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Abstract 

This paper addresses social accounting numerically in a dynamic general equilib

rium model. The main purposes are to study: (i) whether emission taxes based on 

static willingness to pay information can be used to improve the welfare level, and; 

(ii) whether these taxes provide close enough approximations of the correct Pigou-

vian emission tax to be useful in the context of social accounting. The results indicate 

that, if environmental quality is relatively linear with respect to pollution, the ap

proximation of the Pigouvian emission tax will bring the economy close to the socially 

optimal solution and, at the same time, provide a close approximation of the value of 

net investments in environmental capital. 
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1 Introduction 

Since the days of t he Second World Wax the single most important concept 

in economics is probably national income. Because the countries involved in 

the war needed to plan and measure their civilian and military production 

they developed national accounts.1 Subsequently, national income or the net 

national product (NNP) has often been used as a welfare indicator. Despite 

the widespread use of this measure, it has several shortcomings. One such 

shortcoming is that the measure of priva te consumption only includes market 

goods and services, whereas the value of leisure and nonmarket goods such as 

environmental quality are not considered. Also, the hidden sector is neglected, 

as is the distribution of income, and the net investment concept refers only 

to man-made physical capital. Depletion or accumulation of environmental 

stocks, natural resource stocks and human capital are ignored. 

There is a rapidly growing literature on what is usually called "social ac

counting" , where one of the purposes is to augment, or extend, the conventional 

1The pioneering work i n this field took place in England, where important contributions 

were made by James Meade and Richard Stone. On John Maynard Keynes initiative, their 

wartime national accounts were published in the 1941 Government White Paper, An analysis 

of the Sources of war finance and an estimate of the national income and expenditure in 

1938 and 1940. Meade was given the Nobel Prize in Economics jointly with Bertil Ohlin 

in 1977 for work in international economics, and in 1984, Stone received the Nobel Prize in 

Economics for "fundamental contributions to the development of national accounts" (The 

New Palgrave: A Dictionary of Economics, Vol 4, 1987). In the US, considerable progress in 

the same field was made by Simon Kuznets, who received the Nobel Prize in Economics in 

1971. Although, the Prize was given to him for "an empirically founded comparative study 

of the economic growth of nations", nevertheless, his contribution within the area of national 

accounting is so great that many American economists often cite this work as the basis for 

his receipt of the Nobel Prize (The New Palgrave: A Dictionary of Economics, Vol 3, 1987) 
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NNP measure so as to obtain a better indicator of welfare. One direction within 

"social accounting" is the area of "green accounting". The basic idea is that 

production and consumption of goo ds and services deplete natural resources 

and create environmental damage. Therefore, changes in these "natural" capi

tal stocks and changes in the flows of environmental services, should be included 

in order to construct a more correct NNP measure. 

The welfare economic foundation for an extended NNP concept was set out 

by Weitzman (1976). In his influential paper, he showed that a correct NNP 

measure (or the utility value thereof) is a static equivalent of the present value 

of f uture utility in a first-best-setting. This extended NNP concept is usu

ally based on the Hamiltonian corresponding to the optimal growth problem. 

Hartwick (1990), Dasgupta and Mäler (1991) and Mäler (1991) applied Weitz

man^ model to economies where natural and environmental capital constitute 

important parts of the economic system.2 Such NNP measures, augmented 

with the depletion of different kinds of natural capital are often referred to as 

"green" NNP. 

What the models described above have in common is that they deal with 

the accounting problem in a first-best-setting. Aronsson and Löfgren(1993, 

1995), on the other hand, analyze the social accounting problem in the context 

of market economies with environmental externalities.3 They show that Weitz-

man's NNP measure has to be amended with the present value of the marginal 

externality along the growth path of the economy in order to be a suitable wel

fare indicator. They also show how to design the proper dynamic Pigouvian 

taxes in order to internalize the externalities, which would make it possible to 
2Weitzman defines the capital stock as a vector of physical man-made capital, natural 

resources and knowledge from learning or research activities. 
3Other extensions of the social accounting problem address the implication of e.g. tech

nological change, distortionary taxes and distributional objectives. The reader is referred 

to Kemp and van Long (1982), Löfgren (1992), Aronsson (1998) and Aronsson and Löfgren 

(1999b) for details. 
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extend the first best accounting principles to apply in a market economy. T he 

Pigouvian emission tax plays a central role for at least two reasons. First, it 

provides information on which the agents can make socially optimal decisions. 

Second, i t measures the value of ad ditions to the stock of po llution, which is 

part of the Hamiltonian-based welfare measure. 

A practical problem with Pigouvian taxes is that they are normally forward 

looking, meaning that tax at time t requires information that is not likely to 

be available at time t. It is, therefore, extremely difficult for the decision maker 

to implement these taxes in practise. 

The purpose of this paper is to analyze, in a numerical model, how imple

mentation of a static approximation of a dynamic Pigouvian emission tax will 

affect the welfare level and the possibility to construct a welfare measure based 

on the current value Hamiltonian. The idea behind the tax schedule is taken 

from Aronsson and Löfgren (1999a). The approximation of the Pigouvian tax 

is based on the marginal willingness to pay to reduce the stock of pollut ion at 

present, and is revised repeatedly as new information becomes available. Aron

sson and Löfgren show in their model, that these taxes are welfare improving, 

given that they do not overestimate the marginal disutility of pollution over 

time. A problem is that collecting information involves a discrete element, 

and if the consumers ' preferences are changing over time, the revision process 

implies loss a of info rmation. Therefore, the prediction errors caused by di s

continuities imply that the first best accounting principles cannot, in general, 

be extended to apply to the controlled market economy. However, as Aronsson 

and Löfgren (1999a) show, if the prediction errors caused by discontinuities 

become small on average, the information collected via the willingness to pay 

technique will provide a reasonably good approximation of t he value of addi

tions to the stock of pollution at each instant, and welfare at time t is closely 

approximated by the Hamiltonian-based welfare measure. 
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I will use a numerical model to analyze the performance of the Hamiltonian-

based welfare measure, where the static approximation of the Pigouvian emis

sion tax is used to measure the value of additions to the stock of pollution. 

Two questions are particularly important. First, how sensitive are the results 

to discontinuities caused by the discrete information collection and tax revision 

process? Second, how sensit ive are the results to changes in the assumption 

about the functional form of the utility function? 

In order to analyze these questions I develop a numerical model based on 

the SEEP-model4. This dynamic framework enables comparison of t he paths 

for consumption, net investments in physical capital, environmental quality 

and pollution. The tax at time t is based on the marginal utility/disutility of 

pollution at time t. This means that I will use information generated by the 

numerical model to "mimic" estimates of t he willingness to pay to reduce the 

stock of pollutio n at present. 

The setup of the paper is as follows. In Section 2 the theoretical model 

is presented. Section 3 is devoted to deriving and discussing different welfare 

measures. In Section 4 the approximation of the Pigouvian tax is defined, 

and in Section 5 the functional form to be used in the numerical model axe 

presented. Section 6 contains simulation results. Finally, Section 7 concludes 

the paper. 

2 The Model 

This section describes some important features of th e theoretical model. The 

basic model is well known and contains a consumption externality generated by 

pollution. It was originally introduced by Brock (1977) and has been further 

elaborated by Tahvonen and Kuuluvainen (1993). In this model, I derive the 

4The SEEP-model is a general equilibrium model, developed by Nordhaus (1995) in order 

to analyze the Swedish energy sector. 
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first best optimum, and the solution of the uncontrolled market economy. With 

the social optimum and the uncontrolled market economy as reference points, 

I can focus on the welfare effects of introducing the static approximation of the 

Pigouvian tax in the market economy. 

To simplify the mathematical analysis, I neglect population growth and 

normalize the population to equal one. The instantaneous utility function 

facing the consumer takes the form 

u(t)=u{c{t) ,z( t))  (1)  

where c(t)  is consumption at time t  and z(t)  an indicator of environmental 

quality at time t. The instantaneous utility function is assumed to be increasing 

in its arguments, twice continuously differentiable and strictly concave. The 

indicator of environmental quality, z(t) is defined by 

z(t)  = z(x(t))  (2) 

where x(t)  is the stock of p ollution at time t.5I will assume that dz/dx < 0. 

Turning to the production side of t he economy, output is produced by labor 

(normalized to one), physical capital, &(£), and energy, g(t). Net output is 

determined by 

y( t )  = f0-,k( t ) ,g{t))  

where the function /(•) is assumed to be increasing in g(t) ,  twice continuously 

differentiable and strictly concave. Since y(t) is measuring net output, depre

ciation of physical ca pital can make the marginal product of capital negative, 

given that the capital stock is sufficiently large. Net investments in physical 

capital axe determined by 

k ( t)  = /(  1, k(t) ,g(t))  -  c(t)  -  I(g(t))  (3) 

5DifFerent forms of this relationship will be explored in the numerical section. 
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where /(•) is an increasing, twice continuously differentiable and strictly convex 

cost function. Energy used as a production factor is assumed to generate 

pollution. Different energy sources have different emission functions and one 

simple way to model this accumulation process is to assume that the stock of 

pollution develops over time according to 

where h( -)  is an emission function and 7 is the rate of decay. 

2.1 The social optimum 

To derive the socially optimal solution, consider the case where the resource 

allocation is decided upon by a social planner. The problem is then to choose 

c(t) and g(t) such as to maximize 

subject to equations (2),(3) and (4), initial conditions, k(0) = fco? ^(0) = xq 

and terminal conditions, lim k(t) > 0, lim x(t) > 0. The present value t—>00 t—>00 
Hamiltonian is written 

where À ( t )  and f i { t )  are the present value shadow prices in utility terms. In 

addition to the equations of motion as well as to the initial and terminal con

ditions, the first order conditions are 

X  ( t )  =  h ( g ( t ) )  -  7 x ( t )  (4) 

H(t)  = u(c(t) ,z( t ))e e t  + A ( t)  k  ( t )  + x ( t)  (6) 

(7b) 

(7a) 

(7c) 
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;  dH(t)  _  du(t)  dz{t)  9 t   

* dx(t)  ~  dz(t)dx(t)  ^  
e + f i-y  (7d) 

(7e) 

(7f) 

lim X(t)  > 0 (=0 if lim k(t)  > 0), t " •) oo t—>00 
lim n(t)  > 0  ( = 0  i f  l i m  x(t)  > 0), t—>oo t—*00 

Most important for the analysis is equation (7b), where the first term is the 

utility value of the difference between t he marginal product of energy and the 

marginal cost of the resources used explicitly in the production of energy. The 

second term reflects that the use of energy gives rise to a stock of pollution, 

where fx(t) is the (negative) social value of a one unit increase in this stock. The 

relationship explored in equation (7d) is also important, and is central for the 

construction of the corrective Pigouvian taxes in the context of a decentralized 

market economy, as will be shown in later sections of the paper. Finally, note 

that the transversality conditions presuppose that certain growth conditions 

are fulfilled.6 

2.2 The decentralized economy 

There axe three agent types in the decentralized economy: the consumer, the 

producer of final goods and the energy producer. The most important difference 

between a socially planned economy and the decentralized market economy is 

that the stock of pollution is not a state variable for the private agents in the 

decentralized economy. It is, instead, a side effect of the firms' production 

decision, and is exogenous to the consumer. 

Suppose that the economy is controlled by an emission tax, r°(t), which 

is imposed on the energy producer at each point in time. The resulting tax 

revenues are redistributed to the consumer in the form of a lump sum transfer. 

The objectives and constraints facing the three agent types are presented in 

Appendix A. The necessary conditions obeyed by the decentralized solution 

include 
6See Seierstad and Sydsaeter (1987) for details. 
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(8a) 

(8b) 

(8c) 

*° ( t)  = /(  1,  k°( t) ,9°(t) )  -  c°(t)  -  I(g°(t ))  

*°(t)=%0(i))-7*0(t) 

(8d) 

(8e) 

where the superindex "0" denotes the solution in the decentralized economy. 

Note that the first order conditions for the decentralized economy are general 

equilibrium conditions, derived by combining the necessary conditions for the 

respective agents.7 It is clear from comparing equation (7b) and (8b) that 

the recourse allocation in the uncontrolled market economy (where r°(t) = 0) 

results in more use of e nergy than is socially optimal. 

3 Welfare Measurement 

The purpose of this section is to briefly recapitulate the welfare measure in the 

uncontrolled market economy derived by Aronsson and Löfgren (1993,1995). 

However, as a reference case, let me begin by deriving the welfare measure 

corresponding to the first best framework of subsection 2.1. The value function 

is defined 

where the superindex denotes the socially optimal solution. By substi

tuting the socially optimal solution back into the present value Hamiltonian 

in equation (6), differentiating with respect to time and using the necessary 

conditions given by eq uations (7a)-(7d), I obtain 
7See Appendix A. 

(9) 
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MÇâ = -Ou(c*(t),z*(t))e-6t (10) 

Solving equation (10) and transforming the solution to current value gives8 

0V*(t)  = u(c*(t), z*(t))  + X e*(t)  k* ( t )  + (t)  X *  ( t)  (11) 

where Ac*(t)  = \*(t)e e t  and = ji*(t)e9t. The right-hand side of equation 

(11) is the current value Hamiltonian, which can be interpreted as the "green" 

NNP in utility terms. This means that the current value Hamiltonian is propor

tional to the value function along the socially optimal path. To emphasize the 

interpretation of the current value Hamiltonian in terms of the "green" NNP, 

let me follow Hartwick (1990) and Mäler (1991) and linearize the instantaneous 

utility function; u(c*,z*) « Ac*c* -f u*z*. By substituting this approximation 

into equation (11), one obtains 

0V*(t)  «  A c*(£) » • < « > + +  +  (12) 

The first two terms within the bracket constitute, together, the conventional 

NNP. The third term is the value of environmental quality at time t and the 

fourth term measures the value of additions to the stock of po llution. One can 

think of the expession within the bracket as measuring the "green" NNP in 

real terms for the model set out here. 

Turning to the uncontrolled market economy, note that the general equilib

rium conditions obeyed by the market economy, i.e. equations (8a)-(8e) look 

as if they are derived from the following (implic it) present value Hamiltonian 

= u(c°(t) ,  z°(t))e~ e t  + A( t)  [ /(  1, k°(t) ,g°(t))  -  c°(t)  -  I(g°(t))}  (13) 

8I have used the condition that lim Hp*(t) = 0. This mathematical property of the 
£—•00 

present value Hamiltonian in "well behaved" control problems with infinite time horizons 

was derived by Michel (1982). 
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Differentiating eq. (13) with respect to time and using the first order conditions, 

represented by equation (8a)-(8e), leave us with 

.o,.Vl-« . a«0!-)aAi)<«i).... 
~W~ (  ( ' '  ( " (14) 

Solving this expression forward, using the condition that lim H7*0(t) = 0, and t—•oo 
transforming it to current value, yields 

<15> 

where H c 0( t)  = Hp 0( t)e e t ,  is the current value Hamiltonian. Therefore, to 

measure welfare in the uncontrolled market economy, it follows that the present 

value of the marginal external effect must be added to the current value Hamil

tonian. 

Let me now continue with the welfare measurement problem in a controlled 

market economy, where r°(t) > 0 for all t. Suppose, to begin with, that the 

following Pigouvian tax is implemented; 

A t )  =  r ' ( t )  =  -(M«Wg!||)/A-(f) (16) 

In this case, the market equilibrium will replicate the socially optimal solution. 

This can be shown by combining the expression for r*(t) in equation (16) with 

equations (8a)-(8e) from the decentralized solution in the previous section. 

Note that the Pigouvian tax contains information about the value of addi

tions to the stock of po llution, which is an important part of the Hamiltonian-

based welfare measure. A practical problem for the policy maker is that the 

Pigouvian tax is forward looking i.e. it depends on the future marginal utili

ties/disutilities of p ollution. This can be seen by solving eq. (7d) subject to 

the transversality condition and transforming the solution to current value 

^  w  J t  d z * ( s ) d x * ( s )  v  '  
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From the expression for the shadow price in equation (17) it is obvious that 

the information requirements for implementing the Pigouvian tax are enor

mous. The reason is that the shadow price does not only reflect the current 

preferences; it also reflects future marginal utilities of pollution. Therefore, the 

next section will be devoted to analyzing the possibility of constructing a static 

approximation of the Pigouvian tax. 

4 Static Approximation of the Pigouvian Tax 

In this section I will briefly recapitulate the approximation of the Pigouvian tax 

system, developed by Aronsson and Löfgren (1999a). At a given point in time, 

this tax looks like the Pigouvian tax when the marginal utility of pollution 

is constant. To be able to design such a tax, the most important information 

would be the instantaneous marginal utility of pollution, which in principle can 

be elicited by the willingness to pay techique. However, in order for this tax 

to capture consumer preferences in a reasonable way, it is important to allow 

for more general utility functions than one with a constant marginal utility of 

pollution. The Pigouvian tax is forward looking, and to be able to adapt to 

new conditions, the static approximation is therefore revised repeatedly at the 

same rate as new "willingness to pay information" becomes available. 

Taking the shadow price /ic* (t)  in equation (17) and assuming that the 

marginal utility of pollution is constant, the expression in equation (17) can 

be written; [du(t)/dz(t)] [dz(t)/dx(t)\ / [0 + 7]. Suppose we conduct a will

ingness to pay study, where the respondent is asked how he/she values a 

marginal reduction of the stock of pollution by one unit at time t. Given 

that the respondent reveals the true willingness to pay, the answer will be 
— [du°(t)/dz°(t)] [1dz°(t)/dx°(t)] /Ac0(£).9 Then, if i t takes dt units of time 

9The consumer is asked how much he/she is willing to pay to reduce the stock of pollution 

temporarily by one unit at time t. For a survey over willingness to pay studies, see Hanemann 
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until new information about the marginal utility of pollution becomes avail 

able, the static approximation of the Pigouvian tax can be written 

T c 0( t)  = U x  9h°(t)  ,  .  
() A c O( t)(0 + 7)d9O(t)  ( 1 Ö )  

and apphes in the time interval (t , t+dt) ,  whereTÇ = [du°(t) /dz°(t)]  [<dz°(t) /dx°( t)]  

is treated as a constant. This approximation will then be revised, when new 

information about the marginal utility of pollution becomes available. 

Interestingly, given that there exists a unique steady state in the controlled 

market economy, it will coincide with the steady state in the social optimum. 

The reason is that in a steady state, the shadow prices are constant and the 

approximation is exactly correct. The question that will be examined in the 

numerical section is how "close" to the correct Pigouvian tax the static ap

proximation will be, when we are not in a steady state situation. 

By imposing this tax in the market economy, the resulting first order condi

tions will look as if they were derived from the following present value Hamil-

tonian10 

H"(t)  = u(c0( t ) ,z°( t))e~ e t  + \0(t)(k (*))  +  ̂ _e-et(x° ( t))  (19) 

which applies during ( t , t  + dt) ,  and is interpretable as the "green " NNP in 

utility terms. The properties of this Hamiltonian are thoroughly examined 

in Aronsson and Löfgren (1999a) and will only be briefly c ommented on in 

this section. The question here is whether this Hamiltonian has the same 

properties as the Hamiltonian in the social optimum and thus can be used as 

a welfare measure. Differentiating the "pseudo-Hamiltonian" in equation (19) 

with respect to time and rearranging, I obtain11 

= —Ou(c°(t) ,  z°( t))e- e t  (20) 

(1994). 
10Aronsson and Löfgren (1999a) refer to this Hamiltonian as the "pseudo-Hamiltonian". 
11 To see this result the reader is referred to Appendix B. 
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where the differential equation is valid in the time interval ( t ,  t+dt) .  Integrating 

over every short time interval and summing the integrals up to time T gives 

T ps+ds 
B*0® = 8 E / u(c°(^)' Z°W)e~d*dTp - (21) 

s=t J* 

If the " pseudo-Hamiltonian" were to be a proper welfare measure, the sec

ond term on the right side of equation (21), Hp0(T)i must approach zero when 

T goes to infinity. Unfortunately this result, derived by Michel (1982), can not 

be applied here. The reason is that the shadow price used to measure the value 

of additions to the stock of poll ution, changes discretely and, therefore, intro

duces discontinuities into the problem. In general, the marginal utility from 

pollution is different in the upper limit of t he time interval (5, s -f ds) than 

in the lower limit of ( s + ds,s + 2ds). Aronsson and Löfgren (1999a) showed 

that if (a nd only if) the sum of the prediction errors caused by discontinuities 

averages to zero, then lim iJP°(T) « 0, and welfare can be approximated by T—»oo 
the "pseudo Hamiltonian". 

5 Functional Form of the Model 

This section briefly describes some important features of the numerical model, 

which is based on the SEEP-model of Nordhaus (1995). This model is extended 

to include; a Cobb-Douglas utility function, a function for environmental qual

ity, a function for the stock of su lphur (which is the pollution concept to be 

addressed in the numerical analysis) and an approximation of t he Pigouvian 

tax system. 

As a reference case, the utility function facing the consumer takes the fol

lowing Cobb-Douglas form 

u(t)  = cfâ^zÇb) 1  & 1  (22) 
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The parameter, ßi,  will be varied in order to evaluate how sensitive the results 

axe t o the curvature of the utility function. The indicator of env ironmental 

quality, z(t), is a function of the stock of sulphur, x(t), where a linear relation

ship constitutes the reference case (ß± = 1) 

z(t)  = ß2-ß 3(x(t)) 0* (23) 

The stock of sulphur develops according to 

l^l=x£(t)-ß5X(t) (24) 

where xE( t)  is the emissions at time t  and ß$ is the depreciation factor. The 

emission function is taken from the SEEP-model and has the following form 

xE  ( t)  = xE G( t)  + xE O( t )  + xE C( t)  + xE T( t)  (25) 

where 

xE G{t)  

xE O( t)  

xE C( t)  

X E T ( t )  

Turning to the production side of the economy, the production function is 

given by12 

/(•) = Ä,Ä-(t)(Ä)Ä(^)A(M))Ä (26) 

where the economy is divided into a non-energy sector and an energy sector, 

and ße is interpreted to represent the influence of production factors other than 

energy and physical capital. Contrary to the SEEP-model, the investment 

decision is endogenous and K(t) is physical man-made capital. The energy 
12From the SEEP-model. 

Emissions from the use of gas in time t  

Emissions from the use of  oi l  in  t ime t  

Emissions from the use of  coal  in t ime t  

Emissions from use other than transport

at ion and electr ici ty in t ime t  
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sector is divided into; specific electricity, other energy users and transportation, 

where 

El(t)  = Electricity in the electricity sector 

Elo = Initial energy consumption in the electricity sector 

Ot(t)  = Non electricity energy consumption 

Oto = Initial energy consumption in the non electricity sector 

Tr(t)  = Energy consumption in the transport sector 

Tr0 
= Initial energy consumption in the transport sector 

These three sectors are combined in a loglinear production function, where 

the shares equal the expenditures in the base year, 1994. Most important 

for the analysis is the electricity sector and this sector is divided into specific 

electricity uses (where electricity is assumed to be the only reasonably energy 

source) and general electricity uses (where the energy can be produced by a 

variety of technique s). See the SEEP-model in Nordhaus (1995) for the exact 

form of the substitution function. The cost function for energy has the form13 

= 9h( t)mch  + g e o( t)mc e o  + g°{t)mc° (27) 

+g c( t)mc° -I-  g 9(t)mcP + gb^(t)mc b^ 

where 

mch = Marginal cost for hydro energy 

mceo = Marginal cost for other electricity 

mc° = Marginal cost for energy produced by oil 

mcc = Marginal cost for energy produced by coal 

mc9 = Marginal cost for energy produced by gas 

mcbf = Marginal cost for energy produced with biofuels 

13TO simplify the analysis it is assumed that nuclear energy output is zero. 
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The distribution costs are included in the marginal costs, and the different 

energy producing techniques are also divided into old (existing) and new (with 

higher marginal costs).14 

Finally, deriving the static approximation of th e Pigouvian tax in a model 

with finite time horizon, where T is the terminal year, the tax can be written 

In this section, the results from the simulations are presented. First, the revi

sion schedule for the static approximation is varied. From equation (21) in the 

theoretical part of the paper, it is clear that the discrete tax revision will cause 

discountinuities. It is important for the applicability of the model to examine 

how sensitive the results are to the frequency of th e tax revision. The model 

is simulated for seventy-five ye ars and the estimate of t he marginal utility of 

pollution is revised every year, every second year, every fifth year and every 

tenth year. The resulting value functions and stock of pollu tion axe compared 

with the ones resulting in an economy with the correct Pigouvian tax, and an 

uncontrolled market economy, respectively. 

Second, the tax approximation is based on the assumption that the marginal 

disutility from pollution is constant and, for the tax to be appropriate, it is 

important to allow for more general utility functions than with a constant 

marginal utility of poll ution. Thus, a Cobb-Douglas utility function15 is used, 

where the parameters are varied in order to examine how sensitive the results 

axe for the paxameters chosen. 

14The marginal cost for new energy producing techniques is higher because building costs 

for new power stations are included. 
15See equation (22) in previous section. 

• c ( o \  = oz\ s)  ox \ s)  
( )  \ ° ( s ) ( 0  +  7 ) d g ( s )  

je-(0+7)(r-s) - lj (28) 

6 Results 



On the Role of Green Taxes in Social Accounting 17 

Third, by looking at the approximation of the Pigouvian tax in equation 

(28) it is clear that it is also important to consider the shape of the "envi

ronmental quality function". As a reference case, the environmental quality is 

assumed to be linear in the stock of pollution.16 This assumption will later be 

relaxed. 

In Table 1, the resulting value functions, the stocks of pollution and an 

index for how a ccurate the Hamiltonian-based welfare measure will be, are 

presented. 

Table 1. Social optimum vs uncontrolled market economy. 

V(t)* x(75)* T index* 

Social optimum 100.0 100.0 100.14 

Uncontrolled Market 97.3 307.1 105.60 

*Normalized values 

From the first and second columns in Table 1, it is clear that the uncon

trolled market economy will g enerate more pollution and less welfare than is 

socially optimal. The third column, the T index, is a measure of how good 

the Hamiltonian is as a welfare indicator.17 For the socially optimal solution, 

the Hamiltonian is a correct measure of welfare and the index is expected to 

be equal to 100. In the numerical application, however, the index may deviate 

from 100 because the Hamiltonian at the terminal point, Hc(T)i is approxi

mated by using control, state and costate variables pertaining to year 74 instead 

of year 75. The reason for using this approximation is that the values in the 

terminal year are biased due to the finite time horizon. Turning to the uncon

trolled market economy it is clear, from equation (15) in the theoretical part 

of the paper, that the Hamiltonian will overestimate welfare in the presence of 

16See the environmental quality function in equation (23). 
17The index is equal to: H ^ * 100, where 9V(t) is the correct welfare measure. 
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negative externalities. As a consequence, the simulation results presented in 

column three imply that the Hamiltonian-based indicator exceeds the current 

welfare level: the estimated indicator is equal to 105.6. 

In Table 2, different revision schedules for the approximation of the Pigou-

vian tax are compared with the results corresponding to the socially optimal 

resource allocation and the uncontrolled market economy, resp ectively, which 

were described in Table 1. 
Table 2. Comparing different tax revision frequencies, 04 = 1.0. 

v( ty  x(75)* T index* 

Social opt 100.0000 100.00 100.14 

Approx:l 99.9861 102.15 100.15 

Approx:2 99.9859 102.24 100.15 

Approx:5 99.9858 102.36 100.16 

Approx:10 99.9856 102.54 100.15 

UC Market 97.3121 307.06 105.60 

*Normalized values 

The results in Table 2 imply that the approximation of the Pigouvian tax 

will bring the controlled market economy close to the socially optimal resource 

allocation. Note that even when the estimate of the marginal utility of pollution 

is only revised every tenth year, the externality is almost internalized. In this 

case, the Hamiltonian in equation (19) works reasonably well as an indicator of 

welfare. I t is important to point out that the indicator of environmental quality 

is linear with respect to the stock of pol lution (/?4 = 1, see eqution (23)). In 

this case the non-linearity is restricted to the instantaneous utility function. 

Another important question, closely related to the discussion above, is how 

sensitive the model is with regard to the size of the parameters chosen. In the 

reference case, the parameter in the Cobb-Douglas utility function was set to 

0.5, and to see how sensitive the results axe for changes in this parameter, I 
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change it to 0.55, and 0.45, respectively.18 

Table 3. Different constants in the Cobb-Douglas utility function. 

Parameter V(t)* x(75)* Y index* 

ßi = 0.45 

Soc Opt 100.0000 100.00 100.19 

Approx:10 99.9857 101.17 100.16 

UC Market 

ßi = 0.55 

96.3059 369.64 106.91 

Soc Opt 100.0000 100.0 100.12 

Approx:10 99.9856 101.81 100.16 

UC Market 98.4185 255.37 104.20 

*Normalized values 

Table 3 suggests that the performance of the approximation of the Pigou-

vian tax is not very sensitive to the weights in the utility function. In both 

cases the economy controlled by this tax will generate more welfare than the 

uncontrolled market economy. It is also clear that the Hamiltonian-based in

dicator is a much better welfare measure in the controlled market economy 

than in the uncontrolled market economy. Possibly more important for the 

welfare equivalence of the Hamiltonian in the controlled market economy is 

the assumption about a linear environmental quality function. In the reference 

model, environmental quality is assumed to be linear in the stock of pollu tion 
18The Cobb-Douglas function is a special case of the CES function, with an elasticity 

of substitution between consumption and environmental quality equal to one. In order to 

examine how sensitive the results are to the form of the utility function, I have performed 

simulations with different elasticities of substitution and different distribution parameters, 

(/?i), in the CES function. The results indicate that the choice of substitution elasticity in the 

CES utility function is not particularly important for the results. The different substitution 

elasticities (ranging from 0.1 to 5) gave results that were only slightly different from those 

corresponding to the Cobb-Douglas function. 
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and it is important to examine how relaxing this assumption will affect the 

results. 

Table 4 shows that the relationship between the stock of pollution and 

environmental quality is important for the result. With a linear or almost linear 

relationship, the approximation of the Pigouvian tax provides a reasonably 

accurate description of the social value of additions to the stock of po llution. 

This implies that the Hamiltonian-based welfare index is a reasonably accurate 

measure of welfare. It is also clear that when /J4 is increased, the damage from 

pollution is increased and the uncontrolled market economy deviates more and 

more from the socially optimal resource allocation. 
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Table 4. Different parameters in the environmental quality function. 

Parameter V(t)* x(75)* T index* ß(2)* 

ß4 = 1.0 

Soc Opt 100.0000 100.0 100.14 -2.30 

Approx:10 99.9862 102.59 100.15 -2.28 

UC market 97.9792 283.82 104.73 

*** 

ß4 = 1.03 

Soc Opt 100.0000 100.00 100.18 -2.79 

ApproxilO 99.9767 105.03 100.29 -2.56' 

UC market 96.2597 348.32 107.12 

ß4 = 1.06 

Soc Opt 100.0000 100.00 100.19 -3.35 

ApproxtlO 99.9530 107.43 100.48 -2.85 

UC market 93.9340 422.04 110.54 

ß4 = 1.3 

Soc Opt 100.0000 100.0 100.36 -10.72 

Approx:10 98.8295 131.27 102.98 -5.23' 

*** 

*** 

ß4 = 1.5 

Soc Opt 100.0000 100.00 100.44 -21.13 

ApprœclO 94.6466 176.10 109.88 -6.51** 

* Normalized values. 

** Current value shadow price for pollution, measured year two. 

*** Approximated current value shadow price for pollution, measured year two. 
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Table 4 also shows that the performance of the approximation of the Pigou-

vian tax is closely rela ted to the shape of the environmental quality function. 

With /?4 = 1.5, the approximation of th e Pigouvian tax implies a substantial 

underestimation of the marginal value for society of additional units of pol

lution in absolute value, resulting in a stock of p ollution that is almost twice 

the socially optimal ( 176 vs 100). This is also reflected in the lower utility 

and the poorer performance of t he Hamiltonian-based welfare indicator. The 

approximation of t he Pigouvian tax, applied for year one to ten, is based on 

the marginal utility from pollution in year one. With a rapid increase in the 

stock of pollution, this tax will be "too low". Comparing the shadow price 

/xc(2) = —21.13 in the social optimum with £c(2) = —6.51 corresponding to 

the approximation of the Pigouvian tax, it is clear that the Hamiltonian in 

equation (19) will overestimate welfare. Important to consider here is that by 

assuming = 1.5, the effect on environmental quality will be much stronger 

than in the linear case (/?4 = 1.0). For instance, if the stock of pollut ion is 200 

the effect on environmental quality will be more than 14 times higher in the 

non-linear case than in the linear case. 

Another issue is how frequent the estimate of the marginal utility of pollu

tion is being revised. Looking at the reference case in Table 4, the frequency 

would appear to be of li ttle importance. However, turning to the non-linear 

case (/?4 = 1.5) we obtain a different picture. 
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Table 5. Comparing different tax revision frequencies, /?4 = 1.5. 

v( ty  x(75)* Ï index* 

Soc opt 100.0000 100.00 100.44 

Approxrl 99.8213 109.78 103.11 

Approx:2 99.3259 116.11 103.21 

Approx:5 98.1620 128.81 104.83 

ApproxilO 94.6466 176.10 109.88 

*Normalized values 

Clearly, by reducing the length of the time periods from 10 to 5 years, 

both the welfare level and the performance of the Hamiltonian-based indicator 

are improved. Nevertheless, t he approximation will always be poorer than in 

the linear case. Even if the tax is updated every year, the time-lag of one 

year will im ply that the tax (with an increasing stock of pollution) will be 

underestimated. 

7 Conclusion 

This paper addresses social accounting using a numerical general equilibrium 

model with a consumption externality generated by pollution. The purpose 

is to analyze how a static approximation of the Pigouvian emission tax will 

affect the welfare level as well as the foundation for using the current value 

Hamiltonian as a welfare indicator. The approximation of t he Pigouvian tax 

is based on the instantaneous marginal utility/disutiliy of pollution, and in 

order to be able to adapt to new conditions the tax is revised repeatedly. The 

conclusions can be summarized as follows: 

•The simulations indicate that the performance of th e static approximation of 

the Pigouvian emission tax is not very sensitive with regard to the weight given 

to environmental quality in the Cobb Douglas utility function. 
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•With environmental quality being linear with respect to the stock of pollu

tion, (i) the approximation of t he Pigouvian tax will bring emissions close to 

the socially optimal level, (ii) the instantaneous marginal utility/disutility of 

pollution is useful in constructing a welfare indicator, and (iii) the tax can be 

infrequently revised without loss of information. 

•If the assumption that environmental quality is linear with respect to the stock 

of pollution is relaxed, the picture becomes more complex. When the non 

linearity is small, the approximation of the Pigouvian tax works well with 

regard to increasing the welfare level and the ability to measure welfare by using 

the current value Hamiltonian. On the other hand, when it is large, the resource 

allocation begins to deviate considerably from the socially optimal resource 

allocation. In this case, the approximation of the Pigouvian tax may imply 

a substantial underestimation of t he marginal utility of p ollution in absolute 

value. 

•The complications arising from non linearity can partly be counteracted by 

more frequent updating of the tax. 

Finally, environmentally-related externalities are often of a global nature. One 

interesting topic for future research would be to study the welfare consequences 

of the static approximation of the Pigouvian tax in a global economy with 

transboundary externalities. 

Appendix A 

Starting with the household's problem: 

(Al) 

St. 
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= tti( t)  H- 7T2(£) + r(t)k(t)  + w(t)  + T — c(t) and fc(0) = fco (A2) at 

lim k(t)e Jo r(*)d s  > Q (A3) 
t—*oo 

where the terms 7Ti(t)  > 0 and 7r2( t)  > 0 represents possible pure profits from 

the production of  final  goods and energy.  r( t)  is  the market  interest  rate,  w(t)  

is the labor income and T is the pollution tax revenue, which is redistributed to 

the consumer in terms of a lump-sum subsidy. Equation A3 represents the No 

Ponzi Game (NPG) condition, meaning that the present value of t he capital 

stock is non negative at the terminal point. 

The representative producer of the final goods, acts competitively and 

chooses capital and energy such as to maximizes profit in each point in time. 

The objective function in time t can be written: 

max *1W = (/(I .  fc(*),s(0) -  w -  r(t)k{t)  -  p(t)g( t))  (A4) 
k(t),g(t) 

where p(t)  is the price of energy. The necessary conditions are 

^ = /*( 1, k(t) ,g(t))  -  r(t) = 0 (A5) 

= /,(1, k(t) ,g(t))  -  p(t)  = 0 (A6) 

To complete the decentralized economy, I have to decribe the representative 

energy producer, which is acting as if he /she is maximizing 

max 7r 2(t)  = (p(t)g(t)  -  I(g(t))  -  r(t)g(t))  (A7) 
S(<) 

where I(g(t))  represents the cost of the resources used in the production of 

energy. The necessary condition is 

div2( t)  
d g ( t )  =  p ( t )  -  J g t e i * ) )  -  T W  =  0  ( A 8 )  
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The pure profit condition gives us: 

/ (  1,  k( t) ,g(t))  = 7Ti(f) + 7T2(f) + w(t)  + r(t)k(t)  + I(g(t))  + r(t)g( t)  (A9) 

Substituting this condition into the household's problem, where the lump sum 

T is equal to r{t)g{t), leaves us with the following resource constraint: 

^ = /( 1, k(t) ,g(t))  -  c(t)  -  I(g(t))  (AIO) 

Appendix B 

The " pseudo-Hamiltonian" is written; 

H*(t)  = u(c°(t),  z°(t))e~ e t  + \«(t)  k (i t )  + x° (*) (Bl)  

where uZ = \du°(t) /dz°( t) \  [ dz°(t) /dx°(t)]  is treated as constant until new 

information becomes available. Differentiating (Bl) with respect to time yields; 

dHP°(t)  _  dHP 0( t)  dc°(t)  dHP 0( t)  dg°( t)  dHP 0( t)  dk°(t)  
dt  dc(t)  dt  dg(t)  dt  dk(t)  dt  

dHP 0( t)  dx°(t)  dHP 0( t)  dX°( t)  dHP 0( t)  
dx(t)  dt  d\( t)  dt  dt  

J sing the first order condition that: Using the first order condition that; 

dHP 0( t )  __ dHP 0( t)  
dc(t)  dg(t)  

and 

= 0 

dHp o( t)  d\°( t)  dHP 0( t)  dk°(t )  
SiW ~ ~àT 811(1 "W " ~dT (B3) 

implies that; 
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=  dHP 0( t)  dx°(t)  dHP 0( t)  
dt  dx(t)  dt  dt  

__ du°(s)  dz°(s)  dx°(t)  _ e t  dx°(t)  _ e t  

dz°(s)  dx°(s)  dt  ^0 + y dt  

= —6u(c {  (£) ,  z  ( t )) e  -et 
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