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EFFICIENCY IN PUTTY-CLAY GROWTH MODELS 

Ever since the seminal paper by Farrell (1957), it is customary to 

measure productive efficiency relative to a frontier, or ex ante, 

production function. The general idea behind this approach is that 

efficiency is equivalent to the relation between firm (or industry) 

technology and the best possible technology. Accordingly, the Farrell 

efficiency measures show the potential gains (from increased produc

tion or decreased input consumption) emerging from a theoretical 

switch from existing to best-practice technology. 

The positive content of Farrells efficiency measures is clear and 

well-defined. However, as noted by many authors ( 

) the normative content is very unclear. The reason 

for this is that the Farrell measures are constructed within a static 

model, whereas the real optimality problem for the firm has to be 

solved within a dynamic framework. If, for instance, technological 

progress (to some extent) is embodied, a machine will become less 

efficient than best practice immediately after the time of the invest

ment. However, it is intuitively obvious that a firm, despite this 

knowledge will find it profitable to use the inferior technology for 

some time, i.e. that it will find it optimal to have a technology less 

efficient than best practice. Even if all agents have perfect forsight 

and behave optimally, we should expect the Farrell technical efficien

cy to be less than 100 %. 

If, in addition the technology is of the putty-clay type with fixed 

factor proportions ex post, we would also expect factor proportions to 

deviate from the optimal standard used by Farrell.1 Accordingly, the 

Farrell price efficiency might also be expected to be less than-one. 

1 Optimal factor proportions as used by Farrell are those at the 
point of tangency between the iso-cost /at prevailing factor 
prices/ and the ex ante isoquant. 
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The purpose of this paper is to analyze the Farrell efficiency 

measures in relation to firms* optimal behaviour. This is done by 

constructing a dynamic putty-clay model and by calculating the 

formulas for the Farrell efficiency measures assuming a long run 

equilibrium. These efficiencies, which we call 'normal' or 'natural* 

efficiencies can be used for comparisons with empirical measures of 

efficiency in order to obtain a normative judgement of efficiency. 

The model's assumptions are set out in section I and the equilibrium 

conditions of the model are derived in section II. The formulas for 

the Farrell efficiency measures are calculated in section III, this 

section also includes numerical illustrations of the topic. Con

clusions and some final comments are given in section IV. 

I THE MODEL 

(i) Production technology and technological progress 

We assume a production model with two factors of production, capital, 

K, and Labour, L. Since we shall assume the existence of both embodied 

and disembodied technological progress, it is convenient to start with 

an ex ante capacity function of the form: 

ie  =  • ' •  f C W  ( "  

f(K,L) is assumed linear and homogeneous. 0 stands for the date of in

vestment and bg is a constant > 0. qQ is defined as the "capacity" of 

vintage 0. Eq. (1) tells us that a given amount of inputs will result 

in an increased "capacity" at a rate bQ where bg is interpreted as the 

rate of embodied technological progress. 

Once invested, the capacity number is fixed. However, we also assume 

that there is a steady increase in the "productivity" of capacity 

also after the investment). We assume this improvement occurs at a 

rate b^ so that total output from capacity qg observed at time t is 
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b 9 bHfc 
qe(t) = e e • e d • f(K0,LQ) (2) 

bj (> 0) is, of course, the rate of disembodied technological 

progress.2 

(1) and (2) can be combined to the ex ante production function: 

q = eb>t f(K,L) (3) 

where b = b + b„ is referred to as the rate of innovation, 
e d 

(1) and (2) imply that technological progress is assumed to be Hicks-

neutral. The reasons for chosing this specification are firstly, we 

want prices (and not techonological bias) to determine factor propor

tions and secondly, that we have no a priori reasons for assumning a 

bias in any direction. 

We assume that the technology is of the full putty-clay type so that 

if Kq and Lg d enote factor inputs chosen for vintage 9, these amounts 

will be used (and used fully) throughout the whole economic lifetime 

of the vintage. Finally, we assume no depriciation of capital. The 

assumption is that capital is continously repaired by labour and that 

this has been accounted for in the core production function f(K,L). 

Each vintage is accordingly used fully from the date of investment, 

continously increasing production at a rate b^, until the vintage be

comes economically absolute. Then production is stopped forever. 

2 The statistical difference between b. and b is that b is 
d e 

uniquely correlated with installments in new capacity whereas bg 

is correlated with time. The substantial difference is that b, is 
d 

due to better equipment and b to better organization of the work 
process. 
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We assume that the wage rate, W, grows at the rate "c": 

W(t) = W0 . eC#t (4a) 

where Wg is normalized Wg = 1 

K 
The price of capital, P , grows at a rate "d": 

„K,lv „K d*t \ 
P (t) = P0 • e (4b) 

K K 
where Pg is normalized Pq = 1 

Q 
The price of output, P , grows at rate "h": 

Pq(t) = Pg • eh (4c) 

where Pg is normalized Pg = 1 

Finally, we assume a constant rate of interest = r.3 

We assume furthermore that total output from all vintages, Q(t), grows 

at a rate a: 

Q(t) = Qg • ea#t (4d) 

3 These assumptions lead to equations which are easy to use in 
empirical analyses. However, since it is natural to assume a 
constant real rate of interest, the above assumption is suitable 
only for periods when the rate of inflation is roughly constant. 
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We now define the installed capacity of a vintage as the rate of out

put at the date of investment. If we assume a constant economic life

time for all vintages = T, it is easy to show1* that the installed 

capacity grows at a rate a - b^. The capacity of vintage 0 is 

accordingly: 

(a-b ) • 0 
q©(0) = q0 • e (4e) 

and the output from vintage 0 observed at t (> 0) is 

(a-b.) • 0 + b . • t 
q0(t) = c^j • e (4f) 

(iii) Equilibrium 

We define equilibrium as a situation where all the assumptions (1)-(4) 

are fulfilled and where the economic life-time of vintages are the 

same and equal to T. Furthermore, since we assume that we analyze an 

competitive economy where all agents behave optimally, we also 

stipulate that the net value of all profits in equilibrium are zero. 

(iv) Interpretation of the model 

The model outlined above resembles in many ways the pioneering putty-

clay growth models formulated by Bliss (19 ) and 

(19 ). However, there are some important differences. Firstly, our 

model contains both disembodied and embodied technological progress. 

Secondly, our model contains capital goods different from output. 

Thirdly, the definitions of equilibrium also differ. Comparing the 

general features of the models, our model is more suitable for studies 

t 
4 By definition we have: Q(t = ^ qQ(t)d0. 
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of smaller sectors of the economy (such as an industry) whereas Bliss' 

model is a general equilibrium model for the whole economy.5 

The model can be used both for firm and industry studies. The demand 

assumptions which (in both cases) lead to the constant growth of pro

duction are not difficult to derive. However, since the investments of 

a single firm vary heavily from year to year, and since we usually 

refer to annual growth rates, it is perhaps easiest to think of the 

model as an industry model. The installed capacity each year can then 

be conceptualized as a new plant.6 (In the case of a firm model we 

have to think in terms of a new machine, department or equivalent). 

II EQUILIBRIUM CONDITIONS 

Profits from investment at time 0 discounted to 0, tiq, can be written 
0 

as: 

0+T (a-b .)0 + b .t + ht . ctx -r(t-0) .. d0 
„e = { d d - Le e ) e dt - Kg e 

0 
(5) 

Solving the integral we obtain: 

,e = ^ e(a+h)9[e<bd'rf'"r)T- l]/[bd^-r] - L„ e c6[e(c-r»T- l]/(c-r] -

K0 e 
d0 

(6) 

5 For instance, in our model we derive the total labour force from 
the optimality conditions of profit maximizing firms whereas Bliss 
assumes that the growth rate is exogenously given. 

6 Since the vast majority of all investment concerns new equipment 
in already existing plants it is, however, more realistic to think 
in terms of a plant model. 
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Profit is maximized subject to the constraint that the installed 

capacity technology is picked from the ex production function. Using 

(2), (3) and (4e) we can formulate this restriction as: 

(b +b -a)0 
1 * q"1 e . f(Ke,Le) (7) 

Introducing X as the Lagrangian multiplier, we form the Lagrangian 

expression L(T,L0,K0,A) from (6) and (7). First order conditions for 

the maximization of L( ) can be expressed as: 

£ • = < * , •  e ( 8 * h > 9  -  e ( b d * h " r ) T  .  L e  .  „ce .  e < c - r ) T  =  „  ( 8 a )  

S-*-'"- [=<C-C)T - l]/[c-r] + X . q'1 . e(be+bd"a)e • ̂  = 0 

(8b) 

dL d0 . -1 (be+bd"a)e f n rn x 
3Ç = - ® + * * % e K0 = 0 (8c) 

HI 1 (be+bH_a)e 
a r =  % • e  •  « W  -' = 0  (s" )  

where f, _ and f denote partial derivatives w.r.t. L. and K0. 
L0 K" ö Ö 

Condition (8a) can be rewritten as: 

(a-bd)e bd(e+T) h(0+T) c(0+T) ,gx 
q0 • e • e • e = LQ • e (9) 

Condition (9) is the familiar scrapping condition for putty-clay 

models: A vintage is scrapped when variable cost (R.H.S) is equal to 

total revenue (L.H.S.). It is obvious from (9) that a condition, for 

the existence of an equilibrium with a finite economic life-time of 

equipment is that c > b^ + h, i.e. that the wages increase more than 

the sum of disembodied progress and product price increase. 
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The following proposition is, perhaps, less obvious: 

Proposition: If first-order conditons (8a)-(8d) are fulfilled and if 

the present value of profits from all vintages are zero, s 0 V 0, 

then the function f(K,L) is of the Cobb-Douglas type: 

Proof, see appendix7 where a discussion of this result is also 

presented. 

The proposition allows us to assume that the core production function 

has the form: 

f(K,L) = Aq • Ka • L1"a (10) 

Using this assumption, the first order conditions (8a)-(8d) and the 

assumption that the present value of profits from all investments is 

zero, we can derive the following equilibrium conditions: (For deriva

tion see appendix). 

( 1 - a ) * c + a d = h + b  +  b ,  
e d 

T (b ,+h-r)t T . u (b +h-c)T 
J e d dt// e(c"r)t dt = T±̂  . e d 

0 0 1 " a 

(11a) is the natural zero-profil condition: On the L.H.S. is the 

growth in input prices weighted with the income shares of the ex ante 

function (10). On the R.H.S. is the growth rate in product price plus 

the rate of innovation. 

(11a) 

(11b) 

7 This is another version of Bliss' result that technological 
progress in a putty-clay growth model must always be Harrod-
neutral. (Bliss, p. ). It is a well-known fact that Hicks- and 
Harrod-neutrality are compatible only for a Cobb-Douglas produc
tion function. 
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The second condition is not easy to interpret verbally. However, we 

can use it as an equation for determining T for exogenously determined 

values of h, b^, r, a and c. 

(11a) and (11b) are the necessary conditions for equilibrium growth 

with constant economic life-time of equipment. However, if the values 

of a, c, d, h, bg and b^ are such that (11a) is valid, and in addition 

the given r is such that the equation (11b) is solved for a T > 0, 

then the equilibrium growth path has T constant. Thus (11 a)—(11b) can 

be regarded as the necessary and sufficient conditions for constant 

economic life-time of equipment on the equilibrium growth path. 

III FARRELL EFFICIENCY IN EQUILIBRIUM 

111:1 Firm efficiency measures 

Let us first assume that the behaviour analyzed in the previous sec

tion is that of a representative firm: The different vintages consist 

of capacity-adding equipment, and the firm accordingly posess equip

ment of T different vintages. Our task here is to analyze the level of 

efficiency that would be observed in such a firm. Since our results 

are independent of the date of observation, we assume that t = T. 

Let us assume that we observe a total output = Q* and total amounts of 

input K* and L*. We then define the technical efficiency, TE, as 

TE = Q*/ebT • f(K*,L*) (12) 

This definition is equivalent to Farrell's definition.8 By integrat

ing over all vintages from 0 to T, we obtain expressions for Q*, K* 

and L*. The resulting expression for technical efficiency can be 

written as: (See appendix). 

8 Since the production function is homogeneous of degree one, it 
does not matter whether we measure technical efficiency as poten
tial input saving (as Farrell) or as potential increase in output 
(as here). 
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T (a-b )t 
-b T Je dt 
e e 0 

TE = T T (13) 

[/ ext dt]a • [/ eyt dt]1 —ot 
0 0 

where x = a + h - d and 

y = a + h - c 

The economic efficiency (EE) is defined by Farrell as the relationship 

between the least-cost of producing the observed amount of output (Q*) 

at existing factor prices, and the cost of producing (at existing 

factor prices) with the observed amount of input. The expression for 

EE can be expressed as: (See appendix). 

T , vt (c + ad - ac - b )T T (a-b ,)t .. 
[/ e dt]a • [e e ][/ e d dt][l/1-o] 

FF . J9 " 
r t m. T ». t r ». O*) 

(a/1-a)e [/ e ~ dt][J ex dt] + ec • / e^ dt 
0 0 0 

Finally, the Farrell price efficiency (PE) can be calculated from (13) 

and (14) as: 

PE = EE/TE (15) 

111:2 Industry efficiency measures 

We assume now that our model describes the behaviour of an industry 

and that the different vintages are represented by different plants. 

In this case we define the technical efficiency as the weighted aver

age of plant (= vintage) technical efficiency. More precisely, if we 

observe at T output q. and inputs K. and L„ in vintage 0, we define 
ö Ö u 
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the technical efficiency of 6 as the number uQ which fulfills qQ = 

bT be9 + bdT 
e • f(y0KQ»UqLq). However, since we know that = e 

• f(K0,L0) and since f(K,L) is linear and homogeneous, we find that 

the technical efficiency of vintage 0, can be written ass 

b (e-T) 
y0 = e e (16) 

Using (16) we can calculate the technical efficiency for the whole 

industry TE* (see appendix). 

-b T T (a - b_, + b )t 
e e / e d e dt 

*  t  ( ° - b . H  <17> 

/ e d dt 
0 

Since industrial price and economic efficiencies deviate very little 

from that of the representative firm, and since in empirical analyses 

of industries usually only the technical efficiency is calculated we 

do not present the equation for price and economic efficiency. 

9 It is interesting to analyze the relation between efficiency and 
cumulative production. From (16) and (4f) it can be shown (see 
appendix) that this relation is of the form: 

(a-b )T a-b /b bT/a-b. 
\t a d e L d Y = - Sq + Sg • e • where ^ : e 

and Y is cumulative production. 

If this curve is a straight line (as most of the figures displayed 
by Forsund and Hjalmarsson (1979) seem to indicate then 
a -b7b » 1, i.e. a = b + b . = b. 
de ed 
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111:3 Numerical illustrations of equilibrium efficiencies 

The efficiency formulas presented here can be used to calculate the 

'normal* or the 'expected' efficiencies for a firm or industry in a 

long run equilibrium. The resulting figures can be used for compari

sons with efficiencies calculated from observable data and give 

further information on the causes of (i-) efficiency. 

In this connection it may be of interest to know the magnitude of the 

different equilibrium efficiencies analyzed here. For this we con

sidered a hypothetical case with "reasonable" figures, where we 

selected values for the exogeneous variables, r, c, d, a, b and b . 

The equilibrium value of "h" was found by using (11a) and the equili

brium value of T by using (11b). We chose a = 0.02, r = 0.03, d = 0, a 

s 0.35, c s 0.03, b = b . = 0.02 for the base case, and analyzed the 
e d 

effects of changing one variable. In tables 1a-1c we have displayed 

the results for the cases where a. c and b varied. e 
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We find from 1a that the magnitude of a has a significant effect on 

the economic life-time and the different efficiencies. The larger the 

output elasticity of capital in the ex ante function, the longer 

life-time of capital. From 1b we find (as expected) that the rate of 

embodied progress also has a singificant effect on all variables. How

ever, the effects on the technical efficiencies are fairly limited due 

to the counteracting effects from the life-time of equipment. The 

greater the rate of embodied progress, the shorter the life-time of 

capital. However, from table 1b, it appears that the general effect of 

a faster rate of progress is to decrease the technical efficiency 

measures whereas the price efficiency (and economic efficiency) in

crease due to the shorter life-time of capital. Turning finally to the 

effects of the relative price of labour, we find- that the economic 

life-time decreases with faster increases in the wage rate. As a 

result all efficiencies increase. 

However, the most remarkable feature of the numerical exercises is not 

the variation, but the stability of the results. (This stability was 

also apparent from the cases where a, r and b^ varied. See appendix). 

For all cases when the economic life-time of equipment took reasonable 

values (here assumed to be in the range 20-40 years), it was found 

that the technical efficiencies were all in the range 0.75-0.85, the 

economic efficiency centred around 0.30 and the price-efficiency 

around 0.40. In order to to check this stability, we also calculated 

the efficiencies in all the (729) possible combinations where a = .2, 

.5, .8, b = .01, .02, .03, b. : .01, .02, .03, a = .02, .04, .06, 
6 u 

c = .02, .04, .06 and r = .015, .030, .045. For these combinations it 

was found that the technical efficiencies ranged between 0.6 and 0.9 

in 90 % of the cases and between 0.7 and 0.9 in 70 %. The concentra

tion of the economic efficiency (to 0.30) and of the price efficiency 

(to 0.40) was even stronger. Also surprising is, perhaps, the big 

difference between price and technical efficiency. The low figure for 

price efficiency (for "reasonable" values of T) indicates that factor 

proportions used differ greatly from those which would be used in the 

neoclassical case. 
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(iii) Equilibrium efficiencies for the Swedish industry and 

economy 

If it is assumed that an industry is in a long run equilibrium posi

tion, the equations derived here can be used to obtain information not 

only on efficiency, but also on the form of the ex ante function, the 

rate of technical progress and the economic life-time of equipment. 

This way of using equilibrium assumptions is becoming increasingly 

popular in empirical production studies. For instance, production 

functions are estimated through the dual cost function; or through 

cost-share equations derived using Shepard's lemma. The only novelty 

with the equilibrium assumption made here is that we assume firms (or 

industry) to be in a dynamic, rather than a static, equilibrium 

position. 

In order to illustrate the potential usefulness of the approach we 

used data for the Swedish Manufacturing Industry 1963-1972 and for the 

whole Swedish Economy 1963-1972. The reason for choosing this particu

lar period was that during this time all prices and quantities grew at 

steady rates.10 Furthermore the rate of interest was fairly constant. 

The assumption of a full competitive (dynamic) equilibrium allowed us 

to use equilibrium conditions (11 a—11b) in determining some of the 

technology parameters, a, bg and b^. However, since we lacked 

direct information on four variables (a, bg, b^ and T) we also used 

at 
10 Simple regressions with the equation x = a^ • e (t = time a^, 

a^ s parameters x s a, d, h, c) resulted in R^ss generally above 

0.95 and t-ratios well above 10 (for â^) for this period. 
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information on the share of wages.11 In our model, the share of wages 

(WS) in equilibrium can be calculated as: 

j e(a + h - c)tdt 
"s = °t u-bjt—  ( , 8 )  

Je d dt 
0 

Information on a, h, c and WS, allowed us to use eq. (18) to calculate 

points (T; b J.12 For each of these points, we calculated a (from 
d 

11b) and bg (from 11a). In this way we obtained different possible 

combinations of all the unknown variables which were, in turn, used in 

the calculation of the different efficiencies. The possible combina

tion of variables, together with the corresponding efficiencies are 

shown in table 2a-2b. 

The results for the Swedish Economy (2a) show that if we accept the 

reasonable hypothesis that the economic life-time of equipment is be

tween 20 and 60 years, then the different technical efficiencies are 

between 0.8 and 0.9. The price efficiency is between 0.04 and 0.40 and 

the economic efficiency varies between 0.03 and 0.30. We also conclude 

from table 2a that the overall rate of technical progress (bg= b + 

+ bj) was about 3 % annualy. It is finally worth noting that the out 

put elasticity of capital in the ex ante function (a) is considerably 

lower than the capital share of incomes. The former figure centres 

around 0.25 while the latter tended to stabilize around 0.35. 

11 The share of wages was roughly constant during the period and 
= 0.70 for the industry and = 0.65 for the economy. 

12 The lowest possible value of b^ is zero. The highest possible 

value is calculated from 11a with bß = 0. 
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Table 2a Results for the Swedish economy 1963-1972. (WS = 0.67, 
a = 0.036, h = 0.05, c = 0.095, d = 0.043). 

T bd be a TE EE PE TE1 

111 .037 .002 .12 .77 .03 .04 .89 

64 .032 .003 .19 .85. .11 .13 .91 

45 .027 .006 .22 .86 .17 .19 .88 

35 .022 .010 .25 .82 .20 .24 .86 

28 .017 .014 .26 .83 .25 .29 .84 

24 .012 .019 .28 .79 .26 .33 .82 

21 .007 .023 .29 .79 .28 .36 .81 

18 .002 .028 .29 .78 .30 .39 .81 

Table 2b Results for the Swedish Manufacturing Industry 1963-1972. 
(WS = 0.70, a = 0.05, h = 0.03, c = 0.095, d = 0.043). 

T bd be cc TE EE PE TE 

29 .04 .012 .24 .83 .24 .29 .85 

24 .035 .017 .25 .82 .27 .33 .83 

21 .03 .021 .27 .80 .29 .36 .82 

18 .025 .026 .27 .79 .31 .40 .81 

16 .02 .031 .27 .78 .33 .42 .80 

14 .015 .036 .27 .78 .36 .46 .80 

13 .01 .040 

C
D
 C

M
 

•
 .78 .37 .48 .80 

12 .005 .045 .29 .77 .38 .50 .79 
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In the case of the Swedish Manufacturing Industry (2b), we find first 

that the range of possible values of T is much shorter than for the 

economy as a whole, ranging between 12 and 29 years as opposed to 

between 18 and 111 years for the economy as a whole. Technical effi

ciency ranges between 0.77 and 0.85, price efficiency between 0.30 and 

0.50 and economic efficiency between 0.25 and 0.40. The overall rate 

of technical progress is around 5 % annually, and the output elasti

city of capital (for the ex ante function) is around 0.25-0.30 

(capital's share of income was » 0.30). Since it seems reasonable to 

assume that the economic life-time of equipment was at least 18 years, 

the rate of enbodied progress was between 2.6 and 1.2 % annually. 

The results for the Swedish manufacturing industry can be illustrated 

graphically. 

[Figure 1] 

In figure 1 we have assumed that the economic life-time of equipment 

was 21 years and chosen other model parameters according to table 
13 2b. The ex ante production function is represented by the isoquant 

II (representing output level equal to actual production, Q*). Factor 

amounts, used are K*, L*, and prevailing factor prices are represented 

by PP. 

The technical efficiency is 0B/0C, price efficiency 0A/0B and economic 

efficiency = 0A/0C. What is of particular interest is the big differ

ence between factor proportions used, C = K*(L*), and the factor pro

portions that would have been used if technology were of the neo

classical type and with no embodied progress (D). If all prices 

suddenly froze at existing levels and if all technological progress -

at the same time - stopped, we would observe a fall in the capital/ 

labour ratio from K*/L* to the ratio indicated by the point (D). This 

13 In the numerical computations we have also chosen t = T as our 
date of observation. A change in this date only changes the 
numerical figures on the axis in figure 1. 
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alone points to the danger of using static prices and factor propor

tions when calculating e.g. the elasticity of substitution. If equili

brium is dynamic - rather than static - there is little meaning in 

using prices at different points of time in estimating production 

relations. 

IV SUMMARY AND CONCLUSIONS 

In this paper we have constructed a simple dynamic putty-clay model 

with both embodied and disembodied technological progress and analyzed 

its equilibrium properties. The simplicity of the technical progress 

functions (Hicks-neutrality) allowed us to demonstrate that the ex 

ante production function must be of the simple Cobb-Douglas' type if 

equilibrium growth is to be possible. 

The equations for the Farrell technical, price and economic efficiency 

were calculated under the assumption of a long run dynamic equili

brium. Using numerical examples, it was demonstrated that a value in 

the range 0.7-0.9 can be expected for the Farrell technical efficiency 

if relevant variables grow at 'reasonable' rates. Furthermore, this 

range is very stable against changes in the exogeneous variables. The 

only exception is the output elasticity of capital in the ex ante pro

duction function which has a strong effect on the value of Farrell 

efficiency in equilibrium. Numerical examples were also used to 

demonstrate that the Farrell price efficiency was centred around the 

value 0.4 in equilibrium and the Farrell economic efficiency around 

0.3. 

In the paper we also demonstrated how our model could be used in 

direct empirical analyzes. If it can reasonable be assumed that a firm 

or an in dustry is in a long run dynamic equilibrium position (with 

relevant prices and quantities changing at constant rates), then the 

equilibrium conditions presented here could be used as model restric

tions and thus to obtain further information on production structure, 

technical progress, and productive efficiency. This is demonstrated 

with data for the Swedish economy and industry 1963-1972. 
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MATHEMATICAL APPENDIX 

1 Proof of the proposition 

Let Gg, G^,...,Gn denote different constants, i.e. expressions not 

containing 0. 

From (9) we have that 

c8 (a + h)0 .... 
L0 • e = G0 • e (A1) 

If we assume that ir. = 0 and inserting (A1) in (6) we obtain: 
Ö 

c8 _ , C0 _ „ d0 
Lq • e • G1 - Lg* e • G2 = KQ • e (A2) 

which leads to 

K0/L0 = G3 - e(c - d)0 (A3) 

From (8b) and (8c) we have 

VfLe = g4 • e<d " 0)8 CA4> 

And from (A4) and (A5) we conclude that 

* S (A5) 

However, if the ratio between factor proportions and (the ratio of) 

marginal productivities is constant, then the elasticity of substitu

tion equals one. Since this applies to all points on the production 

function we conclude that the function must be of the C-D type 
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The interpretation of this result is that the ex ante production func

tion must be of a very simple type, if equilibrium growth is to be 

possible. The crucial factor is that a C-D function leaves the income 

shares unchanged even if relation prices change. It is evident, from 

(A3) and (A4), that the income shares would remain unaltered for any 

production function if c = d, i.e. if the relative price labour/ 

capital were constant. However, c * d and an ex ante function with an 

elasticity of substitution * 1 would lead to a vanishing income share 

for one factor and it is not possible to sustain equilibrium growth 

under these conditions. 

2 Derivation of relations 11a-11b 

Here we denote constants H_, H.,...,H . 
O l n 

From (9) we have that 

, u (a + h - c)e 
9 = 0 * e 

Inserting this in (8d) and using (10) we obtain for K0: 

-1/a _ ua - I/o . „(a " be/o " bd/o + h " h/a " C + c/a>6 

(A7) 

K0 = A ' H0 * e 

From (8b-8c) we obtain 

K 
= (a/1 - a) . H • e(c " d)9 (A8) 

Le 

Calculating K0/LQ from (A6) and (A7) and putting this equal to (A8) 

yields an expression of the form 

K.e k_e 
1 2 

• e = K2 • e where ^ an<^ 2 are cons':ants. If this 
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is to hold for all 0, it is necessary that = kand that = K^. 

Writing out these expressions we obtain: 

(1 - a) . c • ad = h • be + bd (A9) 

(a/1 - a) • H, = A"1^" • (AIO) 

If we insert (A6) and (A7) into eq. (6) and put ir s 0, we obtain an 
Ö 

expression of the form: 

K 0 <0 K 0 
K j * e  + K ^ * e  +  •  e  = 0  w h e r e  ^  ̂  a n d  ^  5  a r e  

new constants. If this is to hold for all 0, it is necessary that 

s s and Kj + = 0. The first of these two conditions 

yields condition (A9). The second condition yields: 

H3 • Hg • h4 - A"1/a . H° ' 1/a = 0 (A11) 

where 

(b .+ h - c)T T / v. 
Hn = e , H1 = H. = / e r)t dt and 
u ' 4 0 

T (b + h - r)t 
H, = J e d dt 

0 

Inserting (A10) in (A11) and simplifying yields (11b). 
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The derivation of the Farrell efficiency measures for the 

firm 

From (A6) and (A8) we have 

K0 = (a/1 - a) . Hjj - ^ - e(a + h * d)0 (A11) 

By integrating over all vintages from 0 to T we obtain the total 

amount of factors in use at t: 

L* = Hn • / e(a + h " c)t dt (A12a) 
u 0 

K* = (o/a - a) . H - H • / e^a + h " d)t dt (A12b) 
U 1 0 

If these amounts were to be used in the ex ante production function it 

would be possible to produce 

nopt A bT „„a 1 - a 
Q r s A • e • K* • L* (A13) 

utilizing (A10) yields 

Q°pt _ ebTj-j ext dtja j-j eyt dfcj1 - a ^A14^ 

0 0 

where 

X = a + h - d and 

y = a + h - c 

Actual production at T is obtained by integrating (4f) over all 

vintages: 
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b .T T (a - b )t 
Q* = e a • / e a dt (A15) 

Dividing Q* by Q0^ yields eq. 13. 

The economic efficiency (EE) is calculated in the following way. The 

"actual" cost of using K* and L* is, with the Farrell definition, 

e • K* + e • L*. Using the ex ante function (A13) and deriving 

optimal factor quantities (K0*5*", L0^^) at prices e*^ and eC^, we 

obtain 

Kopt/Lopt s (o/1o) . eCc-d)T (M6) 

Solving for K°^ in (A16), inserting in CA13) and utilizing (A15) 

yields: 

^ i -b T T (a-b.)t , 
L ̂  s A~ • e 6 • [/ e dt]/[(o/1-a) • e ~ ] + a = 0 

(A17) 
-b T - a c T + b d T T (a-b,)t 

= h? . H . e " [/e d ] ' u 0 

Using (A16) and (A17) for the determination of K0^ and using 

EE = (e^ • K0f)t + e^ • K* + ec^ • L*) we obtain eg. (14). 

4 Farrell efficiency for industry 

If U is the technical efficiency for vintage 9, and Q„ output from 9, 
Ö 0 

then the technical efficiency for the industry is defined as: 

, I "» ' °8 ' "» 
TE1 = -—f (A18) 

<o Qe • d° 
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Using (16) and (4f), the equation (17) follows directly. 

The relation between technical efficiency and cumulated industrial 

production are established in the following way: 

We denote cumulative production of vintages 0 to 8 by Y„. From (4f): 

hT 6 (a - b )t 
Yq = e • / e d dt (A19)  

(a - b )e 
This can be written as YQ = - + a^ e where 

äg = e^/Ca - bj). From (16) we have e0 = T^us we have 

3 * bd 
T(a - b .) 6 

Y0 = - ao + ao * e * ue 6 (A20) 
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Table A1 Price and technical efficiencies in dynamic equilibrium when 
a (growth rate of output) varies from 0.005 to 0.05.* 

TE EE PE FE r a 

.73 .30 .41 .75 27 .005 

.74 .30 .41 .76 27 .010 

.74 .30 .41 .76 27 .015 

.74 .30 .40 .77 27 .020 

.75 .30 .40 .77 27 .025 

.75 .30 .40 .78 27 .030 

.76 .30 .40 .78 27 .035 

.76 .30 .40 .79 27 .040 

.77 .30 .39 .79 27 .045 

.77 .31 .39 .80 27 .050 

Table A2 Same as A1 when r (rate of interest) varies from 0.005 to 
0.05.* 

TE EE PE TE1 r r 

.72 .22 .31 .75 30 .005 

.73 .24 .33 .75 29 .010 

.73 .25 .35 .75 29 .015 

.74 .27 .37 .76 28 .030 

.74 .29 .39 .76 27 .025 

.74 .30 .40 .77 27 .030 

.75 .32 .42 .77 26 .035 

.75 .33 .44 .78 16 .040 

.75 .34 .45 .78 16 .045 

.76 .36 .47 .78 15 .050 

Table A3 Same as A1 when b^ (the rate of disembodied progress) varies 

from 0.004 to 0.04.* 

TE EE PE TE1 T bd 

.76 .30 .40 .78 27 .004 

.76 .30 .40 .78 27 .008 

.75 .30 .40 .78 27 .012 

.75 .30 .40 .77 27 .016 

.74 .30 .40 .77 27 .020 

.74 .30 .40 .76 27 .024 

.74 .30 .40 .76 27 .028 

.73 .30 .41 .76 27 .032 

.73 .30 .41 .75 27 .036 

.73 .30 »41 .75 27 .040 

* T = Economic life-time of capital equipment. 
TE, PE and EE s Technical, Price and Economic fir m efficiency. 

TE = Technical efficiency of industry. Assumptions: a = 0.02, 
r = 0.03, c (growth of wages) = 0.03, b. = 0.02, b (rate of 

O 6 
enbodied progress) = 0.02, a (output elasticity of capital) = 0.35. 
Price of capital constant. 


