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ABSTRACT 

In the study a class of multisector network models , suitable for simulation of the 
interaction between production, demand, trade, and infrastructure, is presented. A 
characteristic feature of the class is a vintage model of the production system. 
Hence, the rigidities in existing capacities and the temporary monopolies obtainable 
from investments in new capacity at favourable locations are emphasized. 

As special cases, the class contains models in the modelling traditions of "inter­
regional computable general equilibriunT, Hspatial price equilibrium**, "interregional 
input-output" and transportation networks. 

On the demand side, a multihousehold spatial linear expenditure system is intro­
duced. This allows for an endogenous representation of income eff ects of sk ill-dif­
ferentiated labour. 

The models are represented by a set of complementarity problems. This facilitates a 
comparison of model properties and the choice of an appropriate solution algorithm. 

The study is main ly devoted to single period models. Such equilibrium models are 
interpreted as adiabatic approximations of processes in continuous time. A sepa­
ration by the time scale of the proces ses and an applicat ion of the slav ing principle 
should thus govern the choice of endogenous variables in the equilibrium formu­
lation. 

Keywords: adiabatic approximation, dynamics, input-output, interregional com­
putable general equilib rium, slaving princip le, spatial mode ls, spatial linear expen­
diture system, spatial price equilibrium, transportation networks, vintage function. 
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Time present and time past 
Are both perhaps present in time future 
And time future contained in time past" 

T.S. Eliot "Four Quartets" 
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1 INTRODUCTION 

1.1 INTRODUCTION AND OBJECTIVES OF THE 
STUDY 

The aim of this stud y is to investigate a class of models suited for analysis of struc­
tural change and spatial interaction. Our objective is to give a systematization of 
models focusing on changes in, and the interaction between, commodity and 
passenger flows, industrial structures, employment, and expenditure patterns. 

We are dealing with models in the traditional Spatial Price Equilibrium (SPE) class 
and relate those to the more recently developed Interregional Computable General 
Equilibrium (ICGE) models. So far, those two model classes gen erally have been 
treated as separate. We relate them to each other, and investigate their similarities 
and differences. It is suggested that the two classes should be treated as a single class 
of spatial equilibrium models. 

This class of model s has an important role in consequ ence analyses where the pro­
blems are of system character, have economy-wide implications, and where inherent 
consistency is important. The explicit consideration of space and spatial interaction 
in the models emphasize the mutual interdependence, as well as the game-like 
nature of, t he development at different locatio ns in space. Transportation syst ems, 
other means of infrastructure, and interaction costs are essential parts of this 
development and are, to a varying extent, represented in the models. Since spatial 
interaction takes time, space also contributes to the complexity, the fundamental un­
certainty, and the rigidities involved in the dynamics of an economy. 

Models which represent this dynamic interaction between economy-wide spatial 
structural change and infrastructure are rare. In the sequel we suggest an extension 
of the above spatial equilibrium models into multisector network equilibrium 
models. Those contain an integrated multimodal network representation of the 
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infrastnicture, together with a multisector, income-sensitive formulation of com­
modity markets. 

Analysis of structural change deals with the competition and connection between 
new and old, creation and destruction, growth and decline. Both between industries 
and commodities, as well as production techniques, design concepts, ideas and 
system solutions. Multisector and multiactivity models reflect an ambition to under­
stand and to represent this steadily ongoing process. The vintage production 
function utilized in the sequel gives rich possibilities to investigate rigidities and 
changes as a result of an introductio n of a new techn ique on employment, commo­
dity flows and production in a spatial system. 

Moreover, by treating labour, where possible, as a nonhomogeneous production 
factor, differenti ated by skill, preferences and location, the problem of structural 
change is not merely reduced to choice of technique and output level, but the models 
also touch upon the interaction among, and initiatives of, human beings. 

"Structural change", or "structural adjustment" as it also maybe labelled, is a concept 
with several interpretations. In the following the interpretation is related to changes 
in the industrial and trade patterns that take place w ithin a medium-term horizon. 
Hence, the interest is concentrated on changes in the absolute growth, and the 
changing relative shares of different industries, measured for example as value 
added, sales value or the number of em ployees engaged. The elasticities of the dis­
tributions over production techn iques of profits, pro ductivity, utilized intermediate 
inputs, and labour with dif ferent skills in relation to price and demand change s are 
other important aspects of our interpretation. Changes in demand at different 
locations in the economy and the related changes in trade and communication 
patterns give a further dimension to the analysis of structural change. 

The above interpretation may be clarified by a short discussion of the relation 
between our own and other definitions of the term. More narrow definition s of 
structural stabil ity, insta bility and change are used in the theory of mathematical 
topology and dynamic systems [Hirsh and Smale (1974), Poston and Stewart (1978)]. 
In this context, structural change denotes the process by which a structurally stable 
system, via a phase of inst ability, moves into a new stable structure. Hence, struc-
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turai change denotes the period of transition between stable patterns. Such points of 
transitions are generally unstable singularities and may thus only represent a system 
during relatively short time interva ls. However, in our context , structural change is 
the generic outcome of a dynamic spatial multisector economy. 

One attempt to relate those interpretations with each other may be by use of the 
slaving principle as it has been formulated by e.g. Haken (1983a, 1983b). The slaving 
principle implies separation and ordering of differ ent processes and sub-systems in 
accordance with their adjustment time.1 

Consider the medium-term models that we will present in the sequel; they explicitly 
depict the adjustment in the economic structure and commodity flows. The slow 
change in infrastructure during this time horizon makes it possible to treat the 
infrastructure as fixed. The commodity flows on the network may then be struc­
turally stable from a topological point of view. In spite of this, changes in production 
and demand may occur. However, nonmarginal changes in the infrastructure may be 
initiated by either new "critical" links or new transportation modes. Those may then 
cause a transition of demand, supply and trade which force the commodity flows into 
a new and, from topolo gical view, different pattern. The slow change of infrastruc­
ture thus slaves the faster processes in transportation and production. Our interpre­
tation of structural change in this study, comprehends changes in both infrastructure 
and economic structure, while the topological interpretation only would refer to such 
changes in the slow process es which generate changes between stable structures 
among the faster ones. 

The above discussion about the slaving princip le has implications also for applied 
modelling. If variables are clustered into groups with simil ar speed of adjustment, 
for example into slo w and fast variab les, the dynam ics of a fast cluster may foll ow 
different trajectories dependent on the initial state and the parameters given by the 
slow cluster. Each such trajectory may be characterized as a member of an 
archetype system within which the behaviour of the model, e.g. viability, existence of 
attractors, or other long-run properties, are similar. If a small change in initial state 
or parameters of a model does not change the system archetype, the model is 
structurally stable. Such stable archetype sys tems are delimited by unstable singu­

1 See also Karlqvist (1987) for an introduction. 
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larities. A model of an economy near such a singularity is difficult to interpret, since 
small, measuring or modelling, errors may generate solution s far from each other. 
The models presented in the following are constrained to analyses of stable 
structures and parameter sets where equilibria, i.e point att ractors exist. However, 
instability properties and qualitative system shifts may be analyzed by exogeno us 
parameter changes. 

Another field in which the notions of structure and structural change are used is 
related to market structure. Recent contribu tions in this field have emphasized the 
relation between spatial trade and market structure, especially the effects of scale 
economies, differen tiated products, olig opoly, and other forms of imperfect com­
petition.2 Our interpretation of structu ral change does not exc lude such analysis in 
the thesis, but we are not dealin g with models of scale economies and price-setting. 
However, an analysis of structural change canno t neglect economic agents' search 
for monopoly profits, either by means of price or product com petition, as an essen­
tial driving force in the economy. Models of structural change thus have to introduce 
Schumpeterian entrepreneurs and "creative destruction", which cause entry and exit 
of productive capacities and network links. 

The vintage model of the production system, based on information from the 
establishment level, has properties of this type. It emphasizes the costs associated 
with changes in an industry structure, without which the problem of structural 
change would be nonexistent. It also emphasizes the empirically observed rigidities 
in the structure of production, interaction and localized resources. The vintage 
approach introduces an intuitive and attractive element of rigidity in equilibrium 
analysis of structural change. 

Vintage analysis represents a "structuralistic" tradition with strong roots in 
Scandinavian research. It has an origin in the "small open economy" character of the 
Nordic countries, where adjustment to changes in the rest of the wor ld is an impor­
tant problem. Issues related to monopoly and other strong forms of imperfect com­
petition, often studied in North American market structure analyses, some of which 
are mentioned above, do not play the same role in small countries facing inter-

2 Harris (1984), Helpman and Krugman (1985). 
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national competition. This gives a further motivation to the surpressed treatment of 
those topics in this study. 

The policy problems, appropriate to analyze by means of the models outlined in the 
following, may be exemplified by questions regarding the broader effects of edu­
cational programs, network investments and introduction of new tech niques among 
interdependent locations. Numerical modelling is of special interest under such 
circumstances. It gives an opportunity to study simultaneous effects of the inter­
action between for example investments, labour market adjustment, and househo ld 
demand in a spatial framework. That is, problems characterized by the difficulties to 
grasp the system effects from different actions with analytical methods solely. 

All models in the study ar e for this reason designed for numerical application. 
Moreover, instead of limiting the study to "the model** of structural change, a class of 
models is described, within which a choice may be made when an empirical im ple­
mentation is at hand. The reason is that the choice of an appropriate model alw ays 
has to be related to the amount and type of information available, suitable be­
havioral assumptions for the actual region and time period, as well as the accessible 
solution algorithms. 

The focus of the thesis is directed towards spatial multisector models. When dealing 
with such models, there is a huge body of existing theoretical and applied literature 
including the initial works by e.g. Ricardo, von Thünen, Walras, and Leontief. It is 
also easy to observe the time gap between theoretica l development and numerical 
applications of multi sector models. However, the number of appl ications have, as a 
result of swift computer develop ment, increased since the middle of the seventies 
and the gap between theory and at least simple ap plications has decreased. Hence, 
the use of the input-output model as the basic tool in applied multisector analysis 
has been replaced by price equili brium models, although still with an input-output 
representation as the core. 

In spatial economics, the interregional input-output model and the classical 
transportation model were replaced by more complex allocation and price equili­
brium models of optimiza tion type. Spatial equilibrium analys is has for some time 
been represented by the quadratic programming formulations of Spatial Price Equi-
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librium (SPE) models and various gravity, entropy and logit formulations. The SPE 
model has now also been extended into nonlinear and network orient ed directions. 
Especially freight and traffic problems ha ve been addressed. The eighties has also 
brought about an introduction of Interregional Computable G eneral Equilibrium 
(ICGE) models. Generally, SPE and ICGE models have been treated separately. 
But an integration of the models is possible. In the following we suggest that such an 
integration may be accomplished within the common format of complementarity 
problems. This mathematical representation of a large set of economic models imply 
simplified comparison of model properties and choice of appropriate solution al go­
rithms. 

In the ICGE models, which are developed from the Walrasian tradition, the impli­
cation of the notion "general", is that the connections between factor payments, fac­
tor incomes, commodity prices, and demand are taken care of in a complete multi-
sector price endogenous model of the economy. This introduction of induced de­
mand is an important contribut ion of ICG E models compared to the earlier SPE 
models. However , in spite of the theoretical elegance of the Walrasian "general" 
equilibrium model, it is easy to observe, even in a long-term framework, rigidities 
and sustainable unbalances in many markets. This reveals itself in the form of a slow 
reshaping of resources, networks, and human knowledge. It is also possible to iden­
tify time periods and regions where those patterns have reached a deadlock and 
made the process of change slower than usual as well as periods and regions where 
such structures have changed very fast and where unforeseen patterns have 
emerged. Hence, the Walrasian assumption that all markets clear within the same 
time period is in most cases too strong. In the following, we instead suggest that one 
should apply the slaving principle to a problem and limit the equilibrium analysis to 
markets and processes with a common time scale. Because of this, reliable applie d 
equilibrium models should be partial models, but when appropriate, with an 
endogenous treatment of income effects. 

Although common, price sensitive equilibrium analysis may not always be relevant in 
analysis of structural change. Other approaches such as fixed price, input-output, or 
other allocation models of optimization type, as well as disequilibrium models ma y 
therefore, both from an empirical and theoretical poi nt, be satisfactory alternatives 
to equilibrium analysis. However, those may often be seen as spedai cases of equili-
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brium models. This further motivates studies on the relation between, and the possi­
bility to combine, different model approaches in the analyses of structural change. In 
this case, the recent develo pment in the fields o f numerical algorithms and comple­
mentarity problems should be utilized. Together they give possibil ities to clarify 
model properties and to chose appropriate algorithms. 

An equilibrium model in discrete time should be considered as an adiabatic approxi­
mation of a dynamic model in continuous time. The adiabatic approximation makes 
it possible to exploit the relations between the discrete time and continuous time 
models. It is our belief that the next step in applied spatial multisector modelling has 
to go beyond the discrete time formulations and to develop applied nonlinear 
models in continuous time while the appropriate use o f equilibrium approximations 
are investigated further. 

12 PLAN OF THE STUDY 

With the previous introduction as a background, the objectives of the dissertation 
may be specified as follows: 

* Give a systematic presentation of the vintage model of production and techn ical 
change and evaluate the properties of the model in relation to empirical infor­
mation. 

* Introduce this vintage approach into SPE and ICGE models. 

* Integrate the above two frameworks into a class of spatial equilibrium models, by 
demonstration of the condi tions under which they generate equivalent solutions. 
Demonstrate that a number of existing models are special cases of this class. 

* Show how the transport sector may be introduced in this class through a detailed 
network representation with a con nection between network activities and direct, 
indirect and income effects in the producing and demanding nodes. 
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* Formulate the models as complem entarity problems and discuss how diffe rent 
solution algorithms constrain the possible behavioural formulations. 

* Relate equilibrium analy sis in discrete time to modeling in continuo us time by 
use of the slaving principle and the adiabatic approximation. 

To achieve the above ob jectives, we will proceed as follows. In Chapter 2, what we 
consider to be the central features of structural change in spatial economies are pre­
sented. Hence, features of appropriate models may be identified. This is followed by 
a compressed survey of some exis ting models which have been used in analyses o f 
structural change. In the chapter an introduc tion to complementarity problems and 
the relation between complementarity problems, linear and nonlinear programming, 
variational inequali ties, and equilibrium problems is also provided. Chapter 2 is 
finalized by a discussion of how behavioral assumptions, solution algorith ms, and 
empirical constraints together impose a trade-off pattern as regards feasible model 
formulations. 

Chapter 3 penetrates the vintage model in a systematic way . From the vintage 
assumption we de rive and relate productio n, cost, and profit fun ctions at the indu­
stry level, as well as the inverse and ordinary sup ply functions, to each other. The 
imputed values under different exogenous constraints on prices, factors and demand 
are studied and interpreted. The estimation of the model, given the available empiri­
cal information is discussed. The relevance of the exit and entry assum ptions in the 
model are evaluated in relation to empirical observations and possible extens ions 
are suggested. Other extensions of the vintage model, such as introduction of 
heterogeneous labour and endogenous investments, are also considered in the 
chapter. The discussion is confined to nonspatial single sector formulations 
throughout the chapter. 

Chapter 4 contains extensio ns of the nonspatial single sector vintage model into 
Isard's and Koopmans arcetype spatial multise ctor formulatio ns with exoge nously 
given demand or prices. In this chapter the models are, as the models in Chapter 3, 
supply side oriented. Conditions for consistent treatment of the transportation sector 
in spatial multisector models are also discussed in the chapter. 



- 0 - Chapter 1 

Price elastic formulations of the demand side are introduced in Chapter 5. The vin­
tage formulation is here introduced into SPE models of both Marshallian and 
Walrasian type. Hence, a first step towards an integrated representation of SPE and 
ICGE models is taken. 

The next chapter, Chapter 6, contains vintage formulations of ICGE models. First a 
combined national-regional model is introduced. Subsequently, a model with a spa­
tial multihousehold linear expenditure system is presented. This model contains link-
related transport costs. The model is then extended to include endogenous capacity 
increase and the pertinent demand for investment commodities. Finally, explicit 
budget constraints and a detailed network representation are introduced. By this, a 
model is suggested whic h introduces the ICGE model into an important area of 
combined structural change and transport network modelling. 

The models discussed so far, are integrated into a single class of network equili­
brium models in Chapter 7. The chapter also contain s a discussion of nested CES 
functions as a way to allow for combinations of the substitution possibilities found in 
SPE and ICGE models. 

The suggested models are single-period models. In Chapter 8, the approximation of 
structural change dynamics in continuous time by discrete time models is addressed. 
The slaving principle and the adiabatic appro ximation are discussed in a more for­
mal way. An outcome of this is a theoretical tool, related to the time scale of pro­
cesses, for appropriate formulations of various versions of models w ithin the multi-
sector network model class. Pros and cons of multiperiod models are also discussed 
in this context. 

Finally, in Chapter 9 some summarizing conclusions are drawn and further research 
is suggested. 
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2 MODELLING SPATIAL STRUCTURAL 
CHANGE 

2.1 INTRODUCTION 

An initial purpose of this chapter is to give a broad introduct ion to the problem of 
spatial structural change and to survey different existing models suitable for applied, 
i.e. numerical, analyses of this problem. The ambition is not to give a complete pic­
ture of "the state of the art N in spatial model ling. Instead the ambition is to iden tify 
desirable features of mod els of structura l change and to facilitate an understa nding 
of how the models we sugge st in the sequel ar e related to, and extend, existing 
models. 

Another purpose of the chapter is to give an introduction to the representation of 
mathematical models as complementarity problems. A complementarity represen­
tation contains both optimization and equilibrium concepts. We argue that it is 
advantageous to reformulate economic models into such a unifying form, since com­
parisons of properties and the choice of appropriate solution algorithm becomes 
facilitated. The progress in the field of algorithms for complementarity problems has 
been rapid during the eighties, and some of the constraints on the solution of 
applied models have been reduced by this. For this reason, a broad overview of 
different solution algorithms for complementarity problems is also given. 

In section 2.2, some observatio ns regarding fundame ntal features of spatial struc­
tural change are made. By this, we ide ntify features which should be included in a 
model of the involved dynamics. Section 2.3 contains an overview of existing models. 
The complementarity problem is treated in section 2.4, while algorithms are dis­
cussed in section 2.5. The concluding section contains a discussion of how the 
modeler has to consider trade-offs between introduction of behavioral assumptions, 
collection of empirical information and develop ing solution algorithms, whi le con­
structing applied models. 
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22 ON THE DYNAMICS OF SPATIAL STRUCTURAL 
CHANGE 

Modelling of spatial structural change has to start from an identification of the 
important properties of the dynamics of this proces s. In this section, our aim is to 
characterize the processes for which we develop our class of models and the appro­
priate utilization of those models. 

The most fundamental observation is the differences in speed of change and adjust­
ment among various processes in an economic network. The dynamics of loca lized 
resources, such as production capaci ties, natural resources and infrastructure, are 
characterized by inertia and a low average speed of change. The link structure 
transforms at a lower speed than the production capacities located in the nodes. On 
the other hand changes in the amount, speed, direction, and attributes of commodi­
ties, traffic, assets and information transfe rred in this rigid structure are generally 
much faster. Hence, our first conclusion is: 

* A fundamental feature of structural change and economic dynamics is the dif­
ferences in the adjustment time between processes. 

The observation calls attention to a careful examinat ion of the form, length, and 
timing in the change of variables. Differenc es in time scales also allow for an 
ordering of the dynamic processes in the economy and an application of Nthe slaving 
principle1*. This principle implie s that slow proces ses ar e treated as more funda­
mental than the faster processes. The former give a structure within which the latter 
may develop. In applied modelling, the pertinent interpretation is that the slow pro­
cesses determine the parameters in the models of the faster processes. The main 
advantage gained from this is that subsystems of a larger system may be analyzed 
separately, with a reduction of the complexity of a problem. 

Differences in time scales may be further illustrated by the relatively fast change o f 
output, possible within the existing capacity in an industry, compared with the slower 
and more costly adjustment of the productio n capacity to meet increases in demand 
or changes in technology and factor prices. The rigidi ties in the capacity structure 
have, as will be illustra ted in Chapter 3, empirically been established from Swedish 
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data1. The overall structure in a sector remains, due to those observations, fairly un­
changed in a medium term perspective although the processes o f exit and entry of 
capacities are active. The slow adjustment of capacities is due to the fact that only a 
marginal part of the aggregate capacity is replaced each year. This inertia may be 
given two interdependent explanations: 

* Investment costs and indivisibilities of new structures bring about thresholds for 
capacity augmentation. 

* Sunk costs in the existing structure of machines, buildi ngs and networks give 
options to price competition in relation to new techniques and introduce friction 
in the removal and exit processes. 

This slow transformation of localized resources provides a constraint on the econo­
mic development, although the reshaping of the economy is stead ily ongoing. The 
existing capacity structure of old and recently introduced "vin tages" represents at 
each point in time both the history, and a hint on the future development, of an 
industry or region. This duality is further exemplified by the fact that while a specific 
pattern of infrastructure, labour knowledge, productive capacities, and trade con­
nections at one instant facilitate growth, this pattern may also, by locking economic 
resources, conceal a limit on the further speed of change and growth. 

Especially decisions related to the slow processes, such as costly infrastructure, thus 
have important long-run effects. A limit may only be released at a high cost of abo­
lition. Two implications of this are: 

* Programs for exit of obsolete structures a re as important as programs for the 
promotion of new structures. 

* The slower the time scale of a process is, the more widespre ad is the influence 
on the shape of an economy. 

The normally unbalanced exit of scrapped capacities and entry of productive capaci­
ties in each location generate a steady reshaping of the eco nomy and a spatial relo­

1 Johansson and Strömqvist (1980), Johansson and Holmberg (1982), Westin (1987). 
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cation of acti vities within the boundaries set by the slow er processes . The result is 
unbalanced growth, further strengthened by a uneven initiation of technological 
innovations and diffusion of technical knowledge. Other signs of this relocation are 
the spatial flows of investment funds to profitable locations and migration from 
stagnating regions to sites with a variety of opportunities, educatio n facilities and 
possibilities, for instance to obtain "on the job training**. 

The resulting specialization of activit ies in space adds cost of communication and 
transportation to the costs of transformation. It reinforces disparities in the accessi­
bility t o information and competence in the economic network and promotes a 
diversification of preferences and taste among households. A never ending need for 
network maintenance and initiation of new lin ks and communication systems arise, 
which together with " link catastrophes** are expressions of chang e in the infrastruc­
ture. It is an outcome of attempts among actors to adapt to changes in the environ­
ment and to encourage the growth of welfare. Increa sed interaction as a result of 
increased accessibility may then also countera ct spatially unbalanced growth paths. 
These observations may be summarized as follows: 

* Interaction costs generate diversity among commodities, production techniques, 
and communication systems. Differences in accessibility and in resource endow­
ments generate unbalanced growth in sectors and locations. 

Product cycle theory has been developed to explain how the production of, and the 
demand for, a commodity evolve over time and how change by this is transmitted 
between regions. It provides, with an assumption of global profit maximization 
among firms, a dynamic stage theory for the spatial reallocation of production. 
Modern product cycle theory and studies of firm location have furthermore empha­
sized the importance on spatial development of labour skill, acces sibility and the 
information transfer inherent in commodity flows [e.g. Johansson and Westin 
(1987)]. Jacobs (1984) has in this con text stressed the importance of import subs ti­
tution in all types of regional economies as a means to generate growth. 

Investments in education, attractive environments, culture, and communication sys­
tems as well as attempts to **create creativity have in this way become new political 
instruments to support development. Those initiatives may be seen as responses to 
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the part of the product cycle theory which indicat e where new products may be 
NbornN and where the imitation is quick est and most succes sful. Other parts of the 
theory indicate how the character of investments changes from product development 
to cost reducing investments in the production proc ess and increased market pene­
tration over the cycle. This transformation is often connected with changes in 
location and the composition of labour demand. Attempts among public decisi on 
makers to create economic advantages and attractive locations by reduction of taxes, 
investments in and subsidies to production fa cilities, stimulations to introduce new 
techniques etc. may be seen as a response to this part of the theory. The policy 
problems here is to find a mix of activities and education efforts which both satisfies 
the existing and the future structure on the supply and demand for labour. The 
choice of a given poli cy is thus genera lly determined by obje ctives which combine 
overall growth and income distribution. These obser vations may be transferred to 
the following conclusion about model features: 

* The growth and distributional effects caused by differences in labour skill, initial 
resources and taste heterogeneity emphasize the need to treat labour as a hetero­
geneous factor and to utilize spatial multihousehold approaches in the analysis of 
structural change. 

Product cycle models are generally constrained to analysis of a single commodity or 
an industry. The models are intuitively attractive but in applications criticism may be 
directed toward the delimitation of the commodity or industry and the length of each 
stage in the cycle. Although the market mechanism is not usually exp licit in the 
models, price movements are often implicitly assumed to work as equalizing signals 
between demand, supply and choice of location. Furthermore, the existence of 
intermediate and competitive commodities generate, together wi th the limits set by 
the infrastructure, a need for an explicit treatment of the mutual interdependences 
in a multicommodity economy. Hence: 

* An understanding of growth and change may be supported by spatial multisector 
models of the dynamic interaction between demand, supply, trade, and location. 

Moreover, it is our opinion that applied models are needed to obtain a deeper 
understanding of the process of structural change. However , there is a trade-off 
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between the representation of dynamics and the detailed refinement in economic 
models. Applied multisector models wit h an elaborate representation of the dyna­
mics still remain to be developed. 

The specification and estimation difficulties involved in the applic ation of multisec­
tor models in continuous time generate a need for simplifications. Equilibrium ana­
lysis becomes relevant as such an approximation of a continuous model, sin ce the 
dimension of the problem may be decreased. 

This gives a motivation for a development of mul tisector equilibrium models. These 
models emphasize in an explicit way the interaction between different markets by 
assessing and comparing different equilibria. To establish equilibrium, gap closing in 
markets, maximization among actors, and decreasing marginal returns are assumed. 
Although those not are the sole forces generating change, they represent observable 
and useful abstractions of economic behaviour . An approximation of continuous 
dynamics by comparison of equilibrium states is possible when the involved pro­
cesses work on a common time scale and when the slower processes may be 
assumed to be almost constant during the time period.2 This gives a criterion for the 
appropriate utilization of equilibrium models: 

* Equilibrium analysis is appropriate as an approximation of a continuous dynamic 
system when the endogenous processes operate on a common time scale and the 
relative adjustment time between the slowe r and the endogenous processes are 
large. 

Most product cycle and multisector approaches are used in a context of initially 
existing products or industries and are as such dependent on imitation and 
"habitation1* as means of dynam ic adaptation among the actors. Schumpeter (1934) 
and others, e.g. Day (1987), have stressed experimentation, creativity and search for 
"monopolistic profits" both by financial/producing and intellectual/cultural agents as 
alternative adaptive strategies. Such strateg ies give an almost continuous deve lop­
ment of new comm odities and ideas. How ever, creativity requires scarce resources 
and the amount of novelties emerging at each instant of time is always limited. This 
fact contributes to the explanation of economic rigidity. Equilibrium anal ysis may 

2 A moie formal discussion of this is found in Chapter 8. 
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explain the nature of such rigidités, but in explanation of forces behind differen­
tiation by quality and design as well as creation of novelties, the possible contri­
butions are less evident. 

Many features recognized in structural change have obv iously not, or may not, be 
captured by endogenous formulations in multisector equilibrium models. Other less 
developed fields are the game situation generated by the intertemporal character of 
structural change, with pertinent irreversibilities, formation of expectations and 
learning. Further weaknesses, especially of applied Walrasia n equilibrium models, 
are simplified network descriptions and a crude treatment of accessibility and 
interaction costs. The system effects on choice of location and flow patterns of in­
vestments, which change the accessibility in the economy, have not yet been 
adequately analyzed in equilibrium models. 

We have indicated above areas where further research may take place. Some of the 
addressed problems may be impossible to find à solution for with in an equilibriu m 
framework. Despite those limitations we emphasize in the following discussion that; 

* Spatial flows are constrained by interaction costs, ref lect interdependencies and 
reinforce couplings. 

* Taste for variety and diversity of preferences, necessi tate the use of heteroge­
neous commodity and multihousehold approaches. 

* Labour heterogeneity constrains the development of productivity, growth , and 
change. 

* The speed of growth and change over space is influenced by the interactions 
between rigidities in the existing structure and the gap-closing forces between 
existing and warranted states. 

Our choice of a vintage approach, illustrates the last point. Spatially distributed pro­
duction rigidities slow down growth and change, but prospects to obtain temporary 
monopolies generate novelties which both create new and close existing gaps. 
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23 MODELS OF STRUCTURAL CHANGE AND 
GROWTH 

A comparison of models foc using on the problem of spatial structural change and 
growth, may b e accomplished along several different lines. One aspect may b e 
assumptions about the mobility of production factors, and the determination of 
prices under different time horizons. Formulations of temporal interdependences is 
another aspect. The determination of trade and the treatment of infrastructure and 
the transport sector are other interesting fields, since they general ly bring about 
complex problems. 

In this section some exist ing models are compared with respect to how they treat 
prices and time. Later on, we will return to other aspects. The aim is to make it 
possible to relate our own model s to existing models. The overvi ew also contains 
some nonspatial models and aggregated models, but the survey is limited to models 
of real flows. Financial markets are only introduced as exogen ously given rates of 
return criteria. Pure time-series models are also excluded in an attempt to only focus 
on models with explicit causal relations. In addition, there is a bias towards models 
which have been important for the Swedish modelling of structural change. 

As regards the formulation of dynam ics, a model classification may be made into 
three traditional groups, 

* Single-period models 

* Multiperiod models in discrete time 

* Models in continuous time 

The first group consists of models w hich generate a solution for the terminal point 
without an explicit treatment of the process which takes the system from the initial 
point to the terminal point in time. The second group includes models with at least 
two periods and explicit intertemporal connections. Both those groups may be 
further classified according to the assumed period lengths. Fin ally, the third group 
contains continuous time models o n different time scales based on differential 
equations. 
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A crude divis ion in relation to how the models treat prices and quantities may be 
made in the following way: 

* Quantity-oriented models, with implicit prices. 

* Models with exogenously fixed prices and endogenously determined quantities. 

* Models with endogenously determined prices and quantities. 

Such a division always include s vague parts. For instance, a sequence of single-
period fixed-price models becomes a price endogenous model if prices are adjusted 
towards equilibrium between each period. Models may also be formulated as com­
binations of two of the above categories. For example , a two-period model where 
the first period contains a short-term fixed-pri ce model and the second a long-run 
equilibrium model has been used by Ohlsson (1988). Furthermore there is a class of 
disequilibrium models with flexible but boun ded prices. Those belo ng to the price-
endogenous type, but have many properties in common with the fixed-price models. 
In "quantity-oriented" models, formulated as programmin g problems, the dual vari­
ables may, as is well known, often also be interpreted as prices. Models in the above 
groups may thus be treated as special cases of a broad class o f equilibr ium models 
where elasticities, the time horizon and the speed of adjustment determine the 
model category. This is also one of the themes in the following discussion. However, 
the classification will help to delineat e models di scussed in the subsequent parts of 
the study into broad groups. 

The classification may also be seen as a division in relation to refinement. When 
moving from sole quantity, via fixed-price models with rationing schemes to models 
with endogenous prices and quantities, the behavioral assumptions normally have to 
be more developed, while the statistical estimation problems also increase. 

Although theoretical work has been devoted to almost all models which can be 
obtained by combining the above six categories, the applied use of price equilibrium 
models has mainly been constrained to single-period models. Multiperiod and 
continuous-time models are often quantity-oriented. Models with both price and 
quantity interaction in continuou s time a re infrequent in applied mode lling. How­
ever, such a model is not an aim in itself. A "good" model is a model which provides 
insights into the problem under study, with the help of as few variables and relations 
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as possible. The time horizon of the problem then becomes important. For example, 
in long-run models, prices may b e omitted because they are, at best, short-to 
medium-term signals of scarcity. The underlying quantity changes then provides the 
system with all necessary information. Traditional gravity models ar e, because of 
this, interesting mainly in long-run analysis. 

It is easy to find repres entatives for the quantity-oriented models where prices are 
absent or implicitly obtained as shadow prices. The most obvio us members of the 
single-period group are quadratic and rectangular interregional input-output models 
developed from the path-breaking model by Leontief (1951).3 The classical transport 
assignment model and various extensions of it also belong to this class of models. 4 

Other members of the group are the multiregional, multisector investment planning 
and forecasting model developed in Sweden by Snickars and Granholm (1981) and 
the vintage allo cation model by Karl qvist and Strömqvist (198 2). In summary, this 
category comprises the most common ly used tools in applied spatial multisector 
modelling. A simplifying advantage of the models is that price and income processes 
not are modelled endogenously, while internal consistence is obtained. 

The second group of the quantity type is the multiperiod models in discrete time. A 
well known representative for the category is the discrete time, multisec tor multi­
plier-accelerator model by Leontief (1970). Dynamic programming models also 
belong to this class. Examples of mode ls of region al development are Snickars and 
Lundqvist (1978), Lundqvist (1980), and Karlqvist et al. (1978). Models of technolo­
gical change and industrial development with recursiv e dynamics may be repre­
sented by Nelson (1971) and Day (1970). 

Among the quantity models in continuous time, one finds differential equation 
versions of the dynamic Leontief model, [e.g. Medio (1987)], and the optimal control 
model by Brody (1970). An example of an aggregate, biregional multiplier-
accelerator model in continuous space is Puu (1987). 

Models with exogenously fixed prices may be represented by the single-period 
multisector, multiregional optimization models in Johan sson and Strömqvist (1980, 

3 See for example Isard (1951), Cheneiy (1953), Moses (1955, I960), Oosterhaven (1984). 
4 Hitchcock (1941) and Koopmans (1949). See also Talcayama and Judge (1971). 
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1981) and in Westin (1987). Those are all utilizing the vintage production function 
discussed further in Chapter 3 below. 

A first attempt to extend this fixe d-price multisector vintage model from a single-
period to a recursive multiperiod model was made in a single region model by 
Johansson (1986). The model makes it possible to study the adjustment process in a 
vintage structure in more detail, but also introduces problems with the estimation of 
adjustment times. 

The third model category consist s of price and quantity endogenous models. The 
theoretical work by Ricardo (1821) and von Thünen (1826) are classical points of 
departure here.5 Ricardo focused both on the spatial and vintage aspects of an eco­
nomy when formulating the theory of dim inishing marginal return and land rent. In 
the theory of compara tive advantage he also emphasized the benefits of exchange 
between spatially separated economies and formulated determinants for the 
direction of commodity flows on a simple network. Von Thünen formulated an inte­
grated theory of production, location and trade. His simple system has, as noticed by 
Samuelson (1983 ), elements of Ricardian trad e and rent theory, the Heckscher-
Ohlin theory of factors and goods pricing, the Leontief input-output system, as well 
as general equilibrium analysis. 

One may although observe that, despite this early cont ribution by von Thünen, the 
theory of trade and the theory of location, [e.g. Weber (1909), Hotelling (1929), and 
Christaller (1935)] developed side by side for a long time. Ohlin (1933) made an 
attempt to integrate the fields. He reintroduced, more than one hundred years after 
von Thünen, "transfer costs" into international and interregional trade theory. 
However, these elements are although suppressed in the "Heckscher-Ohlin" model. 

Walras' (1874) nonspatial general equilibrium theory emphasizes the mutual inter-
dependencies between actors in the economy. The important "gene ral" part of the 
theory is the connection between factor costs, incomes and household demand. 
Proofs of the existence of a Walrasian equilibrium was given in the fifties by Arrow 
and Debreu (1954) and Debreu (1959). Palander (1935) took a step towards a 

5 Elaborated historical notes on spatial and nonspatial equilibrium models may be found in 
Takayama and Judge (1971), Scarf (1973), Dervis et al. (1982), Ponsard (1983), and Shoven and 
Whalley (1984). 
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theory of general equilibrium in an economy with a spatial separation between the 
location of production and consumption, but it was not until Lösch (1940) that 
spatial theory and general economic equilibri um analyses were integrated in an 
albeit constrained system of spatial equilibrium. 

Inspired by the work of Cournot (1838) and Enke (1951), the spatial price equili­
brium (SPE) model was formula ted as a mathematical programming problem by 
Samuelson (1952). A quadratic programming solution of the SPE model was 
obtained by Takay ama and Judge (1964). The model was initia lly formulated in a 
"Marshallian" tradition with inverse demand and supply functions but has also been 
given a "Walrasian" formulation with or dinary functions [Takayama and Woodland 
(1970), Friesz et al. (1983)]. The SPE model has, besides the analysis of commodity 
production and trade,6 frequently been used in freight and passenger transport 
models.7 The latter are also named freight-network equilibrium models, because of 
the considerable increase in the network com plexity compared with the traditional 
SPE model. Disequilibrium formulations of the SPE model have also been 
suggested by Thore (1986) and Nagurney and Zhao (1988). The SPE model has 
primarily been connected with partial studies of a set of markets, without endo­
genous income effects. 

Isard and Ostroff (1958), starting from the work by Arrow and Debreu (1954) 
formulated conditions for a general spatial equilibrium with an explicit spatial price 
condition, a transport sector and endogenous income effects. Harris and Nadij 
(1985) argue that the Arrow-Debreu system already contains a spatial economy and 
it is thus a generalization of the Isard and Ostroff model. Among the differences 
between the two one may m ention the allowance for spatially heterogeneous com­
modities in the Arrow-Debreu syst em, while Isard and Ostroff assumed co mmodi­
ties to be spatially homog eneous as in the SPE model. Cross-hauling then is ex­
cluded. However, and as will be discussed further in Chapter 7, the existence or not 
of cross-ha uling is general ly a question of an appropriate notation and choice of 
elasticities. Another assumption made by Isard and Ostroff, which is often necessary 
in applied work, is an introduction of particular exporting and importing firms. 
Arrow-Debreu instead gave firms a possibility either to sell to a trading firm or to 

6 Kennedy (1974), Uri (1978), Takayama and Labys (1986), Kjellman (1988). 
7 Friesz et al. (1983), Harker (1985), Friesz and Harker (198S), Nagurney (1987). 
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trade the commodities themselves. Even if the Arrow-Debreu model is a general 
system, the contribution by Isard and Ostrolf should thus be seen as a way t owards 
an operationalization of a spatial general equilibrium model. 

Although the existence of a general equilibrium was proved during the fifties, the 
development of algorithms for the computation of a n equilibrium is more recent. 
Such applied numerical models in the Walras-Arrow-Debreu tradition are often 
named Computable General Equilibrium (CGE) models. An early application 
within this class is the multisector growth (MSG) model by Johansen (1960). How­
ever, it is first during the seventies, and the modern computer development, that the 
CGE model became available for a larger group of researchers. The algorithms for 
computation of nontrivial general equilibria have been improved during the last fif­
teen years. As a consequence, the number of reports on applied equilibrium models 
also have increased. Comparison between different model types and their properties 
have also been presented.8 

In Sweden, one finds early applications of the CGE model in energy studies 
[Bergman (1978), Lundgren (19 85)]. The vintage approach has been used in C GE 
models of structural change at the national level by J ohansson and Persson (1983, 
1987) and Persson (1983). A putty-clay approach displaying some similari ties with 
the vintage formulation may also be found in a model by Bergman (1982,1986). In 
Norway, CGE models have been formulated by e.g. Haaland et al. (1987) and 
Haaland (1988). 

The spatial extensions of the applied Walrasian equilibrium model have mainly been 
accomplished in international trade.9 It is only recently, during the second half of the 
eighties, that th e approach has been extended to interregional computable general 
equilibrium (ICGE) models. Kimbell and Harrison (1984), Liew (1984), Persson and 
Westin (1985), Buckley (1987), Madden (1987), Suknam and Hewings (1987), Higgs 
et al. (1988), and Westin (1988), are examples of contributions in this direction. 

8 Scarf (1973), Ginsburgh and Waelbro eck (1981), Dcivis et al. (1982), Scarf and Shovcn (1984), 
Shoven and Whalley (1984). 

9 Examples are found in Shoven and Whall ey (1974), Deardorf and Stern (1986), Whalley (198S), 
and Srinivasan and Whalley (1986). 
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Two traditions of applied spatial equilib rium models have, as is evident from the 
above survey, developed during the seventies and eighties. Some of the contributions 
in the fields are given in Figure 2.1. 

A comparison of the SPE and ICGE frameworks reveals that besides the 
Marshallian formulation traditionally found in the former and the exclusion of 
income effects, other differences also exist. The SPE framework is commodity-
oriented and, in accordance with classical and many modern international trade and 
locational theories, treats commodities as spatially homogeneous. The ICGE models 
have commodities aggregated into sectors at the "meso" level, as input-output 
models. They treat sector outputs as spatia lly heterogeneous and make use of the 
"Armington" assumption [Armington (1969)]. As a consequence, goods from a sector 
may be treated as imperfect substitutes over space. The approach allo ws for cross-
hauling and implies that extreme specialization may be avoided. This gives an empi­
rically tractable property to the ICGE model. 

The conflict between empirically observed cross-hau ling and the assumptions of 
homogeneous comm odities, perfect competition and complete information in the 
SPE model has also raised an interest for integration of gravity [Harker (1988), 
Bröcker (1988a, 1988b)], entropy [Johansson and Batten (1983)] or logit [Echenique 
et al. (1988)] approaches with the SPE model. The gravity extended models have by 
Harker (1988) been called Dispersed Spatial Price Equilibrium models (DSPE). 
The close relation between gravity, logit, and entropy models makes this name 
appropriate also for this larger group of models. DSPE models represents an 
alternative to the Armington assumption when heterogeneity is introduced in order 
to decrease the tendencies in the SPE models towa rds over-specialization in trad e. 
So far no comparative evaluation of Armington and DSPE models have been made. 

A homogeneous commodity assumption may be appropriate in models of raw mate­
rials or when a very detailed level of aggregation is possible. However, in models of 
multisector economies aggregation generally becomes necess ary, due to empirical 
and computational limitations. 
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Figure 2.1 Contributions to two traditions of spatial equilibrium modelling. 
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The attempts to formulate multiperiod formulations of SPE, CGE and ICGE 
models fall into the two classes; recursive models with myoptic or static expectations 
and intertemporal equilibrium models. The first type is represented in Takayama 
and Judge (1971)10, de Melo and Dervis (1977), Johansson and Persson (1983), 
Persson and Johansson (1982) and Bergman (1986), while the intertemporal equili­
brium models are represented by Manne and Perckel (1985), Takayama et al. (1984) 
and Nagurney and Aronson (1988). 

The problems inherent in discrete time models, which we discuss in Chapter 8, have 
also lead to an interest in continuous time models with integrated price and quantity 
processes. An early model in this catego ry is the dynamic input-output system by 
Brody (1970), a more recent model is Andersson and Zhang (1988), where the pos­
sibility to stabilize a Leontief system is studied. 

The class of spatial mult isector models suggested in the following contains formu­
lations of quantity , fixed-price, and price equi librium models d iscussed above. Both 
SPE and ICGE models, as well as input-output and transport models are contained 
in the class. One of our main topics in the following chapters is to examine the 
relations between those traditions. In Chapter 4 quantity and fixed-price models are 
discussed. Those models are supply-side oriented. Price endogenous SPE models 
with price elastic demand are introduced in Chapter 5. In Chapter 6 are various 
ICGE models discussed, while in Chapter 7 the integrated class is formulated. In 
Chapter 8 some attempts to formulate multiperiod equilibrium models and the 
relation between continuous-time and equilibrium models are considered. 

10 An intertemporal formulation may also be found here. 
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2.4 FORMULATION OF ECONOMIC MODELS AS 
COMPLEMENTARITY PROBLEMS 

A number of economic models may be represented as complementarity problems. 
This representation is appropriate when one is dealing wit h equilibrium as well as 
linear and nonlinear programming models. As was discussed in the previous section, 
an extensive part of the spatial mu ltisector models are of those types. In the sequel, 
our models are formulated in a unifying complem entarity framework. By such a 
reformulation of different models into a common format, comparisons of the model 
properties become simplified. In this way , equivalence between different models 
may be demonstrated. Furthermore, the choice o f an efficien t solution algorithm is 
facilitated once a model has been shown to belong to a specific subclass of 
complementarity problems. This separation between model formulation and model 
solution is an important step in order to clarify model properties and develo pment 
of wide range algorithms. 

In this section, the complementarity problem is introduced. The relation between 
complementarity problems, variational inequalities, linear and quadratic program­
ming problems, and equilibrium systems is then discussed. In the next section, some 
algorithms for the solution of complementarity problems are presented briefly. 

Assume that z is a finite vector in Rn and that a mapping F: Rn -+ Rn exists. Then 
the general complementarity problem may be defined as [Cottle and Dantzig 
(1968)],11 

(CP) : 

Find ** e Rn that solves 

When z is a price vector and F contains price dependent excess su pply functions, 
this formulation is familiar as the Walrasian equilibrium condition [Varian (1984)]. 
The formulation may a lso represent the Kuhn-Tucker conditions in nonlinear pro­
gramming [Intriligator (1981)]. A complementarity problem is thus characterized by 

F(z*) 0, z > 0, z*TF(z*) - 0. ( 2 . 1 )  

11 AT used as a superscript denotes a transposed vector or matrix. 
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weak inequalities and complementarity slackness. Members of this fam ily are pro­
blems in which a subset of alternative techniques [e.g. vintages] shall be chosen and 
problems with bounds on prices and quantities, where it is not a priori clear which 
inequalities hold strictly in the solution. 

Furthermore, given a convex and compact, i.e. closed and bounded, set KeRn and 
the mapping F : K -* Rn, a variational inequality problem (VIP[K,F] ) may be 
defined as [Pang and Chan (1982)], 

(VIP[K,F]):  

Find a vector ** € K such that 

F(**)t[z - **] > 0, all z 6 K. (2.2) 

The complementarity problem (CP) corresponds to a problem (VIPfR^+.F] ), i.e. 
a variational inequality problem where K is constrained to the nonnegative orthant 
[Kar amar dian (1971), Lemke (1980)]. Hence, complementarity problems are a sub­
set of variational inequality problems.12 

Linear complementarity problems (LCP), where the mapping F is linear in z, are 
formulated as a subset of (CP) [Mathiesen (1985a)], 

(LCP): 

Find z* and w such that, 

v - f + Mr*, w > 0, z* 2: 0, - 0. (2.3) 

Above, f is a vector and M is a matrix of constants. A linear programming problem is 
an (LCP). Furthermore, a quadratic programming problems also may be interpreted 

12 It may be proved that when F( z) is continuous, at least one solution of (2.2) exists, if F( z) also is 
strictly monotone then (2.2) has at most one, globally unique, solution. Furthe rmore, if F(z) is 
strongly monotone then a unique computable solution exists [Kinderl ehrer and Stampacchia 
(1980), Nagurney (1987), Zhao (1989)]. 
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as an (LCP).13 To be a linear or quadratic optimization problem, the matrix M in 
(23) has to have the form, 

1 %
 1 O
 

• 1 %
 1 O
 

• 

0 0 
M -

A Q 
* o

 

< 

• 
+ 

0 Q 

The matrix M is here decomposed into two matrices, the first is skew-symmetric and 
the second contains the symmetric submatrix Q. When Q is positive semidefinite, M is 
also positive semidefinite, and (LCP) may be reformulated and so lved by quadratic 
programming methods. When Q is a zero matrix, (LCP) may be solved as a linear 
programming problem. Alternatively, any algorithm that solves (LCP) also solves a 
(LP) or (QP). 

The connection between optimi zation, complementarity, and variational inequality 
problems may also be obtained in the following way. Let G(z) be a continuously 
differentiable function defined on a open neighborhood of K and denote its gradient 
by VG(x). If there exists ai*eK such that,14 

G(z*) -  Min G(z),  (2.5) 
s e K 

then z* also solves the following variational inequality problem, 

Find z* € K such that 

VG(z*)T[z -  z*] £ 0,  for al l  z € K. (2.6) 

Hence, ifVG(z) - F(z) or if appropriate integrability, i.e. symmetry, conditions 
hold, so that G(z) - J*F(z)dz, the variational inequality problem (VIP [K,F] ) 
may be solved as an optimiza tion problem. That is, if z * solves (2.6), it also mini­

13 Cottle and Dantzig (1968), Mathiesen (1985a), Takayama and Labys (1986). 
14 Friesz et al. (1985), Naguntey (1987). 
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mizes 6(z) over K. If 6(z) is strictly convex, the solution is global. Hence, mono­
tonicity in variational inequality problems play s an analogous role to convexity in 
optimization. One may also note that a gradient mapping is characterized by a sym­
metric Jacobian matrix, that is SY^/Sz^ - SFj/Sz^, all i and j. The differenti­
ated matr ix VF(z) must thus be symmetric if  F(*) should be the gradient of G(z).  
This integrability condition gives a connection with the symmetric matrix in (2.4) and 
is an essential point of separation between equilibrium problems which are convert­
ible into extremal problems and those which not are convertible. 

The behavioral assumptions thus determine the type of (CP), th e character of the 
solution and the computation difficulties different economic models give rise to. A 
list of economic assumptions and their conseqences on the computation of a solution 
include the following items: 

* Separability, monotonicity, and continuity of demand, supp ly and transport cost 
functions imply existence of an equilibrium and sim plify computation [Compare 
footnote 12]. 

* Replacement of monotone transport cost funct ions by non-m onotone functions 
gives multiple equil ibria .  When transport  costs are obtained endogenously from 
the behaviour of actors workin g on the network, monotonicity may be retained 
but computation difficulties will increase. 

* Demand functions with income as an endogenous variable, instead of exoge-
nously given, tends to cause indefiniteness of F(s) and thus violate the integra­
bility condition [Mathiesen (1985b)]. This also concerns multihousehold formu­
lations with explicit budget constraints and multiregional models with balance of 
payment conditio ns, instead of overall conserv ation of flow cond itions for the 
whole economy. 

To illustrate how some of those features make an algorithm incapable of handling a 
specific problem, it may be appropriate to start with linear programming methods. 
Utilization of those implies wit h necessity that equilib ria with two house holds and 
two commodities or more may not be solved by (LP) if each household has to fulfil a 
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budget constraint [Ginsburgh and Waelbroeck (1981)]. Production and demand 
functions also have to be modelled as activity analysis or step functions. 

Another well kno wn example of how an algori thm constrains the model behaviour 
may be obtained from linear programming trade models, where extreme speciali­
zation easily is obtained. If smooth price-sensitive demand and supply functions are 
introduced, the problem extends b eyond the linear programming format. However, 
if those func tions are given a linear form with sy mmetric substitution matrices, the 
problem is solvable as a quadratic programmin g problem [Takayam a and Judge 
(1964)]. But, as soon as the substitution matrices of such demand or supply functions 
are nonsymmetric, it is no longer possibl e to formulate an optimization problem. 
Lack of symmetry is albeit often the result of unconstrained empirical estimations of 
multicommodity models. However, if the linear formulation is retained, such a 
model still is a (LCP). 

When nonlinear demand, supply and transport cost functions o r multihousehold 
formulations with endogenous budget constraints are introduced as endogenous 
elements of a multicom modity problem, it converts to a nonlinear comp lementarity 
problem (NCP). Hence, nonlinear Walrasian equilibrium models o f the ICGE type 
and nonlinear SPE and Freight Network models belong to this class of problems. 

Since algorithms for and properties of linear and quadratic problems are well stu­
died, it pays off to reformulate a problem into a quadratic format whenever this is 
possible. However, recently there has been fast progress in the development of algo­
rithms for general nonlinear formulations, some of which are referred in the 
following section. 
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2.5 ON ALGORITHMS FOR COMPLEMENTARITY 
PROBLEMS 

The step from theoretical to applied modelling has always been constrained by the 
efficiency and ava ilability of algorithm s. Because of this, it is appropriate to make 
some comments on the algorithms for the solution of complemen tarity and vari­
ational inequality problems.15 It has, due to the development of computers during 
the seventies and eighties, been a rapid increase in the dimension and complexity of 
the problems which are possible to solve. A tendency towards a unified framework 
for different types of algorithms may also be seen. However, there is still a need for 
development of spec ial algorithms which, for example by exploitation of sparsity in 
large matrices, may be advantageous compared to standard tools. 

One may distinguish between four broad groups of algorithms for solutions of 
complementarity and variational inequality problems; log-linearization methods, 
optimization methods, f ixed-point methods and iterative methods. Among each of 
these, different variants ex ist and still other methods utilize, at different stages of 
computation, methods from more than one of the groups. In general, the problems 
associated with algori thms are related to existence of feasible solutions, global or 
local uniqueness of an obtained solution, and convergence properties. 

Johansen (1960), used a log-linearization approach to solve the MSG model. In this 
approach, the model is first reformulated into a linear system in growth rates of the 
endogenous variables. This sys tem is solv ed by matrix inve rsion. Hence, the algo­
rithm does not deal with the com plementarity problem directly but approximates a 
solution. The approach has been further developed, by use of a second order Taylor 
expansion, and is utilized by Dixon et al. (1982) in the Australian ORANI model and 
by Liew (1984) in an interregional model. Among the advantages of this approach is 
the ease by which variables may be moved between the exogenous and endogenous 
sets. The disadvantage is that only an approximate solution is obtained. 

A second type of solutio n methods is optim ization algorithms. They have pla yed a 
central role in applied work since the last wor ld war. The properties of linear pro-

15 Further details may be found in Lemke (1980), Deivis and de Melo (1982), Pang (1984), and 
Talman and van der Laan (1987). 
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gramming algorithms such as the simplex a lgorithm and some nonlinear program­
ming algorithms are nowadays well known. Because of the equality between a single 
household Negishi welfare optimum and a general equilibriu m solution, the equili­
brium may be found by optimization. However, as was discussed above, optimization 
is not generally a sufficient tool for computation of general equilibrium models. On 
the other hand their applicability may, if used together with iterative algorithms, 
increase considerably.16 

Among the algorithms based on fixed-point theorems, the one by Scarf (1973) is the 
most well known. The advantage of Scarfs method is that if a solution exists it may 
be found at a chosen level of accuracy. A disadvantage of the method, and the 
reason for th e ongoing search for other algorithms, is that th e search may be very 
costly and time consuming. 

Programming algorithms and fixed-point algorithm s are based on pivoting. They 
find a solution or show that a feasible solution doesn't exist. Conve rgence may in 
those cases be proved ana lytically. Iterative methods do normally not giv e such an 
exact solution. The simplest and most well known iterative algorithm is the 
tâtonnement process. Given a sign preserving mapping <f> : R.n -» Rn, usually 
simplified to an adjustment constant, this iterative process, where k denotes the 
iteration number, may be written: 

zk+l _ zk . 4[F(«)]. (2.7) 

If z is a vector of prices and F(z) a vector of excess supply functions, the process is 
the Walrasian price process. Gross su bstitutability between all goods is a sufficient 
condition for stability of the process. This is a strong assumption which is a theoreti­
cal disadvantage of the tâtonnement method. However, in practical work, where the 
modeler has insights into the structure of the problem, this method and other itera­
tive methods have shown to converge fast. [Ginsburgh and Waelbroeck, (1981), 
Dervis et al. (1982), Persson (198 3)]. The tâtonnement algorithm (2.7) is a special 
case of a larger class o f iterative methods for nonlinear systems. Other members of 
this class are Jacobi, Gauss-Seidel and Newton methods. The theoretical con­

iò Ginsburgh and Waelbroeck (1981) give a comprehensive treatment of the relat ion between equili­
brium and programming solutions. 
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vergence properties of iterative methods are also generally unclear [Mathiesen 
(1987)]. Convergence problems may either be a result of an incorrect st ep size 
adjustment function, an inappropriate decomposition of the problem, or non­
existence of a feasible solution. 

The complementarity formulation has also been used directly to develop algorithms 
based on the solution of sequences of linear complement arity problems (SLCP). 
Mathiesen (1985a) has suggested an iterative approach with an outer part of Newton 
type where the (LCP) linearization is made by a first-order Taylor approxi mation. 
The resulting problem is solved in the inner part by an algorithm due to Lemke 
(1965), which has properties similar to a pivoting fixed-point algorithm. Ex istence 
and uniqueness of equilibrium and the computational properties of complementarity 
algorithms, especi ally for equilibria with endogenous incomes, are also unclear. 
However, a lot of research is goi ng on in the field. Alternative algorithms are ana­
lyzed in Mathiesen (1985a), and Talman and van der Laan (1987). In applied work, 
the algorithms often have sh own to be well behaved. Complementarity algorithms 
for freight-network models have also been explored by Friesz et al. (1983). 

Variational inequality formulations have been used to develop de composition algo­
rithms for SPE models [Dafermos (1980), Nagurney (1987,1988)]. Such a decompo­
sition may for example be made over demand or supply markets into iterative 
solution of sequences of programming problems. Those may then be solved as non­
linear problems or after linearization by quadratic programming. Recently , Zhao 
(1989) claims to have develo ped convergent variational inequalit y algorithms for 
Walrasian equilibrium problems in produc tive economies i.e. for CGE and ICGE 
models. Reports on the speed of the algorithms for different sizes of problems ha s 
so far not been presented. 

The rapid progress in the field of algorithms, where nonintegrable models a re 
approximated by sequences of integrable models and where fixed point methods are 
accelerated by iterative methods indicate an integration of differe nt algorithms for 
optimization, fixed-point and nonlinear equations [Mathiesen (1985a)]. 
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2.6 TRADE-OFF'S IN SPATIAL MULTISECTOR 
MODELLING 

An aim of this work is, as was dis cussed in Chapter 1, to present a class of spatial 
multisector models for the analysis of structural change. The vintage formulation of 
the sector production function constitute a common characteristic of this model 
class. We have furthermore emphasized that the models should be possible to apply 
to real problems. This is motivated by the need to test theories and different formu­
lations agains t empirical observa tions. It is a necessary condition if the theory of 
spatial structural change shall develop in productive directions. 

For each given situation, the choice of a particular model fr om this class has to be 
made with regard to: 

* the modelling purpose and context, 

* the behavioral assumptions, 

* the empirical information, 

* the available algorithms. 

Previously it was discus sed how availa ble algorithms may constrain the possible 
behavioral assumptions. The behavioral assumptions are in applied modelling 
further constrained by the available empirical information. An appropriate use of 
empirical information is in turn related to the purpose and context of the model 
formulation. The more nonlinearities we want to introduce, the more empirical 
information is generally needed. 

In cases where good estimates are nonexist ent, one may a lways argue that guesses 
are possible. Such guesses may be used to show the sensitivity of, and the restrictions 
inherent in a model. Such an analysis is especi ally important with regard to para­
meters which are assumed to be fixed at some arbitrary or conv entional value. The 
obvious problem in relation to such exerci ses is that uncertain guesses g ive unrel i­
able results. 

We have in this chapter given a characterization of important and desirable features 
in models of structural change. We have also reviewed some existing models and 
algorithms for this category of models. Gene rally, the available algor ithms do not 
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any longer constrain the model development in the same strict way as before. These 
type of constraints will probably be reduced even more in the future. Hence, more 
efforts may be directed towards model formulation and empirical estimation. 



3 VINTAGE STRUCTURES, INVESTMENTS 
AND TECHNICAL CHANGE 

3.1 INTRODUCTION 

Hotelling (1932) argued that the industry supply function should be determined 
from the unit cost distribution of the units producing a commodity. This distribution 
would more or less follow the normal distribut ion and the supply function would 
thus be a sigmoid function. 

In this chapter we introduce a vintage model of a single industry with the properties 
suggested by Hotelling. A fundamental feature of the model is that the industry is 
represented by a distribution of technique s and not, as is usual in traditional neo­
classical models, by an average production function. The approach may be traced 
back to the above mentioned work by Hotelling , but also t o earlier work in this 
direction by Heckscher (1918) and Marshall (1920), as well as the contributions by 
Svennilson (1938 ), Houthakker (1955), Salter (1960), Johansen (1965, 1972), and 
Hildenbrand (1981). 

This vintage formul ation has also strong relations to models with putty-day pro­
duction functions in continuous time1 and models which are built on activity analysis 
and multiplant formulations .2 The model can be estimated with empirical infor­
mation at the establishment level. A sequence of such empirica l studies have also 
confirmed the suggestion made by Hotelling.3 The establishment orientation gives a 

1 See e.g. Solow (1962), Phelps (1963), Bardhan (1966), and Bliss (1968). 
2 See e.g. Takayama and Judge (1971), Kennedy (1974), Takayama (1978), Uri (1978) and Ginsburgh 

and Waelbroeck (1981). 
3 Examples of empirical and theor etical contributions with close connections to this vintage formu­

lation may be found in Johansson and Strömqvist (1980, 1981), Johansson and Peis son (1983), 
Karlqvist and Strömqvist (1982), Wibe (1980,1982), Fffrsund and Hjalmarsson (1987), Strömqvist 
(1983), Fyfrsund (1984), Seieretad (1985), Johansson (1986), Westin (1987) and Westin (1988). 
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further relation to the engineering production fun ctions developed by for instance 
Chenery (1949). 

The vintage mode l is formulated as a set of linear programmin g problems. In this 
chapter, the industry produc tion, cost, and profit functio ns as well as the ordinary 
and inverse supply functions are derived. The relations between the above functions, 
the interpretation of their dual problems, and the implicit prices obtained under 
different exogenously imposed price and quantity conditions are analyzed and 
assessed. In this way models already established are brought together and arranged 
in a systematic way. Linear complementarity formulations of the functions are 
derived as a prelude to the introduction of the vintage supply-side in multisector and 
spatial models. 

In section 3.2, the presentation is limited to a formulation without investments. The 
model may thus be interpreted as a short-run model [Johansen (1972)] since the 
capacity is not allowed to adjust within the time horizon. The adjustment process is 
instead concentrate d on the output adjustment in relation to given constraints on 
factor supply, demand and prices. A model, which may be interpreted as a medium-
term model, and where new capacities are introduced endogenously, is discussed in 
section 33. The exit and entry properties of the model are compared with empirical 
observations in section 3.4. Introduction of heterogeneous labour is discussed in 
section 3.5 while concluding comments are given in section 3.6. 

The chapter is only devoted to single-period models of nonspatial economies. 
Extensions into spatial multis ector models and a discussion of multiperiod formu ­
lations may be found in the subsequent chapters. 
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32 A VINTAGE MODEL OF THE PRODUCTION 
SYSTEM 

3.2.1 CHARACTERIZATION OF AN INDIVIDUAL VINTAGE 

A sector or industry which produces a single homogeneous commodity, q^, is at a 
given point in time described by a set of vintages, denoted by r - 1,. .. , NV. 
Each vintage is chara cterized by a capaci ty constraint, qi ( r ) and an ex post con­
stant returns to scale (CRTS) technique of the following Leontief type,4 

qi(r) - min{qli(r)/aL I ( T ) , . . . , Q NSi(r)/aNSi(r)« 

Li(r)/li(r)}> (3.2.1) 

qi(r) e [0, qi(r)], (3.2.2) 

Deliveries of intermediate inputs from sector j to vintage r in sector i are denoted 
q J I ( T ) ; i, j - 1,.., NS, with aj £ ( r ) as the associated input coefficients. 
The latter determine intermediate commodity demand, q j £ ( r ), in the same way as 
in an input-output model, 

qji(T) - aji(r)qi(r). (3.2.3) 

Labour demand in each vintage is denoted by L^ (r ) and the unit labour coefficient 
is denoted l^Cr ). Labour is thus for the moment assumed to be homogenous and 
the following labour demand function is obtained, 

Lt(r) - li(r)qi(r). (3.2.4) 

The Leontief production function assumes away substitution possibilities within each 
vintage, and reflects the rigidities in a production process ex post of the install ation 

4 All definitions range, if not otherwise indicated, over the complete set of a variable. 



Chapter 3 -40-

of production equip ment. An implemented technique may be seen as chosen from 
an ex ante "frontier" production function at the micro level with such substitut ion 
possibilities.5 

In Figure 3.1, a graphical description of a discrete "vintage capacity distribution" in a 
two dimensional input space is given. 

Qj<t> 

a ij (l) 

a 2 j ( l )  

Figure 3.1 A discrete capacity distribution in a two-dimensional input space. 
[Adapted from Johansson and Strömqvist (1980)] 

This was suggested by Johansen (1972). However, restricted ex post substitution between groups of 
inputs may be realistic even in short-term and may be taken care of by CES or nested CES 
functions in each vintage. The nonnested Leontief production function in (3.2.1) may be seen as a 
special case of such a general formulation. 
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The main advantage gained from a utilization of vintage distributions compared with 
average sector functions, is that the latter does not describe the structure in the sec­
tor. Structural change is reflected by the rigid adjustment of vin tage distributions in 
the input space. Such adjustment cannot b e captured by CES sector production 
functions, for instance. Actually, Hildenbrand (1981) argues that the ex post 
hypothesis implies that constant returns to scale never preva il, that the production 
function never is homotetic, and that the elasticity of substitution never is constant. 
A CES function would then impose a hard constraint on the behaviour in the indus­
try. 

The above capac ity distribution is a technical desc ription of an industry. How ever, 
technical information is clearly not enough to understand the decision to operate, 
renew, or close down a plant. Prices have to be introduced in order to add economic 
considerations to the problem. 

Assume that the economy is com petitive in th e sense that the sector consists of a 
large number of vintag es [production units or firms] and that each decision maker 
acts as a price-taker. Moreover, let pj, for the time being, denote an exogenously 
given market price, referring to the supply from sector j, and let denote an exo­
genous wage level in sector i. The unit cost function related te the Leontief pro­
duction function of vintage r, is then specified by the following linear, scale-in­
dependent function: 

Vi(r) - 2 pjajiCr) + w^ r̂). (3.2.5) 

With a Leontief technique, the factor demand remains unchanged when factor prices 
change. The isocost curve, dual to the Leontief production function, is thus a linear 
function. 

Each vintage has factor demand functions which are linear in output up to full capa­
city. As long as a change does not cause a close down of a vintage, its demand 
functions are independent of relative factor prices. 
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The linear unit gross profit function for each vintage, dependent on output and fac­
tor prices is, by an extension of the unit cost function, given as: 

Due to the linear properties of this func tion, gross profits are maximized at a pro­
duction level constrained either by the available capacity or by demand. When the 
gross profit cove rs an ordinary rate of return on the capital in the vintage, it may 
generate a net profit. This net profit would in such cases represent control of other 
scarce resources, sudi as technical, management, marketing or localizational 
advantages. 

Given the above definitions of the production, cost, profit and factor demand 
functions which characterize the price-taking "Leontief vintage", the correspond ing 
industry [or sector] functions may be derived. The vintage production function is 
built by the set of production functions described in (3.2.1) - (3.2.4).6 For sector i, 
the function is determined by solution of the linear programming problem (A:I) 
below, as the set of constraints varies,7 

6 This function was called the restricted or short-run macro production function by Johansen (1972). 
7 If not otherwise indicated all summations range over the complete set of a variable. 

*i(0 -  Pi -  v i( r)  • (3.2.6) 

3.2.2 THE VINTAGE PRODUCTION FUNCTION 
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(A:I): 

Max S q£(r) (3.2.7) 
{ q ( r ) J  T ) }  t 

s.t. SZ aii(r)qi(r) < q^, 
r i  J 

S li(0qi(0 ^ Li 

all j (3.2.8) 

(3.2.9) 
r 

qj.(0 ^ qi(0. all r (3.2.10) 

qi(r)  > 0,  all r (3.2.11) 

We have, although the constraints may be formulated in a more general way, used a 
fixed set of intermediate resources, qj and a fixed labour supply, L^. The 
problem determines, for any convex set of input constraints, a concave sector 
production function, qi (qij ; all j , Li), bounded from above by the aggregate 
sector capacity, q^. Hence, 

The problem (A:I) is based purely on a technical description of the sector, compar­
able with the information in Figure 3.1. However, and as is well known, as soon as 
the programming problem has been formulated, economic interpretations may be 
derived from the dual problem. Let nonnegative dual variables ay, all j , and 
<7£ ( t ) ; all r, be associated with conditions (3.2.8) - (3.2.10) respectively. Those may 
be interpreted as the marginal productivities of each input and the quasi-rent ob­
tained from each capac ity, i.e. their shadow prices in terms of units output. 8 The 
dual problem to (A:I) is,9 

8 See Fjfasund (1984) for a discussion regarding the concept of "quasi-rent" and the origins from 
Marshall (1920). 

9 We will use the following notation in relation to the optimizat ion problems. A maximization is 
denoted (A) while (B ) denotes a minimization problem . Irrespective of which of those is the 
primal, a primal-dual pair will have the same number, i.e. (A:I)-(B:I). 

0 < q t  -  S qi(T) ^ 2 qi(0 -  qi- (3.2.12) 
r r 
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(B:I) : 

{»j. Mi. x: :: j 
Min 2  C T J Q J I  + Pj.Li + 2  aI ( T)qI ( T )  (3.2.13) 

s.t. S CTjaji(r) + /ì£1^(t) + > 1, all r (3.2.14) 

°j • i> ai(r) ^ a11 T> j (3.2.15) 

Problem (B:I) may be interpreted as minimization of the imputed cost for utilization 
of given factors and capacities under a nonnegativity condition on the quasi-rent per 
unit of output in each vintage. The duality theorem of linear programming states 
that if feasible solutions exist, the solution of (A:I) equals the solution of (B:I).10 

A partial analysis of an individual vintage production function implies, as discussed 
previously, that the choice of production level is constrained only by the demand or 
the production capacity. However, in this formulation at the industry level, zero out­
put from a vintage is also obtained when the opportunity cost of production in a 
vintage, under a given set of input constraints, is unfavorable in comparison with 
other vintages in the industry. 

This efficiency condition may also be illustrated by an inspection of the Kuhn-
Tucker complementary slacknes s conditions, associated with each vintage output 
level in (A:I)-(B:I). The conditions are, 

It is obvious from (3.2.16) and (3.2.10) that a positive output less than full capacity, 
requires that the following equality is satisfied, 

[1 -  S C T j  a  j  i  ( f  )  -  fi  i l i (0 - ai(r)]qi(r)  -  0, 

qi(r) £ O.all r. (3.2.16) 

10 Dorfman, Samuelson and Solow (1958). 
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S ajaji(r) + /ijlj_(r) - 1. (3.2.17) 

Consequently, dose down and zero output is obtained when, 

2 ajaji(f) + Mili(r) > 1. (3.2.18) 

Full capacity utilization implies that, a^(r ) > 0, so the following equality holds, 

2 ajaji(T) + / i i l i(r)  + äj_(r)  -  1.  (3.2.19) 

This condition also gives a definition of the quasi-rent per unit of output in vintage r 
in terms of the imputed prices o f the input factors measured in units of output. An 
"active vintage" is defined as a vintage wi th q^(r) > 0. Such a vintage satis ifies 
(3.2.19) with CTj_(r) > 0. The condition further suggests the interpretation of 
a ( t ) as a measure of vintage efficiency, in spite of the fact that market prices have 
not been introduced. 

It is not possible to give a simple an alytical formulation of this vintage production 
function, as is possible with the CES and translog functions, for example. The shape 
of a specific function can only be obtained after repeated solutions of problem (A:l -
B:l), under variation of the input constraints.11 

Capital does not, as in many neoclassical production functions, enter explicitly in the 
vintage function. Although capital is implicitly reflected by the capac ity constraint, 
only variable inputs are considered. In addition, observe that we do not consider the 
costs associated with the utiliz ation of the fixed facto rs. Hence, the model is useful 
mainly in short- and medium-term analyses. 

11 However, solution of the industr y cost function [See the following section 3.2.3] corresponding to 
this production functio n is often a faster way. This method was also used by Johansen (1972). 
Moreover, in Fyfrsund et al. (1980) an algprtihm is presented which is not based on repeated 
solutions of programming problems, but on a search procedure among input coefficients and capa­
city limits. 
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3.2.3 THE VINTAGE COST FUNCTION 

So far, market prices have not been introduced at the industry level. If factor prices 
are introduced, it becomes possible to formulate the vintage cost functio n. In this 
subsection some properties of the cost function are derived and the linear program­
ming formulation of the function is recasted into a linear complementarity problem. 

Consider a situation with a given level of demand d£, less of aggregate capacity, d^ 
< q^.12 For this level of demand, the vintage cost function, (pj ; all j, w^, q^), 
can be obtained from solutions of the follow ing problem under variation of prices 
and demand, 

(B:II)  :  

Min S v^(r)qi(r) (3.2.20) 
{q^ r ) )  T  

s.t. S q^(r) ä: d£ (3.2.21) 
r 

qi(r)<q1(r), all f (3.2.22) 

qi(r) > 0, all r (3.2.23) 

With this formulation, quantita tive factor resource constraints are assumed away. 
Information about the scarcity of a factor is instead given exog enously from the 
market factor prices facin g the industry. If, in (B:II), is continuously increased 
from zero to q^, while the vintages are numbered in order of activation, a monotone 
sequence of increasing cost levels is obtained. This sequence may be written as, 

0 ̂  v^(l) < V£(2) ̂  ... ̂  v^(t) < ... £ v^(NV). (3.2.24) 

The marginal cost level, v^, is thus given as a function of the sector production level 
and the unit cost in the marginal technique 7, 

12 This condition is necessary to guarantee a nonempty solution space. 
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Vi(qi) - {min vt(7): S qi(r) > qjJ. 
T-1 

Chapter 3 

(3.2.25) 

This multivalued step function is also utilized in the inverse vintage supply function, 
which determines the supply price Pi(qj.) as a function of the level of industry 
output.13 The multivalued character of the function is revealed by the price indeter­
minacy which is obtained at the full capacity limit of each vint age, i.e. at the end of 
each step in the function. The inverse supply function is written as, 

Pi(qi) 

Pi ~ vi(7) : qi(r) < qi(r) 

•vj_(r) ̂  Pi < vì(t+1):  qi(r) - qi(7), 7 < NV 

vj_(7) < Pi < « : qi(r) - qi(r), 7 - NV 

(3.2.26) 

The shape of the function is obviously determined by the input prices and the techni­
cal and capacity constraints given by the vint age production function. Examples of 
such invers e vintage supply functions, also called "Hec kscher • functions", for the 
manufacturing industry in the Swedish county of Norrbotten, are given in Figure 3.2. 

The name of the "Heckscher - function" originates from the Swedish economist E. 
Heckscher, who used a similar illustration while discussing the effecs of decreases in 
the customs duty on a sector [Heckscher (1918)]. The supply price for each yea r is 
normalized by the unit cost which gives a zero quasi-rent. The figure reveals some of 
the structural problems faced by the industry in the county in the second half of the 
seventies. Between 1973 and 1978, total supply decrea sed while the cost level in­
creased, the supply function thus shi fted backwards and upwards. After changes in 
the relative prices, due to deva luations, as well as scrapping of old and inv estments 
in new techniqu es, the industry could recover in th e beginning of the eighties and 
shift the supply function back to and beyond the 1973 position. 

13 The supply function may also be written with input prices and wages as further arguments. 
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Figure 3.2 Inverse supply functions of "Heckscher" type for the manufacturing 
industry in Norrbotten, 1973, 1978, and 1983. [Data from SIND, 
1980 prices, thousands SEK]. 
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The marginal cost level was used in the formulation of the supply function. It is 
possible to show that this level always is equal to or exceeds the average cost level.14 

It thus reflects the mix of constant and decreasing returns to scale in a vintage pro­
duction function of Hex post" type. 

The vintage cost functio n, c^(*), is nondecreasing, homogeneous of degree one 
and concave in factor prices.15 Hence, the factor demand functions a re homoge­
neous of degree zero, i.e. a uniform change of all factor prices has no effects on the 
amount and relative shares of demanded factors. 

To the increasing sequence of unit cost leve ls in (3.2.24), corresponds a monotone 
decreasing sequence of dual variables associated with the capacity constraint (3.2.22) 
in problem (B:II)16, 

â id) > âi(2) > > âi(NV) > 0.  (3.2.27) 

We may therefore also interpret ( r ) as an efficiency measure related to the unit 
cost advantage of vintage r, i.e. quasi-rents.17 

Let a i denote the shadow value of the demand condition (3.2.21) in problem (B:II), 
interpreted as the opportunity cost to produce the marginally demanded unit. The 
dual to problem (B:II) is then, 

14 Fjfasund and Hjalmaisson (1987). 
15 Proofs may be obtained from Varian (1984). Homogeneity implies that a change of all factor prices 

by a positive scalar, does not affect the ordering of the vintages. Hence, the costs in creases with a 
factor given by the scalar. Concavity is a result of the substitu tion process away from factors with 
increasing prices. 

16 With an inelastic demand function, as in (B:II), the last inequality holds as an equality. 
17 Observe that a similar notation on a dual variable to a specific condition is utilized independent of 

the objective function . The dimension in which the dual is measured therefor e varies with the 
objective function. 
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(3.2.28) 

s. t. aL - ät(r ) ^ V i ( r ) ,  all f  (3.2.29) 

âi(r) , ai â: 0, all r (3.2.30) 

This problem may be interpreted as maximization of the imputed sales value less the 
"imputed profits ", under an efficiency cond ition on each vintage. From condition 
(3.2.29) and the fact that qi ( r ) is the dual variable of this condition, we obtain the 
following rules for the activity of each vintage, 

qi(0 - qi(0 > 0, if ai  >  V i ( r )  ; âi(r) > 0 

qi(r) £ qi(r) > 0, if - V£(r) ; ä^(r) - 0 (3.2.31) 

q i ( r )  - 0, if ai < vj/r) ; äj_(r) - 0 

It is clear from above that the imputed price of demand corresponds to the sum of 
the variable cost of production and the quasi-rent in the marginal vintage. By that, 
conditions similar to conditions (3.2.17) - (3.2.19) given by problem (A:I)-(B:I) have 
been received. Moreover, if pj, w^, and in (A:n)-(B:II) are set to the optimum 
values of ctj, and q^ in a solution of (A:I), the solutions of (A:I) and (A:II) are 
equal. This illustrates a duality between cost and production functions. The cost 
function reveals the technological properties given by the sector production function. 
As mentioned previ ously, this may be used to explore the isoquant map and the 
region of substitution of the vintage production function. 

The problem (A:II)-(B:II) may be reformulated as an (LCP). Hence, the formu­
lation is easily introduced in more general problems and solved by algorithms other 
than (LP). To simplify, we change to a matrix notation w hile developing the (LCP) 
formulation. 
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Let Ii (O denote a vector of vintage production levels and qj.(r) a vector of vin­
tage capacities in a sector, 

qiCO " 

[NV X 1] 

qid) 

qi(NV) 

qi(0 -

[NV X  1] 

qid) 

qi(NV) 

(3.2.32) 

Moreover, let r ) be a vector of fixed vintage unit costs as defined in (3.2.5), and 
a summation vector of ones, 

• i(r)  • 

[NV X  1] 

Vi(l)  

Vi(NV) 

(3.2.33) 

Si - [ 1 1 ] . (3.2.34) 

[1 X  NV] 

The capacity distribution of active vintages at a given demand, d^, is obtained from 
a reshapening of problem (B:II) into, 
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(B:II ') :  

Min •i (r)Tq i(r)  (3.2.35) 
{gj/O) 

s . t .  Si<li(r)  ^  dj  (3.2.36) 

q i(r)  < qT ( T )  (3.2.37) 

qi(r)  > 0 (3.2.38) 

Let a i as previously be the dual variable to the demand constrain t (3.2.36) and let 
be a [NV x 1] vector of dual variables to constraint (3.2.37). Then, the dual 

problem to (B:H') is, 

(A:II ' ) :  

Max - q£(r)^aj(T) (3.2.39) 
l<r l t  V^r)}  

s. t .  -  cr^(r)  < V£(r) (3.2.40) 

a i t  äi(r)  > 0 (3.2.41) 

From the Lagrangean function associate d with (A:IT)-(B:ir) one may derive th e 
following Kuhn-Tucker conditions, 

SI./Sqi(T) - VÌ(t)T - + ai(r)T > 0, 

qi(f)T[«L/«q i(r)]  -  0, q i(r)  > 0,  (3.2.42) 

£L/Sct£ — - S£q£(r) < 0, 

a^-L/Sai} - 0, oi > 0, (3.2.43) 
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5L/«ä i(r)  -  qj/r)  + qi(r)  S O, 

ài(r)T[5L/fiài(r)]  -  O, äj /r)  £ 0.  

Chapter 3 

(3.2.44) 

Those conditions may be rewritten as the nonnegative system, 

5L/«qi(r) •i(*-) 

-61. /Sai  - -dl + 

5L/£<7£(t)  Ii(*") 

0 -Si1 I 

S£ 0 0 

- 1 0  0  

qi(0 

a i  
0±(T)  

(3.2.45) 

with the complementarity and nonnegativity conditions, 

qi(*")T[$V5qi(0] + ailS'L/Sai] + ai(r)T[5L/«ai(r) ] - 0, 

qi(*">. °i, *i(0 > 0. 
(3.2.46) 

Together, (3.2.45) and (3.2.46) gives the definition of an (LCP). The skew symmetric 
shape of, and the zero's in, the coefficient matrix verify the linear programming cha­
racter of the problem. The complementarity condit ion gives the following equil i­
brium condition between sales value and factor costs, 

di"i - + qi(r)Tâi(r) (3.2.47) 

The complementarity problem may thus be interpreted as a problem of finding the 
output price, the activity levels and quasi-rents whi ch satisfy this equilib rium con­
dition. Since (3.2.45) is a monotone system such an equilibrium exists, although it is 
not neccessarily unique. 
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We have in this subsectio n formulated the vintage cost function and the inverse 
supply function. Both are increasing monotonously in output. The shapes of the 
functions are obtained by formulation and solution of a set of linear compleme nta­
rity problems. Hence, any algorithm that solve s a (CP) or a (VIE) may be used to 
obtain the functions. 

3.2.4 THE VINTAGE PROFIT FUNCTION 

The vintage profit function is determined by the vintage production function and the 
prices of output and factors.18 In this section, properties of the profit function and 
the duality between the production and profit functions are discussed. In addition, it 
is also shown how the ordinary vintage supply function is obtained from profit 
maximization. Fina lly, the (LCP) representation of the vintage profit function is 
derived. 

The vintage profit maximization problem is stated as, 

(A:III) : 

Max S *i(0qi(0 
{qj/f)} r 

s.t. qi(0 ^ qi(0 . all r 

qi(r) > 0, all r 

(3.2.48) 

(3.2.49) 

(3.2.50) 

The problem has a special character in the sense that there are no bounds on avail­
able factor quantities or on the level o f demand. The constraints are obtained from 
the technological limitations on each vintage, which together giv e the industry pro­
duction possib ility set. Compare this with the vintage production function. In that 
case a pure quantity constrained problem was solved although it may be scaled to a 
sales value maxim ization problem after multiplication of output by it's price. The 

18 The profit function has also been formulated as a vintage value added function [Joha nsson and 
Strömqvist (1980)]. The value added functio n has the same properties as the profit function but 
shape and optimal solution differ. 
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vintage cost function was a function of inpu t prices and the demand lev el. Hence it 
was a mixed price-quantity constrained problem. 

The vintage profit function is obtained as the solution to (A:III) under the sole vari­
ation of prices. The functio n is continuous, nondecreasing in the output price, and 
nonincreasing in input prices. At each fixed set of prices there exists an optimal, 
although not always unique, solution due to the concavity in output of the objectiv e 
function. Hence, without quantity restrictions on inputs or aggregate output, an 
optimal solution, also bounded from above by the existing aggrega te capacity, is 
obtained. This further illustrates that the underlying vintage production function has 
a mix of constant and decrea sing returns to scale although each vintage has CRTS. 
The duality between the profit and production functions makes it also possib le to 
derive the isoquants in the production function by vary ing the prices in the profit 
function instead of using the cost function [Seierstad (1985)]. 

Further insights regardin g the profit function may be obtained by considering the 
following dual to the above maximization problem, 

(B:III): 

Min 2 qi(r)ai(T) (3.2.51) 
T  

ct^ t )  £  J T i ( r ) ,  all t (3.2.52) 

ai(r)  £ 0,  all r (3.2.53) 

In problem (B:III), the imputed nonnegative quasi-rents are minimized under the 
condition that the quasi-rent always is equal to or exceeds the unit gross-profit in a 
vintage. Together (A:III)-(B:III) yield a new set of vintage activity conditions, 
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qi(r) - qi(0 > 0, if irj(r) > 0 ; a^r) > 0, 

qi(r) £ qi(r) > 0, if irj r̂) - 0 ; a^r) - 0, (3.2.54) 

qi(r) - 0, if *i(r) < 0 ; a^(r) - 0. 

The fact that gross profits may be negative while quasi-rents always are nonnegative 
is an important distinction which, in the sequel, is utilize d in (CP) formulations of 
the problem. The conditions above may be compared with the conditions in (3.231). 
It is obvious that the conditions are similar if in (3.2.54) is set equal to in 
(3.231). Hence, if the sector output price in the profit problem equals the shadow 
value of demand in the cost minimization problem, the solutions are equal. 

When factor prices are kept fixed and the output price is varied, a monotone supply 
function is obtained where is a multivalued function of th e market price. The 
form of the function is conditional on the quasi-rent in the marginal vintage r, 

qi(Pi)  -  -

if <7j[(r) > 0 : S qt(r) 
r-1 

r - 1  7  
if âi(r) -0:2 qj^r-l) < < S q^r) 

r-1 r-1 

(3.2.55) 

Such ordinary "Hotelling" supply functions are, for the metal, machinery and equip­
ment industry in Norrbotten, depicted in Figure 33. The supply price for each year 
is normalized by the unit cost in the zero gross-profit vintage. 

The sigmoid form of the functions verifie s the previously discuss ed observations 
made by Hotelling (1932). The development in the metal, machinery and equipment 
industry in Norrbotten shows a different pattern then what was g iven in Figure 3.2 
for the total manufacturing industry in the county. In 1973 the industry was small 
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Figure 33 "Hotelling" vintage supply functions for the metal, machinery and 
equipment industry in Norrbotten 1973,1978 and 1983. [Data from 
SIND, 1980 prices, thousands SEK] 
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and not especially robust, minor changes in the relative prices may in such situations 
result in major close downs. During th e middle of the seventies, the industry in­
creases both its aggregate supply and the gross profits. However, between 1978 and 
1983 the supply function is almost unchanged. This may reflect the problems in the 
rest of the industry during the second half of the seventies. 

Whether the vintage supply functions should be illustrated as Heckscher or 
Hotelling funct ions is a question of convenience, since they are inverses of each 
other. The condition for positive supply in a vintage is in the cost minimization prob­
lem, 

Since a i is a nondecreasing monotone function of d ^, vintages are activated in the 
same order when p£ increases from zero to infinity, as when increases from zero 
to the capacity limit of the industry. This gives the inverse relation between the 
"Heckscher" and the "Hotelling" supply functions. 

The vintage profit function is linearly homogeneous and convex in prices with factor 
demand functions homogeneous of degree zero.19 The vintage production, cost, and 
profit functions give factor demand functions which are more complex and general 
than what normally may be obtained from smooth standard production functions. 
The factor demand functions are thus not possible to derive in close d form by, for 
instance, means of Hotelling's or Sheppard's lemma [Compare Hildenbrand (1981)]. 
Except for very trivial cases, only numerical simulations may give the exact shape of 
the functions. Usually, it also implies that one cannot make quantitative assumptions 
regarding the form, e.g. symmetry, of the Jacobian mat rix of deriva tives in advance 
of a simulation. However, the own-price effect on output is always nonnegative. 

oi(r)  + V j [(r)  -  oi  -  0, (3.2.56) 

and in the profit maximization problem, 

<ri(r)  + V£(r)  -  p^ -  0. (3.2.57) 

19 Apply the proofs in Varian(1984). 
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Formulated as a problem of optimization, the industry profit function may be repre­
sented as an (LCP). Define the vector, »^(r), of unit gross profit coefficients as: 

The problem (A:III)-(B:III) may then be formulated as, 

(Arili'): 

Max WiCOTq^r) s.t. qj.(r) < qi(r), qi(r) > 0 (3.2.59) 

(B:III') : 

Min qi(r)Tffi(r) s.t. ä^(r) £ wj/r), äj(r) £ 0 (3.2.60) 

From the Lagrangean functions associated with (A:III') and (B:IIT), one may derive 
the following Kuhn - Tucker conditions, 

*i(l) 

*i(f) - (3.2.58) 

*i(NV) 
[NV X 1] 

5L/5qi(r)  *i(r)  + a4(r)  ä: 0 ,  

qi(*")T[^V5q±(»")] -  0, qi(r)  £ 0,  (3.2.61) 

-  6L/6oi (r )  -  qi(r)  -  qi(r)  £ 0,  

a£(r)T[fiL/iai(r)] -  0, a^(r)  £ 0. (3.2.62) 
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Those conditions may be rewritten as the system, 

ÄL/«q i(r)  -*Ì(T) 
4-

0  I  qi(r)  

8-L/SÖII T) qi(f)  -I  0 *!(*•) 

(3.2.63) 

and the following complementarity and nonnegativity conditions, 

q i(r)T[ÄL/«q i(r)]  + ä t{r)^[6-L/6ä^r)\  -  0, 

qi(r) ,  äi(r)  > 0.  (3.2.64) 

Together, conditions (3.2.63)-(3.2.64) give the (LCP). The monotonicity of (3.2.63) 
guaranties that at least one solution exists as long as the solution space not is empty. 
The multivalued character of the supply function implies that the solution may not 
be unique. The system (3.2.63) once again empazises the distinction between gross 
profits and quasi-rents which was observed in (3.2.54). 

3.2.5 SUMMARY OF THE VINTAGE FUNCTIONS 

We have in this section di scussed some properties of the vintage producti on, cost, 
and profit functions. Independent of wh ich of the functions we are chosing, the vin­
tage activity rules contain a measure of the quasi-rent in each vinta ge. In Table 3.1 
below, those rules are summarized in order to clarify the relation between different 
prices and quasi-rents. 
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Table 3.1 Summary of the activity rules for each vintage. 

THE VINTAGE PRODUCTION FUNCTION: 

âi(r) + S ajajj_(r) + /i^Cr) - 1 £ 0, q£(r) Ss 0, 

qi(^) + S <7jaji(r)  + mli(r)  -  1] -  0. 

THE VINTAGE COST FUNCTION: 

ffi(r)  + Vi(r)  -  aj_ ä:  0 ,  qi(r)  2: 0 ,  

qi(r) [^i(0 + vj_(r) - ai] - 0. 

THE VINTAGE PROFIT FUNCTION: 

?i(r) - ffi(r) £ 0, qi(r) St 0, 

qi(0 [ î (r)  -  ir i(r)]  -  0. 

With the interpretation of the dual variables as shadow prices and quasi-r ents, the 
similarity between the conditions in Table 3.1 is evident. After normalization of unit 
profits, as defined in (3.2.4) - (3.2.5), by the output price, the relation between the 
vintage profit and production functions may be studied further, 

*i(0/Pi - 1 - S(pj/Pi)aji(T) - (wi/pi)li(r) . (3.2.65) 
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If the exogenous unit gross profits in the profit maximization problem (A:III) a re 
given by, 

where (r ) now is the dual variable to the vintage capacity constraint in the vin­
tage production function (A:I)-(B:I), measured in output quantities, then the 
solutions obtained from the production and profit functions would be equivalent. 

If quantity constraints on input and demand are imposed on the profit function, the 
interpretation of the dual variables is modified. Consider problem (A:IV), 

*i(0/Pi - (3.2.66) 

(A: IV): 

Max 2 !r£(r)q£(r) 
<qi<T)} r  

(3.2.67) 

s.t. S qi(r) £ (3.2.68) 
r 

S ajI ( T)qi(r) < qji(  

S li(r)qi(r) < L 

all j (3.2.69) 

(3.2.70) 
r 

qi(r) ̂  qi(r), all T  (3.2.71) 

qi(r)  > 0,  all r (3.2.72) 

In this profit maximization problem, th e constraints both from the industry pro­
duction and cost functions hav e been introduced. Differentiation of the associated 
Lagrangean, gives the following activity conditions, 
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$ -  - JT£(r)  + 2 CTjajiCr) + /^IJ^T) 

+ äi(r )  -  aj_ £  O, 

qi(r)$ - 0, qi(r) > 0. (3.2.73) 

From the definition of unit gross pro fits in (3.2.6), we may rearrange the inequality 
into, 

ffi(r) + S(pj + ffj)aji(r) + (w^ + 

• (Pi + *i) ̂  0. (3.2.74) 

The dual variables a^, aj and Mi are, in this problem, interpreted as the difference 
between the exogenously given prices and the imputed pri ces, corresponding to the 
alternative cost of each utilized resource. Such differences between exogenous prices 
and dual variables may be used to obtain prices based on opportunity costs. An 
iterative algorithm around an (LP) with a master program which adjus ts the pre­
vious prices towards the shadow values could be used to solve this type of problem. 

3.2.6 EMPIRICAL INFORMATION OF VINTAGE STRUCTURES 

In this subsection some further empirical illustrat ions of vintage distributions are 
given. The limitations of the empirical source for the models presented pre viously 
are also indicated. The data is derived from the industrial statistics obtained from 
Statistics Sweden (SCB). Annually, SCB collects information from all establishments 
with more than five employees within the mining, manufacturing and building 
industry. From this source, the Swedish National Industrial Board (SIND) then pro­
duces the following vintage information, 

* Number of employees, Lj ( r ). 

* Labour costs, W£(t)L£(t). 
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* Salesvalue,p£(r)q£(r) .  

* Costs of intermediate goods, v^(r) - S Pj(r)qji(r) .  

Above, each variable is given an appropriate notation related to what has previously 
been used. Prices have an extended notation to elucidate the fact that establishments 
obtain differentiated prices even in sectors producing commodities traditionally 
regarded as homogeneous, as shown by e.g. Wibe (1985). This reflects variations in 
commodity compos ition and other heterogeneities and gives a remainder of the 
limitation of the homogeneity assumption. 

When the vintage model is estimated with this empirical material, two problems 
especially arise. The effects of aggregation of heterogeneous co mmodities into sec­
tors which are assumed to produce a homogeneous output, and the confidentiality 
rules which prohibit utilization of all details in the material. 

The need for aggregation implies a utilization of variables in terms of values. In the 
model, the following accounting relation may be determined for each vintage, 

Piqi(0 - *i(0qi(0 + Wi(r)Li(r) + S P j q j i (T ) • (3.2.75) 

It is thus assumed to be possible to separate price and quantity variables from each 
other. The database does not allow for such a separation in all cases. For example, 
the unit cost, which was introdu ced in equation (3.2.5) often at best may be esti­
mated as, 

Vi(r) - [Spj(f)qji(r) + wi(r)Li(r)]/Pi(r)qi(r). (3.2.76) 

Hence, when vintages are compared, one cannot differentiate between price and 
technical causes to cost advantages and quasi-rents. The simple solution of this prob­
lem, which is best in sectors with homogen eous commodities, is to set the bench 
mark prices equal to one in all sectors. Possible price advantages, for example as a 



-65- Chapter 3 

result of location, financing or marketing effo rts, are then interpreted as technical 
advantages. An entirely satisfactory estimation of the production function in 
problem (A:I) which relies on technical information only, is generally cumbersome. 

The second problem, the confidentiality problem, is by SIND solved by aggregation 
of work places into groups of three or more. The aggregation is made in order to 
obtain as homogeneous units as possible.20 A "vintage" does because of this prima­
rily reflect the economic age of a group of, in some sense equal, establishme nts 
measured, for example, by their profitability. Technically, this vintage is composed of 
equipment with a variation in the time of installation . The assumption is that the 
economic age summarizes the combination of technical, management, and other 
features into a single measure. Althoug h information is lost with the aggregation, 
this loss has to be related to the fact that th e model is oriented towards the meso 
level. 

The vintage formulation introduces structural rigidities at this meso level. Processes 
observable at other aggregation leve ls, some of whic h also work on different time 
scales, then have to be simp lified or neglected . In the model, this approximation of 
the micro level i s reflected by the aggregat ion and Leontief representation of each 
establishment. 

We dose this subsection by a short discussion of two "snapshot pictures" obtainable 
from the database.21 After calculation of the value added per employee in each vin­
tage, the productivity distributions in Figure 3.4 may be defined. 

Those distributions give indications about the sensitivity of the industrial structure, 
especially the labour demand, in relation to changes in prices and wages. The labour 
demand elasticities at different points ma y be calculated from the functions, which 
may be approximated by inverted logistic functions.22 The flatter the function 
becomes nearby the average wage level (the horizontal lines in the figure) the more 
sensitive the industry is in relation to disturbances. The figure illustrates the large 
problems the industry in Norrbotten met in the end of the seventies. The situation in 

20 Johansson and Marksjö (1984). 
21 Compare also with Figures 3.2 and 3.3 which arc created with information from the same database. 
22 Johansson and Marksjö (1984). 
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Figure 3.4 Productivity distributions and average wages (the horizontal lines) 
in the manufacturing industry in Norrbotten and Sweden 1978. 
[Data from SIND, thousands SEK]. 
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the total Swedish industry was also proble matic, but the figure makes it clear that 
large regional differences occurred. Almost 25 percent of the labour force in 
Norrbotten was employed in establishments with a labour productivity less then the 
average wage level. It is also interesting to observe that the average wage level was 
higher in Norrbotten compared with the average of Sweden. 

The next two figures give related information but from another angle. The share of 
labour cost out of value added in a vintage is defined as, 

0£(r) - wi(r)Li(r)/[wi(r)Li( T )  + ir r̂)qi(r)  ]  ]  .  (3.2.77) 

In Figure 3.5 on the next page, the labour cost share is depicted in percent for the 
Swedish manufacturing industry 1973, 1978 and 1983, while in Figure 3.6 the same 
measure is given for the industry in Norrbotten. 

Figure 3.5 shows how the labour cost share increased almost uniform ly between 
1973 and 1978, and how it decreased again between 1978 and 1983, so that the 
industry became more profitable compared with the situation in 1973. In 
Norrbotten, the shifts were larger esp ecially in 1978, which clearly was a year with 
large losses. 

Inspection of Figures 3.4 to 3.6 reveal two circumstances of special interest. The first 
observation is that the "activity condition" derived previously, i.e. zero production in 
vintages with negative unit gross profits, is not completely in accordance with empi­
rical facts. Vintage s with negative profits may be active. In the theoretical world 
which is described by our model, this would represent a misallocation of resources. 

A second feature is a rather stable overall structure along a sequence of years, espe­
cially for larger regions and similar stages in the business cycle. One may argue that 
this is an expected result of a normally distributed material and that the movements 
of individual establishments have not been followed. However, such studies of indi­
vidual establishments and their transition patterns indicate that movements of 
establishments between classes of gross profit shares under consecutive years show a 
high degree of stabi lity and a tendency towards diagonal dominance in the annual 
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Figure 3.5 Labour cost shares for the Swedish manufactu ring industry 1973, 
1978 and 1983. Percent. [Data from SIND.] 
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Figure 3.6 Labour cost shares for the manufacturing industry in Norrbotten 
1973,1978 and 1983. Percent. [Data from SIND.] 
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transition matrices.23 Such rigidities may be explained by the durabilit y of existin g 
capacities caused by temporary monopolies as well as by the ongoing investments in 
new, and scrapping of old, machinery and routines to maintain a satisfying profit 
level. Nevertheless, the structures are not completely robust, and effects of business 
cycle movem ents, exit, entry and changing international competition may be ob­
served in the figures. This also becomes more evident the smaller the region is. 

With those observations in relation to the empirical material, both t he advantages 
and problems with the estimation of the vintage model has been illustrated. The 
vintage approach gives an interesting alternative to conventional production 
functions and turns the interest towards the dynamics of vin tage structures, i.e. the 
process of structural change. Therefore, the next section is devot ed to inclusion of 
investments in the vintage model. With investments, the model offers a deeper 
understanding of the interaction between rigidities and change. 

33 INVESTMENT IN NEW VINTAGES, TECHNICAL 
CHANGE, AND TEMPORARY MONOPOLIES 

Although restricted, the vintage formulations presented so far gives a tool for ana­
lysis of structural chang e. They represent an existi ng structure and may be used in 
sensitivity analysis of this structure. Howe ver, demand for invest ment commodities 
were exogenously given and unconnected with an entry of new vintages. The entry of 
new capacity was neither modelled as a competition with sunk costs in existing capa­
city. Hence, fundamental aspects of production dynamics were excluded. 

Entry of new capacity may be treated by introduction of a "best practice" technique 
as a new vintage [Salter (I960)]. The best practice technique is defined as the most 
efficient (cost minimizing) exist ing technique for the current, or expected, set of 
prices at a point in time. The concept is often also related to the ex ante macro pro­
duction frontier from which the appropriate equipment is chosen [Johansen (1972)]. 

23 Johansson and Holmberg (1982), Strömqvist (1983). 
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Estimation of the "best practice " technique in a sector and location at a point in 
time, allows for a variety of approaches.24 Estimation of a traditional smooth ex ante 
frontier is, beacuse of the problem to separate price and quantitati ve information, 
cumbersome with the Swedish establ ishment database but may be obtained from 
time series of data at the industry level. An alternative approach is to utilize vintage 
functions based on sales value, value added or gross profits. Efficiency may then be 
measured as the labour productivity or the gross profit share out of value added. 
The technical description of the best practice technique is obtained from an average 
of the input coefficients in the 10 or 25 percent most efficient vintages at the 
expected relative prices. 

In Figure 3.7 on the following page, this approach is shown in the upper figure and 
compared with an ex ante frontier approach in the lower figure at two different price 
relations. The areas marked with lines separate the ten most efficient percentages of 
all vintages under two different relative prices. The best practice technique is the 
weighted average of those ten percent values. Instead, the "frontier approach" 
implies that a smooth function is estimated from which the new technique is derived 
at a given price relation. The frontier approach thus generally gives a more efficient 
"best practice" technique. 

Extensions of the vintage approach involve estimation of the trend in t he growth of 
efficiency in the best practice, by which forecasts of "the future best parctice set" may 
be done. This is necessary in order to introduce technological progress besides the 
substitution effects discussed in relation to Figure 3.6. In both those approaches, the 
technique embodied in new capacity does not correspond to an exisiting production 
technique, as is the case in e.g. engineering analysis. Combination s of the engi­
neering approach, the ex ante production function, and the vintage approach are 
possible as long as consistency is secured. 

In a model with endogeneous entry, the vintage function is extended to include con­
ditions for introduction of the new capacity. New capacity competes with sunk costs 
in existing vintages and the latter have by this a situation of tempora ry monopolies. 
Existence of such advantages is on the other hand also a force to make investments 
in new advanced techniques. Entry of a new technique characterized by high invest 

24 Compare Fffasund and Hjalmareson (1987). 
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Figure 3.7 Best practice sets [the upper figure] and a n ex ante frontier with 
two relative price lines. 
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ment costs and long durability may, if the technical advantage is not large enough, be 
facilitated by an increase in demand. Investments in marketing and design may help 
the entering technique to obtain a better price compared to the sector average. In 
the model the latter situation will be represented by an increased advantage for the 
technique. 

Below, such a single commo dity model with end ogenous entry of new capacity is 
introduced. A similar model with a vintage profit function has previously bee n 
suggested by Johansson and Westin (1987).25 

Let the production in new capac ity be denoted by q^(r*) and let the unit gross 
profit in this technique be, 

*i(r*) -  Pi - Vi(r*). (3.3.1) 

Moreover, let the annual [periodical] capital cost per unit new capacity be given by 
Here 5^ is an annuity factor [a function of the rate of interest and the 

expected lifetime of, and risk i nvolved in, the investment] and is the cost of one 
unit capacity in sector i. Introduction of those features into the profit maximization 
problem (A:III) results in the following objective function, 

Z[Pi - vi(T)]qi(r) + [pi - Vi(r*) - fiikjjqj/r*) . (3.3.2) 
T 

A number of comments may be made in relation to this objective. The new tech­
nique will be introduced if the gross profit minus the periodical cost of capital is 
positive. The exlcusion of capital costs in existing vintages represents the sunk costs, 
which new capacity has to compete with in the introduction phase. 

Entry of the new capacity involves a press on the output price in the sector which 
may make old capacit ies obsolete. However, if this is the case and no further con­
straints are imposed, the problem may be unconstrained and contradict observed 

25 Models based on maximization of value added may be found in Johansson and Strömqvist (1980). 
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behaviour.26 Three different constraints may be suggested to bound th e problem. 
One is to limit available funds of investment capital.27 Let K^, denote the available 
investment capital, e.g. loanable funds. The constraint is formulated as, 

kiqi(r*) < Ki. (3.3.3) 

Implicitly, this constraint assumes existence of imperfections in the finandal 
markets, which may be difficult to motivate in the medium term. A less binding but 
still rigid alternative is a step function for the annuity factor. The rate of interest 
would then increase with the demand for funds. Another possible constraint may be 
a limit on the demand at the given exogenous market price. Such a constraint has 
been introduced earlier in the text, for example constraint (3.2.20), and reflects exo­
genous knowledge regarding the demand function. This approach would correspond 
to an accelerator approach where the investme nt in new capac ity is constrained by 
the gap between perceived demand, at the price possible to obtain after the new 
technique has been introduced, and the output in the existing capacity, 

qi(r*) - di - S qi(r) (3.3.4) 
r 

A third type of constraint may be a limit on available input resources i.e. labour 
supply and intermediate goods. This was previously exemplified in problem (A:IV). 
With an introduction of investments, this group may be further extended to include 
constraints on the availability of investment goods, of land, and of floor space for the 
installation of the new capacity.28 

The value of 6 ̂  is important for the speed of structural change in the model. It 
reflects the expected durability of the new capacity from an economic point of view. 
A long expected life- time may reflect an expected slow rate of structural change, 
which gives a low expected yearly cost and a low 6 £. Entry is then facilitated. How­

26 Observe that there is no capacity constraint on the new technique. This is also reflected by the 
linearity in the capacity co6t. Ex po6t of investment is the capacity set to the production level at the 
time of investment. 

27 Karlqvist and Stiömqvist (1982). 
28 Johansson and Snickars (1988). 
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ever, in the model there is no penalty if a faster structural change than expected 
involves bankruptcy for the owners of a vintage. In a period of fast structural change 
and short expected life times, 5^ will increase and large scale projects become 
costly, which will have a dampening effect on change. When S ̂  becomes a function 
of the speed of structural change, an interesting nonlinear stability problem is gene­
rated, which may be analyzed within the model formulatio n by compara tive simu­
lations. 

The technique in the new capacity may not only be given by input-output coefficients 
in the existing best practice, but may also be a function of the scale of operation and 
should then ideally be endogenously determined in the model at the time of invest ­
ment. If techniques, but also capital costs and investment coefficients depend on the 
size of new cap acity, new nonlinearities are introduced into the model. In this case 
we can write V ^(R*, q (T*)), d£(q(r*)) and ki(q(r*)). Within a linear 
programming approach, this may either be modelled as a problem with optional, but 
mutually exclusive, techniques or a step function. With a nonlinear algorith m more 
efficient solutions may be tested. 

In this section we have assumed that only one new technique is chosen in each sector 
and that it is treated as a single "block" of new capa city. An alternative approach 
could be used to develop a more realistic model, whereby new capacity is distributed 
over existing vintages and expectations on the character of the best techniques v ary 
among the investors due to nonuniform information. In the next section such distri­
butions of both exit of old and entry of new capacities are discussed. 

3.4 EXIT AND ENTRY OF CAPACITIES 

The vintage model presented in section 3.2 gave solutions where the activity in units 
with a negative gross profit were zero. This is, as was observed in subsection 3.2.5, a 
simplification of reality since we could observe, at least in the short-run, act ive vin­
tages with negative gross profits. I n the previous section, the time horizon was 
longer, because of the gestation lag in new ca pacity. A negative gross profit wo uld 
then be possible to interpret as an exit and a scrapping of the vintage. In this section, 
our aim is to discuss the realism of this exit func tion further and to present some 
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empirical studies of capacity exit. Thereafter, our interest is turned towards the 
realism in the treatment of new capacity as a single vintage. 

A couple of studies have invest igated th e empirical vali dity of the zero quasi-rent 
exit function.29 Although those studies give a varied picture, a common conc lusion 
is: 

* The exit function in the vintage model is a considerable simplification. Without 
exception, all investigations showed that a negative gross-profit neither is a 
necessary, nor sufficient condition to close a vintage. 

However, closed vintages were on average less profitabile compared with active 
units. Strömqvist (1983) estimated exit functio ns, with an exponentially increasing 
probability for exit as a function of the labour cost share 0£ ( r ), with some success. 
Those functions have a positive exit probability even in the most profitable vintages, 
which is in accordance with empiric al observations. On the Other hand it was ob­
served that establishme nts remained acti ve for years although the profit was nega­
tive. Movements within the structure between profitability classes were shown to be 
as important as exit of old units and entry of new units. 

The fact that profitable establishments are closed down may be explained by various 
arguments. One explanation is the use of gross profits instead of net profits in the 
data base, forced by lack of information on the latter. The gross profit in an 
establishment covers overhead costs, de predation, cost of repairs etc. Hence, a 
positive but not large enough gross profit may gi ve a negative net profit. Govern­
ment subsidies as part of a regional policy program, for example, may instead 
improve the finandal result in an establishment, beyond what is shown by the gross 
profit measure/Strategic behaviour and nonuniform expectations among firms about 
future market and technical, changes, may be other explanations. 

The results of the studies do not completely contradict the quasi-rent activi ty rule, 
but suggest that refinements are possible. The use of a probabilistic exit functio n 
may be one way to improve the model. Such a function can operate at the national 

29 Johansson and Strömqvist (1980), Strömqvist (1983), Stålhammar (1985), Hjalmaisson and 
Eriksson (1986). 
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level or with regionally differentiated exit probabilities. The latter would reflect dif­
ferences in the regional env ironment which increase or moderate the exit probabi­
lity. If the function also inclu des a time-dependent shift term, dynam ic changes in 
such environmental factors or in firm strategies which not are reflected in the gross 
profit share may be taken care of. 

In ligure 3.8, a zero quasi-rent and an exponential exit function are depicted.30 The 
functions may be compared with what Johansen (1972) called "capacity utilizat ion 
functions". The former is associated with uniform myoptic expectations in homoge­
neous sectors, while the latter reflects nonuniform formation of expectations. 

EXIT PROBABILITY 

0.5 

0 
GROSS P ROFIT SHARE 

Figure 3.8 Two exit functions. [Adapted from Johansen (1972) and Strömqvist 
(1983).] 

30 lime-dependent physical depreciation functions aie alternatives to the exit functions. The problem 
then is to obtain information on the phys ical age, instead of the economic age used in the above 
functions. 
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A way to rationalize the quasi-rent approach may be to regard it as the long-run 
effect of an isolated disturbance while the short-run effect due to time "lags" in the 
formation of expectations more closely follows the exponential function.31 

When dealing with entry of new cap acity, the studies referred to earlier show that 
entry of establishments is not constrained to the most profitable part of a sector. 
Instead, unprofitable establishments are also introduced, and entry is almost equally 
distributed over the gross profit dist ribution [Strömqvist (1983)]. The most obvious 
explanation for this is diverse expectations on relative prices and the behaviour 
among rivals, but also on expected locational advantages or disadvantages of a plant, 
as a result of a dynamic analysis of future demand. 

An interesting pattern is revealed if, as in Figure 3.9, investments per employee are 
studied instead of entry of capac ity over gross profit shares. An explanat ion of the 
convex shape of the distribution may be sugge sted in relation to the product cycle 
theory. Product-oriented investment s are made in advanced establishments wh ich 
obtain high profits. On the other hand process-oriented, and often labour saving, 
investments are made in low profit classes to exploit returns to scale and to extend 
the lifetime of an establishment. The first type may be called offens ive and the 
second type defensive investments. By analys is of such investment patterns, the 
future labour market situation in a region may be forecasted. In a dynamic vintage 
model, changes between the two types of investments may be introduced by means 
of a master equation. This equation then changes the entry probabilities in relation 
to the business cycle [Compare Haag et al. (1986)]. 

The type of entry discussed so far may be called embodied improvements in new or 
existing units. Disembo died improvements would be revealed by a decrease over 
time in the input coefficients even without investm ents, as a result of learning by 
doing etc. This may be introduced in the vintage model by an adjustment of the 
input-output coefficients. The speed of adjustment may then be a function of the 
labour skill in the vintages. 

31 Compare Fjfosund et al. (1987) and the "optimal (inefficiency* in a sector wher e units with nega­
tive quasi-rents are active. 
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Figure 3.9 Investments per employee [SEK] over gross profit shares in the 
Swedish manufacturing industry. Averages for the years 1972 -1978 
in 1975 prices. [From Strömqvist (1983).] 
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3.5 TECHNICAL CHANGE AND LABOUR SKILL 

So far, labour has been assumed to be a homogeneous input factor. However, both 
in Chapter 2 and the previous section, the mutual interdependences between labour 
skill and economic development was emphasized. In the vintage model, the inter­
action between structural change and heterogeneous labour is introduced by a 
division of labour into skill de pendent categories, denoted by h - 1 ; NH. 
The unit labour demand in each vintage is thus divided into categories so that, 

l i(r)  -  S l i h(r)  -  S (L i h(r) /q i(r)).  (3.5.1) 
h h 

Labour supply is divided into categories with the aggregation condition, 

22 Llh - S Li - L. (3.5.2) 

From this, the labour market constraint (3.2.9) is extended to, 

s  -  L ih» k- (3.5.3) 

The market situation for each labour category gives rise to differentiated wages. 
Hence, the cost and profit functions have to be extended to take care of the increase 
in costs that a utilization of a scarce labour category may involve. 

Introduction of heterogeneous labour introduces new options into the model 
framework. One may think about "on the job training" that changes the skill profile 
in a vintage and increases the overall labour productivity, or a change in the 
employment policy which give a similar effect. Also different effects of synerg ism 
between groups of employees may be modelled. Links between the educational sec­
tor and the labour supply may be introduced. However, the complexity of this sector, 
which combines processes with very different time scales, make any modelling 
attempt very demanding. This implies that generally the labour supply should be 
treated as exogenously given. In Westin (1987), a logistic model of substitution 
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between the supply of different labour categories over time is suggested. The speed 
of substitution may then be increased by investment in the educational system. 

When different labour groups are introduced, it also becomes appropriate to discuss 
them in terms of household groups with diversified preferences. We are returning to 
this topic in Chapter 6. 

3.6 CONCLUDING REMARKS ON THE VINTAGE 
FUNCTION 

In this chapter we have given a systematic presentation of the single sector vintage 
model. The model may be used to study robustness of a sector in relation to exo­
genous disturbances. It is easily extended to take care of competiti on from firms in 
other regions [countries], which may be introduced by [un] constrained vintages with 
a production cost equal to the import price. 

All models make simplifications of reality. The vintage model has the following 
limitations, 

* The model does not tr eat the price spread around the average sector price and 
heterogeneous product design in a sector. 

* The formation of expectations is underdeveloped. Myoptic or static expectations 
are assumed. System behavio ur, with multi-p lant firms, strategic decisio ns and 
synergisms is not analyzed. 

* Production between zero and full capacit y is not modelled. If suitable infor­
mation is available, this could be treated by a further division of each vintage into 
discrete steps approximating a nonlinear cost function. In a (CP) representation 
more general nonlinear formulations are possible. 

The vintage formulation gives, despite those limitat ions, advantages in analyses of 
problems related t o structural change in the short and medium term. Among th e 
advantages one should mention, 
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* It emphazises the rigidities in a production structure and focuses on the forces of 
change in the competition between new and old units and the possibility to obtain 
temporary monopolies. 

* It has, as Johansen and Hildenbrand have argued, a less constrained functional 
form, compared with traditional production functions. 

* It gives S-shaped supply functions which may be motivate d both by theoretical 
and empirical arguments. 

In long-term analyses, other functions may be more adequate, for instance functions 
which directly relate production and location to processes with a slower time scales 
[i.e. changes in the infrastructure]. 



4 SPATIAL MULTISECTOR VINTAGE 
MODELS WITH A SUPPLY-SIDE 
ORIENTATION 

4.1 INTRODUCTION 

The previous chapter contained the nonspatial single sector vintage model as a 
common denominator. In this chapter the model is extended in spatial multisec tor 
directions. Th e final vintage model is developed for analyses of the interaction 
between accessibility, technical change, trade, and location, with exogenously given 
final demand or price constraints. Spatial features such as spatially heterogeneous 
commodities and expli cit link costs are by this introduced in the Scandinavian vin­
tage modelling tradition. 

The treatment of the transport sector is a central issue when spatial flows are intro­
duced in multisector models. In order to study this topic, the vintage function is in­
troduced in two classical archetype models, the interregional input-output model by 
Isard (1951) and the transport model by Koopman s (1949). While doing this, we 
observe that an explicit treatment of link costs, the interdependences between traded 
flows and the resource utilizatio n in the regional transport sector, as well as the 
direct, indirect and induced income effects in the economy, generated from changes 
in transportation technique and infrastructu re are important aspects o f such an in­
troduction. 

Calibration and assessment of the models introduced in the sequel may be made 
with t he help of the previously mentioned SIND database together with the tran­
sport statistics. The regional index connected with each establi shment in the SIND 
database is then used in the spatial identification of each vintage. Spatial differences 
in the productivity structure at different points in time a re thus revealed, as was 
shown by Figures 3.5 and 3.6. Such differences reflect, among other things, sectoral 
specialization and technical advantages on the supply side. 
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The role to which a region has been assign ed [or has chosen], in the national and 
international network is furthermore revealed by its spatial trade pattern. Infor­
mation regarding such flows between Sw edish counties may be obtained from the 
Swedish commodity transportation survey [See e.g. Transportrådet (1983)]. The net 
flows of large commodity groups during 1980 from the county Norrbotten are shown 
in Table 4.1 [From Westin (1986)]. 

Table 4.1 Net flows of transported commodities from Norrbotten 1980. 
[Data from TPR, 1000 tons] 

COMMODITY GROUP NET FLOW 

Ore + 11605 
Iron/Steel + 1115 
Pulp/paper +882 
Wood products +365 
Other manufacturing goods +27 

Building materials -3 
Agriculture products -9 
Manufacturing products -11 
Chemical products -50 
Containers etc -54 
Food -132 
Roundwood -461 
Minerals -546 
Fuel -1094 
All commodities + 11634 

A large part of the flows in Table 4.1 are explained by the traditional orientation 
towards natural resources in the Norrbotten industry. This gives a further expla­
nation of the large shifts in the supply function for the manufacturing industry in 
Norrbotten during the late seventies, which were revealed in Figure 3.6. 
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Natural resources dominate a measure in quantities as in Table 4.1. If the table was 
measured in value terms, deliveries of commodities for final demand (e.g. consumer 
and investment goods), w ould obtain an increased significance due to higher value 
per unit weight. This would then result in a more balanced trade pattern since those 
commodities are to a larger degree imported to Norrbotten. However, the funda­
mental structure of the flows is not changed by a value representation. 

The models in this chapter, as well as the above informatio n, are supply-side and 
commodity-oriented. The pattern of final demand is supressed and at most is intro­
duced as exogenously given constraints. Passenger flows, tourism and business travel 
may be introduced in a crude way, but are easier to model within the network frame­
work dicussed in Chapter 6 below. Prices are either obtained as cost determined, 
shadow prices or given ex ogenously as fixed prices. However, although the models 
are restricted in their behavioral content on the demand side, they may be used for 
simulation of the response to changes in ex ogenous demand and prices, among the 
sectors of a spatial economy. The main limitation of the models in the chapter is the 
lack of endogenous income effects. Those may be neglected if the analysis only 
considers a minor subset of the economy or if the disposable income is heavily influ­
enced by exogenous forces, which may not be includ ed in the model. However, the 
longer the time period of the analysis becomes and the larger the deviations are 
from the initial state, the more important it becomes to capture the system effects 
which act through incomes and taste on the demand side. 

The models are as such spedai cases of equilibrium models and belong, as is shown 
in the sequel, to a rich class of nonlinear models, with more elaborate formulations 
of the demand side, the transportation sector and the spatial network. In order to 
emphasize this relation, complementarity formulat ions of the models are given in 
the chapter. The vintage model is a set of linear programs and the models in this 
chapter may be formulated as linear programs. However, in relation to transpor­
tation and investments, it is also shown where the limits of the linear formulation 
occur, and when nonlinear formulations are obtained. 

The chapter has the following contents. In section 4.2, three spatial multisector 
models ar e introduced. Formulations with spatial ly homogeneous and heteroge­
neous commodities are compared and various ways to treat the transport sector are 
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assessed. The cost minimization problem, which gives the inverse spatial multisector 
supply function, is then introduced as a variable interregional input-output model. 
The profit maximization problem, which gives the ordinary multisector supply 
function, is also formulated in the section. 

A multisector model w ith investments in an economy with spatially heterogeneous 
commodities is introduced in section 43. This model gives rich possibilities to simu­
late spatial exit and entry processes within the linear programming representation. 

Spatial advantages are reflected in the skill composition of the labour supply, and 
the development possib ilities of a region may thus be revealed by the educational 
profile. F or this reason, introduction of heterogeneous labour into the spatial 
multisector model is discussed in section 4.4, «Me an evaluation of advantages and 
limitations of the models in the chapter is found in section 4.5. 

Spatial interaction activities compete with other activ ities for scarce resources. The 
cost of those resources influ ence the pattern of interaction and impose constrain ts 
on supply and demand in different locations. The link capaci ties, and acces sibility 
costs given by the infrastructure are thus important for the understanding of struc­
tural change. Introduction of spatial interaction in applied models may be carried 
through in a number of w ays.1 In this section, the following aspects are emphasized 
as important in an integrated analysis of spatial trade and economic structural 
change; 

* A treatment of commodities as spatially heterogeneous. 

42 TRADE AND TRANSPORTATION IN SPATIAL 
MULTISECTOR MODELS 

4.2.1 INTRODUCTION 

1 See Kuenne (1963) for a discussion of different approaches during the fifties. Batten and Boyce 
(1986) and Batten and Westin (1990) provide overviews of models during the time after that. 
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* Explicit recognition of link costs. 

* Modelling the competition for resources between the transport sector and other 
activities. 

While discussing those aspects, linear programming formulations of vintage models 
with both endogenous and fixed prices are provided. Initi ally, the vintage formu­
lation is introduced in two cla ssical spatial models. First a vintage model with spa­
tially heterogeneous commodities is developed. The formulation may be seen as an 
extension of Isard's (1951) MidealH interregional model. In the model, the transport 
sector is treated as an ordinary in put-output sector. In this way, the competition for 
resources between the transport sector and the rest of the economy is emphasized, 
but explicit link costs are not introduced. Subsequently, a vintage model is intro­
duced with spatially homogeneous commodities and with trade flows determined by 
explicit link costs. This formulation has its origins in Koopmans (1949) transport 
cost minimization model. 

The fundamental difference, as regards the net work structure between models with 
spatially heterogeneous and homogeneous commodities, is that the former only has 
a single source of each commodity. This difference is illustrated by the two trade 
networks in Figure 4.1 below. 

However, from a modelling point of view, the two types of networks may be seen as 
special cases of each other, since the difference is reducible to a question of notation 
and choice of spatial substitution elasticit ies. A homogeneous commo dity model 
obviously conta ins the heterogeneous case if there is only a single source of each 
commodity. Heterogeneous commodity models, which allow for perfect substitution 
between commoditie s with different origin s, are in fact treating those as spatially 
homogeneous. We are returning to a formalization of this in Chapter 7. 
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\ r 

SPATIALLY H ETEROGENEOUS 

SPATIALLY HOMOGENEOUS 

Figure 4.1. Trade networks with spatial ly heterogeneous and homogeneous 
commodities. 
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4.2.2 INTERREGIONAL VINTAGE MODELS IN THE ISARD 
TRADITION 

In this subsection, two models which extend the interregional input-output model in 
Isard (1951) into vintage formulations are developed. The approach implies that an 
interrégional input-output vector is associated with each vintage. The transport sec­
tor is treated as an ordinary input-output sector, located over regions, which deliver 
transport margins to other sectors in their own and other regions. 

The spatial vintage input-output matrix has the form, 

A«(r) -

11 
«lid) 

11 
aNSl<1)  

11 
ail(NV) 

11 
aNSl(N V)  

NR1 NR1 
aNSl<1)---  »NSlC 1™) 

INR 
»INS(NV) 

INR 
aNSNS(N V)  

NRNR 
aNSNsCW) 

(4.2.1) 

[(NRxNS) X (NRxNSxNV)] 

Regions are denoted byr.s - 1 NR, and sectors by i, j - 1 NS. 
An element in the matrix is described by, 

ICS S ICS 
aij(Oqj(r) - qij(r). (4.2.2) 

The assumption of a Leontief production function is thus retained for each vintage 
production function. This formulation allows for the interpretation that producers 
treat commodities as spatially heteroge neous. This interpretation is supported by 
empirically estimated input-output matrices, where goods bought from a sector are, 
in general, delivered from more then a single region. The model by Isard thus repre­
sents an early case of the "Armington" assumption. The observed heterogeneity may 
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be explained by various arguments. Kuenne (1963) suggested in relation to Isard's 
model that commodities from different sources either are not perfect substitutes 
from a technological point of view, that the intraregional structure implicitly is taken 
into account, or that other monopolistically competitive elements enter the model 
tacitly. 

Other explanations may be that capaci ty constraints on suppliers, information defi­
cits, and risk aversion among purchasers/sellers make it necessary or advantageous 
to trade with more then one actor, even if commod ities are homogeneous. Long-
term contracts and bargains to establish a stable clientele also explain rigidities and 
lack of adjustment. Since input-output tables reflect aggregated information on flows 
during a time period, changes in the direction of flows over time may also be re­
flected as cross-hauling and heteroge neity in the empirical material. The length of 
the time period of a model and the rigid ity of the involved markets thus have to be 
treated explicitly in order to obtain reasonable elasticities and degrees of hetero­
geneity. Spatial heterogeneity is also a generic outcome in complex economies with 
demand for variety and product differentiation. 

However, one may observe that the matrix A rs(r) and Isard's matrix contain 
matrices with spatially homogeneous commodities as special cases, i.e. when all vin­
tages in a sector take all inputs in each market from a single region. In a vintage 
model, heterogeneity at the sector level may thus be obtained either if each vint age 
treats commodities as spatially heterogeneous , or if commodities ar e treated as 
homogeneous, but vintages do not trade with the same suppliers for other reasons. 

In volume terms, the balance of resources for a multi region-multisector economy is 
formulated as, 

qr - A«(r)qr(r) + yr. (4.2.3) 

The left hand side of (4.23) gives gross outputs and the right hand side describes the 
intermediate and final demand over all sectors and regions. In this version, the inter­
regional flows of final demand are solved exogenously. The two vectors of supply 
and final demand are written as, 
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[(NRxNS) X 1] 

1 
qi 

i 
«INS 

NR 
<1NS 

[(NRxNS) X 1] 

1 
yi 

1 
yNs 

NR 
yNs 

(4.2.4) 

The spatial multisector version of the vintage capacity constraint on output is, 

q*(r) < q*(r), (4.2.5) 

where the output and capacity vectors are specified as: 

qr(r) -

qid) 

1 
qi(NV) 

qJs(NV) 

NR 
qNsCW) 

^(r)  

qid) 

i 
qi(NV) 

ÖNSCNV) 

NR qNS(NV) 

(4.2.6) 

[(NRxNSxNV) X 1] [(NRxNSxNV) X 1] 

The following cost minimization problem solves the interregional multisector vintage 
model with exogenous demand, 
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(B:V) : 

Min (4.2.7) 
{«*(*)} 

s.t. [Sr - Ar«(r)]qr(r) > yr (4.2.8) 

q*(r) < q*(r) (4.2.9) 

qr(r) >0 (4.2.10) 

A difference, compared with the single sector problem (B:II) is that only labour 
costs are given exogenously, while costs of intermediate commodities are 
determined endogenously. The exogenously determined labour costs in the objective 
are composed by wages which are given as, 

WTT _ 

[1 X (NRxNS)] 

w. . w 
NS 

NR I 
w 
NS J (4.2.11) 

and the matrix of labour coefficients in the objective is written as, 

1 1 
lid) ... 1X(NV) 

lr(f) 
NR 

•  î -NSd) 
NR 

INS(NV) 

[(NRxNS) X (NRxNSxNV)] (4.2.12) 

The summation matrix, which aggregates vintage output into sector output, has the 
form, 
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S 

sr s - (4.2.13) 

Si 

[(NRxNS) X (NRxNSxNV)] [NS X (NSxNV)] 

and is composed of the summation vector, S^, defined in (3.234). The linear com­
plementarity problem, which corresponds to problem (B:V), contains the mapping, 

F(x) -yr 

qr(0 

0 -[Sr-Ar*(r)]T I 

Sr-A.rs(r) 0 0 

- 1 0  0  

qr(r) 

a T ( r )  

(4.2.14) 

where aT [(NRxNS) x 1] is a vector of imputed pri ces and <?r(r) [(NRxNSxNV) x 
1] a vector of vintag e quasi-rents. The skew-symmetric form of the matrix is, as it 
should, retained. The model may be seen as a simple equilibrium model with inelas­
tic final demand. In the model, prices are based on marginal costs and producers 
absorb the transport costs and apply uniform pricing over space. By repeated 
solution of (B:V) under variation of the final demands, the form of the inverse 
supply function for each sector may be obtained. 

The variable input-output formulation is appropriate when changes in spatial price, 
flow and supply structures, of a variation in final demand are analysed. The reversed 
problem, occurring especially in small open economies, implies analysis of effects on 
the production structure from changes in exogenously determined prices. Let such a 
vector of market prices faced by the producers in each region at the solution year be 
given as, pr, where, 
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prT -  [ p ì  •  4  •  •  P M ] -  < 4 - 2 - I 5 )  

[1 X (NRxNS)] 

A spatial multisector vintage profit ma ximization problem may then be formulated 
as, 

(A:VI) :  

Max [ [8*  -  A«(r)]Tpr  .  1r ( f . )Twr ]Tqr ( r )  (4.2.16) 
{qr(*')} 

s . t  q r(r)  < q^r) (4.2.17) 

q r (T)  > 0 (4.2.18) 

The first term in the objective, where the intermediates enter the formulation, 
represents value added in each vintage. Since it is exogenously given, information 
about spatial flows and prices is not always necessary. The model may thus easily be 
used in simple analyses of structural change where a sector or region is assumed to 
be triggered by changes in wages or a reduction in the value added share. 

The endogenous part of problem (A:VI) is thus a minor extension of problem 
(A:in'), s o it is easy to imagine and interpret the corresponding (LCP). The 
mapping F(z) has the form, 

-* r(0 0 I 
F(*) - + 

q r(r)  -I 0 

qr(') 

âr(r) 
(4.2.19) 

where the vintage gross profits, defined in the objective of problem (A:VI), const i­
tute the vector, 
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* r(0T  
11 NR NR 
jr (1) . jr (NV) . * (1) . it (NV) 
11 NS NS 

(4.2.20) 

[1 X (NRxNSxNV)] 

The vintage acti vity conditions, the inverse multisec tor supply fun ction, Çr(qr) , 
and the ordinary multisector supply function, qr(pr), obtained from the spatial 
multisector problems (B:V) and (A:VI), are thus straightforward extensions of the 
nonspatial single sector counterparts in the previous chapter. Those multivalued 
functions are continuous, monotone and have an inverse relation. 

In (B:V) and (A:VI), the final demand deliveries were treated exogenously. The 
endogenously determined pattern of trade is thus given by the activity of vintage s 
and their demand for intermediate commodities. This endogenous part of the flow s 
of commodities produced in sector i, from region r to region s, is obtained as, 

x" - 2E a" ( T)q® ( r ) ,  all r,s,i. (4.2.21) 
1  j r  y  J  

The cost of transportation in the models is given by the supply prices in the transport 
sectors and the transport demand coe fficients of the vintage. Let the subscript, T, 
denote the transport sector in the input-output matrix. The price of a unit transpor­
tation produced by the transport sector in region s is then obtained from the cost in 
the transport sector as, 

s r rs r r 
PT - SS pa + w 1 (4.2.22) 

T rj J JT  T  T  

The formulations in models (B:V) and (A:VI) thus imply that; 

* Each provider of transportation is explicitly assigned to a location. 
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* There is an explicit relation between the transportation technique, the resource 
utilization, and the cost of transportation. 

* There is an explicit relation between the provider and the customer of the trans­
portation. The total transportation cost for a vintage in sector i, located in region 
r, is related to the level of output in the vintage in the following way, 

S  (4.2.23) 

This generates, through (4.2.22), direct and indirect effects on transportation and 
other sectors in the economy. 

* At the vintage level, there is no substitution between different transport pro­
ducers since the Leontief function in each vintage both determines the pro­
duction technique and the spatial pattern of input sources. However, such sub­
stitution is possible at the sector level. 

* There is no explicit relation between the del ivery of a commodi ty on a link and 
the demand for transport, since transport demand not is directly related to the 
transportation of each commodity between two regions. 

The last observation implies that the model cannot be used in analysis of infrastruc­
ture investments on specific links without exogenous assumptions about the relation 
between link flows and the regional transport producers. 

As regards the fourth observation, it seems reasonable to assume that efficiency 
increases and factor substitution ex post of investment, is to some degree associated 
with spatial changes in the deliveries of slightly heterogeneous commodities, without 
a change in the technique. The speed of adjustment would thus be faster in the 
commodity flows than in the production techniques. With the introduction of 
"flexible manufacturing" such differences becomes even more important. However, 
in this case t he technique may change as fast a s the flows. Separation of technical 
and spatial substitution elasticities is discussed further in Chapter 7. 
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The application of a model of the Isard type is, as is well known, a data demanding 
task. The multiregional models by Moses (1955) and Chenery (1953) introduced 
simplifications, which may be adopted in the formulations of this section. 2 Each 
vintage is then assumed to have a unique technique, but the trade pattern is common 
to all vintages. This pattern is determined as the average flow for the region. How­
ever, if this approach is utilized, a part of the substitution possibil ities are also 
assumed away. This gives an argument for replacem ent of the Leontief function in 
each vintage by a two-level nested production function, where the second level 
allows for spatial substitution, e.g. by use of a CES function. Such a nested function 
makes it possible to apply simulation with different spatial substitution elasticities. 

The model by Isard is extreme since factor and trade substitution is prohibited. The 
vintage models reduce this ine lasticity to some degree. In the following section, an 
alternative formulation with perfectly elastic spatial substitution is introduced. This 
creates instabilities in the spatial flows, which is a limitation of the model. However, 
explicit transport costs on each link whic h directly infl uences the trade pattern is 
another feature, and the main advantage, of the model. 

4.2.3 A VINTAGE MODEL IN THE TRADITION OF KOOPMANS 

In the previous models there were no explicit relations between transport costs on a 
specific link and the trade of a commodity on the link. The multisector transport 
assignment model by Ko opmans (1949), contains such connections since the inter­
regional transport flows are determined from a transport cost minimiza tion prob­
lem. The aggregate costs of transportation, and thus the valu e of producti on in the 
transport sector, is obtained from a cost factor on each link. However, there are no 
connections from trade flows to the resource utili zation in the transport sector and 
further back to the activity in the economy. 

The model assumes commodities to be spatially homogeneous, which implies that a 
vintage immediately reacts to relative price sh ifts and changes sources of interme­
diate deliveries. In a vintage version of the model, spatially homogeneous commodi­
ties are introduced by a regional specification of each vintage input-o utput vector 

2 Moses (1955) also has an interesting discussion on the stability conditions for commodity flows. 
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but without identification of the input source region. The "homogeneous commodity" 
matrix, Ar(r), with input-output coefficients, (r ) , has the shape, 

Ar(r) -

•ìid) a l„S<KV> 

' aMSNs'NV' 

NR,-.  
H 

NR v 
^SNS^ J  

NR /XTTTN 
alNS( ^ 

[(NRxNS) X  (NRxNSxNV)] (4.2.24) 

where, 

a ï j(r)qJ(r)  -  qjj(r)  (4.2.25) 

The unit transportation costs are fixed and exogenously set for each commodity and 
link as t£s > 0. The vector of such costs is denoted by trs and has the following 
composition, 
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t™ 

=ì l   

£ 
Ml 

NRNR 
NS 

rrs 

11 

11 
*NS 

NR1 

NRNR 
*NS 

(4.2.26) 

[(NR2XNS) X 1] [ (NR2XNS) X 1] 

Above, the vector xrs of inter- and intraregional flows of commodities is also 
defined. Final demand and unit labour cost are, as in the interregional input-output 
model, exogenously given. The vintage model with hom ogeneous commodities and 
explicit link costs is then formulated as the cost minimizing problem, 

(B:VII): 

Min [lr(r)Twr]Tqr(r) + trsTxrs (4.2.27) 
{q*<r). x»> 

s.t. Grxrs - Ar(r)qr(r) > yr (4.2.28) 

Srqr(f) - Grxr* 5: 0 (4.2.29) 

qr(r) < qT(r) (4.2.30) 

xrs, qr(r) it 0 (4.2.31) 

The objective is to minimize exogenously given labour and transportation costs. Two 
conservation of flow conditions are introduced as (4.2.28) and (4.2.29). Those con­
tain the two summation matrices, 
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G* 

1 1 .. 1 
1 1 .. 1 

1 1 .. 1 
1 1 .. 1 

1 1 .. 1 
(4.2.32) 

1 1 .. 1 

[(NRxNS) X (NR2XNS)] 

and, 

Gr -

1 1 
1 1 

1 1 
1 1 

1 1 
1 1 

1 1 

[(NRxNS) X (NR2XNS)] 

(4.2.33) 

The first flow condition, (4.2.28) guarantees that inflows to each region plus pro­
duction, exceed demand in the regions, while in condition (4.2.29), local demand and 
outflows from a region is constrained by the local supply. The two vectors of shadow 
values to conditions (4.2.28) and (4.2.29), ox and crr, are written as, 
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ir _ 

[(NRxNS) X  1] 

'NS 

..NR 
7NS 

3r 

[(NRxNS) X  1] 

„1 
al 

>1 
aNS 

_NR 
ffNS 

(4.2.34) 

Those are interpreted as imputed demand and supply prices in each region. The 
conditions for optimal flows are, 

grTjr + trs . £rT*r > 0, xr* > 0, 

[grTjr + trs . grT^r]Txrs . 0. (4.2.35) 

This is the spatial price equilibrium condition. It implies that positive flows on a link 
between two locations only is obtained when the difference between the supply and 
demand prices equals the cost of transportati on between the locations. Hence, each 
customer pays the transportation cost from the producing region. The previous 
interregional model did not contain this expli cit condition on each flow. In the 
model, flows and choices of location are sensitive to minor price changes. The 
model, and extensions of it, does in that respect represent an unstable model. 

In (B:VII), the vintage activity conditions are obtained as, 

-SrTjjr + Ar(r)T£r + ir^T^r + 5r(r) > 0, qr(T) > 0, 

[.grTjr + Ar(r)Tar + l^r)1** + är(r)]Tqr(r) - 0. (4.2.36) 

A vintage is active as long as the value ad ded equals labour costs and gives a non-
negative quasi-rent. The transportation cost is, via the spatial price equilibrium con­
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dition and the difference between demand and supply prices, included in the cost of 
intermediate commodities. 

The homogeneous commodity problem (B:VII), introduced two conservation of flow 
constraints and link costs as new features. Hence, it may be instructive to look at the 
mapping F(z) in this case, 

t™ 0 0 -GrT G*7 0 xrs 

0 0 Ar(r)T -S*1 I qr(r) 

-yr + Gr -Ar(r) 0 00 aT 

0 -Gr Sr 0 0 0 âr 

q1*') 

1 
O o
 

o
 

H
 i 

O 
1 

^(r) 

(4.2.37) 

The skew-symmetric form of the coeff icient matrix and the two quadratic zero sub-
matrices confirm that this problem is a linear program. It is also apparent, when 
comparing with the matrix in (4.2.14), that the link costs give expl icit spatial cost 
differences and a possible separation between demand and supply prices in each 
location. 

In relation to the transport sector, the model has the following properties; 

* There are explicit, although exogenously fixed, link costs and an explic it spatial 
price condition connected with each flow. 

* There is no endogenous relation between the link cost and the resource utili­
zation in the transport sector. 

* There is no endogenous relation between the flows on a link and the localization 
of the transport sector. 
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The last two points are the drawbacks of the formulation in economy-wide studies of 
structural change. An interpretation would be that the share of the resources which 
are utilized in transpor tation may be calculated exogenously. This would also imply 
that the transport sector should be moved from the input-output matrix to the final 
demand part of the model. 

The transportation [or interaction] co st on each link in the model is linear and no 
other capacity constraints have been introduced as regards the infrastructure. Lin k 
flow constraints may be introduced as a vector of link capacities, 

The dual variables are then interpreted as congestio n costs which increase the cost 
of transportation. However, such constraints are very crude measures of link capaci­
ties, since congestion costs are usually obtained before the capacity limit is reached. 
Nonlinear transport cost functi ons are thus preferable. Such functions may be re­
presented as, 

The cost is then nonne gatively related to the actual flows and nonpositively related 
to the link capacity. This relation reflects the travel time on a link. Such functions 
may obviously be represented by step functions if the linear programmi ng format 
should be retained. Smooth nonlinear function s bring the classical transport cost 
minimization model beyond the (LP) format. 

xr* < *rs (4.2.38) 

trs _ trs(x«, X™). (4.2.39) 

4.2.4 TOWARDS AN INTEGRATED REPRESENTATION OF 
TRANSPORT NETWORKS IN MODELS OF ECONOMIC 
STRUCTURAL CHANGE 

As was discussed previously, the models above deal with commodity flows and costs 
of interaction withou t an endogenous relation between link-relat ed transportation 
and a localized transport sector. Hence, there was no endogenous relation between 
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link costs and the production costs in the transport sector. Other features of the 
models are: 

* The transport sector does not involve modal choice and the network is simple 
without alternative paths. 

In many applications, those features are not a problem but represent simplifications 
and a surpression of less important parts. Introduction of a disaggregated transport 
sector becomes important when the effects on the spatial structure of investments in 
specific modes are analysed. A simple disaggregation into modes has been suggested 
by Ijew and Liew (1984). The model contains an exte nded interregional input-out-
put table with a further division of the intermediate demand for transportation by 
modes. In the interregional vintage input-output model (B:V), this would imply that, 

a^(r)  -  S aym(r) ,  (4.2.40) 

where modes are denoted m - 1 NR Still this only gives a crude represen­
tation of the transport network. More detailed, network-oriented descriptions of the 
transport sector may be found in freight network models [Friesz and Harker (1985)] 
and logit models [Domencich and McFadden (1975), Williams (1977), McFadden 
(1978), Fisk and Boyce (1984)], which contain detailed formulations of links, modes 
and actors on the network. The rest of the economy in those models is instead 
represented in a simplified way or treated exogenously. 

A separation of the transport sector from the rest of the economy is only possible if 
the interdependences between the two parts are minor. Those interdependences are 
represented by, 

* Direct, indirect, income-induced, technical and localizational effects on the 
transportation sector from changes at the demand and supply sides, for instance 
of technique, taste, and income flows, in the rest of the economy. 

* Direct, indirect, income and technical effects on the spatial supply of commodi­
ties as well as factors, from changes in transportation demand and suppl y. Such 
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effects may be initiated by changes in transport techniques, and by infrastructure 
investments. 

The strengths of those interdependences increase with the time horizon of a study. A 
separation is thus only possible in short-run analyses. A model of the system-effects 
generated by the interaction between the network-oriented transport sector and the 
rest of the economy should thus contain link related transport cos t functions of the 
following type, 

tr* - tr«(a«(x™, x™), 

l«(x", x™), p* wr, t"). (4.2.41) 

A link cost is then connected to the cost in localized transport sectors. This was not 
the case in (4.239). The link costs are here given by the production costs for the 
transportation of each comm odity, which is related to the type of transported com­
modity, the transport technique, the congestion on the links which determine the 
demand for input factors, and the demand price of intermediates and labour. 
Infrastructure investments change the link related chara cteristics, while a technica l 
development in the transportation sector affe cts the resource utiliza tion in the sec­
tor. 

An endogenous solution of such system -wide interaction implies that the model 
becomes a (NCP) problem. Suc h a model is introduced in Chapter 6. A first step 
towards this type of model is to iteratively solve a network model and a spatial multi-
sector model where the transport sector is represented by both a link cost and an 
input-output sector. The link cost would then at each iteration be recalculated, given 
the prices in the transport sector. Such a connection between the link costs and the 
production cost in the transport sector gives consistency between the price of trans­
ports in the objective and the supply prices in the transport sector. 

The spatial allocation and transportation model by Lefeber (1958a, 1958b), includes 
this explicit connect ion between the link flow s and a transportation sector which 
demands resources in the economy. However, in the model by Lefeber, the transport 
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sector is common for all regions. The utilized resources for each transport are thus 
taken from the cheapest source, independent of where a link is located. Isard and 
Ostroff (1958) introduce a localized transport sector in their existence proo f of an 
interregional equilibrium. However, their abstract model does not include con­
gestion explicitly. 

43 A SPATIAL MULTISECTOR MODEL WITH 
EXOGENOUS PRICES AND ENDOGENOUS 
INVESTMENTS IN NEW CAPACITY 

The spatial framework in section 4.2 makes it possible to introduce th e combined 
problem of investments and choice of location for new vintage capacities. The spatial 
dynamics, caused by difference s in "best practice" techniques , constraints on the 
choice of location, and network effects of flows of investment goods, a re then 
possible to analyze in an extended way. 

Diffusion of informa tion regarding the techn ological development is generally, due 
to accessibility frictions, uneven over regions. The choices of new techniques are 
thus not indifferent to location. It may be possible to observe a set of local functions 
or best-practice techniqu es. Johansen (1972) introduced the term "efficient ex ante 
function" to the envelope of such loc al ex ante functions. A similar division may be 
made between local and global "best-practice" sets. Investments in the communi­
cation system which improves the information flows between two nodes would then 
reduce the differences between their future "best-practice" sets and also change the 
relation between those and the global set. 

In the model outlined below, an endogenous introduction of new capacities is 
modelled. The model has a profit maximization formulation with heterogeneous 
commodities and explicit link costs. It thus merges features from both the models by 
Isard and Koopmans. The following term for profits in new capa city is included in 
the objective function, 
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[[ir . Ar«(T*)]Tpr . T™(r*) - l^r*)1»* 

- «r[B«Tpr + Tr«(r*)]]Tq'(r*) - irr(r*)Tqr(»-*) (4.3.1) 
B 

Above, new capacities in each region and sector are denoted by an asterisk attached 
to the input-output matrix, Ars(r*) [ (NRxNS)x(NRxNS) ], and the labour-
input matrix, lr(r*) [ (NRxNS)x(NRxNS) ]. Those techniques are given exoge-
nously. The matrix Ir is an identity matrix. The output vector of new capacit ies 
qr(r*), and the matrix of annuity factors related to new techniques, fir, are 
written as, 

4 
q r(r*) -

NR. 
^NS 

&T -
' NR 

NS 

(4.3.2) 

[(NRxNS) X 1] [(NRxNS) x (NRxNS)] 

The accelerator matrix Brs, with the coefficients of investment deliveries per unit of 
new capacity, is written, 

Br« 

11 
>11 

11 
3NSI 

NR1 
NS1 

[(NRxNS) x (NRxNS)] 

11 
J1NS 

11 
JNSNS 

. b 

. b, 

INR 
INS 

INR 
NSNS 

, NR1 NRNR 
' NSNS " NSNS 

( 4 . 3 . 3 )  

The value of investment deliveries to new capacity, i.e. the investment cost, in region 
r, is thus, 
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Zr - S Z f  -  2 kWr*) ,  
i i i i i 

all r. (4.3.4) 

The vector of unit transport costs of intermediate inputs for new capacity, 
Tj*(r*) is given as, 

A -

[ (NRxNS) X 1] 

1,A 

T ( t * )  
NS, A 

NR 
T (T*) 
NS, A 

(4.3.5) 

where an element Tj ^(T*) is calculated as, 

S ITS ITS 
T (T*) - S? t. afr*), alls, j. (4.3.6) 
j.A ri i ij 

The vector of unit transport costs of investment commodities for new capacity, 
Trs ( r*) is defined as, 

B 

TjS(r*) 

[(NRxNS) X 1] 

Ti i B(r*) 

(r*) NS ,B ' 

(4.3.7) 
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where an element Tj ^ (r*) is calculated as,  

TS (*"*) - SS t"b"(r*)t all s, j. (4.3.8) 
J.® r i  1  

In existing vintages, the unit gross profits are obtained as, 

**(»•) - [Sr - Ars(r)]Tpr - T"(r) - 1r(r)Tw*. (4.3.9) 

where the elements in the transport cost vector for existing capacities, 
Tj*(r) [ (NRxNSxNV) x 1 ] is the new part compared with (4.2.16). Those are 
calculated in a similar way as Tj8(r*). A solution of the model is obtained from, 

(A:VIII) :  

Max * r(r)Tq r(r)  + * r(r*) '^q r(r*) (4.3.10) 

s . t .  [S r  -  A r s(r)]^q r(r)  

+ [I r  -  A r s(r*) -  B r ,]Tq r(r*) ^ y* (4.3.11) 

q r(r)  :S q*(r)  (4.3.12) 

q r(r)  â: 0 (4.3.13) 

To bound the problem, a final demand constrain t has been included by (4.3.11). 
With investments in new capac ities, the constraint must contain the intermediate 
deliveries to the new vintage and the flows of investment goods for the installation of 
the new equipment. The Kuhn-Tucker activity condition for new capacity is, 
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[[Ir - Ar8(r*) - B«]T[pr - *r] - T«(r*) - lr(r*)Twr 

- «*[B«Tpr + Trs(r*)] jTqr(r*) _ 0, q*(r*) > 0. (4.3.14) 
B 

Since the market prices are included in the objective function, the shadow values to 
condition (43.11.) are interpreted as the decreases in prices necessary to obtain zero 
profit i n the marginal vintage. Observe that this adjustment of prices does not 
change th e payments to the rentier. One interpretation would be that rents are 
determined, together with the choice of technique, before the period, while the 
adjusted market prices are set within the period. A solution with consistence 
between endogenously determined investment costs and payments to rentiers gene­
rates a (NCP). Such a model is discussed in Chapter 6. Although simple, the model 
in this chapter captures central features in the spatial dynamics of structural change. 
Observations in relation to the formulation are; 

* If a new capacity is introduced in a region, it becomes a marginal vintage, since it 
is not constrained by a capacity limit. 

* A new vintage has to cover the annualized payments to rentiers, in order to make 
introduction economically feasible. However, those costs are not affected by the 
decrease in prices due to the zero profit condition on the marginal vintage. But 
the cost of the commodities used to create the new capacity is reduced. 

* Introduction of new capacities in a region is constrained by the transport cost 
associated with the transportation of inputs and outputs. Infrastructure invest­
ments may thus make new techniques feasible for new regions. 

* If the risk, as reflected by 5?, associated with process investments in a mature 
product is lower then the risk with investments in the development of a new pro­
duct, this lower risk may compensate for high link costs. Mature products would 
thus be given more remote locations. 
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Besides the constraints set by available techniques and transportation costs, a spatial 
labour supply constraint may also affect the location o f new capacity. The following 
section deals with such constraints. 

A central problem in the analysis of spatial structural change is the matching of exit 
and entry of techniques in a region with the supply of labour categories with various 
skills. The existing labour skill structure reflects the present and historical s peciali­
zation and technica l level in a region. Introduction of a new technique thus often 
both requires and gives rise to unbalanced demand for specific categories of labour. 
Rigidities in the educational sy stem and in the migration flows may thus, together 
with an inappropriate infrastructure, obstruct the development of a region in a 
desired direction. 

In the spatial multisector vintage model, such constraints on the labour demand in 
sector i and region r are introduced as, 

where the notation, besides the addition of the spatial index, follows the notation in 
section 3.5. The labour demand is in this case constrained to labour from the region 
in which the vintage is located . Alternative formulations with explicit demand for 
labour from other regions are also possible. Alternative constraints on the supply-
side (e.g. only a total constraint over all regions for a category) give implicit com­
muting or migration flows in the model. 

On the demand side, this corresponds to a division of the final demand vector into a 
set of household-differentiated vectors which reflect the heterogeneity among 
labour. In the models discussed in this chapter, this have been an entirely exogenous 
matter, but the idea will be further developed when multihousehold demand systems 
are introduced in Chapter 6. 

4.4 HETEROGENEOUS LABOUR IN SPATIAL MULTI-
SECTOR MODELS 

all h, (4.4.1) 
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Spatial differences in the wage level of a given labour category may then also provide 
a further advantage or disadvantage for a region. With spatial w age variations, the 
unit profit in a vintage is given by, 

*r(r) - pr - 5S pfa" . s w*ir ( r) . (4.4.2) 
i 1 sj J J1 h ih ih 

Such differences would in the model, ceteris paribus, reduc e production in regions 
with relatively high wages or with tight bounds on the labour supply. The unit gross 
profit of a vintage is in the latter case reduced by the increase of labour cost given by 
the shadow price to the labour supply constraints, 

:(r) - n f ( r )  -  S 
i v, in In 

( 4 . 4 . 3 )  

However, the effects of wage differences and labour shortages on the decision to 
introduce or to remove a technique from a region is dependent on the stage of the 
product cycle. Relatively high wages may be a signal of unique competence, w hich 
attracts firms in the initial product-developing stages. Often, this also implies that 
the shadow price of the category is positive. In an early product-developing part of 
the cycle, such costs should be possible to cover by increases in the price of the pro­
duct. On the other hand, in the later stages of the cyc le, a relatively high wage in a 
region may be a signal for labour-saving investm ents and relocation of the pro­
duction to other regions. 

The above observati on has implica tions for the choice of technique in new capac i­
ties. The "best-practice" concept does not make a distinction between process - and 
product-oriented changes in techniques. The composition of the demand coefficients 
for various labour categories would be one important difference between process 
and product-oriented improvements. Another would be the elasticity in demand with 
respect to price changes. 

The best practice sets should thus both have a spatial and a product cyc le related 
identification. The choice of a product- or process-ori ented technique in a region is 
further constrained by the existing labour supply.  Transformation of a  region from a 



-113- Chapter 4 

natural resource- or manufacturing-oriented region to a research intensive, or 
product-developing region is thus an extremely difficult and lengthy task because of 
rigidities within labour supply, exis ting capacities and infrastructure. Since differ­
ences in wages, shadow values and accessibility also motivate migration and govern 
decisions regarding education, interdependences between the spatial changes in 
labour supply and the technical development are obtained. 

4.5 ASSESSMENT OF THE SUPPLY-SIDE ORIENTED 
MODELS 

In the chapter we have dealt with supply-oriented input-output and exogenous price 
models with inelastic private demand. The integration of link costs, endogenous 
investments, multicategory labour and spatially heterogeneous commodities with the 
spatial multisector vintage formulation in (A:VIII) g ive a simple tool for structural 
change analysis. 

The advantage of the linear progra mming formulations presented so far is the ease 
by which a solution may be obtained. The drawbacks are well known. Extreme spe­
cialization is easily obtained, since the number of nonzero variables in a solution 
never exceeds the number of cons traints. The "Armington" assumption and the vin­
tage formulation eliminate some of those effects. The Armington assumption 
reduced the instability of the trade flows in response to minor price changes, while it 
still allows for substitution. The vintage function have fixed capacities and thus non-
meable capital. This provides the stepwise industry supply function which introduces 
important nonlinearities in the linear programming representation. 

The demand side has been characterized by price and income inelastic final demand. 
Hence, final demand will not be changed in response to changes in the transpor­
tation costs. A first step to introduce a price sensitive demand side, may be to repre­
sent the demand side by step functions. Endogenous income formation and budget 
constraints on each household are impossible features if the linear programming 
formulation shall be preserved [G insburgh and Waelbroeck (1981)]. In the models 
discussed in this chapter, exogenous assumptions thus determine the development of 
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incomes. However, income effects are probably not negligible for the understanding 
of regional growth. 

We have also observed that attempts to integrate transport and spatial economic 
models easily bring the formulations beyond the possibilities set by the linear pro­
gramming representation. In analyses of the long-run interaction between invest­
ments in infrastructure and the spatial growth in the economy, the induced income 
effects may be important. There is thus a need for a development of network models 
with an endogenous interaction between incomes, prices, demand, and supply. 



5 VINTAGE MODELS IN THE "SPATIAL 
PRICE EQUILIBRIUM" TRADITION 

5.1 INTRODUCTION 

Spatial equilibrium models are characterized by endogenous price formation in 
markets where actors in a spatial ne twork are separated by nonnegative interaction 
costs.1 The equilibrium prices fulfil the spatial price equilibrium conditions. Hence, 
excess demand for each commodity is nonpositive. Moreover, the equilibrium 
demand price at a sink equals the sum of the equilibrium supply price at each source 
delivering to the sink, and the cost of intera ction between the source and the sink. 2 

A minimum requirement of a spatial equilibrium model is that it endogenously 
determines supply and demand quantities, prices at each location, and the quantities 
traded on the network. Those con ditions where also fulf illed by the models in the 
previous chapter. However, an important extensi on in this chapter, compared with 
Chapter 4, is the price elastic final demand side. 

There exist, as was discussed in Chapter 2, two mainstreams of models in the 
applied spatial equilibrium category. The earlier of the two, the Spatial Price 
Equilibrium (SPE) tradition, was introduced by an extremal formulation in 
Samuelson (1952), where the sum of producers and consumers surpluses was 
maximized. Takayama and Judge (1964, 1971) solved the applied case with elastic 
linear functions by a quadratic programming formulation. 

It was then conve nient to formulate the model as a "Marsha llian equilibrium" with 
inverse demand and supply functions. By such a Marshallian equ ilibrium is meant 
the equilibrium solution of an adjustment process wher e supply and demand "bi d-

1 This characterization allows for models with zero link costs, for example the model by Liew (1984). 
2 The conditions apply to "deterministic" equilibrium models. In models of "stochastic" spatial equi­

librium, e g. multinominal logit models in th e tradit ion of McFa dden (1975) and Williams (1977), 
the condition holds at the sink for the wei ghted average price of commodities fro m different ori­
gins. 
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prices" are given for each quantity, and where prices adjust faster than quantities. In 
a nonspatial, single commodity model, one may assume a Marshallian law of motion 
of the following excess price type.3 

dqj/dt  -  *[Pi(qi)  -  Pi(qj .)] .  (5.1.1) 

The traded quantity of the commodity i is denoted by q^ while Pi(qi) and 
P^(q^) are inverse demand and supply functions. The sign-preserving function, 
may be given as a constant, so that, 

dqj/dt  -  ic[pi(qi)  -  Pi(qi)],  k > 0. (5.1.2) 

As a complementarity condition, the equilibrium of (5.1.1) is written as: Find the 
equilibrium quantity that fulfils, 

Pi(qi) - Pi(qi) * o, (5.1.3) 

(Pi(qi) - Pi(qi)]qi - o. qi > o. (5.1.4) 

For a positively traded quantity, the equilibrium price equals the supply and demand 
bid prices,  th us Pi  -  Pi -  Pi-

A Walrasian equilibrium, with ordinary supply and demand functions, is on the con­
trary price-oriented and presupposes quantities to adjust faster than prices. It is a 
common first approximation to assume that commodity markets are cleared due to 
the excess demand law by means of a "tâtonnement" process, where ea ch market 
price adjusts according to,4 

dpi/dt  -  ̂ [d i(p i)  -  qi(pi)] .  (5.1.5) 

3 See e.g. Samuelson (1947), Negishi (1962), Kuenne (1963), Hansen (1966), and Beckmann and 
Wallace (1967) for discussions on Marshallian and Walrasian processes. 

4 See e.g. Hahn (1982) for a discussion of tâtonnement and non-tatonnement processes. 
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Above, the market price is denoted by p^, and ^ is a sign-preserving function.5 The 
complementarity formulation is in this case: Find the equilibrium price that fulfils, 

The two complemen tarity formulat ions (5.1.3)-(5.1.4) and (5.1.6)-(5.1.7) give the 
core of the Marshallian and Walrasian models. I n both cases the equilibrium 
assumptions, dq^/dt - 0 and dp^/dt - 0, imply that the future state of prices 
and quantities is studied by an adiabatic approximation of the dynamics of a system 
in continuous time. In the equilibrium models d iscussed in the sequel, where both 
prices and quantities are endogenous variables, the equilibrium approximation 
implies that only minor differen ces in the adjustment speeds are possible. In this 
chapter we ar e discussing models built around both types of market assumptions, 
while in Chapter 6 only Walrasian models are dealt with. 

SPE models have, although the inverse formulation traditionally has dominated, 
been given both Walras ian and Marshallia n formulations.6 In applied analy sis, the 
difference mainly is connected to the use of ordinary or inverse functions. In the 
latter case, the existence of the inverse has to be addressed. I n programming 
solutions, a utilization of the former also has advant ages if price floor s and ceilings 
are used, while the latter is more appropriate when quantitative restrictions such as 
quotas should be introduced. 

The SPE model is mainly used wi th a given income distribution and without factor 
markets. The model is an extension of Koopmans cl assical transport problem, but 
with price elastic dem and and supply. It explicitly takes care of link-rela ted trans­
portation costs, but has limitations if used as a model of econo my wide structural 
change. Commodities ar e assumed to be homogeneous within sectors and over 
space. Hence, in a single-period model, cross-hauling is normally excluded by defi­

5 Compare the tâtonnement process discussed in Chapter 2. 
6 Models, which may be the most re alistic ones, where Walrasian and Marshallian equilibrium pro­

cesses interact simultaneously have been studied , e.g. by Brody (1970). Brody then for mulated a 
dynamic Leontief model as an optimal control problem. 

[qi<Pi) - di(Pi)] * o, (5.1.6) 

[qi(Pi) - di(Pi)lPi - o. pi ^ o. (5.1.7) 
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nition. The dimension becomes extremely large if a complete economy with diversi­
fied products is modelled. Because of this, the model has above all been used in stu­
dies of raw materials and other homogeneous commodity markets, in which com­
modity exchange markets may be established. However, even in homogeneous 
commodity markets, cross- hauling may be observed. Besides th e fact that only a 
small amount of commodities originating from different locations in reality a re 
homogeneous, this may be explained by deviations from the assumptions of perfect 
competition and perfect information, and from aggregation over time, a s was dis­
cussed in Chapter 4. 

In the present chapter, the aim is to show how the vintage supply-side may be intro­
duced in a couple o f SPE models, to relate those to each o ther, and to discuss the 
advantages and disadvantages of the formulations. Th e chapter is composed as 
follows. In section 5.2 the vintage approach is introduced in a single commo dity 
Marshallian SPE model with spatially homogeneou s commodities. This model is 
then, in section 53, extended into a spatial multisector model. Conditions for 
solution by quadratic programming are discussed in both sections. In section 5.4, we 
present a nonspatial si ngle commodity and a spatial multisec tor formulation of the 
Walrasian SPE model with spatially homogeneous commodities. In section 5.5, the 
chapter is closed wi th a summary of th e vintage models in th e SPE category. It is 
also shown how spatial heterogeneity may be introduced, which gives a bridge over 
to the Walrasian "Armington" models, presented in Chapter 6. 

52 A SINGLE COMMODITY MARSHALLIAN PRICE 
EQUILIBRIUM 

The following conditions define a Marshallian nonspatia l single com modity equili­
brium with a vintage supply-side and price elastic demand (E:l). The inverse 
demand function was introduced above in section 5.1;7 

(E:l.l) No excess demand for the commodity. [Marshallian case] A positive equili­
brium price implies zero excess demand. 

7 Each equilibrium model, denoted by (E: model number), is formulated as a set of conditions, con­
nected to the model number. 
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S i q i(r)  -  di  > 0,  (5.2.1) 

[Siqi(r)  -  dj jpi  -  0, Pi  £ 0.  (5.2.2) 

(E:1.2) Demand equilibrium. A positive demanded quantity implies equality 
between the demand bid-price and the equilibrium price. 

Pi - Pi(di) £ 0, (5.2.3) 

[Pi * Pi(di)]di -  0, di > 0. (5.2.4) 

(E:13) Producer equilibrium. A positive supply implies equality between the supply 
bid price and the equilibrium price. 

Pi(qi) - Pi 2: 0. (5.2.5) 

[Pi(qi) - Piki - o, qi 2: 0. (5.2.6) 

The vintage version of the producer equilibrium is given by the following conditions: 

(E:13' ) No active vintage earns a quasi-rent below what is earned by the margi nal 
vintage. A vintage generating losses is not allowed to remain active. 

• l(r)  + äi(r)  -  S l Tpi >0, (5.2.7) 

[• i(r)  + cr1(r)  -  S1 Tp i]Tq1(T) -  0, qi(r)  > 0.  (5.2.8) 

(E:1.4) No production ab ove the capacity of any v intage. A vintage not used at full 
capacity, may not earn positive quasi-rents. 
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qi(0 - 2= (5.2.9) 

(• l i( r)  * 1i(0]T5i -  °i  " i  > 0.  (5.2.10) 

The last condition is easily extended to include other quantitative resource con­
straints besides vintage capacitie s. The possibility t o obtain positive quasi-rents, 
emphasizes that the model describes a sector with imperfect access to new tech­
niques and with loca tional advantages. Quasi-rents are due to the scarcity of such 
favourable techniques and locations. However, the sector is competitive in the sense 
that all vintages are price-takers. A solution of (E :l) thus diverges from what one 
would obtain if the supply-side was characterized by constant returns-to-scale or if a 
multi-plant monopolist controlled the sector. 

The following profit maximization problem may be shown to satisfy the equilibrium 
conditions above,8 

(A: IX): 

Max pi(di)di - •i(r)Tqi(r) 
{<*1. 

s.t. d£ - S^q^(r) < 0 

qi(0 ^ qi(*0 

- ä£(r) < •!(»•) 

Pi(di)  -  oi  < 0 

di> <li(0 ̂  0 

The dual variable to the excess demand constrain t (5.2.12), is the imputed equili­
brium price. Hence, — p^. This dual variable is introduced in the primal in 

(5.2.11) 

(5.2.12) 

(5.2.13) 

(5.2.14) 

(5.2.15) 

8 Compare Takayama and Judge (1971). 
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(5.2.14) and (5.2.15). In (5.2.14) it constrains the supply bid-price, given by the co st 
of production and the quasi-rent in the marginal active vintage . Furthermore, in 
condition (5.2.15) the bid demand price is constra ined by the imputed equilibriu m 
price. The problem (A:DC) is, with this mix of primal and dual variables, not possible 
to solve as an extreme problem. It has to be treated as an equilibrium problem, and 
solved by complementarity algori thms. The complemen tarity problem would then 
include the following vector and vector function, 

di 

qiC* -)  

Pi 

ö±(r)  

F(z) -

Pi ' Pi<di) 

l ( r) + ^l(r) - SiTPi 

Siqi(r)  -  di  

qi(0 - qi(*0 

(5.2.16) 

However, in the special case where the inverse demand function is linear, p^ — 9^ 
- a solution which satisfies (E:l) is obtained from the following quadratic 
programming (QP) problem,9 

(A:X): 

Max [©i - HOidiJdi - •i(r)Tq1(r) (5.2.17) 

s.t. d£ - Siqi(r) < 0 (5.2.18) 

qi<0 * qi(0 (5.2.19) 

di, q±(0 0 

The trick here is t o multiply by H in the inverse demand functio n. This forces the 
solution from one where the marginal cost equals the marginal revenue, to a 

9 Compare Takayama-Judge (1964,1971), Kennedy (1974), Mathiesen (1977), Uri (1978). 
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solution where the marginal cost equals the imputed equilibrium price. That is, 
monopolistic pricing, which has th e revenue function [6^ - ftidj ] d^, is prohi­
bited. The objective thus captures the interaction between many actors on both the 
supply and demand sides of the market. 

The equality between (A:X) and (E:l) with a linear demand function may be shown 
if t he dual variables and êr±(r) are associated with constraints (5.2.18) and 
(5.2.19). If we introduce the Lagrange an to (A:X) and differentiate wit h respect to 
demand and vintage supply, the following Kuhn-Tucker conditions are obtained,10 

[0£ -  — 0,  (5.2.20) 

[SiTai - Vi(r) - äi(r)]Tqi(r) - 0. (5.2.21) 

From (5.2.20) and (5.2.21) it is obvious that the imputed demand price equals the 
quasi-rent plus the unit cost in the marginal vintage for positive demand. If the latter 
is interpreted as the supply bid-price, f>£, the following results are obtained, 

> 0 => a£ — 0^ -  ~ P£, (5.2.22) 

qi(r)  > 0 => a i  -  Vi(r)  + âj ( r )  « p i f  all  r ,  (5.2.23) 

a i  > 0 =* — S£q^(r) .  (5.2.24) 

It is thus evident that a solution of (A:X) fulf ils both the conditions in (E:l) and 
those of (A:IX). Problem (A:X) gives a complementarity problem with the following 
vector and vector function, 

10 The Kuhn-Tucker conditions on the prim al variables in a maxi mization problem are nonpositive, 
while complementarity problems are cha racterized by nonne gativity conditions. This explai ns the 
reverse of signs. 
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z -

di 

qi(0 

Pi 

5i(r)  

F(z) 

Pi  -  + O i^i 

l(r) + ä±(r) - SiTpi 

Siqi(r)  -  di  

qi(»-)  -  qi(0 

.  (5.2.25) 

A further study of F(z) shows, as expected, that this (CP) is an (LCP) with a matrix 
composed of the sum of a skew-s ymmetric and a symmetric matrix. The latter has 
the slope of the demand function, in the upper left corner and zero's elsewhere, 

F(*) 

" e i  

• i(r)  + 

0 

qi(T) 

"i 0 

0 0 

-i Si 

0 -I 

1 0 

-SjT I  

0 0 

0 0 

di 

qi(0 

Pi 

^i(r)  

.  (5.2.26) 

If the inverse deman d function in (5.2.26) is replaced by a fixed demand, the prob­
lem is reduced to the vintage cost func tion obtained from the linear programming 
formulation in problem (Brìi).11 

In the section we have show n, in the simplest possible model, how price elastic 
functions generally create a (CP), but also how the special case with linear functions 
may be solved by (QP). In the following section, the above nonspatial si ngle com­
modity model is extended into a spatial multi sector formulation and the conditions 
for solution by a quadratic programming algorithm are determined. 

11 The supply function is thus in this case interpreted as an inverse function. 
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53 A MARSHALL1AN SPATIAL MULTISECTOR 
PRICE EQUILIBRIUM 

The spatial multisector model is characterized by a distinction between interregional 
deliveries of intermediate goods, and goods fo r final demand. The multisector 
framework also conveys, as was discussed in Chapter 4, a necessity to be careful 
when specifying the transportation sector. In this section, transportation is assumed 
to be conducted by an exogenous sector, also excluded from the input-output matrix. 

The model is traditional with an assumption of spatial homogeneity. This implies 
that the matrix Ar(r), is used to represent intermediate demand. To simplify 
notation, the fixed unit labour costs are suppressed, but are easily introduced in the 
objective as in Chapter 4. 

Generally, an ordinary nonlinear, price-dependent, multicommodity final demand 
function is written as, 

In a Marshallian SPE model, the follo wing inverse demand function is assumed to 
exist, 

The vectors of market and demand bid-prices for the sectors are denoted by, 

7e - yr(pr)• (5.3.1) 

Pr - pr(yr), (5.3.2) 

1 

Pi 
A 

is • (5-3-4» 

NR 
[(NRxNS) X  1] PNS 

aNR 

[(NRxNS) X  1] PNS 
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Generally, the existence of an inverse multisector demand function is not guaranteed 
without further condit ions. Existence of a one-to-one i nverse function requires that 
the ordinary demand function be strictly monotone, which slightly constrains the use 
of the inverse function. 

Given those definitions, a Marshallian multicommodity spatial equilibrium with 
spatially homogeneous commodities, (E:2), contains the following conditions. 

(E:2.1) No excess demand for any comm odity in any region. A positive demand 
price in a region implies zero excess demand in the region. 

(E:2.2) Possibility for exces s supply of a commodity in a region. A positive supply 
price of a commodity in a region implies zero excess supply. 

Grx" - Ar(r)qr(r) - yr > 0, ( 5 . 3 . 5 )  

[GV» - A* ( T )q* ( r )  - yr]Tpr - 0, p* 2 :  0. ( 5 . 3 . 6 )  

Srqr(r) - Grxrs à: 0, ( 5 . 3 . 7 )  

[Srqr(r) - Grxrs]T?r - 0, > 0. ( 5 . 3 . 8 )  

(E:2.3) Spatial price equilibrium for each positive flow of a commodity. 

grTpr . £rT£r + trs > 0, ( 5 . 3 . 9 )  

[GrTPr - GrTpr + trs]Txrs - 0, xrs > 0. ( 5 . 3 . 1 0 )  

(E:2.4) Regional demand equilibrium for each commodity in each region. 

pr - pr(yr) ^ o, ( 5 . 3 . 1 1 )  

[p r  -  p r(yT)]Tyr _ 0,  yT > Q. ( 5 . 3 . 1 2 )  
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(E:2.5) Regional producer equilibriu m for each commodity and region [Vintage 
formulation]. 

Ar(r)Tpr + 5r(r) - S*1?* > 0, (5.3.13) 

[Ar(r)Tpr + o ' ( t )  -  _ o, qr(r) > 0. (5.3.14) 

(E:2.6) No excess utilization of a vintage in any region. A vintage which is not used 
at full capacity does not earn a positive quasi-rent. 

q^r) - qr(r) > 0, (5.3.15) 

[qr(0 -  qr(r)]Tä r(r) -  0, ä r  > 0.  (5.3.16) 

The complementarity problem (E:2) contains the vector and vector function, 

xrs GrTpr . GrTpr + trK 

7X Pr - Pr(yr) 

qr(f) 

pr 
F(z) -

Ar(r)Tpr + ôr(r) - S^îF 

Grxrs - J* - Ar(r)qr(r) 

?r Srqr(r) - Grxrs 

i 
t» M lb 

i 

qr(r) - qr(r) 

This problem may be compared with the (LP) problem in (4.2.37). Final demand is 
now an endogenous variable. The general form of this function implies that this is a 
nonlinear (CP). However, if the demand func tions are linear and the matrix of sub­
stitution coef ficients is symmet ric, the spatial multicommodity model may also be 
formulated as a quadratic programming problem. Assume, that the demand for pri-
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vate consumption is given as a set of affine functions of prices, which can be written 
as, 

i i 
c? + 2 jr pr 

i iJ J 
al l  i .  (5.3.18) 

In matrix notation (5.3.18) becomes, 

cr - cr + />rpr, (5.3.19) 

where the consumption vector and the vector of intercepts are denoted, 

,r _ 

[(NRxNS) X 1] 
NR 

"NS [  (NRxNS) X 1]  
_NR 
'NS 

(5.3.20) 

and the substitution matrix is written, 

ßT 

ß 1 

jNR 

, ßX 

ß 
11 

ß 
INS 

ß. 
NS1 

ß. 
NSNS 

(5.3.21) 

t(NRxNS) X (NRxNS)] [NS x NS] 

Each submatrix, ß r ,  r-l,...,NR,isa region-specific matrix, where the ori­
gin of the demanded commodity is not specified. 
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Moreover, let the part of final demand which is given exogenously be denoted by g£ 
and the vector, [ (NRxNS ) x 1 ], of this demand be denoted gr. It includes gov­
ernment expenditure s and investment demand. A linear final demand function is 
then determined as, 

fe _ je + ßX^T _ gr + ër + ßTpr (5.3.22) 

Above, yr is a vector of final demand s and yr a vector of intercepts. The inverse 
linear demand fun ction is in a spatial model with spatially homogeneous commodi­
ties written as,12 

pr - er + 0*7*. (5.3.23) 

where the vector of intercepts and the matrix of substitution terms are written,13 

e: o1 

0r -

e NR 
NS 

[(NRxNS) x 1] 

Or -

[(NRxNS) x (NRxNS)] 

(5.3.24) 

QNR 

With inverse demand functions, the spatial multisector problem may be formulated 
as the following profit maximization problem, 

12 This formulation was used by e.g. Kennedy (1974) and Takayama (1978) in their quadr atic pro­
gramming energy models. Also Norén (1987) has recently utilized the inverse linear fu nction in a 
nonspatiat multisector model. 

13 The substitution matrix consists of submatrices in a similar way as the matrices in (5.3.21). 
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(A:XI): 

Max [0r 

{*". y*» «'(O} 
- 40ryr]Tyr - 0Tqr(r) - t«Txrs (5.3.25) 

s . t .  y *  +  Ar ( r ) q r ( r )  -  G r x ™  < 0  ( 5 . 3 . 2 6 )  

Grxr# - Srqr(r) <0 (5.3.27) 

qr(r) < q*(r) (5.3.28) 

x", 7e, qr(r) St 0 

Above, the zero vector, 0 [ (NRxNSxNV) x 1 ], is also included in the objective. 
The vector function F(s) is in this case written as, 

»rs 

*(*) 

t™ 0 0 0 -CrT grT 0 

-er 0 Or 0 I 0 0 

0 0 0 0 Ar(r)T. •srT I 
+ 

0 Gr -I -Ar(r) 0 0 0 

0 -Gr 0 Sr 0 0 0 

q^r) 0 0 -I 0 0 0 

y* 

qr(r) 

ar 

3r  

är(r) 

( 5 . 3 . 2 9 )  

The equilibrium prices are obtained as the shadow values to constraints (53.26) and 
(53.27). The substitution matrix is the important difference, compared with the 
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linear programming case in (4.2.37). The matrix flr satisfies the following condition 
only when it is symmetric, 

Hence, the above "integrability condition" gives a necessary condition, for a solution 
of (A:XI) as a quadratic programming problem.14 

Comparing the vector function in the complementarity formulation of the multisec -
tor transport cost minimization problem (B:VII) and the above vector function, 
reveals that the transport assignment model is a special case of the SPE formulation 
with price-inelastic final demand. One may furthermore notice that if the inverse 
linear demand func tion contains a zero matrix of substitution terms and a positive 
intercept, the problem becomes a combined price-qua ntity constrained sales-value 
maximization problem, where the difference betw een the exogenously given prices 
and the imputed price may be used as a signal in a dynamic price process15. 

The models in sections 5.2 and 53 were formulated with inverse demand functions. 
The "bid suppl y prices" were obtained from inverse vintage supply fun ctions. The 
models allowed for positive intraregional transport costs and differences between 
the supply and demand equilibrium prices in a region. 

In this section, Walra sian models with ordinary demand functions are introduced 
together with the vintage sup ply side. In the spatial version, the assumption about 
spatial homogeneity will be retained. However, intraregional transport costs are 
assumed to be zero. The last assumption allows for simplified formulations, since an 
equality between supply and demand prices is obtained in each region. 

+ OrT] - nr. ( 5 . 3 . 3 0 )  

5.4 WALRASIAN FORMULATIONS OF THE SPE 
VINTAGE MODEL 

14 See Takayama and Labys (1986). 
15 Compare the discussion in Chapter 3 in relation to problem (A:IV). 
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To begin with, let us define a nonspatial Walrasian single commodity equilibrium 
with a vintage supply-side (E:3) as, 

(E:3.1) No excess demand for the commodity. [Walrasian case.] A positiv e equili­
brium price implies zero excess demand. 

(E:3.2) Producer equilibr ium with a vintage supply function. Those a re similar to 
conditions (E:1.3' ) in the Marshallian model above. 

(E:33) No production above the capacity in any vintage . Those conditions were 
given in (E:1.4). 

Compared with the Marshallian, quantity-oriented formulations, the ordinary 
demand function in (5.4.1) and (5.4.2) is characteristic for this price-oriented for­
mulation. Observe also that the explicit demand equilibrium (E:1.2) not has a 
similar counterpart in the Walrasian case. 

Generally, (E:3) is a nonlinear (CP). However, different (LCP) formulations of the 
model with linear demand functions have been suggested. Takayama and Woodland 
(1970) noticed that the dual of the (QP) formulation of a Marshallian equilibri a 
contained both price and quantity variables, which made it dif ficult to interpret the 
shadow variables as prices. The dual of the dual did not become the primal problem. 
Furthermore, such a dual still contains the inverse functions. Takayama and 
Woodland introduced a "purified dual", formulated in price terms only and with 
ordinary demand functions. However, the linear functions in the price problem may 
cause "irregularities" with negative quantities in the solution for some prices. A set of 
slack variables was thus included in the formulation to take care of such outcomes.16 

16 See Takayama and Judge (1971). This purified model with slacks has recently been used by 
Kjellman (1988) in analyses of trade in steam-coal. 

s i9l(T)  * di(Pi)  ^ 0» ( 5 . 4 . 1 )  

[Siqi(r)  -  d1(p i)]p i  -  0, pi  > 0.  ( 5 . 4 . 2 )  
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An alternative to the "purified dual" model is a programming formulation with ordi­
nary functions and quantity constraints [Mathiesen (1977)]. If the demand function is 
linear, and - ßiP±> problem (E:3) may be formulated as the following 
optimization problem in both prices and quantities, 

( A : X I I ) :  

Max - HpijSiPi -  • i(r)Tqi(r)  (5.4.3) 
(Pi. qi<*)} 

di - ^iPi - Sjqj(r) ^ 0 (5.4.4) 

q i ( f )  *  q i ( r )  ( 5 . 4 . 5 )  

p i . qi( 0  s t  o 

Let a i and aj(r) be the dual variables to constraints (5.4.4) and (5.4.5). The 
following Kuhn-Tucker conditions are associated with the primal variables, 

[ßiPi -  ^iPilPi -  0, (5.4.6) 

[•i(r)  + ä£(T) -  S 1«TiJTq 1(T) -  0. (5.4.7) 

So that, 

P i  >  0  = »  p i  -  o  i .  ( 5 . 4 . 8 )  

Hence, the market price in the demand function equals the imputed equilibrium 
price. This price also equals the market price faced by the producers, 

q i ( r )  >  0 = »  V i  ( T)  +  f f i ( r )  -  P i .  (5.4.9) 



-133- Chapters 

Observe that the intercept in the linear demand fun ction is not a part of the objec­
tive in this Walrasian formulation. Furthermore, both the price and the supplied 
quantities [but not the demanded quantity] are primal variables. In any case, the 
dual variables may be interpreted as prices and the market price obtained as the 
dual variable, equals the price met b y the consumers. The problem is neither a 
pure cost mini mization nor a pure profit maximization problem. If equals zero, 
the problem becomes a cost minimization problem in the sense of (B:II). It may thus 
be seen as an augmented cost minimi zation problem, but the objective does not 
directly depend on the demanded q uantity but on the price of the output, i.e. a fea­
ture that characterizes a profit maximization problem. 

An (LCP) formulation of problem (A:XII) contains a mapping F(z) with the 
structure, 

• i(f)  

i 

0
 1 W

 

H
 i 

q i(0 

F(*) - -di + Si - ß i  o Pi .  (5.4.10) 

q±(0 

i 
i H

 

O
 

O
 

• 

*i(0 

Demand no longer is the explicit entity it was in the Marshallian formulation 
(5.2.26). When the demand func tion in (E: l) is the inverse of the function in (E:3) 
the two solutions are equal since — p^ — p^. The advantages of this formu­
lation compared with both the Marshallian and the purified dual are the reduction in 
the size of the problem, and the use of the ordinary demand function. As wil l be 
made clear in the next chapter, the formulation also has a direct relation to the 
Walrasian formulation used in ICGE models. 

In the following this equilibrium formulati on is extended to a Walrasian spatial 
multisector model. Although the assumption is not necessary, it is assumed that 
intraregional transport costs are zero, i.e. t^r — 0, for all r, i. In this way, a single 
equilibrium price in each region is obtained and the formulation becomes simplified. 
The assumption of spatially homogeneous commodities is retained. The excess 
demand functions are thus given as ordinary functions of a single market price, 
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dï(pr) - qï(pr), all r, i, (5.4.11) 

instead of the formulation, 

dï(pr) - qï(pr), all r, i, (5.4.12) 

which would be used in a model with intraregional transport costs. The equilibrium 
conditions to this Walrasian spatial multi commodity model with spatially homoge­
neous commodities (E:4) are, 

(E:4.1) No excess demand for any commodity in any region. [Walrasian formulation 
without intraregional transportation costs]. A positive regional equilibrium price, 
implies zero excess demand. 

[Sr - Ar(r)]qr(r) - yr(pr) - [Gr + Gr]xr« > 0, (5.4.13) 

[[Sr - Ar(r)]qr(r) - y*(p*) - [Gr + G*]*«]V - 0, 

q ^  -  s  q L  -  y f  +  s  x ? r  - S x "  ä :  O ,  a l l  r , i .  ( 5 . 4 . 1 5 )  
i l J l  l e i  a l  

pr 2: 0. ( 5 . 4 . 1 4 )  

Above, the following excess demand condition has been introduced, 

This simplification, compared with (E:2.1) and (E:2.2) is possible since the intra­
regional transport costs were assumed to be zero. 
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(E:4.2) Spatial multisector price equilibrium with a condition on positive flows. 

[G*T- Gr]Tpr + t" > 0, 

[[grT . Gr]Tpr + trs]Txrs - 0, xr« > 0. 

(5.4.16) 

(5.4.17) 

(E:4.3) Regional multisector producer equilibrium. Vintage formulation with a pro­
fitability condition on each vintage. 

ö^r) + [Ar(r) - Sr]Tpr i 0, (5.4.18) 

[ö*(r) + [Ar(f) - s*]VlTqr(0 . 0, qr(r) > 0. (5.4.19) 

(E:4.4) No production above capacity in any vintage. These conditions were given in 
(E:2.6). 

The complementarity formulation contains the vector function F(z), 

F(x) 

trs 

0 
+ 

0 

q^r) 

0 

0 

-Gr+Gr 

0 [Gr-Gr]T 0 

0 [Ar-Sr]T I 

Sr-Ar -yr(pr) 0 

- 1 0  0  

xrs 

qr(0 
pr 

^(r)  

(5.4.20) 

The exclusion of intraregional transport costs and the ordinary demand function 
thus considerably reduces the dimension of the problem, compared with (53.29). 
Assuming a linear demand fun ction, with a symmetric negative semidefinite matrix 
ßT, the following quadratic multiregional multisector problem satisfies the con­
ditions in (E:4), 
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(A:XIII): 

Max - - t«Txrs . 0Tqr(r) (5.4.21) 
{pr, X™, 

s . t .  y* - /Jrpr + [Ar(r) - Sr]qr(r) 

+ [6r - Gr]xr* < 0 ( 5 . 4 . 2 2 )  

q r(r)  :S q*(r)  ( 5 . 4 . 2 3 )  

p* x", qr(T) > 0 

Derivation of th e complementarity conditions as was made in relation to problem 
(A:XII), reveals that at optimum the primal and dual pr ices are equal. The symme­
try condition on ßr is the important constraint on the model if (QP) algorithms shall 
be used. 

The formulation (E:4) gives a "W alras-Koopmans" model which gives a direct link 
between the traditional SPE formulation discussed earlier, and the ICGE models in 
the next chapter. 

In the chapter, vintage versions of a set of models in the S PE tradition have been 
derived. The relation between the Walrasian and the Marshallian formulations have 
also been demonstrated. The models hav e been formulated with s patially homoge­
neous commodities. Spatial heterogeneity is obtained in the models by treating each 
commodity originating from a given region as a specific commodity, when the elasti­
city of substitution between the same commodity from two dif ferent regions is less 
then infinite. The excess demand condition (5.4.15) is then simplified to, 

qr . s xrs . s qr . yr > 0, (5.5.1) 
1 s*r 1 j J1 1 

5.5 ASSESSMENT OF THE SPE MODELS 
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since 2 xsr - 0. In the extreme case, the number of commodities is increased 
s i 

from NS to NRxNS, and thus i, j - 1 NRxNS. 

Endogenous investments in new vintages, as formulated in Chapter 4, are possible to 
introduce in the SPE models of this chapter. Such a model is discussed in Johansson 
and Westin (1987). Labour market const raints for different skill categories are also 
easily introduced. 

The models in Chapter 4 were suppl y-side oriented and based on a rudimentary 
treatment of private consumption. This gave these models some considerable short­
comings, despite the simplified solution methods. Although such supply-side models 
can illustrate the interacti on between actors within the industry , the important and 
easily observed interdependences between production, consumer behaviour and 
structural change are left out from the formulations. In this chapter price-dependent 
demand functions have been introduced, increasing the realism of the models 
especially in medium- and long-term applications. 

However, income effects have been exogeneously determined. This has allowed for 
an extremal formulation and been motivated by focu sing on a smaller subset of 
commodities in traditional SPE models. A nonlinear (CP) would also allow for an 
introduction of inco me effects in the multic ommodity SPE model. In order to ana­
lyze income effects, one has to treat a major part of the economy. Hence, Walras-
Armington models hav e an advantage in this respec t since they are formulated for 
more aggregated and heterogeneous commodities. In this chapter, the step from a 
"Marshall-Koopmans" to a "Walras-Koopmans" version of the SPE model was 
demonstrated. When we move from the "Walras-KoopmansH to a "Walras-
Armington" model and also introduce income effects we arrive in the area of ICGE 
models. Before we leave the SPE tradition, it is again appropriate to empasize the 
important contribution of recent models in the SPE tradition.17 The link related 
treatment of the transport sector has been extended to allow for a detailed 
description of the transport network in those models. We will introduce such a 
detailed network in an ICGE model in the following chapter. 

17 See e.g. Friesz and Harker (1985), Florian and Los (1982), and Echenique et al. (1988). 
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6 INTERREGIONAL COMPUTABLE 
GENERAL EQUILIBRIUM MODELS WITH 
A VINTAGE FUNCTION 

6.1 INTRODUCTION 

In this chapter, vintage models which belong to the ICGE class are introduced. The 
models are thus of a Walrasian type. The Armington assumption is utilized to obtain 
spatially heterogeneous commodities. Income effects are treated endogenously 
through linear expenditure systems . In the chapter, the emphasize is placed on 
demonstrating how differen t behavioural assumptions can be combined in equili­
brium models. 

The proof of existence of a spatial general equili brium for a productive economy 
was, although in an implicit way, given by Arrow-Debreu (1954) and Debreu (1959). 
Isard and Ostroff (1958), starting from the Arrow-Debreu model, gave a proof with 
spatially homogeneous commodities, explicit budget constraints and an expl icit spa­
tial price equilibrium formulation. 

Negishi (1960) gave an alternative definitio n of a single region Walrasi an equili­
brium in terms of a social welfare fun ction and a choice of welfare weights. This 
formulation was used by Hardley-Kemp (1966) to define an international equili­
brium for two countries. Woodland1 (1969) extended this to a multicountry model. 

A traditional ICGE model normally contains the following features.2 The economy 
consists of a specified number of regions with a number of consumers, each with an 
initially given endowment. Each consumer has a preference preorderin g and a bud­
get constraint which together give demand functions for commodities and supply 

1 Also found in Takayama and Judge (1971). 
2 Early contributions of ICGE models may be found in Shoven and Wha lley (1974), Manne et al. 

(1980), and Licw (1984). 
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functions for factors. Those are continuous, nonnegative, homogeneous of degree 
zero in prices and incom e, and satisfy Walras' Law for all prices. Hence, con sumer 
incomes equal consumer expenditures. A pure ICGE model, in the Walras-Ar row-
Debreu sense, thus contains an induced income effect through a spatial relation 
between factor costs, incomes, and private consumption. Consumers may be aggre­
gated and represented by a set of households. 

The production system, located over regions, mostly consists of nonincreasing 
returns to scale activities or production functions of CES or similar type.3 Producers 
maximize profits and the profit f unctions are homogeneous of degree one in output 
and factor prices. This implies that demand functions are homogeneous of degree 
zero in the factor prices. The fact that demand functions are homogeneous of degree 
zero imply that only relative prices are of interest and prices may be normalized and 
related to a numeraire in some appropriate way. 

Trade is usually introduced by means of the Armington assumption with spatial CES 
functions and demand sys tems. The underlying network is of the simplest possible 
type. In this respect, the approach is close to the interregional input-output model by 
Isard (1951). In ICGE models which are used in international trade, the interaction 
costs are mainly represented by tariffs and other trade controls, while transport costs 
are suppressed. However, link costs and detailed networks may be introduced in the 
models and an explicit fulfilment of the spatial price equilibr ium condit ion may be 
obtained.4 

An ICGE model is economy-wide and contains all com modities and factors in the 
economy which a re considered as relevant for the equilibrium. This introduces, 
together with the feedback between factor incomes and consumer demand, complex 
nonlinearities in the model. Solution algorith ms, more demanding than the algo­
rithms associated with the equilibrium formulations in, at least the traditional, SPE 
models are thus needed. ICGE models are generally d eeply rooted in this Walras-
Arrow-Debreu tradition. The models suggested in the following have some features 
which give them a set of specifi c and different properties compared with the tradi­
tional set up. The following aspects are emphasized: 

3 Harris (1984) discusses a model with scale economies. Further development in this dire ction may 
be expected. 

4 Buckley (1987), Westin (1988). 
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* The vintage supply-side introduces rigidities and existe nce of temporary mono­
polies. 

* Endogenous demand for inv estment commodities related to capacity expansion, 
guarantee a consistency between the growth of the econo my and the producti on 
possibilities in the existing structure. 

* Existing rigidities in each region, together with the endogenous determination of 
exit and entry, bring about possibilities for analyses of the speed of change in the 
locational pattern within an economy. 

* Multihousehold formulations associated with constraints on the supply of labour 
with different skill, allow for simulation and ana lyses of distribu tional effects of 
spatial structural change. 

* Rich possibilities for simulation of different policy alternatives are obtained since 
the models may be formulat ed with or witho ut the explicit connection between 
factor costs and incomes as well as with fixed or endogenously determined wages. 

* Explicit link costs give a difference between origin and destination prices. 
Accessibility is thus important in the determination of the flows. 

* A detailed network representation with network assignment and modal choice is 
introduced. Such a model is appropriate as a tool for analysis of investments in 
the transport system. 

The chapter has the following conten ts. In section 6.2, an intermediate model is 
defined with a national demand side (as represented by a linear expenditure system) 
and spatially identified vintages. Although markets are cleared at the national level, 
an endogenous solution of the spatial exi t and entry problem may be obtained in a 
setting with moderate data demands. Hence, the regional "bre ak down" is endoge ­
nously determined. The approach is superior to approaches which make this "break 
down" exogenously. 
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A model with both spatial demand and supply sides, link-related transport costs, 
explicit commodity flows and a multihousehold/labour skill formulation is intro­
duced in section 6.3. The spatial representation is thus more complete in this model 
compared with the model in 6.2. In section 6.4, endogenous investment is included. 
So far, the models are formulated without explic it factor cost-income interdepen­
dences and with a very simple network. Explicit income formation and network 
features are then introduced in section 6.5. 

The presented spatial multisector vintage formulations represent important 
extensions of both the vintage m odelling and the ICGE traditions. The advantages, 
and limitations, of this type of models are finally discussed in section 6.6. 

62 A MULTISECTOR EQUILIBRIUM MODEL WITH A 
SPATIAL VINTAGE FUNCTION 

In this section, a model in which commo dity markets a re cleared at the national 
level, but where a regional specification of each vinta ge provides an opportunity to 
analyze spatial effects of national scenarios is presented.* The model is specified in a 
complementarity setting and it is shown that the problem is a nonlinear (CP). 

A regional "break down" of a national equilibrium solution is obtained endogenously 
in the model. An alternative way to model such a break down of a national equili­
brium may be exemplified by the ORANI-model [Dixon et al. (1982)]. The "top-
down" approach in the ORANI-model implies that the regional solution is not 
obtained endogenously in the main model, but in a submodel, solved with the 
national solution as a given datum. The advantage of the model presented here, is 
the endogenous treatment of some spatial feedbacks. 

In the model, final demand is derived from a national linear expenditure system. 
Supply and intermediate demand is obtained from vintage functions with a regional 
identification. Both supply and intermediate demand are then aggregated to national 

5 This section is based on ideas which spring from a joint effort together with Håkan Persson 
[Persson and Westin (1985)]. 
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totals. As a consequence, the model does not include interregional commodity flows 
and spatial interaction costs in an explicit way. 

The model is formulated wit h an exogenously fixed spatial wage structure and the 
national, for private consumption, disposable income, Y, as an endogenous variable. 
The equilibrium disposable income may be interpreted as the income which, via the 
linear expenditure system, gives full employment of the labour force. However, with 
given capacities, this may no t always be possible to achieve below full capacity uti­
lization. The solution thus identifies bottle-necks in the economy. 

The linear expenditure system (LES) may, but need not, be rationalized by assuming 
that households maximize a Klein-Rubin-Stone-Geary utility function under a bud­
get constraint.6 A single region system is given as, 

Pic i  "  PiCi + "i[Y - S pjCj],  al l  i .  (6.2.1) 

The elements c^, were interpreted by Samuelson (1947) as "subsistence" demands. 
The coefficients, > 0, are marginal budget shares which allocate consumption 
on commodities from the "supernumerary" income. The positive linear relation 
between expenditures and income implies that the behaviour of the household is 
constrained so that all commod ities are normal commodities. The system gives the 
following set of demand equations, 

C i  -  C i  + [aj/piHY - 2 p - j C j ] ,  all i. (6.2.2) 

The demand functions a re homogeneous of degree zero in prices and income. 
Commodities are also net substitutes in pairs and the compensated cross-price elas­
ticities are positive and symmetric [Green (1979)]. The linear expenditure syst em 
thus has properties which allow for existence of an equilibrium. However, when 

6 Alternative demand systems exist. The LES is chosen since it as been estimated on Swedish data. 
The system will be further discussed in a spatial, multihousehold version in section 6.3. 
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income increases at constant prices, the income elasticities of all commodities move 
toward unity. The income elasticity for commodity i is obtained as, 

©iY -  <*i/[PiCi(p,Y)A] (6.2.3) 

The derivative of the elasticity with respect to income is, 

de^y/dY -  ( a i /Pi c i(P»Y)1[1 -  e iYl (6.2.4) 

Hence, when income increases at constant prices, the income elasticities will 
increase/decrease dependent on if they initially are below/above unity. This feature, 
which implies that necessities becomes more of luxuries when income increases, is a 
drawback of the system. This especially becomes a problem when large income 
changes are generated. 

In short, the system may be summarized as a vector-valued function of prices and 
incomes. If exogenous final demand is added to the function as a fixed quantity the 
function in (6.2.5) is obtained. 

7  -  y(p,Y) (6.2.5) 

A combined national-regional Wairasian multisector equilibrium with fixed wages, is 
then defined by the conditions specified below in (E:5). 

(E:5.1) No exce ss demand of any com modity at the national level. A commodity in 
excess supply has zero price. 

2*[S*- A*(r)]qr(0 - y(p.Y) > 0, (6.2.6) 

[5F[S r-  Ar(r)]qr(r) - y(p,Y)]Tp - 0, p == 0 , (6.2.7) 

where Er is the summation matrix, 
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Sr 

[NS X (NRxNS) ]  

1 . . 1 

1 . . 1 
( 6 . 2 . 8 )  

which aggregates the regional supply of each commodity to national totals. 

(E:5.2) No active vin tages earn a quasi-rent below wh at is earned by the marginal 
vintage at the national prices. A vintage generating losses is not active. 

lr(r)Twr + ö^r) + [Ar(r) - S^E^p 2: 0, (6.2.9) 

[l*(r)Twr + sr{T) + [Ar(r) . sr]TSrTp]Tqr(l.) _ 0, 

qr(r) > 0. (6.2.10) 

(E:5.3) No excess utilization of any v intage. A vintage not used at full capa city will 
not earn positive quasi-rents. The conditions are similar to (E:2.6). 

(E:5.4) No excess utilization of the national labour force. At the equilibrium income, 
either the labour force or the production capacity is fully utilized. 

min{L, EErlr(r)qr(r)} - SSrlr(r)qr(r) > 0, (6.2.11) 

[min(L, ESrlr(r)qr(r)} - SSrlr(r)qr(r) ]Y - 0, 

Y  >  0 .  ( 6 . 2 . 1 2 )  

Above, 2 is a unit vector whic h adds the sectoral labour demand into a national 
aggregate. Aggregate labour supply is exoge nously give n by L. The constraint on 
labour demand is here given either by the labour supply or by the labour demand at 
füll capacity utilization. Both labour supply and available capacities are given exoge-
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nously. Hence, a solution with full employm ent cannot be guaranteed. In equili­
brium, either the labour force, the production capacity or both will be fully utilized. 

The model may, if an unconstrained new capacity vintage is introduced in each sec­
tor, also be used to estimate the amount of investments needed to obtain full 
employment at the national level. 

However, wages are exogenously given, while quasi-rents, prices, and the disposable 
income is determined endogenously in the model. In this closed economy there is an 
equality between aggregate factor costs and household income, and the solution 
gives the share of factor incomes which has t o be consumed by the household in 
order to fulfil condition (E:5.4).7 

The complementarity problem associate d with (E:5) contains the following vector 
function, 

F(*)-
0 

4-
q r(0 

m i n ( • )  

0 [Ar(r)-Sr]TSrT I 0 

2r[Sr-Ar(r)] -y(p,Y) 0 -y(p,Y) 

-I 0 0 0 

-ZSrlr(r) 0 0 0 

qr(r) 

P 

^(r)  

Y 

( 6 . 2 . 1 3 )  

This mapping may be compared with the mapping of the Walrasian model in 
(5.4.10). The linear expenditure system, and the income constraint in condition 
(E:5.4), introduce new nonlinear ities into the complementarity problem. The sym­
metry conditions, necessary for a solution by linear and quadratic programming are 
destroyed via the right column and the bottom row of the matrix in (6.2.13). The 
problem is a nonlinear (CP), and other algorithms have to be used. The adjustment 

7 This equality will be discussed further in section 6.5 below. The equality is obtained by summation 
of the equality part of the complementarity conditions in the model. 
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of incomes to obtain the employment-capacity target ma y, for examp le, be seen as 
an outer loop around a (QP), obtained by lin earization or in a tâtonnement algo­
rithm. 

A model of this type was reported and solved with a tâtonnement algorithm in 
Persson and Westin (1985). The problem was then to analyze spatial effects of exo-
genously imposed constraints on labour supply and international t rade. The main 
advantage of this combined national-regional formulation , is the simplified esti­
mation procedure. The main disadvantages are that spatial differences in taste and 
income cannot be included. Moreover, the transport sector is treated as a national 
aggregated input-output sector instead of a link-related acces sibility cost, and the 
spatial flows are suppressed. 

In this section, the spatial vintage structure from the previous models is kept, but the 
demand side is given a regional and multihousehold formulation. Hence, each region 
consist of a set of househol ds with different endowment of labour and taste. A spa­
tial multihousehold linear expenditure system is used to model demand for private 
consumption. It is shown how different equilibrium solutions may be obtained either 
by fixing the income leve l, by adjustm ent of th e wage levels or, at fixed wages, by 
adjustment of final demands or disposable incomes. 

63 A SPATIAL WALRAS-ARMINGTON MULTI-
HOUSEHOLD VINTAGE MODEL 

6.3.1 INTRODUCTION 

6.3.2 A SPATIAL MULTIHOUSEHOLD LINEAR EXPENDITURE 
SYSTEM 

In order to obtain price- and income-dependent spatial demand, a multihou sehold 
spatial linear expendi ture system (MSLES) with spatially heterogeneous commodi­
ties is developed in this section. 
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A spatial multihousehold version of the utility function for household h, in region s, 
is given by, 

U s(h) -  22 afS(h)ln[ cyS(h) -  c"(h)] ,  all  s ,h,  (6.3.1) 
ri i i i 

a"(h) > 0,  22 a"(h) -  1, 
i ri i 

c" (h) > c" (h) > 0,  al l  r ,s , i ,h.  (6.3.2) 

In this formulation, commodities are assumed to be spatially heterogeneous. The 
problem for each household is to maximize Us (h) under the following budget con­
straint, 

rs rs 22 p4  c (h) < Y s(h).  
ri i i 

(6.3.3) 

The price, p£s, is the price in region s of commodity i produced in region r. With a 
fixed link-related transport cost, this price is obtained as,8 

„rs r  .  <_rs 
Pi - Pi + fci . al l  r ,s , i .  (6.3.4) 

The demand functions obtained from (MSLES) are, 

8 An alternative to this fixed transportation co6t is an ad valorem formulati on of the following 
type» p^(l + t"). In this case, the transport cost is a function of the price of a commodity. With 
an increase in the price, the transport cost would also increase. This may be motivated by changes 
of transport mode and cargo type as well as increases in insur ance and storage costs, connected 
with an increased value of a commodity. 



-149- Chapter 6 

cj[s(h) - c?s(h) + [oJs(h)/pïs][Ys(h)- 22 pjscjs(h)], 

all r,s,i,h. (6.3.5) 

After addition of exogenously given final demand, 

,,rs v , r=rs y< " £ ci (h> + yi i 
n 

( 6 . 3 . 6 )  

is it possible to write the system as, 

yrs _ yrs(pr Yr(h)) ( 6 . 3 . 7 )  

where, 

rr* -

11 
'l 

11 f 
NS 

NR1 f 
NS 

INR 

INR 

*NS 

NRNR 

^NS 

, Yr(h) -

1 y (i) 

i 
Y (NH) 

NR 
Y (NH) 

.  ( 6 . 3 . 8 )  

[ (NRxNS) X NR] [(NRxNH) X 1]  

Although the above demand system is simple and includes some restrictive 
assumptions, an advantage is that the derivation from utility maximization is not a 
necessary assumption. The system may be rationalized by other assumptions, for 
instance habitutal behaviour among the consumers. Such differences between 
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regions and cities in the composition of hou seholds with different habitats ought to 
play a role in the explanation of spatial growth. 

Utilization of a (MSLES) is no burden from a computational point of view. The 
demand for data to estimate the system is more crucial. Limited availability of data 
may create problems wit h the degrees of freedom in an estimation. This has con­
strained most applic ations to national systems with a limited number of composite 
commodities. However, recently an estimation of a multiregion linear expenditure 
system was publ ished by Giles and Hampton (1987). In their work, other demand 
systems are also estimated and compared with the linear expenditure system. Their 
multiregional system is not equal t o the "ideal" system discu ssed above, but repre­
sents a simplification where spatial hetero geneity is not taken care of. The system 
may be seen as a simplification in the tradition of Chenery-Moses where the spatial 
flow pattern is obtained by a set of average trade coefficients. 

An important part of the stud y by Giles and Hampton, is that their material made it 
possible to reject the hypothe sis that income and price elastic ities are uniform ov er 
regions. The result is expected, and is in accordance with our discussion in Chapter 2 
on the importance of spatial differences in the demand pattern. How important such 
differences are for the result of a simulat ion, compared with an approximation with 
equal elasticiti es over space, can only be answered after simulation experiments. 
While the research in the field of refinemen t and estimation of spatia l demand sys­
tems develops, Nexpert gu esses'* o f parameters in data-demanding systems may be 
used. Experience from such approaches are found in the literature of applied 
modelling in international trade. 

In the case of Sweden, a national linear expenditure system is used in the long-term 
planning, but so far no system has been estimated at a lower spatial level. Infor­
mation exists at the regional level from expenditure surveys among different house­
hold categories [Of ficial Statistics of Sweden (1980)], which may be used in cali­
bration of spatially and household-differentiated characteristics. 

Deeper knowledge regarding such characteristics is important if distributional 
effects of, and the welfare conflicts associated with, structural change shall be 
modelled appropriately. 
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6.3.3 EQUILIBRIUM CONDITIONS 

Earlier, in Chapter 4, demand for heterogeneous labour in a spatial vintage pro­
duction system was introduced. When each labour category corresponds to a house­
hold group, unit labour demand in each vintage is given by the matrix, 

lr(h,r) 

1^(1,1) • iJd.NV) 

1 1 
l^NH.l) . 1^(NH,NV) 

NR NR 
1  ( 1 , 1 )  .  1  ( 1 , N V )  

NS NS 

NR NR 
1 (NH,1) . 1 (NH.NV) 

NS NS 

[(NRxNSxNH) X (NRxNSxNV)] ( 6 . 3 . 9 )  

The labour supply is now given by regional and household specified constraints. The 
disposable income levels are thus adjusted to obtain full utiliz ation of each labour 
category or the existing capacities. 

In the model below, we cli ng to th e assumption that wages and labour supply are 
exogenously given for each labour category, as specified in (63.10). 
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w'dO 

1 
w (1) 

1 
w (NH) 

NS 

NR 
w (NH) 

NS 

Lr(h) -

_1 
L (1) 

_1 
L (NH) 

NS 

_NR 
L (NH) 

NS 

( 6 . 3 . 1 0 )  

[(NRxNSxNH) x 1] [(NRxNSxNH) x 1] 

The Walras-Armington spatia l, multisector, multihousehold equilibrium with fixe d 
wages, exogenous interaction costs and full utiliza tion of th e labour supply or the 
production capacity is given by the conditions in (E:6). 

(E:6.1) No excess demand of any commodity in any region [price and income-
dependent version]. A positive price implies equality between demand and supply of 
a commodity. 

*pr - Srqr(r) - Ars(r)qr(r) - y«(pr, Y*(h))S* > 0,(6.3.11) 

*prTpr - 0 ,  pr > 0. ( 6 . 3 . 1 2 )  

The summation matrix, E*, [NR x 1 ] summarizes final demand of a commodity 
over regions. 

(E:6.2) No active vin tages earn a quasi-rent below wh at is earned by the marginal 
vintage. A vintage generating loss es is not active [Version with spatial labour skill 
differences]. 
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~ lr(h,r)^-wr(h) + <xr(r) + A^OO^-p* + 

lj*(r) - S^p* > 0, 

•qrTqr(r) - 0, qr(r) > 0. 

(6.3.13) 

(6.3.14) 

(E:63) No excess utilization of a vintage. A vintage not used at full capacity will not 
earn a positive quasi-rent. The conditions are similar to (E:2.6). 

(E:6.4) No excess d emand for a labour category in any region. At the equilibrium 
income levels, either the regional labour supply or the capacity is fully utilized. 

*Yr(h) - min (Lr(h) , Silr(h,r)qr(r)} 

- Silr(h,r)qr(r) > 0, 

*yr(h)TYr(h) - 0, Y*(h) 2: 0. 

(6.3.15) 

(6.3.16) 

The matrix Ej, given below, adds demand for each labour category in each secto r 
and region to totals for each category and region. 

Si 

1  . . .  1  
1 . . . 1 

1  . . .  1  
1  . . .  1  

(6.3.17) 

[(NRxNH) X (NRxNSxNH)] 
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If compared with our vintage formulation of Isard's interregional model, (B:V) and 
(4.2.14), this formulation includes link costs and a multihousehold, price- and 
income-dependent final demand. The assumption of spatial heterogeneity is however 
retained. 

In the model, wag es are exogenously given, while relat ive prices, the level and the 
distribution of the disposable incomes over households are endogenous variables. 
These endogenous variables force the equilibrium solution towards max imal utili­
zation of the given resources. In this model, changes in the exogenously given trans­
port cost on some links may also result in a different spatial resource utilization . 
This was not the case in th e previous model . The complementarity formulation in 
Rn, where n - 2(NRxNSxNV) + (NRxNS) + (NRxNH), now consists of, 

z -

qr(f) 

ar( r) 

r*(h) 

F ( z )  

* 

9 
* 
5r( r) 

Tr(h) 

( 6 . 3 . 1 8 )  

Walras law, in the sense that income equals f actor costs, is in this case not fulf illed 
for each household since there is no explicit connection between the factor payments 
to a labour category and the income obtained by a household group. This means that 
there is an implicit system of transfers between households in the economy. 

Alternative model formulations may be obtained by replacement of (E:6.4) by other 
conditions, while the rest of the model is kept intact. Three such cases are discussed 
below. 

Firstly, the model contains the spedai case when (E:6.4 ) is replaced by an exoge­
nously given income for each household, directly introduced in (E:6.9). In this case, 
the solution gives labour demand of each catego ry, which when compared with the 
available labour supply in each region, reveals the pattern of unemploy ment. How-
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ever, since there a re no binding constraints on labour demand, labour in this case 
implicitly is assumed to migrate to regions where there is excess demand. 

Secondly, a labour constraint may be introduced in a model with given income 
levels. In such a formulation wages may be fix ed downwards but flexib le upwards. 
Consider the labour supply constraint set, 

The wage entering the price condition (63.13) is with this constraint calculated as, 

To the right is th e wage increase / ir(h), given by (6.3.20). The complementarity 
condition implies that this is zero as long as unemployment exist s for a category. 
Together with the exogenously given wage level, wr(h), the wage entering the vin­
tage price conditions, w^h), is obtained. Hence, instead of the migration flows, 
labour cost will increase for scarce categories in regions with an excess demand for 
labour. Production wil l thus be redistributed towards regions and categories with 
unemployment. 

A third possib ility would be to keep both income and wages as exo genously given 
but to adjust the exogenous part of final demand, given by the vector, yr [ (NRxNS ) 
X 1 ], with elements, 

Voo " Lr(b) " * °. (6.3.19) 

VooT # , r ( h )  " °* M r ( h )  * °* (6.3.20) 

«*(10 - /ir(h) + »'(h). (6.3.21) 

(6.3.22) 

until the production capacity is fully utilized. The condition would in this case 
become, 
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(6.3.23) 

^rTy r  -  0,  y r  > 0 .  (6.3.24) 

With the above condition, only the level of the exogenous final demand for each 
commodity is adjusted, not the spatial distribution of the flows of this demand. I n 
this version the model may reflect a policy aiming at full capacity utilizatio n by 
increases in public demand. 

The model thus offers a variety o f possibi lities to simulate different po licy alterna­
tives and to study the outcome on the spatia l structure.9 It contains a set of simpler 
model alternatives, of which some have been di scussed previously. Although a non­
linear (CP), the nonlinearities are still quite well behaved and solution of problems 
with normal dimensions are generally easy. In the rest of the chapter, further 
extensions of the model are discussed which often need more demanding algorithms. 

A supply-oriented multisector vintage model with endogenous investment was intro­
duced in section 4.6. Within the (LP) representation in that section it was impossible 
to obtain annualized investment costs based on equilibrium prices. The model in this 
section combines the accelerator func tion in that model with the Walrasi an formu­
lation in section 6.3, in which it was assumed that investm ents and capacit ies were 
given exogenously.10 The (CP) formulation allows both for endogenously deter­
mined investment costs and a price and income elastic demand side. 

Compared with the model in section 6.3, this formulation emphasizes that change is 
generated by the incentive to make investments in new techniques and the possibility 

9 In a model of an open economy the aver age wage level or an exchan ge rate may fu rthermore be 
used to obtain an exogenously given current account condition. 

10 Single region vintage models in the W alrasian equilibrium tradition with endogenous investments 
have previously been formulated by Johansson and Persson (1983,1987). 

6.4 A SPATIAL WALRAS-ARMINGTON EQUILIBRIUM 
MODEL WITH ENDOGENOUS INVESTMENTS 
AND CHOICE OF LOCATION 
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for an investor to gain a temporary monopoly profit after introduction of a new 
technique in a node. The model also ascertains consistency between the increase of 
capacity and demand for investment commodit ies. The growth of the economy is 
thus constrained by the existing production possibilities.11 

New vintages are denoted by an asterisk and are characterized by the set, 

{qjî(r*),  ajj[(r*),  bj£,  l j[(h,r*)} ,al l  r ,s , i , j ,h.  (6.4.1) 

An extension, compared with the model in Chapter 4, is the skill-differentiated 
labour demand coe fficient. The spatial flows generated by the acceler ator matrix is 
dependent on the choice of technique in each region. A Walras- Armington spatial 
multisector multiho usehold equilibriu m with exogen ous wages and transport costs 
but endogenous investm ents, (E:7), is characterized by the following set of con­
ditions. 

(E:7.1) No excess demand for any commodity in any region. A positive price implies 
equality between demand and supply of the commodity [Endogenous investm ent 
version]. 

*pr - [I - Ars(r*) - Br«]qr(r*) + 

[S r  -  A™(r)]q*(r)  * 7 r #(p r  ,Y r(h))S*ä: 0 (6.4.2) 

*prTp r  -  0, p r  > 0.  (6.4.3) 

(E:7.2) No active vintages, existing or new, earn a quasi-rent below what is earned by 
the marginal vintage. A vintage generating losses is not active. 

11 This constraint may be weaker when trade with the test of the world is allowed. However, if a con-
dition on the balance of payments also is introduced, interestin g macro bal ancing problems will 
occur. 
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*qr - + 

ö r(r)  + A«(r)Tp r  + Tj»(r)  -  STp r  > 0,  (6.4.4) 

*qrTqr(0 - 0 ,  qr(r ) £ 0. (6.4.5) 

*qr* - l'fli.r*)1^^) + ^(t*) + Ars(r*)Tpr + 

Tj*(r*) + «r[BrsTpr + TgS(r*)] - pr > 0, (6.4.6) 

The condition contains, as model (A:VIII) also did, three vectors of unit transpor­
tation costs. Two vectors of costs for the transportation of intermediate commodities 
and one vector with costs for investment commodities. 

(E:7.3) No excess utilization of a vintage in a region. A vintage not used at full capa­
city does not earn a positive quasi-rent. This condition equals condition (E:2.6). 

(E:7.4) No excess utiliz ation of labour. A positive household income implies full 
employment of the category in the region [Endogenous investment version]. 

*qr*Tqr(r*) - 0, qr(r*) 3: 0. (6.4.7) 

*Y*(h)- Lr(b) " Silr(h,r)q*(r) -

Ej*lr(h, r*)q r(T*) > 0 ,  

*Yr ( h ) TY r(h) -  0, T r (h)  > 0.  

(6.4.8) 

(6.4.9) 

The condition implies that incomes will be adjusted and investments in new capacity 
will be accomplished until the labour supply is fully utilized at the given wages. 
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Observe that in this case , nonnegative quasi-rents are possible also in the new tech­
niques since labour supply may constrain the solution at a point where the demand 
price exceeds the unit production cost. Secondly, the quasi-rents are here Hnet quasi-
rents", since profits are reduced by the annual payment to the rentiers. Thirdly, in 
this equilibrium model, the value of the pay ments to rentiers is determined endoge-
nously by the prices and is not, as in (A: VIII), set ex ante of the investment. 

The equivalence between the equilibri um (E:7) and a complementarity problem is 
obtained by definition of, 

z -

q r(0 

q r(r*) 

Pr 

ä r(r)  

Yr(h) 

H z )  
ir* 

ft. a r(r)  

*Yr(h) 

(6.4.10) 

Clearly, both (E:6) and (A:VIII) are special cases of this model. Model (E:6) is 
obtained by exclusion of the new capacity condition, while (A:VIII) is obtained from 
an exclusion of the labour market income constraint and the price elasticity on final 
demand. The model may be given the follow ing behavioral content. Incomes, and 
thus demanded quantities of final commodities, are adjusted until an equil ibrium is 
reached in each labour market. New capacities are introduced in the regions where 
they are competitive and necessary for the achievement of equilibrium. In this pro­
cess, demand is adjusted until the price structure has such a relation to the given 
wage level that an introduction o f demand- induced new capacity becomes possible. 
The government is implicitly assumed to adjust net transfers to obtain the required 
income distribution. 

Alternative formulations of the model without endogenous investments were dis­
cussed in section 6.3 and may also be introduced in this setting. The "fu ll employ­
ment" formulation may thus be replaced by a formulation with an exogenously given 
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income development. Unemploym ent and migration would then be possible out­
comes of a simulation under a given trend of technological development. 

Another extension which have been discussed previously would be to allow for some 
amount of ex post substitution possibilities in each vintage, for instance by modelling 
each vintage as a CES, instead of a Leontief technique. Introduction of such substi­
tution may be appropriate in some sectors and is possible in this (CP) format. 

The capacity changes in the model are endogenously determined in commodity and 
service producin g sectors, but infrastructure capacities are exogenously given and 
only represented through the constant transportation cost. Demand for investment 
commodities associated with investm ents in the latter, also has to be determined 
exogenously. An extension of the mode l, which is discussed in the sequel, is thus to 
model the transport network in such detail that evaluations of mode- and link-
related investment programs are possible, and that congestio n effects may be ana­
lyzed. 

Despite the model being only solved for a single point in time, the solution of (E:7) 
may be seen as the result of dyna mic processes related to the product cycle theory. 
On the micro level, this process of spatial-structural change is represented by 
decisions to close down, initiate and relocate production. An understanding of the 
phases of the product cycl e thus facilitate a successful implementation of programs 
for structural change . In (E:7), investments in new and exit of obsolete capacity is 
modelled explicitly and spatial relocation is the outcome of those actions. In a single 
commodity model by Johansson and Westin (1987), exogenously determined cost 
changes cause discontinuities in the optimal location of an establis hment producing 
a maturing commodity. This process is reflected in model (E:7) by exit in nodes with 
high wages, and entry o f capacitie s in low wage nodes, when the price of the com­
modity is lowered due to process investments. According to the model, investments 
in new capa city are made in nodes within which there are movable factors, advan­
tageous production costs or a high demand. A new technique has to compete with 
existing techniques, without the investm ent costs , both in it' s own sector and other 
regions, and must also often attract labour from other sectors. 
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The model may also be used in simulations related to the Swedish "Rhen-Meidner" 
program [Rhen(1948), Lundberg (1950), Svennilson (1945)]. In short, this program 
is aimed at an equalization of wag es over vintages in a sector and between sectors 
and regions. A Keynesian stimulation policy to obtain full employment would in such 
cases result in an inflation pressure, since regions with an advantageous vintage 
structure would be overstimulated in the attempts to secure full employment in the 
oldest vintage in regions with a unfavorable structure. In the program, it was instead 
suggested that vintages with obsolete techniq ues would be closed down and intro­
duction of new techniques, with higher productivity, promoted. To avoid unemploy­
ment, programs for education, job training and migration for the employees in 
existing vintages should be initiated. Hence, economic growth would be associat ed 
with low unemployment and low inflation. 

A program of the above type of mus t, in order to be successful, be governed by an 
understanding for the speed of the different processes involved, and thus the 
strength of the rigiditi es in the system. Model (E:7) gives opportunities to simulate 
and to study the spatial outcome of different assumptions on the speed and direction 
of techni cal development, migration and education effor ts of such programs . Since 
external trade easily is introduced in the model, the sensitivity in t he economy in 
relation to exogenous disturbances may also be studied. 

6.5 INCOME-INDUCED EFFECTS, BUDGET 
CONSTRAINTS, AND SPATIAL FLOWS 

fi. 5.1 INTRODUCTION 

The theoretical Walras-Arrow-Debreu model, as well as some applied ICGE 
models, contains an explicit budget constraint connected with the factor costs for 
each household. This connection gives the income-induced effects, the "general 
equilibrium effects", which distinguish the models from models with incomes as exo-
genously given. Even if income flows are endogenously determined, the relation 
between household income and factor paymen ts may still be implicit, as in models 
(E:6)-(E:7). The classical Walrasian formulation, with an expli cit relation betwee n 



Chapter 6 • 162-

factor costs and incomes, was not followed in those cases. Instead a government was 
assumed to adjust incomes by transfers to obtain full employment. 

Applied multisector equilibriu m models have to be partial, since not all markets 
have similar adjustment times toward equilibrium. Hence, all markets cannot be 
specified as endogenously. The characteristic feature of an applied "general equili­
brium" model shou ld thus not, as sometimes is suggested , be that all markets are 
endogenously cleared, but that this endogenous connection between demand, 
income and factor costs exists. 

A good reason to exclude connections between factor costs and incomes in a 
regional context is that rigorous information regarding such flows is not available at 
the moment. However, it is an important task to make assumptions about the 
pattern of those flows and to study the sensitivity of a model in relation to changes in 
such assumptions. It is not, especially in medium- and long-term analysis, possible to 
assume that induced effects, given by income elasticities and income changes, are a 
less important part of the system-related explanat ion of regional developm ent and 
spatial structural change then the price effects. This motivates a discussion of how 
such interdependences may be formulated. 

So far, the transport sector has been treated exogenously, in the sense that the flows 
on the network has not generated demand for resources and income flows in th e 
nodes. Already our introduction of link-related transport costs has brought the 
model beyond the traditional applied general equilibrium approach. An endogenous 
treatment of the sector was initial ly discussed in Chapter 4. In section 633 a 
network model of the resource utilizat ion and income effects generated by trans­
portation is given. 

The aim of this section is thus to compare different formulation s of budget con­
straints in spatial models and to demonstrate how the income flows from a network-
oriented transport sector may be included in this context. In applications, a mixture 
of the models in this section and in the previous sect ion is possible. However, we 
stress that in each case it is important to clarify the explicit or implicit relation which 
exist between factor costs, income flows, transfers and final demand in a model. 



-163- Chapter 6 

Initially, in subsection 6.5.2, a single-region, single-household model is discussed 
along with alternative ways to dose this model with resp ect to incomes. This illu­
strates some fundamental factor cost and income interdependences in multisecto r 
models. Thereafter, in subsection 6.5.3, it is shown how b udget constraints may be 
introduced in a multihousehold network model with an endogenous multimode 
transport sector. 

In this section, a Walrasian s ingle-region, single-household model of a closed pro­
ductive economy is introduced. Our aim is to analyze how Walras law implicitly con­
strains the solution in this simple formulation. The model follows the standard 
Walrasian model, but a completely wage-inelastic labour supply and a given set of 
vintage capacitie s are assumed. All markets are competitive and have a uniform 
medium-term adjustment time. However, wages are flexible and adjusted to obtain 
equilibrium in the factor markets through the labour demand. The equilibrium con­
ditions (E:8) for this model are, 

(E:8.1) Commodity market equilibrium 

(.5.2 WALRAS LAW AND INCOME EFFECTS IN SINGLE-REGION, 
SINGLE-HOUSEHOLD MODELS 

*p - [S - A(r)]q(r)- c(p,ir,a(r)) ä: 0, 

*pTP - 0. P ^ 0. (6.5.1) 

(E:8.2) Vintage activity conditions 

®q(r) -  A(r)Tp + 1(T)TW + a ( r ) - STp > 0, 

*q(r)T9( r)  "  <l( r)  ^ °- (6.5.2) 
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(E:83) Vintage capacity constraints 

* ä ( r )  ~  * Î ( T )  "  < l ( T )  -  ° >  

*5(T)T<Kr) - 0, a ( r )  2: 0. (6.5.3) 

(E:8.4) Labour market equilibrium 

-  L -  l(r)q(r)  â: 0 ,  

-  0 ,  w > 0. (6.5.4) 

The interpretation of these conditions, and the related vectors and matrices, closely 
follows the interpretations in the previous models [e.g. (E:5)] and need not be 
repeated. The important deviations from previous models are that no final demand 
component except for private consumption is included in (6.5.1) and that wages, 
through condition (6.5.4) instead of income, are adjusted to reach full employm ent. 
The given capacity is assumed to allow for full utilization of the labour force. Private 
consumption is now also directly determined by wages, prices, and profits through a 
budget constraint and satisfies Walras' law for all prices. 

With nonsatiation, Walras' law implies that the value of ex cess demand is zero and 
thus that final demand equals factor costs, 

This condition is also obtained by addition of the equality part of conditions (6.5.1) -
(6.5.4) at the equilibrium point. Hence, the budget constraint is satisfied in the 
solution.12 

c(p,w,a(r))Tp -  Ï7w + q(r)Ta(r) .  (6.5.5) 

12 Compare Mathiesen (1987). 
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If the private demand function in (E:8) is instead replaced by a demand system 
which ful fills the income constra int, but where income not is expli citly connec ted 
with factor costs, the equilibrium income - expenditure condition given by the 
demand system becomes, 

c(p,Y)Tp -  Y (6.5.6) 

When the equality constraints in (E:8) are added, household incomes will still equal 
factor costs, since, 

Y -  c(p,Y)Tp -  LT* + q(r)Tä(r) .  (6.5.7) 

Walras' law is thus fulfilled in the equilibri um solution of the single-r egion, single-
household model, even if the connectio n between final dem and and factor costs is 
only implicit. The complementarity formulation thus offers a strait forward way to 
show this well known relation.13 

The result above is possible to extend to the model with final demand for commodi­
ties from an external sector and for capacity-increasing investments. In this case 
Walras' law implies, 

c(p,Y)Tp + yTp + [Bq(r*)]Tp -

ï?w + q(r)Tä(r) + q(r*)Tä(r*) + [*Bq(r*)]Tp. (6.5.8) 

Gross income cover s private consum ption, external demand and investments. The 
income disposable for private consum ption is thus obtained after reduction by net 
transfers to the external sector and investment outlays. The profits from new vin­
tages are divided on "net quasi-rentsN and a return to the rentiers. 

13 As examples of Swedish single-region, single-household vintage models without an explicit formu­
lation of the connection between factor costs and incomes, one may mention the models by 
Johansson and Persson (1983,1987) and Persson (1983). Those, and the models by Bergman (1982, 
1986), satisfy the condition impli citly by adj ustment of the domestic co6t level in relation to an 
external condition on the current accounts. 
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When, in such a model, wages are fixed at wbut the disposable income is endoge-
nously determined, a net transfer is assumed to be adjusted so that the disposable 
income for private consumption gives labour market equilibrium. Hence, an implicit 
net transfer, TR, exists, such that, 

Y - ï?w + q(r)Tîï(r) + q(r*)Tä(r*) + [fUq(r*)]Tp -

Y + TR + sY -  c(p,Y)Tp + yTp + [Bq(f*)]Tp (6.5.9) 

Above, Y is the national income, and s the saving share. A fixed wage level con­
strains the solution but does not violate the consistency between factor costs, 
incomes and demand. If the model is ext ended to include two or more households , 
the above implic it conditions for fulfilm ent of each household's budget constraint 
are not available. Explicit budget constraints with spatial flows of factor earnings 
have then to be introduced. The overall consistency is nonetheless still kept. 

6.5.3 INCOME EFFECTS IN A SPATIAL MULTIHOUSEHOLD 
NETWORK MODEL WITH ENDOGENOUS TRANSPOR­
TATION COSTS 

A complete introduction of income effects in a spatial equilibrium model implies 
that two types of repercussions have to be specified: 

* Relations between the localized transport sector and the link flows on the trans­
port network. 

* Spatial distribution of factor costs between producers and households. 

An extended representation of the transport network, which allows for an endoge­
nous determination of the transportation costs and a link-related evaluation of 
infrastructure investment programs, furthermore implies that: 

* Different link types and their characteristics, as well as various link connections, 
have to be identified. 
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* Modal split and link assignment have to be modelled. 

Chapter 6 

The interdependence between household income s and the factor costs which ar e 
generated by transportation activities on network links, may be obtained in a 
number of ways. A first aspect of this concerns the delimitation of the transport 
sector. Isard and Ostroff (1958) introduced specialized transport firms operating on 
links with explicit regional ownerships of the firms. In their model only firms within 
the transport sector are allowed to transport commodities. In a reformulation of the 
Arrow-Debreu model into a model with an expl icit spatial structure, Harris- Nadji 
(1987) noted that the Arrow-Debreu model allows each producer either to transport 
commodities themselves or to use a transport agency. Their formulation would thus 
be more general than the Isard-Ostroff formulation. This may also be the case. 
However, from both a practical modell ing point of view and the fact that there 
seems to be a movement from self-produced transportation to market solutions, it is 
advantageous to assume that transportation is made by a specialized transport 
sector, in the Isard-Ostroff tradition.14 

The network in the models has so far been simple and consi sts only of producin g 
and demanding nodes. An enlarged network inclu des a detailed representation of 
alternative links and specialized nodes. Some nodes consists of the demand and 
supply regions previously introduced. Other nodes are connections between different 
link types. 

In the model below, a detailed network is introduced into a model closely related to 
model (E:7) in section 6.4. However, transport costs are now determined endoge -
nously on the network. Furthermore, in this formulat ion wages are endogenously 
determined and explicit budget constraints are introduced. Assume that network 
modes, m - 1 ,.. , NM, operate on the links, n - 1 NL. Each network 
mode has access to a subset of the links. Furthermore, a chain of netwo rk modes 
may define a "supermode", m - 1 , . . . , NSM.15 For example, the supermode air 
consists of car and rail connec tions to the origin and destination airports. Given the 

14 The movement towards market solutions of transportation is not self-evident. As long as the supply 
side of the transport market does not adapt to the new demand for logistic management and deli­
veries on time of small entities, this may be solved internally by the demand side. 

15 Compare Echenique et al. (1988). 
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enlarged network, the following conditions characterize a spatial multihousehold 
network equilibrium with endogenous income formation (E:9). 

(E:9.1) Transportation producer equilibrium. No transportation is carried out by any 
mode on a nonprofitable Unk. 

Above, tm is a vector [ (NMxNL) x 1 ] of transportation tariffs by mode and link, 
qan [(NMxNL) x 1], is the amount of transportation produced, and 

[ (NMxNR) x 1 ] is a vector of average tariffs related to each mode in each 
region. These conditions are contingent on changes of input coefficients due to tech­
nical change in the transport sector and in the infrastructure, as well as the prices of 
inputs. The transportation techniques used by each mode on each link a re repre­
sented by the elements in the matrices for demand of intermediate commodities and 
labour, 

-  AJJ(W Tn. tJ)Tp r  + T«n + 

lJSndi, W Tn, t£)Tw*(h) -tniO, (6.5.10) 

(6.5.11) 

1 .  1 .  
a i l l  '  aHNL 

. . a. 
1. 
1NMNL 

A 
•n 
rs 

aNSll 
(6.5.12) 

NR. 
aNSll 

. a NR. 
NSNMNL 

t(NRxNS) x (NMxNL)] 
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and, 

iL (t) 

il*1) • 

IJ;U(NH) 

1^ (NH) NS11 ' 

11NMNL(1) 

l1^ (NH) NSNMNL 

.  (6.5.13) 

[(NRxNSxNH) X (NMxNL)] 

The elements in the matrices are obtained in a hierarchical way described below, 

a ïmn "  f a ïmn ~ f  (6.5.14) 

and, 

^ imn^ ™ Tn) (6.5.15) 

The parameters and , distribute the transportation supply over regions, 
according to the regional price of a mode and in relation to the flow pattern. The 
transportation by a mode on a link is thus connected with the transport sector in the 
producing nodes. The production in the transport sector and the incomes from 
transportation in a node by this beco me functions of the transport activities on the 
network. These parameters reflect the competitio n between actors in the transpor­
tation industry. The explicit formulation of this connect ion may be by fixe d coef fi­
cients or by elastic function s e.g. of CES type. In simplified applicati ons, a con­
nection of all transportation may be made, either to the origin, the destination, or 
divided betwe en the two. With the use of a price elast icity, a larger share of the 
transportation supply would be directed towards cheap producers. 
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The use of inputs may furthermore be dependent on the scale of the flow s and the 
travel time on links, Tn[NL x 1]. The elements in the latter vector a re non-
decreasing functions of the free flow time, Tn, and the given capacity of the links, 
Un, but nonincreasing functions of their load, Uq, 

Tn " Tn(Tn, On, Oq) . (6.5.16) 

The load is the sum over all network modes of the flows on a link, measured in equi­
valent units, 

m 
al l  n.  (6.5.17) 

where fmn are conversion factors. The cost of inputs for transportation by mode m 
on link n includes the transport cost for those inputs, given by, 

rs rs 
Tmn - ma. t. , 

rs i  lmn i al l  m,n.  (6.5.18) 

which gives the vector, 

[(NMxNL) x 1] 

Til  

TNMNL 

(6.5.19) 

The condition above describes the supply-side of the transport sector. The network-
related demand side is introduced in the next condition. 
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(E:9.2) No excess demand for transportation. The mode- and link-rela ted transport 
cost gives equilibrium between demand and supply of a mode on a link, 

$«- " Q«m " , llnm) ^ 0» (6.5.20) 
Lin 

~ °' t®n - °' (6.5.21) 

Demand for network modes on links, i.e the vector, d e n(x r s , um), [ (NMxNL) 
X 1 ] is determined through modal sp lit and link assig nment from the commodity 
flow distribution, x rs, and the generalized transport cost on modes and links for 
each commodity, the vector, um [ (NMxNL) x 1 ]. The generalized cost is a [e.g. 
linear] function of the transport cost, and link- and mode-related disutilities 
including, for example travel time and mode-specific discomfort parameters. 

Modal split is modelled by a hierarchic, multinominal logit function.16 Choice of 
supermode is obtained from the probabilities which assign a flow of commod ity i 
from origin r to destination s, to each supermode m, 

prob[m|rsi]  -  w£exp[-A£u£| r s i]/2 w£exp[-A£u£| r s i]  
in 

,  a l l  m,r,s , i  (6.5.22) 

Each probability is a function of the genera lized costs from using a supermode, for 
transportation of commodity i between r and s, u£| rs^, a spread parameter À£, 
and the parameters The latter are a priori weights, adding up to one, which may 
or may not be used to introduc e exogenous information to the flows. As the spread 
parameter goes to infinity, the model is reduced to a model of minimum cost choice 
of the same type as some freight network models. The generalized cost of superode 
m is obtained as the log sum of the cost of all possible routes which contain the 
supermode, e.g. the composite cost, 

16 See Domencich and McFadde n (1975), Williams (1977), McFadden (1978), Daly and Zachaiy 
(1978), Lerman (1982), and Fisk and Boyce (1984) for the derivation of the logit mo del and calcu­
lation of composite co6t measures. 
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"mirsi - -[l/AR]ln[S WRexpf-A RuR|£|rsi]]•  (6.5.23) 
R 

Above, Ar is the spread parameter over routes, uR|^| rs£ is the generalized cost 
of uti lizating route R, given that supermode m has been chosen, and wr are optional 
a priori weights. The generalized cost of each individual route for a supermode is, at 
the next level, the sum of the generalized costs of modes on the links which build the 
route. The flow on each link is in a similar way obtain ed by logit functions w hich 
assign the route flows to network modes and links. A formulation with minimum 
cost assignment, is a possible special case. This gives a model with clear properties, 
but often with too little .dispersion of t he flows when evaluations are made against 
real flows. Logit formulations give this heterogeneity of flows but may, on the other 
hand, not be independent of the formu lation of the assignment algorithm.17 Since a 
minimum cost path solution is also obtainable in the logit assignment algorithm, the 
properties of the algorithm in relation to the minimum cost path may be evaluated 
by parameter analysis. 

The transport cost between node r and s for commodity i, t£s, is, independent 
of the chosen assignment algorithm, built up from modes and links to supermodes. 
Hence, commodity-related costs may be calc ulated by use o f the tariff-related part 
of the generalized cost, 

-  -tl /A£]ln[? w£exp[-A^t£| r s i]]» a 1 1  r« s . i '  (6.5.24) 
m 1 

which gives the difference between the supply and demand prices for commodities in 
the model. This also indicates how the previously introduced models wit h a simple 
network, are special cases of the model with a detailed network. 

The remaining part of the model follows the model in section 6.4, with the exception 
that an endogenous determination of wages is now introduced in order to illustrate 
an alternative labour market equilibrium condition. 

17 Williams (1977) and Barra and Pérez (1986) give examples of this. 
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(E:93) No excess demand for any commodity in any node. A positive price implies 
equality between demand and supply of a commodity. [Endogenous investment 
version given by condition (E:7.1)] 

(E:9.4) No active vintages, existing or new, earn a quasi-rent below what is earned by 
the marginal vintage. A vintage generating losses is not active. [Given by condition 
(E:7.2)] 

(E:9.5) No excess utilization of a vintage in any mode. A vintage which is not used at 
full capacity does not earn positive quasi-rents. [Given by condition (E:2.6)] 

(E:9.6) No excess utilization of any labour category. A positive wage implies ful l 
employment of the category. 

*w*(h)  "  i r ( h )  "  i r (h .*>«l r (»-> -  l r (h, r*)q*(r*)  > 0, (6.5 .25)  

V(h)T w r <h> "  ° '  w r ( h > -  0  (6.5 .26)  

The budget constraint which enters the expenditure system includes spatial flows of 
factor costs from all vintages r ' € r, r* and has the following income side for 
household h in node r, 

Y r (h)  -  S 7"(h,r ' ) [wS (h)L S (h, r ' )  + 
s i r '  1  1 1  

s  s  S rs  r  ITS 
ä.( r ' )q  ( r ' )  + ESS £ .B [p + t  ] ] .  (6.5.27)  
1  1  i j r  1  J*-  j  j  

The first term reflects labour incomes from each vintage, in each producing node to 
node r and the following two terms are flows of profit and amortizat ions between 
nodes. Those flows have a structure reflected by the nonnegative parameters 
7|r (h,r ' ) . The factor costs include incomes from transportation modes. A poss­
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ible generalization would be to allow each factor income category to have an 
individual set of share parameters. The disposable incomes entering the expenditure 
system are calculated with the saving parameters,  s r  (h),  and the net  transfer from 
each household as, 

Y r(h) -  [l-s r(h)]Y r(h) -  TR r(h).  (6.5.28) 

The following income and expenditure constraint is obtained by summation of the 
equality conditions in (E:9), 

+ t£s + TgSTqr(f*) + [BrSqr(r*)]Tpr _ 

[« rBr8qr(r*)]Tpr + SrTgSTqr(r*) + *r(r*)Tqr(r*) + 

ï ? r ( h ) T w r ( h )  +  ä r ( r ) T q r ( r )  ( 6 . 5 . 3 0 )  

where T^s is the transportation cost associated with the flows of commodities for 
private consumption and exogenous final demand. On the left side of the equality 
sign are expenditures for final demand and their associated transportation costs. The 
income side at the right side is composed by return to rentiers, net profits from new 
capacities and the value added in existing, active vin tages. In this case both trans­
portation and investment costs are endogenously determined by prices on commodi­
ties and factors. 

The equivalence between the above equilibrium model and a complementarity prob­
lem is obtained by definition of, 
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q r(0 
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(6.5.31) 

Existence of such an equilibrium is guaranteed under the ordinary monotonicity 
conditions on the supply and demand function s, as discussed in Chapter 2. In the 
model, the aggregate transport cost may be calculated in three different ways, since, 

xrsTtrs _ + TjsTqr(r) + TjsTqr(r*) + -rsT, 

T«V<r*) + T" -  VT t«.  (6.5.32) 

The model gives an integrated representation of the system effects due to the inter­
actions between a detailed transport system, and the growth of production capacities 
and incomes over space. Investments in a link in order to reduce the travel time may 
result in a direct substitution effect in the l ink flows and indirect changes as a result 
of the spatial exit process and the choice of location and techniques in the producing 
sectors. 

One may in multiregion models with a single household in each region, as an alter­
native to the explicit income condition (6.5.27), include a current account con dition 
on each region in order to obtain an implicit budget constr aint on each househo ld. 
In a spatial multihou sehold model, there is obviously no possibility to obtain an 
implicit budget constraint on each househo ld via a condition on the regional trade 
alone. 
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Passenger trips are generated by demand for business and household services as well 
as for recreation and culture. Those trips are obtained from the input-output struc­
ture and the household expenditure system. Passenger trips create demand both in 
transfer nodes, which a re included in a route, and in the destination node. Such 
tourism effects have not been taken care of in the formulation ab ove, but would be 
taken care of by a redistribution of demand in relation to the passenger flows 
between nodes. 

Generally, each infrastructure investment object is, given the medium-term horizon, 
assumed only to have marginal effects on the interaction costs on the network. How­
ever, the model may be used to analyze the effects of investme nts in critical link s, 
improvements of routes, or a technical change on the supply-side of the transpor­
tation market. The model may also be used to solve different network design prob­
lems. Such a problem implies that the network should be designed so that the 
resource utilization in the transport sector and for the creation and maintenance of 
the network give s optimal economic gro wth, a distribution of spatial flows, and a 
location of activities in accordance with political demands on the development. 

6.6 ASSESSMENT OF THE ICGE MODELS 

In this chapter, a set of ICGE models with endogenous income effects have been 
introduced. Models have been formulated both with and without an explicit con­
nection between factor costs and incomes. The available empirical studies of the 
spatial pattern of financial flows are not complete and the results from spatial 
models with exp licit connections have to be used carefully. The net effects on the 
flows of changes in savings, transfers and factor costs are not easily captured. 
Objections may thus be raised against formulation of explicit conditions on a 
detailed spatial level. However , and as has been argued earlier, the existence of 
income effects in economy-wide analyses makes it important to study the sensitivity 
of a result with respect to changes in the pattern of the income flows, and in relation 
to models with "implicit flows" and exogenous assumptions. 

A similar argument may be used to the advantage of our endogenous investment 
formulation. Once a (CP) algorithm is developed for an application there are possi-
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bilities to simulate the sensitivity in the solution of different investm ent function s. 
Such simulati ons may giv e important new informat ion to modelers and decision 
makers. 

Our introduction of a detailed netwo rk representation into the ICGE framework, 
both extends the range of analy ses possible and gives a connection to other models 
of spatial flow s. Logit formulations were used in the network representation. The 
advantage of the logit formulation, compared with the special case of minimum cost 
path-oriented modal split and link assignme nt, is the dispersion of flows which 
represent heterogeneities and uncertainty. The logit formulation allo ws for simple 
calibration of a model of such spatial dispersion. A considerably more data-
demanding alternative to the logit mod el, in an "Armington" direction, would be to 
specify demand systems with functions for each route, consisting of choices of links 
and modes, and substitution possibilities between the accessible alternatives for each 
vintage and household. Less demanding wou ld be to represent the network with 
nonlinear cost functions for aggregates of links. However, this would not allow for a 
direct introduction of link-related changes in the model. 

The integrated network model represents the competitive forces in the transpor­
tation in dustry by e ndogenous su bsti tution p ossibil i t ies be tween c arriers f rom 
different regions. We have suggested an approach to represent this competition. The 
transport market consists of different segments, from nationwide schedulized 
transport networks around nodes with terminals to specialized transport companies. 
Both price and quality, for instance "just in timeN deliveries, are means of compe­
tition. New transport concepts spring out of the synergy between different modes of 
transportation. Changes in the amount and typ e of del iveries will affect the stability 
of the flows and the location of terminals will thus have impacts on the distribution 
of incomes and the accessibility over space. Hence there is scope for further 
theoretical and empirical research on the relation between transport sector activities 
and the spatial distribution of factor incomes. 

The ICGE models have their advant age in economy-wide studies o f system ef fects 
caused by the interaction between supply, demand and transportatio n of comm odi­
ties. In each region, the commodities may be in different stages of the product cy cle 
with different techniques and labour demand. Investments in new products and pro­
cesses have impacts on this interaction. Income and price effects redistribute 
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demand between commodities and generate structural change. Choice of technique 
and location for the supplier also aff ects incomes, prices and the spatial pattern of 
interaction. The multihousehold approach allow s for analysis of how the available 
labour supply restricts, and how distributional impacts generate, such changes. 
Investments in the network give those processes spatial directions. This gives 
arguments for increased research in the field of integrated transportation - economic 
structure models. 



7 COMPARISON AND ASSESSMENT OF 
MODELS IN THE VINTAGE NETWORK 
EQUILIBRIUM CLASS 

7.1 INTRODUCTION 

In the previous three chapters, the vintage functio n was introduce d into the two 
main traditions of applied spatial equilibrium models. An extension of ICGE models 
into a network formulation was also suggested. The latter type of mod el allows for 
an integrated analysis of spatial multisector growth with a network representation of 
the transport system. In this chapter it is further emphasized that the various 
versions of vintage jnodels presented, are special cases of a class of multisector 
network models. 

Within this cla ss, the choice o f model for a specific application should be made in 
relation to modelling objectives and assumed or estimated elasticities. The latter is 
among other things go verned by the degree of aggrega tion and the time period in 
the analysis. 

Henceforth, the chapter consists of two sectio ns. In section 7.2, a classification of 
spatial equilibrium models is made. It is shown how an appropriate choice of nesting 
and elasticities allow for representation of both sp atially homogeneous and hetero­
geneous commodities within a single framework. In section 7.3, the models in th e 
class and their network structures are assessed. 

72 A CLASSIFICATION OF SPATIAL EQUILIBRIUM 
MODELS 

As illustrated in Figure 7.1 below, one may distin guish between four categories 
within the class of spati al equilibrium models. The classification is made acc ording 
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to the use of inverse or ordinary functions and whether commodities are assumed to 
be spatially homogeneou s or heterogeneous. Examples of modelling contributions 
are also given in the Figure. 

Figure 7.1 Four categories of spatial equilibrium models. 

Marshallian Walrasian 
Formulation Formulation 

Spatially Samuelson (1952) Takayama and 
Homogeneous Woodland (1970) 
Commodities Takayama and Friesz et al. (1983) 

Judge (1964) 

Spatially Shoven and 
Heterogeneous Whalley (1974) 

Liew (1984) 
Buckley (1987) 

Previously, in Chapters 5 and 6, the vintage function was introduced into three of the 
four approaches. The fourth and remaining , a "Marshall - ArmingtonH model, with 
inverse functions and heterogeneous commodities is, as was discussed in Chapter 5, 
a special case of the Marshallian homogeneous commodity model. 

An advantage of the W alrasian, compared with the Marshallian, formulations is the 
utilization of ordinary demand and suppl y functions. The use of ordinary fu nctions 
implies that the question of existe nce of the inverse does not have t o be raised. A 
second advantage is the ease by wh ich price co nstraints may be introduced. This is 
especially an advantage when programming algorithms are utilized. 

A fundamental difference between the two Walrasian formulati ons is the spatial 
homogeneity of commodities in traditional SPE models and their spatial hetero­
geneity in ICGE models. The difference may, as has been discuss ed previously, be 
seen as a result of different levels of aggregation in the models, but may also be 
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explained by an emphasis on differentiated commodities in the latter. The difference 
also has consequences for the formulation of demand functions. In an ICGE model, 
the flows ar e determined by a priori given origin-destination demand functions, 
while in an SPE model, the flows are results of a derived demand for transportation 
in interaction with the commodity demand and supply. 

A second difference is the treatment of income effects, which plays a central role in 
ICGE models but is exogenously determined in SPE models. Since this nowadays 
only has to do with the character of the problem and is not connected with maj or 
computational differences, the models may in this respect be treated as similar. The 
dose relation between Walrasia n ICGE and SPE models is further revealed by 
inspection of their spatial flow conditions. In equilibrium, the supply price in a single 
commodity ICGE model with zero intraregional interaction costs, shou ld fulfi l the 
following spatial price conditions for all r and s, 

q?(pj)  -  2 dj s(pj8)  2: 0 ,  (7.2.1) 

[qjî(Pi)  -  S d | s(p£ s)]p|  -  0, p? > 0,  (7.2.2) 

Pi  +  CÏS  * P™ * °- (7.2.3) 

Where, d£s is the demand in region s for the commodity from region r. Hence, in 
the "Armington" tradition, region r is the sole supplier of this specific version of 
commodity i. A Walras-Armington SPE model, comp arable with the ICGE model 
above, comprehends the following equilibrium conditions for all r and s, 

qï(Pi)  -  dj(pf)  -  S xf5  + S xf r  2: 0 ,  (7.2.4) 
S s 

[qï(pï> -  dj(pj)  -  S xj s  + 2 xf r]pï  -  0, p£ £ 0,  (7.2.5) 
S S 

«r _i_ <.rs „s ^ n  Pi + • Pi ^ o, (7.2.6) 
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[PÏ + t f8  -  Pf ]*"- *"  ̂  (7.2.7) 

However, since there is only a single source for each commodity in a Walras 
Armington SPE model, 

2  xf r  -  d?, (7.2.8) 
s 

while, 

•ïs S d rs (7.2.9) 

so that, 

- S X rs 2 d?s  

S - di S*T di (7.2.10) 

Introduction of (7.2.10) into (7.2.4) - (725) confirms the close relation between the 
two approaches. The remaining difference is that the spatial price condit ion is ful­
filled by definition in the ICGE case, but fulfilled endogenously by the complemen­
tarity condition related to the derived demand in the SPE model. 

In Figure 7.2 the explicit or implicit elasticities of substitution between commodities 
and regions in ICGE and SPE models are illustrated. 
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Figure 7.2 Elasticities between commodities from different regions in spatial 
equilibrium models. 
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The traditional SPE model w ith spatial homogeneous commodities covers one side 
of the box. 1 An ICGE model with a single-level CES function covers the diagonal, 
while nested CES functions, by a suitable choice of parameters and nesting, may be 
used to obtain various combinations of elasticities between commodities and 
regions. 

Such nested, or hierarchical, functions have only recently been introduced in studies 
of interregional fl ows. In a nested function, each level cons ists of goods or aggre­
gates (composite commodities) with similar characteristics and substitution elastici­
ties. This allows for designing models which overcome constraints set by the uniform 
elasticity of substitution between all pairs of commo dities and regions in the single 
level CES function. The function may be introduced as a production function or a 
utility function. When used at the producer side, the conditional factor demand 
functions are derived from the cost function by making use of Shephard's lemma. At 
the household side, uti lity maximization under a budget constrain t gives an indirect 
utility function from which, by Roy's identity, price and incom e dependent demand 
functions are derived [Varian (1984)]. 

One may in a model with nested functions also exploit the fact that the CES function 
contains other common functions as special cases. Consider the spatial multisector 
CES function, 

[2? sj 
rsr sr  -e? erLr-®L-1 / 8* 

L i  J  
(7.2.11) 

g sTi+ 6i i, 

with the elasticity of substitution, 

a \  -  1/(1 + e£).  (7.2.12) 

When - 0, a Leontief production function with interregional flows is obtained, 

1 The attempts to combine entropy, logit and gravity models with SPE models may be seen as a way 
to force the SPE model into the middle of the box. 
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i.e. the interregional model by Isard (1951). If a f  -  1, the Cobb-Douglas case is 
generated. This case was utilized in the interregional model by Liew and Liew 
(1984). The factor shares in an input-output table of Isard type were then used to 
obtain point estimates of the output elasticities. At the other extreme, if - °°, 
one obtains a linear production function with perfect substitution between all inputs 
from all regions. 

A spatial model with different techn ical and spatial substitutio n elasticities on the 
supply side, may thus be obtained from a nesting of CES functions. At the first level, 
the function may be of Leontief type as in a traditional input-output model. Hence, 

where the composite commodities and their input coefficients are defined as, 

This Leontief function gives demand for inputs in fixed proportions, independent of 
the location of the source, a s in a model with spatial homo geneous commodities. 
The demand for each composite commodity is thereafter, at the second level, 
divided between different spatial sources by a new CES function, 

-  min{qjj[/aj^,  . . ,  ^NSi/^NSi • kj / l j},  f • • f (7.2.13) 

„.r  _ v  _sr _.r  v  sr 
q j i  * J  * j i '  a j i  * J a j i* (7.2.14) 

qji  -  t j  «ji l j ï  0 j l)  1 / 8 j i  (7.2.15) 

which may be rewritten as, 

(7.2.16) 

Conditional factor demand functi ons are then, since one may normalize the para­
meters so that, 
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, . r  
S [Sf?]^1  -  1, (7.2.17) 
s J 

obtained from the cost function as [Hickman and Lau (1973)], 

qj ï  -  <lj ï  t « j  ï  ]  ̂  j1  tPj  i /P j  i  1 .  a 1 1  s-  (7.2.18) 

The price of the composite commodity is in this case, 

c v(l-ffi?)  l /( l-<7i?) 
Pjï  -  [S J1  pjf J ]  J1  .  (7.2.19) 

The following adding-up property may then be derived, 

q j iPji  "" ^  Pjï^jï* (7.2.20) 

With this nesting, the elasticity of substitution between different regional sources 
becomes equal for each composite commodity. Further disaggregation and nesting is 
of course possible. The nested approach is illustrated by th e tree, in Figure 73 
below. At the top of the tree is the choice of commodités determined by a Leontief 
technique. For each such compos ite commodity, the supply region is at t he second 
level determined by a CES function. Further levels are possible to introduce and 
different elasticities of substitution are of course possible at each ramification. 

One may in a similar way, from a nested util ity function, obtain demand for private 
consumption with a variety of substitution elasticities [Whalley (1985)]. 

Hence, with the nested approach both models with spatial ly heterogeneous and 
homogeneous commodities may be formulated. If at the second level, i.e. (7.2.15), a 
linear model is chosen instead (with 6j ? - -1), the function represents a world 
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LEONTIEF (COMMODITY 1, 2. 3) 

CESS (REGION 1, 2) CES, (REGION 1, 2) CES2 (REGION 1, 2) 

COMMODITY 3 
FROM 
REGION 1 

COMMODITY 3 
FROM 
REGION 2 

COMMODITY 2 
FROM 
REGION 2 

COMMODITY 1 
FROM 
REGION 1 

COMMODITY 1 
FROM 
REGION 2 

COMMODITY 2 
FROM 
REGION 1 

Figure 73 The tree structure of a nested CES function. 

with a spatially homogeneous commodity. Such a nested ICGE model with a similar 
set of elasti cities as the homogeneous commodity SPE model is thus writ ten in two 
levels as, 

d s  -  CES s[d£ s , . . . ,  d£ s  dj® ] ,  all  s ,  (7.2.21) 

d£ s  -  LINEAR£ s[dj; s ,  . .  ,  dj s  dj*8] ,  all  s , i .  (7.2.22) 

This is obviously an extreme version of the model where the elasticity of substitution 
is infinite. As soon as the elasticity is finite, the model generates solutions with spa­
tial heterogeneity. In an applied model, both types of commodi ties may be repre-
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sented while the choice of parameters should be dependent on estimated elasticities. 
Introduced as a production fun ction for each vintage, it allows for a representation 
of both the heterogeneous matrix (4.2.1) and the homogeneous case (4.2.24). In a 
similar way substitution possibilities may be introduced for labour categor ies within 
and between regions. If such cross-regional labour demand is interpreted as 
migration, a link to the private consumption in the region also has to be included. 

73 ASSESSMENT OF THE MULTISECTOR 
NETWORK MODELS 

This merging of ICGE and SPE models into a class of spatial equilibrium models 
implies that the experiences of detailed netwo rk formulations in the SPE tradition 
and the multicommodity formulations with intermediate demand, income feedbacks 
and endogenous investments in ICGE models may be integrated and taken advan­
tage of in multisector network models. 

The network in the traditional SPE and in the ICGE models are uncomplicated with 
a single-mode and a simple-path structure. Within the network extended SPE frame­
work, in freight network models [Harker (1984)], networks with a considerable com­
plexity and detail have been studied. So far, the networks in the ICGE models have 
not been extended beyond the simple single- path structure. Our network formu­
lation thus implies such an extension of the ICGE model. 

A freight network model assigns flo ws to links by a NdeterministicH user-optimal 
equilibrium approach. Other approache s, which allow for stochastic assignment are 
gravity, logit, entropy and other more heuristic algorithms, which introduce stochas­
tic elements and dispersion into freight network formulation s. We have, from an 
applied point of vie w, argued above in favour of log it assignment algorithms. How­
ever, still a lot of work stil l remains in the field of algor ithms for disperced assig n­
ment. 

As regards the mathematical formulation, all our models are complementarity prob­
lems. In Chapter 4 it was also sh own how linear programming formulations of the 
interregional input-output model and the classical transport assignm ent model ar e 
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special cases of this class o f multisec tor network models. A general algorithm may 
thus be used to solve different variants of models in the model class. Howeve r, 
uniqueness of equilibrium and convergence of the algorithms are still only obtained 
under the restricted conditions on the chosen functional forms mentioned in 
Chapter 2. 

The choice of functional form should be governed by elasticities, dependent on the 
time period for the modelled process. The methods for estimation of such dynamic 
elasticities are thus an important field which should be developed further. 
Meanwhile, evaluation of comparativ e simulations with different functiona l forms 
may give more precise experiences on the appropriate formulation for a given time 
period and the speed of adjustment for various processes. 



Chapter 7 -190-



8 ECONOMIC DYNAMICS AND MODELS OF 
ECONOMIC EQUILIBRIUM 

8.1 INTRODUCTION 

In Chapter 2 some important aspects of spatial structural change dynam ics were 
emphasized. Structural change was then considered as a continuous process, in 
which differences in the adjustment speed of processes were caused by econ omic, 
physical and other rigid ities. We also found that there is a need for applied models 
which may capture the dynamics of structural change. 

However, in applied modelling there is a trade-off between the possibility to model 
details and fine structures, and to obtain an extensive dynamic specification. For this 
reason dynamic models in continuous time of the interactio n between demand and 
supply in a spatial mult isector world are rare, or heavily oriented toward studies of 
nongeneric balanced growth solution s. Even less frequent ly, dynami c models are 
applied with explicit price and quantity adjustment and with a treatment of the var i­
ation in adjustment times of different economic processes. 

When details are introduced, the models are often formulated as quasi-dynamic 
sequences of single- period equilibrium models, where "ad hoc" invariants and allo ­
cation rules are given a considerable role. The endogenous development is then also 
often supported by an exoge nous time series o f "driving" forces or stabilizing struc­
tures. The properties of such qua si-dynamic models easily become either too linear 
or impossible to gain behavioral insights from. This gives a motivation for the type of 
single-period equilibrium models we have presented previously as approximations of 
the behaviour of a complex and interdependent economic system in applied work. 

The natural question is under what conditions such an approximation is valid? In the 
following it is shown that an explicit recognition of time both constrains and clarifies 
the appropriate use of the equilibrium approach. We relate equilibr ium models to 
the "slaving principle" and the principle of "adiabatic approximation". We argue that 
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those principl es have to govern the further development of economic equilib rium 
modelling. 

In section 8.2, a formalization of the relation between equilibrium models and 
models with continuous dynamics is given. Subsequently, in section 83, some 
approaches to multiperiod modelling are evaluated in order to point out weaknesses 
and promising directions for further research. The chapter is then closed in sect ion 
8.4 with comments on the further development of dynamic multisector models. 

This section provid es a more formalized disc ussion regarding the use of a single-
period equilibri um model as an adiabatic approxi mation of a complex economic 
system in continuo us time. Such an economic system may, w ith the processes i -
1,.., N, be described by the following set of differential equations: 

Vfl -  fN<v l .••• .vn) + uN( t)  

Above, f^(•) are the endogenous and u^(t) the exogenous parts of the system. 
As a vector differential equation, (8.2.1) may be summarized as, 

82 EQUILIBRIUM APPROXIMATIONS OF 
CONTINUOUS DYNAMICS 

VI -  fi(v! vN)  + ux(t)  

v2  -  f2(vi vN)  + u2(t)  I •  •  •  » 

( 8 . 2 . 1 )  

• - f (•) + u(t) . ( 8 . 2 . 2 )  

When u(t) is zero the system is closed. Such a conservative system corresponds to 
an "idealized" model of the economy since no exogenous forces are affecting the 
development. Mechanical systems are often approximated by such conservative sys­
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tems. However, to be realistic, an applied economic model has to be described as an 
open subsystem of (8.2.2), and thus as a dissipative system. 

A modelling of the economy as an open system reflects the limits of economic 
knowledge and the impossibility to estimate the complete system in applied models. 
Dissipativity reflects that the dynamics of a given economic sys tem generall y a re 
influenced by an external exchange of energy, in terms of information, commodities, 
waste and financial resources. One may also observe that when the economy is 
modelled as a closed system, the option to study chang es in the endogenous vari­
ables by other means than changes in the model parameters is eliminated [Alle n 
(1964)]. 

Therefore, an applied analysis of (8.2.2) is constrained both by the complexity of the 
system and the demand for empirical information. Hence, direct analysis of systems 
or subsystems on this form are, as mentioned above, rare and an equilibrium 
approximation becomes motivated. We are then back to the question regarding 
when an equilibrium model represents a dynamic economy in a satisfying way? 

The problem has been addressed previously in economics. When discussing the 
choice of endogenous and exogenous variables in a model, Samuelson (1947) 
accentuated the fact that some proc esses move slowly compared with others. Long-
run tendencies should thus be distinguished from short-run tendencies and so forth 
in infinite regression. When a set of variables is stable and rapidly damped, the exact 
path from one equilibrium to another may be neglected. This discussion by 
Samuelson has strong similarities with the implicatio n of the slaving principle and 
the use of equi librium analysis as an adiabatic approximation of more complex pro­
cesses [Haken (1983a)]. In the following we will dis cuss how the slav ing principle 
and the adiabatic approximation may be used in relation to (8.2.2). 

Suppose the variables in (8.2.2) are ordered according to the speed of adjustment, as 
given by f (•). The slaving principle implies that this inherent organizati on is uti­
lized in the formulation of a model. Given a specified time period and a focus on the 
dynamics of faster processe s, slow variables may be treated as almost fixed. In this 
way they will be reflected (dir ectly or indirectly) by parameter values in the faster 
equations. If there also exist relati vely faster processes, which may be assumed to 
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adjust instantane ously to changes in the system, the latter are embedded in the 
model. 

Assume that the variables in (8.2.2) are grouped in vectors by the speed of adjust­
ment as follows, 

* -  H(x,  s ,  y)  + h( t) ,  (8.2.3) 

s - G(x, *, j) + g( t) ,  (8.2.4) 

7 ~ E(x,  r ,  y)  + e(t) .  (8.2.5) 

Where z is a vector of slow, z of medium-fast, and y a vector of fast variables. The 
slow variables may for example be infrastructure and judicial systems, the medium-
fast variables contain capacity exit and entry, «Me financial flows are among the fast 
variables. Since we are interested in the development during a medium-term hori­
zon, the time period t € [ 0, T ], it is relevant to concentrate on the variables in the 
vector s. During this time period the slow variables in x are almost unchanged so 
one may assume, 

i  « 0,  (8.2.6) 

and substi tute x(t)  for x,  

x(t)  « x ;  t  e [0,T].  (8.2.7) 

The values in x should not be considered as equilibrium value s, only as approxi­
mately unchanged. Observe that this implies that the change in the exogenous force 
h(t) is either minor, or is balanced against or absorbed by the development of 
H(-) , so that H( • ) » - h(t). For example, this may be maintenance which 
balances wear and tear on the physical network. 
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Equation (8.2.7) gives a structure within which the two sets of faster processes 
develop. Mathematically, such a structure may be introduced by parametrization of 
the faster system. The medium-term system (8.2.4) is then rewritten as, 

z - G(x, z, y) + g( t) ,  (8.2.8) 

which after introduction o f a vector of parameters, such as elasticiti es, conversion 
factors and network properties, denoted by a, gives, 

z - G(a; z, y) + g(t) .  (8.2.9) 

Before we study this system further, consider the fast variables in vector y. Assume 
that the speed of adjustment to the equilibrium among the variables in y is relatively 
high compared with the dampening among those in z. Then, 

[K(x, z, y) + e(t)]/y « [G(x, z, y) + g(t)]/z, (8.2.10) 

that is, 

y/y « z/z. (8.2.11) 

This means that if y is disturbed away from its equilibrium y*, it will return to an 
equilibrium quickly compared with the time it takes for z to reach an equilibrium. 
Hence, on the time scale of z, y is close to equilibrium almost all the time and one 
may set, 

y - 0. (8.2.12) 

It is then possible to solve (8.2.5) for, 

y* - K(x, z) + e(t) .  (8.2.13) 
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This approximation also requires that the exogenous force on the variables is 
absorbed by the s ystem, i.e. E(• ) - - e(t). The advantage gained from this is 
that the fast variables may, by introduction of (8.2.13) into (8.2.9), be embedded into 
the function G( • ). Hence, (8.2.9) may be written, 

z  -  G(a; ï ,  K(x, z)  + e( t))  + g( t) ,  (8.2.14) 

which, since the fast variables are dominated by the slower, may be simplified to, 

z  -  G(o; z;  t )  + g(t)  (8.2.15) 

In the function G( • ), the slow variables are reflected by parameters (e.g. fixed 
structures), while the fast variables may be solved for in another step with the slower 
variables as parameters. The system in (8.2.15) may be compared with the system in 
(8.2.2) and the conclusion is obvious, 

* A considerable reduction of t he dimension of a problem is possible when the 
slaving principle may be applied. 

The system of differential equations in (8.2.15) is in itself interesting to analyze. The 
stability of the model in relation to changes in parameter values and initial states are 
of particular interest. However, the difficulty to model such a system increases when 
the number of variables and the inherent complexity of the system increases. It may 
in some such cases, as a further simplification and reduction of the dimension, be 
appropriate t o make an adiabatic approximation of the reduced system and con­
strain the analysis to equilibrium states. The condition for such an approximation is; 

* If the system is damped, i.e. there exists a stable equilibrium to (8.2.15), then, 

i  -  0 -  G(a; z;  T) + g(T) .  ( 8 . 2 . 1 8 )  
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Furthermore, 

* It is in this case, at least in principle , also possible to solve for the equilibrium 
vector z* as a function of the parameters and the exogenous forces, 

z* -  g(a;  z;  T) + g(T).  (8.2.19) 

Hence, condition (8.2.6) on the changes in the slow variables also gives a condition 
for the use of unchanged parameters in equilibrium models . Changes in the slow 
variables may thus not be introduced during the time period, but before th e initial 
point. The equilibrium solution may, as was discussed in Chapter 2, be obtained by 
formulation of an algorithm for solution of the complementarity problem, 

(CP):  

Find z* e R,n that solves 

F(z*) >0,  z >: 0 ,  Z*TF(Z*) -  0. (8.2.20) 

The length of the time perio d in such a single-period equilibrium model is given by 
the processes involved in z. The stability of the equilibrium is guaranteed as long as 
assumption (8.2.18) is appropriate, while uniqueness is a question of functional 
forms and the values of the parameters in the problem. When the slow varia bles, 
and thus the parameters change, the model may reach bifurcation points where the 
number of equilibria changes. 

In Figure 8.1 below, this ordering of a dynamic system according to differen ces in 
adjustment speed and the use of eq uilibrium analysis as an adiabatic approximation 
of a continuous model is illustrated. 

The equilibrium approximation is, as is well kn own, a standard tool in economics. 
The function S( • ) then contains the equili brium conditions, i.e. behavioural rules 
and system constraints, on the endogenous variables. Traditionally, those have been 
represented by various version s of the law of diminishing returns, maximization 
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IDENTIFICATION SEPARATION ORDERING EQUILIBRIUM 
OF THE BY TIME OF THE APPROXIMATION 
PROCESSES SCALES SYSTEM 

z=0 

Figure 8.1 Separation, ordering, and equilibrium approximation of a dynamic 
system. 

behaviour among actors, and gap closing in markets with excess demand, where the 
functional form has been chosen so as to guarantee existence of an equilibrium. 

However, Kehoe (1985) emphasizes that in productive economies, uniqueness of 
equilibrium only has been proved under very res trictive assumptions. When strong 
non-convexities and non-monotonicities are generated, for instance by joint pro­
duction, the equilibrium may be difficult to solve for and occurrence of multiple 
equilibria possible. Existence of multiple equilibria is however not an analytical 
problem when it may be interpreted as results of structural shifts, caused by changes 
in the slow variables. Nonexistence of a point equilibrium make modelling and esti-
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mation more difficult or perhaps impossible, but it is also possib le that other well 
behaved attractors than a point attractor may be found, e.g. a limit cycle. 

The relevance of an equilibri um model in a giv en application is thus dependent on 
the model specification in relation to the assumed period length and the stability 
properties of the continuous model. Crucial points are the separation of processes in 
relation to their time scales and the stability of an equilibrium in relation to pertur­
bations in parameters and intitial states. 

Relevant critique in relation to an equilibrium approximation should thus be 
directed towards the adjustment speed of the variables, the chosen functional forms, 
and the elasticities. The discussion in this section also implies that applied equi li­
brium modelling generally is initiated from the wrong starting point. The traditional 
approach implies that functional forms are chosen so that an equilibrium exist s, 
although not necessarily unique, while our analysis suggest that the starting point 
should be taken in a continuous time model, from whi ch an equilibrium model is 
derived through simp lifications. The limits set by exist ing solution algorithms may 
imply that further simplifications have to be introduced so that the final model 
comes close to what we have presented in the previous chapters. Ultim ately, the 
value of such s implifications is determined by how w ell the results and the insight s 
gained from the model are confirmed by empirical observations. 

S3 MULTIPERIOD MODELS OF DYNAMIC PATHS 

A natural question whi ch follows from the discussion in th e previous section is to 
what extent quasi-dynamic models, cons isting of sequences of singl e-period equili­
bria of the type d iscussed above, may give further insights into the dynamics of spa­
tial structural change? In other words, what are the gains and losses if one solves a 
sequence of shorter periods t - 1, ..., T, instead of a single-period model 
with the period length T? 

A quasi-dynamic model is a way to approximate a continuous model while obtaining 
some information regarding the adjustment path from the initial to the terminal 
point in time. It implies, in terms of the slaving principle, that each period consists of 
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variables which reach equilibrium within this period while the modelled sequence of 
periods also is determined by the adjustment of some slower variables towards (but 
perhaps not into) equilibrium at the terminal point. The adjustment of t he slower 
variables then have i mpacts on, and may be affected by, the variables in the single-
period model. The properties of such a quasi-dynamic model are dependent on the 
formulation of, and parameters in, the intertemporal linkages in between periods 
and the relation between the model and the exogenous forces. 

In Figure 8.2 the relation between the endogenous varia bles, exogenous variables, 
and the intertemporal connection of such a four period quasi-dynamic model ar e 
illustrated. Above the horizontal time line are the exogenous variables for the initial 
state and each subsequent time period. At the bottom are the endogenously 
obtained equilbrium solutions for each time period. In between we have the inter­
temporal connections which transform the solution from a given period, while taking 
care of the new exogenous information, to a new equilibrium problem. 

Given the discussion in the previous chapter on the importance of the time scale of 
variables, the following observations may be made in relation to the Figure. 

* If a single-period model is replaced by a multiperiod model coveri ng the same 
time horizon, the variables in the equilibrium model may be replaced by vari­
ables with a faster adjustment speed. 

* The endogenous variables in th e single-period model may now be found in th e 
intertemporal connections which give parameters to each equilbrium model. 
Those parameters are adjusted towards equilbrium, and thus become variables in 
the intertemporal transformer. 

* If instead a set of single-period models ar e connected into a quasi-dynamic 
model with a longer time horizon, some of the parameters in the slow process 
now may be adjusted over time and should thus be move d to the intertemporal 
transformer. 
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Independent of which case we a re considering, it is apparent that the speed of 
adjustment of the variables in the intertemporal connections has to be estimated in 
relation to both slower and faster variables. 

INITIAL 
STATE 

EXOGENOUS 
VARIABLES 

-• TIME 

INTERTEMPORAL 
CONNECTIONS 

ENDOGENOUS 
VARIABLES 

Figure 8.2. Structure of a four-period quasi-dynamic model. 

In economics, mainly two quasi-dynamic approaches may be identified, the recursive 
and the intertemporal approach. The quasi-dynamic model in Figure 8.2 is of a 
recursive type since the dynamics are irreversible. The recursive approach has been 
utilized and displayed by among others Day (1970), Day and Kennedy (1970a, 
1970b), Nelson (1971) and Day and Cigno (1978). Recursive applied general equili­
brium models have been suggested by Bergman (1982, 1986), Ballard et al. (1985), 
Adelman and Robinson (1978), Dervis et al. (1982), Persson and Johansson (1982), 
Johansson and Persson (1983), Haaland (1988). Other recursive formulations of 



Chapter 8 -202-

multisector problems may be found in Takayama and Judge (1971), Ysander (1986a) 
and Johansson and Snickars (1988). 

One may also note that recursive econ omic dynamics have strong simi larities with 
the work within what Ohlin (1937) chose to call "the Stockholm school". The 
problems they met, caused by the discrete division of time and the problem with the 
formulation of expectations have been discussed by Palander (1941), Jonung (1987), 
and Peterson (1987). 

The advantage of the recursive approach is that it makes use of the fact that 
decisions and system behaviour are not optimal in the way suggested by, for 
instance, optimal control formul ations, intertemporal equilib rium or dynamic pro­
gramming approaches. Recursive models emphasize existence of genuine uncer­
tainty regarding the future in each time period and stresses myopic and adaptive 
behaviour. 

Besides the recursive approach, multiperiod formulations have also been repre­
sented by intertemporal equilibrium models with perfect foresight. All methods have 
their drawbacks, but the "clairvoyant" intertemporal equilib rium models [Takyam a 
and Judge (1971), Takayama et al. (1984), Nagurney and Aronsson (1988)] assume 
perfect information and reversible time, properties which clearly constrain the use to 
planning exercises. 

In the following, a couple of recursive models are reviewed, with the aim to illustrate 
how investments and formation of expectations may be treated in between two peri­
ods. These constitute important problems in relation to structural change dynamics. 
Modelling investment behaviour in an intertemporal transformer represents a way to 
connect the models with exogenously given investm ents and an alternative to the 
models with investm ent decisio ns endogenously determined within a period. Both 
types have been used in the previous vintage models. 

A model, where a sequence of single-pe riod CGE models with exo genous invest­
ments are solved is suggested by Dervis et al. (1982). Aggregate investments are 
given by aggregate savings, and in the simplest allocation function, a fixed coefficient 
approach is used. The coefficients are obtained from the bench-mark equilibrium as, 
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Ai - S pjbjiZj/TS al l  i ,  S Ai -  1,  (8 .3.1)  
i  

A 

where Zi are investments in sector 1, and b^j are investment coefficients which 
relate the demand for investm ent commodities to the capital increase in a sector. 
Together with prices, this gives the uni t cost of inv estment. Given total savings, TS, 
and prices from the period before, the investments over sectors and the new stock of 
fixed capital in the next period may thus be obtained from (83.1). 

In an extended formulation, the coeffic ients (Ai) are instead treated as variables 
and are thus assumed to have a faster adjustme nt time. Aggregate savings are now 
allocated in proportion to the share in aggregate profits of each sector giv en by the 
equilbrium model. Those proportions may furthermore be adjusted due to the rela­
tive profit rate of each sector compared w ith the average rate of profits in the eco­
nomy. A higher relative pro fit rate gives a larger share of the investable funds to a 
sector. The investment coefficients may thus be represented as, 

The first term is a vector of sectoral profits. The parameter a is an investment 
mobility parameter and an indicator of the resp onsiveness of the capital markets to 
the static market signals. Investments are, dependent on the value of a, either 
financed by retained profits in each sector or, alternatively, sectors with a high rate 
of return (ri(t) ) compared with the market rate r*(t), may attract funds from 
low profit sectors. The variables in (83.2) may also be used with other time lags. 
The formulation exemplifies how elasticities with respect to the solution o f the fast 
variables in the equilibrium model have t o be introduced into the intertemporal 
transformer. The results obtained from the model are thus, to a large extent, 
dependent on the success of those estimates. 

Another example of a quasi-dynamic model is Bergm an (1982, 1986). In a growth 
model of a "small open economy" a sequence of medium-term C GE models are 
solved. The firms in this model have explicit price expectations at least in relation to 
the investment decision. Those are represented by, 

A i  -  Ai(*( t-1), a,  r( t ) ,  r*( t ) ) ,  a l l  i .  (8 .3.2)  
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p(t )  -  ap(t)  + ( l-a)p( t) .  (8.3.3) 

Above the vector p(t)  represents the prices f i rms expect wil l  be average prices 
during the lifetime of the units under construction. In this case, the parameter a, 
gives an opportuni ty to model different types o f expectations. If set to one, expec­
tations are static (myopic ) and the firms believe recent prices, p(t), to prevail 
during the planning horizon. If set to zero, prices are determined by t he vector 
p(t), which either are adaptively formed by previous prices in the intertemporal 
transformer, or are obtained from some exogenous forecast. 

In the model by Bergman, aggregate savings are determined by an otogenous saving 
rate out of value added and the foreign debt. This in turn gives the va lue of aggre­
gate investment, which in between the periods is allocate d over sectors with rules 
including expected unit cost, expected sectoral ra te of returns and an exogenous 
market rate of interest. In short, the rules imply that the investment budget in a first 
step is allocated to those sectors whose rate of return exceed the market rate of 
interest. If investments after this are less than aggregate savings, investments are 
distributed also to sectors with a rate of return below the market rate of interest. 
Hence, the rules have mu ch in common w ith the function (83.2). Scrapping of old 
plants are obtained by an exogenous annual sectoral rate of depreciation. 

In the above two models by Dervis et al. and Bergman, the investment decisions are 
made in the interperiod transformer. An adv antage, especially in short-run models, 
is that expectations and other exogenous information, and not solely the equilibrium 
prices, may then govern those decis ions. However, the longer each time period is, 
the more advantageous an endogenous treatment of investments seems to be. 

Alternatives to the above models are models with endogenously formed expectations 
regarding prices, demand and production based on a recursive-nested model. In 
Takayama and Judge (1971) such an adaptive SPE model is introduced. An inter­
temporal storage optimization problem is solved on the basis o f expectations about 
the development of exog enous variables. At the end of the first period, new infor­
mation is assumed to be available and the planning horizon is extended one period. 
A new optimal program is solved for the time from the second period until t he 
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extended planning horizon, but only the first of those periods (i.e. the second of the 
original periods) is actually carried out. Th e approach represents one way to use 
nested models in order to introduce nonmyoptic expectations. The actors make 
decisions governed by what they beli eve are the future values of a variable. In this 
case, it is important that those expectations are formed by a model which equals the 
one used to model the actual development of the economy. 

A model based on recursive nesting of multisector network equilibrium models may 
be given the following structure. The medium-term model with endogenously 
determined investments is used as a model for formation of inv estment plans, pro­
duction and demand on a five year basis. This solution is then broken down into 
annual changes and the economy moves one year ahead. Th e annual development 
within each period may be calculated by a linear growth assumpti on, so that, for 
example, the annual capacity increase, Aq^(t) in a model covering T years 
becomes, 

Aqi(t)  -  qi( t+l)  -  qi( t)  -  [q^T) -  qi(0)]/T. (8.3.4) 

Alternatively, the solution may be annualized by a geometric growth assumption, 
where, 

Aqj.( t)  -  riqi( t) ,  (8.3.5) 

or, 

^( t+l)  -  (1 + r i)qi( t) .  (8.3.6) 

The growth rat e of capacity in sector i is then obtained from the medium-term 
modelas, 

- [qi(T)/qi(0 ) ] l /T .  i  (8.3.7) 
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Similar approaches are used to obtain annual values for other variables. A new five 
year solution may then be obtained, and so forth until the final time horizon is 
obtained. The above approach represents a version of modelling which has been 
named "nested dynamics" [Persson and Johansson (1982)]. It represents, in addition 
to the recursive model by Takayama and Judge, an attempt to introduce expec­
tations about future states by use of a complete model of the system itself. Invest­
ment decisions are based on expectations about the future state of the economy. The 
medium-term model is such an internal model of the economy which is supposed to 
be used to form expectations. Expectations are thus rational in the sense that actors 
make decisions about consumption and production based on the internal model, and 
no one is kept uninformed about the assumed behaviour of the economy. A criticism 
one may have again st th e outcome of such a model is that the annualization may 
give a false picture of the interdependences between the variables in the economy. 

The above models give some insights in "the state of the art" as regards quasi-dyna­
mic multisector models. Comparative evaluations of such models in relation to a 
similar empirical material ought to be made in order to make a discrimination 
between the intertemporal formulations. 

Moreover, the properties and the sensitivity of the models, in relation to parameter 
changes, have not been studied. The dyn amics of discrete time models ma y exhibit 
different archetype trajectories, from simple linear paths to nonlinear explos ive, 
damped, cycling and chaotic behaviour. A small change in the value of a parameter 
may in some intervals cause a transition from one archetype be haviour to another. 
When this is combined with more or less "ad hoc" assumptions in the intertemporal 
transformer, it gives models of the above type unc lear properties and their solution 
has to be treated very carefully. This gives further motivation for the single-period 
model when clear properties are urgent. 

A related problem concerns if and how modifications of the interperiod transformer 
and the single-period model should be introduced when the economy learns from 
the actual outcome of it's own behaviour in relation to the exogenous environment. 
This may be seen as an endogenous adjustment of parameters given by slow pro­
cesses in response to the developm ent among the faster variables. An adaptive sys­
tem has a predicative model of itself and the environment, and may furthermore 
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adjust the predicative model. Learning is thus an endogenous part of the model. 
Modelling of adaptivity should include such a combination of learning and formation 
of expectations, but this also represents a core problem when dealing with the 
dynamics of self-organization and living systems. 

The crux is how to avoid an infinite hierarchy of overlapping models, each modifying 
the behaviour of the model one step above in order of precedence. Rosen (1972), 
and more recently, Casti (1987) have suggested the metabolism-repair system, as 
one attempt to solve the problem. Applied to an industrial process, the metabolism 
would correspond to the production system, while the repair system is invest ment, 
marketing and R&D functions which improve and keep the system viable. Instead of 
an introduction of a repair-repair system, new repair systems are generated from the 
metabolism, i.e. the production process itself, and a self-referential system is 
created. 

Applied to a multisector model of the. t ype discussed prev iously in the thesis, new 
input-output, Ars(r*), labour lr(h,r*), and investment, Brs, coefficients 
should thus not only be determined endogenously within the production system. The 
parameters in the "frontier" or "best practice" functions for the determination of 
those coefficients, should also be determined in the model. An interesting and 
demanding task. One may have doubts about the possibilities to simulate such an 
adaptive system by point attractors. 

8.4 TOWARDS AN EXTENDED REPRESENTATION OF 
DYNAMICS IN THE ANALYSIS OF STRUCTURAL 
CHANGE 

We have in this chapter motivate d a use of equilibri um models in the analysis of 
dynamic problems when adiabatic approximations are possible. We have also argued 
in favour of singl e-period equilibrium models, instead of mult iperiod models, when 
dear model properties are urgent. 

However, a quasi-dynamic model has a special advantage as a tool for analysing the 
process of adjustment from one state to another. The obvious problem is to give an 



Chapter 8 -208-

explicit formulation of how the slower variables adjust. An appropriate formulation, 
and the estimation of such adjustment processes, easily becomes complex. Such 
efforts are thus situated on the research frontier in fields related to evolution and 
self-organization. 

Learning behaviour and robustness of quasi-dynamic models are topics were further 
research is necessary. In this work one may glance at results obtained from 
"heterodox" micro -simulation models of Schumpeterian competition and evolutio­
nary development [Nelson and Winter (1982), Day and Eriksson, (1986), Silverberg 
(1987)] which also has some connections to our vintage model. However, so far the 
results from the micro simulation experiments are not easy to summarize into some 
general conclusions, relevant with regard to the formulation of multisector models. 

Recently, some attempts have also been made to develop the old dyn amic Leontief 
model in continuous time [Medio (1987), Anderson and 7hang (1988)]. This work 
has been inspired by the recent contributions to the knowledge of nonlinear dynamic 
models and is only in an introductary phase. The discovery, of the ease by which 
chaos may be obtained by parameter changes in existing dynamic models has raised 
the question of how suited those are for forecasting and simulation of re al world 
phenomena. However, this will also inspire to a development of a new generation of 
dynamic models, and methods for their estimation. 

The progress in the above fields have been supported by the new generations of fast 
and cheap computers. The computer develop ment has, interestingly enough, also 
brought about extended possib ilities of numerically specifying and solving applied 
multisector network equilibrium models. Hence, one may as a result of comparative 
simulation and empirical eva luation, expect a period of progress also in this area. 
This indicates a necessity of developing further insights in the relation between con­
tinuous time representation and equilibrium approximations of an economic system. 



9 EPILOGUE 

9.1 MODELLING SPATIAL STRUCTURAL CHANGE 

A persistent motiv ation for carrying out this study has been a growi ng demand for 
assessment and scenario analyses using applied models of structural change and the 
evolution of spatial patterns. It may thus be appropriate to close with some com­
ments on the relation between the model formulations presented in the thesis and 
this requirement. 

In the thesis, we have introduced a class of discrete time models of spatial structural 
change. The vintage function, an important part of the Scandinavian modelling tra­
dition, is a common attribute of this class. With the suggested mod els, the vintage 
model has been extended to allow for a deeper analysis of multisector network 
dynamics. Vintage functions take care of some of the heterogeneities among pro­
ducers in a sector, and represent rigidities in the spatial and sectoral allocation of 
productive resources. Those rigidit ies constitu te the existing pattern and constrain 
the creation of new structures at least in the medium term. Vintage fun ctions also 
contain an inherent duality , since rigiditi es represent options to obtain temporary 
monopolies and quasi-rents. These market conditions motivate firms to develop, and 
invest in new structures and commodities. 

Our choice of functiona l form is related to the time period of the models. The 
longer the time period is, the less rigid the production system becomes and the more 
appropriate it would be to replace the vintage approach by other approaches. 

Still, the estimation of parameters, endogenous and exogenous variables in equili­
brium models is a tough exercise, in which one usually has to use "benchmark" cali­
bration in relation to a data set at a single poi nt in time. Often only a subset of the 
parameters may be obtained by statistic al analyses on larger data sets. Since the 
development of solution algorithms has been rapid, new calibration techniques is the 
field where improvements are most urgent. 
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The class of multisector models developed above may also b e compared with the 
classical Heckscher-Ohlin model of international and interregional trade. The main 
difference is that vintage functions spec ify technical differenc es between regions, 
while the techniqu e is assumed to be uniform over regi ons in the Heckscher-Ohlin 
model. Another difference is the possibility of introducing spatial heterogeneity into 
the model instead of the homogeneity which prevails in the Heckscher-Ohlin 
model.1 One may also note that the Heckscher-Ohlin model does not contain expli­
cit transportation costs, and the transport network is indeed implicit. 

We have also argued that equilibrium models with spatially heterogeneous commo­
dities ar e important tools in applied analysis, and should be developed fu rther. 
While doing this, it was shown how the SPE model, which has dominated the field of 
spatial equilibrium analy sis, may be seen as a special case of this larger class of 
models. Spatial heterogeneity reflects demand for variety and supply of differen ti­
ated products. We have used a spatial linear expenditure system with heterogeneous 
commodities. Although the system is simple, and includes some restrictive 
assumptions, an advantage is that the system may also be rationalized by, for 
example, habitual behaviour and rigidities among the consumers. 

It is our belief that differences between regions and cities in the composition of 
households with different habitats wil l play an increased role in the explanation of 
spatial growth. It is also belived that product variety increases in a growing economy 
and that there is a connection between spatial varie ty and spatial growth. Models 
allowing for heterogeneity will therefore have increased relevance. 

Previously, Jacobs (1984), and Johansson and Westin (1987), have stressed the 
importance of import substitution in the growth process. The more varied inflow on 
the links to a node (region), the larger is the possibilities for growth. This accen­
tuates the need to integrate network development with changes in supply and 
demand. We have emphas ized the importance of an explicit recognition of tran­
sportation system s, interaction costs and networks in the analysis of multisector 
structural change and growth. 

1. Ohlin (1933) was aware of the heterogeneity problem but suppressed it in the trade model. 
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Growth and change are closely interlinked with the emergence of novel patterns, 
such as new syst em desig n concepts. The latter is a result of a complex dynamics, 
which the presented equi librium models by no means give new ins ights into. How­
ever, the vintage formulat ion with endogenous invest ments gave insig hts into the 
motives for, and constraints on, the introduction of such novelties in an economy. 

In the vintage model, a new product is only observed as a new technique generated 
by an exogenously given process. An allowance for joint production of commodities, 
economies of scope, and household demand functions with attributes in line with the 
models by Lancaster would both allow for a richer introduction of substitution pro­
cesses and product competition. As suggested by product cycle theory producers of a 
commodity may shi ft from product to price competitio n as the product matures. 
Price equilibrium analysis would thus be most suited for sectors dominated by 
mature products. Introduction of other signals besides prices would reduce the bias 
towards analysis of price competition in contempora ry equilibrium model ling. We 
may however note that tech nique-specific temporary monopoly features are natural 
elements of a vintage model. 

Spatial differences due to different dynamic cultures, i.e. differences in the choice of 
strategies by, and the mix of, various actors are essential parts of structural change. 
An interesting task would be to classify regions and sectors under different epochs in 
relation to a taxonomy of adaptive behaviour. Such a taxonomy may reveal implicit 
connections between structural patterns, variety in flows, agglomeration in networks, 
growth of incomes and adaptive behaviour, i.e. factors which separate spatial growth 
points in the sense of Perroux (1964), from backward and stagnating nodes. 

92 FURTHER RESEARCH 

Applied equil ibrium mode lling seems to be moving out of a phase with technic al 
problems regarding algorithms and computer capacity. Hence, although the solution 
of an equilibrium model is not a standard procedure, greater efforts and more 
energy may be laid on the behavioral and empirical content of the models. A num­
ber of suggestions for further research related to this study may obviously be made. 
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Let us here just mention a few o f the most urgent fields, some of wh ich previously 
have been discussed in the text. 

* The conditions for equilibrium approximation of models i n continuous time 
ought to be analyzed further with more structure in the continuous model. 
Movements in regions of instability and transitions between equilibria in 
response to parameter changes constitute an important field in this research. 

* Development of network-oriented equilibrium models with an explicit interaction 
between the communication sector in a broader respect and the rest of the 
economy is important. This would give an integration of nonmaterial and 
material networks into a dynamic analysis of accessibility. A deeper 
understanding for short- and long-run effects on loca lization and production of 
investments in infrastructure has to be developed. 

* The relation between spat ial equilibrium models and entropy, grav ity and logit 
models may be studied further. Those approaches have close connections to each 
other and represent alternative ways to simulate heterogeneity in flows on a 
network. Evaluation of the different approaches in relation to historical obser­
vations is an important task. 

* Appropriate formulations of exit and entry functions in vintage models with rules 
for the distribution of aggregate sector investments over a vintage structure 
should be derived. 

* Introduction of sectors with a concentrated market structure, where oligopoly 
and negotiations are dominating. Introduction of product competition and 
differentiated outputs. 

* The spatial pattern of income flows, savings and transfers should be investigated 
further. 

* Development of techniqu es for estimation o f differences in adjustment time, of 
spatial demand functions, and of integrated equilibrium systems. 
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