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Abstract 

This thesis is about dynamic behaviour in Schaeffer 

Fishery Models, in particular, monopolistic models and 

models with depensatory growth functions. Non-linear 

aspects of growth and catch functions are studied. Three 

optimal control models are investigated closely for the 

possibility of multiple equilibria. We use numerical 

methods and bifurcation analysis for our study. Multiple 

equilibria, but not multiple saddle points, are found in the 

dynamic behaviour of the two models. 
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1 Introduction 
The existence of multiple equilibria

2
 in optimal control models for fisheries has been 

studied by several authors. Anderson (1973) uses a geometrical approach to study the 

effects on traditional fisheries models when the assumption of fixed price of output is 

released. He discusses how multiple equilibria can lead to multiple profit maxima, 

making models of variable output price interesting to investigate. Copes (1970) is the first 

to allow for consideration of changing prices, something that always had been assumed 

away in earlier discussions. Copes shows that changing prices can results in multiple 

equilibria. Southey (1972) describes the existence of multiple equilibria, both stable and 

unstable, in fishery models, because of the existence of a critical minimum population of 

fish stock at which reproduction ceases.  

In a seminal paper by Clark and Munro (1975) on fisheries and capital theory, a modified 

golden rule of capital for fisheries is derived. The authors discuss the consequences of 

having a demand function for fish with price elasticity less than infinity, giving 

essentially a monopolistic model
3
, and permitting effort

4
 costs to be nonlinear in effort. 

They indicate the possibility of multiple equilibria, even for a socially managed fishery, 

and that a zero population of fish might become a stable equilibrium. Cropper (1985) 

discusses conditions where a sole owner of a renewable stock would find it more 

profitable to harvest the stock to extinction than to follow a continuous harvesting 

strategy. She finds that extinction occurs if the discount rate exceeds growth of the 

population of fish or if depensation
5
 exists and in both cases the initial resource is 

sufficiently small. Cropper’s model uses finite time.  

Dynamic models can have multiple modes or multiple regimes
6
 that might affect policy 

decisions. Since regime shifts can occur suddenly with a slight change in parameters, it is 

important to study the occurrence of these qualitative changes
7
 in economic systems. 

Different types of qualitative changes will be discussed in this thesis. Since effective 

                                                      

 

2
 An equilibrium point in dynamical systems denotes a state where neither dependent variable is 

changing, in other words where the time derivative of these variables are zero. The equilibrium 

point is also sometimes called critical point or steady state. We use the word equilibrium point in 

this thesis. An equilibrium point can be unstable in the sense that the slightest change will move 

the system away from the equilibrium or stable, meaning that trajectories near the equilibrium will 

be attracted to it (Kelley and Peterson 2010). 
3
 See appendix 7 for a closer description. 

4
 Nominal effort, see explanation i chapter 2.2. 

5
 Depensation means that the growth curve for a population is convex for small levels and concave 

for higher levels of the stock. See chapter 2.1 for explanation. 
6
 A regime is a characteristic behaviour of a system, which is maintained by mutually reinforced 

processes or feedbacks. Regimes are considered persistent relative to the time period over which 

the shift occurs. The change of regimes, or the shift, usually occurs when a smooth change in an 

internal process (feedback) or a single disturbance (external shocks) triggers completely different 

system behaviour (Mäler et al 2003). 
7
 A qualitative shift in a dynamic system can be described as a change in qualitative properties of 

the equilibria: the number, nature and order of equilibrium points (Kelley and Peterson 2010). 
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management of fisheries requires clear objectives supported by scientific models showing 

the aspects of fish stock and harvest dynamics, examination of equilibria is important. 

Studies of qualitative dynamic changes in fishery systems include: Benhabib and 

Nishimura (1979) and later Dockner et al (1991) explore whether limit cycles
8
 might be 

optimal in systems with two state variables. In this case, a closed trajectory in a system of 

three differential equations represents the stable equilibrium and orbits that start close to 

the cycle are attracted to it. Vilchez et al (2003) analyse the dynamic qualities of an 

optimal control problem for a fishery with two state variables and periodic behaviour. 

Chakraborty et al (2010) study bifurcations
9
 of a bioeconomic model of a predator-prey 

fishery system. Grass (2010) analyses the qualitative properties of a coral reef fishery 

using numerical computations and simulation. 

Papers making an analysis of multiple equilibria in optimal control problems include the 

treatment of convex-concave ecosystems by Dasgupta and Mäler (2003) and Skiba 

points
10

 by Wagener (2003) applied to the shallow lake problem. In Wagener (2005), 

there is an analysis of optimal investment for firms with non-concave regimes. Caulkins 

et al (2007) discusses bifurcating thresholds of organizational bridge building. In a very 

interesting paper by Kiseleva and Wagener (2010), optimal vector theory is used to 

analyse equilibria in optimal control theory. This is further developed in Kiseleva (2011), 

where classification of typical bifurcations is done and is applied to the shallow lake 

problem.  

1.1 Purpose 
The purpose of this thesis is to examine the possibility of multiple equilibria and the 

possibility of optimal path to extinction of fish stock in three optimal control models. Our 

own contribution is to extend the Schaeffer model to where price is dependent on harvest, 

a monopolistic scenario, as conceptually discussed in Anderson (1973), Clark and Munro 

(1975) and Cropper (1985). The authors indicate the presence of multiple equilibria and 

in this thesis; we do a formal analysis of variants of these models. In our second model 

depensation, representing convex-concave behaviour is added as in Cropper(1985). In 

contrast to Clark and Munro (1975) and Cropper (1985), we use a Schaeffer cost function 

decreasing in fish stock. Our third model is similar to the nonlinear model in Clark and 

Munro (1975). We make a detailed discussion of the effects of non-linearities in growth, 

catch and profit function and stability properties and we focus on the qualitative structure 

of the solutions. The exploration is mostly numeric because of the complexity of the 

resulting dynamic system. 

                                                      

 

8
 A limit cycle on a plane is a closed trajectory in phase space having the property that at least one 

other trajectory spirals into it either as time approaches infinity or as time approaches negative 

infinity (Kelley and Peterson 2010). 
9
 A bifurcation occurs when a small smooth change made to parameter values of a system causes a 

sudden qualitative or topological change in its behaviour (Kelley and Peterson 2010). 
10

 A Skiba point is an indifference point in an optimal control problem such that starting from such 

a point, the problem has more than one different optimal solution Grass (2010). 
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1.2 Outline 
The outline of the thesis is as follows. Chapter 2 starts by looking at the common 

production model of fisheries, consisting of growth function and catch function. In 

chapter three, the profit function is defined. The main section of the thesis is chapter 4, 5 

and 6, where the dynamics of the three models are explored. Chapter 7 summarizes the 

findings.  

2 The Production Model 
The production model, the stock growth function and the Schaffer catch function are 

explained. The purpose of this chapter is to get an understanding of the model and its 

dynamics. 

2.1 The Growth Function 
Two common growth models are presented and attention is paid to their dynamic 

behaviour and equilibria. 

The logistic growth function or Pearl-Verhulst equation is commonly used as a basic 

model of population dynamics of renewable resources (Clark et al 1979).  

     

  
              (  

    

 
)               

This model shows density-dependent growth constrained by the carrying capacity
11

  , the 

largest population size that can be achieved given food supplies, habitat etc. Parameter   

is the intrinsic growth rate of biomass.  According to equation (2.1) there are two 

equilibria where       ⁄ . There is an unstable equilibrium at     and a stable 

equilibrium at    , as demonstrated by the phase line diagram at the bottom of fig 1. 

The carrying capacity     in the model will always be reached from higher or lower 

values of  . According to the logistic model, the population can persist at any level     

and the stock will always recover if not depleted totally (Clark 2010). 

                                                      

 

11
 Carrying capacity signifies the maximum population of a certain species that the environment 

can support indefinitely, given the food and other resources available in the environment.  
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Fig 1 Logistic growth function, K=50 

Fig 1 shows how the growth develops as stock size increases. At lower stock sizes, 

recruitment (births) increases with an exponential-like growth. The more individuals there 

are in the stock, the greater will be the effect on individual growth. After a certain point, 

however, the stock will begin pushing against the environmental carrying capacity, which 

will reduce recruitment and individual growth and increase natural mortality. The stock 

will increase if births and the growth of existing individuals add more to biomass than is 

removed by natural mortality. Time is a very important aspect of models like this. If the 

stock is pushed lower than its maximum size, while it can regain that larger size, it will 

take time to do so even if there is no harvest. In reality, many fish populations have failed 

to recover from severe overfishing (Hutchings 2000). The explanation for this can be 

reduced breeding success at low population density, increased relative predation rates on 

small populations or population replacement by competing species (Liermann and 

Hilborn 2001).  

Depensation is the effect on a population where a decrease in the breeding population 

leads to reduced survival and production of eggs or offspring, resulting in a growth curve 

that is convex for small levels of the stock (Kot 2001).  

In a logistic growth function with critical depensation (Liermann and Hilborn 2001), 

there is a lower limit for the stock, a minimum viable population, where growth rate turns 

negative. 

 

Fig 2 Logistic growth with critical depensation, K=50, M=20 
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Fig 2 shows the relationship between stock size and growth rate for critical depensation. 

The behaviour is described by the equation (2.2), where   is the critical limit. It is 

important to note that as    , the curve does not approach the logistic equation, but is 

convex-concave. 

     

  
      (

    

 
  ) (  

    

 
)                

The phase line diagram at the bottom of fig 2 shows that both     and     are now 

stable equilibria, in the sense that stock values close to these two equilibria are attracted 

to them. If the stock for some reason is pushed below  , growth rate is negative and the 

stock will go extinct and never recover. Since the value of critical threshold is difficult to 

estimate, the change in character of the system can come as a surprise in reality. 

2.2 The Catch Function 
Now that the model of the fish resource is defined, we turn to the fishery yield function or 

harvest function     . The catch function is the short-run production function of the 

amount of fishing effort applied. Because of the dynamic nature of the system, efforts that 

result in harvest will both give immediate returns, but will also affect the stock, which 

possibly will change until next time period.  

The basic model of renewable resource exploitation, the general production model can be 

defined as (Clark 2006): 

     

  
                                    

Harvest strategies can be sustainable or unsustainable. The definition of a sustainable 

harvest (Clark 2010) is a harvest that can continue forever, which means that growth must 

equal the short-run yield,          . 

Harvesting at constant catch-rate is defined as (Clark 2006) 

                        

  is instantaneous harvest rate at time t,   is a catchability constant (technology) and 

represents the proportion of the current stock x caught by one standard vessel in one time 

unit,   is instantaneous effort at time t, often expressed in Standard Vessel Units 

(SVU)/time unit. The concept of fishing effort is basic to fisheries science and can have 

two definitions: nominal effort is measured in terms of fishing activity and physical effort 

is the rate at which sea is screened for fish (Rotschild 1972). In this thesis, nominal effort 

is used. 

Fig 3 below shows the effect of sustainable (constant) harvesting. Unless otherwise 

mentioned in the rest of this thesis,      refers to the logistic growth function. 
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Fig 3 Constant harvesting 

A harvest at level   results in a stable equilibrium at   , which means that      

approaches    close to     Harvest is sustainable (the stock will replenish itself) when 

           and    (initial stock)   . We have an unstable equilibrium at   , which 

means that the stock will increasingly diminish down to zero, if the harvest rate pushes 

the stock below    and harvesting is continued. If           , the population will be 

reduced to extinction and therefore a constant harvest strategy with a low initial stock can 

lead to extinction of fish stock.  

The productivity of the resource      is the greatest when         at      (fig 3), that 

is when the marginal productivity   . A possible dynamic strategy (most-rapid 

approach strategy) apparently is to let the stock grow up to      depending on    and 

then harvest at maximum possible sustainable harvest rate,     , (maximum sustainable 

yield) forever.  Having       as a goal is dangerous however, because if you overestimate 

    ,     ⁄  becomes negative and the rate of depletion increases even if you keep your 

harvest rate constant. Stock assessment in fisheries is difficult and it is dangerous to 

harvest close to      . 

If the size of the stock affect harvest, we get the Schaeffer Catch Equation, the most 

commonly used catch equation (Clark 2010). 

                             

Equation (2.5) shows that catch rates increase if fish population or effort increases and 

assumes the assessment of fish stocks. The measure catch per unit effort (CPUE) statistic 

  ⁄ , is in reality used as feedback signal for managers to adjust harvest rate (Clark 

2006). It also assumes that the density of fish throughout the fishing area is directly 

proportional to total stock abundance x.  

Substituting (2.5) into (2.3) gives the production model 

     

  
                                 

With the logistic function as     , there are two equilibria,     and     , where the 

growth rate of stock equals the harvest rate. We assume      as constant. The phase line 

diagram at the bottom of fig 4 shows the stability properties of the equilibria. The 



7 

 

        curve and the      line intersect each other at two points in fig 4. The 

intersection at       is an unstable equilibrium and the intersection at        is a 

stable equilibrium. 

 

Fig 4 Sustainable harvesting 

 

Fig 5 Severe overfishing 

As effort is increased, the level of the stable equilibrium    decreases. If effort is 

increased too much and      , then the equilibrium at      changes character, from 

an unstable to a stable equilibrium, leading to extinction of stock as shown in fig 5.  We 

say that a bifurcation occurs, a qualitative change in the system dynamics. This model has 

two regimes with different behaviour. 

The stock equilibrium   when       is  

  

  
                     (  

 

 
)           

    (  
  

 
)                 

The sustainable yield function is defined as a function of E (Clark 2010). 

              (  
  

 
)                        

Equation (2.8) shows the yield that will be produced as a function of effort after the stock 

comes into equilibrium for that level of effort, ignoring the time it takes. A decrease in 
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effort will always lead to a decrease in catch in the short run, but after a while when the 

stock has adjusted it will increase. Maximum sustainable yield      is reached when  

    ⁄   . 

What would happen if resource model showed critical depensation? In this case, there 

would be an upper threshold       and as effort is increased beyond this level, the 

situation would rapidly switch from sustainable harvesting to the path of extinction. 

Reducing effort to previous level might not return the fishery to the former equilibrium; 

instead, the stock might continue to decrease. In reality, sometimes an almost complete 

moratorium is needed for the stock to recover. In this case, we also have two regimes 

with very different behaviour. It is obviously important to be aware of multiple regimes if 

they exist. 

Critical depensation is not the only non-linearity that is important. There can also be non-

linearities in the catch function. Fish normally does not respond to reduction in numbers 

by redistributing itself uniformly over the whole fishing area. Another example of non-

linearity is that fishing fleets have a tendency to favour the best fishing areas. To model 

cases like this we need a nonlinear CPUE-profile
12

. CPUE profiles are classified as type I 

(concave), type II (linear) and type III (convex). Type I is probably most common and the 

constant catch-rate harvesting equation is an extreme example in this category. The 

CPUE measure (observed stock size) in this case progressively overstates the current 

stock abundance. Type I species are highly vulnerable to overfishing and may collapse 

without warning. The linear case, type II, corresponds to the ordinary Schaeffer catch 

equation. To assess the CPUE-type of a current fishery is in reality very difficult. 

Nonlinear CPUE-profiles is often modelled by          or       . 

3 Profit 
The resource growth function and production function are used to define fishery profit. 

The net profit (economic rent) for a fishery as a whole is (Clark 2010): 

            ̅           ̅                 

In equation (3.1),   is dockside price of fish in $/tonnes and  ̅ is opportunity cost 

including wages in $/SVU*time unit. From the above equation, it is clear that fishing is 

profitable when    ̅   ⁄ . The bionomic or bioeconomic equilibrium (Clark 2006), 

where annual revenues exactly match annual cost is (BE signifies Bionomic Equilibrium): 

    
 ̅

  
                

In an unregulated, open-access fishery, if       fishing will take place as described by 

Gordon (1954). Fishing will keep the stock in equilibrium at     and the economic rent 

will be zero.  

                                                      

 

12
 CPUE is an abbreviation for Catch Per Unit Effort and defined as harvest/effort 



9 

 

 

Fig 6 Unregulated open-access fishery at B, optimal harvest at A 

Fig 6 shows the unregulated open-access fishery operating at point B. Effort is economic 

input (e.g. capital, labour, vessels, and trawls per year). If      , harvesters will enjoy 

positive net benefits and other harvesters will be attracted.  If      , harvester’s 

revenue will be negative and harvesters will leave. Fishing fleets will enter or leave a 

given fishery after comparing their expected net revenues with income opportunities 

elsewhere.  

Total sustainable revenue and total cost are defined as (Clark 2010): 

              (    
     

 
)                

    ̅                 

  is carrying capacity and r the intrinsic growth rate of fish stock. Total cost is 

proportional to effort and total revenue reflects the basic properties of the resource 

population (logistic growth function). Point B in fig 6 is the operating point of the 

competitive fisheries.     may be smaller or larger than     , depending on the relative 

cost and price parameters   and  . A fishery with low-value fish and high costs will be 

lightly exploited. If price/cost ratio is high then         Y and we have overfishing. 

Open access utilization will not lead to an economically efficient outcome. The 

equilibrium amount of effort     will be higher than necessary and it will lead to a 

smaller equilibrium stock size than is desirable. At     the fishing fleets are earning 

normal wages, however, from a societal standpoint this is not optimal. Optimal fishing 

take place when marginal revenue equals marginal cost, which is at point A in fig 6 where 

      ⁄   ̅. 

Operating at point A will both increase incomes and decrease cost. However, fishing fleet 

think and act differently. Why is it so? If an individual harvester lowers his effort in order 

to let the stock grow, others will enter and in the end, the net gain will be zero. The result 

is a complete dissipation of economic rent (Christy and Scott 1965), sometimes called 

economic overfishing, and it is often accompanied with biological overfishing. The 

dissipation of rent amounts to a loss of social welfare – a waste of valuable resources. Our 

concern should be with the optimal balance of production in the fishery and the rest of the 



10 

 

economy. Investment in the fish stock (conservation) can constitute a positive long-term 

contribution to the economic welfare of society. 

How small can     be? In the logistic model, the population can persist at any level and 

will always recover, but not when we have critical depensation. 

The social optimum, the maximum sustained economic yield, MEY (Clark 2010) is 

calculated by using the production model in equation (2.6). The maximum yield is where 

      ⁄ .    was earlier defined as when              ) holds. Rent at that point is 

given by price minus cost of a unit of harvest and optimal profit is: 

                         

Following Clark (1975), for the Schaeffer equation the optimal profit in steady state 

          ̅   
       ̅      

   
 (       )                       

where         ̅   ⁄  

Maximum rent is at the point commonly designated     , which is found by the first 

order conditions     ⁄   . We rearrange to get the expression: 

      
         

      
                   

The stock value that satisfies the above equation is called      . 

The last term of the above equation is called marginal stock effect (Clark and Munro 

1975) and is negative for        , since      is decreasing in  . Since the unit cost 

     is decreasing in  , it is desirable to maintain a higher stock level than would 

otherwise be the case. If fishing costs are zero the above reduces to            , 

which is analogous to the Golden rule of capital Investment, and so we can conclude that 

         . 

In some situations, a single fishery or a group of fisheries under state control controls the 

entire production and can set the price of a commodity subject to the demand curve; there 

is a monopoly. 
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Figure 7 Monopoly versus perfect competition 

Fig 7 shows the competitive equilibrium (p*,q*) versus the monopoly situation (pm,qm), 

when there is no limit on the resource. With the common assumption that the demand 

curve is decreasing and supply curve is rising, the monopolist produces less and charges 

more than the competitive scenario, as illustrated in fig 7.  

If the stock of fish is abundant, the daily catch is limited by demand as in the theory of 

supply and demand, but harvest rate could also be limited by the biological characteristics 

of the resource as we have seen in chapter 2. Clark (2010) discusses demand-limited 

equilibrium in competitive fish markets (open access and unregulated), by defining the 

fishing fleet’s revenue as  

        (         )               

where      is the demand function for fresh fish and        . 

We have now defined the concepts needed for our further discussion. 

4 Model with Logistic Growth and Price Decreasing in 

Harvest 
The dynamics of three discounted, autonomous, fishery models with infinite horizon will 

be examined for multiple regimes. The first two use the cost equation      defined earlier 

and in both cases, price is dependent on harvest, a monopolistic scenario. The first model 

uses the common logistic growth function and the second is more complex with a growth 

function with depensation. The third model is based on the logistic growth function and 

uses a cost equation that is nonlinear in effort. 

In the first model, equations (4.1), (4.2) and (4.3) define the familiar Schaeffer equation, 

with effort inversely related to stock. Equation (4.5) indicates that price decreases in 

linearly in harvest with price coefficient b determining the slope of the curve. The 

problem is non-linear in the control variable and fixed costs  ̅ in this setting are measured 
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in      13      . The model demonstrates a specific case of the general nonlinear 

model discussed in Clark and Munro (1975). For an explanation, see appendix 7. 

         (            )                

                              

      ̅                     ⁄  

                                  ⁄  

                                        

The problem facing the planner is 

   
 

∫                   ̅      ⁄    
 

 

                

                  ⁄      (  
    

 
)                     

The explicit denotation of the dependence of time on variable  ,   and   is omitted in the 

rest of this chapter. Current value Hamiltonian becomes 

           ̅      (  (  
 

 
)   )                

Necessary conditions 

   

  
        ̅                       

 
   

  
  (

  ̅

   
   (  

   

 
))  

  

  
                    

   
   

                        

The Hamiltonian in strictly concave in  , because 

   

   
                       

We solve (4.10) for  ̇ and we get 

  

  
  

  ̅

   
  (    

   

 
)                 

(4.9) gives the definition of   

  
 

  
(  

 ̅

  
  )                 

                                                      

 

13
 Effort is often measured in Standard Vessel Units per time period 
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which is substituted into (4.7) and (4.13) to get the canonical system
14

: 

  

  
   (  

 

 
)  

 

  
(  

 ̅

  
  )                 

  

  
  

 ̅

     
(  

 ̅

  
  )   (    

   

 
)                 

If there is a one-to-one correspondence of costate and control, the structure of the 

dynamical systems in state-costate space and state-control space is equal, with similar 

equilibrium values and eigenvalues and therefore similar dynamic structure. It can be 

easier to interpret an economic model in state-control space. In this case, there is not a 

one-to-one correspondence between costate   and control   as observed in equation 

(4.14), and therefore the system have to be studied in costate-state space (Grass 2010). 

An analytical solution of the current model is very involved, so the analysis is done 

numerically with the following baseline parameter values                 ̅  

                     . We do not have empirical estimates for the parameters, 

but this is not seen as a problem since we want to gain insight in the qualitative structure 

of the solutions. Below is a phase diagram of state-costate (  in fig 8 below is lambda 

 )
15

. 

 

Fig 8 Phase diagram (L in the diagram is lambda) 

The equilibrium in fig 8,   ̂         ̂         , is a saddle point as indicated by its 

eigenvalues,               ,          , one negative and one positive eigenvalue. 

                                                      

 

14
 The term canonical system is often used to describe the standard equations describing a 

dynamical system (Grass 2010). 
15

 We use Pplane8, which is an interactive Matlab program that displays the phase plane for a 

differential equation, by John Polking. See http://people.sc.fsu.edu/~jburkardt/m_src/pplane8/ 

pplane8.html 

 

http://people.sc.fsu.edu/~jburkardt/m_src/pplane8/
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Though we find a single saddle for these parameters, we cannot be sure that the system 

structure does not change for other parameter values. 

A saddle point is often seen as unstable in dynamical systems theory, since the 

equilibrium point can only be reached on two trajectories; all other trajectories move 

away from the point. It has been proved by Wagener (2003) that the solution trajectories 

of optimal control problems like this are situated on the stable manifold
16

. The third 

necessary condition of our optimal control problem (4.11) guarantees that the saddle point 

can be reached from below or above as time     on the stable manifold trajectories.  

The saddle point is the “most stable” behaviour of long-run equilibrium solutions in 

optimal control models when     , because for any optimal control problem, the 

Jacobian at equilibrium is 

 ̂  (
      

         
)                 

yielding              (Grass 2008). For stable equilibria,        has to hold. This 

property also rules out limit cycles
17

 for “one stock” systems. With a discount rate    , 

it is possible to have unstable equilibria as Kurz (1968) noted. Multiple equilibria exist if 

the phase portrait of the system (         ) exhibits isoclines having more than one 

intersection. According to the continuity of the vector field, the quality of neighbouring 

equilibria cannot be the same as proved by Wagener (2003). This implies that close to a 

saddle point, an unstable spiral or node may exist. The Poincaré-Bendixson theorem
18

 

precludes chaotic dynamics for an autonomous system in the plane. 

Optimal path, the two stable trajectories to and from the saddle point, for the current 

system with baseline parameter values computed with OCMat
19

 is shown in fig 9 below. 

The diagram shows that if initial stock   is less than the value of 17, it is not economical 

to start harvesting. The fishing fleet would have to wait for the stock to recover before 

entering the fishery. 

                                                      

 

16
 The stable manifold is the stable set of trajectories approaching an hyperbolic equilibrium point, 

a point having non-zero real part of  the eigenvalues of the linearized system (Grass 2008) 
17

 A limit cycle on a plane is a closed trajectory in phase space having the property that at least one 

other trajectory spirals into it either as time approaches infinity or as time approaches negative 

infinity (Kelley and Peterson 2010). 
18

 From the Poincaré-Bendixson theorem we know that, if a solution of an autonomous system of 

differential equations is bounded and does not approach an equilibrium point, then the trajectory 

must spiral asymptotically to a periodic orbit (limit cycle). Hence, such autonomous systems in 

two dimensions cannot be chaotic (Kelley and Peterson 2010). 
19

 OCMat software is a Matlab software package that analyses optimal control models and is 

developed by Institut für Wirtschaftsmathematik, Operations Research and Control System, TU 

Wien. See http://orcos.tuwien.ac.at/research/ocmat_software/. A boundary value problem 

approach was used, together with continuation technique. 

http://orcos.tuwien.ac.at/research/ocmat_software/
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To examine the dynamic behaviour numerically MatCont
20

 is used to produce bifurcation 

diagrams, which show equilibrium curves as parameters are varied. The diagrams show 

the equilibrium relationship between variables (for example   in fig 11) and parameters 

(  in fig 11).Since several equilibria can be found simultaneously in a system, multiple 

curves can represent the same set of values in the diagram. MatCont also keeps track of 

and indicates the occurrence of bifurcations, when equilibria are created, coincide or 

disappear as indicated by the eigenvalues of the system. Bifurcations indicate a change in 

dynamical structure.  

Fig 10 and fig 11 shows bifurcation diagrams for price coefficient   with different values 

for discount rate. 

 

Fig 10 Bifurcation diagram for price coefficient b showing optimal fish stock 

                                                      

 

20
 MatCont is a Matlab software package for bifurcation study of dynamical systems. See 

http://sourceforge.net/projects/matcont/ 

Figur 9 Optimal path with single saddle point 
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Fig 11 Bifurcation diagram for price coefficient b showing optimal harvest 

The diagrams above show the equilibrium values for stock and harvest (HA in fig 11) as 

coefficient b is varied. There is one curve for each value of discount rate. The change is 

smooth and we observe no system change. A bifurcation would show up as an abrupt 

change in a curve or as a backwards bending curve. We will see examples of this in our 

next model. 

Having a very low value of b (0.0001), which means simulating a price that is not 

dependent on harvest, gives equilibria values equal to the corresponding linear modified 

golden rule as expected. No structural change appears as price becomes more dependent 

on harvest. As price dependency increases, harvest is cut back and equilibrium stock 

increases.  

Below in fig 12 and 13 are bifurcation diagrams for  ̅ (termed cbar in the diagrams). 

 

Fig12 Bifurcation diagram for cost showing optimal fish stock 
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Fig 13 Bifurcation diagram for cost showing optimal harvest 

As the cost of harvest (cbar in fig 12 and 13) increase, the size of the harvest decrease 

after a peak and the equilibrium stock increases. There is no indication of a system 

change. Optimal harvest increase for a given cost, as discount rate is increased. Note that 

there seems to be a lower threshold for the cost at which harvest decrease quickly. This is 

because the stock value begins to fall rapidly. The peak becomes more pronounced as the 

discount rate is increased. A high discount rate reduces the value of a remote future 

payment or in other terms, the boats would prefer to fish heavily in the present and accept 

smaller catches in the future. Higher discounting in the model means a little higher 

harvest, but causes a heavy reduction of the stock as harvest increase over a certain 

threshold. 

Below are bifurcation diagrams for price (variable   in the model) 

 

Fig 14 Bifurcation diagram for price showing optimal fish stock 
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Fig 15 Bifurcation diagram for price showing optimal harvest 

The point HA in fig 14 symbolizes a point where optimal harvest is zero. As the price of a 

unit of harvest increases, the size of the harvest increases up to a point. 

No dramatic system change can be observed when discount rate increases beyond the 

growth potential of the stock and no there is no trivial solution
21

. As in fig 14, a hump 

after the initial rise becomes more pronounced as discount rate increases. We have a 

single equilibrium within constraints, which is the long run equilibrium, and we have only 

one regime. 

What combinations of equilibria are possible for optimal control problems in general? 

The case with two saddle points separated by an unstable equilibrium is discussed in 

several articles, Grass (2008), Wagener (2003), Mäler (2003), and Kiseleva (2009). In 

several instances, the unstable point is demonstrated to be an indifference (Skiba) point at 

which the planner is indifferent between which trajectories approaching the two equilibria 

to choose. In other cases, there is only history dependence
22

. A closer study of the 

dynamics is clearly motivated. Clark and Munro (1975) and Anderson (1973) mention the 

possibility for several optimal solutions for a fishery. Clark and Munro (1975) discuss the 

possibility of having three equilibria with the middle one being a “watershed”. 

                                                      

 

21
 No equilibrium at    . 

22
 History dependence means that the optimal path depends on the initial value of the stock (Grass 

2010). 
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Fig 16 Optimal path with multiple saddle points 

Fig 16 shows how an optimal path might look when there are three equilibria, two saddle 

points and an unstable spiral source between them. All of them are consistent with the 

necessary conditions. For initial stock values between 4 and 12, the lower equilibria hold. 

For values greater than 12, the higher equilibria hold and for values below the value of 4, 

fishing is not economical. We have two possible regimes in this hypothetical system. The 

shallow lake example (Mäler, Xepapadeas and de Zeeuw, 2003) shows this type of 

behaviour. Obviously, it is important to discern the possible regimes controlled by 

parameter space and consider possibly different policy consequences. Initial stock values 

might be important and parameter combinations can be critical. 

5 Model with Critical Depensation and Price Decreasing in 

Harvest 
Critical depensation

23
 is now added to the previous model.   is the critical limit of 

depensation, when the growth of stock turns negative. 

The problem is 
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23
 Critical depensation is explained in chapter 2.1 



20 

 

Necessary conditions 
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After some work we end up with the following system in state-costate space 
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As in the previous model, there is not a one-to-one correspondence between costate   and 

control    and therefore the system has to be studied in state-costate space.  We move 

directly to the numerical analysis and we chose the following reasonable baseline 

parameter values                 ̅                            . 

Remember that the goal is to look for structural changes in the dynamics that could cause 

multiple regimes. 

 

Figure 17 Phase diagram of model with depensation (L in diagram is lambda) 

The phase diagram in fig 17 for baseline parameter values, shows two equilibria and the 

eigenvalues indicate that there is an unstable spiral source to the left ( ̂       , 

 ̂         and eigenvalues                     ) and a saddle point to the right 

( ̂       ,  ̂        and eigenvalues              ,             ). Both 

equilibria are consistent with the necessary conditions, but the spiral equilibrium can 

never be reached on an optimal path. 
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Fig 18 Bifurcation diagram for cost cbar showing optimal stock 

 

Fig 19 Bifurcation diagram for cost cbar showing optimal harvest 

Fig 18 and 19 shows bifurcation diagrams for fixed costs  ̅. In general, as costs increase, 

harvest naturally decreases and equilibrium stock increases. Two of the curves have limit 

points LP. Eigenvalues indicate that for each of these curves there is a saddle point for the 

part above point LP (the part stretching from point LP and up to the right) and an unstable 

spiral below (the part from point LP down to the horizontal axis).  

The curve for discount rate        is interpreted as follows:  as  ̅ is decreased, starting 

from a high value ( ̅     ), there exist a single saddle point down to  ̅     , where an 

unstable equilibria shows up. At  ̅    , the two equilibria meet and disappear. For 

combinations of low costs and high discount rates, there is no saddle point and therefore 

no optimal solution. The point HA in fig 18 indicates where harvest becomes zero and the 

variables are outside of the constraints. For        , there is no equilibria at all within 

constraints. Bifurcation diagrams for coefficient   and price   show the same structural 

behaviour and are not shown here. 

Analysis shows that the higher the critical limit for depensation, the lower is the possible 

discount rate. High discounting places emphasis on current consumption and means that 
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fishing fleets prefer short-term gains and rapid harvesting. In the case of depensation, a 

discount rate that favours conservation seems important. 

Further bifurcation analysis adds nothing to what is already observed. There are only 

three possible dynamical structures: a single saddle point, a saddle and a spiral or no 

equilibrium at all within constraints. The saddle point is the long run equilibrium and 

therefore there are two regimes. The only way a system can have an optimal path to 

extinction is when there exists a saddle point as trivial solution and this is not the case in 

this model.  

6 Model with Non-Linearity in Effort and Price Decreasing 

in Harvest 
The last model is based on logistic growth, with price decreasing in harvest and the cost 

function non-linear in effort, making it similar to what is described in section 4 of Clark 

and Munro (1975), where the authors discuss that systems of this type can exhibit 

multiple equilibria and multiple solutions. 

The cost function is defined as 
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The problem is 
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Equation (6.5) is solved for   and it is immediately clear that there will be multiple 

solutions 

  
     √         ̅      ̅   
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Since     is of interest, the negative square root is left out.  

The following system defines the solution in state-costate space 
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Numerical bifurcation analysis is used as before to analyse if there is structural shifts in 

the dynamics. Baseline parameter values are                  ̅        

                    . 

 

Figure 20 Bifurcation diagram for cbar showing optimal harvest 

Fig 20 shows a bifurcation diagram for  ̅. For low discount rates (       in the 

diagram), harvest increases as cost is reduced. However at a point optimal harvest falls, 

because at that point a decreasing stock starts to influence profit dramatically. This 

behaviour could also be observed in fig 13, with a cost function linear in effort. Analysis 

of eigenvalues shows that for a higher discount rate (     ), the upper part of the 

trajectories indicates a saddle point and the lower an unstable equilibria with a limit point 

separating them. The saddle point ceases to exist for low values of  ̅. The critical value 

seems to be independent of discount rate. Below this point, there is no optimal solution. 
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Figure 21 Bifurcation diagram for cbar for different values of b, the coefficient of price function 

Fig 21 shows a bifurcation diagram for  ̅  for different values of b, the coefficient of the 

price function with a discount rate        . For values of the discount rate       , 

the structure is similar to that of fig 20, but with a limit point to the left of the hump. 

Further analysis shows no more than one saddle point within the constraints. There are 

intervals, however, where a saddle point and an unstable equilibrium coexist and intervals 

where no saddle exists within constraints, similar structure as our model number two. 

This model, an implementation of the general nonlinear model discussed in Clark and 

Munro (1975), do show multiple equilibria, but not multiple saddle points and therefore 

do not have multiple solutions. It is possible that other functional forms for the price 

function, for example an isoelastic function, could result in a model exhibiting this 

behaviour. 

The models examined in this thesis, with price linearly dependent on harvest, shows only 

one or two regimes; either there is a saddle point or not. The fact that there is a spiral 

close to a saddle point does affect the curvature of the optimal path to the saddle point, 

but not in a dramatic way. The greater the amplitude a clockwise spiral has, the steeper is 

the optimal path to equilibrium resulting in a higher initial start limit for optimal path 

stock value. The opposite holds for a counter-clockwise spiral. 

7 Conclusion 
Multiple equilibria can give rise to alternate dynamical behaviour, often described as 

multiple regimes. The shift between regimes can be sudden in the sense that only small 

perturbations in parameter values bring about the change. If multiple regimes exist, their 

existence is important for policy decisions. It can be intuitively difficult to guess the 

dynamic behaviour of more complex models, and a detailed examination with numerical 

tools, like the one we have done, seems to be important. 

Multiple equilibria are frequently observed in ecosystems resulting in completely 

different bundles of ecosystem goods and services. As our impact on the environment 

increases, scientists suggest that the frequency and amplitude of the shifts might become 

larger (Crépin, Norberg and Mäler 2010) and increasingly important to the society. 
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Sufficiently detailed models depicting this reality will also contain regime shifts that need 

careful examination. 

This thesis has examined in depth the dynamics of three fishery models. Several authors 

have suggested that optimal control models of the examined type could exhibit multiple 

equilibria, multiple saddle points and optimal paths to extinction under certain 

circumstances. The analysis found multiple equilibria, but only single saddle points. The 

models demanded a numerical approach because of the complexity of the resulting 

canonical equations. Bifurcation analysis, which was used, is an often-used way to find 

structural changes in the dynamics. The models had either a single saddle point that 

existed in the whole parameter space within constraints, or a single saddle point that 

existed for part of the parameter space within constraints. There were no multiple saddle 

points resulting in multiple long run solutions depending on initial stock value. 

The Schaeffer models that was used with price depending on harvest, demonstrate 

monopoly behaviour. There was no trivial solution
24

 in the models and this is consistent 

with the fact that a resource owner is interested in maintaining his resource. Since the 

models are deterministic, the controller knows about the critical depensation if it exists 

and adjusts the harvest accordingly. 

8 Appendix, Comparison of Models 
Clark and Munro (1975) discuss a nonlinear model (section 4) in which the gross social 

benefit is defined as 

     ∫                     
 

 

 

The price of the fish is assumed to represent the marginal social benefit derived from 

consuming harvested fish. They define the optimizing problem as 

   
 

∫                        

 

 

                

               ⁄                         

The assumption that the demand function for fish has price elasticity equal to infinity is 

relaxed by defining price       as decreasing in harvest. 

In the three models price function is defined as             , which is mentioned in 

Clark (2010), and a simpler form of cost function      is used. Thus, the model in chapter 

4 can be seen as a special case of their nonlinear model. In chapter 5, the extension of a 

depensatory case is made. 

                                                      

 

24
 Equilibrium at fish stock = 0 
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