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ABSTRACT 

A life distribution and its survival function F = 1 - F with finite 

mean y = /q F(x)dx are said to be HNBUE (HNWUE) if F(x)dx < (>) 

U exp(-t/y) for t > 0. The major part of this thesis deals with the class 

of HNBUE (HNWUE) life distributions. We give different characterizations 

of the HNBUE (HNWUE) property and present bounds on the moments and on the 

survival function F when this is HNBUE (HNWUE). We examine whether the 

HNBUE (HNWUE) property is preserved under some reliability operations and 

study some test statistics for testing exponentiality against the HNBUE 

(HNWUE) property. 

The HNBUE (HNWUE) property is studied in connection with shock models. 

Suppose that a device is subjected to shocks governed by a counting process 

N = {N(t): t > 0}. The probability that the device survives beyond t is 

then 

00 

H(t) = S P(N(t)=k)P, , 
k=0 

where P^ is the probability of surviving k shocks. We prove that H 

is HNBUE (HNWUE) under different conditions on N and * ^or 

instance we study the situation when the interarrivai times between shocks 

are independent and HNBUE (HNWUE). 

We also study the Pure Birth Shock Model, introduced by A-Hameed and 

Proschan (1975), and prove that H is IFRA and DMRL under conditions which 

differ from those used by A-Hameed and Proschan. 

Further we discuss relationships between the total time on test transform 

Hp^(t) = /q ^F(s)ds , where F \t) = inf { x: F(x) > t}, and different 

classes of life distributions based on notions of aging. Guided by properties 

of we suggest test statistics for testing exponentiality agains t IFR, 

IFRA, NBUE, DMRL and heavy-tailedness. Different properties of these statistics 

are studied. 



Finally, we discuss some bivariate extensions of the univariate proper

ties NBU, NBUE, DMRL and HNBUE and study some of these in connection with 

bivariate shock models. 

Key words and phrases: Life distribution, survival function, exponential 

distribution, IFR, IFRA, NBUE, DMRL, HNBUE, shock model, total time on test 

transform, testing of exponentiality. 
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1. Introduction 

The notation of aging plays an important role e.g. in reliability and 

maintenance theory. Therefore several classes of life distributions have 

been introduced in order to model different aspects of aging. Among these 

are the classes of life distributions with the properties in the following 

definition. 

DEFINITION 1.1 Let F be a life distribution (i.e. a distribution func

tion with F(0 ) = 0) with survival function F = 1 - F and finite mean 

y = /q F(x)dx and let S = {t: F (t) > 0}. Then F and F are said to be 

(or to have) 

(i) increasing failure rate (IFR) if the conditional survival function 

t ~ F<x + t> 

F(t) 

is a decreasing function of t on S for x > 0; 

(ii) increasing failure rate in average (IFRA) if 

t„ *<t> 

is increasing on S; 

(iii) new better than used (NBU) if 

F(x)F(y) > F(x+y) 

for x > 0 and y > 0; 

(iv) new better than used in expectation (NBUE) if 

F(x) / F(y)dy > / F(x+y)dy 
0 " 0 

for x > 0; 
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(v) decreasing mean residual life (DMRL) if 

1 °° -

t / F(x)dx 
F(t) t 

is decreasing on S. 

By reversing inequalities and changing decreasing (increasing) to 

increasing (decreasing) we get the dual classes DFR, DFRA, NWU, NWUE and 

IMRL. Here D = decreasing, I = increasing and W = worse. o 

The IFR, IFRA, NBU, NBUE and DMRL classes (and duals) and their proper

ties were discussed e.g. by Bryson and Siddiqui (1969), Haines (1973) and 

Barlow and Proschan (1975). 

Rolski (1975) introduced another class of life distributions named 

HNBUE, with dual HNWUE, by the following definition. 

DEFINITION 1.2 A life distribution F and its survival function F = 1 - F 

with finite mean y = /q F(x)dx are said to be harmonio new better than 

used in expectation (HNBÜE) if 

00 

(1.1) / F(x)dx < y exp(-t/y) for t > 0. 
t 

If the reversed inequality is true F and F are said to be harmonic 

new worse than used in expectation (HNWUE). • 

Between these classes of life distributions the implications in Figure 

1.1 on p. 3 (but no other) hold. 

Most of this thesis deals with these classes of life distributions and 

particularly with the HNBUE and HNWUE classes. We present differen t proper

ties of these classes, e.g. closure theorems under some shock models. We 

also present some statistics for testing the hypothesis 

HQ: F is the exponential distribution 
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Figure 1.1 Implications between some classes 

of life distributions. 

against 

H^: F is V but not exponential 

where V denotes one of IFR, IFRA, NBUE, HNBUE or DMRL. Further we discuss 

some alternative extensions of the aging properties to the bivariate situa

tion. 

In subsequent sections we summarize the main results of papers [Al-EF]. 

2. The HNBUE (HNWUE) class of life distributions - paper [A] 

We present the HNBUE (HNWUE) class of life distributions in more detail. We 

also introduce another aging property for discrete distributions, named 

disorete HNBUE (discrete HNWUE), which is useful e.g. when we discuss 

different shock models in paper [B]. 

The reason for the name HNBUE is the following. Suppose for simplicity 

that F(t) > 0 for t > 0 and let 

e (t) = / F(x)dx/F(t) 
F t 

denote the mean residual life of a unit of age t. Then the inequality 

(1.1) can be written 
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— < y for t > 0. 

j f {e (x)} 1dx 
0 

This inequality says that the integral harmonic mean value of e^Cx), 

0 < x < t, is less than or equal to e^CO). 

One reason why we find the HNBUE (HNWUE) class interesting is the 

following. 

Let Ç., with life distribution F. and survival function F., for 
J J J 

j = 1, 2, ..., n, denote the life lengths of n independent units. If 

yg and y denote the mean lives of their series and parallel system, 

respectively, we have 

oo n 

(2.1) y = / {n F.(x)}dx 
5 0 j-1 J 

and 

oo n 
(2.2) y = / {1 - n F.(x)}dx. 

p 0 j=l J 

The integrals in (2.1) and (2.2) are often difficult to calculate. However, 

if Fj is HNBUE with mean Uj and Gj(x) = exp(-x/yj), x > 0, for j = 

1, 2 we have the bounds 

oo n 

(2.3) y > / {n G.(x)}dx 
s - 0 j=l J 

and 

oo n 
(2.4) y < / {l - II G.(x)}dx 

p " 0 j=l J 

which are simple to calculate. 

In fact it follows from Theorem 3.2 on p. 33 in Barlow and Proschan 

(1975) that (2.3) and (2.4) are true under the weaker condition that 

En9 .... £ are associated and each is HNBUE with mean y.. That 
2- 9 n j j 

•••> are associated means a form of dependence (see Barlow 

and Proschan (1975), Chapter 2). 
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The HNBUE property can be characterized in several ways. One of these 

is the following. 

Let Tp denote the equilibri-lem distribution of F defined by 

1 x -(2.6) T (x) = — / F(s)ds for x > 0. 
F y o 

This life distribution is of interest e.g. in renewal theory (see e.g. 

Feller (1971), Chapter 11). By using Tp, the HNBUE property (1.1) can 

be written as 

Tp(t) < G(t) for t > 0 , 

where Tp = 1 - Tp and G(t) = exp(-t/y), t > 0. 

Some of the aging properties in Definition 1.1 can also be characterized 

by using T . It can be proved that F is DMRL if and only if T is IFR 
r r 

and that F is IFR if and only if T is unimodal (see e.g. Bhattacharjee 
r 

(1980)). Furthermore, it is obvious that the NBUE property is equivalent to 

the inequality T (x) < F(x) for x > 0. 
r — 

We also characterize the HNBUE (HNWUE) property by using the Laplace 

transform and the total time on test (TTT-) transform. 

We examine whether the HNBUE and HNWUE classes are closed under (i ) forma

tion of a coherent structure, (ii) convolution, and (iii) mixture. For 

instance we prove that a mixture of HNWUE life distributions is HNWUE. This 

is interesting since it is (as far as this author knows) still an open question 

whether the NWUE class is closed under mixture or no t. 

Some bounds on the moments and on the survival function of a HNBUE (HNWUE) 

life distribution are presented. For instance we have the following theorem. 



6. 

THEOREM 2.1 Let F be a life distribution and let u = /Ü xrdF(x) 
• r 0 

and A = yr/r(r+l) for r > 0. If F is HNBUE (HNWUE) then 

X < (>) x5 for r > 1 
r - - 1 

X > (<) x5 for 0 < r < 1. 
r - - 1 

The bounds are sharp. 

A consequence of this theorem is that, for an HNBUE life distribution, 

the "Carleman condition" that = i = °° ^olds. Accordingly, the 

moments y j , j =1, 2, 3, ..., uniquely determine F (see Feller (1971), 

p. 227). This was pointed out by Bhattacharjee (1980) in the NBU case. 

Bounds on the survival function are useful e.g. in reliability since in 

a typical situation the only fact known a priori may be that the time to 

failure is HNBUE (HNWUE) with mean y. If F is HNWUE we have 

0 < F(t) < ̂ (1 - exp(-t/y)) for t > 0. 

In the HNBUE case we have 

and 

F(t) < 
for t < y 

exp(^p) for t > y 

F(t) > 

exp(-a/y) for 0 < t < y 

0 for t > y , 

where a * a(t) is the largest non-negative number for which 

(a-t+y)exp(-a/y) - y + t * 0 . 
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3. Aging properties and shock models - papers [B] and [C] 

Suppose that a device is subjected to shocks governed by a counting process 

N = {N(t): t > 0}. The probability that the device survives beyond t is 

then given by 

00 

(3.1) H(t) = I P(N(t) = k)P, , 
k=0 

where P^ denotes the probability of surviving k shocks. In paper [B] 

we prove for some different processes N that H(t) in (3.1) is HNBUE 

(HNWUE) if (^^k=0 discrete HNBUE (discrete HNWUE) as defined in 

paper [A]. For instance we study the case when the interarrivai times bet

ween shocks are independent and HNBUE (HNWUE). This situation includes the 

cases when N is a Poisson process or a pure birth proce ss. 

Similar results in the IFR, IFRA, NBU, NBUE and DMRL cases (with duals) 

have been derived be Esary, Marshall and Proschan (1973), A-Hameed and 

Proschan (1973), A-Hameed and Proschan (1975) and Block and Savits (1978). 

In paper [C] we study the following Pure Birth Shook Mo del considered 

by A-Hameed and Proschan (1975): 

Shocks occur according to a Markov process; given that k shocks have 

occurred in (0,t], the probability of a shock in (t,t+At] is X^X(t)At + 

+ o(At), while the probability of more than one shock in (t,t+AtJ 

is o(At). 

A-Haneed and Proschan (1975) proved that the survival function H(t) in 

(3.1) is IFR, IFRA, NBU, NBUE and DMRL under suitable conditions on 

— 00 — 
X(t) and (Pt), n. We prove that H(t) is IFRA under weaker conditions 

k kÄU 

on an€* We a^so Prove that H(t) is DMRL if X(t) and 

OO / 00 — \ — 
(Xfc)k_o are increasing and I _^P- 1/?^. is decreasing. Dual theorems in 

the DFRA and IMRL cases are also presented. 



8. 

4. Statistics for testing against aging properties 

4^1 Testing against IFR, IFRA, NBUE, DMRL and heavy-tailedness - paper [P] 

Some of the aging properties in Definition 1.1 can be translated to pro

perties of the total time on test (TTT-) transform defined by 

, F-1(t) 
IL, (t) - / F(s)ds for 0 < t < 1, 
F 0 " " 

where 

F_1(t) = inf{x: F(x) > t}. 

We summarize and discuss such correspondences given by Barlow 

and Campo (1975), Barlow (1979) and Bergman (1979). We also present some 

new results. Further we consider the connection between the TTT-transform 

and the concept of heavy-tailedness (as defined by Vännman (1975)). 

Properties of the TTT-transform are used to get ideas for different test 

statistics for testing the hypothesis 

HQ: F is the exponential distribution 

against 

H^: F is V but not exponential, 

where V denotes IFR, IFRA, NBUE, DMRL or heavy-tailedness. Statistics 

for testing HQ against have been proposed by several au thors; for 

references see paper [D]. 

Let 0 = t(0) < t(l) < t(2) < ... < t(n) denote an ordered sample from 

a life distribution F. Further let 

and 

Dj = (n-j+1)(t(j)-t(j-l)) for j = 1,2,...,n 
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We consider the following test statis tics. 

Against IFR: 

Ai • <W / Sa' 

l, - T a.D./S , 
2 j-1 J ' " 

with a. - |{<ntl)3j-3(n»l)2i2t2(ti-l)j3}. 

Against IFRA: 

B = E B.D./S , 
j-1 J J n 

with ß. - -g-(n^+3n^-3n^j-3nj-3j^+j+2n+2j 

Against DMKL: 

n 
M - E y.D./S , 

j-1 J J n 

with = 1-n, Yj = 4j-3-2n, 2 < j < n. 

Against heavy-tailedness: 

E = nD /S . 
n n 

The asymptotic distributions of the test statistics are discussed. We 

also study the consistency. For instance, the tests based on and B 

are consistent against the classes of continuous IFR and IFRA life distri

butions, respectively. We give the Pitman efficiency values for testing 

exponentiality against some common families of life distributions and 

present a small sample study. We study by simulation the sample sizes 

n = 10 and n = 20 for some Weibull, gamma and Pareto alternatives and 

the life distribution 

(4.1) F(t) = (1-e ^C)(l-e ^t) for t > 0, 
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which is IFRA but not IFR. The power estimates which are obtained in this 

study confirm the asymptotic results shown by the efficiency values. For 

instance the IFRA statistic B has good power values in the studied cases. 

Against F in (4.1) B has the largest power values of all the included 

statistics. The statistic E for testing against heavy-tailedness has 

unpleasant small power values in many cases. 

4.2 Testing against HNBUE - paper [E] 

We propose some test statistics for testing exponentiality against the 

HNBUE (HNWUE) alternative. Two of these are based on the following idea. 

If F is HNBUE with mean y then 

00 

(4.2) / FV(x)dx > ^ for v = 2, 3, 4, ... 
0 " V 

and 

oo V 

(4.3) / {1 - FV(x)}dx < y Et- for v = 2, 3, 4, ... 
0 j = l J 

If F is HNBUE (with F(0) ^ 0) but not exponential then equality can not 

hold in any of (4.2) and (4.3). Therefore, if we can find a statistic 

such that 

oC y 5 J N(0,1) when n -»• 

where 

OO 
y- = / Fv(x)dx - ̂  

0 v 

and a3 is independent of n, we get a test which is consistent against 

the HNBUE alternative• 

We prove that 

n 
Ao = 2 Vj/n)t(j)/S , 
3 j=l 3 n 
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where 

J3(u) - -1 + v2(l-u)V-1, 

has this property for every v = 2, 3, 4, ... . Also for 

n 
A4 = S J4(j/a)t(j)/S , 

j-1 

where 

v 
J, (u) = 2 -r - VUV , 

j-1 J 

we have 

r/v^(A4 - y4)x 

\ ö / when n », 

where 

v . 
y, = E — - / {1 - F (x)}dx 

j-1 J 0 

and is independent of n. This means that a test based on A^ is 

consistent against the HNBUE alternative. We try to choose v so that 

A.J and A^ get as large efficiency values as possible when testing against 

some common families of life distributions. It is shown that the optimal 

value of v depends on the family of life distributions in the alternative 

hypothesis. We have chosen v = 3 as a compromise both for A^ and A^. 

A small sample study shows that A^, with v = 3 , is a good test statistic 

whose power values in many cases are better than e.g. those of the cumula

tive TTT-statistic (see e.g. Barlow et ài. (1972)). 
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5. Bivariate aging properties - paper [F] 

During the last years efforts have been made to define bivariate and 

multivariate extensions of the univariate aging properties IFR, IFRA, NBU 

NBUE and DMRL (with duals); for references see paper [F]. We present two 

new definitions of bivariate NBUE (NWUE) and several definitions of biva

riate HNBUE (HNWUE). Four of the bivariate HNBUE (HNWUE) definitions are 

analogies to the multivariate aging properties g iven by Buchanan and 

Singpurwalla (1977). They gave in each one of the IFR , IFRA., NBU, NBUE 

and DMRL cases four different proposals of multivariate extensions with 

suffices VS (= Very Strong), S (= Strong), W (= Weak) and VW (= Very Weak) 

These are in the following definition named "jointly NBUE-*", where * 

denotes VS, S, W or VW. 

DEFINITION 5.1 Let F (^^2) be a bivariate life distribution and 

F(t^,t2) the corresponding survival function. Suppose that the moments 
00 00 

satisfy / / t?'t^dF(t1 ,t„) < ®. for i,j «= 0,1. Then F(t-,t„) and 
00 

^^tl't2^ are sa^ to ke 

OO 00 00 00 

NBUE-VS if / / F(x +t, ,x9+t,)dt..dt < F(x1 ,x9) / / F(t. ,t-)dt. dt„ 
0 0  i  i  i  i  L Ì -  i z Q 0  i  z  l i  

for every (x^x^ > 0; 

00 00 

if / F(x.+t,x9+t)dt < F(xn,x„) / F(t,t)dt for every 
0 0 

(xx,x2) > Q; 

OO 00 00 00 

if If F(x+t ,x+t )dt.dt„ < F(x,x) / / F(t ,t7)dt1dt- for o o  i i i  0 0  i  i  i  i  

every x > 0 ;. 

00 00 

NBU-VW if f F(x+t,x+t)dt < F(x,x) / F(t,t)dt for every t > 0. 
0 0 

NBU-S 

NBU-W 

We shall say that F(t^,t2Ì and F(t^,t2) are jointly NBUE-* if 

^^tl't2^ atid the marginal distributions are (univariate ) NBUE. 

Here * denotes VS, S, W or VW. • 
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The reason for Buchanan and Singpurwalla (1977) to add the suffices 

VS, S, W and VW was that they thought that the chain 

(5.1) jointly 7-VS => jointly V-S jointly V-W *+ jointly V-VW 

of implications is true when V is IFR, IFRA, NBU, NBUE or DMEL (with 

duals). We prove that (5.1) is not true in the NBUE and DMRL cases. 

We also study two bivariate shock models. Suppose that two device s, I and 

II say, are subjected to shocks. Let and denote the life lengths 

of the devices and let N ̂ , j = 1, 2, be the number of shocks on device j 

until failure. If further 

P(k1,k2) = P(N1 > ka,N2 > k2) for krk2 = 0,1,2,... , 

then the bivariate variable (T^,T2) has the survival function 

H(t1,t2) = P(T1 > t1,T2 > t2) 

given by 

00 00 

i(t1,t2) = I E P(SI(t1)=k1,SII(t2)=k2)P(k1,k2) , 
k^-0 k2~0 

where S^(t^) anc* are t*ie* num^er shocks for which the two 

devices have been exposed up to t^ and t2* respectively. 

One possible model is obtained when the shocks occur according to a 

homogeneous Poisson process and upon occurence of a shock both devices 

suffer damages. This model was named the Mapshall-Olkin Shook Model by 

Block (1977). Recently Marshall and Shaked (1979) gave conditions on 

P(k^,k2), k^,k2=0,l,2,..., under which H(t^,t2) is multivariate IFRA 

of different forms. 

Another interesting shock model is obtained when three independent 

homogeneous Poisson processes Z^(t), Z2(t) and Z^{t) deliver 

shocks in such a manner that = + Zi2^tl^ and SII^t2^ = 

= ^2^2^ * 1̂2^2^' ̂ is shock model was studied by Buchana n and Sing-



purwalla (1975) when and ^ are independent. Because of this 

Block (1977) named the model the Buchanan-Singpurwalla Shook Model. 

We study the Marshal1-0lkin and Buchanan-Singpurwalla Shock Models 

and give sufficient conditions, containing P(k^,k2), ̂ »^2 = 0,1,2,... 

under which H(t^,t2) is bivariate NBU (NWU), bivariate NBUE (NWUE) 

and bivariate HNBUE (HNWUE) of different forms. 
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