary vector of log return series for a companies
class A and B stocks πt = (πA,t, πB,t)

′ can be described by a mean equation
µt = (µ1,t, µ2,t)

′ and a normally distributed error term εt ∼ N(0, I) such
that

πt = µt + εt (1)

Further assuming that the mean equation consists of µt = (ϕ1 + Ω1πB,t, ϕ2 +
Ω2πA,t)

′ we have that
πA,t = ϕ1 + Ω1πB,t + ε1,t (2)

πB,t = ϕ2 + Ω2πA,t + ε2,t (3)

Where Ω represent the spillover effects between each stock. We see in equa-
tion (2) and (3) that the explanatory variables are also endogenous, implying
a simultaneous equation model. In order to model under these circumstances
the equations have to be written in a reduced form (Verbeek, 2008). This can
be done by creating a non-singular 2 x 2 matrix Φ, which contains unity diag-
onal elements and the spillover parameters in the off diagonal elements.

Φ =

(
1 −Ω1

−Ω2 1

)
Writing the conditional mean in equation (1) explicitly we get

πt = Φ−1ϕ+ Φ−1εt (4)

Equation (4) represents a reduced form equations based on (2) and (3). Since
the right hand side only contains constants in this particular setup, the mean
equation forecast will be constant.
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3.2 CONDITIONAL HETEROSCEDASTIC
MODELS

If the residual εt = (ε1,t, ε2,t)
′ in equation (2) and (3) show volatility cluster-

ing tendencies, an autoregressive conditional heteroscedastic (ARCH) model
should be added in order to improve the estimations (Engle, 1982). How-
ever, even though the ARCH model improves the return estimations it often
requires many parameters to adequately describe the process. An exten-
sion of the ARCH model, called GARCH, was proposed by Bollerslev (1986)
where the past conditional variances are included to influence the present
conditional variance.

εt = H
1/2
t ζt

Ht = α0 + αi

n∑
i=1

ε2t−i + βk

p∑
k=1

Ht−k (5)

Equation (5) is known as a GARCH (n,p) model where εt is the shock of
the mean equation, H(t−k) is the past conditional variance, αi is a positive
ARCH parameter, βk is a positive GARCH parameter and ζt ∼ N(0, 1). We
see that the difference between GARCH and ARCH is that βk = 0 in the
latter.

The GARCH model in equation (5) is univariate and therefore not suitable
in estimating for a pairs trading strategy, since the strategy is based on
the dependency of two assets. There exists a variety of multivariate volatil-
ity models but most of the increase the number of parameters rapidly and
may not produce a positive-definite co-variance matrix. To eliminate the
latter problem, Engle & Kroner (1995) introduced a multivariate GARCH
model known as the BEKK-model. The model has a symmetric property
that should guarantee a positive-definite co-variance matrix.

H t = MM
′
+A

′
εt−1εt−1A+B

′
H t−1B (6)

Equation (6) is known as a GARCH (1,1) BEKK model. For a bivariate
setting, A and B are 2 x 2 parameter matrices and M is a lower triangular
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constant matrix. The positive definiteness comes from that the product
of the constant term is dissolved into two triangular matrices. The model
can be simplified by assuming that A and B are diagonal matrices. The
model becomes restricted in the sense that the parameters of the covariance
equations are just products of the parameters from the variance equations.
It is a multivariate GARCH model since A captures ARCH effects from the
mean equation residuals εt and B captures GARCH effects from the previous
periods conditional variance H t−1.

Though the BEKK model solves the positive-definiteness it still increases
rapidly in the number of parameters and is prone to produce insignificant
estimated parameters. Another disadvantage is that the diagonal restriction
does not capture spillover effects between two series.

A common step in multivariate volatility modeling is to reparameterizeH t in
order to make use of its symmetric property. One widely used method, due
to its simplicity, is the Cholesky decomposition. The method decomposes
the conditional variance such that H t = LtL

′

t where Lt is a lower triangular
matrix 4.

The BEKK-model can be incorporated in equation (4) in order to improve
the estimations of stock A and B. However due to the simultaneity, the
BEKK-model has to be reduced (Tsay, 2010). The conditional variance of
the vector log returns then becomes

πt = Φ−1ϕ+ Φ−1H
1/2
t ζt (7)

Where H
1/2
t is the 2 x 2 conditional volatility matrix, Φ is the 2 x 2 reduced

form matrix containing spillover parameters from the mean equation.

4See appendix A1 for a more thorough derivation of Cholesky decomposition
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3.3 CO-INTEGRATION

Models containing stochastic variables that are regressed upon each other
in order to find long-run relationships, such as equation (2) and (3), could
possibly produce nonsense results (Yule, 1926). This is often indicated when
a model has a high degree of fit but a low Durbin-Watson value (Granger &
Newbold, 1974).

However if stock A and B in equation (2) and (3) are integrated of the same
order but some linear combination of them is integrated of a lower order, the
stocks are said to be co-integrated and thus producing non-spurious estimates
(Granger, 1981). The first step in examining for co-integration is to test for
stationarity. One proposed, and frequently used, method is the augmented
Dickey Fuller unit root test introduced by Dickey & Fuller (1979). If a series
has a unit root it implies that it is non-stationary.

ψt = πt − µt (8)

If the right hand side of equation (8), with the vector log prices πt =
(πA,t, πB,t)

′ and with the conditional mean based on a simultaneous equa-
tion µt = (µA,t, µB,t)

′, is stationary at the first difference, I(1), and resid-
uals ψt = (ψ1,t, ψ2,t)

′ are stationary at level, I(0), stock A and B are co-
integrated. In order to model for the long-run relationship, an error correc-
tion model is created (Engle & Granger, 1987).

πA,t = ϕ1 + Ω1πB,t + ξ1ψ1,t−1 + ε1,t (9)

πB,t = ϕ2 + Ω2πA,t + ξ2ψ2,t−1 + ε2,t (10)

Equation (9) and (10) are known as error correction models where the I(1)
log stock price depend on a short-run parameter Ωi, a long-run co-integration
coefficient ξi and ψi is the stationary residual from equation 8. The model
describes in what pace the stocks return to their common equilibrium when
they are in disequilibrium. A value close to -1 of the long-run parameter indi-
cates a rapid speed back to equilibrium whilst a value close to zero indicates
a slow speed. If the long-run term takes a positive value, it means that the
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variable tends to move further from equilibrium when in disequilibrium and
is thus not mean reverting. The error correction model should be important
for a pairs trading strategy since it is based on mean reversion.

The co-integrated relationship in equation (9) and (10) can be fitted into
equation (4) such that

πt = Φ−1ϕ+ Φ−1Ψξ + Φ−1εt (11)

Ruling out the white noise term εt ∼ N(0, I) by taking the expectations
E(πt|Ft−1) we see that the conditional mean now involves a non-constant
term.

The Engle-Granger (EG) co-integration method is based on an OLS approach
and is therefore only valid when the system contains a maximum of one
co-integrating relationship. Another drawback of the EG approach is that
the residual based test does not exploit all available information about the
dynamic relationships between the variables (Verbeek, 2008), (Banerjee et
al. 1993).

An alternative approach to the Engle-Granger co-integration method for a
multivariate setting was introduced by Johansen (1988), further developed
by Johansen & Juselius (1990) and Johansen (1991). The difference between
the Granger and Johansen method is that the OLS approach aims to find the
minimum variance linear combination while the Johansen approach, seeks the
most stationary linear combination. The Johansen method also eliminates
the residual problem that the EG-approach is prone to, and makes it possible
to estimate for multiple co-integrated relationships.
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3.4 VALUE AT RISK

VaR is a probabilistic measure and is defined as the worst loss over a target
horizon given a level of confidence such that P [L ≥ V aR] = 1 − α . The
equation states that if the confidence is. e.g. 95 percent then the proba-
bility of exceeding that loss is 5 percent or less (Jorion, 2007). VaR can
be computed by either a parametric approach where the parameters are as-
sumed to be known, a non-parametric method based on historical data or
Monte Carlo simulations which is an alternative parametric approach that
generates random movements in risk factors from estimated parametric dis-
tributions.

3.4.1 Monte Carlo Simulations

Monte Carlo simulations (MCs) are executed by choosing a statistical distri-
bution that is believed to capture the future stock market movement. Then
a pseudo random number generator based on the chosen distribution is used
to simulate several thousand possible price paths with respect to changes in
the market factors (Linsmeier & Pearson, 2000).

One approach to the discrete MCs process can be shown by assuming that
the vector log returns at time t for a companys A and B follow the same
process as in equation (4) but now with a conditional variance term, .e.g. a
BEKK model such that

πt = Φ−1ϕ+ Φ−1εt, εt = H
1/2
t ζ (12)

The MCs price paths are given by the following equation

St = µt + σtζt (13)

Where St is the stock value, µt is the drift, σt is the stock volatility and ζ the
pseudo random number generated variable. The stock volatility is derived
from the BEKK-model. We see that the stock price path in equation (13) can
be derived from equation (12). This is done by calculating the mean equation
and conditional variance. The mean equations are summed together to create
the drift term while the conditional variance is used to acquire the stock
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volatility. Thus to forecasts value at risk with MCs one period ahead, one
simply has to forecast the mean equation and conditional variance and equate
it into equation (13). In order for it to provide a meaningful result it has to
be decomposed with Cholesky decomposition such that H t = LtL

′

t.

To get an accurate portfolio value, equation (12) is usually simulated several
thousand times. If the path has been simulated 10 000 times the cut off value
is found by sorting the values in descending order and choosing the 500th.
We can then say that with 95 percent confidence our loss will not be bigger
than the cut off value (Cormac, 1999).

To simulate the portfolio value paths for 10 days ahead, equation (13) can
be forecasted one day ahead for ten days. Each forecast should generate
a different mean equation and conditional variance with the previous pe-
riods calculations affecting the ahead calculations, implying a conditional
forecast.

S(t→T ) =
T=10∑
t=1

St−1(µt + σtζt) (14)

Equation (14) shows the MCs price path for a 10 day period. It is seen
that the previous periods portfolio value multiplied by the drift and portfolio
variance one period ahead lies as a base for the next days simulations. This
means that if a portfolio produces a low drift and conditional variance for
one period, it is likely to consequently low for the other periods. However
because the conditional variance term is usually significantly larger than
the drift term, it will lead the path to a higher value due to the random
generated variable ζ. If the random number generator takes a negative value
for one period, the simulated portfolio value should be lower compared to
the previous period.

A great advantage with MCs is that it can incorporate fat tails and due to
the wide range of simulations, extreme scenarios can be simulated. Because
it takes fat tails into account it becomes a nice estimation procedure for non-
linear instruments such as options (Jorion, 2007). However a big shortcoming
is that sometimes millions of simulations have to be run in order to provide
accurate result. Cormac (1999) argues that this is because some instruments
are affected by many different factors, e.g, options, which depend on the
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interest rate, volatility, underlying price. Each of the underlying factors
have to be simulated, which means that MCs is a computational burden.
Another drawback is that MCs does not estimate how much is lost when
VaR is actually exceeded. This can however be done by a measure known as
Expected shortfall.
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4 The Model

This section provides the empirical model, which is used to estimate VaR with
a Monte Carlo simulation approach for a pairs trading strategy. Since the
aim of this paper is to study if VaR reports a lower risk when co-integration
is taken into account, two different models are used. Both models are based
on a conditional mean and conditional variance part. However they differ in
the sense that one contains a conditional mean with a long-run co-integration
parameter whilst the other one does not.

πt = µt + εt (15)

εt = H
1/2
t ζt

H t = MM
′
+A

′
εt−1εt−1A+B

′
H t−1B

Equation (15) represents the general empirical model where the vector re-
turns πt = (πA,t, πB,t)

′
depend on a mean equation part µt = (µA,t, µB,t)

′

containing simultaneous variables and the conditional variance Ht estimated
with a diagonal BEKK model. The class A log stock returns at time t are rep-
resented by πA,t and the class B stocks at time t are represented by πB,t

Model 1

πA,t = ϕ1 + Ω1πB,t + ε1,t

πB,t = ϕ2 + Ω2πA,t + ε2,t

πt = Φ−1ϕ+ Φ−1H
1/2
t ζ

Model one is a reduced form simultaneous equation with a constant condi-
tional mean and a conditional volatility. The reduced form term Φ is a 2 x 2
matrix with unit diagonal elements and spillover effects in the off diagonals,
just as the one in the theoretical section.
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Model 2

πA,t = ϕ1 + Ω1πB,t + ξ1ψ1,t−1 + ε1,t

πB,t = ϕ2 + Ω2πA,t + ξ2ψ2,t−1 + ε2,t

πt = Φ−1ϕ+ Φ−1Ψξ + Φ−1H
1/2
t ζ

Model two is a reduced form simultaneous equation with a conditional mean
consisting of a constant part and a dynamic part. The dynamic part consists
of an error correction model, obtained by the Engle-Granger co-integration
method, and is used to capture long-run behavior, which is interesting for
risk forecasting.

The mean equation and conditional variance is calculated for each model
in order to get drift and portfolio variance for the models. The risk level
assessment of the two portfolios is approached by Monte Carlo simulations.
In order to get meaningful simulations the conditional variance is decomposed
such that H t = LtL

′

t.

Stock values = St−1[µ+ ζ ∗
√
w[Φ−1(H t|Ft−1)]w′] (16)

Equation (16) describes the MC simulation process used in the empirical part
of this paper where St−i = (SA,t−i, SB,t−i)

′ are the stock prices at time t− 1,
µ is the drift given by the mean equation of each model, w = (−1 1) are

the time invariant portfolio weights and
√
w[Φ−1(H t|Ft−1)]w′ represent the

volatilities for both stocks. However it is important to keep in mind that
the stock values are simulated individually in the Monte Carlo system since
they have individual psuedo number generators. The weights are chosen with
consideration to the pairs trading strategy where -1 indicate a short position
in the asset and 1 indicates a long position. The portfolio value for each day
is retrieved by summing the values of each position for the stocks.

VaR is assessed by running day to day simulations for ten days, 10 000
times for each model and thereby each stock individually. The forecasting is
conditional since a new ζt+i is drawn for each period, which generates a new
H t+i from the BEKK-model for each period. The forecasted distribution
therefore is expected be normal. By sorting the simulated stock prices in
ascending order and taking the 500 Th (10 000*0.05) lowest values, the cutoff
value is found. The value represents the 95 percent VaR level and it can be
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said that with 95 percent confidence the loss will not exceed that price for
the chosen period. If the VaR value is bigger for model 1 than model 2 it
means that VaR is actually overshooting the risk due to no consideration of
co-integrated assets.

An simultaneous equation approach is chosen in order to capture direct ef-
fects between the class A and B stocks as it is reasonable to assume that
information affects the stocks equally in each time period. If the simultane-
ity is not taken into account the author believes that the estimation would
produce a poorer result due to information lag.

Since VaR only computes for a given confidence level, it does not estimate
how big the loss is when VaR is exceeded. A direct weakness of this model
is thus that expected shortfall is not taken into account.

Because the model uses a GARCH BEKK model to estimate the condi-
tional variance, volatility spillover effects will not be accounted for and the
co-variance will instead be calculated based on products of each assets vari-
ance. However this should not indicate a problem because this paper is not
concerned with spillover effects but with co-variance.

The statistical executions are done in the eViews 7.0 and the Monte Carlo
system has been created in Microsoft Excel 2010.
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4.1 DESCRIPTIVE STATISTICS
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The empirical section of this paper are analyzed by ten day average logarith-
mic returns of class A and B stocks for three different companies, namely
Kinnevik, Investor and Ericsson. The logarithmic returns were calculated
as π = ln(Pt/Pt−1) where Pt denotes the price in this time period and Pt−1
denotes the price in the previous time period. The companies have been
chosen arbitrarily with the authors knowledge that the stocks are generally
stable.

The companies are all noted on the Swedish stock exchanges (OMX) large
cap list, meaning that they all have a huge market capitalization value. This
signals that the companies are stable and company specific turbulent fluc-
tuations should be rare. This should be important for the investigation of
co-integration since it is based, in a financial perspective, on liquidity and
stability.

The data has been gathered from DataStream for the period 2007/05/13 -
2012/05/11. The period length was chosen with consideration to previous
studies that have used co-integration. The studies indicate that data should
be gathered over a longer period since co-integration describes the long run
relationship. Daily returns were chosen since the VaR estimation is calculated
by day to day MC simulations for a ten day period.

From the table above it is seen that all stocks are non-stationary for raw and
logarithmic prices according to the Augmented Dickey Fuller (ADF) test
with 2.84 as a critical value for a 95 percent confidence level. However as in
line with theory, all stocks become stationary after the first difference.

Looking further it is seen that the log returns exhibit fat tails, seen by that
all values in the column kurtosis are larger than 3 (with the expection of
raw prices for Kinnevik A&B). They are also skewed, which is shown by
a negative number under the column skewness. Both excess kurtosis and
skewness indicate a non-normal distribution. For reassurance the series have
been tested for normality with the Jarque-Bera (J-B) test. The null hypoth-
esis states that the skewness and excess kurtosis of the distribution is zero,
indicating normality. J-B follows an asymptotic chi-square distribution and
critical values are therefore derived from a chi-square tablet with 2 degrees
of freedom (Verbeek, 2008). For a 95 percent confidence level the critical
value is 5.99. It is seen that the daily log returns of all stocks can reject
normality with values over 5.99. Since the model forecasts are conditional
the non-normality should not matter.
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In order to follow the pairs trading strategy, portfolios have been created by
shorting the over-priced stock and buying the under-priced stock. The table
below shows how much each portfolio is worth at time t. The stock prices
used to create the portfolios are taken from the last day in the sample. Thus
Kinnevik A had a value of 134.5 SEK whilst Kinnevik B had a value of 126.4
SEK. By shorting one Kinnevik A stock and buying one Kinnevik B stock,
excluding transaction costs for simplicity, the Kinnevik portfolio at time t is
worth 8.1 SEK.

Portfolio values (SEK)

Kinnevik Ericsson Investor
8.1 3.4 2.6
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4.2 RESULTS

Looking at the following page it is seen that model 2 has a tighter kernel
distribution for all portfolios compared to model 1. Further comparing the
two it is seen that model 2 takes a approximatively normal density shape,
which was expected due to the conditional simulation MC approach. Looking
further at the distributions it is seen that model 1 has fatter tails, from this it
follows that VaR is consequently lower for all portfolios for model 2. Looking
at the table above the graphs we see that the average VaR at 99 percent
confidence level is 15.93 percent higher for model 1. Analogously for a 95
percent confidence level the average VaR is 14.89 percent higher.

In appendix B1 we see that the daily return graphs show volatility clustering
tendencies, thus including conditional variance is appropriate. Previous stud-
ies and theory suggested that BEKK-model estimations are prone to produce
insignificant parameter results. Looking at appendix B2 it is seen that all
parameters are significant. This means that each model can be estimated
with a conditional variance term. The tables also show that the past condi-
tional variance has a greater impact on todays conditional variance than has
the squared shocks.

From appendix B2 it is seen that all residuals are unit root stationary at
level according to the Dickey Fuller test, indicating that co-integration ex-
ists. Looking further at the mean equation tables for model 2 it is seen that
all long-run terms are negative, indicating a mean reversion when in disequi-
librium. All mean equations, for model 1 and 2, showed significant spillover
parameters and no serial correlation.

The forecasted values, seen in appendix B5, show that the stock volatility is
consequently higher for model 1 compared to model 2. However the mean
equations are generally higher for model 2. It is also seen that model 1
produces a constant mean equation while model 2 produces a dynamic one
due to the co-integration term.
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5 Conclusions

This paper has studied the impact of including co-integration for assessing
portfolio risk with the Value at Risk approach Monte Carlo simulations for
a pairs trading strategy with one class A and one class B stock of the same
company. The focus of the paper has been on estimating the risk for a ten
day horizon since the BASEL committee has that requirement for banks.
However the BASEL committee allows for the so called root-k approach
while other studies, see Brummelhuis & Kaufmann (2007), suggest that the
root-k approach can be severely inferior towards the day-to-day conditional
simulations. This paper has therefore used the latter technique.

This paper finds that the non co-integrated portfolios on average reported
15.93 percent higher risk for a 99 percent VaR and 14.89 percent higher
risk for 95 percent VaR compared to the co-integrated portfolios. The co-
integrated portfolios are characterized by a tighter distribution and produced
smaller tails compared to the non co-integrated. This is confirmed by the
fact that the risk over estimation increases with a higher confidence of VaR.
According to Jackson et al (1998), simulation based techniques provide more
accurate tail probabilities compared to parametric VaR models such as the
root-k technique. It is therefore possible to assume that the risk can be
increased even more under a pairs trading strategy compared to what this
paper has found. In line with these arguments the conclusions drawn by
BCBS (2009) where they suggested that the capital charge requirements
should be increased by an average of 110.8 percent can be questioned.

In conclusion it can be said that banks that use the pairs trading strategy in
their portfolio should report a lower risk than they do today. This also means
that there is room for more risk taking without breaking the BASEL capital
adequacy. Prignon et al (2008) found that the cost of over-stating VaR
was rather small. For the models in this paper, over-statement is directly
connected to cost. This is only logical since a higher portfolio value can
generate higher profits. Under severe simplifications it can be assumed that
the cost of over-stating VaR for a pairs trading strategy is the difference in
profit between a over-stated and correctly stated portfolio. A large over-
statement should therefore imply a large cost.

This paper calculated the risk for portfolios who were fully committed to the
strategy whilst in practice, a banks trading portfolio contains many different

24



assets. The reported risk level could therefore be close to the actual risk level
if few assets are co-integrated. It should also be noted that this study could
of course be applied outside the banks trading books. Hence, private agents
and other companies who trade with co-integrated assets are taking a lower
risk. However their risk level is rarely restricted and this result might there-
fore be interesting for non-restricted portfolios in a returns benchmarking
purpose.

The most direct extension of this paper is to analyze options trading since it
is possible to take multiple positions and issued options with underlying A
and B stocks from the same company should be co-integrated. Looking at the
study of Raunig & Scheicher (2008) they found that equities often reported
higher VaR compared to CDS. Since options trading is highly common it is
important to study if different strategies report a lower VaR if co-integration
is taken into account. It can then easily be compared to the VaR when the
actual equity is traded as in this paper.

Since this paper only measured VaR and the tails are wider for model 1 it
should be relevant to estimate expected shortfall and expect that the loss is
bigger for model 1 when VaR is exceeded. Another extension of this study is
to analyze portfolio risk when there exist more than one co-integrated rela-
tionship with the Johansen co-integration approach. It can then be measured
if the over-reporting is linear or if multiple co-integrated relationships lower
the portfolio risk exponentially. For further studies it would also be relevant
to find optimal hedge ratios for trading books with pairs trading techniques
since this paper has only taken two extreme positions in each stock.
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Appendix

A.1 Cholesky decomposition

Assume that the vector log returns for two stocks are defined as π = µ+Ltεt.
WhereLt is a decomposed 2x2 lower triangular matrix and εt is the error term
such that εt ∼ N(0, I). Further assuming that εt = H

1/2
t ζt where

H t =

(
σ11 σ22
σ21 σ22

)
We can easily obtain Lt by first writing out the matrices

Lt =

(
Lt,11

Lt,21 Lt,22

)
, εt =

(
εt,11
εt,22

)
For simplicity assuming that ζ = 1 we have that(

Lt,11

Lt,21 Lt,22

)(
εt,11
εt,22

)
= H

1/2
t

Solving for H t gives

σ11 = L2
t,11ε

2
t,11 = L2

t,11

σ21 = Lt,11Lt,21

σ22 = L2
t,21ε

2
t,11 + L2

t,22ε
2
t,22 = L2

t,11 + L2
t,22

Thus every element of Lt can be obtained recursively if H t is known.

Simulating H t+1 then simply amounts to drawing new independent drawings
such thatH t+1 = Et(εt+1ε

′
t+1) = Et(Lt+1ζt+1ζ

′

t+1L
′

t+1) = Lt+1Et(ζt+1ζ
′

t+1)L
′

t+1 =

Lt+1L
′

t+1

29



	  
	  

B1.	  Graphs	  of	  log	  return	  distributions	  	  
	  
Kinnevik	  A	   	   	   	   	   	   Kinnevik	  B	  

	  

	   	  
	   	   	   	   	   	  

	  	  	  	  Investor	  A	   	   	   Investor	  B	  

	  
	  
	  
	  

30



	  
	  

	  
	  
Ericsson	  A	   	   	  	  	  	  	  	  	  	  Ericsson	  B	  

	  
	  

	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	   	  
	  

31



	  
	  

B2.	  Unit	  root	  test	  
	  
	  

	  
	  
	  
	  

B3.	  Mean	  equations	  	  
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B4.	  BEKK	  estimations	  
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B5.	  Forecasts	  
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