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I INTROVUCTION 

When estimating empirical production functions, the usual assumption 

is that the substitution region is unbounded, and hence, that factor 

proportions within the region can take any positive values. However, 

detailed empirical studies of substitution possibilities give little 

support for this assumption. Usually factor proportions can vary only 

within a small region of R+. This property is of course most signifi

cant when dealing with ex post functions, (see e g (9)), but engineering 

studies of ex ante functions also seem to reveal this property. (See 

(4), (15)). In facty I have not found one single detailed production 

study showing a substitution region comprehensing move than a small 

part of total factor space. 

The concept of bounded substitution is analysed in part II of this 

paper, where special attention is given to the difference between 

engineering and economic substitution possibilities. In part III, an 

analytical production function with a bounded substitution region is 

constructed and analysed. The paper concludes with suggestions for 

further research. 

* Im the preparation of this paper I have benefited from comments 
by K-G Löfgren. Financial support from Länsförsäkringar Västerbotten 
and Västerbottens Sparbank are greatfully acknowledged 
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II THE REGJON 0F SUBSTITUTION IN THE THEORY Of PRODUCTION 

II: 7 Bounded òub&tUutlon In znglmeAing and economia 

The region of substitution for a production function has recieved little 

treatment in the theory of production. Its existence is noted in text 

books (e g (3), (5), (6)) but it is usually assumed, especially when 

making analytical specifications of production functions, that this 

region is the same as the domain of the function, usually the set of 

all non-negative values of the inputs. The specific problems when 

dealing with a substitution region different from the domain are seldom 

analysed more deeply. 

A notable exeption is, however, provided in the theory pf production put 

forward by Shepard (14) . Shepard clearly recognizes the existence and 

importance of a bounded substitution region. One of his axioms defining 

the production technology states that the "efficient subset of an input 

set" (which corresponds to the substitution region of an isoquant) is 

bounded. Many other vital concepts (e g the "essensiality" of a factor, 

the "productiveness" of input sets etc) reveals that Shepard considers 

the case when the substitution region differs from the domain. Further

more, these properties are important when it comes to analyse special 

features of the technology, e g the law of diminishing return. 

However, the Shepard approach also presents some problems regarding 

bounded substitutability, problems that are connected with the (non

existent) distinction between engineering and economics. In general Shepard 

thinks of technology as a sort of "engineering blueprint , and describes 

the production function with the following word; 

..."The production function is regarded as a mathematical con
struction for some well defined production technology. This 
technology consists of a family of conceivable and feasible 
engineering arrangements, not necessarily restricted to parti
cular realizations found in pratice ... no limitations will be 
put upon the inputs of these factors both as to type and amount 
available. Thus the production function will be taken as to de
scribe the unconstrained technical possibilities of a technology 
without limitation to any existing or realized production units". 
(P 4) 
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Given this definition, one might well ask why ...Mthe unconstrained 

technical possibilities'1 must produce a bounded efficiency set. In 

defence of his axiom, Shepard argues that ...(it is) ...!!an obvious 

physical fact that no output rate is attained efficiently (in a techno

logical sense) by an unbounded input vector11 (p 15). However, this argu

ment is somewhat misleading. Of course, no production will be carried 

out with an unbounded input vector simply because human beings can't 

handle unlimited amounts of anything. Using the same argument one might 

also state that total output is bounded, simply because one can not 

produce an unlimited amount of production. The relevant question is not 

that, but whether the theoretical engineering possibilities are unbounded 

or not. To illustrate this, consider for instance the production of 

energy in hydro power plants. The amount of energy produced (E) is then 

a function of the rate of water flow (m) and the height of the water 

fall, (h) according to the formulae: 

E = mh (1) 

This is clearly the engineering possibilités. In what way is this 

"blueprint11 bounded? Of course, no hydro power plant ever built will 

have a fall greater than the height of Mount Everest, or a flow rate 

greater than that of the River Amazon, but this certainly has to do 

with the avaliability of factors. Every blueprint must of course take 

account of the macro-ecological facts of earth. 

The problem is this: If we add constraints to the engineering formula

tions, then certainly we can't speak of "unconstrained technical possibi-

lities11. On the other hand, if we don't add constraints, how can we then 

postulate that the technology is bounded? In addition, we would like to 

have both these properties when charaterizing technology. A bounded 

technology seem to be a fact of life, but in theory we certainly would 

like technology to reveal the unconstrained technical possibilities. 

The dilemma can be solved if we make a clear distinction betweea engi

neering and economic production functions and relations. (For definition 

and discussion of these concepts, see (1), (2), (15)). Engineering 
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functions could then be used to reveal the unconstrained technical 

possibilities. However, when deriving the economic production function, 

all sorts of constraints must be taken into consideration. First of all 

we have the "know-how11 restriction. We might well know that it is possible 

to construct a hydro power plant with a water fall greater than 1000 

metres, but no one knows exactly haw. It is suitable to define the 

economic production function as giving the possibilities which one knows 

exactly how to operate, thus limiting the input region to the factor 

combinations actually tried plus a small region outside that. Secondly, 

the economic function, viewed as the concretization of the engineering 

calculations, must take account of the constraints imposed on production 

in the real world. These could be environmental, institutio

nal or some constraints imposed by the existing production structure. 

Finally, we have what I would like to call constraints imposed by 

"incomplete factor specialization". This means that even if the technical 

possibilities in the engineering formulation are unbounded, and no con

straints are added when deriving the economic production function, the 

economic function could still be bounded due to special character of the 

input functions, i e the functions giving the relations between the 

engineering and the economic variables. As this is the case considered in 

this paper, I shall not comment on this topic further here. 

As an example of the distinction between engineering and economic produc

tion function, consider the case of building tankers. It is not difficult 

to derive engineering formulations of the problem, the object being to 

minimize water resistance by changing the dimensions of the ship. (Length, 

depth etc, See (4)) . However, ship are not actually built according 

to these optimal designs. All sorts of constraints enter when taking the 

step from engineering calculations to real world problems, for instance 

the trivial ones that the ship has to be able to pass the Suez or Panama 

canal, that it has to have dimensions suitable for the port of Rio or 

something like that. 

Which production technology should our production function reflect? The 

optimal (and never used) technology or the non-optimal but actually used 

one? To me it seem most reasonable to use both, the first one being the 
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engineering function, the second beeing the economic function. Both give 

valuable information of the technology and its possibilities. 

In this paper I will take the approach to the problem outlined above. 

I start from an unbounded engineering function and, by adding input 

relations, I construct a class of bounded economic production functions. 

I shall, however, not work with the set-theoretical approach used by 

Shepard, but with the more ordinary analytical formulation of the theory 

of production. This means a loss of stringency in the presentation, but 

hopefully this is compensated by gains in simplicity. 

The analytical approach means that I start by assuming the existence of 

a production function: 

q = f(v1...vn) (2) 

giving the maximum of output from a given set of input. I furthermore 

assume that f is continuous, with continuous partial derivatives of first 

and second order. 

11:2 Sowie dz^rUtcoriò 

Before proceeding some definitions are needed to clarify the meaning of 

bounded substitutability. First of all we have to define the region of 

substitution of f. This region is defined somewhat different in different 

text books. According to Frisch, the substitution region is defined as 

..."the compréhension of all factor points3 i e the point set where all 

marginal productivities are non-negative". ((16) p 55) Ferguson, however, 

offers a somewhat different definition: 11The substitution region is that 

portion of the input space in which all isoquants are negatively sloped" 

((5) p 87). The more general meaning is of course the same, but they 

differ with regard to the boundary of the region. If we take the two-

factor case, the Frisch definition includes also those parts of the 

isoquants beeing horizontal or vertical (where the marginal productivity 

of one factor is zero). According to the Ferguson definition however, no 

point with a marginal productivity of one factor beeing zero is included. 
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This means that the Frisch definition also includes point outside the 

region of substitution (if we accept an intuitive definition of this 

region) while the Ferguson definition only includes the interia of the 

region. An alternative definition is: 

The substitution region of a production function f, is the set M of 

input vectors v (v]/-»vn) defined by: 

1 
M = {vi -7^— >0 Vi;x>v»*x£M} 

i 

This definition is the same as Frisch', but no points outside the boundary 

are included. Given this definition, we can also define a substitution 

region of an isoquant, as the set of all vTs belonging to M and fulfilling 

q = f(v). Obviously we would also define a substitution region to be 

bounded if the corresponding set is bounded. 

However, considering a bounded isoquant (i e isoquant with a substitution 

region that is bounded) ? it is fruitful to make further classifications 

regarding possible input combinations. Usually it is more interesting to 

ask for possible input ratios within the substitution region, than for 

the range of the separate input values. If we again consider the two-

factor case the substitution region of an isoquant can be bounded by the 

axis, which means that factor proportions can obtain all possible (non-

negative) values. If, on the other hand only one axis is included in the 

boundary, the ratio v^/v^ must belong to a set [(0; k)Jk > 0 (assuming that 

the boundary axis is Finally we have the case when no axis points 

belong to the boundary of the substitution region. 

Accordingly we can define three different kinds of factor substitutions 

for a bounded isoquant: 

1 X > v means that x > v but x * v 
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I define unlimited factor substitution if it does not exist or k^ > 0 

so that k^ ^ \ Û for any i, j. 
v. 
J 

I define weakly limited factor substitution if it does exist k^ and/or 

> 0 so that k^ ^ ̂ i ^ k^ for som i, j, but if both k^ and k^ > 0, 
v. 
J 

then the relation does not hold for all i, j. 

Finally I define unlimited factor substitution if it does exist k^, k^ > 0 

so that k'j ^ \ ̂ \Ü2 for all i, j. 
v. 
j 

If we take the CES production function as an example, the isoquants are 

not bounded when the elasticity of substitution belongs to (0; l]. When 

the elasticity is greater than 1, the isoquants are bounded, but as they 

end at the axis, we have unlimited factor substitution. 

11:3 SpecZ^Zcatcons ofa functions mXh bounded substitution 

As noted in the introduction, several empirical studies reveal the im

portance of bounded isoquants, especially of course, ex post functions. 

However, when it comes to analytical specifications, functions with 

bounded isoquants are rare. The earliest example I know of is from Mishan 

and Bort (1962), illustrating their discussion of the "uneconomic region11 

of the production function, i e the region outside the substitution region 

but within the domain of the function. The specification was: 

_ 2 3 
15vl • v2 - V1 q = 

3v2 

With boundaries for the substitution region at 

— = 10 
v2 5ïl 

- 0) 

and 

 ̂= /75 (p- = 0) 
V0 0vo 
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This function has bounded isoquants and also strongly limited factor 

substitution. However, the functional form was chosen for illustrating 

purposes only, and Mishan and Bort claim no empirical validity for it. 

To my knowledge there also exists two empirical studies with functions 

exhibiting bounded substitutability, both, not surprisingly, conducted 

in the spirit of Shepard. The first study (7) concerns argricultural 

production, and the function specification is: 

_ 1_ 

[a [a1 • v1 ̂  + a2 • v2 V + (1 - a^^ - a2) (v3 - b^ - b^) ^ 

q = 7 if (v3 - bxv2 - b2v2) > 0 

iO otherwise 

with 

v^ = water irrigation rates 

v2 = fertilizer rates 

v^ = seeded acres 

With all three factors of production, this function has unbounded 

isoquants when cp > Ö and bounded when -1 < <P < 0. However, when the 

isoquants are bounded, we have only weakly limited factor substitution 

as both v^ and v2 can be zero for every output level, but always v^ > 0. 

Fare and Jansson consider the case when the amount of land have been 

fixed, i e some sort of ex post function. Clearly then, the isoquants 

are bounded due to the non-negative condition then imposed on the func

tion. When -1 < (p < 0, we have unlimited factor substitution and when 

cp > 0, (which corresponds to the empirical result), we have strongly 

limited factor substitution. 

The other study of Fare and Jansson (8) is concerned with the phenomena 

of "widening-of-factor-combinations-technological progress11. As the iso

quants are bounded, technological progress can also mean a widening of 

the isoquants, and not only their moving towards the origin as usually 

assumed. (On this topic, see also (16)). The function specification is: 
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_ 1 

a [ax • K_tp + (1 - ax) (L - bQ * eb,t K)'^ ] V  

q = Ì if L - b ebtK > 0 
O 

0 otherwise 

K = capital 

L = Labour 

t = time index 

The question of boundness depends, as in the case reported, on the values 

of the paramétrés. If -1 < (p < 0, the isoquants are bounded, if cp > 0 

they are not. The empirical result obtained do show that the isoquants 

are bounded, but only with weakly limited factor substitution. 

Finally, Leif Johansson (10) has derived several analytical formulations 

of bounded ex post macro functions. These functions are constructed by 

assuming a given capacity distribution, e g a uniform distribution over 

a rectangular (bounded) region in the "unit input space11. 

The class of production functions presented in this paper differs in some 

respects from the ones mentioned. First, the functions are derived from 

an engineering function and input functions for the economic factors. 

Secondly, the derived economic functions have bounded isoquants both for 

the ex ante and ex post functions, and also strongly limited factor sub

stitution along the isoquants. 
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ni A CLASS OF PRODUCTION FUNCTIONS WITH BOUNVEV SUBSTITUTION 

REGION 

111:1 Conó&uiction ofi the function 

Let Q be the amount of a homogeneous output. Assume that output is a 

function of two engineering variables (the interpretation of which 

will be discussed later) and x^, according to an ordinary Cobb-

Douglas relation: 

A . a 1-a . Q = A • • x2 (1) 

(A a constant > 0 and 0 < a < 1) 

Assume further that one unit of x2 requires a^ of labour (L) and a^ 

units of capital (K), and corresponding for x2 such that: 

A ^ 
L = jalXl + a2x2 

) * I K « a^ + a4x2! r 

Let us for simplicity also assume that all a^ > 0 

By solving x^ and and substitute into (1), we obtain a production 

function in the economic variables K and L: 

e"' < 
« * (axa4 - a2a3) ' ̂  " a3L> ' (a4L " *2«° '«> 

This is the function to be analysed. First some comments on the construc

tion of the function. 

(1) can be regarded as an "engineering production function11, and the 

equations in (2) as the "input functions". In principle, x^ and could 

be interpreted as any engineering paramétrés, such as speed, lenght, 

height etc. However, in this work I shall interpret x^ and as numbers 

of different machines. Total production can then be carried out by 

Combining these machines according to the Cobb-Douglas formulation (1). 
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Furthermore, if are interpreted as machines, the interpretation of 

the input functions are obvious: (2) states simply that it takes a^ 

units of labour and a^ units of capital to operate machine number 1 

and the corresponding for machine number 2. 

It is not unrealistic to think of a process where two machines can be 

combined according to (1). For instance, when cutting trees, one can 

chose between different machines (motor-saws, large processors etc) each 

one suitable for different land conditions. Usually the natural conditions 

are such that at least two kinds of machines must be used: large processors 

for large even areas and motor-saws for selective cutting or for rough 

areas. In many other production processes we can find similar conditions, 

e g digging, grass-cutting, snow-clearance etc. 

Note that an economic production function can't be obtained directly from 

(1) and with the prices of the machines as the relevant price paramétrés. 

The prices of the machines are relevant only for the investment decision, 

and when calculating with conditions of operation, we must deal with the 

amount of labour required and, of course, the capital costs (interest + 

depreciation + repair) for the machines. The coefficients a^ are then 

supposed to give the input values for the machines under "normal operation" 

and for a specified production period. 

The combination of (1) and (2) gives a very special combination of the 

"neoclassical" and "Leontief" assumptions regarding substitution possibi

lities between factors of production. Technically, the substitution 

possibilities are unlimited, economically there exists bounded substi-

tutability due to the fixed input coefficients. The substitution between 

labour and capital is made possible by substitution between different 

kinds of machines. In this respect the formulation should satisfy those 

economics arguing that a spade must be supported by one (and not three 

or one third) man, as well as those who argue that a spade can always 

be substituted for an excavator. 
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111:2 PiopeAtiu tk<L e x ayvto, function 

I shall first analyse the ex ante function which means that there are no 

restrictions on the possible input combinations. For the sake of simpli

city, I further assume that: 

a^a^ - a2a3 >0 (4) 

which means that machine no 1 is more labour insentive than machine no 2. 

al a2 
< IT > ~T > 

3 a4 

It is easy to show that the function (3) has the properties usually 

assigned to production functions. It is homogeneous of degree 1 in K 

and L and the marginal product of labour (or capital) is a single valued 

function of the capital intensity (K/L). However, the interesting property 

is the bounded substitution region. Let us first of all note that the 

functioci (3) is defined only for the region where: 

1 L 2 

(To extend the domain of the function, we could of course define the 

function also outside this region where K, L > 0). 

The region defined by (5) is however greater than the substitution region. 

If we differentiate (3) along and isoquant (dQ = 0), we obtain: 

dK a3a4 - (V4° * a2a3a"a>) ' f 
dL = k~ " (6> 

ala4 (l~a) + a2a3a * 

The substitution region is bounded by the factor rays where — = 0 and 
aL 

=0. (These are identical with the rays where the marginal productivity 
dK 
of labour and capital = 0 respectively). 
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From (6) we obtain 

c> ̂  4-P 

dK n K a3a4 / ~7 \ — = 0 when — = —- — * t ; (7) 
ala4 a2a3 ^ ^ i~4*v . 

K <- "• i Y 
^ -•> ; (tv̂  

dL n i, K ala4(1~0) + a2 _ = 0 when j. -^Ç- Ä i ' ' (8) 

The substitution region is thus the region where 

. -I- r .. / r 

a3a4 < K < ala4(1"a) + a2a3a (9) 

a^a^a + a2a^(l—0() L a^a2 

Inside this region, the isoquants are convex towards the origin. If we 

(which is appropriate at least for ex ante conditions) assume free 

disposability for the inputs, then of course the isoquants are horizontal 

or vertical outside the region. However, in order to show the full proper

ties of the production function, I shall not consider these "economic 

isoquants11, but concentrate on the technical possibilities of factor 

combinations. We note then, that these "technical isoquants11 have positive 

slope outside the substitution region, and approaches the boundaries of 

the domain when K or L -* + °°. The technical isoquants are illustrated in 

the figure below. 
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Figure 1 Technical isoquants derived from the production function 

K 

The Economic 
Substitution Region' 

L 

The substitution region corresponds to a "possible region" in the 

"engineering space" (x-; x«). It is easy to show that no machine combina-
X1 tion outside a region 0 < k^, constants, will ever be 

considered. This in turn is due to the fact that the prices of the machines 

are a function of the two same prices, labour and capital. No matter how 

much the relative price of labour/capital varies, the "operating prices" 

of the machines will always vary within certain limits. 

We note that if all a^ > 0, we have strongly limited factor substitution 

along the isoquants. We note also that the concept "incomplete factor 

specialization" is relevant, since the bounded substitution region is 

caused by the fact that both labour and capital are needed to operate both 

machines. If one machine could be operated only with labour, and the other 

only with capital, then the substitution region would be unbounded. 
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The size of the substitution region is a function of the input coefficients 

a^, and a. If we keep all a^ constant, and measure the breadth (B) with 

the relation between factor proportions at the boundary of the substitu

tion region, we obtain: 

(a-.aA(l-a) + a,a a)(a.a a + a„a (1-a)) 
B = — ±-± LJi (10) 

a,a«a«a, 
12 3 4 

As 4"~ = 0 when a = ~, we see that the breadth is maximized when a = ì 
da 2 2 

When a-» 0 or a 1, the breadth will decrease and collapse to a Leontief 

technology when a = 0 or 1. 

As can be seen from the curvature of the isoquants, we have a function 

with a variable elasticity of substitution. If the elasticity a, is 

calculated along an isoquant, we obtain: 

(a3a4 - (Sla4a + a^l-a) • £) (a^l-a) + a^ - a^ • |) 

0 - 2 K ( ^ 
(a1a4 - a2a3) • a(a-l) • -

and it is easy to see that O > 0 inside the substitution region 

(a= 0 on the boundary) and o < 0, outside this region. 

Finally we can observe that the isoquants (in the economic space) are 

strictly convex towards the origin in the whole of the domain. This point 

is worth underlining, since other studies of the "uneconomic region" 

points out that the isoquants should be concave somewhere in this region, 

(see (12)). 
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III:3 PKopd/vtiu oh tkz ex poòt fiuncZlon 

The by far most common ex post specification is to assume that the 

amount of capital is fixed. However, I think it is more natural to 

impose the ex post restrictions on the engineering variables. It is 

the technology, and not some factor use, that is supposed to be fixed 

ex post. 

In our ease this means that the ex post restrictions should be placed on 

the x^'s. Given the interpretation that x^ denotes the number of a 

specific machine, a natural restriction is 

X. < X. i = 1, 2 (12) 
l - i  

This means that the firm has already bought x^ units of machine i, and 

can't ex post exceed this number. 

K is now the amount of capital used, and can vary within the limits set 

by (2) and (12). If the cost of capital is independent of its use, then 

the ex post price is zero, and only the price of labour matters when 

analysing the economic optimum. 

Due to the restriction (12) the region of substitution will change, and 

for some parts of the region new boundaries can be constructed. The new 

capital insentive part are constructed as follows: From the full capacity 

equipment (x^, x^), the most labour insentive machine (i e x^) is gradually 

taken out of operation. If full capacity utilization means consumption 

of K, L capital and labour, this new boundary is given by the equations: 

L = L - a1(x1 - x1) 

(13) 

K = K - a3(x1 - x^) 

which can be written as: 
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a3 - a3 -K • L = K L 
al al 

(L < L) (14) 

The new part of the labour insentive boundary can in the same way be 

written as: 

a4 - a4 -K — L = K — L 
a2 a2 

(L < L) (15) 

The new substitution region is then defined as the set S, 

S » {(K, L) 
a3a4 

'a.a.a + a0a (1-a) - L -
14 2 s 

< K_ < ala4(1"a> * a2a3a. 

ala2 

a3 a^ a& aA 
K — L ^ K L ; K — L > K — L) } 

ai al 2 - a2 

This set is illustrated in the figure below: 

Figure 2. Illustration to the ex post function when restrictions are 

placed on the engineering variables: 

K 

—(K,L) 
V ' 
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The ex post substitution region is seen to have the form typical for 

Leif Johansenfs ex post macro functions. There is also nothing preven

ting us from using the function (3) as a macro function, x^ and x^ 

would then denote total machine equipment in the industry. (It can even 

be more realistic to use the function as a macro function. If we for in

stance think of tree cutting, some firms may only use machine no 1, while 

others use machine no 2 (due, for instance to natural conditions). Total 

production could then perhaps be a function according to (1).) 

The ex post cost curves are easy to construct. If we assume that the ex 

post price of capital is zero, the firm will always chose the technology 

shown by the capital insentive boundary of the substitution region. The 
X X 

variable average cost will then be constant up to L (Q ) and thereafter 

increasing. Under certain reasonable assumption we thus arrive at the 

ordinary "neoclassical11 cost curves. However, it is to be observed, that 

the U-shaped cost curves are caused by the bounded substitution region, 

and not by a variable elasticity of scale. (Inside the region of 

substitution, the elasticity of scale is always equal to one. However, 

on the boundary it is equal to one when L < L , and decreasing there

after) . 

11/ CONCLUDING COMMENTS ANV SUGGESTIONS FOR FURTHER STUV1ES 

The case of bounded substituiability opens many interesting fields for 

further research. For instance, when discussing technological progress, 

we should also recognize the possibility that progress not only shift 

the isoquants towards the origin, but that it also widens the isoquants, 

or shift the substitution region in some direction. (See (8), (15), (16)). 

In this paper I have presented a very simple analytical production function, 

able to handle the empirically most common case: strongly limited factor 

substitution. The function reveal many interesting properties and it is 

easy to suggest further studies. First, the number of engineering or 
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economic factors could be extended. Secondly, the form of the input and 

engineering functions could be changed. One obvious extension is for 

example to use CES functions with an elasticity of substitution * 1. 

Another obvious extension is to introduce different forms of technologi

cal progress in the model. 
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