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7.2 Paper B: Estimation of entropy-type integral functionals . . . . . . . 17

7.3 Paper C: Statistical estimation of quadratic Rényi entropy for a sta-
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Abstract

In this thesis, we study statistical inference for entropy, divergence, and related func-

tionals of one or two probability distributions. Asymptotic properties of particular

nonparametric estimators of such functionals are investigated. We consider estima-

tion from both independent and dependent observations. The thesis consists of an

introductory survey of the subject and some related theory and four papers (A-D).

In Paper A, we consider a general class of entropy-type functionals which includes, for

example, integer order Rényi entropy and certain Bregman divergences. We propose

U -statistic estimators of these functionals based on the coincident or epsilon-close

vector observations in the corresponding independent and identically distributed

samples. We prove some asymptotic properties of the estimators such as consistency

and asymptotic normality. Applications of the obtained results related to entropy

maximizing distributions, stochastic databases, and image matching are discussed.

In Paper B, we provide some important generalizations of the results for continuous

distributions in Paper A. The consistency of the estimators is obtained under weaker

density assumptions. Moreover, we introduce a class of functionals of quadratic

order, including both entropy and divergence, and prove normal limit results for the

corresponding estimators which are valid even for densities of low smoothness. The

asymptotic properties of a divergence-based two-sample test are also derived.

In Paper C, we consider estimation of the quadratic Rényi entropy and some related

functionals for the marginal distribution of a stationary m-dependent sequence. We

investigate asymptotic properties of the U -statistic estimators for these functionals

introduced in Papers A and B when they are based on a sample from such a sequence.

We prove consistency, asymptotic normality, and Poisson convergence under mild

assumptions for the stationary m-dependent sequence. Applications of the results to

time-series databases and entropy-based testing for dependent samples are discussed.

In Paper D, we further develop the approach for estimation of quadratic function-

als with m-dependent observations introduced in Paper C. We consider quadratic

functionals for one or two distributions. The consistency and rate of convergence

of the corresponding U -statistic estimators are obtained under weak conditions on

the stationary m-dependent sequences. Additionally, we propose estimators based

on incomplete U -statistics and show their consistency properties under more general

assumptions.
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1 Introduction

In information theory and mathematical statistics, entropy is one of the fundamen-

tal descriptors (functionals) of a probability distribution and is used to quantify

the uncertainty, randomness, and information content of the corresponding random

variable. The concept and the original formal entropy definition was introduced

by Shannon (1948) in connection to data communication problems. Rényi (1961)

used an axiomatic approach to obtain a more general entropy definition given by a

parametric family called Rényi entropy. Further generalizations and definitions have

been proposed and studied, and for an overview of these, we refer to, e.g., Kapur

(1994) and Ullah (1996).

Another important class of functionals are divergences which are used to measure

the dissimilarity between two probability distributions. Many divergence measures

are closely related to entropies, either conceptually or through their functional form.

For a review of divergences and their applications, see, e.g., Basseville (2013). In

this thesis, the focus is on a general class of entropy-type functionals which includes

integer order entropies and some of the divergence measures.

Entropy-type functionals appear in both practical and theoretical problems. In sta-

tistical inference, divergence and entropy are applied for various goodness-of-fit tests

(Gokhale, 1983), density estimation (Hall, 1984), and parametric inference (Basu

et al., 1998). Entropy is also used to compare the quality of sampling methods (Graf-

ström, 2010) and random number generators (Dudewicz and van der Meulen, 1983).

The Rényi entropy plays a central role in information-theoretic learning (Principe,

2008). Other areas of application include, e.g., physics (Franchini et al., 2008), bi-

ology (Vinga and Almeida, 2004), signal processing (Aviyente and Williams, 2005),

and econometrics (Golan, 2002).

Estimation of entropy-type functionals from a sample of observations is an important

statistical problem. Typical estimation methods include those based on kernels (Joe,

1989), nearest neighbors (Goria et al., 2005), sample spacings (Tsybakov and van der

Meulen, 1996), and U -statistics (Leonenko and Seleznjev, 2010). In most cases,

the finite-sample properties of the proposed estimators are not known and need to

be approximated. A common approach is to use theoretically derived asymptotic

properties as the sample size tends to infinity. For an overview of this research area,

we refer to, e.g., Beirlant et al. (1997) and Leonenko et al. (2008).
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Many of the obtained asymptotic results rely on the assumption of independent ob-

servations. However, in practice, the independence assumption is strong and might

be hard to verify. Large-sample theory for dependent observations has been de-

veloped, e.g., for U -statistics (Dehling, 2006), goodness-of-fit tests (Fan and Ullah,

1999), and density estimation (Hart and Vieu, 1990).

In this thesis, we prove asymptotic properties (consistency, asymptotic normality,

and Poisson convergence) for particular nonparametric estimators of entropy-type

functionals, using techniques and results from the theory of U -statistics. We consider

functionals for both discrete and continuous multidimensional distributions.

A central problem studied in this thesis is the asymptotic normality of the estimators

in the continuous case. For estimators of general (integer) order, we use the conven-

tional projection method and prove results that are valid if the density smoothness

exceeds a certain lower limit. For a class of estimators of quadratic order, we apply

other techniques and obtain asymptotic normality even for densities of low smooth-

ness.

Another important problem investigated in this thesis is estimation of entropy-type

functionals with samples from stationary m-dependent sequences. This problem

is considered for functionals of quadratic order. For example, consistency and weak

convergence of the simplest (one-sample) estimators are studied under weak assump-

tions on the finite dimensional distributions of the sequence. We prove that several

results obtained under independence are also valid in this more general setting. Ad-

ditionally, we propose modified versions of the quadratic estimators that are suitable

when m-dependence is the only dependence condition that can be imposed on the

stationary sequences.

The remaining part of this thesis consists of an introduction to some related theory

and results followed by four appended papers (A-D). In Section 2, the entropy-type

functionals considered in this thesis are introduced. Section 3 describes the class

of U -statistics that our studied estimators are based on. In Section 4, we discuss

estimation of entropy-type functionals from independent observations and present

shortly our results in that setting. The problem of estimation for stationary m-

dependent sequences is discussed in Section 5. In Section 6, we describe applications

of the obtained results related to entropy-maximizing distributions and the two-

sample problem. Section 7 includes a summary of the papers in this thesis and

finally in Section 8, we make some conclusions and present possible topics for further

research.
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2 Entropy-type functionals

2.1 Entropy

In information theory and mathematical statistics, entropy is used to characterize the

uncertainty, randomness, and unpredictability of a random variable. For instance,

a roll of a fair dice has higher entropy than that of a manipulated one, since the

outcome of the former is more uncertain. In some contexts, information is used as

a synonym to entropy; the more uncertain the outcome is, the more information it

delivers.

The original and most famous measure of entropy, often referred to as the entropy,

is due to Shannon (1948). For a random variable X with discrete distribution PX =

{pX(r), r ∈ Nd} it is defined as

h1(PX) := −
∑
r

pX(r) log pX(r). (1)

The Rényi s-entropy (Rényi, 1961) is defined as

hs(PX) :=
1

1− s
log

(∑
r

pX(r)s

)
, s 6= 1, (2)

and is a generalization of the Shannon entropy since

lim
s→1

hs(PX) = h1(PX). (3)

Uncertainty measures for a continuous variable X, having a distribution PX with

density pX(x), x ∈ Rd, are often referred to as differential entropies. The differential

entropies that correspond to (1) and (2) are derived from a limiting procedure us-

ing discrete entropies for quantized versions of X (Rényi, 1970). The (differential)

Shannon and Rényi entropies for X are defined, respectively, as

h1(PX) := −
∫
Rd

pX(x) log pX(x) dx

and

hs(PX) :=
1

1− s
log

(∫
Rd

pX(x)s dx

)
, s 6= 1.

The limit in (3) also holds for these differential entropies. For more definitions of
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entropy and information, we refer to, e.g., Kapur (1994) and Ullah (1996).

There are various entropy applications related to the entropy maximization principle:

given the information available, the probability distribution with largest uncertainty,

i.e., maximum entropy, best represents the current state of knowledge, see, e.g.,

Kapur and Kesavan (1992).

2.2 Divergence and relative entropy

Informally, a divergence is a measure of the difference or closeness between two dis-

tributions PX and PY . Here, the focus is on continuous distributions with den-

sities pX(x) and pY (x), x ∈ Rd, for which we define the real-valued functional

D = D(PX ,PY ) to be a divergence if

i) D(PX ,PY ) ≥ 0,

ii) D(PX ,PY ) = 0 if and only if pX(x) = pY (x) almost everywhere (a.e.).

Note that D(PX ,PY ) is in general not a distance (symmetry and the triangle in-

equality are not required). Examples of divergences include the well-known Kullback-

Leibler divergence

DKL(PX ,PY ) :=

∫
Rd

pX(x) log

(
pX(x)

pY (x)

)
dx, (4)

and the Rényi s-divergence (Rényi, 1970)

Ds(PX ,PY ) :=
1

s− 1
log

(∫
Rd

pX(x)

(
pX(x)

pY (x)

)s−1
dx

)
, s 6= 1. (5)

The divergences DKL and Ds are also referred to as relative entropies, and have an

interpretation as the information gain associated with replacing the (a priori) distri-

bution PY with the (a posteriori) distribution PX . Note that when PY is uniform

over some domain D ⊂ Rd and the support of PX is contained in D, divergences

(4) and (5) are reduced (up to a sign change) to the Shannon and Rényi entropies,

respectively.

Another widely used divergence is the integrated squared difference, or L2-divergence

B2(PX ,PY ) :=

∫
Rd

(pX(x)− pY (x))2 dx.
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The quadratic divergence B2 belongs to the class of density power divergences (Basu

et al., 1998), defined as

Bs(PX ,PY ) :=

∫
Rd

(
1

s− 1
pX(x)s − s

s− 1
pX(x)pY (x)s−1 + pY (x)s

)
dx, s > 1.

A similar class is the γ-divergences (Fujisawa and Eguchi, 2008), given by

Rγ(PX ,PY ) :=
1

γ(γ − 1)
log

(∫
Rd

pX(x)γdx

)
− 1

γ − 1
log

(∫
Rd

pX(x)pY (x)γ−1dx

)
+

1

γ
log

(∫
Rd

pY (x)γdx

)
, γ > 1,

where the quadratic version R2 is called the Cauchy-Schwarz divergence. The families

Ds, Bs, and Rγ can be seen as generalizations of the Kullback-Leibler divergence DKL

since

lim
s→1

Ds = lim
s→1

Bs = lim
γ→1

Rγ = DKL.

Several more divergences have been proposed and studied. For example, DKL and

Bs are instances of a more general family called Bregman divergences. For further

reading on this and other divergence families, and their applications, we refer to

Basseville (2013) and references therein.

The choice of divergence depends upon the problem at hand. When the families Bs

and Rγ are used for parametric minimum divergence estimation, the choice of index

(s and γ) dictates the robustness and efficiency of the obtained parameter estimates

(Basu et al., 1998; Fujisawa and Eguchi, 2008). The simple form of the quadratic

divergence B2 makes it suitable for a variety of nonparametric problems, such as

kernel density estimation (Hall, 1984), the two-sample problem (Li, 1996; Fan and

Ullah, 1999), and testing independence (Ahmad and Li, 1997).

2.3 Functionals considered in this thesis

In this section, we describe the class of entropy-type functionals considered in this

thesis. For each pair k := (k1, k2) of non-negative integers k1 and k2 with k1+k2 ≥ 2,

we define the functionals

qk :=
∑
r∈Nd

pX(r)k1pY (r)k2 and qk :=

∫
Rd

pX(x)k1pY (x)k2 dx (6)

5



in the discrete and continuous case, respectively.

In this thesis, we study estimation of qk for a fixed value of k and some functionals

that are expressed in terms of {qk}k∈K , where the set K is finite. This include, e.g.,

the Rényi entropy hs = log(qs,0)/(1− s) and the divergences Bs and Rγ when these

are of integer order, i.e., s, γ = 2, 3, . . .. In Papers A and B, we refer to qk as a Rényi

entropy functional.

3 U-statistics

This section gives a brief introduction to the class of statistics containing our pro-

posed estimators. We discuss U -statistics and some of their variations, namely,

two-sample U -statistics, incomplete U -statistics, and U -statistics with varying ker-

nel. The variations are presented one by one, but it is straightforward to introduce

combinations of them, e.g., two-sample U -statistics with varying kernel.

For positive integers k and n with k ≤ n, denote by Sn,k the set of all (unordered)

k-subsets of {1, . . . , n}. Let the random d-vectors X and Y have distributions PX
and PY , respectively.

3.1 Basics

Consider a functional θ = θ(PX) that we wish to estimate on the basis of an inde-

pendent sample X1, . . . , Xn from PX . If there is a symmetric function g(x1, . . . , xk)

of k vector arguments such that

θ = E(g(X1, . . . , Xk)),

then θ is called a regular functional of degree k and the function g is called a kernel.

Clearly, for each k-subset {i1, · · · , ik} in Sn,k, the statistic g(Xi1 , . . . , Xik) is an un-

biased estimator of θ, and thus an unbiased symmetric estimator of θ based on the

whole sample is given by the average

Un = Un(g) :=

(
n

k

)−1 ∑
1≤i1<...<ik≤n

g(Xi1 , . . . , Xik) =

(
n

k

)−1 ∑
S∈Sn,k

g(S), (7)

where the notation g(S) = g(Xi1 , . . . , Xik), S = {i1, . . . , ik} is used. The generalized

mean (7) is called a U-statistic in Hoeffding (1948), where U stands for unbiased.
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Much of the popularity of U -statistics stems from their asymptotic properties. Asym-

ptotic normality is derived in Hoeffding (1948) using a decomposition of Un into a

sum of unobservable terms:

Un = θ +
k∑
j=1

(
k

j

)
H(j)
n , (8)

where H
(j)
n is a mean zero U -statistic with kernel g(j)(x1, . . . , xj), j = 1, . . . , k. If

E(g(S))2 <∞, then Var(H
(j)
n ) = O(n−j) and Cov(H

(j1)
n , H

(j2)
n ) = 0, j1 6= j2, implying

that the first term kH
(1)
n in (8) is dominating. Hence, the simple mean kH

(1)
n =

kn−1
∑n

i=1 g
(1)(Xi) can be seen as the orthogonal projection of Un onto the space of

sums of finite-variance, independent, and identically distributed random variables.

Then, given that 0 < Var(g(1)(X1)) < ∞, it follows directly from the central limit

theorem that

√
n(Un − θ)

D→ N(0, k2Var(g(1)(X1))) as n→∞,

where
D→ denotes convergence in distribution. The decomposition in (8), named

the H-decomposition after Hoeffding, is used to obtain U -statistic variants of other

classical theorems from the theory of sums of independent variables. For more results

on this topic and the optimality properties of U -statistics, we refer to, e.g., Lee (1990)

and Koroljuk and Borovskich (1994).

3.2 Two-sample U-statistics

A natural extension of the one-sample statistic (7) is applied for unbiased estimation

of a functional θ = θ(PX ,PY ) of two distributions that satisfies

θ = E(g(X1, . . . , Xk1 ;Y1, . . . , Yk2)),

using independent samples X1, . . . , Xn1 and Y1, . . . , Yn2 from PX and PY , respec-

tively, and where the kernel function g(x1, . . . , xk1 ; y1, . . . , yk2) is assumed to be sym-

metric in each of the vector arguments x1, . . . , xk1 and y1, . . . .yk2 , respectively. The

unbiased estimator of θ that corresponds to (7) is the two-sample U -statistic

Un1,n2 = Un1,n2(g) :=

(
n1

k1

)−1(
n2

k2

)−1 ∑
S∈Sn1,k1

∑
T∈Sn2,k2

g(S;T ),
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where g(S;T ) is an obvious extension of the notation g(S). Sometimes Un1,n2 is

referred to as a generalized U-statistic. Asymptotic normality of Un1,n2 follows from

a two-sample variant of the projection technique described above (see, e.g., Lee,

1990).

3.3 Incomplete U-statistics

A reduced version of (7) is obtained by letting the average extend over a strict subset

D ⊂ Sn,k of size r := |D|. The incomplete U-statistic is defined as

U (0)
n :=

1

r

∑
S∈D

g(S). (9)

The original motivation behind variants like (9) is computational; the dependencies

among the summands in (7) imply that a large proportion of them can be omitted

without a substantial increase in variance. The subsetD is called a design and is often

chosen, for a fixed size r, to minimize the variance of U
(0)
n . Nevertheless, the variance

of U
(0)
n is always greater than that of Un when the observations are independent. For

further reading on incomplete U -statistics, including various designs and weak limit

results, see Lee (1990) and Koroljuk and Borovskich (1994).

3.4 U-statistics with varying kernel

Assume that a non-regular functional θ = θ(PX) is representable as a limit of regular

functionals, i.e.,

θ = lim
r→∞

θr, θr := E(gr(X1, . . . , Xk)), (10)

for some known sequence of symmetric functions {gr(x1, . . . , xk)}r≥1. Then the sym-

metric statistic

Vn = Vn(gn) :=

(
n

k

)−1 ∑
S∈Sn,k

gn(S) (11)

can be considered as an estimator of θ. This type of statistics, obtained by allowing

the kernel in (7) to vary with the sample size, are called U-statistics with vary-

ing kernel or triangular schemes of U-statistics. It follows from (10) that Vn(gn)

is asymptotically unbiased as an estimator of θ. With this approach, U -statistic

methodology can be applied to develop large-sample techniques for estimation of a

wider class of functionals.
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The weak convergence theory for statistics of type (11) includes techniques other

than Hoeffding’s projection method. Asymptotic normality can be obtained even

when the first term in the H-decomposition vanishes almost surely. This property is

crucial for certain kernel-based methods for, e.g., the two-sample problem (Li, 1996)

and testing independence (Ahmad and Li, 1997). Another asymptotic behavior that

emerges with a varying kernel is Poisson convergence (Silverman and Brown, 1978).

A survey of weak convergence results for U -statistics with varying kernel can be

found in Koroljuk and Borovskich (1994).

4 Estimation of entropy-type functionals

In this section, we describe our method for estimation of entropy-type functionals for

independent observations and present shortly our corresponding asymptotic results.

Estimation with samples from stationary sequences is discussed in the next section.

The method relies on estimating the functional qk (cf. (6)) and using ’plug-in’ estima-

tors for other entropy-type functionals, for example, the entropy h2 can be estimated

by replacing q2,0 with its estimator in h2 = − log(q2,0).

As before, let the d-dimensional random vectors X and Y have distributions PX
and PY , respectively. In the discrete case, let PX := {pX(k), k ∈ Nd} and PY :=

{pY (k), k ∈ Nd}. When X and Y are continuous, denote by pX(x) and pY (x), x ∈ Rd,

the densities of PX and PY , respectively. Throughout this section, let X1, . . . , Xn1

and Y1, . . . , Yn2 be mutually independent samples of independent and identically

distributed (i.i.d.) observations from PX and PY , respectively. Let n := (n1, n2).

For x, y ∈ Rd, let the Euclidean distance in Rd be denoted by d(x, y), and define

Bε(x) := {y : d(x, y) ≤ ε} to be an ε-ball ball in Rd with center at x and radius ε.

Let bε(d) be the volume of the ball Bε(x) and define the ε-ball probability pX,ε(x) as

pX,ε(x) := P{X ∈ Bε(x)}.

For ε > 0, we say that the points x and y are ε-close if d(x, y) ≤ ε.

4.1 Discrete distributions

In the discrete case, the estimator of qk is an unbiased U -statistics with indicator

kernel, and its asymptotic properties follow from the general theory for U -statistics,
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see, e.g., Lee (1990). Let S ∈ Sk1,n1 and T ∈ Sk2,n2 . Without loss of generality, we

assume that k1 ≥ 1. The functional qk can be expressed as the coincidence probability

qk = E(pX(X)k1−1pY (X)k2) = P (Xi = Xj = Yl, ∀i, j ∈ S, ∀l ∈ T ).

and hence an unbiased estimator of qk is given by the two-sample U -statistic

Qk,n :=

(
n1

k1

)−1(
n2

k2

)−1 ∑
S∈Sk1,n1

∑
T∈Sk2,n2

ψk(S;T ),

where the kernel ψk(S;T ) is defined as

ψk(S;T ) := I(Xi = Xj = Yl, ∀i, j ∈ S, ∀l ∈ T ).

In Paper A, we show asymptotic normality of Qk,n and the corresponding plug-in

estimator Hk,n for the entropy-type functional hk := log(qk)/(1− k), k := k1 + k2.

Weak convergence of the (one-sample) estimators Q2,0,n and H2,0,n is studied by

Leonenko and Seleznjev (2010). Asymptotically normal estimation of the Shannon

entropy is investigated in Zhang (2013).

4.2 Continuous distributions

For continuous distributions, the estimator of qk is based on ε-close, rather than

coincident, observations, where ε = ε(n) is a positive numerical sequence such that

ε → 0 as n1, n2 → ∞. The parameter ε controls the bias-variance tradeoff for the

estimator, similar to how the bandwidth is used in kernel-density estimation.

We explain the idea behind our estimators in detail for the functional

q2,0 =

∫
Rd

pX(x)2dx = E(pX(X)).

As a consequence of Lebesgue’s differentiation theorem, we have

lim
ε→0

pX,ε(x)

bε(d)
→ pX(x) a.e.,

and thus p̃X,ε(x) := bε(d)−1pX,ε(x) serves as an approximation of pX(x) if ε is small.

10



Hence, we approximate q2,0 = E(pX(X)) with

q̃2,0,ε := E(p̃X,ε(X)) = bε(d)−1E(pX,ε(X)) = bε(d)−1P (d(X1, X2) ≤ ε). (12)

In fact, we have q̃2,0,ε → q2,0 as ε→ 0 under the minimal assumption that q2,0 exists,

so an unbiased estimator of q̃2,0,ε is asymptotically unbiased as an estimator of q2,0.

It follows from (12) that such an estimator of q̃2,0,ε is given by

Q̃2,0,n := Q2,0,n/bε(d), (13)

where Q2,0,n is an unbiased U -statistic estimator for the ε-coincidence probability

P (d(X1, X2) ≤ ε),

Q2,0,n :=

(
n1

2

)−1∑
i<j

I(d(Xi, Xj) ≤ ε).

Note that Q̃2,0,n can be written as a U -statistic with varying kernel g2,0,n(x1, x2) :=

I(d(x1, x2) ≤ ε)/bε(d). It is a special case of an estimator first, to the best of our

knowledge, introduced in Hall and Marron (1987).

The same idea is applied for more general functionals. First assume that k1 ≥ 1. Let

qk =

∫
Rd

pX(x)k1pY (x)k2dx = E(pX(X)k1−1pY (X)k2)

be approximated by

q̃k,ε := E(p̃X,ε(X)k1−1p̃Y,ε(X)k2) = bε(d)−(k1+k2−1)E(pX,ε(X)k1−1pY,ε(X)k2).

Define the estimator of qk as Q̃k,n := Qk,n/bε(d)k1+k2−1, where Qk,n is an unbiased

two-sample U -statistic estimator of qk,ε := E(pX,ε(X)k1−1pY,ε(X)k2). The varying

kernel ψk,n(S;T ), S ∈ Sn1,k1 , T ∈ Sn2,k2 , for the U -statistic Qk,n is a symmetrized

version of

ψ
(i)
k,n,ε(S;T ) = I(d(Xi, Xj) ≤ ε, d(Xi, Yl) ≤ ε,∀j ∈ S,∀l ∈ T ), i ∈ S.

Note that ψ
(i)
k,n,ε(S;T ) is the indicator of the event that the observations {Xj, j ∈ S}

and {Yl, l ∈ T} are ε-close to Xi. Let the estimator of q0,k2 , k2 ≥ 2, be denoted by

Q̃0,k2,n and correspond to Q̃k2,0,n based on the sample {Y1, . . . , Yn2}.

In our results, the asymptotic properties of Q̃k,n depend on the sequence ε(n), the

11



regularity of the densities pX(x) and pY (x), the order k = k1 +k2, and the dimension

d.

In Paper A, we study the asymptotics for Q̃k,n and the corresponding plug-in esti-

mator Hk,n for the functional hk := log(qk)/(1 − k). We prove consistency under

boundedness and continuity of the densities. Moreover, we obtain asymptotic nor-

mality and the rate of convergence under an α-Hölder smoothness condition for the

densities. The asymptotic normality is proved by Hoeffding’s projection method and

holds if the density smoothness α exceeds a certain lower limit. In Paper B, we show

consistency under more general density conditions (integrability properties).

Additionally, we study in detail the plug-in estimator of the quadratic functional

u2(a) := a0q2,0 + a1q1,1 + a2q0,2,

given by

Ũ2,n(a) := a0Q̃2,0,n + a1Q̃1,1,n + a2Q̃0,2,n, (14)

where a := {a0, a1, a2} is a set of constants. Note that (14) includes a plug-in

estimator for the quadratic divergence B2 = q2,0 − 2q1,1 + q0,2.

In Paper B, we prove a general normal limit theorem for the estimator Ũ2,n(a) which

is valid for densities satisfying an α-Hölder smoothness condition in L2-norm. In par-

ticular, the result holds for densities of arbitrary smoothness, which is an advantage

of our approach compared with similar studies. The obtained rate of convergence is

nonparametric (slower than
√
n) in the low-smoothness case.

The estimator Q̃2,0,n is also investigated in Leonenko and Seleznjev (2010), and, in

the one-dimensional case, by Giné and Nickl (2008). A similar estimator of q2,0 is

considered in Bickel and Ritov (1988). Normal limits for a kernel-type estimator

of the divergence B2 is obtained in Ahmad and Cerrito (1993). In these studies,

asymptotic normality at the parametric
√
n rate is considered. Leonenko et al.

(2008) show consistency of nearest-neighbor estimators of qk for general k1, k2 ≥ 0

(not restricted to integers). Estimation of the Rényi entropy hk, k 6= 1, is studied

with sample spacing methods in Wachowiak et al. (2005) and Hegde et al. (2005),

and using kernel density estimators in Principe (2010).
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5 Estimation under m-dependence

In this section, we consider estimation of quadratic entropy-type functionals for the

marginal distributions of stationary m-dependent sequences.

A sequence of random d-vectors {Zi}∞i=1 is said to be m-dependent if, for a, b, c =

1, 2, . . ., the sets of vectors {Z1, . . . , Za} and {Za+b, . . . , Za+b+c}, are independent

when b > m. Let the sequences of d-vectors {Xi}∞i=1 and {Yi}∞i=1 be strictly stationary

and m-dependent. Let PX and PY be the distributions of X1 and Y1, respectively.

We refer to PX and PY as the marginal distributions of the sequences. The sequence

{(Xi, Yi)}∞i=1 of (2d)-vectors is assumed to be strictly stationary and m-dependent.

Throughout this section, we assume that k1 + k2 = 2 and that the introduced esti-

mators (Qk,n and Q̃k,n) are based on samples {X1, . . . , Xn1} and {Y1, . . . , Yn2} from

the sequences {Xi}∞i=1 and {Yi}∞i=1, respectively.

5.1 Discrete distributions

For discrete marginal distributions, the asymptotics of Qk,n follow from the general

theory for U -statistics based on stationary m-dependent sequences (Sen, 1963). In

Paper C, we derive results for the estimators of the quadratic functional q2,0 and

the Rényi entropy h2 = − log(q2,0). The limiting variance depends on the generally

unknown parameter m. We present a consistent estimator for this variance under

the assumption that an upper bound for m is known.

Estimation of the Shannon entropy for discrete stationary m-dependent sequences is

studied in Vatutin and Mikhailov (1995).

5.2 Continuous distributions

In Paper C, we investigate the asymptotic properties of the one-sample estimator

Q̃2,0,n (cf. (13)) of q2,0 and the corresponding plug-in estimator for the quadratic

Rényi entropy h2. Consistency and asymptotic normality are proved under a mild

integrability assumption for the finite dimensional densities of {Xi}. Additionally,

we give conditions for Poisson convergence of the number of small interpoint dis-

tances
(
n1

2

)
bε(d)Q̃2,0,n =

∑
i<j I(d(Xi, Xj) ≤ ε). The results imply that a number

of the favorable asymptotic properties of the estimators obtained under indepen-

dence hold for general classes of stationary m-dependent sequences. We get normal

limit laws at parametric or nonparametric rates of convergence depending on the
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smoothness of the marginal density pX(x). In the parametric regime, we have the

same problem as in the discrete case with a limiting variance that depends on m.

Under the assumption that an upper bound for m is known, we propose a variance

estimator and prove its consistency. Interestingly, the assumption is not needed in

the nonparametric case where the limiting variance does not depend on m.

In addition to m-dependence and assumptions on the marginal densities, we require

some dependence conditions for the finite-dimensional distributions of {Xi} and {Yi}
in order to show that the estimator Q̃k,n converges at the rate obtained under inde-

pendence in Paper B.

We propose an incomplete version of Q̃k,n, which is suitable when the dependence

conditions can not be imposed. Here, only the details for the one-sample case and

k = (2, 0) are given. Let {mn1}n1≥1 be a non-random sequence of positive integers

such that mn1 ≥ m for all n1 large enough. For example, let mn1 = o(n1) → ∞ as

n1 →∞ or if an upper bound M for m is known, let mn1 = M . Define an estimator

of q2,0 as Q̃∗2,0,n := Q∗2,0,n/bε(d), where the incomplete U -statistic Q∗2,0,n for estimation

of the ε-coincidence probability is given by

Q∗2,0,n :=

(
n1 −mn1

2

)−1 ∑
1≤i<j≤n1
j−i>mn1

I(d(Xi, Xj) ≤ ε).

The idea behind this construction is to reduce the impact of the m-dependence by

only including terms I(d(Xi, Xj) ≤ ε) with |i − j| relatively large. In fact, for n1

large enough the bias of Q̃∗2,0,n is the same as under independence. The corresponding

estimators of q1,1 and q0,2 are denoted by Q̃∗1,1,n and Q̃∗0,2,n, respectively.

In Paper D, we study consistency of the quadratic estimator Q̃k,n and its incom-

plete version Q̃∗k,n. In particular, under certain conditions, we show that Q̃k,n and

Q̃∗k,n attain the rate of convergence obtained under independence in Paper B. To

achieve this for the complete estimator Q̃k,n, we impose a weak condition on the

finite dimensional distributions of {Xi} and {Yi}, which provides a generalization of

the corresponding result for the one-sample estimator Q̃2,0,n in Paper C where a dif-

ferent (nonequivalent) condition is used. For the incomplete estimator Q̃∗k,n, on the

other hand, no dependence assumptions are needed. Moreover, the results indicate

that Q̃k,n and Q̃∗k,n are essentially asymptotically equally efficient when the
√
n rate

of convergence is attainable.
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Fan and Ullah (1999) establish consistency of kernel estimates of qk for stationary

absolutely regular sequences. Chesneau et al. (2013) and Hosseinioun et al. (2009)

obtain consistency for wavelet-based estimators of q2,0 under dependence weaker than

m-dependence.

6 Some applications

In this section, we describe some statistical applications of the estimators studied

in this thesis. We discuss entropy-based goodness-of-fit tests and the two-sample

problem.

6.1 Entropy maximizing distributions

We consider maximization of the integer order Rényi entropy hs, s = 2, 3, . . ., under

a covariance constraint. Among all distributions with mean vector µ and (positive

definite) covariance matrix Σ, the entropy hs = hs(P) is uniquely maximized by a

finitely supported distribution P∗ = P∗(s,Σ, µ) belonging to the class of Student-r

distributions (or Pearson type II distributions) (Johnson and Vignat, 2007). In other

words, for each distribution P with density p(x) and covariance matrix Σ, we have

hs(P) ≤ hs(P∗), (15)

with equality if and only if p(x) = p∗(x) almost everywhere, where p∗(x) is the

density of P∗.

It follows from (15) that (relatively) small values of the estimator Hs,0,n for hs(P)

indicate that P deviates significantly from P∗. Consequently, a test statistic Tn

based on Hs,0,n can be constructed for testing the hypothesis

H0 : X1, . . . , Xn is a sample from the Student-r distribution P∗.

In Paper C, we consider testing H0 in the quadratic case s = 2 when X1, . . . , Xn are

observations from a stationary m-dependent sequence. In this setting, the existence

of stationary m-dependent sequences with marginal distribution P∗ must be veri-

fied. We discuss constructions of such sequences based on copulas and a stochastic

representation of P∗ in Johnson and Vignat (2007).
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6.2 The two-sample problem

Let the distributions PX and PY have densities pX(x) and pY (x), x ∈ Rd, respectively.

A general null hypothesis of closeness between PX and PY is given by

H0 : pX(x) = pY (x) a.e.

Let X1, . . . , Xn1 and Y1, . . . , Yn2 be samples of independent observations from PX
and PY , respectively. We consider the problem of using these samples to test H0

against the alternative H1 that pX(x) and pY (x) differ on a set of positive measure

(often referred to as the two-sample problem). The alternative can be formulated in

terms of the integrated squared difference B2 as H1 : B2 > 0. It is therefore possible

to introduce a consistent test based on the plug-in estimator of B2.

In Paper B, we derive the (asymptotic) size of such a test and prove its consistency

under weak conditions. In Li (1996), a similar result is shown under more restrictive

density assumptions.

7 Summary of papers

In this section, we present the four papers included in this thesis. In Papers A and

B, we study estimation of entropy-type functionals under the assumption that the

observations are independent and identically distributed. Estimation of quadratic

entropy-type functionals for m-dependent stationary sequences is investigated in Pa-

pers C and D.

7.1 Paper A: Statistical inference for Rényi entropy func-

tionals

In Paper A, we study inference for a general class of entropy-type functionals which

includes integer order Rényi entropy and certain Bregman divergences. Functionals

for both discrete and continuous multivariate distributions are considered. We intro-

duce U -statistic estimators for these functionals based on the coincident or epsilon-

close observations in the corresponding independent and identically distributed sam-

ples. Asymptotic properties of the estimators such as consistency and asymptotic

normality are proved. We discuss applications of the results to entropy-maximizing

distributions, approximate matching in stochastic databases, and image matching.

16



7.2 Paper B: Estimation of entropy-type integral functionals

In Paper B, we study U -statistic estimators for some entropy-type functionals of one

or two continuous distributions. The estimators are based on epsilon-close vector

observations in the corresponding independent and identically distributed samples.

We prove asymptotic properties of the estimators (e.g., consistency and asymptotic

normality) under mild integrability and smoothness conditions for the densities. In

particular, for the estimators for a class of quadratic functionals, we obtain general

normal limit results which are valid even when the densities are of low smoothness.

We discuss applications to entropy and divergence estimation, and derive asymptotic

properties of a divergence-based two-sample test.

7.3 Paper C: Statistical estimation of quadratic Rényi en-

tropy for a stationary m-dependent sequence

In Paper C, we consider estimation of the quadratic Rényi entropy and some related

functionals for the marginal distribution of a stationary m-dependent sequence. The

U -statistic estimators under study are based on the number of epsilon-close vector

observations in the corresponding sample from the sequence. We prove asymptotic

properties of these estimators (e.g., consistency, asymptotic normality, Poisson con-

vergence) under weak distributional assumptions for the stationary m-dependent

sequence. We discuss applications of the asymptotic results to time-series databases

and distribution identification problems for dependent samples.

7.4 Paper D: Estimation of quadratic density functionals un-

der m-dependence

In Paper D, we study estimation of certain quadratic entropy-type functionals of one

or two densities with samples from stationary m-dependent sequences. We study

two types of U -statistic estimators for these functionals based on the epsilon-close

observations in the samples. We prove that the estimators are consistent and obtain

their rates of convergence under mild conditions on the stationary m-dependent se-

quences. In particular, we propose estimators based on incomplete U -statistics which

have favorable consistency properties even if m-dependence is the only dependence

condition that can be imposed on the sequences.
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8 Concluding remarks and future research

In this thesis, we study asymptotic properties of particular nonparametric estimators

for a class of entropy-type functionals. The obtained results find applications in

several statistical and computer science problems. It would be beneficial to use

experiments with real data to evaluate the performance of our method for such

applications.

For the estimators of functionals for continuous distributions considered in this thesis,

an accurate choice of the parameter ε is required. Moreover, for the incomplete

estimator in Paper D, we need to make a proper choice of the parameter mn1 , which

is hard when there is little or no information about m available. Data-driven selection

of ε and mn1 are important research questions that need to be addressed in future

studies.

A central problem studied in this thesis is estimation of quadratic entropy-type func-

tionals for stationary m-dependent sequences. There are several possible directions

for future research related to this problem: one such direction is to consider more

general functionals, e.g., the linear combinations of quadratic functionals studied in

Paper B. Furthermore, it would be of great interest to study estimation for a broader

class of stationary sequences.

In Paper D, we propose estimators based on incomplete U -statistics. The results in-

dicate that, when it comes to consistency, the incomplete estimators are more widely

applicable than their complete counterparts. Possible future work is to investigate

weak convergence of the incomplete estimators.
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perspectives. Springer, New York.
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