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Abstract 

In the high voltage grid, voltage measurements are made in dedicated voltage-transformers. 

These devices are expensive and insulation failures could impact directly on the system, and 

even cause a power outage. A non-contact measurement technique, on the other hand, does 

not require a connection to the conductors, and the sensors can therefore be much cheaper by 

avoiding the need for high voltage insulation.  

A capacitive coupling between three measurement electrodes, close to ground, and a high 

voltage three phase conductor system is used to model and measure the electric field and 

thereby determine the potentials of the conductors. A 2D-model is used for simulations, where 

the sensors are modeled as ideal, the conductors are modeled in an infinite wire approximation, 

and the ground plane is approximated as a perfect conductor. For non-ideal sensors a transfer 

function from the potentials on the measurement equipment to the potentials on the conductors 

is derived as a lumped-circuit model.  

The 𝐿2-norm errors for the amplitude and the phase in the reconstructed signals are calculated 

and measured for various sensor distances. Simulations show that the sensor distance should 

not be larger than the conductor distance to mitigate the erroneous effects from distance 

uncertainties. The optimal sensor distance depends on the quota between the height from the 

sensors to the conductors and the conductor distance. 

Measurements show, in accordance with the theory, that the sensor distance should not be 

larger than the conductor distance. To reduce the amplitude and phase shift errors the sensors 

should be placed close to the ground. For applied load resistances there is a tradeoff between 

amplitude- and phase shift errors. Additionally, higher load resistances attenuate higher 

frequencies. Measurements have verified that this technique is capable of detecting high 

harmonics and transients. 

The relatively low cost and the movability makes this method highly applicable for quick 

diagnostics on many locations in a grid, where the data can be evaluated on-site using 

computer based scripts. 

 
Keywords: Capacitive, Measurement technique, Modeling, Optimization, Non-
contact, Voltage measurement, Low cost, transient detection. 
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 Sammanfattning 
 
I kraftnät utförs idag högspänningsmätningar av spänningstransformatorer. Dessa är 
dyra, och isolationsproblem  kan ha en direkt effekt på kraftnätet, och till och med skapa 
strömavbrott. En beröringsfri mätmetod, å andra sidan, kräver ingen direkt koppling 
mellan mätutrustningen och ledarna. Sensorerna kan därmed bli billigare eftersom de 
inte behöver högspänningsisoleras. 
 
En kapacitiv koppling mellan tre stycken mätelektroder, placerade nära jordplanet, och 
ett högspänt trefasledarsystem  används för att modellera och mäta det elektriska fältet 
och därigenom bestämma ledarnas potentialer. En 2D-modell används för simuleringar, 
där sensorerna modelleras som ideala, ledarna modelleras enligt en 
raktrådsapproximation (oändligt långa raka ledare), och jordplanet approximeras vara en 
perfekt ledare med oändlig utsträckning. För icke-ideala sensorer härleds en 
överföringsfunktion från den uppmätta potentialen på mätutrustningen till ledarnas 
potentialer som en analog kretsmodell.  
 

𝐿2-norm-felen för amplitudfel och fasfel för de rekonstruerade signalerna beräknas och 
mäts för olika sensoravstånd. Simuleringar visar att sensoravståndet inte bör vara större 
än ledaravståndet för att dämpa felinverkande effekter från osäkerheter i 
avståndsuppskattningar. Det optimala sensoravståndet beror på kvoten mellan höjden 
från sensorerna till ledarna och ledaravståndet. 
 
Mätningar visar, i enlighet med teorin, att sensoravståndet inte bör vara större än 
ledaravståndet. För att reducera amplitud- och fasfel bör sensorerna placeras nära 
jordplanet. För påkopplade lastresistanser gäller att det är en byteshandel mellan 
amplitud- och fasfel. För övrigt gäller att högre lastresistanser dämpar högre frekvenser. 
Mätningar verifierar att denna teknik är kapabel att detektera höga frekvenser och 
transienter. 
 
Den relativt låga kostnaden och metodens rörlighet gör att den kan appliceras för 
snabbdiagnostik på många punkter i ett kraftnät, där det insamlade datat kan utvärderas 
på plats med hjälp av datorbaserade skript. 

 
 Nyckelord: Kapacitiv, Mätteknik, Modellering, Optimering, Beröringsfri, 
 Spänningsmätning, Låg kostnad, Transientövervakning. 
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"I much prefer the sharpest criticism of a single 

intelligent man to the thoughtless approval of the 

masses." 

- Johannes Kepler 
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1 INTRODUCTION 

In an electric power grid, voltage and current are fundamental quantities: they are 
measured for billing (energy consumption), protection (input to protective relays that 
operate circuit breakers), and system operation (“state estimation” for assessment of 
system stability and robustness against contingencies).  

In the high voltage grid, the voltage and current measurements are made in specialized 

voltage-transformers (or “potential transformers”) and current transformers. There are 

usually separate units for each function (one for voltage and one for current) and for 

each phase. The cost is considerable and these measurements are therefore made only 

where strongly needed. Bad reliability of the transformer will impact directly on the 

system: an insulation failure of a voltage- or a current transformer will make parallel 

components unable to operate until repair. The traditional current transformers also need 

careful consideration of saturation limits during fault conditions. Both voltage- and 

current transformers connect to the instrumentation by direct galvanic connections. A 

risk that follow from this is failure breakdown in the power grid due to insulation failures. 

A non-contact measurement technique does not require a connection to the conductors 

which means that the sensors can be installed while the conductors are energized 

(saving both time and money). The sensor can also be much cheaper by avoiding the 

need for high voltage insulation. The demands on accuracy of magnitude, phase, and on 

reliability of the sensors' function vary a lot between the protection, billing and monitoring 

purposes. It is also interesting to consider over what range of frequencies the 

measurement can be valid: correct measurement of quite high harmonics may be useful 

in assessing system operation and billing customers for harmonic current. Signals are 

sometimes carried through the power network at frequencies well above power 

frequency (power-line carrier, PLC), and measurements of these could be simplified by a 

compact sensor. It is increasingly desired that voltage and current can be measured at 

many points in the system, while there are growing demands on the bandwidth and 

accuracy when novel protection systems or phasor-measurement units are used. The 

potential market for these measurements is therefore growing. 

 

1.1 Purpose 

The purpose of this report is to gather information to find a non-contact method to 

conduct voltage measurements of a high voltage three phase conductor system. The 

idea is to create a capacitive connection between the measurement electrodes and the 

conductors to measure the electric field and thereby determine the potentials in the 

conductors.  

The target group for this report is ABB development engineers with the purpose of trying 

to develop a non-contact measurement technique for a three phase conductor system, 

as well as master thesis students in engineering physics and in electrical engineering. 
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1.2 Definitions 

 

Table 1-1: Definitions of variables and terms used in the report, 𝒌 ≠ 𝟎. 

𝑋𝑖  The 𝑥-distance from origin to sensor 𝑖 

𝑌𝑖  The 𝑦-distance from origin to sensor 𝑖 

𝑥𝑗  The 𝑥-distance from origin to conductor 𝑗 

𝑦𝑗  The 𝑦-distance from origin to conductor 𝑗 

𝑥𝑗 ,s The 𝑥-distance from origin to the mirror image of conductor 𝑗 

𝑦𝑗 ,s  The 𝑦-distance from origin to the mirror image of conductor 𝑗 

Primed variables Distance from origin to a source 

Unprimed variables Distance from origin to a point of interest 

Bars Indicating that there is a direction dependence 

Bold Matrices or vectors 

 

1.3 Structure 

This report has the following structure. 

Section 1 Introduction (this section) describes the purpose and scope for this report as 

well as terms, abbreviations and acronyms used. 

Section 2 Problem description describes the reason for the study resulting in this report. 

Section 3 Theory describes the model and the theory used to calculate the potentials on 

the conductors from some measured signals on the sensors (both ideal and non-ideal 

sensors). 

Section 4 Results and discussion: Presents the results and an analysis of both 

theoretical- and measured results. 

Section 5 Conclusions from the results. 

Section 6 Future work describes what the next step in the pursuit of a non-contact high 

voltage measurement technique could be. 

Section 7 References specifies the source material. 

Section 8 Bibliography contains information about further reading. 

Appendix A: Currents in the conductors: Theoretical calculations for current detection 

in a two-dimensional model (extra material). 

2 PROBLEM DESCRIPTION 

A non-contact voltage measurement technique could reduce the costs in, monitoring 

since the equipment can be installed while the conductors are energized. The sensors 

would also be much cheaper since there is no need for high voltage insulation. To 
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develop a non-contact measurement technique both a sensor design and information 

about optimal positioning is required.  

This report focuses on the optimal positioning of the sensors with respect to a potential 

amplitude error and phase shift for a simple sensor design, both in theory and through 

measurements. 

3 THEORY 

This section contains the theory behind the analysis of sensor configurations and 

constructions with the purpose of trying to minimize the erroneous effects of different 

parameters in the determination of the conductor potentials. 

 

3.1 2D-model and a reference system 

A two-dimensional geometry is used to describe the situation where three unspecified 

identical sensors are placed at positions (𝑋1 ,𝑌1), (𝑋2 ,𝑌2) and (𝑋3 ,𝑌3) underneath a 

three-phase conductor system to determine the potentials in each of the conductors as 

specified in Figure 3-1. While it is possible that four or more sensors will increase the 

precision and mitigate the sensitivity to disturbances, the case for three sensors is 

studied initially. More than three sensors increase the complexity of the system and the 

demands on the hardware (increased cost). Also, while fewer sensors give an 

underdetermined system of equations, three sensors give a well-determined system. 
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Figure 3-1: A cross section of the modeled measurement situation. The 

conductors are approximated as infinitely long wires extending perpendicularly to 

the 𝒙𝒚-plane. All conductors are assumed to be at the same height (𝒚𝟏 = 𝒚𝟐 = 𝒚𝟑). 

The method of images is used when the ground plane is approximated as a 

grounded perfect conductor. 

 

The conductors are approximated to be of infinite length with a radius 𝑟 ≪ 𝑦0 (see 

Figure 3-1). They are extending perpendicularly to the 𝑥𝑦-plane in the 𝑧 -direction, and 

their respective time-dependent line charges 𝜆 are assumed to be uniformly distributed 

on the surface (at radius 𝑟). For simplicity, the ground plane (extending in the 𝑥𝑧-plane at 

𝑦 = 0) is approximated as a perfect conductor. It is then possible to use the method of 

images to analytically determine the contribution from reflections of the electric fields in 

the ground plane to the sensors when appropriate boundary conditions are introduced 

(Cheng, 1989, p.159). 

To simplify a later analysis of the model some kind of reference system should be 

chosen such that all distances in the system can be expressed in terms of this reference. 

In a real measurement situation the distance between the sensors (denoted 𝑥0) can be 

measured with a high accuracy using simple measurement techniques. The chosen 

reference system will therefore be the sensors' distance 𝑥0, and height  above ground. 

The location of the conductors can then be expressed in terms of this reference, with the 

origin specified as the 𝑥-position of sensor 2 (𝑋2) located in the ground plane. 

The next step is to express all distances in terms of the reference system. The 𝑥-

coordinates of the sensors are presented in Table 3-1. To keep the symmetry between 

the sensors, the distance between sensors 1 and 2 is equal to the distance between 

sensors 3 and 2, I.e.  𝑋1 − 𝑋2 =  𝑋3 − 𝑋2 = 𝑥0. 

 

 

  

  

𝑦0 

 

𝑦0 +  

Conductor 1 Conductor 2 Conductor 3 

Conductor 1 

Mirror Image 
Conductor 2 
Mirror Image 

Conductor 3 
Mirror Image 

Sensor 1 Sensor 2 Sensor 3 

(𝑥1 ,𝑦1) (𝑥2 ,𝑦2) (𝑥3 ,𝑦3) 

(𝑋1 ,𝑌1) (𝑋2 ,𝑌2) (𝑋3 ,𝑌3) 

(𝑥1 ,𝑦1s) (𝑥2 ,𝑦2s) (𝑥3 ,𝑦3s) 

0  

𝑦  

𝑥  𝑥0 
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Table 3-1: The sensors' 𝒙-coordinates expressed in the sensor distance 𝒙𝟎. 

Sensor 𝒙-coordinate Value 

1 𝑋1 −𝑥0 

2 𝑋2 0 

3 𝑋3 𝑥0 

 

To express the conductors’ 𝑥-positions in terms of the reference system two new 

variables are introduced: 𝑘1 and 𝑘2. These variables describe the conductor distance in 

parts of the sensor distance (see Table 3-2).  

 

Table 3-2: The conductors' 𝒙-coordinates expressed in the sensor distance 𝒙𝟎, and 

two new variables: 𝒌𝟏 and, 𝒌𝟐. 

Conductor 𝒙-coordinate Value 

1 𝑥1 (−𝑘1 + 𝑘2)𝑥0 

2 𝑥2 𝑘2𝑥0 

3 𝑥3 (𝑘1 + 𝑘2)𝑥0 

 

Where 𝑘1 > 0 and 

 

𝑘2  

   > 0, 𝐶𝑜𝑛𝑑𝑢𝑐𝑡𝑜𝑟 2 𝑎𝑙𝑖𝑔𝑛𝑒𝑑 𝑟𝑖𝑔𝑡 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑡𝑜 𝑠𝑒𝑛𝑠𝑜𝑟 2
= 0,                            𝐶𝑜𝑛𝑑𝑢𝑐𝑡𝑜𝑟 2 𝑎𝑙𝑖𝑔𝑛𝑒𝑑 𝑎𝑏𝑜𝑣𝑒 𝑠𝑒𝑛𝑠𝑜𝑟 2
< 0, 𝐶𝑜𝑛𝑑𝑢𝑐𝑡𝑜𝑟 2 𝑎𝑙𝑖𝑔𝑛𝑒𝑑 𝑙𝑒𝑓𝑡 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑡𝑜 𝑠𝑒𝑛𝑠𝑜𝑟 2

  

 

The 𝑥-distances in the model from the origin to both the sensors and the conductors are 

now expressed in three variables: 𝑥0, 𝑘1 and 𝑘2, (or 𝑘𝑖 , 𝑖 = 1,2). All that remain before it 

is possible to express the radial distances between all the sensors and conductors is to 

define some new variables which describe the relative distances between the sensors 

and conductors in the 𝑥𝑦-plane. This is performed in Table 3-3. 
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Table 3-3: Variable definitions describing all relative distances between all the 

sensors and conductors. 

Distance Description 

𝑋𝑖𝑗 = 𝑋𝑖 − 𝑥′𝑗  The 𝑥-distance between sensor 𝑖 and conductor 𝑗 (source). 

𝑌𝑖𝑗 = 𝑌𝑖 − 𝑦′𝑗  

 

The 𝑦-distance between sensor 𝑖 and conductor 𝑗 (source). 

𝑥𝑖𝑗 = 𝑥𝑖 − 𝑥′𝑗  The 𝑥-distance between conductor 𝑖 and conductor 𝑗 (source). 

             𝑦𝑖𝑗 = 𝑦 − 𝑦′𝑗  The 𝑦-distance between conductor 𝑖 and conductor 𝑗 (source). 

 

All the information that is needed to find the radial distances from the sensors to the 

conductors in terms of the reference system (the sensors' positions) is now available. 

Define the radial distances in the following way:  

Let 𝐷𝑖𝑗  and 𝐷𝑖𝑗 ,s be the radial distance from sensor 𝑖 to conductor 𝑗 and from sensor 𝑖 to 

the mirror image of conductor 𝑗 respectively (see Figure 3-2).  

 

 

Figure 3-2: An illustration of the definition of variables related to the radial 

distances between sensor 𝒊 and a conductor 𝒋 and its mirror image. 

 

Then, 

 

 

𝑟 

Sensor 𝑖 

Conductor 𝑗 

Conductor 𝑗 
Mirror image 

𝑑𝑗𝑗 = 𝑟 

𝐷𝑖𝑗  

𝑑𝑗𝑗 ,s 

𝐷𝑖𝑗 ,s 
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𝐷𝑖𝑗 =  𝑋𝑖𝑗

2 + 𝑌𝑖𝑗
2 

1

2 

𝐷𝑖𝑗 ,s =  𝑋𝑖𝑗 ,𝑠
2 + 𝑌𝑖𝑗 ,s

2  
1

2 

(3-1) 

 

Now, let 𝑑𝑗𝑙  and 𝑑𝑗𝑙 ,s be the radial distance from conductor 𝑗 to conductor 𝑙 and from 

conductor 𝑗 to the mirror image of conductor 𝑙 respectively (see Figure 3-2 again). Then, 

 

 
𝑑𝑗𝑙 =  𝑥𝑗𝑙

2 + 𝑦𝑗𝑙
2 

1

2 

𝑑𝑗𝑙 ,𝑠 =  𝑥𝑗𝑙 ,s
2 + 𝑦𝑗𝑙 ,s

2  
1

2 

(3-2) 

 

Here, 𝑑𝑗𝑗  is defined as the radius 𝑟 of conductor 𝑗 and 𝑑𝑗𝑗 ,𝑠 is defined as the radial 

distance from conductor 𝑗 to its mirror image in the ground plane (see Figure 3-2). 

 

 

 

3.2 Electric potential on the conductors 

This section is dedicated to finding an expression for the electric potentials on three 

conductors by using the 2D-model illustrated in Figure 3-1 from the measured potentials 

on the sensors. Two different cases will be studied analytically, both with the aim to find 

the potentials on the conductors from the measured sensor potentials: 

 Ideal sensors 

These sensors have no spatial extension, and are basically points in space at the 

center of the sensor locations. Ideal sensors produce perfect measurements of 

the electric potential. 

 

 Non-ideal sensors 

These sensors have spatial extension and will therefore have a capacitive 

coupling to all objects. Connected measurement equipment will affect the 

potentials on the sensors.  

 

3.2.1 Ideal sensors 

The electric potential 𝑉 generated by a conductor with line charge 𝜆 (for a long straight 

wire approximation) on an ideal sensor 𝑖 modeled as a point, a radial distance 𝐷 away 

from the conductor becomes (Cheng, 1989, p.163, eq.4-39) 
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 𝑉 =
1

2𝜋𝜖0
𝜆 ln  

𝐷0

𝐷
   

 

where 𝐷0 is the reference point for zero potential (will be eliminated later on). Since there 

is a reflection in the ground plane contributing to the potential on the sensor and since 

we make use of the method of images the boundary condition that the potential of the 

ground plane is zero, must hold (Cheng, 1989, p.159). 

 

 𝑉𝑏 = 0  

 

Therefore the potential on the sensor can be expressed as (with a radial distance 𝐷𝑠 to 

the mirror image) 

 

 𝑉 =
1

2𝜋𝜖0
𝜆  ln  

𝐷s

𝐷0
  −  ln  

𝐷

𝐷0
    

 

Extrapolating the solution to 𝑁 conductors, using superposition (Griffiths, 2008, p.81) 

and algebraic simplifications yields the potential on sensor 𝑖 as 

 

 𝑉𝑖 =
1

2𝜋𝜖0
 𝜆𝑗 ⋅ ln 

𝐷𝑖𝑗 ,s

𝐷𝑖𝑗
 

𝑁

𝑗=1

 (3-3) 

 

where 𝑁 is the number of conductors, 𝜆𝑗  is the line charge of conductor 𝑗, 𝐷𝑖𝑗  and 𝐷𝑖𝑗 ,s 

are the radial distances from sensor 𝑖 to conductor 𝑗 and its mirror image (as described 

in section 3.1 by equation (3-1)). On vector form 𝑉 can be expressed as 

 

 𝑽 =  
𝑉1

⋮
𝑉𝑃

  (3-4) 

 

where 𝑉𝑖  (𝑖 = 1,2…𝑃) is the potential on sensor 𝑖. Similarly, the line charges on the 

conductors 𝝀 can be expressed on vector form as 

 

 𝝀 =  
𝜆1

⋮
𝜆𝑁

  (3-5) 

 

where 𝜆𝑗  (𝑗 = 1,2…𝑁) is the line charge on conductor 𝑗. From equation (3-3) a matrix 

𝑀1 can now be introduced as 
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 𝑴𝟏 =

 

 
 
𝑙𝑛  

𝐷11,s

𝐷11
 ⋯ 𝑙𝑛  

𝐷1𝑁,s

𝐷13
 

⋮ ⋱ ⋮

𝑙𝑛  
𝐷𝑃1,s

𝐷31
 ⋯ 𝑙𝑛  

𝐷𝑃𝑁,s

𝐷33
 
 

 
 

 (3-6) 

 

In matrix form the electric potential on the sensors can now be expressed as 

 

 𝑽 = 𝑐1𝑴1𝝀 (3-7) 

 

where 𝑐1 =
1

2𝜋𝜖0
. The electric potential on the conductors can be determined from the 

same relationship as in equation (3-3). 

  

 𝑈𝒍 = 𝑐1  𝜆𝑙 ln

𝑁

𝑗=1

 
𝑑𝑙𝑗 ,s

𝑑𝑙𝑗
  (3-8) 

 

Since the radius of the conductors 𝑟 ≪ 𝑦0 , 𝑥0 (see Figure 3-1 for a description of 𝑥0 and 

𝑦0), for each conductor (equal for all the conductors) the line charges 𝜆𝑗  on the 

conductors can be approximated to be located at the center of the conductors for all 

cases except for when the self-contribution to the potential or current of a conductor 

need to be taken into account. Like 𝑽 in equation (3-4), 𝑼 can also be expressed on 

vector form as 

 

 𝑼 =  
𝑈1

⋮
𝑈𝑁

  (3-9) 

 

The electric potential on the conductors can be expressed on the same matrix form as 

the potential on the sensors (equation (3-7) 

 

 𝑼 = 𝑐1𝑴2𝝀 (3-10) 

 

Where, 𝑴2 is defined as 
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 𝑴2 =  

 

 
 
𝑙𝑛  

𝑑11,s

𝑑11
 ⋯ 𝑙𝑛  

𝑑1𝑁,s

𝑑13
 

⋮ ⋱ ⋮

𝑙𝑛  
𝑑𝑁1,s

𝑑31
 ⋯ 𝑙𝑛  

𝑑𝑁𝑁 ,s

𝑑33
 
 

 
 

 (3-11) 

 

To find an expression for the potential 𝑼 on the conductors, equation (3-7) can be 

solved for 𝝀 and inserted into equation (3-10), which yields the following relation 

between the measured potential 𝑽 on the sensors, and the potentials 𝑼 on the 

conductors 

 

 𝑼 = 𝑴2𝑴1
−1𝑽 (3-12) 

 

Similarly, to find the potential 𝑽 on the sensors from the conductors' potentials, equation 

(3-10) can be solved for 𝝀 and inserted into equation (3-7) which yields 

 

 𝑽 = 𝑴1𝑴2
−1𝑼 (3-13) 

 

3.2.2 Non-ideal sensors 

With non-ideal sensors the difficulties in calculating the potentials on the conductors 

increase severely. This is much due to the interaction between all volumetric objects in 

the model including the ground plane. Measurement equipment and lumped circuit 

elements connected to the sensors will also affect their potentials. 

This section introduces a coupled system between electromagnetic field theory and 

lumped circuit elements in the pursuit to find a transfer function which can be used to 

find the potentials on the conductors. In the next section the capacitance between a 

sensor and its surroundings (according to the 2D-model in Figure 3-1) is determined. 

The capacitive couplings to its surroundings are illustrated in Figure 3-3. 
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Figure 3-3: An illustration of some of the capacitive couplings affecting a sensor 

in the 2D-model described in Figure 3-1. 

 

Please note that the sensor has capacitive couplings to all conductors, and that this is 

only an illustrational example to present an idea. Next, the capacitances in Figure 3-1 

are derived. 

 

Capacitance between a sensor and its surroundings 

According to Cheng (1989, p.121) the following relationship between the capacitance 𝐶 , 

the charge 𝑄 on the sensor, and the potential difference Δ𝑉 between the sensor and 

another object (e.g. conductors, ground and other sensors) is: 

 

 𝐶 =
𝑄

Δ𝑉
> 0 (3-14) 

 

where the capacitance is a constant which depend only on the geometry of the system 

(Cheng, 1989, p.121). 𝑄 may vary depending on the object the sensor is interacting with. 

 

 

Capacitance between a sensor and a conductor 

Assume that the sensor plate is infinitesimally thin and that it has an area small enough 

for a homogenous electric field approximation. Since the capacitance depend only on 

the geometry of the system, the sensor will have the same potential as a corresponding 

point in space at the center of the sensor plate. It will therefore not affect the field picture 

significantly. This means that equation (3-13) can be used to calculate the potential on 

the sensor for any given potential on the conductor.  

Conductor 𝑗 

Sensor 𝑖 Other sensor 

𝐶𝑖𝑗  

𝐶ground  

𝐶sensor  
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The charge 𝑄 on the sensor plate can be found by integrating the electric field from the 

conductors over the surface area of the sensor. This could be a theoretically very 

complex problem in view of model that is used. To simplify the problem a bit, we make 

assumptions about “small” plates (I.e. the radius of the plate is small enough such that 

only electric field lines of approximately the same direction hits the plate. Additionally, 

the model is constructed such that the distance from the sensor to the conductor is much 

larger than that to the ground. This implies that a homogenous electric field 

approximation between the sensor and the ground plane can be used. 

Since the distance to the conductors is much larger than that to the ground, from a 

conductor’s point of view the sensor is located very closely to the ground plane. This, in 

combination with an infinitesimally thin sensor, opens up the possibility of not necessarily 

having to take into account the effect of the sensor affecting the field picture. 

With these approximations made it is now possible to proceed in finding the charge 𝑄 on 

the sensor. In cylindrical coordinates the electric field from an infinitely long and straight 
conductor carrying a line charge 𝜆𝑗  can be described by (Nordling, Österman, 2006, 

p.207) 

 

 𝐸 =
𝜆𝑗

2πϵ0
⋅

1

𝑟
𝑟  (3-15) 

   

where 𝑟𝑟  is the radius vector from the conductor, and 𝜆𝑗  is the line charge of the 

conductor 𝑗. Rewriting equation (3-15) in Cartesian coordinates yields 

 

 𝐸 =
𝜆𝑗

2πϵ0
⋅  
 𝑋𝑖 − 𝑥𝑗  𝑥 +  𝑌𝑖 − 𝑦𝑗  𝑦 

 𝑋𝑖 − 𝑥𝑗  
2

+  𝑌𝑖 − 𝑦𝑗  
2   (3-16) 

 

where (𝑋𝑖 ,𝑌𝑖) is the distance from origin to the point of interest (I.e. sensor 𝑖), and (𝑥𝑗 ,𝑦𝑗 ) 

is the distance from origin to the source (I.e. conductor 𝑗). The solution will be general 

and can be superposed into 𝑛 conductors and 𝑚 sensors according to (Griffiths, 2008, 

p.81). To account for the contribution from the ground plane, it is once again assumed to 

be grounded and infinitely well conducting so that the method of images is applicable. 

The contribution from the ground plane can then be calculated from equation (3-16) by 

using (𝑥𝑗 ,−𝑦𝑗 ) as the mirrored conductor coordinates, and of course by using the same 

sensor coordinates as before. 

Using the rule of superposition for the electric field contribution from the conductor and 

its mirror image yields the following expression for the electric field strength and direction 

at the sensor position, 

 



 

Technical Report 

Corporate Research 
 

Doc. title   Revision Page 

Non-contact high voltage measurements: Modeling and On-site Evaluation 01 19/91 

 

 

 

 

𝐸 𝑥 =
𝜆𝑗

2πϵ0
⋅  

 𝑋𝑖 − 𝑥𝑗   

 𝑋𝑖 − 𝑥𝑗   
2

+  𝑌𝑖 − 𝑦𝑗  
2 −

 𝑋𝑖 − 𝑥𝑗   

 𝑋𝑖 − 𝑥𝑗   
2

+  𝑌𝑖 + 𝑦𝑗  
2 𝑥  

𝐸 𝑦 =
𝜆𝑗

2πϵ0
⋅  

 𝑌𝑖 − 𝑦𝑗  

 𝑋𝑖 − 𝑥𝑗   
2

+  𝑌𝑖 − 𝑦𝑗  
2 −

 𝑌𝑖 + 𝑦𝑗  

 𝑋𝑖 − 𝑥𝑗   
2

+  𝑌𝑖 + 𝑦𝑗  
2 𝑦  

 

(3-17) 

 

and 𝐸 = 𝐸 𝑥 + 𝐸 𝑦 . The relation between the charge 𝑄 on the sensor and the electric 

displacement field is as follows (according to Maxwell's first law of electrodynamics 

where 𝑆 is the surface area of a rectangular sensor) (Nordling, Österman, 2006, p.216), 

 𝑄 =  𝐷 
𝑆

⋅ 𝑛 𝑑𝑆 (3-18) 

 

Assuming that the surrounding medium (in this case air) gains no polarization, then the 

electric displacement field 𝐷 = 𝜖0𝐸  (since the relative permittivity of air 𝜖𝑟 ,𝑎𝑖𝑟 ≈ 1). Now 

assume that the normal direction 𝑛  of the sensor surface area points in the 𝑦 -direction 

(I.e. the sensor has zero angle with the ground plane). Inserting equation (3-17) into 

equation (3-18) yields 

 

 𝑄 =
𝜆𝑗

2π
  

 𝑌𝑖 − 𝑦𝑗  

 𝑋𝑖 − 𝑥𝑗  
2

+  𝑌𝑖 − 𝑦𝑗  
2 −

 𝑌𝑖 + 𝑦𝑗  

 𝑋𝑖 − 𝑥𝑗  
2

+  𝑌𝑖 + 𝑦𝑗  
2 

𝑆

𝑑𝑆 (3-19) 

 

The integral in equation (3-19) can now be performed by inserting sensor boundaries 

and integrating in the 𝑥𝑧-plane (See Appendix B for the explicit calculation). The 

resulting charge then becomes 

 

 

𝑄 =
𝜆𝑗 𝑠0

2π
 arctan 

𝑏 − 𝑥𝑗

𝑌𝑖 − 𝑦𝑗
 − arctan 

𝑏 − 𝑥𝑗

𝑌𝑖 + 𝑦𝑗
 

− arctan 
𝑎 − 𝑥𝑗

𝑌𝑖 − 𝑦𝑗
 + arctan 

𝑎 − 𝑥𝑗

𝑌𝑖 + 𝑦𝑗
   

(3-20) 

 

where the dimensions of the sensor is defined as in Figure 3-4.  
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Figure 3-4: The dimensions of a square sensor. 

 

The capacitance between a sensor and a conductor can now be described by equation 

(3-14). Equation (3-13) is used to calculate Δ𝑉, and equation (3-20) is used to calculate 

the charge 𝑄 on the sensor. Inserting equations (3-20) and (3-13) into equation (3-14) 

yields the final expression for the capacitance between sensor 𝑖 and conductor 𝑗 as 

 

 
𝐶𝑖𝑗 =

𝜆𝑗𝑧0

2π
 arctan 

𝑏−𝑥𝑗

𝑌𝑖−𝑦𝑗
 − arctan 

𝑏−𝑥𝑗

𝑌𝑖−𝑦𝑗
 − arctan 

𝑎−𝑥𝑗

𝑌𝑖−𝑦𝑗
 + arctan 

𝑎−𝑥𝑗

𝑌𝑖+𝑦𝑗
  

𝑈𝑗 −𝑀1𝑀2
−1𝑈𝑗

 
(3-21) 

 

Capacitance between a sensor and the ground plane 

For simplicity the capacitance between a sensor and the ground plane, 𝐶2, can be 

approximated as a parallel plate capacitor since it is located closely to the ground plane 

in comparison to the conductor (yielding an approximately homogenous electric field, 

here not accounting for correction factors). The capacitance of a parallel plate capacitor 

can be described according to (Nordling, Österman, 2006, p.224) 

 

 𝐶2 = 𝜖0 ⋅
𝑆


 (3-22) 

 

where 𝑆 still denotes the surface area of the sensor, and  is the sensor height above 

the ground. 

 

Capacitance between the sensors 

If the sensors have a volume then equation (3-22) can be used to approximate the 

capacitance between the sensors. 

𝑥  

𝑦  

𝑧  

𝑎 

b 

−
𝑠0

2
 

𝑠0

2
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Comparing the capacitances 

Estimations of the values of the introduced capacitances are here calculated to see if 

any capacitance is small enough to be neglected in the model (see Figure 3-3). Assume 

that the sensors are not infinitesimally thin but have volumes. Some worst case 

scenarios are calculated below. 

 

The sensor capacitance to ground 

Assume that the distance from a sensor to ground is 0.2 m. Also, assume that the 

surface area of a square sensor is 𝑆1 = 0.12 = 0.01 m2. According to equation (3-22) the 

capacitance to ground 𝐶2,𝑔  can be approximated to be: 𝐶2,𝑔 = 0.05 ∗ 𝜖0 

 

Capacitance between the sensors 

Now assume that the sensors are 0.01m thick and are located 0.2 m apart. The resulting 

capacitance 𝐶2,𝑠 according to equation (3-22) would be approximately: 𝐶2,𝑠 = 0.005 ∗ 𝜖0.  

 

Capacitance between a sensor and a conductor 

The capacitance between a sensor and a conductor was calculated using equation 

(3-21) while simulating the model (using Matlab) in the results section. The value is 

typically in the range: 𝐶𝑖𝑗 ≈ 0.1𝜖0 to 0.01𝜖0. 

 

Conclusion 

The conclusion is that in a worst case scenario, the capacitance to ground will still be at 

least 10 times larger than the capacitance between the sensors. The capacitance 

between a sensor and a conductor is of the order 2-20 times larger than the capacitance 

between the sensors. Therefore, the capacitance between the sensors can be 

neglected. 

 

The model 

An example of a real measurement situation including one sensor and one conductor is 

illustrated in Figure 3-5. The purpose is to illustrate the capacitive coupling between one 

sensor, one conductor and the ground plane, as well as to give the reader a basic 

understanding of how the measurement equipment is connected to the sensors. As 

concluded earlier the capacitance between sensors has been neglected. 
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Figure 3-5: An illustration of a real measurement situation with one sensor and 

one conductor. The sensor is via a coaxial cable connected to an oscilloscope. A 

load resistance is connected in series with the oscilloscope. 

 

The illustration in Figure 3-5 shows a sensor 𝑖 with a capacitive coupling 𝐶𝑖𝑗  to a 

conductor 𝑗, and a capacitive coupling 𝐶ground  to the ground plane. A load resistance 

𝑅load  connected in series with a coaxial cable transfer the sensor signal. The load 

resistance is variable. The purpose of 𝑅load  is to study its effects on the potential 

acquired by the oscilloscope (connected in series with the coaxial cable and 𝑅load ). The 

idea is that a high load resistance might result in sensor potentials closer to the theory by 

reducing the effects of the measurement equipment. The oscilloscope has an input 

impedance 𝑍osc . 

The approach to the problem of calculating the potential on the conductor is to find a 

transfer function 𝐻 which describe the relation between the measured potential on the 

oscilloscope and the potential on the conductor. One way to solve this problem is to 

express the system in a lumped circuit element model, see Figure 3-6.  
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Figure 3-6: A lumped circuit element model of the system. Everything between the 

Voltage Source (conductor 𝒋) and the measured signal on the oscilloscope 𝑽𝒎𝒆𝒂𝒔 

is called the transfer function 𝑯(𝝎).  

 

This model can use the measured potential 𝑉meas  on the oscilloscope to invert the 

solution and thereby find an approximate value for the potential on the conductor. 

 

Superposing the capacitance to a three conductor/three sensor system 

The solution for the capacitance in equation (3-21) can be utilized in a system with 𝑁 

conductors and 𝑃 sensors. Since there are three sensors in the model, and since there 

are three conductors in a three phase system, 𝑁 = 𝑃 = 3. According to Cheng (1989, 

p129-131), equation (3-21) can be calculated for each conductor-sensor pair. I.e. for 

each sensor there is a capacitive coupling to all conductors. This yields a system of 

equations for the capacitances as, 

 

 
𝐶𝑖𝑗 =

1

2𝜋

𝑧𝜆𝑗

(𝑉𝑖 − 𝑈𝑗 )
 𝑎𝑟𝑐𝑡𝑎𝑛  

𝑏𝑖 − 𝑥𝑗  

𝑦𝑖 − 𝑦𝑗
 − 𝑎𝑟𝑐𝑡𝑎𝑛  

𝑏𝑖 − 𝑥𝑗  

𝑦𝑖 + 𝑦𝑗
 − 𝑎𝑟𝑐𝑡𝑎𝑛  

𝑎𝑖 − 𝑥𝑗  

𝑦𝑖 − 𝑦𝑗
 + 𝑎𝑟𝑐𝑡𝑎𝑛  

𝑎𝑖 − 𝑥𝑗  

𝑦𝑖 + 𝑦𝑗
   (3-23) 

 

where 𝑖 = 1,2,3 represent the sensor 𝑖, and 𝑗 = 1,2,3 represent the conductor 𝑗. The 

quota 
𝜆𝑗

(𝑉𝑖−𝑈𝑗 )
 is a constant for each specific geometrical configuration. 𝐶𝑖𝑗  are the 

elements of the matrix 𝑪𝟏, which now can be defined as 

 

𝑪𝟏 ≡  

𝐶11 𝐶12 𝐶13

𝐶21 𝐶22 𝐶23

𝐶31 𝐶32 𝐶33

  

 

where as an example 𝐶13 corresponds to the capacitance between sensor 1 and 

conductor 3, while 𝐶31 correspond to the capacitance between sensor three and 

conductor 1 (See Figure 3-7). When the geometry in the system is symmetrical, then 𝐶1 

will also be symmetrical.  

  
Voltage  
source  

(conductor 𝑗) 

𝐶𝑖𝑗  

𝐶ground  

𝑅load  

𝐶cable  𝑅osc  𝐶osc  

(𝑉sensor ) 

𝑉meas  𝑈𝑗  
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Figure 3-7: An illustration of some of the elements in the capacitance matrix 𝑪𝟏. 

 

All the components in the lumped circuit element model in Figure 3-6 are now known. It 

is possible to proceed to find the transfer function 𝐻 for the model. 

 

The transfer function 𝑯(𝝎) 

A lumped circuit element model of Figure 3-5 is shown in Figure 3-6. This section is 

dedicated to finding an analytical expression for the transfer function 𝐻(𝜔), which 

describes the relation between the measured sensor potentials and the conductor 

potentials. Assume that all sensor-plates have the same surface area 𝑆 and are all 

located a distance  above the ground, then equation (3-22) describing the capacitive 

coupling 𝐶2 between each sensor and ground can be used without modification (same 

for all sensors). 

The circuit in Figure 3-6 can be simplified by noticing that 𝐶cable , 𝑅osc  and 𝐶osc  are 

parallel. These can therefore be substituted according to the rule for parallel components 

(Nordling, Österman, 2006, p.225-226) which yields the resulting impedance  

 

1

𝑍4
= 𝑗𝜔𝐶cable +

1

𝑅osc
+ 𝑗𝜔𝐶osc  

 

Now, let 𝑍1 =
1

𝑗𝜔 𝐶𝑖𝑗
, 𝑍2 =

1

𝑗𝜔 𝐶2
 and 𝑍3 = 𝑅load  (see Figure 3-6). According to the voltage 

divider rule (Nordling, Österman, 2006, p.226), the transfer function can be calculated 

via 

 

𝐻 𝜔 =
𝑍4𝑍5

 𝑍1 + 𝑍5  𝑍3 + 𝑍4 
 

 

 

Conductor 1 

Sensor 1 

𝐶11 

    

Conductor 2 Conductor 3 

𝐶12 𝐶13 
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which is the quota between the measured potential 𝑉meas  on the oscilloscope and the 

potential on conductor 𝑗, 𝑈𝑗 . I.e. 𝐻 =
𝑉meas

𝑈𝑗
. Redefine the capacitance between the sensor 

and ground as 𝐶ground ≡ 𝐶2, the oscilloscope input resistance as 𝑅osc ≡ 𝑅o , the 

oscilloscope input capacitance as 𝐶osc ≡ 𝐶o, the load resistance as 𝑅load ≡ 𝑅l and the 

cable capacitance as 𝐶cable ≡ 𝐶c. Explicitly calculating 𝐻(𝜔) yields 

 

𝐻𝑖𝑗 (𝜔)

=
𝑖𝑅o

𝐶2 ⋅ 𝜔 1 +  𝐶o + 𝐶c 𝑖𝑅o𝜔  𝑅l −
𝑖

𝐶2𝜔
+

𝑅o

1+ 𝐶o +𝐶c 𝑖𝑅0𝜔
  

𝑖

𝐶𝑖𝑗𝜔
+

𝑖 𝑅l +
𝑅0

1+ 𝐶0+𝐶c  𝑖𝑅o𝜔
 

𝐶2𝜔 𝑅l−
𝑖

𝐶2𝜔
+

𝑅o
1+ 𝐶0+𝐶c  𝑖𝑅o𝜔

 
 

 

 

             (3-24) 

 

where 𝐶𝑖𝑗  is the capacitance between sensor 𝑖 and conductor 𝑗. This transfer function is 

valid for each sensor-conductor pair 𝑖𝑗, and frequency 𝜔. 

 

Using 𝑯 𝝎  to find the conductors' potentials 

This chapter describes how the FFT (Fast Fourier Transform) is utilized to find the 

potentials on the conductors. For more information on how the FFT is designed please 

refer to Mandal, Amir (2007, p.553-558). 

An FFT on the measured sensor potential measurement data (using the Matlab FFT-

function) transforms the data set from the 𝑡-domain (time-domain) to the 𝜔-domain 

(frequency domain) and expresses the signal in a power spectrum in the frequency 

range 0 ≤ 𝑓 ≤ 𝑓s. where 𝑓s is the sampling frequency. The Fourier transformed signal is 

mirrored around 
𝑓s

2
, so the transfer function must be expressed accordingly. This can be 

done by calculating the transfer functions 𝐻𝑖𝑗 (𝑓 ≤
𝑓s

2
), and then mirror the resulting 

𝐻𝑖𝑗  𝑓 ≤
𝑓s

2
  around 

𝑓s

2
 for 𝑓 >

𝑓s

2
, whilst removing the value for 

𝑓s

2
 for the mirrored transfer 

functions.  

The transfer functions in 𝑯 relates the conductors' potentials 𝑼 to the sensors' potentials 

𝑽 according to (see Figure 3-6): 

 

 ℱ{ 
𝑉1

𝑉2

𝑉3

 } 𝜔 =  

𝐻11 𝐻12 𝐻13

𝐻21 𝐻22 𝐻23

𝐻31 𝐻32 𝐻33

 ℱ{ 
𝑈1

𝑈2

𝑈3

 } 𝜔  (3-25) 

 

The solution in equation (3-25) can be inverted to find 𝑼 from 𝑽 (Mandal, Amir (2007, 

p.535) which yields  
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 ℱ{ 
𝑈1

𝑈2

𝑈3

 } 𝜔 =  
𝐻11 𝐻12 𝐻13

𝐻21 𝐻22 𝐻23

𝐻31 𝐻32 𝐻33

 

−1

ℱ{ 
𝑉1

𝑉2

𝑉3

 }(𝜔) (3-26) 

 

The solution in equation (3-26) is defined for frequencies 0 < 𝑓 ≤ 𝑓s where 𝐻𝑖𝑗  is defined 

according to equation (3-24). 𝑉𝑖  is the potential on sensor 𝑖 and 𝑈𝑗  is the potential on 

conductor 𝑗. The transfer function is singular at 𝑓 = 0, but this can be compensated for 

by the boundary condition that the conductor potentials 𝑼 = 𝟎 at 𝑓 = 0. 

The conductors' potentials can in the 𝜔-domain now be calculated through taking the 

Inverse FFT (IFFT) of 𝑼, when (according to the boundary condition) 𝑼 𝑓 = 0 = 𝟎. And 

therefore, 

 

  
𝑈1

𝑈2

𝑈3

  𝑡 = ℱ−1{ 

𝑈1(𝜔)
𝑈2(𝜔)
𝑈3(𝜔)

 } 𝑡  (3-27) 

 

where 𝑼(𝑡) are the calculated potentials on the conductors. 
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3.3 Error analysis 

In the previous chapters in the theory section expressions for how the potentials 𝑼 could 

be determined were derived. In a real measurement situation where the potentials 𝑼 are 

sought for, uncertainties in the conductors' positions (height and relative distance) can 

be a source for error since they can be difficult to determine exactly if they are not known 

beforehand for any reason. This give rise to mainly two kinds of errors. These are 

 Amplitude errors 

An amplitude error is a difference between the actual potentials on the 

conductors and in their corresponding reconstructions. This error can be a result 

of an uncertainty in the conductors' positions. 

 

 Phase shifts 

A difference between the real potentials on the conductors and the solution in 

terms of absolute and relative phase shifts. Absolute phase shifts are defined as 

the difference in phase between the conductors' potentials and the calculated 

solution. Relative phase shifts are defined as the deviation from a 120° relative 

phase between the three conductors. These errors can be a result of an 

uncertainty in the conductors' positions. 

 

Another error that might be present is noise from the sensors (measurement noise). The 

effect of measurement noise upon the solution is also studied. 

The aim by doing an error analysis on the above specified types of errors is to find the 

best possible sensor configuration as to where the erroneous effects can be minimized, 

and the determination of the potentials on the conductors are optimal (as close to the 

real values as possible in both phase and amplitude). This is done by studying different 

values of the parameters 𝑘1, 𝑘2, 𝑦0 and 𝑥0, in relation to the error in the solution for the 

determined potentials in the conductors. 

 

3.3.1 Uncertainties in the conductors' positions and measurement noise 

Assume that we measure a potential 𝑽 on the sensors, and believe that the conductors 

are located a distance 𝑦0 above the sensors (same for all sensor-conductor 𝑦-

distances). Now, assume that the conductors are actually located a distance 𝑦0 + Δ𝑦 

above the sensors. Additionally, even though great precautions are taken in trying to 

align the sensors perfectly underneath the conductors some misalignment Δ𝑥 will in 

reality always be present (see Figure 3-8).  
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Figure 3-8: An illustration (and example) of the position uncertainties with position 

estimation errors 𝚫𝒙 and 𝚫𝒚. 

 

Amplitude error 

What we measure is the potentials on the sensors, electrically induced by the conductors 

located at a height 𝑦 = 𝑦𝑜 + Δ𝑦 above the sensors, horizontally misaligned a distance  Δ𝑥 

(in practice the sensor distance 𝑥0 is fixed and a horizontal misalignment Δ𝑥 can 

therefore be interpreted as a misalignment of the middle sensor). This affects the radial 

distances between the sensors and the conductors in equation (3-1) in the following 

way (as to where the conductors are) 

 

 
𝐷𝑖𝑘 =   𝑋𝑖𝑘 − Δ𝑥 2 +  𝑌𝑖𝑘 + Δ𝑦 2 

1

2 

𝐷𝑖𝑘 ,s =   𝑋𝑖𝑘 ,s − Δ𝑥 
2

+  𝑌𝑖𝑘 ,s − Δ𝑦 
2
 

1

2
 

(3-28) 

 

All 𝑥- and 𝑦-distances between the conductors are the same as before, but the Δ𝑦 error 

contributes twice between the conductors and their mirror images, meaning that 

equation (3-2) take on the following form 

 

 
𝑑𝑙𝑘 =  𝑥𝑙𝑘

2 + 𝑦𝑙𝑘
2  

1

2 

𝑑𝑙𝑘 ,𝑠 =  𝑥𝑙𝑘 ,s
2 +  𝑦𝑙𝑘 ,s + 2Δ𝑦 

2
 

1

2
 

(3-29) 

 

In the situation where we measure the potentials on the sensors with all radial distances 

defined according to equations (3-28) and (3-29) (I.e. distances to where the conductors 

really are), we introduce a new definition of the distance matrices in equations (3-6) and 

(3-11). Let 
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𝑴1(Δ𝑥,Δ𝑦) ≡ 𝑴1 

𝑴2(Δ𝑥,Δ𝑦) ≡ 𝑴2 

(3-30) 

 

I.e. 𝑴𝟏 and 𝑴𝟐 describes the distances to where the conductors are. We now define the 

distance matrices with all radial distances defined according to equations (3-1) and 

(3-2) (I.e. distances to where we believe that the conductors are) as, 

 

 
𝑴1(0,0) ≡ 𝑴1𝑒  

𝑴2(0,0) ≡ 𝑴2𝑒  

(3-31) 

 

Using equation (3-13) to determine the potentials in the sensors with the distance 

matrices in equation (3-30) yields 

 

 𝑽 = 𝑴1𝑴2
−1𝑼 (3-32) 

 

The solution may now be inverted using equation (3-12) to find the potential in a 

position where we believe that the conductors are 

 

 𝑼𝒆 = 𝑴2e𝑴1e
−1𝑽 (3-33) 

 

The absolute amplitude error 𝝐 in the determination of the potential in each of the 

conductors due to position uncertainties can then be calculated from equation (3-33) 

assuming that the potentials 𝑼 are known. 

 

 𝝐 = |max(𝑼𝐞) − max(𝑼)| (3-34) 

 

Or more explicitly, 

 

 𝜖 =  

𝜖1

𝜖2

𝜖3

 =  

|max(𝑈e1) − max(𝑈1)|
|max(𝑈e2) − max(𝑈2)|
|max(𝑈e3) − max(𝑈3)|

   

 

Since the amplitude errors for all three conductors are of equal importance (I.e. no 

conductor is more important than any other) the 𝐿2-norm can be used to get a qualitative 

description of the errors and weigh them together in the potential determination on the 

conductors for different values of Δ𝑥 and Δ𝑦 , as 
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 𝛦 =     𝜖𝑖 
2

3

𝑖=1

 (3-35) 

 

where 𝐸 is the 𝐿2norm error. 

 

Absolute phase shift 

A phase shift arises because of (in this case) distance uncertainties from the sensors to 

the conductors. The amplitude is distorted due to the simple fact that the potential in 

equation (3-3) is dependent on the distance from the source to the point of interest. 

When the distance changes, so does the amplitude, and in accordance the phase. 

The phase does not, however, change due to wave effects. Since the main frequency in 

a high voltage grid conductor is 50 Hz (in Sweden), the wave number  

 

𝑘 =
𝜔

𝑐
≈ 10−6𝑚−1 

 

meaning that at a distance of 10 m. away from the conductor  

 

𝑘 ⋅ 𝑟 < 10−5 

 

for a typical conductor. I.e. an electrostatic model can be used, and wave effects can be 

neglected. This approximation is valid for quite high harmonics which makes it useful for 

all overtones of practical interest. 

The phase shift between the calculated potentials in the conductors and their actual 

potentials can be calculated by finding the maximum amplitude values in time (over one 

period) for the calculated potentials and the actual potentials respectively. The difference 

in time between maximum values can then be interpreted as the absolute phase shift. 

 

Relative phase shift 

The reasoning here is analogue to that which describes the absolute phase shift. The 

main difference is that the relative phase shift is defined as the deviation from a 120° 

phase difference in the solution for the potentials on the conductors. 

 

Measurement noise 

There is always noise from many different sources that influence on the measured 

signals. It is difficult to theoretically study noise from the surrounding environments since 

they may differ from one case to another in measurement situations (and may also not 
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be constant in time, I.e. differ from one day to another). One error though that will always 

occur is the noise from the sensors themselves. 

By using the expression for the potential in the sensors in equation (3-13) a white noise 

can be added to the signals to simulate noise from the sensors. Adding a white noise to 

the sensor potentials 𝑽. 

 

 𝑽𝒆𝑾𝑵 = 𝑽 + 𝑾𝑵 𝟎,𝝈𝟐 = 𝑴𝟏𝑴𝟐
−𝟏𝑼 + 𝑾𝑵(𝟎,𝝈𝟐) (3-36) 

 

By using equation (3-36) to add noise to the sensor potentials and by inserting 𝑽𝒆𝑾𝑵 

into equation (3-12) to calculate the potentials in the conductors yields 

 

 𝑼𝒆 = 𝑴𝟐𝑴𝟏
−𝟏𝑽𝐞𝐖𝐍 (3-37) 

 

Equations (3-34) and (3-35) can then be used to calculate the measurement amplitude 

errors. 
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4 RESULTS AND DISCUSSION 

The result and discussion parts of the report have been merged to simplify the reader's 

efforts in interpreting the results. This section constitutes of simulations from both ideal 

sensors, and measurement results from non-ideal sensors. 

 

4.1 Ideal sensor positioning 

The ideal sensor positioning determines where the sensors should be located with 

respect to when the amplitude and phase shift errors in the solution are minimized. The 

theory behind the ideal sensor positioning is described in chapter 3.3.1. Figure 4-1 

shows an illustration of the 2D-model that is used during the ideal sensor positioning 

optimization. The theoretical equations and methods for the solutions have all been 

implemented into Matlab. 

 

 

Figure 4-1: An illustration of the model used to study different sensor 

configurations to minimize the errors in the signal reconstruction, when there are 

distance uncertainties from the sensors to the conductors' positions. 

 

To be able to interpret the results correctly, please note that Δ𝑦 < 0, means that the 

conductors are closer to the sensors (and ground plane) by a distance Δ𝑦 than what was 

anticipated/measured. Conversely, if Δ𝑦 > 0 then the distance from the sensors to the 

conductors are larger by a distance Δ𝑦 than what was anticipated/measured. 

 

Important notice: Moving the sensors in the positive 𝑥-direction is the same as moving 

the conductors in the negative 𝑥-direction, and decreasing the sensor distance 𝑥0 is the 

same as increasing the conductor distance (see Figure 4-1). Therefore, from now on, 

whenever 𝑘1 and 𝑘2 are varied (see Table 3-1 and Table 3-2), this should (for increased 

intuitivity in the analysis of the results) be interpreted as varying the sensor distance and 

not the conductor distance. 
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To determine the optimal sensor configuration with respect to minimizing the errors, the 

sensor configuration will be varied in the two following ways: 

1. The sensor 2 𝑥-position is varied while the sensor (and conductor distance) is held 

fixed. The goal is to optimize the sensor 2 position. 

 

 

Figure 4-1: An illustration of how the middle sensor position (sensor 𝟐) is varied 

while the sensor (and conductor) distance is held fixed. 

 

2. The sensor 2 𝑥-position is fixed at the position at which the 𝐿2-errors in the solution 

for the potentials on the conductors are minimized (results from the previous 

configuration). The sensor distance is varied. The goal is to optimize the sensor 

distance. 

 

 

Figure 4-2: An illustration of how the middle sensor position (sensor 𝟐) is fixed 

while the sensor distance 𝒙𝟎 is varied. 

 

Next the existence of error minimas is investigated for a fixed sensor-conductor 𝑦-

distance 𝑦0, in the first configuration. 

 

4.1.1 Varying the sensor 𝟐 position 

In the simulation to find the optimal sensor 2 position with respect to amplitude errors 

and absolute/relative phase shift errors, it is important that the conductor- and sensor 

distances are fixed. Therefore in these simulations to lock some distances the parameter 

values presented in Table 4-1 will be used. 
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Table 4-1: The parameter values used to investigate the optimal sensor 𝟐 position. 

Variable definition Variable name Value 

Sensor distance 𝑥0 1 

Conductor distance |𝑥1 − 𝑥2| = |𝑥3 − 𝑥2| 1 

Sensor-conductor 𝑦-distance 𝑦0 3|𝑥1 − 𝑥2| 

Potential amplitude (peak) 𝐴 1 V 

𝑥-distance error Δ𝑥 0.1𝑥1 

𝑦-distance error Δ𝑦 ±0.1𝑦0 

Sensor height above ground  0.1𝑥1 

 

The reason that the variables in Table 4-1 are set the way they are, are the following: 

 Since 𝑥0 = 𝑘1 the sensor distance will be equal to the conductor distance (I.e. 

sensor 2 is located beneath conductor 2, when sensor 2 is centered at 𝑥 = 0). 

 The sensor 2 position can be varied with 𝑘2. 𝑘2 can be interpreted as a 

percentual dislocation of the conductor 2 location from the origin in the 𝑥-

direction. 

 The conductor distance is held fixed (as is the sensor distance 𝑥0 = 1). 

 The sensor-conductor 𝑦-distance 𝑦0 can be interpreted as a constant 𝐶 times the 

conductor distance. 

 The distance  is arbitrarily fixed at a value ≪ 𝑦0 to reduce the number of 

variables. 

 
The absolute and relative phase shift errors (described in chapter 3.3.1) can in the 

solution be weighed together according to the 𝐿2-norm error described in the same 
chapter. Let the following definitions hold: 
 

 𝜙𝑖𝑗 ,rel :  The relative phase shift in the solution between conductor 𝑖 and 𝑗 

 (deviation from 120°). 
 

 𝜙𝑖,abs :  The absolute phase shift in the solution between the real value and the 

 calculated value for conductor 𝑖. 

 

The potential amplitude errors (described in chapter 3.3.1)) can in the solution be 

weighed together according to the 𝐿2-norm error in Equation (3-35). Let the following 

definition hold: 

 

 𝜖𝑖 : The amplitude error defined according to equation (3-34). 
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 Phase shift due to 𝚫𝒙 

The result for the absolute and relative phase shift errors due to Δ𝑥 is presented in 
Figure 4-3. 
 

 

Figure 4-3: The calculated absolute and relative phase shift errors when there is a 

distance uncertainty 𝚫𝒙 in the 𝒙-direction, and 𝒌𝟐 is varied for a fixed 𝒚𝟎. 

 

According to this result both the 𝐿2-norm error of the relative- and the absolute phase 

shift errors in the solution can be minimized by putting sensor 2 at 𝑥 = 0 (vertically 

beneath conductor 2), I.e. at 𝑘2 = 0.  

 

 Phase shift due to 𝚫𝒚 

The result for the absolute and relative phase shift due to Δy > 0 is presented in Figure 

4-4. The result for Δy < 0 is presented in Figure 4-5. 
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Figure 4-4: An illustration of the absolute and relative phase shift errors when 

there is a distance uncertainty in the 𝒚-direction and 𝒌𝟐 is varied for 𝚫𝒚 > 0. 

 

 

Figure 4-5: An illustration of the absolute and relative phase shift errors when 

there is a distance uncertainty in the 𝒚-direction and 𝒌𝟐 is varied for 𝚫𝒚 < 0. 

 

According to these results the 𝐿2-norm error for both the relative and the absolute phase 

shift errors in the solution can be minimized by putting sensor 2 at 𝑥 = 0 (vertically 

beneath conductor 2), i.e. at 𝑘2 = 0. 
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The results might at first seem a bit odd due to the fact that the radial distance from 

sensor 𝑖 to conductor 𝑖, which constitute the largest contribution in phase to sensor 𝑖, is 

smallest at 𝑥 = 0. I.e. since 
Δ𝑦

𝐷𝑖𝑖
 becomes larger for decreasing 𝐷𝑖𝑖 , where 𝐷𝑖𝑖  is the radial 

distance from sensor 𝑖 to conductor 𝑖. This effect might be partially lifted at 𝑥 ≈ 0 since 

the erroneous contribution from the outer conductors partially cancel in phase due to 

symmetry. 

 

Amplitude error due to 𝚫𝒙 

The result for the absolute amplitude error due to Δ𝑥, for a fixed 𝑦0, is presented in 
Figure 4-6. 
 

 

Figure 4-6: An illustration of the amplitude errors when there is a distance 

uncertainty in the 𝒙-direction and 𝒌𝟐 is varied. 

 

The result shows that the potential amplitude error is smallest when sensor 2 is placed at 

approximately 𝑥 = 0 (I.e. at 𝑘2 = 0). There is a small deviation in the 𝐿2-norm error from 

the center that might be induced from the Δ𝑥-uncertainty, but this deviation is so small in 

both amplitude (𝐸V,Δ𝑥 ) and position (𝑘2) that it can be neglected. Therefore, according to 

these results the 𝐿2-norm error for the amplitude error in the solution can be minimized 

by putting sensor 2 at 𝑥 = 0 (vertically beneath conductor 2), I.e. at 𝑘2 = 0.  

 

Amplitude error due to 𝚫𝒚 

The result for the absolute amplitude error due to Δ𝑦 > 0, for a fixed 𝑦0, is presented in 

Figure 4-7. The result for Δ𝑦 < 0 is presented in Figure 4-8. 
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Figure 4-7: An illustration of the absolute amplitude errors when there is a 

distance uncertainty in the 𝒚-direction and 𝒌𝟐 is varied for 𝚫𝒚 > 0. 

 

 

Figure 4-8: An illustration of the absolute amplitude errors when there is a 

distance uncertainty in the 𝒚-direction and 𝒌𝟐 is varied for 𝚫𝒚 < 0. 

 

The result points to the fact that the resulting 𝐿2-norm error (for Δ𝑦 > 0) is at its largest 

when sensor 2 is centered at 𝑥 = 0, I.e. when 𝑘2 = 0. A reason for this might be because 

the radial distance from sensor 𝑖 to conductor 𝑖, which constitute the largest contribution 

in amplitude to sensor 𝑖, is smallest at 𝑥 = 0. I.e.: 
Δ𝑦

𝐷𝑖𝑖
 becomes larger for decreasing 𝐷𝑖𝑖 , 

where 𝐷𝑖𝑖  is the radial distance from sensor 𝑖 to conductor 𝑖. Additionally, in contrast to 

the Δ𝑥-error, because of mirror images in the ground plane a Δ𝑦-error does not only 

induce errors from the conductors, but from their mirror images as well. This could well 

explain the asymmetry in the fact that the 𝐿2-norm error is larger for Δ𝑦 > 0 than for 

Δ𝑦 < 0. As previously discussed Δ𝑦 > 0 means that the distance from the sensors to the 

conductors is underestimated. 

 

 



 

Technical Report 

Corporate Research 
 

Doc. title   Revision Page 

Non-contact high voltage measurements: Modeling and On-site Evaluation 01 39/91 

 

 

Amplitude error due to 𝑾𝑵(𝟎,𝝈𝟐) 

 

The result for the absolute amplitude error due to 𝑊𝑁(0,𝜎2) is illustrated in Figure 4-9. 
 

 

Figure 4-9: An illustration of the absolute amplitude errors when there is a 

𝑾𝑵(𝟎,𝝈𝟐) on the sensors' potentials, and 𝒌𝟐 is varied. 

 

According to Figure 4-9 sensor 2 should be placed at 𝑥 = 0 to minimize the noise level 

in the reconstructed signals. An illustration of the noise level on the sensors, as well as 

the reconstructed signals is presented in Figure 4-10.  
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Figure 4-10: Illustrating the noise level in the first subplot on the sensors. The 

second subplot shows the actual potentials on the three conductors. Subplot 

three shows how the reconstructed potentials on the conductors would look for 

the noise level on the sensors set in subplot one. In subplot four, a moving 

average filter has been used to smooth the solution for the reconstructed signals 

for easier visual inspection of the amplitude error. 

 

As a comparison the same plot has been made for 𝑘2 = 0.5 in Figure 4-11. 
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Figure 4-11: A plot to compare the noise on the reconstructed signals for 𝒌𝟐 = 𝟎.𝟓 

with the results of Figure 4-10. 

 

The noise level in the reconstructed signals (originating from measurement noise) is 

depending on the sensor positioning. 

 

Conclusion: Sensor 𝟐 position 

All of the results so far indicate that sensor 2 should be centered at 𝑥 = 0, I.e. when 

𝑘2 = 0 (vertically beneath conductor 2), except for the potential amplitude error due to a 

distance uncertainty Δ𝑦. It is apparent that a Δ𝑦-error causes a rather large amplitude 

error compared to a distance uncertainty Δ𝑥. Though, in a quick comparison between 

Figure 4-8, Figure 4-7 and Figure 4-6, it is apparent that the 𝐿2-norm error for Δ𝑦 yields 

rather flat curves. Therefore, it is possible to argue that sensor 2 could be placed at 

𝑥 = 0 (𝑘2 = 0) in any case.   
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4.1.2 Varying the sensor distance 

The parameter values used to investigate the optimal sensor configurations when sensor 
2 is centered (I.e. when 𝑘2 = 0) are presented in Table 4-2. To simplify the analysis of 

the results the zero to peak amplitude 𝐴 of the potentials has been set to 1. Furthermore, 
to simplify an analysis of the effect of distance uncertainties Δ𝑥 and Δ𝑦 upon the 

solution, Δ𝑥 will correspond to 10 % of the conductor distance 𝑥1, and Δ𝑦 will correspond 
to 10 % of 𝑦0 (see Figure 4-1). 

 

Table 4-2: The parameter values used to investigate the optimal sensor distance 

(when sensor 𝟐 is centered, I.e. 𝒌𝟐 = 𝟎) for a fixed sensor-conductor distance 𝒚𝟎. 

Variable definition Variable 

name 

Value 

Relative sensor distance 𝑥0 1

𝑘1
 

Relative sensor-conductor 𝑦-distance 𝑦0 3𝑥1 

Potential and current amplitude (zero to peak) 𝐴 1 V 

𝑥-distance error Δ𝑥 0.1𝑥1 

𝑦-distance error Δ𝑦 ±0.1𝑦0 

Sensor height above ground  0.1𝑥1 

 

The reason that the variables in Table 4-2 are chosen the way they are is because: 

 Varying 𝑘1 is equivalent to varying the sensor distance 𝑥0 according to 𝑥0 =
1

𝑘1
. 

 The conductor distance is held fixed. 

 The sensor-conductor 𝑦-distance 𝑦0 can be interpreted as a constant 𝐶 times the 

conductor distance. 

 The distance  is arbitrarily fixed at a value ≪ 𝑦0 to reduce the number of 

variables. 

 

In practice this means that 𝑦0 can be interpreted as the quota between the distance from 

the sensors to the conductors 𝑦0 and the distance between the conductors. 
 
The absolute and relative phase shifts (described in chapters 3.3.1) can in the solution 

be weighed together according to the 𝐿2-norm error in Equation (3-35). Let the following 
definitions hold: 
 

 𝜙𝑖𝑗 ,rel :  The relative phase shift in the solution between conductor 𝑖 and 𝑗 

(deviation from 120°). 
 

 𝜙𝑖,abs :  The absolute phase shift in the solution between the real value and the 

 calculated value for conductor 𝑖. 
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The potential amplitude errors can in the solution be weighed together according to the 

𝐿2-norm error in Equation (3-35). Let the following definition hold: 

 

 𝜖𝑖 : The amplitude error defined according to equation (3-34). 

 

Phase shift due to 𝚫𝒙 

The result for the absolute and relative phase shifts due to Δx is presented in Figure 

4-12. 

 

 

Figure 4-12: An illustration of the absolute and relative phase shift errors when 

there is a distance uncertainty 𝚫𝒙 in the 𝒙-direction and sensor 𝟐 is placed at 𝒙 =

𝟎, while varying 𝒌𝟏. 

 

These plots illustrate the absolute and relative phase shift errors at different sensor 

distances 𝑥0 =
1

𝑘1
 in percent of the conductor distance 𝑘1𝑥0. As the sensor distance 

decreases the 𝐿2-norm error stabilizes on a lower level. Instead of presenting a position 

as to where the phase shifts are minimized, the results indicate that the sensor distance 

does not matter much as long as it is smaller than the conductor distance.  

As 𝑘1 decreases, the sensor distance increase. At a certain point when the sensors 1 

and 3 are far away from the conductors (at the peak in Figure 4-12), when the distance 

to all conductors are approximately the same, the potential contribution to the sensors is 

about the same from all conductors and their mirror images. The resulting potential is 

then depending on the symmetry of the charges and currents on the conductors. Even 

farther away from the conductors the error stabilizes. 
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This interpretation is partly supported by the result in Figure 4-13 which illustrates that 

the solution stabilizes when the phase shift contribution from sensors 1 and 3 decreases 

(Δ𝑥 ≪ radial distance to the conductors). 

 

 

Figure 4-13: An illustration of the absolute and relative phase shift errors when 

there is a distance uncertainty 𝚫𝒙 in the 𝒙-direction and 𝒌𝟏 is varied for small 

values. 

 

 Phase shift error due to 𝚫𝒚 

The result for the absolute and relative phase shift errors due to Δy > 0 is presented in 

Figure 4-14. The result for Δy < 0 is presented in Figure 4-16.  
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Figure 4-14: An illustration of the absolute and relative phase shift errors when 

there is a distance uncertainty 𝚫𝐲 < 0 in the 𝒙-direction and sensor 𝟐 is placed at 

𝒙 = 𝟎, while varying 𝒌𝟏. 

A zoom on the lower values for 𝑘1 when Δ𝑦 < 0 is presented in Figure 4-15. 

 

 

Figure 4-15: A zoom of 𝒌𝟏 when 𝚫𝒚 < 0. 
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Figure 4-16: An illustration of the absolute and relative phase shift errors when 

there is a distance uncertainty 𝚫𝐲 > 0 in the 𝒙-direction and sensor 𝟐 is placed at 

𝒙 = 𝟎, while varying 𝒌𝟏. 

 

A zoom on the lower values for 𝑘1 when Δ𝑦 > 0 is presented in Figure 4-17. 

 

 

Figure 4-17: A zoom of 𝒌𝟏 when 𝚫𝒚 > 0. 

 
The results all point toward the fact that in order to minimize the relative and absolute 

phase shift errors for a distance uncertainty Δ𝑦, the sensor distance should be larger 
than the conductor distance. It is notable that if the distance from the sensors to the 

conductors is overestimated (Δ𝑦 < 0) then the absolute and relative phase shifts 
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increase compared to if the height is underestimated (Δ𝑦 > 0). The zoom-ins on the 
lower values for 𝑘1 indicate both (for the relative and absolute phase shift errors) that the 
minima is quite flat, and therefore quite easy to find in a real measurement situation. 
 

 Amplitude error due to 𝚫𝒙 

The result for the absolute amplitude error due to Δ𝑥 is presented in Figure 4-18. 

 

 

Figure 4-18: An illustration of the 𝑳𝟐-error for different sensor distances when 

there is a distance uncertainty 𝚫𝒙, while varying 𝒌𝟏. 

 

Figure 4-18 illustrates the absolute amplitude error at different sensor distances 𝑥0 =
1

𝑘1
 

in percent of the conductor distance 𝑘1𝑥0. As the sensor distance decreases in 

comparison to the conductor distance, the 𝐿2-norm error stabilizes on a lower level. 

Instead of presenting a position as to where the amplitude error is minimized, the result 

indicate that the sensor distance does not matter much as long as it is smaller than the 

conductor distance. The interpretation of the behavior of the curve is analogue to that for 

the simulation in Figure 4-12 (phase shift errors due to Δ𝑥). 

If the sensor distance is increased even farther (see Figure 4-19) the amplitude error 

stabilizes by assumption that the error contribution Δ𝑥 ≪ radial distance to the 

conductors. 
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Figure 4-19: An illustration of the amplitude errors when there is a distance 

uncertainty 𝚫𝒙 in the 𝒙-direction and 𝒌𝟏 is varied for small values. 

 

 Amplitude error due to 𝚫𝒚 

The result for the absolute amplitude error due to Δy > 0 is presented in Figure 4-20. 

The result for Δy < 0 is presented in Figure 4-22.  

 

 

Figure 4-20: An illustration of the 𝑳𝟐-norm error for different sensor distances 

when there is a distance uncertainty 𝚫𝐲 > 0, while varying 𝒌𝟏. 

A zoom on the lower values for 𝑘1 when Δ𝑦 > 0 is presented in Figure 4-21. 

 



 

Technical Report 

Corporate Research 
 

Doc. title   Revision Page 

Non-contact high voltage measurements: Modeling and On-site Evaluation 01 49/91 

 

 

 

Figure 4-21: A zoom on the absolute amplitude 𝑳𝟐-error when there is a distance 

uncertainty 𝚫𝐲 > 0 for the 𝒌𝟏 positioning. 

 

 

Figure 4-22: An illustration of the 𝑳𝟐-error for different sensor distances when 

there is a distance uncertainty 𝚫𝐲 < 0, while varying 𝒌𝟏. 

 

A zoom on the lower values for 𝑘1 when Δ𝑦 < 0 is presented in Figure 4-23. 
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Figure 4-23: A zoom on the absolute amplitude 𝑳𝟐error when there is a distance 

uncertainty 𝚫𝐲 < 0 for the 𝒌𝟏 positioning. 

 

The results for the potential amplitude error when there is a distance uncertainty Δ𝑦 are 

analogue to those for the relative and absolute phase shifts. To minimize the amplitude 

error the sensor distance should be larger than the conductor distance. Also, note that it 

is better to overestimate the height to the conductors (Δ𝑦 < 0). 

 

 Amplitude error due to 𝑾𝑵(𝟎,𝝈𝟐) 

The result for the absolute amplitude error due to 𝑊𝑁(0,𝜎2) is illustrated in Figure 4-24. 

 

 

Figure 4-24: An illustration of the absolute amplitude errors when there is a 

𝑾𝑵(𝟎,𝝈𝟐) on the sensors' potentials, and 𝒌𝟏 is varied. 
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According to Figure 4-24 the sensor distance should be larger than the conductor 

distance to minimize the noise level in the reconstructed signals. An illustration of the 

noise level on the sensors for 𝑘1 = 0.25 (approximately the optimal position), as well as 

the reconstructed signals is presented in Figure 4-25. 

 

 

Figure 4-25: Illustrating the noise level in the first subplot on the sensors. The 

second subplot shows the actual potentials on the three conductors. Subplot 

three shows how the reconstructed potentials on the conductors would look for 

the noise level on the sensors set in subplot one. In subplot four, a moving 

average filter has been used to smooth the solution for the reconstructed signals 

for easier visual inspection of the amplitude error. 
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As a comparison the same plot has been made for 𝑘1 = 1 in Figure 4-26. 

 

 

Figure 4-26: A plot to compare the noise on the reconstructed signals for 𝒌𝟏 = 𝟏 

with the results of Figure 4-25. 

 

When the sensors are placed at a non-optimal position as in Figure 4-26 the noise on 

the sensors is amplified in the signal reconstruction. 
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4.1.3 Optimal placement of sensor 1 and 3 

The results from the previous sections illustrate the existence/non-existence of minimas 

in the 𝐿2-norm error for phase shift errors and amplitude errors when the sensor 
positions are varied. This section takes the analysis one step further and present results 
where the optimal sensor positioning is investigated not only as a function of the 
distance between the sensors, but also as a function of the height from the sensors to 
the conductors 𝑦0 when there are distance uncertainties Δ𝑥 and Δ𝑦. I.e. previously the 

distance 𝑦0 from the sensors to the conductors was held fixed but it is now varied. The 
results that sensor 2 should be positioned at 𝑥 = 0 (𝑘2 = 0) is used. 
 
The parameter values used to investigate the optimal sensor configurations when sensor 
2 is centered are presented in Table 4-3. To simplify the analysis of the results the zero 

to peak amplitude 𝐴 of the potentials has been set to 1. Furthermore, to simplify the 
analysis of the effect of distance uncertainties Δ𝑥 and Δ𝑦 upon the reconstructed signals, 

Δ𝑥 will correspond to a percentage 𝑎 of the relative conductor distance 𝑥1 and Δ𝑦 will 
correspond to a percentage 𝑏 of 𝑦0 (see Figure 4-1). 

 

Table 4-3: The parameter values used to investigate the optimal sensor distance 

(when sensor 𝟐 is centered, I.e. 𝒌𝟐 = 𝟎). 

Variable definition Variable 

name 

Value 

Sensor distance 𝑥0 1

𝑘1
 

Sensor-conductor 𝑦-distance 𝑦0 𝐶𝑥1 

Potential and current amplitude (zero to peak) 𝐴 1 V 

𝑥-distance error Δ𝑥 𝑎 ∗ 𝑥1 

𝑦-distance error Δ𝑦 ±𝑏 ∗ 𝑦0 

Sensor height above ground  0.1𝑥1 

 

The reason that the variables in Table 4-3 are chosen the way they are is because: 

 Varying 𝑘1 means that the sensor distance 𝑥0 is varied according to 𝑥0 =
1

𝑘1
. 

 The conductor distance is held fixed. 

 The sensor-conductor 𝑦-distance 𝑦0 can be interpreted as a variable 𝐶 times the 

conductor distance 𝑥1, I.e. 𝑦0 = 𝐶𝑥1. 𝐶 can be varied to vary the distance from 

the sensors to the conductors in terms of 𝑥1. 

 The distance  is arbitrarily fixed at a value ≪ 𝑦0 to reduce the number of 

variables. 

 

In practice this means that 𝑦0 can be interpreted as the quota between the distance from 

the sensors to the conductors 𝑦0 and the distance between the conductors 𝑥1. 
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The absolute and relative phase shift errors as well as the potential amplitude errors 

(described in chapter 3.3.1) can in the solution be weighed together according to the 𝐿2-
norm error in Equation (3-35). In the optimization of the relative sensor distance only the 

𝐿2-norm errors are studied. 

For the best possible interpretation of all results that follow in this chapter, please refer to 

the user's guide described below: 

 

User's guide: 

 

 

 

 

 

 

 

 

Next the optimal sensor distance is investigated with respect to the amplitude error for 

different sensor distances and sensor-conductor 𝑦-distances, when there are distance 

uncertainties Δ𝑥 and Δ𝑦. 

 

Amplitude error due to 𝚫𝒙 

The optimal sensor distance as a function of the distance to the conductors, when there 

is a distance uncertainty Δ𝑥 = 𝑎 ∗ 𝑥1, is presented in Figure 4-27. 

To optimize the sensor distance in a live measurement situation: 

1. Measure the conductor distance 𝑥1 = 𝑘1𝑥0.  

2. Measure the distance 𝑦0 from the sensors to the conductors (when 

 = 0.1𝑥1). → 𝑄𝑢𝑜𝑡𝑎 =
𝑦0

𝑥1
 

3. Read off the optimal 𝑘1 on the 𝑦-axis from the distance 𝑄𝑢𝑜𝑡𝑎.  

Calculate the optimal sensor distance 𝑥0 through the relation 𝑥0 =
𝑥1

𝑘1
. 
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Figure 4-27: The first subplot shows the optimal sensor distance as a function of 

the sensor-conductor distance for error in 𝒙 (𝚫𝒙). The second subplot shows the 

minimum amplitude of the error for each of the quotas 
𝒚𝟎

𝒙𝟏
. 

 
Apparently the relation between the sensor distance and the sensor-conductor distance, 
𝑦0

𝑥1
, also has an impact on the size of the error. This is something that cannot be avoided. 

The first subplot showing the sensor distance indicates that when 
𝑦0

𝑥1
> 2, then the sensor 

distance should be as large as possible to minimize the amplitude error due to Δ𝑥 (the 
largest value used in the minimization algorithm in subplot 1 is 𝑘1 = 8, but the results 

indicate that 𝑘1 is saturated). 

 

Absolute amplitude error due to 𝚫𝐲 

The optimal sensor distance as a function of the distance to the conductors, when there 
is a distance uncertainty Δ𝑦 = 𝑏 ∗ 𝑦0 > 0, is presented in Figure 4-28. Δ𝑦 = 𝑏 ∗ 𝑦0 < 0 is 
presented in Figure 4-29. 
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Figure 4-28: The first subplot shows the optimal sensor distance as a function of 

the sensor-conductor distance for 𝚫𝒚 > 0 . The second subplot shows the 

minimum amplitude of the error for each of the quotas 
𝒚𝟎

𝒙𝟏
. 
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Figure 4-29: The first subplot shows the optimal sensor distance as a function of 

the sensor-conductor distance for 𝚫𝒚 < 0 . The second subplot shows the 

minimum amplitude of the error for each of the quotas 
𝒚𝟎

𝒙𝟏
. 

Both the results when there is a distance uncertainty Δ𝑦 point toward the fact that the 

absolute amplitude error in the solution can be minimized when the sensor distance 

increases. As the distance increases with increasing 
𝑦0

𝑥1
, the amplitude error decreases. 

This is probably due to the fact that the effect of a distance uncertainty should decrease 

as the radial distance to the conductors increase. 

 

Absolute amplitude error due to 𝐖𝐍(𝟎,𝛔𝟐) 

The optimal sensor distance as a function of the distance to the conductors, when there 

is a 𝑊𝑁(0,𝜎2) on the sensors is presented in Figure 4-30. The standard deviation of the 

noise on the sensors is the same as in Figure 4-10 and Figure 4-25. 
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Figure 4-30: The first subplot shows the optimal sensor distance as a function of 

the sensor-conductor distance when there is a 𝑾𝑵(𝟎,𝝈𝟐) on the sensors. The 

second subplot shows the minimum amplitude of the error for each of the quotas 
𝒚𝟎

𝒙𝟏
. 

 

The result is not very surprising. As the sensor distance increases, the signal-to-noise 

ratio decrease since the signal amplitude on the sensors decrease. Therefore, the 

sensor distance should decrease in order to increase the amplitude of the measured 

potentials on the sensors. 

A summary of the results for the amplitude error for a 10 %  distance error is presented 

in Table 4-4. 

 

Table 4-4: A summary of the results for the amplitude error as: “optimal 

distance”/”Size of error”, versus the system proportions 𝒚𝟎/𝒙𝟏. 

𝒚𝟎
𝒙𝟏

 𝒌𝟏𝚫𝒙 /≈ 𝑬𝚫𝒙, 𝒌𝟏𝚫𝒚 /≈ 𝑬𝚫𝒚 𝒌𝟏𝐖𝐍 /≈ 𝑬𝐖𝐍 

0.1 − 1 1 / 0.1 1 /0.5 1 /0.1 

1 − 2 1 /0.1 0.3 /0.3 0.7/0.2 

> 2 > 8 /0.2 0.1 /0.1 0.1/Increasing 

 

Next the optimal sensor distance is investigated with respect to the absolute phase shift 

for different sensor distances and sensor-conductor 𝑦-distances, when there are 

distance uncertainties Δ𝑥 and Δ𝑦. 
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Absolute phase shift due to 𝚫𝒙 

The optimal sensor distance as a function of the distance to the conductors, when there 

is a distance uncertainty Δ𝑥 is presented in Figure 4-31 

 

 

Figure 4-31: The first subplot shows the optimal sensor distance as a function of 

the sensor-conductor distance for different 𝚫𝒙. The second subplot shows the 

minimum absolute phase shift for each of the quotas 
𝒚𝟎

𝒙𝟏
. 

 

It is hard to draw any conclusions about how the optimal position 𝑘1 relates to the 

absolute phase shift error. The shape of the curve is probably a result of the phase 

configuration on the conductors and of the distance from them. The absolute phase shift 

increases when 
𝑦0

𝑥1
 increases. 

 

Absolute phase shift due to 𝚫𝒚 

The optimal sensor distance as a function of the distance to the conductors, when there 
is a distance uncertainty Δ𝑦 = 𝑏 ∗ 𝑦0 > 0, is presented in Figure 4-32. Δ𝑦 = 𝑏 ∗ 𝑥1 < 0 is 
presented in Figure 4-33. 
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Figure 4-32: The first subplot shows the optimal sensor distance as a function of 

the sensor-conductor distance for 𝚫𝒚 > 0 . The second subplot shows the 

minimum absolute phase shift for each of the quotas 
𝒚𝟎

𝒙𝟏
. 
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Figure 4-33: The first subplot shows the optimal sensor distance as a function of 

the sensor-conductor distance for 𝚫𝒚 < 0 . The second subplot shows the 

minimum absolute phase shift for each of the quotas 
𝒚𝟎

𝒙𝟏
. 

As the distance from the sensors to the conductors increase, the sensor distance should 

increase. This might be to resolve the conductors contributions to the sensor potentials. 

If the conductors are too far away from the sensors they will virtually look like one source 

from the sensors' point of view. The absolute phase shift decreases with an increased 

sensor distance, which could be because the influence of the distance uncertainty Δ𝑦 

decreases as the radial distance to the conductors increase. 

A summary of the results for the absolute phase shift error for a 10 %  distance error is 

presented in Table 4-5. 
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Table 4-5: A summary of the results for the absolute phase shift error as: “optimal 

distance” →”Size of error”, versus the system proportions 𝒚𝟎/𝒙𝟏. 

𝒚𝟎
𝒙𝟏

 𝒌𝟏𝚫𝒙 →≈ 𝚽𝚫𝒙,𝒂𝒃𝒔 𝒌𝟏𝚫𝒚 →≈ 𝚽𝚫𝒚,𝒂𝒃𝒔 

0.1 − 1 1 → 0.1 0.7 → 0.15 

1 − 2 1 − 2 → 0.2 0.5 → 0.1 

2 − 4 2 − 3 → 0.25 0.2 − 0.3 → 0.05 

> 4 1 − 2 → 0.3 0.1 → < 0.05 

 

Next the optimal sensor distance is investigated with respect to the relative phase shift 

for different sensor distances and sensor-conductor 𝑦-distances, when there are 

distance uncertainties Δ𝑥 and Δ𝑦. 

 

Relative phase shift due to 𝚫𝒙 

The optimal relative sensor distance as a function of the distance to the conductors, 

when there is a distance uncertainty Δ𝑥 is presented in Figure 4-34. 
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Figure 4-34: The first subplot shows the optimal sensor distance as a function of 

the sensor-conductor distance for 𝚫𝐱. The second subplot shows the minimum 

relative phase shift for each of the quotas 
𝒚𝟎

𝒙𝟏
. 

The result and conclusions are analogue to the absolute phase shift error due to Δ𝑥. The 

results in subplot 1 seem strange for values of 
𝑦0

𝑥1
> 1. It is not entirely clear why this is. 

 

Relative phase shift due to 𝚫𝒚 

The optimal sensor distance as a function of the distance to the conductors, when there 

is a distance uncertainty Δ𝑦 > 0 is presented in Figure 4-35. The result for a distance 

uncertainty Δ𝑦 < 0 is presented in Figure 4-36. 
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Figure 4-35: The first subplot shows the optimal sensor distance as a function of 

the sensor-conductor distance for 𝚫𝐲 > 0. The second subplot shows the 

minimum relative phase shift for each of the quotas 
𝒚𝟎

𝒙𝟏
. 
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Figure 4-36: The first subplot shows the optimal sensor distance as a function of 

the sensor-conductor distance for 𝚫𝐲 < 0. The second subplot shows the 

minimum relative phase shift for each of the quotas 
𝒚𝟎

𝒙𝟏
. 

Analogue to the absolute phase shift, as the distance from the sensors to the conductors 

increase, the sensor distance should increase. This might be to resolve the conductors 

contributions to the sensor potentials. If the conductors are too far away from the 

sensors they will virtually look like one source from the sensors' point of view. The 

absolute phase shift decreases with an increased sensor distance, which could be 

because the influence of the distance uncertainty Δ𝑦 decreases as the radial distance to 

the conductors increase. 

A summary of the results for the amplitude error for a 10 %  distance error is presented 

in Table 4-6. 

 

Table 4-6: A summary of the results for the relative phase shift error as: “optimal 

distance” →”Size of error”, versus the system proportions 𝒚𝟎/𝒙𝟏. 

𝒚𝟎
𝒙𝟏

 𝒌𝟏𝚫𝒙  →≈ 𝚽𝚫𝒙,𝒓𝒆𝒍 𝒌𝟏𝚫𝒚  →≈ 𝚽𝚫𝒚,𝒓𝒆𝒍 

0.1 − 1 1 → 0.05 0.7 → 0.2 

1 − 2 6 → 0.05 0.4 → 0.2 

2 − 4 2 − 4 → 0.2 0.2 → 0.1 

> 4 2 → 0.3 0.1 →< 0.05 
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4.2 Measurement results 

To verify the results in chapter 4.1 measurements were performed at a substation. The 

theory behind the evaluation of the measurement results are described in chapter 3.2.2. 

In the next subsection the experimental setup is described, followed by a presentation of 

the measurement results. 

 

4.2.1 Experimental setup 

The experimental setup is illustrated in Figure 4-37. There are capacitive couplings 𝐶𝑖𝑗  

between the conductors (𝑗) and the sensors (𝑖) which induce charges on the sensors. 

The sensors are made from paint can lids and are placed on non-conductive carton 

boxes. Connected to the sensors are load resistances 𝑅l in series with coaxial (RG 58) 

cables with cable capacitance 𝐶c. The cables transfer the signals to an oscilloscope with 

6 channels with an input impedance 𝑍osc  which is specified in Table 4-7. The reference 

signals for the measurements are collected from the capacitive measurement taps at the 

transformer bushings. The transfer functions from the potentials on the conductors to the 

oscilloscope have been explicitly expressed in Figure 4-37. For values of all resistances, 

capacitances, and lengths (etc.) used in the experimental setup please refer to Table 

4-7. The potential amplitude and dimensions of the conductor configuration are 

presented in Table 4-8. 

Figure 4-37: An illustration of the measurement setup at the substation, where 

both the sensors' potentials and the reference signals from the capacitive outputs 

of the transformer were measured. 
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Table 4-7: The values of the constants and variables in the experimental setup 

illustrated in Figure 4-37. 

Variable/constant Value Description 

𝐶𝑖𝑗  From 

simulations 

Capacitance between sensor 𝑖 and conductor 𝑗 

𝐶2 
𝜖0

𝑆


 

Capacitance between sensor (area 𝑆, height  above 

ground) and ground. 

𝐶c 98 pFm−1 Cable capacitance per meter (for RG 58 and RG 213). 

𝐶4 280 pF Part of the capacitive output on the bushings. 

𝐶5 550 pF Part of the capacitive output on the bushings. 

𝑅l 0,46,92 MΩ Load resistance. 

𝑅1 10 kΩ Used in the transfer of the reference signal. 

𝑅2 1 kΩ Used in the transfer of the reference signal. 

𝑅3 4 Ω Used in the transfer of the reference signal. 

 0.25, 0.5 m Sensor height above ground. 

𝐿1 16 m Length cable (RG 58) 

𝐿2 30 m Length cable (RG 58) 

𝐿3 8 m Length cable (RG 213) 

𝑍osc  1 MΩ ||32 pF Oscilloscope input impedance 

 

Table 4-8: The conductor configuration at the substation: lengths and dimensions. 

Variable/constant Value Description 

𝐴 ≈ 111 kV Zero-to-peak potential amplitude on the 

conductors (136 kV phase-to-phase). 

𝐿0 4.1 m Distance from the conductors to the ground. 

𝑥1 1.7 m Conductor distance. 

𝑟 ≈ 2 cm Conductor radius. 

 

The following sensor configurations have been investigated in terms of amplitude error,  

absolute and relative phase shift errors: Variation of the sensor distance while 

 Varying the sensor height  above ground  

 Connecting different load resistances 𝑅l. 

 Varying the sensor size (area). 

 Studying distance uncertainties Δ𝑥 and Δ𝑦. 
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To give a better idea of how the measurement situation looked like in reality please see 

Figure 4-38. Support lines have been drawn between the sensors and the conductors to 

clarify the sensor/conductor configuration in the substation. Clearly visible on the ground 

are the carton boxes with the paint can lids paced on top. 

 

 

Figure 4-38: The sensors and the conductors during the measurements at the 

substation in April 2012. [1] 

[1] This picture is published in oral agreement with VB-Elnät, and may not be used in any context 

other than in relation to this thesis. 

 

A quick inspection reveals that a number of problems are present that could have an 

effect on the results (I.e. deviations from the 2D-model in the theory). For example, the 

conductors are not even close to being infinitely long. Additionally, the sensors are 

located closer to the wall than the breakers (this due to grounded cabinets placed 

nearby which will be explained below). There are ground planes in the close 

surroundings: walls, roof and the breaker support to name some. A look at the sensors 

from the wall in the direction of the breakers reveals another problem: two grounded 

cabinets (see Figure 4-39). These cabinets could affect the field significantly, and 

therefore some distance away from them is required. This is the reason why the sensors 

Conductor 1 

Conductor 2 

Conductor 3 
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are placed closer to the wall than to the breakers. In an ideal case they should have 

been placed somewhere in between to mitigate the effects of the grounded wall and the 

breaker support. 

 

 

Figure 4-39: Two grounded cabinets resulting in distortion of the electric field 

picture. 

 

4.2.2 Results 

To visualize a signal reconstruction a typical example of three measurement signals 

used to reconstruct the potentials on the conductors is presented in Figure 4-40 (from 

parameter values set as in Table 4-9). Reference signals have also been collected to 

evaluate the reconstructed signals.  

 

Table 4-9: Values of the variables used to produce the results in Figure 4-40. 

Variable Value Description 

𝑘1 ≈ 2.1 Conductor distance in number of 

sensor distances. 

𝑅l 0 Ω Load resistance 

 0.5 m Sensor height 

𝑟s 0.15 m Sensor radius (largest sensor) 
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Figure 4-40: A typical example of three measurement signals (subplot 1) has been 

used to reconstruct the potentials on the conductors (subplot 2). Reference 

signals have been collected to evaluate the reconstructed signals (subplot 3). All 

the while 𝒌𝟏 ≈ 𝟐.𝟏. 

 

The amplitude on sensor 3 is lower than the amplitude on sensor 1. In theory these two 

should have the same amplitude but the effect could be a result of asymmetrical 

surroundings. As a result the amplitude of the reconstructed signal for conductor 3 is 

lower than the reconstructed signal of conductor 1. This is probably also the reason that 

the reconstructed signal on sensor 2 is lower than those for conductor 1 and 3. There is 

also a phase shift in the reconstructed signals compared to the reference signals. This 

could be explained by uncertainties of some of the capacitances in the lumped circuit 

model. 

This example illustrate not only that the potentials on the conductors can be fairly well 

reconstructed during the right circumstances, but also that the transfer function for the 

reference signals works. I.e., this is a good method for evaluating the method from the 

results. Though, in the analysis of how the sensor area, sensor height, load resistance 

and distance uncertainties affects the solution no reference signals were acquired due to 

time limitations at the measurement site and unforeseen problems in the data conversion 
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to Matlab for the datasets that were collected. The following subchapters present the 

measurement results. 

 Sensor height above ground 

The sensor height  above the ground is investigated with respect to the amplitude error 

and the relative phase shift error as the sensor distance is varied along the 𝑥-axis. The 

values set for the variables in this measurement series is presented in Table 4-10 and 

the results are presented in Figure 4-41. 

 

Table 4-10: Values of the variables used to produce the results in Figure 4-41. 

Variable Value Description 

𝑘1 Varied Conductor distance (fixed) in number 

of sensor distances (varied). 

𝑅l 0 Ω Load resistance 

 0.25 and 0.5 m Sensor height 

𝑟s 0.15 m Sensor radius (largest sensor) 

 

 

 

 

Figure 4-41: Measurement results for the amplitude error and the relative phase 

shift error as a function of the sensor distance, when the sensors are placed at 

𝒉 = 𝟎.𝟐𝟓 m and 𝒉 = 𝟎.𝟓 m above the ground.  
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Lower  reduces the amplitude error in accordance with the theory in chapter 3.2.2. 

Additionally, small 𝑘1 (i.e. large sensor distances) also seem to reduce the amplitude 

error.  

The increasing phase shift for large 𝑘1 and low  could be an indication that the solution 

is more sensitive to disturbances/uncertainties when the sensors are closer to the 

ground (the sensors being further away from the conductors). 

 

 Load resistance 

The effect of an applied load resistance is investigated with respect to the amplitude 

error and the relative phase shift as the sensor distance is varied along the 𝑥-axis. The 

values set for the variables in this measurement series is presented in Table 4-11 and 

the results are presented in Figure 4-42. 

 

Table 4-11: Values of the variables used to produce the results in Figure 4-42. 

Variable Value Description 

𝑘1 Varied Conductor distance (fixed) in number 

of sensor distances (varied). 

𝑅l 0, 92 MΩ Load resistance 

 0.5 m Sensor height 

𝑟s 0.15 m Sensor radius (largest sensor) 
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Figure 4-42: Measurement results for the amplitude error and the relative phase 

shift as a function of the relative sensor distance, when the sensors are placed at 

𝒉 = 𝟎.𝟓𝟎 m above the ground and a 𝟗𝟐𝐌𝛀 load is connected to the sensor. 

 

The amplitude error decrease when a load resistance is applied. In theory an infinitely 

large load resistance would make it impossible for charges to move from the sensors to 

the measurement equipment, which in turn means that small enough sensors would 

measure approximately the same potential as if there were no sensors present (I.e. ideal 

sensors). The relative phase shift error on the other hand increase with an applied load 

resistance. 

An illustrational example of the process from measured signals to the noise-reduced 

conductor potentials can be seen in Figure 4-43. 
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Figure 4-43: Subplot one shows the measured signals on the oscilloscope for a 

sensor distance 𝒙𝟎 = 𝟏.𝟒 m, while the conductor distance 𝒙𝟏 = 𝟏.𝟕 m, with a load 

resistance 𝑹𝒍 = 𝟗𝟐 𝐌𝛀 . Subplot two shows the reconstructed signals from this 

data. Subplot three shows the result when a moving average filter has 

smoothened the reconstructed signals in subplot two. 

 

Apparently the reconstructed signals become very noisy with an applied load resistance. 

This effect can be mitigated by using filters to clean up the reconstructed signals. The 

theoretical frequency response of the transfer function 𝐻(𝑤) from the sensors'- to the 

conductors' potentials for different resistive loads, both angular and in amplitude, can be 

seen in Figure 4-44. 
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Figure 4-44: The theoretical frequency response of the transfer function 𝑯(𝒘) from 

the conductors'- to the sensors' potentials for different resistive loads. Subplot 

one and two is the amplitude response, while subplot three and four is the angular 

frequency response. 

 

With applied load resistances 𝐻(𝑤) acts as a band pass filter. If measurements of high 

frequencies are desired then no load resistance should be applied. On the other hand, if 

the main tone 50 Hz is of more interest, then a higher load resistance makes for a 

narrower band pass filter resulting in a cleaner 50 Hz signal (theoretically). Subplot 3 



 

Technical Report 

Corporate Research 
 

Doc. title   Revision Page 

Non-contact high voltage measurements: Modeling and On-site Evaluation 01 76/91 

 

 

shows the angular frequency response (subplot 4 is a zoom on the lower frequencies). 

With increasing load resistance the rate at which the signals are phase shifted increase. 

If a load resistance is applied then for large frequencies the signal stabilizes at −
𝜋

2
. If not 

however, 𝐻(𝑤) yields no phase shift (except for low frequencies). 

 

 Distance uncertainties 

No measurements where the sensors were dislocated a distance Δ𝑥 or Δ𝑦 were 

performed. The results for the dislocation have been found by consciously introducing a 

Δ𝑥 or Δ𝑦 when the measurement data is evaluated in Matlab. 

 

Sensor dislocation 𝚫𝒙 

The effect of a sensor dislocation from the symmetry line is investigated with respect to 

the amplitude error and the relative phase shift error as the sensor distance is varied 

along the 𝑥-axis. The values set for the variables in this measurement series is 

presented in Table 4-12 and the result is presented in Figure 4-45. 

 

Table 4-12: Values of the variables used to produce the results in Figure 4-45. 

Variable Value Description 

𝑘1 Varied Conductor distance (fixed) in number 

of sensor distances (varied). 

𝑅l 0 Ω Load resistance 

 0.25 m Sensor height 

𝑟s 0.15 m Sensor radius (largest sensor) 

Δ𝑥 0, 0.17 m Sensor dislocation in the 𝑥-direction 

(0 and 10% of the conductor distance) 

Δ𝑦 0 m Sensor dislocation in the 𝑦-direction 
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Figure 4-45: Measurement results for the amplitude error and the relative phase 

shift as a function of the sensor distance, when the sensors are dislocated a 

distance 𝚫𝒙 (10% of the conductor distance) from the symmetry line. 

 

The amplitude error is consistently lower when a sensor dislocation Δ𝑥 is introduced into 

the calculations. Either this is because the sensors are misaligned to begin with (though 

not very likely since all distances were carefully measured using measuring tape), or 

there are effects from the surroundings unaccounted for. There seem to be an increasing 

trend in the amplitude error for increased 𝑘1, but a comparison with the simulation in 

Figure 4-18 reveals few similarities. This could be because of effects from the 

surroundings. 

 
Sensor dislocation 𝚫𝒚 

The effect of a distance uncertainty Δ𝑦 in the 𝑦-direction is investigated with respect to 

the amplitude error and the relative phase shift as the sensor distance is varied along 

the 𝑥-axis. The values set for the variables in this measurement series is presented in 

Table 4-13 and the result is presented in Figure 4-46. 
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Table 4-13: Values of the variables used to produce the results in Figure 4-46. 

Variable Value Description 

𝑘1 Varied Conductor distance (fixed) in number 

of sensor distances (varied). 

𝑅l 0 Ω Load resistance 

 0.25 m Sensor height 

𝑟s 0.15 m Sensor radius (largest sensor) 

Δ𝑥 0 m Sensor dislocation in the 𝑥-direction 

Δ𝑦 0, 0.41 m Sensor dislocation in the 𝑦-direction 

(0 and 10% of the distance to the 

conductors) 

 
 

 

Figure 4-46: Measurement results for the amplitude error and the relative phase 

shift as a function of the sensor distance, when the sensors are dislocated a 

distance 𝚫𝒚 (10% of the distance to the conductors). 

 

The amplitude error when there is a Δy present is hard to interpret since the curve ought 

to be lowest when Δ𝑦 = 0, but is not. Either this is because the sensors are misaligned 

to begin with (can be ruled out since all distances were carefully measured using laser-

equipment), which means that there probably are effects from the surroundings 

unaccounted for. A comparison with the amplitude error in the simulations in Figure 4-20 

and Figure 4-22 reveals few similarities here as well as for Δ𝑥. 
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 Sensor area 

The effect of different sensor areas is investigated with respect to the amplitude error 

and the relative phase shift as the sensor distance is varied along the 𝑥-axis. The values 

set for the variables in this measurement series is presented in Table 4-14 and the 

results are presented in Figure 4-47. 

 

Table 4-14: Values of the variables used to produce the results in Figure 4-47. 

Variable Value Description 

𝑘1 Varied Conductor distance (fixed) in number 

of sensor distances (varied). 

𝑅l 0 Ω Load resistance 

 0.5 m Sensor height 

𝑟s 0.15 m Sensor radius (largest sensor) 

Δ𝑥 0 m Sensor dislocation in the 𝑥-direction. 

Δ𝑦 0 m Sensor dislocation in the 𝑦-direction 

 

 

Figure 4-47: Measurement results for the amplitude error and the relative phase 

shift as a function of the sensor distance, when the area of the sensors is varied. 

 

The amplitude error is lower when the sensor area is increased. This might be because 

a larger sensor area increases the capacitance to the conductors, and reduces the 

effects from the surroundings. It is hard to determine whether a smaller sensor area is 

better in terms of the relative phase shift, but it seems as if the variance is reduced. 
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 Transient detection 

Figure 4-48 shows that this capacitive technique is capable of detecting transients. The 

transient was captured during a transformer startup. The values of the variables used to 

produce the results are presented in Table 4-15. 

 

Table 4-15: Values of the variables used to produce the results in Figure 4-48. 

Variable Value Description 

𝑘1 ≈ 1.4 Conductor distance in number of 

sensor distances. 

𝑅l 0 Ω Load resistance 

 0.5 m Sensor height 

𝑟s 0.15 m Sensor radius (largest sensor) 

Δ𝑥 0 m Sensor dislocation in the 𝑥-direction. 

Δ𝑦 0 m Sensor dislocation in the 𝑦-direction 

 

 

 

Figure 4-48: Subplot 1 shows a transient from a transformer startup. Subplot 2 is a 

zoom on the transient. 
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4.2.2.1 Summary 

A summary of the optimal sensor distances with respect to both the amplitude error and 

the relative phase shift error according to the measurement results is presented in Table 

4-16. 

 

Table 4-16: The optimal sensor distance with respect to both the amplitude error 

and the relative phase shift according to the measurement results. 

Position\M

odification 

Sensor 

height 

Load 

resistance 

𝚫𝒙 𝚫𝒚 Sensor 

area 

𝒌𝟏,𝐚𝐦𝐩𝐥𝐢𝐭𝐮𝐝𝐞 0.5 − 1.5 0.5 − 2 0.7 − 1.2 0.5 − 2 0.5 − 2 

𝒌𝟏,𝐫𝐞𝐥−𝐩𝐡𝐚𝐬𝐞 1 − 1.5 0.5 − 1 0.7 − 1.2 1 − 2 1 − 2 

Coinciding 

interval 

1 − 1.5 0.5 − 1 0.7 − 1.2 1 − 2 1 − 2 

 

  



 

Technical Report 

Corporate Research 
 

Doc. title   Revision Page 

Non-contact high voltage measurements: Modeling and On-site Evaluation 01 82/91 

 

 

5 CONCLUSIONS 

Calculated optimal sensor distance 

In general when there is only a Δ𝑥 the optimal sensor distance, with respect to the 

amplitude error and both phase shift errors, should be smaller than the conductor 

distance. Of course in a real measurement situation if the sensors are put too closely to 

each other then one would have to account for the capacitance between the sensors as 

well.  

When there is only a Δ𝑦 the amplitude error and both phase shift errors are minimized 

when the sensor distance is larger than the conductor distance. How much larger the 

sensor distance should be is depending on both the proportions of the system (
𝑦0

𝑥1
) and 

on how large Δ𝑦 is.  

It is possible to argue that it should be easier to reduce the erroneous effects induced by 

Δ𝑥 than by Δ𝑦 due to the fact that it is easier to locate sensor 2 fairly well beneath 

conductor 2 in a real measurement situation, than to (with a high accuracy) determine 

the height to the conductors. Of course, this has to be determined from case to case on 

site. Another argument that the sensors should be placed in accordance with the Δ𝑦-

optimization is that the signal amplitude reconstruction is less sensitive to noise on the 

sensors for approximately the same sensor distances.  

Those conditions are however very hard to fulfill in a real measurement situation. 

𝑘1 = 0.1 means that the sensor distance should be 10 times as large as the conductor 

distance, which in practice means that the sensors should be located 10 meters apart 

when the conductor distance is 1 m. At a substation “empty” distances like these are 

improbable around conductors. Therefore all one can do is to optimize the sensor 

distance according to Δ𝑥, and then make sure to measure Δ𝑦 carefully as well as to 

minimize any measurement noise through filters etc. With these arguments the 

theoretical results for the optimal sensor distance are as presented in Table 5-1. 

 

Table 5-1: Sensor distance, min. amplitude error and min. phase shifts for 

𝚫𝒙 = 𝟎.𝟏𝒙𝟏-position. 

𝒚𝟎
𝒙𝟏

 𝒌𝟏 →≈ 𝑬 [%] 𝒌𝟏  →≈ 𝚽𝒂𝒃𝒔 [rad] 𝒌𝟏  →≈ 𝚽𝒓𝒆𝒍 [rad] 

0.1 − 1 1 →  10 1 → 0.1 1 → 0.05 

1 − 2 1 → 10 1 − 2 → 0.2 6 → 0.05 

2 − 4 > 8 → 20 2 − 3 → 0.25 2 − 4 → 0.2 

> 4 > 8 → 20 1 − 2 → 0.3 2 → 0.3 
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Optimizations according to measurement results 

The optimal sensor distance according to the measurement results indicate that the 

sensor distance should be 𝑘1 ≈ 1 − 1.2 with respect to the amplitude error and the 

relative phase shift error. The conclusion from the theoretical results states that the 

sensor distance should be 𝑘1 ≈ 1 − 3 (given that 
𝑦0

𝑥1
≈ 2) if the dominating error 

originates from a distance uncertainty Δ𝑥. This means that the theory is fairly good in the 

optimal sensor distance prediction. Any deviations could be because of disturbances in 

the field during the measurements not accounted for by the theoretical model, but it 

could also be because there are both Δ𝑦 and Δ𝑥 errors present. If the latter is the case, 

then it might be possible that the optimal position is about 𝑘1 = 1 assuming that the 

errors in some sense take each other out “optimal-position”-wise. 

The results point toward the fact that there is a tradeoff between a reduced amplitude 

error and a reduced relative phase shift when there is an applied load resistance. Table 

5-2 presents how the amplitude- and relative phase shift error relates to different 

measurement modifications. If the detection of harmonics is desired then no (or a low) 

load resistance is recommended. 

 

Table 5-2: How the amplitude error and relative phase shift error relates to 

different measurement modifications. 

Modification Amplitude error Relative phase shift error 

Sensor height:  ↓ ↓ ≈ 𝑢𝑛𝑐𝑎𝑛𝑔𝑒𝑑 

Load resistance: 𝑅l  ↑ ↓ ↑ 

Sensor area: 𝐴s  ↑ ↓ ≈ 𝑢𝑛𝑐𝑎𝑛𝑔𝑒𝑑 

 

Summarized conclusions 

The sensors should be located close to the ground compared to their distance to the 

conductors to reduce the amplitude- and phase shift error. There is probably an optimal 

sensor area but it is hard to draw any conclusions about this from the results other than 

that the area should not be too small. Since there seem to be a tradeoff between the 

amplitude and the relative phase shift in this model, for applied load resistances it is 

probably wise to choose what result is most important. 

Unknown effects from the surroundings have proven to be very troublesome (especially 

visible through the shear sizes of the amplitude errors). The theoretical model needs to 

be revised to include more elements from the surroundings, like additional ground 

planes (walls, roofs etc.) and other conductors. At the very least the effects from some of 

the surrounding elements need to be studied. There is also a possibility that more than 

three sensors could stabilize the solution against potential deviations of different sorts 

from the surroundings from the model. 

It is not a simple task to determine the best sensor distance in a real measurement 

situation, but the results show that it is important to mitigate the effects from distance 

uncertainties. Table 5-1 can however be used as a guideline as to how the sensors 

should be placed in relation to the conductors. 
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This model has its limitations but can detect harmonics, transients and larger deviations 

in the potentials on the conductors. This makes it good for monitoring purposes. The 

relatively low cost and the movability make this method highly applicable for quick 

diagnostics on many points at a grid, where the data can be evaluated on-site with 

computer based scripts. 

 

6 FUTURE WORK 

Future work on this topic should include a revision of the model to include more of the 

surrounding effects that affect the reconstructed potentials, such as: 

 Other conductors. 

 Other ground planes (walls, roofs etc.). 

 Various sensor configurations (in both 2D and 3D). 

 

Future work should also include a sensor designed to mitigate the detected limitations of 

this method. This could possibly also be achieved by adding more sensors, which should 

be investigated. 

The currents in the conductors also need to be investigated. 

 

 



 

Technical Report 

Corporate Research 
 

Doc. title   Revision Page 

Non-contact high voltage measurements: Modeling and On-site Evaluation 01 85/91 

 

 

7 REFERENCES 

[1] Griffiths, David J., (2008). Introduction to Electrodynamics. 3.ed. San Fransisco: 

Pearson Education, Inc. 

[2] Cheng, David K., (1989). Field and Wave Electromagnetics. 2.ed. Addison-

Wesley Publishing Company, Inc. 

[3] Nordling, Carl., Österman, Jonny., (2006). Physics Handbook for Science and 

Engineering. 8.ed. Lund: Studentlitteratur. 

[4] Mandal, Mrinal., Asif, Amir., (2007). Continuous and Discrete Time Signals and 

Systems. 1.ed. Cambridge: Cambridge University Press. 

[5] Hammond, P., 1960 (May). Electric and Magnetic Images. Princeton University: 

The Institution of Electrical Engineers, Institution Monograph No. 379, Available 

through: IEEE Xplore [Accessed 04 June 2010]. 

 

8 BIBLIOGRAPHY 

Current detection 

Cyganski, David et. al., 1984 (March). An automated Noncontact System for Current 

Harmonics in Aerial Transmission and Distribution Systems. Transactions on 

instrumentation and measurement, Vol. IM-33, No 1. Available through IEEE. 

 

Bellina, F., Bettini, P.,Trevisan, F., 2001 (March), Analysis of the optimal location of 

magnetic field probes for the Determination of the current distribution Inside S/C Cables., 

Transactions on applied superconductivity, Vol. 11, No 1. Available through IEEE. 

 

Canova, A., Freschi, F., Repetto, M., Tartaglia, M., 2005, Description of power lines by 

equivalent source system. The international journal for computation and mathematics in 

electrical and electronic engineering, Vol. 24, No. 3, pp. 893-905.  

 

Canova, A., Freschi, F., Repetto, M., Tartaglia, M., 2005 (June), Identification of 

equivalent source system for electromagnetic field pollution evaluation. 18:th 

International conference on electricity distribution, Turin 6-9 June 2005. Cired, Session 

No. 2. 

 

Capacitor design 

Heerens, Willem Chr., Applications of capacitance techniques in sensor design. J. Phys. 

E: Sci. Instrum., 3:rd Edition, 1986. 



 

Technical Report 

Corporate Research 
 

Doc. title   Revision Page 

Non-contact high voltage measurements: Modeling and On-site Evaluation 01 86/91 

 

 

APPENDIX A: CURRENTS IN THE CONDUCTORS 

This section is dedicated to finding a solution for the currents in each of the conductors 

in a three phase conductor system by measuring the magnetically induced current in 

three coils. This is done by first determining the (by the conductors) generated magnetic 

field, and then using by using the 𝐵-field to find the currents in the coils. The solution can 

then be inverted, I.e. by measuring the induced currents in the coils, the currents in the 

conductors can be determined. 

As opposed to the case of the electric field where capacitors were used, the currents in 

the conductors will only be determined in a highly theoretical case where the "coils" are 

points in space, I.e. no real ("non-ideal") coils will be simulated. 

 

Magnetic field around one conductor 

The magnetic field around a conductor approximated as an infinitely long thin wire can 

be expressed via Biot-Savarts law (for a quasi-static field approximation) in cylindrical 

coordinates as (Griffiths, 2008, p.215-217 ) 

 

 𝐵 =
𝜇0𝐼

2𝜋
⋅
𝑢 × (𝑟 − 𝑟 ′)

 𝑢 × (𝑟 − 𝑟 ′) 2
 (0-1) 

 

The definition of the specified directions in equation (0-1) are illustrated in Figure 0-1. 

 

 

Figure 0-1: Directions for calculating the B-field. 

 

To account for the contribution of the ground plane, Hammond (1960) specifies that the 

boundaries must be plane, and that there must be no path difference between the 

source and the image. Furthermore, Hammond (1960, p.310) states that: 

"In electromagnetic problems the method of images can therefore be used only when the 

boundaries are flat sheets of very large conductivity." 
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Therefore, the method of images is applicable for magnetic fields as well, while the 

following boundary condition must hold, 

 

 𝐵𝑦(𝑥,𝑦 = 0) = 0  

 

This yields the following expression for the magnetic field from a long thin wire, at a point 

in a 2-dimensional plane (with one sensor, one conductor and its mirror image), 

 

 𝐵 =
𝜇𝑜𝐼

2𝜋
 
𝑢 × (𝑟 − 𝑟 ′)

 𝑢 × (𝑟 − 𝑟 ′) 2
−

𝑢 × (𝑟 − 𝑟𝑠 ′)

 𝑢 × (𝑟 − 𝑟𝑠 ′) 
2
  (0-2) 

 

where prime denotes the distance to a source and unprimed vectors are distances to the 

point of interest and. 𝐼 is the current in the conductor (see Figure 0-1). In view of the 

model used (see Figure 3-1), the variables in equation (0-2) can be re-defined as 

 

 

𝑢 = 𝑧  

𝑟 = 𝑋𝑖𝑥 + 𝑌𝑖𝑦  

𝑟 ′ = 𝑥𝑗
′𝑥 + 𝑦𝑗

′𝑦  

𝑟𝑠 ′ = 𝑥′𝑗 ,𝑠𝑥 + 𝑦′𝑗 ,𝑠𝑦  

 

 

where (𝑋𝑖 ,𝑌𝑖) are the coordinates of sensor 𝑖, (𝑥𝑗
′ ,𝑦𝑗

′) are the coordinates of conductor 𝑗, 

and (𝑥𝑗 ,𝑠
′ ,𝑦𝑗 ,𝑠

′ ) are the coordinates of the mirror image of conductor 𝑗. Inserting these 

variables into equation (0-2) and performing a calculation of the cross-products, still 

using cartesian coordinates, yields 

 

 

𝐵 𝑖𝑗 =
𝜇𝑜𝐼

2𝜋
  

(𝑋𝑖 − 𝑥𝑗
′)

 𝑋𝑖 − 𝑥𝑗
′ 

2
+  𝑌𝑖 − 𝑦𝑗

′ 
2 −

(𝑋𝑖 − 𝑥𝑗 ,𝑠
′ )

 𝑋𝑖 − 𝑥𝑗 ,𝑠′ 
2

+  𝑌𝑖 − 𝑦𝑗 ,𝑠′ 
2 𝑦 

  

 +  
−(𝑌𝑖 − 𝑦𝑗

′)

 𝑋𝑖 − 𝑥𝑗
′ 

2
+  𝑌𝑖 − 𝑦𝑗

′ 
2 −

−(𝑌𝑖 − 𝑦𝑗 ,𝑠
′ )

 𝑋𝑖 − 𝑥𝑗 ,𝑠′ 
2

+  𝑌𝑖 − 𝑦𝑗 ,𝑠′ 
2 𝑥   

 

(0-3) 

 

 

which is the magnetic field from one conductor located at (𝑥′𝑗 ,𝑦′𝑗 ) to an ideal sensor 

(point) located at (𝑋𝑖 ,𝑌𝑖). Separating the 𝑥  and 𝑦  components and introducing a notation 

for the distance matrices 𝑁𝑥  and 𝑁𝑦  yields 
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𝑁 𝑥 =  

−(𝑌𝑖 − 𝑦𝑗
′)

 𝑋𝑖 − 𝑥𝑗
′ 

2
+  𝑌𝑖 − 𝑦𝑗

′ 
2 −

−(𝑌𝑖 − 𝑦𝑗 ,𝑠
′ )

 𝑋𝑖 − 𝑥𝑗 ,𝑠′ 
2

+  𝑌𝑖 − 𝑦𝑗 ,𝑠′ 
2 𝑥  

 

(0-4) 

 

 
𝑁 𝑦 =  

(𝑋𝑖 − 𝑥𝑗
′)

 𝑋𝑖 − 𝑥𝑗
′ 

2
+  𝑌𝑖 − 𝑦𝑗

′ 
2 −

(𝑋𝑖 − 𝑥𝑗 ,𝑠
′ )

 𝑋𝑖 − 𝑥𝑗 ,𝑠′ 
2

+  𝑌𝑖 − 𝑦𝑗 ,𝑠′ 
2 𝑦  

 

(0-5) 

 

Now the 𝐵 -field can be expressed in the following form by inserting equations (0-4) and 

(0-5) into equation (0-3) 

 

 𝐵 𝑖𝑗 = 𝑐2 𝑁𝑥𝑥 + 𝑁𝑦𝑦  𝐼 (0-6) 

 

where 𝑐2 =
𝜇0

2𝜋
. 

 

Currents in three conductors 

By using the superposition principle it is possible to extrapolate the solution for the 

magnetic field from a long straight wire (equation (0-6)) into a case where we have three 

conductors and three ideal sensors. Let 𝑩𝒎 be the magnetic field which is measured by 

the sensors (see Figure 0-2). The direction 𝒏  of the sensor that measures the magnetic 

field strength can be expressed in cartesian coordinates as 

 

 𝑛 = 𝑐𝑜𝑠 𝜃 𝑥 + 𝑠𝑖𝑛(𝜃)𝑦   

 

where 𝜽 is an angle specifying the direction of the sensor in relation to the ground plane 

in accordance with Figure 0-2. Taking the scalar product between 𝒏  and the magnetic 

field in equation (0-6) (superposed into three conductors, now denoted 𝑩 ) yields an 

expression for the measured field 𝑩𝒎 for each sensor as 

 

 𝑩𝑚 = 𝑩 ⋅ 𝑛 = 𝑐2 𝑵𝑥 𝑐𝑜𝑠 𝜃 + 𝑵𝑦𝑠𝑖𝑛(𝜃) 𝑰 (0-7) 

 

where 
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 𝑰 =  
𝐼1
𝐼2
𝐼3

   

 

and 𝐼𝑗 , 𝑗 = 1,2,3, is the current in conductor 𝑗. 

 

 

Figure 0-2: An illustration of how the superposition of the magnetic field might 

look around three conductors, including the contribution from the images in the 

ground plane. 

 

Consequently, according to equations (0-4) and (0-5), 𝑵𝑥  and 𝑵𝑦  translated into the 

case for three conductors and three sensors (see Table 3-3 for an interpretation of the 

variables) 

 

𝑵𝑥

=

 

 
 
 
 
 
 

−𝑌11

𝑋11
2 + 𝑌11

2 −
−𝑌11,𝑠

𝑋11,𝑠
2 + 𝑌11,𝑠

2   
−𝑌12

𝑋12
2 + 𝑌12

2 −
−𝑌12,𝑠

𝑋12,𝑠
2 + 𝑌12,𝑠

2   
−𝑌13

𝑋13
2 + 𝑌13

2 −
−𝑌13,𝑠

𝑋13,𝑠
2 + 𝑌13,𝑠

2  

 
−𝑌21

𝑋21
2 + 𝑌21

2 −
−𝑌21,𝑠

𝑋21,𝑠
2 + 𝑌21,𝑠

2   
−𝑌22

𝑋22
2 + 𝑌22

2 −
−𝑌22,𝑠

𝑋22,𝑠
2 + 𝑌22,𝑠

2   
−𝑌23

𝑋23
2 + 𝑌23

2 −
−𝑌23,𝑠

𝑋23,𝑠
2 + 𝑌23,𝑠

2  

 
−𝑌31

𝑋31
2 + 𝑌31

2 −
−𝑌31,𝑠

𝑋31,𝑠
2 + 𝑌31,𝑠

2   
−𝑌32

𝑋32
2 + 𝑌32

2 −
−𝑌32,𝑠

𝑋32,𝑠
2 + 𝑌32,𝑠

2   
−𝑌33

𝑋33
2 + 𝑌33

2 −
−𝑌33,𝑠

𝑋33,𝑠
2 + 𝑌33,𝑠

2  
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𝑵𝑦

=

 

 
 
 
 
 
 

𝑋11

𝑋11
2 + 𝑌11

2 −
𝑋11,𝑠

𝑋11,𝑠
2 + 𝑌11,𝑠

2   
𝑋12

𝑋12
2 + 𝑌12

2 −
𝑋12,𝑠

𝑋12,𝑠
2 + 𝑌12,𝑠

2   
𝑋13

𝑋13
2 + 𝑌13

2 −
𝑋13,𝑠

𝑋13,𝑠
2 + 𝑌13,𝑠

2  

 
𝑋21

𝑋21
2 + 𝑌21

2 −
𝑋21,𝑠

𝑋21,𝑠
2 + 𝑌21,𝑠

2   
𝑋22

𝑋22
2 + 𝑌22

2 −
𝑋22,𝑠

𝑋22,𝑠
2 + 𝑌22,𝑠

2   
𝑋23

𝑋23
2 + 𝑌23

2 −
𝑋23,𝑠

𝑋23,𝑠
2 + 𝑌23,𝑠

2  

 
𝑋31

𝑋31
2 + 𝑌31

2 −
𝑋31,𝑠

𝑋31,𝑠
2 + 𝑌31,𝑠

2   
𝑋32

𝑋32
2 + 𝑌32

2 −
𝑋32,𝑠

𝑋32,𝑠
2 + 𝑌32,𝑠

2   
𝑋33

𝑋33
2 + 𝑌33

2 −
𝑋33,𝑠

𝑋33,𝑠
2 + 𝑌33,𝑠

2  
 

 
 
 
 
 

 

 

From the measured magnetic field 𝑩𝑚  we can now invert the solution for the magnetic 

field in equation (0-7) to find the currents in the conductors through 

 

 𝑰 =
1

𝑐2
 𝑵𝑥 cos 𝜃 + 𝑵𝑦 sin 𝜃  

−1
⋅ 𝑩𝑚  (0-8) 
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APPENDIX B: CHARGE CALCULATION ON A NON-IDEAL SENSOR 

 

Performing the integral in equation (3-19) by inserting sensor boundaries and integrating 

in the 𝑥𝑧-plane, 

 

𝑄 =
𝜆𝑗

2π
 𝑑𝑧
𝑠0/2

−𝑠0/2

  
 𝑌𝑖 − 𝑦𝑗  

 𝑋𝑖 − 𝑥𝑗  
2

+  𝑌𝑖 − 𝑦𝑗  
2 −

 𝑌𝑖 + 𝑦𝑗  

 𝑋𝑖 − 𝑥𝑗  
2

+  𝑌𝑖 + 𝑦𝑗  
2 𝑑𝑋𝑖

𝑏

𝑎

 

 

The first part of the integral is trivial. As for the second part a substitution integral seem 

to help. Therefore, let  
𝜏 =  𝑋𝑖 − 𝑥𝑗  ,

𝑑𝜏 = 𝑑𝑋𝑖
 , then 

 

𝑄 =
𝜆𝑗𝑧0

2π
  

 𝑌𝑖 − 𝑦𝑗  

 𝜏 2 +  𝑌𝑖 − 𝑦𝑗  
2 −

 𝑌𝑖 + 𝑦𝑗  

 𝜏 2 +  𝑌𝑖 + 𝑦𝑗  
2 𝑑𝜏

𝜏2

𝜏1

 

 

which yields the new boundaries  
𝜏1 = 𝑎 − 𝑥𝑗
𝜏2 = 𝑏 − 𝑥𝑗

 . According to (Nordling, Österman, 2006, 

p.415) the solution to this integral (together with some algebraic calculations) after 
substituting back the variables using 𝑋𝑖 = 𝜏 + 𝑥𝑗  yields the total charge on the sensor 𝑖 

induced by conductor 𝑗 as  

 

 

𝑄 =
𝜆𝑗 𝑠0

2π
 arctan 

𝑏 − 𝑥𝑗

𝑌𝑖 − 𝑦𝑗
 − arctan 

𝑏 − 𝑥𝑗

𝑌𝑖 + 𝑦𝑗
 

− arctan 
𝑎 − 𝑥𝑗

𝑌𝑖 − 𝑦𝑗
 + arctan 

𝑎 − 𝑥𝑗

𝑌𝑖 + 𝑦𝑗
   

 

 
 

 


