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Abstract

A
s human beings, we are continuously struggling to comprehend the mechanism

of different natural systems. Many times, we face a complex system where
the emergent properties of the system at a global level can not be explained

by a simple aggregation of the system’s components at the micro-level. To better
understand the macroscopic system effects, we try to model microscopic events and
their interactions. In order to do so, we rely on specialized tools to connect local
mechanisms with global phenomena. One such tool is network theory. Networks
provide a powerful way of modeling and analyzing complex systems based on inter-
acting elements. The interaction pattern links the elements of the system together
and provides a structure that controls how information permeates throughout the
system. For example, the passing of information about job opportunities in a society
depends on how social ties are organized. The interaction pattern, therefore, often
is essential for reconstructing and understanding the global-scale properties of the
system.

In this thesis, I describe tools and models of network theory that we use and
develop to analyze the organization of social or transportation systems. More specif-
ically, we explore complex networks by asking two general questions: First, which
mechanistic theoretical models can better explain network formation or spreading
processes on networks? And second, what are the significant functional units of real
networks? For modeling, for example, we introduce a simple agent-based model that
considers interacting agents in dynamic networks that in the quest for information
generate groups. With the model, we found that the network and the agents’ per-
ception are interchangeable; the global network structure and the local information
pathways are so entangled that one can be recovered from the other one. For in-
vestigating significant functional units of a system, we detect, model, and analyze
significant communities of the network. Previously introduced methods of signifi-
cance analysis suffer from oversimplified sampling schemes. We have remedied their
shortcomings by proposing two different approaches: first by introducing link predic-
tion and second by using more data when they are available. With link prediction, we
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can detect statistically significant communities in large sparse networks. We test this
method on real networks, the sparse network of the European Court of Justice case
law, for example, to detect significant and insignificant areas of law. In the presence
of large data, on the other hand, we can investigate how underlying assumptions of
each method affect the results of the significance analysis. We used this approach to
investigate different methods for detecting significant communities of time-evolving
networks. We found that, when we highlight and summarize important structural
changes in a network, the methods that maintain more dependencies in significance
analysis can predict structural changes earlier.

In summary, we have tried to model the systems with as simple rules as pos-
sible to better understand the global properties of the system. We always found
that maintaing information about the network structure is essential for explaining
important phenomena on the global scale. We conclude that the interaction pattern
between interconnected units, the network, is crucial for understanding the global
behavior of complex systems because it keeps the system integrated. And remember,
everything is connected, albeit not always directly.
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Preface

T
his thesis is intended for public examination for the doctoral degree in com-

putational science. The story of this thesis began four years ago, when
I became familiar with a relatively new interdisciplinary field of research:

complex networks. Since then, everything has changed quickly and I ended up among
friendly and talented researchers at Ume̊a University in Sweden. This experience has
expanded my academic view and opened a door to an enormous amount of interesting
questions.

Our world seems to be quite complex, full of randomness and unexpected events.
Perhaps the great beauty of our life is due to this complexity and randomness. As
human beings, we are keen to comprehend world complexity by raising questions. It
doesn’t matter if we ask about the origin of life, the age of the universe or the birth
of human beings; the world is always full of intriguing and challenging questions.
To find the answers to these questions, scientists traditionally use reductionism as
a paradigm. That is, they break down a system into its components and try to
understand the system by analyzing a simple set of its components. However, reduc-
tionism fails to explain the challenges that complexity brings to the problem because
complexity comes from the interconnectedness of those components. In complex sys-
tems, when we analyze each single component of the system separately, we can not
fully understand the behavior of the system because the emergent properties of a
complex system are the result of the interaction between its components and their
surrounding environment. While reductionism decomposes the complex system to
its components, with networks we put the components together to recover the global
picture of the problem [1]. The science of complex networks is an interdisciplinary
field that benefits from various perspectives that scientists from different disciplines
(physics, mathematics, computer science, etc) bring to the field.

I think I can claim that this thesis is totally interdisciplinary. It is primarily built
on four research projects, with questions and data that are imported from various
disciplines such as sociology, statistics, computer science and physics. To answer
the questions, the analysis is done by tools and methods that are mainly based on
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complex networks. While the thesis is on a complex topic, it is intended to be
readable by any general reader.

In summary, the organization of this thesis is as follows: in chapter I I provide
an introduction to complex networks. In chapter II I introduce general definitions
and important concepts of network theory. In chapter III, I explain network models,
and later in the chapter, I discuss what is missing in the models and why we need
new models and tools. More specifically, I discuss that, when we propose a network
model, we need to take information and communication into account. This point
leads to my first paper, which is specifically about group formation in social systems.
In our model, individuals transfer ideas to their neighbors by communication, and
this flow of ideas on the network leads to group formation. Once we have good mod-
els for group formation, we also need good tools for identifying groups (communities)
in real networks. This area of research is known as community detection in network
science. In chapter IV we mainly focus on community detection algorithms and
related challenges. As we explain there, a network’s communities are reliable only if
they are statistically significant. Trying to resolve this issue led to my second paper,
which is about finding significant communities in large sparse networks. To assess
the significance of communities, I proposed a simple method for perturbing sparse
networks that generates resampled networks. From multiple resampled networks and
by aggregating information, we can find a coarse-grained description of significant
communities. In chapter IV, I will also discuss how underlying assumptions of sig-
nificance analysis affect the identification of significant communities. This point was
the origin of my third paper, in which we specifically investigate how maintaining
link correlations in resampling schemes affects the significance analysis of communi-
ties. In chapter V, I introduce a broad range of spreading models that are proposed
to mimic the spread of dynamical processes. Then I discuss what is missing in these
models that should be considered when we model dynamical processes. Trying to
resolve this issue was the motivation for my fourth project, where we investigate a
spreading model with multiple interacting information waves. At the end of chapters
III, IV and V, after I discuss the motivation of the related paper, I provide a short
summary of that paper. For summaries, I use shortened versions of the abstracts
and the introduction of the related papers in order to provide easy access. Finally,
in the Conclusion and discussion chapter, I discuss my general views about complex
networks and potential paths that I plan to explore in my future research.
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Chapter 1

Introduction

H
istorically, network theory originated from graph theory and social networks.

Graph theory provides a mathematical infrastructure for studying graphs.
Simply defined, a graph is a mathematical structure that models the rela-

tionship between pairs of components. This formalism backgrounds certain proper-
ties of the components and treats them as identical objects, which are often called
nodes. The main component of a social network, for example, is people who commu-
nicate with their friends, family or colleagues. By communicating, people transfer
their information to others and information percolates through a society. In the con-
text of social networks, the information is, for example, the ideas or interests of an
individual. The spread of information is not the only result of interacting individu-
als. In fact, many behaviors that emerge at the global level (e.g., in society) are the
result of interaction patterns at the local level (e.g., interaction between individu-
als). Interestingly, many times global behaviors are not simply the sum of individual
behaviors, but are more complex and sometimes completely unexpected.

Similar to social systems, many systems in biology or technology are also com-
posed of interconnected components, such as proteins in the cell or computers con-
nected to the Internet, that interact with each other in a nontrivial way; the pattern
of interaction is not simply random or regular, but much more complex. By us-
ing network theory, we try to understand the function of a system that has many
interacting components from the ways that these components are connected.

Although real-world networks vary from each other in many respects, it has been
shown that many of them share similar features. One example is what is known
as the small-world effect, which means that, almost independent of the number of
components that a network has, any component is reachable by following only a few
connections. Another example is that the number of connections a component has
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follows power-law distribution; most components have only a few connections, but
a few components have many connections. The universality of these features raises
many interesting questions:

• Is there a unified mechanism that generates real-world networks with similar
features? If so, what is the underlying mechanism?

• How is information spread in a static network with a specific topology? Here I
refer to information in a very broad sense. For example, the money that spreads
in a stock market, a disease or a rumor that spread in a society, or messages
that spreads on the Internet are all examples of information that flows through
a specific system.

• In a dynamic network where the topology changes over time, is the change of
topology influenced by the way that information spreads in the network?

Network theory provides a mathematical framework to answer the questions that
affect our daily life. In the next chapter, after introducing the formal definition of
a network, I provide different examples of real-world networks. These examples give
us some ideas of why the subject is interesting. In the framework of networks, there
are a variety of different methods, each of which measures a specific aspect of a
given network. Some of these measures quantify local properties of a network, while
some others quantify global properties of the network. But because introducing all
network methods is beyond the scope of this thesis, in the next chapter, I’ll only
consider the methods that have a more central role in my research.



Chapter 2

Complex networks

A
complex system is composed of many interconnected units, each with a spe-

cific function. In a complex system, the behavior of the whole system can
not be simply described by aggregating over all units’ function. Instead, the

behavior of a complex system crucially depends on the way that its interconnected
units interact with each other. The interaction pattern between units is called the
network. A network is a set of units, usually called nodes or vertices, that interact
with each other through some connections that are often called links or edges. In-
teraction is the key in this definition. In networks, interaction between two units
often represents the cause-effect relationship between those units. From the network
approach perspective, the cause-effect relationship is the most important relation-
ship in a real system. Therefore, even though a network is a simplification of a real
system, it can still tell us about the behavior of the real world. The links of a net-
work capture where the information can flow, and the absence of links determines
where it can not flow. In this sense, a network quantifies the constraints about how
information can flow through the system. In this regard, in our research group, we
analyze networks with respect to the flow of information.

The topology (structure) of the network, the way that links are distributed among
nodes, quantifies the constraints on how information can flow on the network. For
example, the topology of social networks controls how gossip or disease spreads
through society, and the topology of the Internet controls how packets move on the
Internet. But why are such networks called complex? Mainly because the function of
these networks that is embedded in the structure is neither a simple aggregation of the
components’ behavior nor random [2]. The interaction pattern between components
that forms the network makes the system have some sort of higher order structure
that is non-trivial to treat analytically. So the challenge is to uncover the significant



4 Complex networks

structural pattern that hides behind enormous amounts of interacting components
[3].

2.1 Definition

In the simplest definition, a network is a graph that includes a set of N nodes
V = {i : i = 1, 2, 3, ..., N} and a set of L links E = {eij : i, j ∈ V } that connect
nodes together. Links of a network could be directed or undirected, depending
on how information flows through the network. In directed networks, there is not
necessarily symmetry in the flow of information between nodes. Usually an arrow
is used to show the direction of the flow between two nodes. Figure 2.1 shows an
example of a directed network. Examples of directed real-world networks include the
network of emails on the Internet, the network of citations between scientific journals,
the network of hyperlinks, or The World Wide Web (WWW). To read more about
real-world networks, see section 2.2.

i jije

Figure 2.1: Directed network with 8 nodes and 12 links

In addition to being undirected or directed, links can also be unweighted or
weighted. If all links are equally important, they are unweighted; otherwise, links
have a weight, usually a positive integer number that reflects their importance, such
as, for example, the number of people or cars that travel on that link. Many real
networks are weighted. For example, in the transportation network, the weight of a
link between two nodes can show the traffic flow between two cites. In the airport
network, weights can show the average number of passengers between two airports,
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and in the email network, weights can show the number of emails between two users
(see section 2.2). In some networks, not all links are active permanently, but instead
become active or inactive over time. To consider such information, every link of
the network is labeled by a time-stamp that specifies the time or the period of time
that the link is active. Networks with time-stamped links are usually called tempo-
ral networks. Evolving networks, time-varying networks, time-aggregated networks,
time-stamped networks and dynamic networks are other terminologies that are used
for temporal networks. Email communication networks or phone-call networks are
examples of temporal networks. In such networks, the underlying link structure de-
termines the possibilities of where the information could move in the network, and
this underlying structure is persistent. However, several activation events of such a
structure can happen over time. In these networks, after the communication finishes,
the link between the two nodes becomes inactive, but activation and deactivation of
links are not necessarily on the same time scale for all networks. For example, in
paper II and paper III, we studied a directed network of citations in which, when a
link (a citation) becomes active, it doesn’t quickly become inactive; instead it stays
active. So when we added links over time (made them active), we considered them
as active and didn’t turn them off. In such a system, the links are aggregated over
time. This issue is network-dependent. For example, despite the citation network,
the contact networks of individuals could have a quick activation and deactivation of
links over time. In this case, instead of aggregating links over time, we can actually
observe the evolution of links. In paper I, we consider such a scenario.

Figure 2.2 shows an example of a temporal network with 4 node and 4 links in
6 periods of time. In A, we show the topology of the network with time-stamps on
the links. In B, we visualize the same network by showing the temporal evolution of
edges, where each vertical curve corresponds to the existence of an edge in a specific
time. Various aspects of temporal networks such as their topological and temporal
structures are analyzed and reviewed in Ref. [4].

So far we have considered networks in which all links have the same type and
therefore the topological or temporal scale is the same for every interaction. However,
some networks could be viewed as multiplex layers of nodes in which each layer
corresponds to a specific type of interaction between the nodes. For example, an
individual could have different types of relationships (family, friends, colleagues)
which each correspond to a specific interaction network [5]. These networks could
be combined and viewed as a multi-layered network (Fig. 2.3). Nodes at different
layers might be exactly the same or might be different from each other. Multi-
layered networks are also referred to as multiplex networks. It has been shown that
considering multiplexity in networks has a noticeable impact on how information
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Figure 2.2: An illustration of a temporal network. A The topology of the network
with time-stamped links B Visualization of the same network in a time-dimension
scale

propagates through a system [6, 7]. Multiplexity also affects other areas of interest
in complex networks such as diffusion processes [8], the spread of epidemics [9] or
the collapse of the giant component under damage [10].

Figure 2.3: An illustration of a multiplex network. The nodes are the same in
the two layers but the edges are different in each layer. Dashed lines represent the
interplay between the two layers

2.2 Real-world networks

Networks influence a variety of aspects in our lives, from social to technological.
As I stated before, networks play a central role in answering many questions that
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correspond to how information permeates complex systems in the real world. To
gain some idea about what a network is in a given context and how network analysis
could help us to answer questions about the real world, here I present some examples
of real-world networks.

The Internet is an example of a technological network in which physical com-
puters communicate with each other by sending digitalized data. Computers on
the Internet are organized in a hierarchical manner with respect to their connectiv-
ity [11], which means that computers with many connections are connected both to
each other and to computers with a medium number of connections. Computers with
a medium number of connections are connected both to each other and to computers
with a few connections, and so on. The hierarchical organization of the Internet
restricts how data flows on the Internet. With network analysis, we can find the
backbone of the Internet, which will help us to understand how a failure might affect
the system.

Transportation network The airport network [12], the rail network [13] and the
road networks are examples of transportation networks [14, 15]. In a transportation
network, usually geographical locations are represented by nodes and two nodes are
connected to each other if there is a route (a flight path, a railway or a road) between
the two locations [14]. Road networks are also studied from another perspective, in
which a road is used as a node and connection between two nodes corresponds to an
intersection between the two roads [15] . In transportation networks, the information
that percolates through the system could be the number of passengers or amount
of goods that travel on a flight, on a train or by a car. By studying and analyzing
transportation networks (e.g., flight networks), we can better understand and predict
the spread of infectious diseases. In paper IV, we used road networks as a model
system to test and analyze our spreading model (see chapter 5).

Social networks are composed of individuals who interact with each other. Our
world is full of examples of social networks: the friendship network among students
[16], the collaboration network of scientists [17] [18], criminal networks of drug users
[19], criminal networks of terrorists [20], the network of dating patterns [21], the
network of sexual contacts [22] [23] [24], and so on. Social networks usually have high
clustering coefficients (see section 2.3.4), which means that they are tightly connected
in a local structure. By analyzing social networks (e.g., a dating network or sexual
network), we can understand how disease spreads in the system and therefore predict
the occurrence of a pandemic.
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The World Wide Web is a network of web pages that connect to each other
by hyperlinks. By following hyperlinks, we can navigate the Web from one page to
another. The Web is a directed network and incredibly large, and grows very fast
over time. The organization of the Web controls how news or ideas spread in the
system. Studying the Web could help us to design better search algorithms.

Citation networks are networks of scientific papers in which a connection repre-
sents a citation from one paper to an older one. This is the simplest representation.
Another representation is a cocitation, a network in which two papers are connected
if they are cited by a common third paper. Cocitation is often a good proxy for
how closely two papers are related. The structure of citation networks determines
how scientific ideas spread throughout the system. Since the structure of a citation
network continuously changes over time, keeping track of the significant changes in
the structure of a citation network allows us to understand how science evolves over
time. In this regard, in papers II and III, we used citation networks as a model
system to detect, analyze and track significant communities of networks (see chapter
4).

Biological networks are composed of biological elements such as metabolites,
proteins or neurons that interact with each other in living systems. A biochemical
network is an example of biological networks that has been attracting attention from
many scientists. In biochemical networks, molecules interact with each other by
sending chemical or physical signals in order to do some sort of computation in the
cell [25]. Metabolic networks or protein-protein interaction networks are examples of
biochemical networks. Through biological networks, we can capture many properties
of a living system such as a cell. Biological networks often have significant network
motifs [25], which are subgraphs that recur significantly in the network. Triangles
are an example of network motifs. Network motifs are important because they can
reflect the particular functional units of a living system and would help us to better
understand its underlying mechanism.

2.3 Network structure

To better understand different phenomena that are found in a network, we need
tools and methods that describe the network from different aspects. To describe a
network, researchers have proposed a variety of measures, each of which quantifies a
particular feature of the network structure. Understanding the structure of networks
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allows us to compare networks and their function. For example, the existence of
different motifs in different biological networks could help us to better understand the
function of those networks. When we understand the function of real-world networks,
we can build models that generate networks with features similar to the quantified
features of those networks. So we can not only understand the function of networks
but also the underlying mechanism that generates those networks. Considering the
structural measures and the underlying mechanism together helps us to understand
the significant pattern of network structure [26–28].

Here we concentrate on a few measures that have played a key role in our research:
degree and degree distribution, shortest path and distances, centrality, clustering co-
efficient and community structure. While most of these measures are local measures
and fairly simple, community structure is a global measure and more complicated.
The rest of this chapter would be repetitive for someone who has experience in net-
work research, but for a reader who is not familiar with these measures, they provide
a reference for a better understanding of our research questions and their solutions.

2.3.1 Degree and degree distribution

The number of links that attach to a certain node i is called node degree ki. Although
node degree is the simplest measure that can be assigned to a given node, in many
cases, it is a good proxy for node importance and its role in the network. In a network
with N nodes and L links, the average degree of all nodes is:∑

i ki
N

. (2.1)

Because each link contributes two times in the sum, the average degree of nodes is
equal to 2L

N
, on the condition that the network is unweighted. The average degree of

nodes is a signal that reflects how sparse or dense a network is. If a node degree is
much higher than the average degree, the node is called a hub. Similar to undirected
networks, one can think about node degree in directed networks. In a directed
network, in-degree, Kin

i , is the number of inward links pointing to node i, and out-
degree, kouti , is the number of outward links from node i to others. In weighted
networks, the equivalent measure to node degree is called the strength of a node.
The strength of node i is denoted as si, that is, the sum of all link weights wij that
attach to i [29].

A degree-related property of a network is the degree distribution. For an ar-
bitrary value of node degree k, degree distribution shows the fraction of nodes in
the network that have degree k. Degree distribution provides a global picture of all
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the nodes’ degrees, so it reflects how homogeneous or inhomogeneous the network is
(with respect to node degree, which itself is a local measure). If N(k) denotes the
number of nodes with degree k, the degree distribution at k is defined as:

P (k) =
N(k)

N
(2.2)

Of all the possible degree distributions that one can imagine for a given network,
we will mention two distributions that are most important: Poisson and power-
law. Poisson distribution occurs when the network is generated by random events;
it provides a good reference point for comparison, as several studies have shown
that the degree distribution of real-world networks is power-law, which is completely
different from Poisson.

Poisson distribution

An important class of networks in network science includes those that have Poisson
distribution (Fig. 2.4A) for the degree distribution. Networks with random Poisson
distribution have an influential role in network science because they are often used as
a null model [30,31] (see section 2.3.6). Researchers use null models as a reference to
compare to real-world networks. The simplest null model is a random network that
can be generated by the Erdős–Rényi (ER) model. In this model, links are randomly
distributed among nodes (see section 3.1). The random network that is generated
by the ER model has a Poisson degree distribution.

If an event happens with some average rate γ, the Poisson distribution expresses
the probability of having k events in a fixed interval of time and/or space [32]. The
Poisson distribution is described as

P (k; γ) =
γke−γ

k!
, (2.3)

which has a peak at average value γ and a sharp decay on both sides. For a suf-
ficiently large value of γ, the Gaussian distribution with mean γ and variance γ is
an excellent approximation of the Poisson distribution. In a network with a Poisson
degree distribution, a node is most likely a typical node, which means its average
degree is γ. In such a network, it is extremely rare to find nodes that have noticeably
higher or lower degrees than average. The distribution goes to zero for large values
of k.
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Figure 2.4: A Discrete probability distribution of: A Poisson B Power-law in loga-
rithmic scale

Power-law distribution

One might think that any real-world network has its own specific degree distribu-
tion. But it has been shown that many real-world networks have a broad degree
distribution that often follows a power-law distribution [33]. Power-law distribution
is defined as:

P (k) = Ck−γ (2.4)

Both C and γ are constants. γ is called the exponent of the distribution and its
typical value is between 2 and 3 in a variety of real-world networks [34]. Networks
that have power-law degree distribution (Fig. 2.4.B ) are called scale-free because
the average degree 〈k〉 is scale invariant, which means that feature doesn’t change
when we multiply the scales of the system (e.g., the size or length) by a factor. In
scale-free networks, a few nodes have many links (hubs), but most nodes have only a
few links, so the topology of the network is star-like. Figure 2.5 schematically shows
the star-like topology of a scale-free network vs. a random network.

We can find examples of scale-free networks in many areas such as biology, so-
ciology or technology. For example, the network of protein-protein interaction [35],
the network of sexual partners among humans [36], and the Internet [37] are all
scale-free.

The abundance of scale-free networks raises the questions: “Why do a variety of
real-world networks share a common degree distribution?” and “Is there an underly-
ing universal mechanism that causes this phenomenon?” Many theories and models,
from the early preferential attachment (see section 3.4) to more recent random group
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A                                                                                     B

Figure 2.5: A star-like topology of a scale-free network B Topology of a random
network

formation [38], aim to answer these questions.

Charachterizing power-law distribution

Since power-law distribution is important to our understanding about real-world
networks, we need a systematic approach to identify it. The simplest approach is to
plot the distribution in a logarithmic scale and look for a linear relationship between
k and p(k) in the log-log plot. This approach provides a clue about the existence of
a power-law distribution and the extent to which it exists. The problem with this
approach is that the tail of the distribution usually has large fluctuations, because
it corresponds to large events that often occur very rarely. One way to reduce the
fluctuations in the tail is to use log-binning, in which the bin size grows as a function
of k. For example, by using 2 as the base, the first bin has size 1 = 20, the second
bin has size 2 = 21, the third bin has size 4 = 22 and so on. In general, the size of bin
i is 2i−1. In log-binning, we calculate the average of the points that are located in
the same bin and put this average at the center of the bin. In paper IV, we use this
approach to characterize the power-law distribution of multiple quantities. Another
way of reducing the fluctuations in the tail of a power-law distribution is to use the
cumulative distribution function (CDF). The CDF of a variable k is defined as:
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FK(k) = Pr(K ≤ k) =
∞∑
i=k

p(i) (2.5)

Cumulative distribution function represents the fraction of samples in our distribu-
tion with a value equal to or greater than k. For the power-law distribution, the
exponent of the CDF is one unit higher than the exponent of the probability distri-
bution because the integral of k−γ is k−γ+1. Both log-binning and the CDF could
help us to reveal the existence of a power-law distribution in a given dataset, but
in order to estimate the exponent of a power-law and to evaluate the significance of
results, we need a sound statistical framework. Ref. [39] introduces such a framework
for testing and evaluating power-law distribution in empirical data.

Degree correlation and assortativity

While degree distribution captures the properties of single nodes, it is interesting
to look at properties of pairs of nodes. To capture the properties of the pairs, the
concept of degree correlation is introduced. For example, pairs of computers in
the Internet are connected to each other in a hierarchical manner (section 2.2). The
question is: “Do high degree nodes prefer to connect to other high degree nodes or to
low degree nodes?” To answer this question and to quantify the degree correlation,
an assortativity coefficient r is introduced [40]. In a network with E edges, the
assortativity coefficient is defined as:

r =

∑
ij

(eji − kikj/2E)kikj∑
ij

(kiδij − kikj/2E)kikj
(2.6)

where δij is the Kronecker delta function. The assortativity coefficient is an ex-
ample of a Pearson correlation coefficient that has a covariance in the numerator and
a variance in the denominator. This measure varies between -1 (completely disas-
sortative) and +1 (completely assortative). It has been shown that, while biological
networks are often disassortative, social networks are mostly assortative [40]. It is
possible to use the assortativity coefficient to quantify the correlation between two
nodes with respect to features other than degree. For example, if the nodes have
characteristics such as age or length, we could measure the correlation between nodes
with respect to these properties.
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2.3.2 Shortest path and distances

In the giant component of a network, all nodes are connected indirectly to all other
nodes. Shortest path is a proxy for quantifying how nodes are connected beyond
their neighbors. A path in a network is defined as a sequence of nodes such that any
consecutive pair of nodes in the sequence is connected to another by a link in the
network. Assuming that the length of all links in the network is 1, the length of a
path is defined as the number of links in the path.

A path from node j to node i means that node i is reachable from node j. A
set of nodes where every node in the set is reachable by every other node in the
set and disconnected from the rest of the network is called a connected component.
The size of a connected component is equal to the number of nodes that it has. If
a network has one connected component that contains all the nodes, the network is
called connected. If lij denotes the shortest path between node i and j in a connected
network, it is straightforward to define the average path length, that is, the average
over all the shortest paths in the network, as:

l =
2

N(N − 1)

∑
i 6=j

lij (2.7)

In paper I, we used shortest path as a proxy for communication pathways in a network
generation model (see chapter 3) and, in paper IV, we used it in an information
spreading model (see chapter 5).

2.3.3 Centrality

With regard to the concept of centrality, the aim is to find the most central node
in the network. The centrality of a node is a proxy for how important or influential
that node is. Since one can define the most important node in the network with
respect to different criteria, a variety of centrality measures are introduced. Perhaps
the simplest measure of centrality is node degree. In many contexts, node degree is
a natural proxy for importance. For example, in social networks, individuals with
a high node degree have access to more information than individuals with a low
node degree, and therefore are more influential. Another measure of centrality is
betweenness, introduced by Freeman [41], which is related to the concept of shortest
path. The betweenness of a node i is the number of shortest paths that pass through
this node. Let list be 1 if the shortest path between s and t passes through node i
and 0 otherwise. Then the betweenness of node i is defined as:

Bi =
∑
st

list (2.8)
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The betweenness of a node reflects how much a specific node participates in trans-
ferring information through the network. In this context, the node with the highest
betweenness is the most central and important one in the network. One can define
edge betweenness in a similar fashion to node betweenness. The betweenness of an
edge corresponds to the number of shortest paths that pass through the edge and is
a proxy for the importance of the edge. Another widely-used measure of centrality is
the so-called PageRank [42], which quantifies the importance of a node based on the
importance of the neighboring nodes j that i has. In the mathematical formulation,
the PageRank of a node i is defined as follows:

xi = α
∑
j

Aij
xj
koutj

+ β. (2.9)

In the above equation, Aij is equal to 1 if node i is connected to node j and 0
otherwise. α is a pre-determined constant and β is 1 − α. As the above equation
shows, PageRank has a recursive definition which can be solved iteratively (power
iteration method) or algebraically. PageRank is broadly used for quantifying the
importance of nodes. For example, Google uses PageRank to rank web pages of the
World Wide Web. We used PageRank in our third paper to determine the most
important nodes (journals) of an evolving citation network. In the paper, we also
investigated the statistical significance of these rankings. The concept of PageRank
was recently modified and expanded for ranking nodes in multiplex networks [43].

2.3.4 Clustering coefficient

As stated earlier, triangles are relatively abundant in many real-world networks com-
pared to random networks. A triangle is three nodes where any one of them is con-
nected to the other two. To quantify the abundance of triangles in a given network,
a clustering coefficient is introduced. The clustering coefficient is the fraction of
paths of length 2 in the network that are closed [34]. In other words, the clustering
coefficient is the probability that two neighbors of a node in the network are also
neighbors of each other. This type of relationship forms a triangle in the network. A
high clustering coefficient, therefore, reflects the abundance of triangles in a network
and gives us a clue to the topology of the network on the local level. The most
common method of defining the clustering coefficient is as follows:

C =
3× (number of triangles)

(number of connected triples)
(2.10)

Connected triples are three nodes where at least one of them is connected to the
two other ones, either as a complete triangle or an open triangle. Factor 3 in the
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numerator is due to the fact that each triangle is counted three times when we count
the connected triples in the network. The factor constrains the value of the clustering
coefficient to be in the range [0, 1]. The clustering coefficient is a very important
property in social networks. A high clustering coefficient, which is common in social
networks, means that the nodes are tightly connected in the local structure. If nodes
represent individuals and links represent friendship between individuals in a social
network, C determines the chance that the friend of your friend is also your friend.
In paper I, we showed that our group formation model generates a modular network
with a high clustering coefficient.

In addition to the measures that we introduced here, there are many other mea-
sures (reciprocity, node similarity, etc.) that quantify network structure. However,
to understand the complex structure of real-world networks, one should go beyond
simple measures and consider not only one single node at a time, but also a group
of nodes that share some common features or play some similar role in the network.
This is the idea of community detection, which we will explain briefly in the next
section and more extensively in chapter 4.

2.3.5 Community structure

Broadly speaking, communities of a network are groups of nodes that have more links
within themselves than links between groups. A division of the nodes of a network
into groups according to the pattern of links in the network is called community
detection. Clusters or modules are alternative terms for communities. Figure 2.6
shows an example of a network with three communities.

Detecting communities is interesting for researchers because, in many real-world
networks such as biological networks or social networks, communities often corre-
spond to behavioral or functional components. For example, in social networks,
communities can represent friendship groups; on the web, they can represent related
pages on a specific topic; and in metabolic networks, they can represent cycles or
other functional groupings. Due to the importance of communities, many meth-
ods have been developed to define and detect the communities of a given network.
More information about different community detection methods and how they can
be compared with each other is presented in chapter 4.

2.3.6 Null networks

The observed properties of a network are valid if they are not simply the result of
chance. In other words, the real properties of networks are those that can not be
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Figure 2.6: An example of a network with three communities containing 6 (pink), 6
(blue) and 5 (green) nodes. Each pair of communities is connected by two links.

explained by random networks. For example, the abundance of triangles would be
a feature of real networks only if we could confirm that the number of triangles is
considerably higher than the expected number of triangles in random networks. To
compare the measured properties of a network, network scholars use null networks
as a baseline, and the comparison determines if the experimental network contains
enough information. The concept of null networks came from statistical hypothesis
testing [44]. In statistics, a result is called statistically significant if the probability
that it could occur by chance is lower than a threshold, which is called the significance
level, and typically is set at 5%.

In the concept of networks, choosing an appropriate null network is fundamental.
Indeed, the choice of the null network depends on which property of the network is
to be studied. In many cases, researchers use the random network model, such as
the ER model or the Configuration model (see section 3.1), as the null network.





Chapter 3

Network models

R
eal-world networks share many similar properties. For example, real-world

networks often have a high clustering coefficient (especially social networks)
[45, 46]. Most real-world networks also have a modular structure [47, 48]

and power-law for degree distribution. The typical shortest path length in real-
world networks is small and any two arbitrary nodes of the network are usually a
few steps from each other. The similar properties of real-world networks presents a
fundamental question: “What is the origin of the observed properties of the network,
and which underlying process generates such networks?” A network model targets
this question and aims to reproduce the structure of the observed network. A network
model is a sequence of rules about which node should be connected to which other
node in the network. A good model reproduces the observed properties of the network
with only a few simple rules, which clarify the most important ingredients that
generate the network with specific properties.

In this chapter, first we introduce a few well-known models of network genera-
tion. Then we discuss what is missing in these models that should be considered
when constructing a model. For example, most of these models follow a non-network
process and don’t take into account connections beyond nearest neighbors. In ad-
dition, these models do not generate networks with modular structure, even though
real-world networks are modular. At the end of this chapter, we introduce our model
for social networks that aims to solve some of the missing points of existing models.
In our model, we consider the coupling between peoples’ ideas and social networks
and the role of history in dynamic social networks.
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3.1 Erdős–Rényi model

The random network model, also known as the Erdős–Rényi model, is the oldest
and simplest network model and was suggested by Hungarian mathematicians, Paul
Erdős and Alfréd Rényi in 1959 [49]. The random network model has the fewest
possible number of assumptions; it assumes that all pairs of nodes are equally likely
to connect to each other and there is no preference for any particular connection.
Therefore, by definition, networks generated by this model have no structure. In the
random model, we start with N disconnected nodes. Then, in each step, we pick a
pair that has not been picked before and, with probability p, we link the selected
nodes. This process is continued until all pairs have been picked. Since a random
network doesn’t have any structure (i.e., all pairs of nodes have the same probability
of being connected), many properties of random networks such as degree distribution
or clustering coefficient can easily be calculated.

The mean degree in a random network is:

〈k〉 = (N − 1)p. (3.1)

For an arbitrary value of k, the degree distribution of a network determines the
probability that a node is connected to a particular k other nodes and not to any
of the others. To derive the degree distribution of a random network, we have(
N−1
k

)
possibilities to choose k other nodes in the network. Therefore, the degree

distribution follows binomial distribution:

P (k) = pk(1− p)N−1−k
(
N − 1

k

)
. (3.2)

In the limit of large N , the binomial distribution converges to a Poisson distribution,
so the random network will have Poisson degree distribution. Therefore, the random
model is also sometimes called a Poisson random model. The random model is
usually used as the null model (see section 2.3.6).

The Poisson random model has been widely studied since it was first proposed;
however, it has some undeniable shortcomings that prevent it from being considered
as a realistic network model. For example, the clustering coefficient of a random
network is C = 〈k〉

N−1 , which vanishes in the limit of large N [34]. This is not a
realistic property, since many real-world networks have large N together with a
high clustering coefficient. Another shortcoming of the random model corresponds
to the shape of the degree distribution. Many real-world networks have power-law
distribution (see section 2.3.1), while the random networks have Poisson distribution.
In addition to these deficiencies, random networks have no specific structure (e.g.,
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they are not modular), while real-world networks have specific structure (e.g., they
have a modular structure).

To remove the limitation of having Poisson distribution from the random model,
the configuration model is proposed. The configuration model is not a network
formation model, but is a model that is used for comparing a real-world network
with its random network counterpart, which has the same degree sequence as the
real-world network. With the configuration model, we can check whether the degree
sequence of real-world networks could explain the full structure of those networks
or if we need to include more ingredients in our model to get the true structure of
real-world networks.

3.2 Configuration model

A configuration model is a model of random networks with a specific degree sequence.
In this model, the exact degree of each node of the network is fixed. To generate a
network with a specific degree sequence, the model starts from N disconnected nodes
and gradually adds links to the network. Assume that we have N nodes, each having
a specific degree ki, i = 1, 2, ..., N . For each node i (degree ki), we give ki stubs to
the node. Then we choose two stubs uniformly at random and put a link between
the two nodes. We continue the process until all stubs are used. With this simple
mechanism, we can generate a random network with any desired degree sequence.
Because the configuration model is a random model, the network that is generated
by this model does not have any specific structure. The clustering coefficient of the

model is C = 1
N

[〈k2〉−〈k〉]2
〈k〉3 , which implies that, for a fixed degree distribution, the

clustering coefficient would correspond to 1
N

and goes to zero in the limit of large
N [34]. Therefore, like the ER random model, the configuration model can not
capture the high clustering coefficient property of real-world networks. In short, the
configuration model only explains how much of the network structure is not affected
by degree sequences, and it does not explain how the degree sequences are generated.

3.3 Small-world model

In 1998, Watts and Strogatz [50] introduced a network model known as the WS
model or “small-world” model that, like real-world networks, has the property of
both short distances between nodes and a high clustering coefficient at the same
time. The small-world model is inspired by a famous experiment in 1967, in which
Milgram sent letters to randomly selected individuals in the US and asked each of
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them to forward the letter to a specific target person [51]. The only rule was that
the person could send the letter to just one friend. Individuals had to select the
friend who they believed was closest to the target person and send the letter to that
person. Consequently, the receiver forwarded the letter to one of his/her friends,
and so on until the target person was reached. After the experiment, Milgram found
that each letter took on average six steps to reach the target. The expression “six
degrees of separation” or “small-world phenomenon” came from this experiment,
which demonstrates that people are much more closely connected to each other than
they might have thought. The WS model was proposed to capture this small-world
property together with a high clustering coefficient property.

The WS model can generate a continuous spectrum of networks, from a com-
pletely regular network, a lattice, to a completely irregular network, a random net-
work. Assume that we arrange the nodes of our network on a one-dimensional line
such that each node is connected to the c closest nodes in its neighborhood. If we ap-
ply periodic boundary conditions, we will generate a circle out of the one-dimensional
line, a simple process called the “circle model.” Although the circle model could gen-
erate networks with a high clustering coefficient, it has a serious shortcoming: it
does not have small-world characteristics, and the shortest path between two ar-
bitrary nodes in such a model could be very long. So, on one hand, we have the
circle model, which has a high clustering coefficient but large-world characteristics,
and on the other hand, we have random graphs with small-world characteristics but
a low clustering coefficient. To have both a high clustering coefficient and small-
world characteristics simultaneously, the WS model is proposed. Starting from a
circle model with N nodes in which every node has degree c, the WS model works
as follows: we go through all the links of the network and with probability p we
rewire each link, which means replacing the existing link with a random link in the
network. By this process, we create shortcuts, or long-range connections, in the
network. When p = 0, we have a lattice (Fig. 3.1A), and when p = 1, we have a
totally random network (Fig. 3.1C). It turns out that, as we increase p from 0, the
value of the clustering coefficient doesn’t drop off to a small value, as is common
in a random network, unless we have a large value of p (p > 0.5). However, the
small-world behavior, a small average path length, takes place on very small values
of p. Therefore, there is a region of intermediate values where the model shows
small-world behavior (Fig. 3.1B). It has been shown that the spread of diseases in
a network with small-world properties is much faster than in a random network be-
cause, in small-world networks, the shortcuts connect distant parts of the network.
Although the WS model generates networks with small-world properties and a high
clustering coefficient, it does not capture the structure of real-world networks very
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well. It has been shown that, unlike the broad distribution of real-world networks,
the degree distribution of the WS model has a peaked shape with a low cut-off [34].

As we mentioned, when p = 0 in the WS model, we have a lattice. Lattices are
fully ordered regular structures. The structure that we show in Fig. 3.1A is a regular
structure in which all nodes have degree 2. However, there are other lattices such as
1D or 2D lattice that have different degrees and structures. A 1D lattice has a chain-
like structure in which every node except the nodes that are located at endpoints of
the chain have degree 2. A 2D lattice is a structure where its N = d ∗ d nodes are
arranged in a d ∗ d square. In such a structure, all nodes that are not located in the
boundary have degree 4, nodes that are on the edges have degree three, and nodes
at the corners have degree 2. Although lattices are very simplistic structures, they
are commonly used by physicists to test and analyze their models. In paper IV, we
test our time-dependent spreading model on 1D and 2D lattices.

A B C

Regular Small-world Random

Rewiring probabilityP=0 p=1

Figure 3.1: The WS model with parameter p as the rewiring probability
A= a perfectly regular network p = 0; B= a “small-world” network with small p > 0;
C= a perfectly random network p = 1

3.4 Preferential attachment model

As we discussed in section 2.3.1, many observed networks in the real-world world have
power-law degree distribution with the exponent γ that is approximately between
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2 and 3 [52]. Therefore, it is natural to ask, “Which underlying mechanism could
generate networks with power-law degree distribution?” This question was seriously
considered for the first time by Derek Price in the 1970s [53]. Price’s model was
inspired by the work of Herbert Simon [54], an economist who observed the existence
of power-law in many examples of economic data (non-network), such as people’s
wealth: the famous rich-get-richer phenomenon, which means that if an individual
has a great deal of money, it is easier for him/her to make more money. Price was
specifically interested in the process that generates a citation network of scientific
papers. Starting from an initial condition, in Price’s model a new node (paper) is
continuously added to the network. The new node on average cites c other nodes,
which are chosen randomly with a probability that is proportional to the number
of citations they already have. These steps are repeated until we reach the desired
number of nodes, N . In summary, Price’s model is based on growing network and
preferential attachment. If we remove either of these two main ingredients from
the model, we will not have a network with power-law degree distribution. Both a
growing network and preferential attachment are necessary for power-law behavior.

Later, in the 1990s, Barabási and Albert proposed a model that is similar to
Price’s model of undirected networks [55]. In the Barabási-Albert (BA) model, the
links are undirected and each new node is connected exactly (not on average) to
c other nodes with a probability proportional to the degree of that node. In the
limit of large N , the network that is generated by the BA model will have a degree
distribution that follows power-law behavior with an exponent γ = 3 independent
of the value of c. After the BA model was introduced, some extensions and modifi-
cations were proposed that mostly include preferential attachment mechanisms but
that also added some other specifications such as rewiring links or removing nodes
in the model [56].

Perhaps the BA model is the most well-known model for generative networks.
It is a simple model that can generate networks with a broad degree-distribution.
However, there is some criticism of the BA model. First, it is limited to just a single
exponent γ = 3 and can not generate other exponents (between 2 and 3) which are
observed in many real-world networks. Second, in the BA model, the power-law
distribution only happens when the preferential attachment is linear; otherwise the
network would not have power-law behavior. This issue raises the question of the
generality of the BA model. Despite the criticisms, the BA model indeed has an
influential role, causing the network community to consider growing network models
that can capture the properties of real-world networks.
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3.5 Summary and discussion of network models

The ER model, WS model and BA model represent the first generation of network
models that are fairly simple. These models are good for understanding how the
real-world world is different from a collection of random events. However, these
models are perhaps too simple, and can not capture the important structure of
real-world networks. As we discussed, the ER model and the configuration model
couldn’t capture the high clustering coefficient property of real-world networks; the
WS model has a very constrained degree distribution, which is far from real-world
networks; and the BA model can generate scale-free networks, but it can not generate
all the exponents that are common in many real-world networks. More importantly,
these models don’t describe why the underlying process leads to the network with
observed characteristics. In other words, these models generate networks with specific
properties similar to what real-world networks have, but there is no explanation for
why that is happening. The network that is generated out of these models is somehow
dead; there is no consideration of interacting nodes. Interacting nodes constrain how
information flows through the network, and despite the important role of information
flow, it is not considered in the network models that we have mentioned so far. In
addition, these network models don’t generate networks with groups in the structure,
even though many real-world networks have groups in their structure. In paper I,
we introduce a simple model that considers both points together: the notion of
interacting nodes in networks and the quest for groups in networks. That is, our
model explains how groups are formed in social networks with respect to the flow of
information between individuals’ ideas. We also investigate what role history plays
in this process.

Summary of paper I

To understand how groups are formed in a social system, we must look at individ-
uals’ behavior. The most important aspect of the behavior of individuals, in our
opinion, is how they communicate with each other. Individuals communicate daily
with family, friends, and colleagues, so communication plays a major role in how
information percolates through society. But communication is constrained to who
talks to whom; information will not be broadcast to everybody. Since people com-
municate with their friends to gather information, they integrate the social system,
so global knowledge can emerge from local communication. The more people com-
municate, the more up-to-date is their information. But there is another way to get
better access to up-to-date information: people can navigate their social landscape.
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When people navigate social networks, they use information that travels across the
network, propelled by communication. In this model, social groups emerge because
people build self-organized maps of the network and navigate toward like-minded
agents.

Our model has two main components: agents both communicate in and navigate
their social network to get access to information they are interested in. To implement
communication and social navigation in a simple model, agents have a list of other
agents’ identities that represent their interest in those other agents and a list of
friends with whom they can communicate. When agents communicate, they talk
about their interests. That is, the topics of communication are restricted to the
agents themselves. When two agents communicate, one of the agents chooses a topic
from its interest memory and both agents update their interest memories so that
they become more interested in the topic and also in each other (Fig. 3.2A). For
better access to information, agents can navigate their social network and establish
connections to their friends’ friends (Fig. 3.2B).
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Figure 3.2: Modeling communication and social navigation. A Communica-
tion: a random agent ai selects one of its neighbors aj proportional to its interest
in aj. In the same fashion, one of the two agents selects agent ak from its interest
memory. When agents ai and aj communicate, they increase their interest in each
other and also in agent ak.
B Social navigation: a random agent ai selects an agent ak proportional to its interest
in ak, and finds its friend’s friend al on the shortest path between ak and ai.
C Outcome: agent ai has formed a link to al and shortened its distance to ak. To
keep the number of links fixed in the network, a random agent has lost one random
link.

Reinforced feedback between interest memory and network structure generates
modular networks. With feedback, agents gradually adapt themselves to changes
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in the system without forgetting their past knowledge. In contrast, without feed-
back, agents quickly adjust themselves to the changes in the system and forget their
previous picture of the system. Because agents gather information over time, their
memories do not reflect a specific network configuration, but rather they reflect the
configurations of networks of the recent past. So we quantify how much information
about the agents’ ideas is stored in the network structure and, conversely, how much
information about the network structure is stored in the agents’ ideas. Our results
showed that the network structure contains more information about the agents’ ideas
than the other way around.





Chapter 4

Detecting community structure

A
s mentioned, network theory provides a good framework for studying systems

that are composed of many interacting components. In the previous chapter,
we explained network models that describe the formation of networks. In this

section, we target another question in network theory: detecting communities in a
given network. Detecting communities, structures of network with many links within
and few links between, has attracted a great deal of attention among researchers
because communities often correspond to the functional and behavioral units of a
system. Through communities, researchers can classify nodes of a network based on
whom these nodes are interested in, so detecting communities provides a systematic
way to see how a system is organized. Many methods in different disciplines have
been devised to detect communities. A fraction of methods refers to communities
as groups of nodes, where each node inside a group is strongly connected to other
nodes in the group with many links, and weakly connected to other nodes of a
network with only a few links [34]. However, this definition is not very accurate
because there is not a universally accepted threshold or quantity for determining
community borders. A common approach that is accepted among some researchers
is to quantify the connectivity of nodes by means of modularity, which compares it
with the connectivity of the same group of nodes in a randomized network that has
the same node-degree as the original network [47]. Let ci be the community of node
i; let cj be the community of node j, and let δ(ci, cj) denote the Kronocker delta
function. The modularity is defined as follows:

Q =
1

2L

∑
ij

(aij −
kikj
2L

)δ(ci, cj). (4.1)

In this approach, researchers find communities of a network by looking for a
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partition that maximizes the modularity formula. Modularity-maximization methods
are not the only approaches for detecting communities. Another approach is to search
edges that lie between communities and remove those edges to end up with isolated
communities. A common way to find edges that lie between communities is to
use edge betweenness centrality. Although the early betweenness-based community
detection algorithms were quite slow [57] [34], a modified version was reported to be
faster [58].

Because we are interested in the flow of information on a network, we consider a
method that captures communities based on this notion. In papers II and III, we use
a community detection method that is built on information theory and is called Map
equation [59,60]. This method defines a community as a group of nodes that works as
a trap of flow; flow stays within a group for a relatively long time before going to other
parts of the network (other groups). The Map equation uses the duality between
finding regularities and compression. That is, it associates the optimal compression
of network topology to the community structure [60]. The optimal compression of
network topology is the one that can describe the network topology with the shortest
code. To find the shortest code, the Map equation algorithm searches for partition M
that classifies the n nodes of the network into m communities such that it minimizes
the following equation:

L(M) = qyH(Q) +
m∑
i=1

pi�H(P i). (4.2)

In this equation, the first term summarizes the entropy of moving between com-
munities weighted by the frequency of such movements, and the second term sum-
marizes the entropy of moving within communities weighted by the frequency of such
movements (for a detailed description of entropy, see section 4.2). The parameter qy
corresponds to the probability of changing communities and H(Q) corresponds to the
entropy of such moves between communities. The parameter p�i corresponds to the
fraction of moves that happen within a specific community i before exiting from that
community, and H(P i) represents the entropy of such moves within communities.

Many other community detection methods are reviewed in [61]. Considering the
existence of so many methods, it is natural to ask: “Which algorithm is ideal for de-
tecting communities in a given network?” Benchmark networks have been developed
to provide a framework for comparing community detection algorithms. However,
we used benchmark networks for a different purpose. More specifically, in paper II,
we used benchmark networks to test and analyze our method of detecting significant
communities in large sparse networks.
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4.1 Benchmark networks

Benchmark networks are computer-generated networks with built-in community struc-
tures. With benchmark networks, we can estimate the accuracy of one community
detection method compared to other methods. A good benchmark should be a good
representative of real-world networks with communities of different sizes and nodes
with various degrees. One of the earliest benchmark networks was introduced by
Girvan and Newman (GN) in 2002 [30], but, because in this benchmark all nodes
have the same degree and all communities have the same size, this benchmark can
not be a good representative of real-world networks [62]. A variation of the GN
benchmark was introduced later that considers communities with different sizes [63].
More recently, Lancichinetti et al. introduced another benchmark network that takes
into account nodes with various degrees and communities with different sizes [64].
In this benchmark network, they assume that the distribution of nodes degree and
community sizes are both power-law. They use a configuration model (see section
3.2) for connecting nodes so that the degree sequence of nodes is kept.

When we have the result of the community structure of two methods, it is nat-
ural to ask: “Which metric should we use to quantify the similarity between the
two community structures?” The most common answer is mutual information: an
information-theoretic metric.

4.2 Mutual information

To understand mutual information, first we must understand entropy. Entropy is a
metric that quantifies how much uncertainty a random variable has [65]. In infor-
mation theory literature, the entropy of a discrete random variable X that has the
probability mass function p(x) is defined as follows:

H(x) = −
∑
x∈χ

p(x)log p(x). (4.3)

Mutual information is a natural measure to quantify the dependence between
two random variables. In short, mutual information is a symmetric measure that
quantifies how much we learn about a random variable X, given that we know
another random variable Y , and conversely how much we learn about Y , given that
we know X. If we deal with communities as random variables, we can use mutual
information as a measure of the similarities between two communities. Let C and C ′

refer to the community structure of a single network that is generated by two different
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methods. If we use Shannon entropy [65] to measure information, symmetric mutual
information between C and C ′ is described as:

I(C;C ′) = H(C)−H(C|C ′) = H(C ′)−H(C ′|C). (4.4)

If C and C ′ are identical, then the mutual information is equal to 1, which means
that, by knowing one community structure, we know the other; conversely, if C and
C ′ are completely independent, by knowing one, we learn nothing about the other
one and the mutual information between them would be 0. But mutual information is
not an optimal measure for quantifying the similarity between community structures.
Assume that we have a community structure C. Then for all community structures
C ′ that are derived from C by the extra partitioning of Cs communities, we would
have H(C|C ′) equal to 0. Therefore, the mutual information between all these C ′

and C would be equal to H(C), even though they might be very different from each
other. Besides, when we want to compare C and C ′, if our metric depends on the
entropy of C (the structure of C), then this measure is not very good. Normalized
mutual information, which is introduced to solve this problem and to remove the
effect of H(C ′), is defined as:

Inorm(C;C ′) =
I(C,C ′)

max(H(C), H(C ′))
(4.5)

Information distance is a distance measure based on normalized mutual information
that is simply defined as:

dmax = 1− Inorm(C;C ′) (4.6)

According to [66], information distance is a sound metric for comparing community
structures. In paper III, we used information distance to quantify the difference
between the significant community structure of different citation networks; each of
these networks was gained under a specific statistical significance assumption. Refer-
ence [67] provides more information about metrics that compare communities within
the framework of information theory.

4.3 Significant communities in networks

Communities are trustworthy only if the detected structure is statistically significant.
Significant communities play a key role in understanding how a network changes and
evolves over time, so we can distinguish between noise and real change. To identify
statistically significant communities, there are two main approaches: one based on
underlying null models and one based on resampling techniques.
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In the null model approach, a statistically significant community is one where
the probability of finding it in a random network is lower than a certain threshold
[57,68–70]. The random network that is used as the baseline could be, for example,
the configuration model [70]. The null model approach is appropriate when we are
interested in how a network is generated. However, many times we are interested in
the functional aspects of the network, such as the dynamical processes on a network.
In this case, a resampling approach is commonly used.

In the resampling approach, the robustness of the detected structure is measured
based on resampled networks. Unfortunately, in many real cases, we only have one
observation from the network data and directly resampling from empirical data is
impossible. One way to tackle this problem is to generate resample networks by per-
turbing the empirical network. Perturbing the link weight in weighted networks [71]
or deleting links with a certain probability p and putting the deleted link between a
random pair in the network [72] are some examples of network perturbation. In this
scenario, when researchers perform the statistical analysis, they repeatedly perturb
and cluster the data and then aggregate the results. Therefore, they can use any
clustering algorithm and are not restricted to a particular null model. In fact, when
researchers use a perturbation method, they make an assumption about the funda-
mental mechanism that generates the empirical network. Based on the underlying as-
sumption, they repeatedly mimic the mechanism of network generation and re-create
multiple samples of the observed network. However, there are several open questions
about the perturbation approach. Here I mention two of these questions, which were
the motivation for my second and third projects. For sparse networks (networks
with a few links), we can not use the common perturbation methods because sparse
networks are inherently sensitive. So the first question is: “Which method should we
use for perturbing sparse networks?” Second, perturbation methods assume indepen-
dency between different samples (e.g., between different components of the network)
while components of a network depend on each other. So the second question is:
“Which effect could the breaking dependencies of a resampling technique have on
the outcome of significance analysis?”

Summary of paper II

To generate resamples of inherently sensitive sparse networks, we need a method that
efficiently adds extra links while preserving the core structure of the network. Oth-
erwise, if we apply community detection algorithms for partitioning sparse networks
with missing links, we will often find small shattered modules. We note that the
problem of aggregating shattered modules by adding links is similar to the problem
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of predicting missing links. Missing links prediction methods operate by estimating
the likelihood of a link between a pair of vertices based on their similarity.

To significantly analyze networks’ communities by generating resampled net-
works, however, we do not need to exactly predict missing links; we only need to
add extra links in a non-destructive way so we can measure the robustness of the
communities. As we mentioned in section 2.3.4, triangles are abundant in many real-
world networks, specifically in social networks. However, we do not see an abundance
of triangles in sparse networks. The lack of triangles in sparse networks gives us a
hint that perhaps the network is undersampled. We use this information to perturb
sparse networks using a simple and general method: triangle completion (Fig. 4.1).
With this method, we can aggregate related shattered communities without making
specific assumptions about the network. In addition to testing our method on bench-

Figure 4.1: Completing triangles followed by clustering aggregate shattered commu-
nities. Dashed lines show different possibilities for completing triangles.

mark networks, we used our method on the sparse network of the European Court
of Justice (ECJ) case law, for example, to detect insignificant areas of law. We used
our significance analysis to draw a map of the ECJ case law network that reveals the
relationships between different areas of law.

Summary of paper III

As mentioned, researchers use resampling techniques to detect significant commu-
nities of real-world networks. The idea behind the resampling approach is fairly
simple, since we can view a network as the aggregation of many natural events.
When resampling, we simply imitate the process of the network formation and gen-
erate various realizations of the raw network. With numerous resampled networks,
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we can aggregate the community information and determine which communities of
the raw network are significant and to what degree. The catch, however, is that we
must assume that the events that generate the observed network are independent.
Therefore, it is important to raise the question: “How much do the results of the sig-
nificance analysis depend on the different assumptions about independent events?”
Specifically: “How important are the link correlations in the resampling scheme?”

We compare parametric resampling of citations with non-parametric article re-
sampling. More specifically, we compare three resampling schemes where each main-
tains the link correlation to a certain level: a resampling scheme that maintains all
link correlations (article resampling), a resampling scheme that maintains half of
the link correlations (multinomial resampling) and a resampling scheme that does
not maintain any link correlation (Poisson resampling). To compare the resampling
schemes, we used a data set that summarizes scientific communication for the years
1984-2010. This data set includes more than 900,000 scientific papers that were pub-
lished in about 11,000 journals. For every year, we build a citation network such
that the nodes correspond to scientific journals and the link between two nodes ag-
gregates all citations between the two journals in that year (link weight). By using a
resampling method, we could determine significant communities in a given year and
consequently track the structural changes over time. When we highlight and summa-
rize important structural changes in science, we find that the more dependencies we
can maintain in the resampling scheme, the earlier we can predict structural change
(Fig. 4.2). Our analysis also shows that, in quantifying several measures such as link
weights, the more dependencies we maintain in the resampling scheme, the higher
the variance of that measure would be.
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Figure 4.2: The separation of nuclear and particle physics from the physics
module. In this diagram, each block in a given year corresponds to a specific mod-
ule. In a block, the lighter colors represent the insignificant part of the module and
the white vertical gap between blocks determines separate modules. The stream
field between two blocks in consecutive years shows changes that happen to a block.
While all three resampling schemes agree on the separation of Nuclear & particle
physics from General physics into an independent stand-alone module by 1993, arti-
cle resampling emits a signal about this change sooner than multinomial or Poisson
resampling.



Chapter 5

Dynamics on networks

I
deas, innovations, products and diseases spread through society. These processes

(known also as dynamical processes or dynamics on networks) do not spread
randomly, but through the contact network of people who meet and communi-

cate with each other in different scales of time. The topology of the network provides
an infrastructure that constrains how dynamical processes can spread through the
network. The role of network topology in the rate and pattern of the spreading pro-
cesses has been widely studied [73,74]. For example, it has been shown that network
communities [75], degree distribution of nodes [76] or the clustering coefficient of the
network [77,78], have a relatively strong effect on spreading processes. Understand-
ing the mechanism of spreading has different objectives in different contexts. For
example, in viral marketing [79,80], the aim of studying the spreading processes is to
improve the spreading (e.g., increase the product sales). However; in epidemiology,
the aim of studying spreading processes is to control or to prevent spreading (e.g.,
reduce the spreading of or perhaps eradicate a disease).

To better understand the mechanism of spreading, a broad range of spreading
models are proposed which model the spread of innovation [81–83], technology, cul-
tural fads [84,85], product [86] and rumor [87]. Broadly speaking, there are two main
categories of spreading models: contagion models (which come from epidemiology
literature) and threshold models [88–90] (which come from sociology literature). In
this chapter, I first introduce a few well-known contagion models (e.g., Susceptible-
Infected(SI) or Susceptible-Infected-Recovered(SIR)) together with some threshold
models. Then I discuss what is missing in these models that should be considered
when we model and investigate the spread of dynamical processes. This question was
the motivation of my fourth project, in which we use and analyze a new spreading
model with multiple information waves. In our model, the waves are not indepen-
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dent of one another, but they interact (e.g., compete) with each other to spread
through the network. We showed how interaction between information waves affects
the spreading process and its properties.

5.1 Contagion models

One of the key problems that every society encounters is related to the spread of
diseases. Infectious diseases (e.g., HIV [76, 91], tuberculosis, SARS [92–94] and in-
fluenza [95–98]) spread through the contact networks of individuals. To control the
spread of diseases and prevent a pandemic, a huge investment in science is dedi-
cated. In this regard, many mathematical models are proposed to better understand
the spread of epidemics over the contact network of individuals. Here we introduce
some of the well-known disease spreading models that have been used in epidemiol-
ogy for many years. These models are categorized as compartmental, which means
that, in these models, the population is divided into compartments (e.g., suscepti-
ble, infected or recovered) and individuals could switch between the compartment.
Since these models assume that the population of a compartment is homogeneous
and fully mixed, the density of individuals in different compartments would deter-
mine how much spreading is possible. When individuals from different compartments
meet, the status of the individuals would be changed with a certain probability. For
example, when an individual from the infected(I) compartment meets an individual
from the susceptible(S) compartment, the disease will transfer from the infected in-
dividual to the susceptible individual with a certain probability β, which is known
as the transmission probability [76,91].

The SI model

The SI model is perhaps the simplest disease spreading model, in which the popula-
tion is divided into two groups: susceptible and infected. Individuals who belong to
the susceptible group don’t have the disease but could potentially catch it if they are
in contact with infected individuals. Individuals in the infected group have the dis-
ease and when they meet susceptible individuals, they pass the disease to them with
a probability β. Although this two-state model is quite simple, it still can capture
some coarse-grained features of disease dynamics on the network level. Let s and i
be the average fraction of susceptible individuals and the average fraction of infected
individuals, respectively. s + i = 1 because every individual is either susceptible or
infected. With the transmission probability β, the overall average fraction of infected
individuals will increase at the following rate:
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di

dt
= βsi = β(1− i)(i) (5.1)
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Figure 5.1: The logistic growth function for the SI dynamics.

The above equation, a logistic growth equation, is a famous model of population
growth that is used in many disciplines such as biology or ecology. The solution
of this equation is called the logistic growth curve and has the following form [34],
where i0 is the initial fraction of infected individuals at time t = 0:

i(t) =
i0e

βt

1− i0 + i0eβt
(5.2)

The logistic growth curve increases exponentially at the beginning of the spread-
ing event, when most individuals are susceptible, but after a while, the curve satu-
rates because the number of susceptible individuals decreases and it becomes harder
to find a non-infected individual (Fig. 5.1).

The SIR model

The SI model is the simplest model of disease spreading. For a more realistic model,
many extensions of the SI model are suggested. One extension is the SIR model,
which is a three-state (susceptible, infected and recovered) model. This model is more
realistic than the SI model because, for many diseases, individuals don’t stay infected
forever, but they recover and become immune to the disease. Let s, i and r be the
average fraction of susceptible, infected and recovered individuals, respectively, and
let β and γ be the transmission probability and recovery probability, respectively.
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The overall fraction of susceptible, infected and recovered individuals will vary at
the following rates:

ds

dt
= −βsi

di

dt
= βsi− γi

dr

dt
= γi

(5.3)

Considering that s + i + r = 1, the population of susceptible individuals will have
the following form where s0 denotes the fraction of susceptible individuals at time
t = 0:

s = s0e
−βr/γ (5.4)

As the above equation shows, the fraction of susceptible individuals varies with
respect to the fraction of recovered r individuals. Unfortunately, there is no closed
form for the fraction of recovered individuals, but it can be calculated numerically.
In Fig. 5.2, we show an example of SIR dynamics where the transition probability is
β = 0.05 and the recovery probability is γ = 0.005 and s0 = 0.99.
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Figure 5.2: The evolution of the SIR model over time. The fraction of individuals
in each of the three compartments (susceptible, infected and recovered) is plotted
as a function of time. The parameters that are used in this example are β = 0.05,
γ = 0.005, s0 = 0.99 and I0 = 0.01.

The fraction of infected individuals has a peak that occurs when the deriva-
tive of the infected curve is zero (di/dt = 0). Therefore, the two parameters
β and γ determine whether the infected population is increasing (di/dt > 0) or
decreasing(di/dt < 0), and the transition between the two states occurs when:
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di

dt
= 0⇒ βsi− γi = 0⇒ βsi

γ
= i. (5.5)

For a population in which the fraction of infected individuals is much less than the
fraction of susceptible individuals, the s0 is approximately 1. Therefore, the fraction
between the transmission probability β and recovery probability γ will determine
how the infected population would expand or shrink; the transition occurs at β

γ
= 1.

The ratio β
γ

is equal to the so-called basic reproduction number.

Basic reproduction number

When the spreading of a disease starts, there are only a few infected individuals and
the rest of the population is susceptible. In such a population, the basic reproduction
number R0 is defined as the average number of secondary infections: the number of
individuals to whom a single infected person passes the disease [34]. For example,
if R0 = 2, it means that every infected individual on average passes the disease to
two other individuals, so the number of infected individuals will be doubled in every
iteration. Therefore, the number of infected individuals will grow exponentially and
eventually a pandemic will occur. However, if the reproduction number is small,
for example, if R0 = 1

5
, it means that out of five infected individuals, only one

of them will pass the disease to a susceptible individual; the disease would decline
exponentially and eventually would vanish. The point R0 = 1 is known as the
epidemic threshold because it determines whether an epidemic will occur in the
network or the spread of the disease will finally be stopped.

The SI model and SIR model do not occur in a fully mixed population, where
every individual could freely spread the disease to any other individual. But these
models run over the contact network of people. Undoubtedly, the topology of the
network affects the process of spreading. For example, the epidemic threshold cru-
cially depends on the network degree distribution [76, 99]. It has been shown that
the epidemic threshold is absent in scale-free networks [99, 100], which makes these
networks ideal for the spreading of any virus, whether infectious or informational.
The role of network communities in spreading processes is also well investigated. It
has been shown that the community structure of a network slows down the spread-
ing process [101]. In addition, networks with communities have a lower epidemic
threshold compared to networks without communities (e.g., random networks) [102].
Understanding how dynamics spread on the network will help researchers to design
sound algorithms for immunization and vaccination.

Although SI or SIR models can capture some of the main properties of the
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spreading processes, the assumptions in these models are very simplistic. To predict
the spread of diseases under more realistic assumptions, other variations of disease
spreading models are proposed [103–105].

For information to spread, people not only need to hear about the new informa-
tion, but also they have to be convinced that the information is valid. People often
need to get the information through different channels to value that information. To
consider this notion in the spreading models, threshold models are introduced.

5.2 Threshold models

Threshold models [88, 90, 106] use local information to estimate how information
(e.g., ideas, innovations, products or trends) spreads through a network. In thresh-
old models, the central assumption is that a node adopts an item of information only
when the fraction of its neighbors that has already adopted the information passes a
threshold φ. Perhaps the most significant threshold model of cascading information
is the Watts model [89], which accounts for the heterogeneity between individuals
of a population: every individual could have a specific threshold that is drawn from
a pre-defined distribution f(φ) such that 0 ≤ f(φ) ≤ 1. Watts showed how the
individuals’ thresholds together with network topology affect the spread of informa-
tion through a network, and analytically calculated the condition where that global
cascade could occur. A generalization of Watts’ model for the temporal networks is
presented in [107]. Threshold models use a very simplistic assumption: the decision
of an agent is fully determined by the decision of its neighbors. For a more realistic
cascade model, [108] introduces a model that uses Bayesian reasoning: the decision
of an agent is determined by the combination of its personal preferences and the
decisions of its neighbors. Various spreading and cascade models in socio-technical
networks are reviewed in [109]. In addition to the applications mentioned so far (e.g.,
predicting the spread of a disease or the spread of a rumor), cascade models are also
used to better understand the process of cascading failures in networks in order to
characterize network vulnerability [110].

Contagion models and threshold models are the preliminary step in understand-
ing the spread of dynamical processes. However, none of these models consider that
there could be multiple processes that spread on the network simultaneously. In
addition, these models don’t consider any sort of interaction between different dy-
namical processes. In our fourth project, we used and analyzed a spreading model
that considered both issues.
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Summary of paper IV

In today’s society, we are flooded with information. Waves of new ideas, innovations,
products, and trends follow each other in quick succession. To better understand
the inner workings of the dynamics, researchers often use simple models to capture
important spreading mechanisms in a complex network. Most spreading models
use simple rules that strongly emphasize the role of local connections. Often, these
spreading models assume that all information waves are equally likely to spread
through the network, disregarding the intrinsic characteristics of information waves.
These assumptions are an oversimplification: no idea is independent from other ideas,
and waves of new information or technology necessarily interact with one another
as they propagate through society. In some systems, information waves integrate or
hybridize with each other, and in some other systems, information waves compete
and replace one another. That is, depending on the system under investigation, there
is a broad spectrum of interaction between information waves from full integration
to full replacement. We particularly focus on the latter case, and use a simple model
in which one wave replaces an older wave [111], to analyze the global effects of such
interactions. We show how this competition affects the dynamics of information
propagation through a network. With interaction between multiple waves, some
waves will make it across the system and others will not. Therefore, the rate of
adoption by individuals will depend on their position in the system. We analyze
different scenarios in detail, including interaction between waves in spatial synthetic
networks and also in real-world networks. The real-world networks that we analyzed
include the California road network (CA road) and the Texas road network (TX
road) [112].





Chapter 6

Conclusion and discussion

A
vast majority of systems found in nature are complex; the system is so
full of interconnected components that the behavior of the system is not
the simple sum of its components behavior. In other words, in complex

systems, behaviors of the system’s components at the micro-level can not explain
the emergent properties of the system at the global level. For example, by only
analyzing the transmission of chemical or electrical signals between neurons, we can
not fully understand the behavior of the brain. Similarly, studying the transmission
of messages through the Internet does not allow us to understand the behavior of
the Internet on the global scale. While reductionism breaks down the system into
several components and analyzes the components separately, with networks we put
the elements together to reveal the behavior of the system on a global scale. In
network research, interaction is considered the most important element of a system,
because it keeps the system integrated. Network theory provides a powerful tool to
study systems that could be modeled as interacting components.

In this thesis, I discussed networks while keeping a constant eye on informa-
tion flow. As mentioned, interaction patterns control how information permeates
throughout the system. The main goal of this thesis was to explore complex net-
works by studying the non-trivial structure of complex networks and also by studying
theoretical models. Specifically, when I investigated the structure of networks, I an-
alyzed the communities of networks. I investigated the statistical significance of
those communities and also the evolution of such communities over time. When I
investigated theoretical models, I explored network models and spreading models. I
discussed what is missing in those models that one should consider when construct-
ing a model, and proposed new models to resolve the shortcomings of the existing
models.
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Among various aspects of network structure, detecting communities has attracted
a great amount of attention from network scientists because, in many real-world
networks (e.g., in biological or social networks), communities often correspond to
behavioral or functional components of the system. However, little attention is paid
to the accuracy and significance analysis of the results. Communities are reliable
only if they are statistically significant and not the result of noisy data. In papers
II and III, we propose methods for finding and analyzing significant communities
in large networks. The process includes gathering empirical networks and analyz-
ing them through models and methods that could reveal the significant structure of
the system where the more commonly used models and methods were not useful.
For example, in paper II, we gathered the network data of ECJ case law. Because
this network is sparse, most community detection algorithms identify a lot of small
shattered communities which are not the result of the data, but rather the result
of missing links. To take this shattering effect into account when we perform sig-
nificance analysis on sparse networks with missing links, we introduced resampling
based on link prediction. After showing that the method works well on benchmark
networks, we applied it to the ECJ case law network to generate a significance map of
EU law. As another example, in paper III, we built a directed weighted citation net-
work of scientific journals in the years 1984–2010. We discussed how the underlying
assumption of a resampling scheme affects the significance analysis of communities.
Specifically, we investigated the importance of the link correlations in the resampling
scheme by comparing three resembling methods that each preserve the link correla-
tions to a certain extent. When we tested these methods on a time-evolving network
of citations, we found that, in quantifying several measures such as link weights, the
more dependencies we maintained in the resampling scheme, the higher the variance
of that measure would be. Also, when we characterize how the significant organiza-
tion of the network changes over time, we found that the more dependencies we can
maintain in the resampling scheme, the earlier we can predict structural change.

While using resampling techniques and detecting significant communities are
good for revealing the significant structure of a network, we need theoretical models
to better understand where the structure comes from in the first place. The sec-
ond main result of my thesis corresponds to theoretical models. Network generation
models aim to reveal the underlying mechanism that formed real-world systems. Un-
doubtedly, a model with the right amount of complex rules can exactly represent the
full reality of a specific system. However, network scientists often include only a
few simple rules in their models because the ultimate goal is to better understand
the general behavior and shared aspects of complex networks. The first generation
of network models often did not consider the important role of interacting nodes.
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However, interacting nodes have a central role in a network’s behavior because such
interactions determine how information flows through a network. I believe that the
coupling between network topology and dynamics is a principal point that we should
always consider when we propose network models. With regard to such coupling,
in paper I, we introduced a simple model that explains group formation in a so-
cial system by considering the feedback between interacting individuals and network
structure. We argued that, with feedback, agents gradually adapt themselves to the
changes in the system without forgetting their past knowledge. We discussed how
history plays an important role in generating and preserving groups in the system.
While network generation models aim to describe the underlying mechanism that
generates real-world networks, spreading models aim to provide a clear and rigorous
basis for understanding how information permeates throughout a system.

Most spreading models assume that all information waves are equally likely to
spread through a network, disregarding the intrinsic characteristics of each informa-
tion wave. But in paper IV, we argue that, in some systems, these assumptions
are oversimplifications. In many systems, information waves integrate or hybridize
with each other and, in some other systems, information waves compete with and
replace one another. Therefore to consider the interaction between multiple informa-
tion waves, we particularly focus on a spreading model in which the new information
waves replace the old information waves and we analyze the global effects of such in-
teractions. With interaction between multiple waves, some waves will make it across
the system and others will not. With this model, we found that the rate of adoption
by individuals will depend on their position in the system. When we quantify the
effects of interactions between multiple waves, we showed that not only the distance
from the source, but also the number of shortest paths, path redundancy, determine
the rate of adoption.

Overall, as a computer scientist, I am fascinated by network science and the
exploration of complex systems. I believe that complex networks have opened a new
door to understanding the real world. However, network research is quite young
and much remains to be explored. For example, the notion that the structure and
dynamics of a network are strongly intercorrelated, the addition of temporal or spatial
information to network models and methods, and the consideration of multiplexity
are paths that network scientists have started to explore recently. I think what
remains is to figure out when more complicated models are necessary and when
they are not. As Albert Einstein said, “Make things as simple as possible, but not
simpler.” All in all, I am quite optimistic about the future of network science and I
believe that this field provides a promising path for understanding how large-scale
complex systems work in the real world.
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Acad Sci USA 97, 11149 (2000).

[13] P. Sen, S. Dasgupta, A. Chatterjee, P. A. Sreeram, G. Mukherjee,
and S. S. Manna, Phys. Rev. E 67, 036106 (2003).

[14] A. Cardillo, S. Scellato, V. Latora, and S. Porta, Phys. Rev. E 73,
066107 (2006).

49



50 Conclusion and discussion

[15] M. Rosvall, A. Trusina, P. Minnhagen, and K. Sneppen, Phys. Rev.
Lett. 94, 028701 (2005).

[16] W. Zachary, Anthropol. Res. 33, 452 (1977).

[17] J. W. Grossman and P. D. F. Ion, Congr. Numer. 108, 129 (1995).

[18] J. W. Grossman, Congr. Numer. 158, 202 (2002).

[19] M. J. Salganik and D. D. Heckathorn, Sociol Methodol 34, 193 (2004).

[20] V. Krebs, Connections 24, 43 (2001).

[21] P. S. Bearman, J. Moody, and K. Stovel, Am. J. Sociol. 110, 44 (2004).

[22] A. Klovdahl, J. Potterat, D. Woodhouse, J. Muth, S. Muth, and
W. Darrow, Soc. Sci. Med. 38, 79 (1994).

[23] F. Liljeros, C. R. Edling, L. A. N. Amaral, H. E. Stanley, and
Y. Aberg, Nature 411, 907 (2001).

[24] R. Rothenberg, J. Baldwin, R. Trotter, and S. Muth, J Urban Health
78, 419 (2001), 10.1093/jurban/78.3.419.

[25] U. Alon, Introduction to Systems Biology: And the Design Principles of
Biological Networks, volume 10, CRC press, 2007.

[26] P. Holme, Form and Function of Complex Networks, PhD thesis, Ume̊a
University, 2004.

[27] B. Kozma and A. Barrat, Phys. Rev. E 77, 016102 (2008).

[28] M. Rosvall and K. Sneppen, Phys. Rev. E 79, 026111 (2009).
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