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PREFACE 

This book has grown out of a long interest in the empirical charac
ter of production and technical progress. When I started the work, I 
had a vague feeling that ordinary statistical estimates from observable 
input-output relations told us little, if anything, about the underly
ing technical structure. This suspicion was confirmed when I conducted 
a detailed study of the Swedish Iron Industry (Wibe 1980). 

My ma in conclusions were that statistically estimated production 
functions were a poor representation of technology, even though m y data 
base w as perfect. Many important technical characteristics disappeared, 
marginal productivities, elasticities of scale and substitution obtained 
wrong values, even though the statistical fit was good. The pro blems 
were p artly due to the estimation procedure, but more important was the 
fact that the technical structure was so comple x, that general formula
tions of production relations and technical progress were - in most 
cases - inadequate. 

These findings have guided m y wor k here. The study is mainly a col
lection of ideas how t o improve the empirical value of studies of 
technology and technological progress. Some o f the ideas may be fruit
ful, others not. The imp ortant thing for the reader to be aw are of 
is that no coherent theory is presented i n this paper. 

Some o f the items have alrea dy been devel oped into articles. Chap
ter 5 have be en use d for a survey article on Engineering Production 
Functions (to be publish ed in ECONOMICA), the micro studies in chap
ter 3 have be en use d for two articles on substitution in the iron 
industry (written together with Dr S Chakravarty, to be publishe d in 
ENGINEERING C OST A ND P RODUCTION E CONOMICS A ND E NERGY P OLICY) and the 
study on t echnical sets (chapter 4) has inspired an a rticle on the 
distribution of input coefficients (to be pu blished in ECONOMICS O F 
PLANNING). The ana lysis of "Scientific laws of production" (chapter 3) 
has been deve loped into an a rticle on "The Natural Bias of Technological 
Progress". (Mimeo. Can be obtained from the author.) 

This is how t his work should be used: as a collection of ideas that 
can be devel oped into new app roaches to empirical production studies. 
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I ENGINEERING AND ECONOMICS IN PRODUCTION 
STUDIES 

1:1 Introduction 

The core of the economic theory of production is the concept 
of the production function. This function summarizes the 
technical relations between input (production factors) and 
output (product) for a producing unit. The function is fur
thermore so defined as to include only the efficient input-out
put points, i.e. those points yielding maximum amount of 
output from a given input set. 

The idea behind the production function is that it shall 
reveal all the efficient technical possibilities of choice existing 
for a firm.1 These possibilities concern first the choice of 

technique, i.e. factor combinations, and second the scale of 
production. The decisive factors influencing these choices are 
of course the prevailing prices and (for the choice of scale) 

the market situation. Given prices, market situation and a 
profit maximizing behaviour of the firm, it is possible to derive 
product supply and factor demand curves for the firm directly 
from the production function. 

The production function concept was established in economic 

theory as a part of the neoclassical system built at the end of 
the 19th century.2 (It's origin could, however, be traced 

back to von Thünen's agricultural studies in the middle of the 
century.3) Like the utility function it was a theoretical con
cept, not immediately observable in reality. Naturally, how
ever, economists soon started to investigate the empirical 
properties of the functions. Exactly how large were the possi
bilities of factor substitution sind what were the scale proper
ties of the production function? This book deals with ways of 
answering these questions, or more broadly, ways of conduct

ing empirical production studies. The aim of empirical produc-

1 See for instance the definition given by Samuelson (1970) p. 
57. 
2 See e.g. Schumpeter (1954) p. 1026 ff. or Douglas (1948) p. 
1-5. 
3 von Thünen (1863) p. 507 ff. 



2 

tion studies is essentially to acquire knowledge of the techno
logical relationship underlying firm decisions and, when the 
analysis concerns time series studies, to understand the path 
of technological progress. There exists, mainly, two different 
ways of acquiring this knowledge1: 

(i) Statistical estimation from observed input-output rela
tions . 

(ii) Direct inquires into the engineering relations of produc
tion. 

Anyone familiar with production theory knows the meaning 
of the first, or statistical, method. This is the method mani
fested in litterally thousands of Cobb-Douglas and CES-esti-
mates. The second method is far more rare, but not unknown. 
A common, and unfortunately generally accepted term for 
these studies first used in the pioneering studies by Chenery 
(1949, 1953) is "engineering production functions". This term 
is somewhat misleading, first because the aim is not to con
struct "engineering functions" but to use engineering relations 
to construct ordinary economic production functions, and 

second, because it suggests that there is something like "a 
function" in engineering. "Engineering information for economic 
production analysis" is a longer but much better term for the 
subject. 

This book deals with the "engineering method" of construc
tion production functions. It is wise to point out, even at 
this stage, that the aim is not to put forward alternative 
theories of production, but to search for ways of improving 
the empirical value of production studies. In the author's 
opinion this is the way it should be. The accepted neoclassical 
theory of production is perfectly able to illustrate firm beha
viour under different market conditions. It is when we want to 

1 The word "mainly" is important. For instance Leif Johansen's 
short-run macro production functions are constructed from 
observed input-output relations, but without any statistical 
estimation procedure. 
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quantify the theory that we run into trouble and when en

gineering information is needed. 
This introductory chapter contains a short critical review 

of the two approaches presented so far. It may seem super
fluous to examine the "statistical method" (i.e. no (i)) as 

this is not the subject of this book, and as the first and 
most natural question before entering the engineering world 
is: "Why bother?" The easiest and most straightforward method 

of acquiring knowledge of production technology for the 
economist is the statistical method, i.e. to follow the following 
route : 

(i) Collect input-output data. 

(ii) Select an analytical form for the production function. 

(iii) Estimate the functional paramétrés by some statistical 
method, preferably least square regression. 

This is a straightforward method and before entering the 

often confusing world of engineering, we should understand, 
why the statistical method is insufficient for a correct 
empirical description of the technology of production. 

1:2 Production functions based on statistical estimation 
procedures 

Viewed superficially the statistical method has produced a lot 
of successful results. The statistical measures are in general 
"good", with high correlation coefficients and F-values. Fur
thermore, the results are "good" in the sense that they - in 
general - are in accordance with the marginal productivity 
theory of distributive share. To the first estimate of empirical 
production function - the Cobb-Douglas estimate in 19281 -
this was the ultimate proof of success. Cobb and Douglas 

1 Cobb and Douglas (1928). The Cobb-Douglas production 
function had, however, earlier been used in theoretical discus
sions by Wickseil. See Wicksell (1934). 
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estimated a macro function for the US Manufacturing Industry 
1899-1922; 

Q = F(K,L) (1:1) 

(Q output = value added, K capital stock, L labour) 

and when the empirical results verified the theoretical relations 

t §£ Mi v (1:2) 
u ' BL Q ' 9K Q 

(W wage rate, r rate of profit) 

they naturally concluded that their function truly represented 
the underlying technology. This result (i.e. verification of the 

relations (1:2) has in general been one of the results of macro 
studies with the statistical method, at least when the Cobb-
Douglas or the CES functions are used. 

Beside the apparently good results produced by the statis
tical method another obvious advantage is the simplicity of the 
method. The only special technical knowledge needed is the 
ability to conduct an ordinary investigation. The second step -

statistical analysis - is also very simple, given today's computer 
capacities. Finally, the data base is ideal in the respect that it 
represents everything that is observable and thus everything 
existing with 100% confidence. If, for example, data are collec
ted from all individual plants, in an industrial sector, it follows 
that all the relevant "data" are collected. 

Despite these obvious advantages, and despite the apparent

ly successful results obtained, there is growing scepticism 
about the statistical method, the essence of the criticism being 
that the estimated functions do not truly represent technology 
and that the "good" results are a purely statistical phenome
non, when Fisher (1971) for instance analyzed the Cobb-
Douglas function in a series of statistical simulations, even 
though the assumed technologies were not of the Cobb-Douglas 
type, he found that an estimated C-D function always produced 
results that were in accordance with the marginal productivity 
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theory of distributive shares, as long as labour's share of 
total income was held constant. The "success" of the Cobb-
Douglas function was thus but another expression of the fact 
that labour's share was roughly constant and not an explana

tion of that fact. 
The explanatory power of the ordinary method has also 

been questioned more directly, by Johansen (1972) who refers 
to a study by Mayor (1969), which shows that estimates of 

the elasticity of substitution in CES-functions often centres 
around 1 in cross section studies, while time series studies 
usually give values in the neigbourhood of Since both values 
cannot be correct, is either one correct, and what is really 

being measured by the "elasticity of substitution"? The answer 
is that a healthy scepticism is a prudent attitude when dealing 
with results of the statistical method. A good statistical curve 

fit is no guarantee that the estimated function represents the 
underlying technology. Leif Johansen's conclusion is rather 
the opposite. He thinks that the statistical method has ... 

"by producing many and diverging results, served to reveal 
and expose our ignorance in this field rather than produced 
firmly established knowledge" (1972, p. 1). 

The problem is this: When doing a production study we 
could chose either a small well-defined technology where output 
is homogeneous and measurable in physical units or a broader 
sector where output is not homogeneous and where a price 
based measure of output is needed, usually the value added. 
These cases will be considered separately. 

In the first instance we study a well defined process where 
output can be given a physical measure and where there exists 
a unique production technology. Suppose now that we want to 
estimate the production function at a certain point of time, 
by for instance collecting observable input-output points for 
all firms built that year. We cannot expect, however, that 
these data points will reveal much about substitution possibi
lities since they are all probably based on the same factor 
price calculation. Actually the normal result would be that all 
the firms would choose the same factor proportions (at the 

same scale level) $ince they all have the same price expecta
tions. At the least, we would not expect more than a very 
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small segment of the isoquants to be observed. 
If we conduct a time series cross section study, we would 

probably find different factor proportions, since relative factor 
prices (and expectations) have changed, but the problem is 
now that technology has also changed. Without any prior in
formation about either the production function or the path 
of technical progress we are not able to separate the effects 

of substitution and technical progress. 
In the second, more common instance, we study a broad 

segment of the industry in order to establish some macro 
functions. Data points are then taken from many different 

smaller technologies which can be regarded as points on some 
"greater" production function. Of course, we may now have 
widely different factor proportions (as the minor production 
functions could have large differences), but then we ran into 
another statistical problem. Output must now be measured in 

V3. economic units, either value added (Q ) or gross output 
(Q*»°). The problem with these measures is that output in the 

first case equals wages plus profit and in the second case 
equals the cost of inputs plus wages and profits. 

To see the consequences of this, suppose we have four 
factors, capital (K), labour (L), energy (E) and raw material 

(M). The functions estimated could be : 

(1) Qva = F(K,L) 
(1:3) 

(2) Qg0 = g(K,L,E,M) 

(The relations Qva = h(K,L,E,M) or Qg0 = h1(K,L) are 

meaningless from a technical point of view and we would not 
expect any significant fit unless the industries studied are 

very similar. ) 
Suppose now that the economy is in equilibrium so that all 

firms face the same factor prices Pg, P^, the same wage rate 
W, and the same rate of profit r. If observations are denoted 
with a foot index i (1,... ,n) we have the identities: 
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Q. = W L . + rk. i IX i = 1,... ,11 

(1:4) 
Qf° e W L . + rk. + PE E. + PM M. i = 1,...,n 

This means that we incorporate a serious bias in our esti

mates. Data are no longer technologically determined, output 
will change when equilbrium prices change. 

As an example, consider the case of Cobb-Douglas produc
tion function. Let us suppose that observations consist of data 

for separate sectors and that the average wage rate and the 
average rate of profit in these sectors are about the same. 

V2L Data then consist of observations (Q. , K., L^) i = l,...,n, 

fulfilling 

Suppose now that a C-D-function is to be estimated using 
data fulfilling (1:5). The method usually chosen is a least-
square linear regression: 

QVa K. (1:6) 
I n ^ L  )  =  % +  a 2  I n  ( j —  )  

A perfect fit thus gives a2 as the derivative: 

qY3 = W L . + r K. I ii i = 1,...,n (1:5) 

O va 

d (In ( j-i ) 
i 

K. 
d (In ( ^ ) 

i 

However, consulting eq. (1:4) yields: 

(1:7) 

Thus 
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qV3 
d <In < C > r • K. 

1 1 
Ki = ova 

d (In ( j-i ) Qi 
i 

(1:8) 

If we take datapoints fulfilling (1:5) and estimate the paramét

rés of the function 

~va A  va T 1-a /T.C^ Q = A • K • L (1:9) 

using a linear regression on eq. 1:6, we would expect a (i.e. 
a2) to take a value in the neighbourhood of the mean of capi
tal's share of the product. This result by no means follows 

from the state of technology and marginal productivity condi
tions. It is only another expression of the identity (1:4). 

(This simple point is one of the most overlooked points 
in the history of empirical production functions. Cobb 

and Douglas were pleased and perhaps surprised when they 
found that their estimate yielded correct predictions of income 
distribution. They did not then notice (and neither apparently 
did many others in the next 50 years) that this result was 
trivial, and not evidence of the state of technology or the 
theory of marginal productivity. Many economists seem to have 
forgotten that value added is defined as the sum of wages and 
profits. ) 

Thus, no matter whether we choose a small, well defined 
sector, or a large one with many diverging factor points, our 

estimates are strongly biased. On the basis of only the above 
analysis we would not expect an ordinary statistical production 
function estimate to reveal the underlying production techno
logy. What is left then is a direct investigation into engineering 

relations. 
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1:3 Production functions based on engineering information 

The concept of "engineering production functions" was intro
duced in two pathbreaking articles by H.B. Chenery (1949, 

1953). In both articles Chenery tried to show how engineering 
data and relations could systematically be used to derive 
economic production functions. The difference between this 
approach and the statistical approach is simple: The statisti

cal approach starts with actually observed input-output rela
tions, while the engineering approach ends up with a set of 
input-output data. 

The advantages of the engineering approach were clearly 

recognized by Chenery. When basing an empirical investigation 
on engineering relations analysis no longer concentrated on 
proven profitable techniques, i.e. the input-output relations 

were no longer connected to special price relations. The 
economist and the engineer differ however, in their use of 
engineering information. The engineer will start by assuming 

one level of scale of production and a set of factor prices. 

The resulting input-output relation includes therefore only 

one point of the production function. The economist on the 
other hand will use engineering information to serve his own 
theoretical models, calculating all sorts of (effective) input-
output relations, corresponding to all sorts of price assump
tions . 

The details of the scheme suggested by Chenery are com
mented on elsewhere in this volume. However, his formal ana
lysis begins with a separation of "engineering data", i.e. 
those units used by engineers (such as length, speed, tem
perature, tensile strength etc.) and the "economic variables", 
i.e. those units to which prices could be attached (such as 
labour, energy etc.). Chenery starts with the construction 
of an "engineering production function", i.e. a function 

Q = e(xj,...,xn) (1:10) 

(x1,...,xn denotes the "engineering variables"). This function 

is constructed from two more fundamental engineering fune-



10 

tions, the "material transformation function" and the "energy 
requirement function". The next step is to quantify the "input 

relations", i.e. the relations between the engineering variables 
Xj and the economic factors of production denoted v^. (j = 
1,... ,m) 

v. = g.(xlf... ,xn) j = 1,... ,m (1:11) 

These two relations are finally used to construct an economic 
production function: 

Q = E(vl5... ,vm) (1:12) 

Although Chenery's articles were met with great enthusiasm 
and there were later on, repeated calls for "more engineering" 

in production studies1, very few results have emerged. This 
state of the art is of course partly explained by the time 
consuming character of engineering studies. However, I also 
think that Chenery's scheme is inadequate for most industries. 
In fact, although every author in the field has referred to his 
model and adopted his general framework, no one has yet used 
his exact model, probably because the model formulation is too 

rigid and too specified. It is for instance, in many cases 
unnecessary, or too difficult, to write down the basic 
"material transformation functions" or the energy functions. 
Engineering information is simply not found in this form and 
it is too difficult to transform it. 

More important, perhaps, than the exact formulation is the 
fact that the general scheme is applicable to only a limited 
number of cases. The processes to be studied within Chenery's 
framework must fulfill two conditions: 

(i) The technology must be simple and well defined, i.e. 
"one-task" technologies. 

1 See e.g. Bosworth (1976) p. 145, Walters (1963) p. 11 ff. or 
Solow (1967) p. 26. 
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(ii) The technology cannot have a large and important labour 
input. 

The reasons for these restrictions are discussed by Chene-
ry. The technology must be a one-task operation because 
engineering relations exist only for such processes. The 
engineer works in such a way that he ... "breaks down the 
process of production into convenient units whose performance 
he attempts to describe by formulae based on the laws of 

physics and chemistry" (Chenery 1949, p. 508). It is of course 
theoretically possible to combine these micro-engineering studies 
in order to capture the production function for larger produc
tion systems. (This was probably what Chenery had in mind. 
See Chenery 1949, p. 529). However, the problems in doing 
this are enormous. V. Smith realized this when he analyzed 

the Trucking Industry of the U.S. ... "it soon became evident 
that it was a long and precarious step from the thermome-
chanical characteristics of internal combustion engines to the 
performance of vehicles" (Smith 1957, p. 282). 

"Engineering concerns itself with the performance of 
machines rather than of men" (Chenery 1949, p. 510). When 
Chenery talks of the engineering variable characterizing labour 

input he mentions "skill", but how can "skill" be represented 
by a physical number? It is almost impossible to write down 
any engineering relations involving labour. Of course, we can 
measure skill in output result, but this is not the point. The 
engineering method requires that we would be able to predict 

output from data on the physical and intellectual capabilities 
of a labourer. As this is not possible, labour intensive 
technologies are not suitable for engineering investigations 
at least not according to the scheme presented by Chenery. 

1:4 Outline of the present study 

The present study tries to avoid these limitations by extending 
the concept of engineering studies from engineering per se, 
to information on the shape of the economic production func
tion beyond what can be observed in operating plants. It 
does not try to establish an alternative engineering theory 
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but rather to find sources of useful technological information, 
and ways to model this information into production functions. 

The three main extensions in this work when compared with 
Chenery's model are i) the notion of what can be called 
"macro-engineering" information, i.e. engineering information 
that is relevant to all specific technical methods within a pro
cess. This may sound strange, but it is simply the limits to 
subsitution (and technical progress) that exist for many pro
cesses. ii), a deeper look into the existence of different 
technical methods (or technical sets) in one production field, 
iii), the derivation of models for technical progress from the 
engineering information.1 

These extensions mean a departure from the scheme for 
engineering analysis proposed by Chenery, because while the 
limits to substitution are calculated from engineering relations, 

they consist of pieces of economic information that can be 
used in statistical examinations of production functions. The 
studies of different (and discrete) technical sets may be 
guided by engineering classification systems, but the infor
mation that emerges is ordinary (economic) input-output 
figures. In short the extensions mean a mix of economic and 
engineering information. 

In order to clarify the issue and its structure, figure 1 
illustrates the "typical" economic information that emerges from 
the three areas covered by this study. 

The microengineering information gives us the (continuous) 
production function for one specific method. The investigation 
of the different methods gives us "normal input figures" over 
a broader spectrum. The substitution limits finally gives us 
the lowest input possible for the specific output level. The 

three areas mentioned are related to each other and can be 
regarded as three different "levels" of technology. The 

1 The possibility of using engineering information to acquire 
knowledge of the factors behind technical progress has been 
pointed out by many authors e.g. Chenery (1949) p. 531, 
Chenery (1953) p. 323, Ferguson (1953) p. 421 ff., Pearl and 
Enos (1975) p. 55, Walters (1963) p. 13, Cowing (1970) p. 18. 
I have, however, only found 4 studies where a more technical 
approach has been used: Hirsch (1952), Cowing (1970), Pearl 
and Enos (1975) and Wibe (1980). 
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investigation starts with a study of the structure of technology 
and the possibilités of a classification scheme. The three 
areas or the three kind of technical information are studied 

separately, and several empirical examples are given (Chapter 
II). The three areas are then studied separately in Chapters 
III - V. Each chapter contains a section on technical progress. 
The study concludes with a review of some of the most impor
tant engineering studies made and their results. 
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Figure 1 Illustrating the economic information gained from the 
three areas under study. The figure shows input figures for 
one level of production. 

I = Substitution limit, i.e. lowest possible input. 
II = Normal factor consumption for existing technical methods. 

III = Micro engineering substitution possibilities, i.e. substitu
tion possibilities within one method. 

Input no 1 
+=II 

+ 

III 

Input no 2 
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II THE STRUCTURE OF ENGINEERING INFORMATION 

AND ANALYSIS 

11:1 Introduction 

When investigating the technology of a production process 
many relevant relations and facts appear. For instance, when 
studying the production of electricity in a hydro power plant, 
the formula for the energy content of the water flow (E = 

mhg, E energy, h fall height, m water flow, g gravitational 
constant) is relevant, but so also is the formula for friction 
losses in tunnels or the formula for the explosive power of 

dynamite (when building the tunnels). If no rules of selection 
or organization are adopted, the researcher soon drowns in 
technical relations and data. 

Technical relations cover a broad field, from purely scien
tific statements down to the ordinary rules of experience of the 
production engineer. Many authors have tried to find the most 
relevant classification of these relations. Chenery for instance, 

distinguishes between "analytical" and "experimental" design 
laws in engineering (Chenery 1953, pp.297-298). The analytical 
method applies to ideal systems, like a perfect gas, a black 
body, a frictionless pendulum etc., and gives theoretical solu
tions to the production problems. The experimental method is 
on the other hand, the "cut and try" method: a new plant is 
designed from operating data on old plants without a satisfac
tory theory of the relationship between the elements of the 
process (ibid, p. 297). Obviously, the analytical method is 
close to what are called here scientific statements, whereas the 
experimental method is something like the experience of the 
production engineer. 

Several other classification system exist: Salter (1960) 
identifies three different levels of technology, the most ab
stract is what we call pure science ... "the knowledge dealing 

with basic principles of physical phenomena; the properties of 
fluids, the laws of motion, the principles of metallurgy" (p. 
9). The next level is applied science, defined as ..."knowledge 
of this character bridges the gap between principles and 

practice, such as the transition from the formulae of organic 
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chemistry to the design of an oil refinery or the application of 
genetic theory to the breeding of new plants" (p. 9), and the 
finally lowest level consists of knowledge relevant for the 
daily operation of the processes: ..."the rules of thumb of 
the craftsman and the technique of the production engineer" 
(p. 9). 

Feibleman (1961) identifies four levels. Apart from the 
three mentioned by Salter, he also speaks of the "technology", 
something between applied science and engineering and defined 
(not very clearly) as ..."a further step in applied science" 
(p. 310). 

There is probably no one given structure suitable for all 

kinds of technological information. The boundaries do, how
ever, seem to be the same for all problems. At the one 
extreme we have scientific statements, or more specifically 
the facts and relations applicable to all practical solutions 
of the problem, and on the other extreme we have micro 
engineering - i.e. those facts and relations specific to one 
special method, construction or plant. 

If these two extremes are accepted without further investi
gation, two different fields of the technological structure, 
what about the vast territory in between or the level which 
Salter called "applied science"? 

Studies of different processes have indicated that the 
most convenient scheme is to have only one level for "applied 
science". Since the "lowest" level deals with problems 
relevant for only one special technical method, the natural 
content of the "middle" level naturally contains information 
on the existing and/or possible methods and we end up with 
the following three-levelled structure: 

(i) Information on scientific relations relevant for the pro
cess . 

(ii) Information on what concrete methods exist for the rea
lization of the process. 

(ili) Information on the technical relations specific to one 
technical method. 
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Because this classification is vague, the rest of this 
chapter is devoted to a more detailed inspection of the three 
levels. However, a few more words must be said now, especial

ly regarding the "middle" level. 
There is first of all a question of adequate terminology. 

"Technical methods" - in the ordinary sense of the words -
apply to all levels of technical analysis. It is for instance 
perfectly admissible to speak of different technical methods 

within one specific method. If we talk of a steam engine as a 
special method, then there are of course different technical 
methods when building, or operating, this engine. 

To avoid this confusion the concept "technical set" is used 

when speaking of the technical methods relevant for the 
"middle level". Usually, there should be no problem in under
standing what is meant by this term. The different technical 

sets are, fairly easy to identify when studying empirical cases. 
The sets differ from each other in that different engineering 
principles are used. A motor could, for instance, have a cir
culating or a reciprocating piston. These different engineering 

principles are furthermore often connected with the use of 

different energy sources or raw material base. The coal fired 
and the electrical locomotive could suitably be defined as two 
different "locomotive sets". 

Some words of caution must also be offered. Although easy 
to identify empirically, there is no clear borderline between 
the technical set level and the remaining two. The three level
led scheme has no theoretically clear basis in technology. Ra
ther, the suggestion that the cake should be divided into three 
parts is only a matter of convenience, and where exactly to 
put the knife must be judged from case to case. The scheme 
is however relevant for many empirical cases, and that the 
combination of simplicity and relevance is fruitful for the 
analysis at hand. 

Also, the fact that three "levels of technology" are 
assumed does not mean that a production study shall (or can) 
obtain information on all these levels. The approach taken 
must depend on the technological character of the production 
process studied. For instance, if one studies a one task opera-
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tion involving basic material transformation, such as the pro
duction of metals, all three levels are probably interesting. But 
in studying a mechanical engineering industry, where a pro
duction process is more of "construction" carried out in many 
subsequent steps and with a large labour input, the best 
method is probably to study the different technical sets at each 
process stage (and their combination) and to drop studies of 

level I and III. 
With these warnings we can proceed to the study of each 

level separately. 

11:2 The scientific laws of a production process 

11:2:1 The nature of scientific production laws 

The scientific laws that underlie a production process apply 
no matter what the practical method chosen for its realization. 
In fact, this is an acceptable definition of what is to be re

garded as "scientific" or not. The forms and shape of these 
statements do of course show great variation. For instance, 
the energy formula for a body in motion: 

E = m v2 (11:1) 

is one simple scientific law. The maximum stress resistance in 
steel of a certain quality is a simple scientific fact and so on. 

In one sense, scientific laws represent an ideal state never 
attainable in practice, since practical use always includes some 
"losses" e.g. friction losses, energy losses or material losses. 
For instance, when giving a body of the mass m, the speed 
v, energy more than E = m v2 must be added due to energy 
losses in concrete machines. It is fruitful to treat scientific 
laws in this way: they do not directly steer the process in 
question but appear as restrictions, as boundaries that cannot 
be crossed, no matter how ingenious the practical solution. 

In order to better understand the nature of these scien
tific restrictions, I have listed below six different types, 
each containing several subgroups1: Two of these types of 



19 

restrictions are of outstanding importance for the economic 

study of production, namely: 

1) Energy input limits imposed by thermodynamical laws, 
e.g. 

a) Energy limits for transformation of ore into metals. 
b) Carnot efficiencies of heat engines. 

c) Energy requirements for moving bodies. 

2) Material input limits imposed by chemical laws e.g. 

a) Ore requirements for metals. 
b) Wood requirements for paper. 

Some empirical examples of these are given in this chap
ter. However, other limitational facts do exist: 

3) Absolute physical limits e.g. 

a) The speed of light. 
b) Zero pressure. 

c) Zero absolute temperature. 

4) Limits imposed by the human body e.g. 

a) Acceleration limits (no more than 0.15 g for standing 

persons, no more than 5 g for seated, normal, 
persons). 

b) Maximum pollution concentration in plants, cities or 
on the earth. 

5) Limits imposed by the physical property of material e.g. 

a) The strength of different materials. 

b) The insulation or conductive properties of materials. 

1 Some of these can be found in Ayres (1968) p. 81-82. 
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Possibly a 6th type of limit could be added, namely: 

6) Limits imposed by "Mother-Earth" e.g. 

a) Physical limits to the use of natural resources. 
b) Maximum distance from one place to another (on 

earth). 

c) Land requirements for a given amount of harvest. 

The interesting question at this point is what form these 
physical and chemical restrictions take, when transformed into 
the economic production function. No general statements are 

again possible, but one of the most common (and at the 
same time most simple and technically relevant) forms is as a 
limit for one factor use (per unit of output) or as a limit for 

one quality variable. Thus if we have a production function 
with output Q (units) of quality dimensions and with 
input quantities vi>- -'vm> then the physical restrictions 1) -
6) do produce restrictions: 

(n and v so defined that there exist upper limits to the quality 
variables and under limits to the input use.) 

Before giving empirical examples, the importance of these 
restrictions for the production function should be pointed out. 
First, they give the limits of substitution, and second, they 
give the limits of technological progress. The effect on sub
stitution is obvious. If vk ^ v^ Q, this holds irrespective of 
the amounts of other inputs. The effect on technological pro
gress is also obvious. Putting aside the quality factors, let us 
assume we have a production function 

n. g n. i  = 1,.. . ,1 (S k) (11:2) 

v. i = l,...,h U m) (11:3) 

Q = f(t, vi>-- »vm) (11:4) 



21 

where 

v > v. Q  i =  1,. . .  ,k (11:5) 

3f (t denoting time with > 0) 

Then obviously 

f(t, vx,...,v ) â min ( -1,...) 
vi vk 

V V, 
(11:6) 

irrespective of t. Thus, f(t,v) has an upper limit for every 
set of inputs, something which we can call "limits to techno

logy" . 
The effects of the quality restrictions prove a more direct 

link to the limits of technology. A new and better quality, 

e.g. higher speed of aeroplanes, can be regarded as a new 

product. If limits to these variables exist, then also limits to 
the possible products exist, something that also may be called 
"limits to technology". 

11:2:2 Scientific law restrictions - some empirical examples 

The empirically most important restrictions are those of type 

1) and 2). Some examples of these are: 

The production of aluminium1 normally means reduction of 
the oxide A1203. This reduction is done mostly with carbon 
and electricity, according to the basic formula: 

This simple formula gives a lot of interesting information. 
On the material side, it tells us that if we work with a 100% 
pure raw material (i.e. the content of A1203 is 100%) we need 
at least 1 890 kg to produce 1 ton of aluminium. This is 
because the content of aluminium in A1203 is 

A203 + I C + 259 kcal Al2 + | C02 (11:7) 

1 The calculations are based on Gyftopoulos et al. (1974) p. 
68-76. Several similar cases can be found in this book. 
2 Ibid p. 81-86. 



22 

(Where 27 and 16 are the atomic weights of aluminium and 

oxygen. ) Consequently, when using a raw material containing 
189 y% of A1203, the minimum amount per ton of aluminium is 

tons. 

The energy requirement is also easily calculated from for
mula (11:7). Obviously, energy in the form of 259 kcal heat 

3 and 2 C is needed to reduce 54 g of Aluminium. As the burn
ing of coal occurs according to the formula 

C + 02 C02 + 94 kcal (11:8) 

I C "contains" 3/2 x 94 = 141 kcal. Thus 141 + 259 = 400 kcal 
needed for 54 g of aluminium, which makes a total of about 
7 400 Meal per ton of aluminium. This is the absolute bottom 

limit for energy input and presupposes a totally pure raw 
material. If, as usual, the raw material is bauxite, (with a 
content of A1203 varying between 30 and 60%) the energy 
requirement for enriching the ore must of course be added. 

Another example is provided by the production of cement. 

The raw material for cement consists roughly of limestone, 
clay and sand, which are burned in a kiln. As the chemical 
composition of clay varies, so does the composition of cement. 
As the chemical composition of the product is not exactly de
fined, the input limits are also variable to a certain degree. 
However, "normal" limits for a "normal" type of cement are 
easy to calculate. A "normal" composition of cement can be: 

CaO Si02 81.6% 
CaO A1203 7.2% 
CaO Fe203 10.2% 
CaO 1.0% 

The share of the main component, CaO Si02 is roughly the 
same in different kinds of cement, whereas the share of the 
other components can vary. 

The production process for this kind of cement can be 
written : 
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1209 kg CaC03 + 121 kg Al2O3.2SiO2.2H2O + 189 kg Si02  

+ 34 kg Fe203 + 200 Meal 528 kg C02 + 25 kg H20 + 1 

ton cement 
01:9) 

Thus, the lower energy limit is about 200 Meal/ton, and the 
lower material limit is about 1 550 kg/ton. 

The importance of restrictions 3) - 6) are not of the same 
magnitude as 1) - 2) and I shall give only some short com
ments on their significance in empirical cases. 

Restriction 3) can operate in various ways, for instance as 
a direct application of the physical restriction. Thus, 3a) tells 

us that no rocket development will produce something with a 
speed higher than 300 000 km/sec. and hence, that a trip to 
the moon will take at least 1 second. 

Restriction 4) produces all sorts of limits, e.g. on the maxi

mum possible speed of passenger transport vehicles on earth. 
(If 5 g is the maximum acceleration possible, and from 6) x is 
the maximum distance between two points on earth, then there 
is a minimum travel time and hence a maximum speed.) 

Restriction 5) produces input and quality limits, e.g. to the 
special production methods used. If a certain building is to be 

made out of brick, then strength restrictions set a bottom li
mit for the tons of brick used (for a house of a certain type). 
Due to the vibration strength of iron and steel, an upper limit 
is set on train speed. The restriction also works in the other 
direction. Given a certain construction, only some materials 
are possible to use, regardless of price. 

Restriction 6) does also produce a variety of limits. Some 
are obvious, e.g. the minimum land and water requirement to 
produce a certain harvest. Others are more special, e.g. the 
size limits set on the building of ships due to the dimensions 
of ports, the Suez and Panama Canals together with the distri
bution of the world's natural resources. 

11:2:3 Scientific law restrictions - some concluding com
ments 

In this section, the empirical relevance of the various restric
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tions imposed by the scientific laws and facts governing a pro
duction process have been presented. There can be no doubt 
that these input and quality limits exist and that they are 
relevant for the production function in many cases. However, 
some reservations have to be noted. 

First, not every scientific law can be reduced to an input 
or a quality limit. Sometimes other forms do appear, for in
stance, relations between energy and raw material inputs. Also 

there are cases when no information of value for the economic 
analysis can be deduced. Second, the minimum requirement (> 
0) applies only to energy and material and not to capital and 
labour. The reason for this is obvious. It is impossible to find 
a scientific reason for a minimum requirement of labour or 
capital. Of course, some labour will always be needed but 
there is no reason, theoretically, why this figure should not 
approach zero without limit. 

11:3 Technical sets 

11:3:1 The nature of technical sets 

When representing production technique with the production 
function, economists work at a high level of abstraction. There 
is no mention of special technical methods and no special 
names attached to the different configurations of factor inputs 
shown by an isoquant. But when taking the engineering view, 
technology ceases to be represented by a smooth and conti
nuous isoquant. When asked questions about possible techni
ques, engineers usually give a catalog of the possible (known) 
methods that can be used for solving the problem in question. 
Technology ceases to be a nameless variation of factor propor
tion and appears as a set of discrete principles. 

It is not difficult to give examples of these technical sets. 
Take for instance the case of aeroplanes. We can roughly 
distinguish between three types of engines: 

(i) Propeller driven planes. 

(ii) Turbo planes. 

(iii) Rockets. 
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If we want to extend the list to known methods we have two 
i)-methods (reciprocating and turbo prop), two ii)-methods 
(turbojet and ramjet) and two iii)-methods (liquid- and solid-
propellant rocket). 

The types under i) produce power by converting chemical 

energy of fuel into rotation of a shaft: a propeller fitted to 
this shaft accelerates the air passing through, thereby chang
ing engine power into useful thrust. The ii)-type produces 
thrust directly by adding heat to the air passing through the 
engines and ejecting the resulting exhaust gases at high velo
city. The rockets finally, are independent of the surrounding 
air. All fuel and the oxidizer are carried within the aeroplane. 

These different types of aeroplanes do - as expected -
show very different engineering characteristics, as shown by 
the figure below displaying the typical thrust characteristics of 
the different engines. 

Figure 1 Typical thrust characteristics of principal types of air
plane engine, (a) Reciprocating, (b) Turboprop, (c) Turbojet, 
(d) Ramjet, (e) Rocket. Each engine is optimized at each velo
city. Source: McGraw-Hill (1977). 
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Another example is provided by the various steel making 
methods. Essentially, the making of steel consists of removing 
impurities (mostly sulphus, siliconoxide and phosforous) by 
the addition of energy and/or oxygen to the (molten) iron. 
Some of the methods used are: 

Bessemer: Air is blown from the bottom into a con
verter of molten iron. 

Open hearth: A fire of burning coal and/or oil is direc
ted from above into an open converter 
filled with molten iron. 

LD: Pure oxygen is blown from above down 
into a converter full of iron. 

OBM: Pure oxygen is blown from the bottom into 
a converter. 

Kaldo: Pure oxygen is blown from above into a 
rotating converter. 

These methods (e.g. Bessemer - OBM) may differ only 

with respect to some vital factors used, while others (e.g. 
LD - Kaldo) differ with regard to the technical principle in
volved . 

In general, different methods of production exist in almost 

every bransch of industry. When making pulp one can chose 
between the sulphite and the sulphate methods, when making 
cement one can chose between the wet and the dry processes, 

in cracking oil there exist the thermal and the catalytical 
methods, etc. The reader will find no difficulties in extending 
the list. 

There is of course nothing theoretically new in all this. The 
concept of production function does not exclude the existence 
of technical sets. The point is rather that when investigating 
a production process we can make use of the fact that input-

output points tend to cluster around a limited number of areas, 
i.e. that they all belong to some technically well defined 
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technique. It may therefore be a wise strategy to search first 
for the different technical sets and second for their charac
teristic input-output (and quality) figures. What is rewarding 
about the "set" approach is the fact that it is usually easy to 
find these characteristic - or "normal" - input-output values. 

When a technical set is described in engineering handbooks, 
it is often accompanied by some production data, usually nor

mal inputs at different levels of output. 
Continuing the example of steelmaking processes, I below 

give the typical input figures for some "sets". 

Table 1 Production cost per ton of steel ingot produced by dif
ferent methods (Source: "Comparisons... (1962)). 
(in Swiss francs and percentages) 
S.C.= Specific consumption C = Cost (in Swiss francs) 

Low-phosphorous iron Open-hearth LD Kaldo Electric furnace 

Price 
Item Unit per 

unit 
(Sw.fr.) S.C. c. S.C. C. S.C. C. S.C. C. 

Open-hearth iron ton 230 0.749 172.2 0.788 181.2 0.758 174.3 0.054 12.4 
Scrap (average) ton 140 0.321 44.9 0.340 47.6 0.325 45.5 1.023 143.2 
Finishings kg 0.70 8.0 5.6 7.0 4.9 6.0 4.2 5.0 3.5 

Total metallic* ton 1.078 222.7 1.135 233.7 1.089 224.0 1.086 159.1 
Percentage 100 105 101 72 

Iron ore kg 0.04 80 3.2 . 55 2.2 10 0.4 
Fluxes 

kg 
- 2.4 - 2.0 - 2.0 - 1.2 

Oxygen ma 0.05 30 1.5 50 2.5 60 3.0 10 0.5 
Conversion cost, 
total of which - 45.2 - 28.2 - 32.8 - 70.0 
Fuel (coal equi
valent) kg 0.7 110 7.7 - - - - -

33.0 Electric power kWh 0.06 - - - - - - 550 33.0 
Electrodes kg 2.4 - - - - - - 5.5 13.2 
Labour 

kg 
- 8.0 - 4.5 - 5.3 - 6.4 

Capital cost (12%) - 14.4 - 7.2 " 8.4 - 10. 8  

Total (Sw.fr.) 289.4 273.6 272.4 242.0 
Percentage 100 94 94 83 
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Without much effort, this table could be extended first to 
different levels of output (in this case mostly affecting labour 
and capital inputs) and second to different qualities of steel. 

The importance of this technical set approach in collecting 
production information is clearly seen if we want to study 
capital-labour substitution. As I have pointed out, it is gene
rally not possible to find engineering relations involving la
bour. Labour input is usually given as a number needed to 
operate a certain machine or system. Labour substitution is 

then possible only by a switch of methods or by a change in 
the organization pattern within a plant. This means that the 
best (and perhaps only) method to study this substitution is 

to find the different sets and then study their possible sub
stitution or combination. 

The essence of the technical set approach is discontinuity 
i.e. that there exists a finite number of discrete techniques in 
solving a particular production problem. This discontinuity is 
based on the fact that each set can be viewed as a combina

tion - or a complex - of discrete engineering micro principles, 
each specific combination representing a set. This also means 
that prior knowledge of these principles and their possible 
variation could be used in a systematic search for the exist
ing sets, otherwise known as the morphological method of 
classifying technology. 

This method originally expounded by F. Zwicky (an astro
physicist and jet engine pilot) is sometimes used in forecas

ting technological change. The method consists basically in 
identifying the characteristic engineering principles involved 
in the process, and their possible variation. The best example 
of this is given by Zwicky (1962) himself. Zwicky studied the 
totatlity of all jet engines operating in a pure medium and 
noted the following parametric possibilities: 

1 2 ' intrinsic or extrinsic chemically active mass 

1 2 Pg' internal or external thrust generation 

p l > 2 , 2  
3 intrinsic, extrinsic, or zero thrust augmentation 
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1 2 P^' internal or external thrust augmentation 

1 2 Pg' positive or negative jet 

possible thermal cycles (adiabatic, isothermal etc.) 

medium (vacuum, water, earth, air) 

motion (translatory, rotatory, oscillatory or none) 

12 3 Pg' ' state of propellant (gas, liquid, solid) 

1 2 P^q  continuous or intermittent operation 

1 2 Pn' self-igniting or non-self igniting propellant. 

There are totally 36.864 different combinations, thus at 
least 36.864 different technical sets do exist. (It is possible 

to reduce this number to 25.344 by eliminating meaningless 
and self contradictory combinations. ) I say at least because 

we cannot be certain to have included all relevant distinctions 
(or stated them with enough precision) and we can of course 
not be certain whether or not technological development will 
introduce new paramétrés into the list. This uncertainty 
is also the cause for the vagueness of the set concept. There 

is nothing to prevent us from omitting the difference between 
self-igniting and non self-igniting propellant from the list 
and/or adding the case where combustion occurs in a subso
nic mass flow or when it occurs at supersonic speeds. Thus 

where the line is drawn between different sets depends partly 
on the investigator's technical knowledge and partly on the 
amount of relevant technical knowledge. 

Whatever the shortcomings, the morphological method offers 
a convenient method of technical classification which can be 
used when searching for different sets as well as and when 
investigating the technological space.1 A further illustration 
of this method is the following morphological space worked out 

1 For several examples, see Ayres (1969) ch. 5. 



30 

for the different steel-making methods. A parametric represen
tation of the different principles involved could be: 

12 3 P^' ' Material requirement (molten iron, scrap, ore) 

12 3 Pg' ' Oxygen intake (from above, from below, none) 

12 3 Pg' ' Air intake (same as oxygen) 

1 5 P^'' Energy source (oxygen, air, electricity, slag, fossile 
fuels) 

12 3 Pc-' ' Converter movement (none, circulating, reciprocat
ing) 

12 3 Pg' ' Lining (acid, basic, neutral). 

These are of course not all the possibilities but they still 

alone account for 1,215 different sets. Even when the non-
sensible cases are excluded, about 800 different sets remain. 
Regarding the methods mentioned we have for instance (in 
vector-notation) 

Bessemer: (1,3,2,2,1,1) 
LD: (1,1,3,1,1,3) 
Electric furnace: (2,3,3,3,1,3) 

The exact use of the technical set approach does of course 
depend on the industry studied. We can roughly distinguish 
between one-task industries and multi-task industries. (Of 
course most industries belong to the latter group.) Multi-task 
industries are those where the product has to pass through 
many separate operations (followed in a specific sequence) 
before leaving the firm. Each stage has its own output, this 
being the input of next stage. For each stage, then a mor
phological investigation can be carried out, hopefully revealing 
some of the possible sets and their characteristic input-output 
values. Ordinary linear programming then gives the totality 
of effective input-output points for the whole system. The 
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approach of division into stages and then the study of tech
nical sets at these different stages is of course the only me

thod to use when investigating engineering or construction 

industries. 
In a one-task operation, such as for instance the making 

of some metal, we only have one stage, and our ambition re
garding the set investigation can thus be set higher. 

Note once again that there is no direct theoretical novelty 

or complexity attached to the technical set analysis. The 
message is simply that when the goal is the study of labour 
substitution or of engineering industries characterized by a 
sequence of minor operations, it may be advisable to ask the 
simple questions: What are the possible methods employed and 
what are their characteristic input-output figures, rather than 
delving deeply into specific engineering operations. 

11:4 Microengineering Analysis 

11:4:1 Introduction 

The term "engineering studies" usually refers to the case 
where a special technical set has been chosen for a closer 

study, to understand the nature and specific problems of 
this area of research, it is useful to take a closer look at 
Chenery's model which is the standard reference for this 
field. 

11:4:2 Chenery's micro engineering model 

Chenery starts by generalizing the process of production. His 
conclusion is that (industrial) production consists of transform
ing material with the help of energy (Chenery 1953, p. 299). 

The factors of production are then divided into two groups 

according to their technical function. Those which form part of 
the final product are called "materials" and the rest "process
ing factors". (The latter group is divided into three sub
groups . ) 
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Three fundamental equations now represent the engineering 
information (Chenery 1953, symbols unaltered). 

(i) Material transformation function 

(X., Mi, tv Er) = 0 (11:10) 

Xj = The amount of output i 
|j. = The quality of material i 
£. = The quality of output i 
Er = The amount of energy required 

(ii) Energy supply function 

Er = f(p.) (11:11) 

Pj = The quality of the processing factors 

(iii) The input functions 

m = m(rtj) (11:12) 

y = yOp 

m = Quantity of material 
y = Quantity of processing factors 
7tj = Qualities of material, processing factors, and energy. 

When (11:11) is substituted in (11:10) an "Engineering Pro

duction Function" emerges. 
Chenery's model is powerful in many respects. It is clear 

and easy to understand. The relations involved are truly 

fundamental to every production process and the classification 
scheme is relevant to the engineers' concept of production. 
Also, the fact that no one has tried to replace (or even modi
fy) Chenery's basic model is a fact speaking in favour of the 
model. However, not only is the model not criticized, it is 
also not applied. As pointed out earlier engineering studies 
are not conducted according to the model presented above and 

no one - including Chenery - has presented an empirical 
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"material transformation function". 
Of the several problems attached to Chenery's model some 

are connected with the formal analysis, and are examined in 
Chapter V. However, the general features of Chenery's model 
also presents a serious problem. Chenery seeks a common 

form for engineering information, that is applicable to the 
large majority of empirical cases, but the instead presents a 
model which is difficult to apply to any case! While the "mate
rial" , "energy" and "engineering" functions do exist theoreti

cally, but the concrete information is never adjusted to suit 

these relations. 
What then, is the common form for engineering information? 

In fact, I do not think there is one! At the micro level, the 
technical relations and facts included are so diversified, so 
particular to the process under study, that no uniform theory 

or structure is capable of handling more than a small number 
of cases. This statement that of course only be verified by 
empirical examples, but I think it is indeed one of the few 

basic features of engineering micro studies that there is no 
common form or function. Here then is one of the paradoxes 
of this field. Of the three levels analyzed, this one only 
has a theory, and yet, this is the only level where the 

theory does not fit. 

11:4:3 Micro engineering analysis - some examples 

To provide a better understanding of these problems two very 

typical empirical cases, both directly quoted from two widely 
used textbooks on the subject are presented. 

The first example is taken from D. Wilde's "Globally Optimal 
Design" (1978), a book full of interesting examples of engineer
ing calculations. This special problem was constructed by D. 

Cautley and M. Kast (Stanford 1974) and concerns optimal 
installment for a solar heated house. Their presentation of the 
problem follows : 

"The inherent difficulty in harnessing solar energy is that 
you can only collect it when the sun is up, which may or may 
not coincide with your energy demand schedule. Therefore, 
both energy collection and storage systems are required, along 
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with the necessary interfaces and controls. 

The system studied collects solar radiation by heating a 

near-blackbody sheet metal wafer through which water is 
pumped. The water functions both as the heat-transfer medium 
and heat storage, being returned to a large storage tank at an 
elevated temperature. The water releases the heat to the rooms 
of the house as insulated louvered panels are swung away from 
the tank surface through convertion and radiation. 

The size of the energy collection and storage systems must 

be matched to each other and to the heating requirements of 
the building. The heating requirement is a function of the 
house design, wall and roof construction, insulation thickness, 

window area, crack length around windows and doors, and of 
course weather conditions." (Wilde 1978, p. 22.) 

Cautley and Kast first assumed a house of "reasonable" 

dimensions and normal values for mean inside and outside 
temperature, convective coefficients etc. In formulating the 
final cost, a minimization problem, the following engineering 

variables were considered: 

Xj = collector area, ft2 

x2 = radius of storage tank, ft 
x3 = height of storage tank, ft 

x4 = wall insulation thickness, in. 
x5 = roof insulation thickness, in. 
x6 = weatherstripping seal length, ft 

The total cost function (in 1974 US $) could then be calcula
ted as: 

3.5xj + 150 
(1) 

6.28x| +15.7 x2x3 +100 

(4)materials, tank top & bottom (5)materials, sides 

0.045Xj'5 +100 
(2)differential pump capacity cost 
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X?'5 +31.4x§ ' 5x§ '5 +100 

(3)electronic controls, collector (6) con trois, storage 

+137x4 +72X5 +0.2X6 

(7)wall insulation (8)roof insulation (9)crack 
seal 

To solve the problem, (i.e. calculating economically optimal 

values for xx,...,x6) this cost expression was minimized 

subject to the following constraints: 

Constraints Physical Interpretation 
Xi â 1500 collector size limited 

by southern roof area 

x4 s; 3.5 wall insulation limited 
by stud width 

x5 S 5.5 roof insulation limited 
by joist width 

2x2x3 â 150 wall area of storage 
tankàminimum bound 
for free convection 

770x^48(2730(33/4.5x4)+2400(39/4.5x5) heat input into water 
r-N „/, with collector efficien-

+1800(1.5)+108(3.3/1.19) cy=5o% two days of 
-102+63)(0.075)(20)(0.24)(33)x6) heating for house 

heat input per day= 
1. 2xstorage capacity 

770xlS1.2(140-68,(0.988)Wxix3 ^loS '&Ä 
direction determined 
by requiring tank to 
store at least the 
amount of heat collec
ted 
weathers tripping 

x6^171 length limited by crack 
length 

This very typical problem concerns the optimal design of 

capital equipment. The main substitution is between two 
different types of equipment: wall and roof insulation versus 
the size of the collector and storage tank. The problem is 
furthermore solved by constructing a cost expression 

C = H(xi, . . . ,xn ,  P!,. . . ,Pm) (11:13) 
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which is minimized subject to a set of restrictions 

P. (Xl,...,xn) S 0 i=l,...,k (11:14) 

There is no explicit notation for output, a given level of 

output is chosen from the beginning. Many prices are not 
uniquely related to a specific good, but are a function of its 
size or weight (e.g. the price of the electronic control for the 
collector P = Cq + Cj x*). This forces the economist to con
struct a capital input measure which actually then consists of 
the added cost for different items, measured at some price 
ratio. 

The second example is taken from M.S. Peters and K.D. 
Timmerhaus "Plant Design and Economics for Chemical En
gineers" (1968) a book often quoted in economic engineering 

studies. The problem chosen is as follows (p. 256 ff. ). 
"A plant is being designed in which 450.000 lb per 24-hr 

day of watercaustic soda liquor containing 5 percent by weight 
caustic soda must be concentrated to 40 percent by weight. A 
single-effect or multiple-effect evaporator will be used, and a 
single-effect evaporator of the required capacity requires an 
initial investment of $18.000. This same investment is required 
for each additional effect. The service life is estimated to be 
10 years, and the salvage value of each effect at the end of 
the service life is estimated to be $6.000. Fixed charges minus 

depreciation amount to 20 percent yearly, based on the initial 
investment. Steam costs $0.60 per 1.000 lb, and administration 
labor, and miscellaneous costs are $40 per day, no matter how 
many evaporator effects are used. 

Where X is the number of evaporator effects, 0.9 X equals 
the number of pounds of water evaporated per pound of steam. 
There are 300 operating days per year. If the minimum accept
able return on any investment is 15 percent, how many effects 
should be used?" 

The solution to this problem is given in the table below, 
revealing different possible factor combinations: 
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Fixed 
charges 

Steam minus Total 

costs depre Depre Labour cost 

X = no. per ciation ciation etc., per 

of effects day per day per day per day day 

1 $262.5 $12 $ 4 $40 $318.5 

2 131.3 24 8 40 203.3 
3 87.5 36 12 40 175.5 
4 65.6 48 16 40 169.6 
5 52.5 60 20 40 172.5 
6 43.8 72 24 40 179.8 

The substitution revealed in this example is typical for 
engineering studies. More machines save energy or, in this 
particular formulation, more evaporator effects save steam. 

Even though the problem is given as a pedagogical example, it 
very much resembles the working routines of an engineer: The 

output level is fixed, prices are fixed, no labour substitution 
is considered. 

There are some similarities between these two examples, 
that many other engineering studies also exhibit: 

(i) The problem is typically formulated as a cost minimization 
problem at fixed prices. 

(ii) Only one output level is considered. 

(iii) If any substitution is revealed, it concerns different 
types of capital or capital-energy. Labour is treated as a 
fixed factor. 

Two examples do not, of course, tell the whole story, but 
reading some of the engineering literature1 supports the con
viction that (i)-(iii) is about all that can be generalized and 

the most interesting observation is that there is no common 
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structure underlying micro engineering information. Although, 
in some cases it might be possible to transform the given re

lations and information into for instance Chenery's "material" 
or "energy" functions the question is: Why should an econo
mist bother to conduct complicated transformations if his 
prime interest is not these transformed relations but the 
economic production function? The answer judging from 
existing literature on (economic) engineering analysis is clear. 
The route over the "material" and "energy" functions is an 

unnecessary and complicated detour. 
This denial of the existence of a useful theory has how

ever, a positive side. There is much information in the 
statement that no such uniform theory does exist, and the 
researcher not needing to look for facts fitting a trouble
some theory, gains time, effort and insight. 

11:4:4 Micro engineering analysis - some conclusions 

We then end up with the following conclusion: Micro engineer
ing analysis provides us with a set of engineering relations: 

P.(xi,...,xn) = 0 i=l,...,k (11:15) 

and (possibly) a set of input relations: (i.e. relations between 
engineering variables x^ and economic factors v.) 

v. = g.(xx,... ,xn) j = 1,... ,m (11:16) 

This information is furthermore given mostly for just one 
output level. 

It is possible to derive economic information, for instance 
in the form of a production function, from this. The easiest 
way is probably to calculate least-cost solutions for a wide 
range of different input prices, thus obtaining points on the 
isoquants. However, this economic information is revealed 

only after the optimization procedure, and is therefore not the 

1 The excellent McGraw-Hill encyclopedia on Technology (1977) 
is perhaps the best survey of this field. 
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kind of direct economic information that evolves from the 

"technical set" or "scientific law" analysis. 
This micro information raises different problems than the 

information on the two other levels. In the case of "scientific 

laws" it was obvious that the information could be used to 

place technical restrictions on the form of the production 
function. In this case we cannot say anything in general 
regarding restrictions; these obviously depend on the form of 
the engineering and input functions, and, as we have seen, no 
uniform statement is possible here. The only thing common to 
all engineering relations is the transformation from engineering 
to economics, i.e. the transformation from a set of relations 
(11:15-16) to an economic relation defined by the efficiency 
criteria. The object of this model analysis is therefore this 
particular transformation and the restrictions it places on the 

economic production function. 
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III AN ECONOMIC ANALYSIS OF SCIENTIFIC LAWS OF 
PRODUCTION 

111:1 Introduction 

This chapter will analyze in more detail the nature and signi
ficance of the "scientific laws" mentioned in the previous chap
ter. It asks in what way this kind of information can be used 
to place meaningful restrictions on the static production func

tions and on the models for technical progress. The analysis 
deals mainly with input limits, i.e. the cases where we know 
that input per unit of production always exceeds some physi
cally determined number. Two kinds of production functions 
are studied in this context, the Cobb-Douglas and the CES-
function, to which input limits are added. The analysis deals 

also with the form of technical progress given these limits. A 
note on the form of production functions with quality limits on 
output concludes the chapter. 

111:2 Static production analysis with input limits 

111:2:1 Introduction 

This section analyzes the properties of two classes of produc
tion functions (the Cobb-Douglas and the CES) when input li

mits are added. For the sake of simplicity, assume only two 
inputs, K and E, and that 

K è K0 • Q (Ko, Eo è 0) 
E è E0 • Q 

(Q = production, K0 and E0 are the input limits per unit of 
production. ) 

K and E may be thought of as capital and energy. K0 or E0 

may of course be zero. 

II 1:2:2 The Cobb-Douglas case 

The simplest way of taking into account input limits is to work 
with a "net factor concept", K* and E*, where 
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K * = K - K 0 Q  ( 1 1 1 : 1 )  

E* = E - EqQ 

A Cobb-Douglas function using this net concepts can be writ
ten: 

Q = A-(E*)a-(K*)ß = A'(E-E0Q)a-(K-KoQ)ß = f(E,K,Q) 
(A a constant) 

(111:2) 

Given information on E0 and K0, and a sample of observa
tions Qj, Ej, Kj, this function can be estimated by ordinary 
least-square regression when put on a linear form. (As Q 
appears both on the left-hand and right-hand side we do how
ever have a statistical bias problem.) 

The properties of this function differ in many respects from 

the usual formulation, and we shall analyze some of them. 

The marginal productivities can be calculated from the 
equation : 

dQ = §1 • dE + fl • dK + ^Q- dQ (111:3) 

which gives 

d§ _ 
dE 

3f . 9f dK 
9E 3K ' dE 

1 - ^ 1 3Q 

3f 
dE 

1 - £ 1 3Q 

(dK = 0) (111:4) 

3f 3f dE 
dQ 3K 3E 8K 
dK " , « 

3Q 

3f 
3K 

1 - ^ 1 3Q 

(dE = 0) (111:5) 

As 

f = - a ' Q 
E " 3E E-EqQ 

f - §î - ß • Q 
K ~ 3E ~ K-KoQ 

(111:6) 

(111:7) 
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f = — = -aEqQ _ ß'KpQ _ 
Q 3Q (E-EoQ) K-KoQ 

We have 

BQ _ fE  
3E 1+Eofg+Kofj^ 

3Q _ fK 
dK l+E0fE+K0fK 

E - K 0 f K  ( 1 1 1 : 8 )  

(111:9) 

(111:10) 

If both E0, K0 t 0 then for every given value of K (E) the 
marginal product of E (K) decreases and tends towards zero. 
This holds regardless of the values of a and ß, and in this 
respect the function thus differs from the usual formulation. 

The slope of an isoquarit can be obtained by putting dQ = 

0 in eq. (111:3). This yields: 

dE _ fK _ P(E"EoQ) (111:11) 
dK "fE " a(K-KoQ) 

The condition for a constant relation between the marginal 
productivities (i.e. constant slope of the isoquants) is that 

the relationship between the net factor amounts are the same. 
For the ordinary Cobb-Douglas the slope of the isoquants 
is constant along any factor ray through the origin, while in 
this function this is the case only for the ray 

Ko 

Along any factor ray where K/E > K0/Eo, the slope (dE/ 
dk) decreases, while if K/E < Ko/Eo/ the slope increases (as 
Q increases). 

From these equations, it is also possible to calculate the 
elasticity of substitution, a: 

(a + 1 - a Q E o/E - QKo/K) (111*12) a = ___ 
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where 

a = Ê 
a 

Evidently then our production function has an elasticity of 
substitution always less than one if E0 and/or K0 is greater 
than zero. The elasticity varies furthermore along the iso-
quants, with limits: 

lim a = 1 - -Jr (111:13) 
E+EqQ a 1 

lim er = 1 - -(111:14) 
K+KoQ a 1 

(E~») 

and can be shown to have an maximum or minimum point some
where between these two end values. (When 

K = 1 . ( Ka . (K-K„Q) «•« . 
L a E0 (E-EoQ) ' ' 

The elasticity of scale also reveals some interesting pro
perties. Following Frisch (1965) I define the elasticity of scale 
as (the relative) increase in output following a (relative) in
crease in inputs along a factor ray, i.e.: 

« • â? • % 

where 

E = jj • Ex 

(EX, KX fixed) (111:16) 
K = p • K 

If we define Z = ^ , our production function can be writ-
M 

ten: 

Q = A • (m • Ex - E0Q)a • (M • Kx - K0Q)P = (111:17) 
A • Ma+ß • (EX - E0Z)a (KX - K0Z)P 
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Transforming yields 

Z = A • m^'1 (EX - E0Z)a (KX - K0Z)ß = g(p, Z) 

(111:18) 

From the definition of Z, we have 

^ = M • % + Z (111:19) dp M dp 

However, differentiation of (111:18) and rearranging yields: 

z 

where 

gM = (a + ß - 1) . I (111:21) 

and 

g-7 = 
- a Eq Z ß KqZ (111:22) 

Z (Ex-E QZ) (KX-KQZ) 

substituting (111:20) into (111:19) yields 

dQ _ M <*u> „ (111:23) 
dM * 1 - g„ + Z 

and from the definition of e (111:15) 

e = H ( M ' gH w z 011:24) 
Q  l " g z  

After using (III: 21-22) and simplification, this expression 
becomes : 

£ = t , «Lzp " 'b-K^Z- + 1 "II:25> 

EX-E0Z KX-K0Z 
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As the denominator is always >0, it is obvious that 

e I 1 <=> a + ß I 1 (111:26) 

i.e. that the same condition holds as for the ordinary formula
tion of the Cobb-Douglas-function. However, the elasticity 
differs in other respects. First, the elasticity varies along an 
isoquant, with 

MM £ = 1 (III:27) 

or 
K+KoQ 

as endvalues. Secondly (if a + ß i- 1), E varies if we move a-

long a factor ray from the origin. From the definition of elas
ticity of scale it follows that: 

§ I 0 <=> e £ 1 <m:28> 

and analyzing the expression (111:25) yields 

de 0 (111:29) 
dZ u 

If thus e > 1, an increase in Q (n) means an increase in Z 
and, by (111:29), a decrease in e. Conversely, if e < 1, e will 

increase as Q increases. It is furthermore easy to verify that 

lim e = 1 (111:30) 
(j-*» 

in all cases and also that: 

lim e = a + ß 
|j*0 

(111:31) 
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The development relation e = f(q), can thus be illustrated as 
in the figure below: 

Figure 1 Illustration of the relationship between the elasticity 
of scale and output. 

a+3 

a+$ 

Output 

The elasticity of scale can also be calculated along an 
expansion path, i.e. along a path where 

dE 
dK = const. 

This gives the expression for the elasticity: 

e = » + ß - 1 + 1 
(111:32) 

1 + k • Q 1+ a+ß 

where k > 0 is a constant. Thus, if a + ß > 1, the elasticity 
decreases as Q increases, and conversely if a + ß < 1. The 
value of the elasticity along an expansion path will thus follow 
the same pattern as along rays through the origin. 

This concludes the theoretical analysis of the Cobb-Douglas 
function. The analysis shows that the addition of the very 
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simple "input limits" affects the properties of the function 
significantly both regarding scale and substitution aspects. 

111:2:2:1 An empirical example - The Cobb-Douglas function 
applied to the Swedish iron industry 1960-1975 

The transformed Cobb-Douglas function is illustrated with em
pirical data from the Swedish iron-making industry from 1960-
1975. These data are yearly plant data for the 15 blast fur
naces that were in operation during this period. Due to close 
downs the total number of observations is 214 (and not 
15x16=240). Data, collected on personal visits to these 15 

plants in 1977 are: 

(i) Yearly output in tons of pig iron. 

(ii) Yearly consumption of energy in tons, equal to the sum 
of coke and oil. 

(iii) Replacement value of stock capital in millions of crowns 
at 1960 price level. 

(Further details of the data base can be found in Wibe 
(1980).) 

First an ordinary C-D function is estimated, and then the 
transformed function. To accounter for technical progress, a 
neutral progress term is added. The assumptions on limits are 
that the lower limit of blast furnace energy consumption is 
equal to 0.350 ton (coke and oil) per ton of iron. The func
tions estimated are thus: 

(i) Q = Aj • e&lt • Eai • KPl 

(ii) Q = A2 • eazt • (E - 0.35 • Q)0*2 • Kp2 

(The assumption of technical progress is further explained 
in the section on the dynamics of production in this chapter. 
The bias-problem in (ii) is not taken account of, but Q against 
K and E* = E - 0.35 • Q) are just estimated. 
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A production function with energy and capital is most rea
listic in the case of blast furnaces. The two other factors, 
raw material (R) (ore) and labour (L) fulfills (roughly) the 

conditions : 

R = kxQ (ki const.) 
L = L (const.) 

Table 1 Results from Cobb-Douglas functions estimates on 
Swedish iron industry 1960-1975 

A a a ß r2 

(i) 
No limits 
on inputs 0.78 0.005 1.036 0.022 0.99 

(*) (***) (***) (*) 
_ 

under limit 
on energy= 2.15 0.010 0.966 0.157 0.94 
=0.35 (ton (**) (***) (***) (***) 
per ton iron) 

(*** = significant on 99% level 
** = -"- 95% - "-
* = 90% - "-) 

The correlation coefficient is slightly lower in the transfor
med function case. The difference is however small and fur

thermore we know that the (i)-case is technically incorrectly 
specified. (The observed difference in r2 here serve a peda
gogical purpose, they show the danger of only looking at 
statistical correlations and not at the underlying techno
logy . ) 

The interesting thing about these estimates is not the 
values of the coefficients, but the implied results for the elas

ticities and the marginal productivities. Let us first look at 
the elasticity of substitution. In case (i) this is equal to 1.0. 
In case (ii)1 a random sample of 40 cases (of the 214) yielded 
values 0.90-0.94. Thus: 
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Ox = 1.0 

ct2 « 0.92 

The calculations of the elasticity of scale also revealed some 
interesting differences. In case (i) we have e = a + ß, i.e. 

ex = 1.058 

In case (ii) e was slightly higher centering around 1.10. 
Here a linear regression (on all observations) with e as the 
dependent and production as the independent variable gave 

the following result: 

e = 1.103 - 2.IO"' -Q (r2 = 0.37) 
(***) (**#) 

The correlation coefficient is of course low, but both coeffi
cients are significant. (We would also expect a low r2 since we 
know that e is dependent not only on Q, but on factor propor
tions also. ) This equation states that expanding production 
(with about the same factor proportions) would decrease e with 

0.02 units per 100 000 ton increase in yearly production. (The 
production figures for the observations are all in the range 
25 000-600 000). The equation also shows that e = 1 when Q 
» 5 000 000. After this production level we would expect de
creasing returns to scale and, hence no furnaces larger than 
this. It is interesting to note that the world's largest furnace 
produces about 4 000 000 tons. This furnace was built in the 
beginning of the 70is and no larger furnaces have been since 
built thereafter. 

Let us finally look at the figures for the marginal pro
ductivities. In the table below the results are presented for 
40 observations from 1960, 1968, and 1975. (See table 2.) 

1 In calculating (ii) input and output values were taken from 
the data list together with the estimated paramétré values 
(Table 1) and calculated according to formulae. This assumed 
that every firm had the same production function but that 
they differed only in an efficiency paramétré. 
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The table shows first that there is no great difference re
garding the marginal productivity of energy. (The values in 
the "no limit function" are, however, generally 5% greater.) 
The values are in the range 1.6 - 2.0 which is very realistic, 
since energy consumption varies between 0.5 (ton/ton) and 
0.7. This means that 1 ton of energy on the marginal adds 
about 1.8 ton of production. (This however presupposes the 

furnace is rebuilt so that the given capital sum is given a 
new concrete structure. A larger furnace size is substituted 
for less energy saving devices.) 

The marginal productivity of capital is significantly diffe
rent, with the values of the limit function being about three 
times greater than those of the other estimate. The "no limit" 
estimate states that 1 M crowns of capital will add about 300 
tons of production, while the "limit" function gives the figure 

800. Which estimate is the most realistic? The marginal produc
tivity theory states that reward from an extra input is equal 
to its cost. 1 M crowns in 1960 would in 1975 cost about 2.5 
M ers. Assuming a rate of interest (+ depreciation) of 15%, 

this would imply a "unit capital cost" in 1975 of about 
375 000 crs. The price of iron in 1975 was about 500 crs/ton, 
yielding an income of one unit capital of about 400 000 crs. 

These figures do not differ much and they suggest that the 
"limit" estimate is much more realistic. (The "non limit" 
estimate would yield a cost of 375 000 against a gain of only 
150 000.) 

Another reality test is an examination of the ratio of the 
marginal productivities. According to the theory we would have 

(where P^ and Pg are the prices of capital and energy). 
Pg in 1975 was about 400 crowns. 
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Table 2 Marginal productivities according to estimated functions. 

Year Function (i) Function (ii) Furnace 
no limit input limit No 

Marg prod Marg prod Marg prod Marg prod 
capital energy capital prod energy 
ton/M crs ton/ton ton/M crs ton/ton 

60. 191.33 1.71 576.83 1.63 
68. 256.37 1.88 666.99 1.80 1 
75. 179.21 1.95 438.69 1.86 

75. 151.38 1.76 440.50 1.67 2 

60. 251.43 1.71 761.45 1.62 
68. 207.78 1.92 523.07 1.83 3 
75. 182.95 1.79 516.25 1.71 

60. 297.52 1.69 911.05 1.61 
68. 121.67 1.90 542.62 1.82 4 
75. 187.58 1.81 520.81 1.72 

60. 326.86 1.67 1020.22 1.59 
68. 207.78 1.92 523.07 1.83 5 
75. 182.95 1.77 524.38 1.69 

60. 209.52 1.73 621.55 1.65 
68. 449.78 1.93 1116.76 1.84 6 
75. 358.21 1.72 1070.11 1.64 

60. 213.71 1.72 638.44 1.64 7 

60. 395.53 1.67 1231.99 1.59 
68. 486.81 1.84 1321.45 1.75 8 
75. 422.40 1.78 1207.63 1.69 

60. 406.15 1.65 1283.37 1.57 
68. 461.31 1.81 1277.28 1.73 9 
75. 407.10 1.77 1169.84 1.69 

60. 370.72 1.70 1132.72 1.61 
68. 398.32 1.74 1173.21 1.66 10 
75. 317.89 1.78 904.15 1.70 

60. 376.34 1.55 1281.21 1.47 
68. 500.21 1.77 1437.42 1.69 11 
75. 461.31 1.74 1355.48 1.66 

60. 403.10 1.26 1653.12 1.19 
68. 164.11 1.59 544.09 1.51 12 
75. 153.72 1.46 558.09 1.38 

60. 270.44 1.46 981.84 1.38 
68. 401.67 1.71 1216.44 1.62 13 
75. 333.43 1.98 786.15 1.89 

68. 203.57 2.01 466.71 1.92 
75. 209.27 2.19 391.84 2.09 14 

60. 95.49 1.59 316.88 1.51 
68. 126.92 1.68 393.68 1.59 
75. 172.16 2.02 391.43 1.93 15 
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In the "no limit" case 

« 1,85 in 1975. Thus 9E 

§3 
8K 300 
§£ * 1.85 
9E 

» 162 

In the "limit" case ^ « 1.80 in 1975. Thus 

3K 800_ 
9Q * 1.80 * 
3E 

The price relation was in 1975 

PK _ 375 000 _ c 
Pj " ~~400 9d7,5 

Thus, both differ significantly from the theoretically ex
pected value, but the "limit" value seems more realistic. 

The conclusion to be drawn from this empirical example is 

first that many important differences in result may be obtai

ned when a "no limit" function estimate is compared with a 
"limit" estimate and second, that at least some of the results 
from the "limit" function (e.g. the scale properties, the mar

ginal productivities) do seem to be more realistic. 

11:2:3 The CES-case 

By using the net factor concept: 

E* = E - E Q o 
K* = K - K Q o 

it is possible to incorporate input limits into any production 
function. There are, however, other ways of taking account 
of information. One illustration is the CES production function 
where information on the input limits can be used to place 
restrictions on the values of the paramétrés. 

Let us assume a CES production function: 
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Q = A (aj E"p + a2K~p)"1/p (111:33) 

(A, al9 a2, p parame ters, p f 0) 

Rearranging the terms we find 

e = (AP Q"p - a,K~p)~1/p (111:34) 
ai 

k - (AP Q"P - aiE"p)"1/Pv (111:35) 
a2 

Obviously p > 0 must hold if the function shall correctly re
present a technology with input limits, since otherw ise: 

lim E = limK = + » (111:36) 
K -»• » E » 
Q = Q Q = Q 
p < 0 p < 0 

However if p > 0, we find that 

a,1/p -lim E = ^ - Q (111:37) 

K -» » 
Q = Q 

ao1/p . lim K = ^ - Q (111:38) 

E-*» 
Q = Q 

Thus, if the input limits EÄ and K exist, and if the function o o 
shall represent the technique, the following must hold: 

E = K ' Q = I1 U'9 Q => ai = (A - EJP (111:39) 

K = K . Q = S*17? Q => a2 = (A • K )p (111:40) 

Thus, the existence of input limits fixes the values of the 
paramétrés ax and a2. Furthermore, putting (111:39-40) into 
the original produc tion functio n yields: 
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Q = A ((A E )p • E~p + (AK )p -K"p)"1/p= o o 
-1/p 

= (E PE"P + K PK~P) (111:41) o o 

Thus, the "efficiency paramétré", A, disappears from the 
function. The only thing left to be determined by statistical 
analysis is p, and, furthermore, the only thing that can cause 
a shift in the function (i.e. take account of technical progress) 
is changes in p. What m akes the function attractive is the fact 
that only one paramétré, p, remains and that therefore only 
one paramétré need be estimated. The problem with using the 
function is that both E arid K must differ from zero. The o o 
function is not capable of handling cases when input limits 
exist for only one factor of production. Thus, the value of 
this CES function is very limited and i ts use is restricted to 
only a small number of empirical cases. 

111:3 DYNAMIC PRODUCTION ANALYSIS WITH INPUT 
LIMITS 

111:3:1 Introduction. The assumption of technically neutral 
progress 

When introducing technical progress into production models, 
various "neutrality" assumptions can be made. The most 
popular of which are assumptions of Hicks- and Harrod-neutra-
lity. (For a catalog of these, see Sato and Beckman (1968). 
For a discussion of their relation, see Gehrig (1980)). The 
former implies that technical progress is neutral when, at a 
given capital labour relation1, the marginal rate of technical 
substitution remains unchanged. Harrod-neutrality, applying 
especially to long run analyses, states that progress is neutral 
when, at a given rate of interest, the capital-output ratio re
mains the same. This chapter works with a conception of teen i-
cally neutral progress, defined in the following way: 

1 Hicks and Harrod's definitions of neutrality applies original
ly only to the case where capital and labour are the only 
factors of production. 
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Suppose a production function 

Q = f (v1,...,vm) (111:42) 

Suppose first that we have no input limits. Technical pro
gress is then said to be neutral if, for every output level Q 
= Q and for every factor ray vx = k2v2 = k3v3 = = kmvm the 
euclidian distance to the o rigin, r = V v x +;. , + v^ decrea
ses with the same propor tion and at the same r ate, i.e. 

fv— 
= axr aj < 0 a constant (111:43) 

(t time) 

The logic behind this definition is simple. It means first that 
technical progress is input-saving i.e. that it starts from a 
given output level and saves input per unit of production. 
The consumption of each input decreases with the same 
fraction per unit of time, i.e. that v. (t+1) = ajv.(t) v. . . i i 
At a given factor combination, x% of each input is saved per 
unit of time. It is easily seen that the general-factor-augmen-
ting case: 

Q = f(v! A1(t),...,vm Am(t)) (111:44) 

fulfills this condition when 

Aj(t) = A2(t) = ...= Am(t) = eat (111:45) 
(a = -ax) 

To see this, let us study a special isoqu ant level, Q = Q, 
d a factor ray v1 

isoquant point is then 
and a factor ray v, = k2v2 = = k v . The formula for the mm 

Q = f (vxeat, ^ eat,...,^ eat) = 
2 m 

= g (Vi • eat) (111:46) 

If, at t = 0, this relation implies that vx = v§ then the time 
path for vx is 

v° e"at (111:47) 
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The distance to the origin is then 

r(t) = V (v? • e"at)2 + ( ^ • e"at 

(111:48) 

Thus 

dr 
dt ar (111:49) 

Now, let us consider the case wh en we have input limits on 
some factors of production: è • Q i = l,...,k ^ m 
If we continue to think of technical progress in input-saving 
terms, we would then naturally assume that X% of each net 
input is saved per unit of time. That is, that the specific 
factor point moves towards the origin along a ray 

Oi - voQ) = k2 (v2 - V2°Q) = = kk (vk - v£ Q) = 

This implies that progress with input limits can be modelled: 

Q = f (v, - vj • Q) • eat (v - v° • Q)eat) 
m m (111:50) 

cfc« " °> 

Three empirical cases are cited which illustrate that technical 
progress which fol lows this formulation. 

(i) Swedish sulphate pulp production 1937 - 1974 

Data were collected from the individual plants for Swedish pulp 
production for 1937 and 1974. These data cover only the unin-
tegrated plants, i.e. those plants not immediately connected 
with a paper mill, which represent 66 and 37 percent of total 
sulphate pulp capacity respectively. The data consists of year
ly input figures (energy, labour and raw material) and capa-

= kk+i • vk n= • • 
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city figures, and were provided by the Swedish Central 
Bureau of Statistics (SCB), from the primary yearly data de
livered from the firms to SCB. 

Short run macro prod uction functions have been constructed 
according to Leif Johansen's model (see Johansen (1972) or 
Försund et al. (1980) for a full description of the concept 
and its construction). For those not familiar with the short 
run function conce pt, the bas is is briefly: 

(i) The function is an ex post macro function, revealing the 
most efficient input-output relations in the industry. 

(ii) The ex post micro functions must be of the Leontief-type 
i.e. have fixed input coefficients vx, v2 .There must 

Q Q 
also be a physical capacity figure for each plant. 

(iii) Substitution between factors of production is possible 
because different plants can come into operation at a 
given output level. For instance, the indu stry can "choo
se" between an energy intensive plant or a labour in ten
sive p lant. 

(iv) Construction of the function is an interative process and 
no statistical estimation procedure is needed. This means 
that the function cannot be represented algebraicly. The 
presentation must be either in graphical form or as a 
table. The graphical presentation is preferable if there 
are only two factors of production. 

This special case works with only two factors of produc
tion, namely labour and raw material. This is because an 
under limit > 0 exists in reality only for raw material, where 
at least about 3.9 m3 of wood must be consumed for each ton 
of p ulp. 

Functions are first constructed with gross raw material 
inputs with the following results: 
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Figure 2 Short run production functions for sulphate pulp 1937 
and 1974. Distance betw een the isoquants 100 000 tons. 
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As can be seen, the function shifts in a more "raw material"-
insentive direction. The isoquants (e.g. the 100 000 ton or 
first isoquant) shift towards the origin, but labour-saving is 
much greater than the raw-material saving. Now, net raw ma
terial i.e. raw materia l minus 3.9 Q was introduce d as a factor. 
The results are displayed in figure 3 below. 

Figure 3 Short run production functions for sulphate pulp 1937 
and 1974 with labour and net raw materia l as factor s of produc
tions. Distance between the isoquants 100 000 tons. 
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Figure 3 gives no indication of any biases in the progress. 
The substitution region is about the same, regarding the raw 
material/labour ratios. Furthermore, the isoquants shift 
towards what is now the origin. This, however means that 
progress in effect is "net neutral". The industry has saved 
about the same fraction of both factors of production, when 
using the "net factor" concept. 

Case (ii) The Swedish Iron Industry 1850 - 1975. 

The data in this example concerns the Swedish Iron industry 
from 1850 - 1975. The unique length of this time period is 
possible due to the detailed statistics for this industry in 
Sweden. (Labour input data for this industry actually exist for 
some years in the 16th century!) Data covers the variable in
puts labour and energy (charcoal, coke and electricity) for 
individual plants (blast furnaces) for the years 1850, 1880, 
1913, 1935, 1950 and 1975. These data were drawn from the 
industry's yearly publication "Jernkontorets Annaler", founded 
in 1817 and from the statistics delivered to the SCB, and cov er 
about 90% of the total iron producing capacity in Sweden. For 
a detailed description of data sources, see Wi be (1980). 

As capacity figures can be calculated, it is possible to 
construct short run macro functions. From these functions the 
isoquants for 100 000 tons, are reproduced in the figure below. 

Figure 4 Isoquants for production of 100 00 0 tons of iron taken 
from short run production functions 1850, 1880, 1913, 1935, 
1950 and 1975. B = Fuel (Gcal). L = Labour (000 hours). 
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As can be seen, the isoquants do not shift towards the 
origin. The labour saving effect is much greater than the fuel 
saving. This could partly be explained by the fact that the 
price of labour has risen much faster than fuel prices, so what 
we - ex post - see is the substitution of labour for energy. 
However physical limits also play an important role. For this 
technology at least 350 kg coke/ton of iron or 0.28 Gcal/ton 
must be used. The assumption that progress is net neutral is, 
when respect is paid to the changing relative prices, a rea
sonable explanation of the empirical facts. 

(iii) The Swedish pulp industry 1920 - 1974. 

Another study of the Swedish pulp industry is presented 
here, (Försund, Hjalmarsson and Wibe, 1980) that compares 
three different subsectors of the industry: sulphite, pulp, 
sulphate pulp and mechanical pulp. Data sources are the same 
as in (i), but data differ. 

The variable factors selected are labour and energy, since 
energy input figures are not accessible directly, we had to 
estimate them, using the assumption was that energy consump
tion was proportional to the "effect figure" of the plant i.e. 
the numbers of installed horse-power. The figures relating to 
these two inputs were drawn from the aggregate energy/effect 
figure found in the yearly statistical publication "SOS 
Industri". The estimation does of course give only a very 
crude approximation of the real energy input figure. (Further 
information on data and data sources can be found in Försund 
et al. 1980.) 

Short run macro production functions for the three subsec
tors were constructed for the years 1920, 1929, 1969 and 1974, 
i.e. two years in the beginni ng of the period and two years i n 
the end. From these functions the 100 000 ton isoquants are 
reproduced in figure 5-7 below. 
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Figure 5 The 100 000 tonnes isoquants for mechanical pulp 
1920-74. 
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Figure 6 The 100 000 tonnes isoq uant for sulphite pulp 1920-74. 
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Figure 7 The 100 000 tonnes isoquant for sulphate pulp 1920-
74. 
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There is a marked shift of the isoquants in all three sub-
sectors. However, we can detect a sharp difference between 
sulphate pulp on one hand and mec hanical pulp on the other. 
The shift of the insoquants for the former are more or less 
towards the origin, most significant for sulphate. However, 
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the isoquants for mechanical pulp do not move towards the 
origin. Here the isoquants shift only in the labour-saving 
direction. The explanation of this difference is probably that 
the input limits are different. For sulphite and sulphate pulp 
(where the wood is boiled to pulp) the theoretical minimum 
energy requirement is zero, due to the fact that a large part 
of the raw material also could be used as an energy source. 
For mechanical pulp on the other hand, the mi nimum is between 
500 and 1 100 kwh/ton depending on the kind of pulp pro
duced. This, probably explains the different paths of pro
gress. Of course one could say that progress is neutral for 
sulphite and sulphate, and strongly biased towards labour-
saving for mechanical pulp, but more is explained by saying 
that progress is net neutral in all three cases. 

Summing up then, the case studies show that net neutral 
technical progress might be a reas onable explanation of empiri
cal findings. The study of input limits continues with an ana
lysis of the dynamics of production, when progress is net 
neutral, i.e. when the produ ction function is of the form: 

Q (t) = f(E - E0Q) • eat, (K-K0Q) • eat) (111:51) 

The functions studied will again be the same as earlier, the 
Cobb-Douglas and the CES function. 

111:3:2 Analysing net neutral technical progress. 
The Cobb-Douglas case 

111:3:2:1 Scale and substitution properties 

Let us assume that we have a produc tion function 

Q = A • (E - EoQ) • eait)a • ((K - KqQ) eait)ß ~ 
ai(a+ß)t 

= A • e • (E - EqQ) (K - KoQ)P = 

= A • eat (E - EoQ)a (K - KqQ)P (111:52) 
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(A, a = ai (a + ß) > 0 Eo Ko è 0) 

The first observation is that our function now has an upper 
limit for each input combination, regardless of technical p ro
gress. If we fix input values to Ë, K, (111:52) yields 

lim Q (t) = min (§ > g) (111:53) 
t » 
K = K 
E = Ë 

Thus, if we were able to transform f into the explicit produc
tion functio n 

Q = g (K, E, t) 

then 

lim g (K, E, t) = min (^ ' |) (111:54) 
t  - >  o o  O O  

and if for instance K =0: o 

lim g (K, E, t) = I 
t ^ % (111:55) 

Thus, the production function has a limiting function, which it 
tends towards as time passes. However, as time only is an in
dex for a growing technological knowledge, the existence of a 
time limiting function is the same as a technologically optimal 
production relation. The limiting functions are then the pro
duction functions prevailing when technology has "exhausted" 
all its possibilities. 

The implications of this are perhaps most clearly seen if we 
analyze the movement of a specific isoquant, Q = Q. Let us 
furthermore assume that factor prices are constant which for 
a profit maximizing firm means th at: 

HF ß (E - E Q\ « 
—  =  5 — =  c o n s t  =  k  E  ( 1 1 1 : 5 5 )  
dk a (K - KoQ) a 

we have then: 
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Q = A • eat • kj" (K - K Q)a+ß (111:56) o 
a 

K - K Q = k2 e" a+^ (111:57) 

Q ö+ß 
(Where k = ( ) >0) 

2 a-k? 

and 

a t 
K = k 2 • e a+ß + K oQ (111:58) 

and similarly 

a t 
E = k 3 e a+ß + E Q (111:59) 

Thus 

lim E = E Q (111:60) 
t -» oo 
Q = Q 
dE = const. 

and 

lim K = K Q (111:61) 
t 0° 0 

Q = Q 
dE = const. 

Looking at the formulae for the elasticity of substitution 
(111:12), we conclude that: 

lim a = 0 
t » 
Q = Q 
dE = const. 

and simil arly for the elasticity of scale (111:25) 
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lim e =1 
t -> » 
Q = Q 
dE -37? = const. dK 

Thus, technological progress is not neutral concerning the 
scale and substitution properties. The elasticity of scale 
approaches one whereas the elasticity of substitution approa
ches zero. 

111:3:2:2 The speed of progress 

Let us now analyze the rate of technical progress, measured 
- as usu ally - as 

dQ/dt  
Q 

From (111:52) we have: 

dQ _ ft (111:63) 
* !-fq 

where 

ft = a • Q 

and thus 

° EoQ ß .KoQ 

E-EoQ K-KoQ 

dQ 
dt a 
Q 0~Q ß K O 

1 + ë^q + k^q 

a E + ß K l + o  p  o  
a (111:64) 

e-f k-k QEO Q o 

As > 0 (of course), we see from (111:64) that the 
rate of progress will fall over time: 



67 

dQ 
d ( dt ) 

Q < 0 (111:65) 
dt 

(Given K, E, we know that an increase in t will raise Q, 
and from (111:64) we immediately see that the rate of growth 
decreases.) 

From the foregoing discussion (see 111:54), we also con
clude that the rate of growth tends towards zero as t 
approaches in finity. 

If we only look at the absolute growth (i.e. dQ), we have: 
dt 

dQ _ a • Q 
dt - « EO ß • K0Q (nI;66) 

* E-E0Q + K-K0Q 

If we no w call the denominator G (Q), we have 

d (£) dg 
'dt ' _ , a a • Q • dQ , dQ (111:67) 
Ht " L 7T775\ ~ J # 7TT dt G(Q) (G(Q))2 dt 

Counting and rearranging, one finds that 
(111:68) 

d ,dQ, CfEg ß - Kg a dQ 
Mt ; [1- — ] -
dt (Ë/Q-Eo) (K/Q-Ko) (G(Q))2 dt 

dQ dQ 
As a, -rr- and G (Q) all > 0, the development of d ( dt ) will 

dt 
obviously depend on the term in the brackets. We f irst observe 
that his is a monotonically decreasing function of time (as 

> 0). We observe also that the value is positive when Q-K) 
TT "p 

(t-> - ») and negative when Q-» (min (%,=;). 

Thus the function first increases, then rea ches it s maximum 
and falls towards zero. The growth curve thus follows a 
bell shaped curve. 
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These properties taken together imply that our "technical 
progress function" has a logistic or S-shaped curvature. With 
fixed input values, output at first grows faster and fas ter, (in 
absolute terms) until it reaches a point of inflexion and then i t 
starts to grow slower and slower. The rate of growth however 
will always fall. Finally, output approaches a limiting value 
meaning that technology has exhausted all its possibilities. 

111:3:2:3 The direction of technical progress 

The assumption in this mo del is that technical progress is "net 
neutral". What kind of progress does this imply when abs olute 
input values are used? The Hicks definition states that pro
gress is K-using (neutral, E-using) when 

dQ 
dE _ _ dK (= _E ) (111:69) 
dQ dE fv 
m K 

decreases (remains constant, increases) at a given K/E-ratio. 
In our case we have: 

dK cr(K-K Q) 
" dE= ß(E-EoQ) (111:70) 

If now K and E are fixed, only Q changes (increases). 
Therefore, let us examine 

d(dK/dE) _ a ™ s (111:71) 
dQ ~ ß(E-E0Q)z (KEo-EKo) 

dK Thus, increases when 

- EKo + KEo > 0 <=> I > |o (111:72) 
o 

it remains constant when 

f = |o (111:73) 
o 

and decreases when 

§ < fo (111:74) 
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Thus, "net neutrality" means that technical progress has no 
uniform bias. Whether it will be K-using, neutral or E-using 
depends on the factor-ratio chosen. 

However, there is one important exception to this rule. 
Suppose only one of Kq, Eq differs from zero. The conse
quences are immediately seen from eq. (111:71). If Kq = 0, (EQ  

t 0) then technical is always E-using and conversely, if E0  

= 0 , then progress is always K-us ing. This is, in fact, not an 
unusual situation. For illustration see section 111:3:1. 

111:3:3 Analyzing net neutral technical progress 

The CES production function 

111:3:3:1 Some general remarks 

The formula for a CES production with input limits Kq and E q 

was found to be 

-o - -o ~1/p 
Q = [(E/EO) P + (K/K0) p ] (111:75) 

(p > 0) 

The only way to introd uce time (or another index for technical 
progress) is to m ake p a function of time, i.e. 

P = P(t) 

As we have 

F "P [- ( I ) 
*-0 

K "p 
( - ) 

Kn 
K "P K "P 

I n (  —  ) ] + q * I n [ (  —  )  + (  —  )  ]  
Kq EO KQ 

(111:76) 
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and this expression is greater than zero i f E > E0, K > K0, we 
conclude that 

§§ > 0 (111:77) 
3t 

if technical progress is to be greater than zero. What then 
should be the proper form of the function p(t)? Suppose that 
technical progress is net neutral, i.e. that if for t = 0, E = E 
and K = Kx, then every point m oves towa rds the origin accord
ing to paths given by 

E(t) = (EX - E0Q) • e~at + E0Q 
(111:78) 

K(t) = (KX - K0Q) • e~at + K0Q 

The question is then what function p(t) solves the diffe
rential equation 

dF(t) = n  
dt u 

where 

(111:79) 
F(t) = [E0p(t) • ((Ex - E0Q) • e~at + E0Q)p(t) + 

K0p(t) ((Kx - K0Q)e"at + K0Q)p(t)]1/p(-t) 

Unfortunately, this equation, has not so fa r proved possible 
to solve. On the basis of numerous computer tests with nume
rical examples, the best fit is obtained with a "log-logistic" 
for p(t), i.e. 

A » t (111:80) 
m l+BeCt 

p(t) = e 

(A, B, C, paramétrés A > 0, C < 0). 
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However, in many cases a simple exponential curve will 

p(t) = eat (111:81) 

(a > 0) 
produce a path close to the net neutral assumption. 

111:3:3:2 The speed of progress 

As it is impossible to derive an analytical formula for the 
progress function p = p(t), it is also impossible to find a 
single expression for the speed of progress. However, it can 
be shown that 

lim Q(t) = 0 (111:82) 
p-»0 

lim Q(t) = min ( § ; I ) (111:83) 
p-*» o Ko 

The proof is simple, suppose that 

x = min (If ) (111:84) 
£o *m> 

/E K . y = max (=r ;K~ ) 
^*0 *m) 

y = ki - X (ki è 1) (111:85) 

We have 

Q = (x-e ty)-e> - = 

= (x-e t kip • x-p)- = 
= (kl" + 1) • 1/p (111:86) 

suppose k i ^ 1, then 

lim kjp = 1 
P 0 (111:87) 

lim kxp = 0 
P - *• « (111:88) 

and 

lim ( kjp + 1) ~ 1/p = 0 (111:89) 
p - *• 0 
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]im ( kïp + 1) ~ 1/p =1 (111:90) 
-> 00 

Thus (111:82 - 83) follows. (The proof when k j = 1 is even 
simpler). 

Thus production, given fixed inputs, will grow up to a 
fixed ceiling. For the sake of illustration I have computed some 
numerical exam ples, one of them disp layed in the figure below. 

The assumption is a CES function (111:75) with K q = Eq = 1. 
Technical progress follows the net neutrality assumption, 
(111:78) but with fixed E and K-values (K = 100, E = 50). I 
have then calculated (through an iterative process) the 
paths for Q(t) and a(t). 

< o(t) = ïtfttït > 

The results are shown in figure 8. 

Figure 8 The path of production Q(t) and elastici ty of substi
tution a(t), with one CES-function and net neutral technical 
progress. 
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We see that the typical logistic shape emerges. A positive lo
gistic curve for Q(t) and a negative for a(t). 
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111:3:3:2 The bias of technical progress 

The margin al products of the CES-function are: 

9E 

3q 
3E 

= eP (|) 
0 k 

1+p 

- k~p (q) 
- K 0 V 

1+p 

(111:91) 

(111:92) 

Thus 

dQ 
dE 
dQ 
dK 

K 
E 

E p 
E (111:93) 

( K 
"k0 ) 

K and if g- = const, it is obvious that this expression inc reases 
(decreases, remains constant) when 

KEf 
ekf 

> 1 ( < 1, = 1) (111:94) 

Thus, technical progress is E-using when 
xr k I >_o 
E Eo (111:95) 

K-using when 
-rr K k  <_o  
E E o 

and neutral when 
ir k K _ o 

(111:96) 

(111:97) 

Which are exactly the conditions obtained in the discus
sion of the Cobb-Douglas function. As both K , E ^ 0 it is o' o 
always the case that technical progress is E- and K-using 
(and neutral) at the same time, depending on the factor ratio 
choosen. 
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111:4 Production functions with quality limits 

Let us assume that we deal with a proc ess with only one inp ut 
K, and where output has one quality dimension m easured in X, 
and whe re 

X g XQ (111:98) 

(X may be thought of as spe ed and X Q as the speed of light). 
An analytically convenient way of introducing the quality 

dimension into the produ ction function is to treat ^ as an input 
and write the produ ction function1 

q = g (| , K) (111:99) 

This means accepting the idea that there is a substitution re 
lation between ^ and K, so that a given level of output (Q=Q) 
more quality requires more of the single factor K. 

If now i = Y (and Y è Y ) our production function with the a o 
net concept becomes: 

Q = f (Y - Y0, K) (111:100) 

The functional form is thus not drastically altered. All that 
happens is that Y is substituted for AY (= Y - Y ), and we 
avoid all difficulties of having output (Q) as an argument in 
the function. Of course some properties of the function will 
change for instance the elasticity of substitution, when a "net 
factor" is introduced, but the changes will not be as drastic 
as in the cases of inpu t limits. 

The most interesting changes concern the path of technical 
progress. Obviously, we no longer have a limit to technological 
progress since given values of Y and K can, theoretically, 
yield any output rate. However, the biases of the progre ss is 
interesting. Let us assume that progress in net terms is Hicks-
neutral, i.e. that 

d (Y-Y ) o 
dK 

1 On this topic, see Danö (1966), ch. VIII. 
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Y-Y is constant along rays o 
K 

However, as 

d (Y"Y0) _ dY (111:101) 
dK dK 

and 

Y-Y Y Y o_ o 
K K " K (111:102) 

dY Y we see that decreases when g is held constant and pro-
Y Y-Y gress occurs. (If = const., then o decreases, from 

dY K 
which fol lows a decrease in at a given output le vel). 

Thus a Hicks-neutral progress in net terms is always Y-
using in ordinary gross terms. This mea ns, that given a fixed 
price ratio quality/input, net neutral technical progress makes 
firms choose mo re Y (i.e. "less quality") and less K . (Actually 
all we can say is that given a fixed price ratio, then Y/K will 
raise. ) However as Y = 4-, then all we know is that technical 

1 progress will cause an inc rease i n > so X may well in
crease . 

As it is by no means clear what is to be understood by 
a "quality price" (not to speak of a consistent price ratio 
quality/input), the matter nee ds some further comments. 

There is, of course no "quality price", but a price of the 
product that varies with the quality. Let us assume that this 
price function is H (Y) and that the problem is to find the 
optimal combination of Y and K (with a price P^) given the 
output level Q and the production function Q = g (Y,K). 

Our Lagragian function be comes 

L (Y,K,X) = H(Y) Q + PK K - X (Q -g (Y,K)) (111:103) 

Derivation yields: 

fy = H'(Y) • Q - A • gY = 0 (H'(Y) = ) (111:104) 
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3L gg = - pK - \ • gK = O (111:105) 

§jf = Q - giY, K) = O (111:106) 

Rearranging (111:104) and (111:105) we find that 

£Y -H'(Y) • Q (111:107) 
% " pk 

Thus, -H'(Y) • Q may be accepted as a "price" of (the nega
tive) quality index. Evidently, this is not a very ideal price, 
since it varies with both Y and Q. For the simplicity of the 
further analysis, let us get rid of the first variable by defining 

-H'(Y) = kx (kj a const. > 0 ) 

(This means that we assume H (Y) = Cq -kxY, CQ a constant.) 

We then have Py = kx • Q while having a quality "price", 
directly proportional to output ma y be analytically inconvenient 
it is nevertheless natural. For example suppose AK of the "real" 
input is given to the firm and that this amount is now 
"spread out" so that the volume of input is increased by AK 
per unit of output. Let us suppose further that the quality ^ 

AY input is increased by AY. This increases (i.e. AY) and not -p c-, 
and app lies to all output levels. It should be quite clear 
that the quality price should be directly proportional to the 
volume of output. 

In discussing technical progress, the relevant question in 
relation to biased progress is what are the changes in factor 
proportions when input prices are constant. However if 
- H'(Y) = kx and we discuss factor proportions choice at one 
specific output level Q = Q, then the "price" of quality can be 
said to be constant. 

dY Factor proportions with the same slope will then be cho

sen, meaning, in the case of net neutral Hicks progress, 
that Y/K will increase. Thus, progress can rigorously be said 
to be Y-using. 
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As this means that less quality will be chosen, some quali
fications must be made. First it may not be realistic to assume 
a total trade-off between quality and i nput. Probably quality 
limits exist at every point of time due to limited technological 
knowledge. One cannot after all, now fly at even half the 
speed of light, no matter how much input is used.) Thus 
technical progress may lead to a quality increase, since pro
gress is not neutral. Furthermore, the assumption -H'(Y) = kx 

is a simplification that may be unrealistic. The price of 
(positive) quality ma y for instance have the following shap e. 

Figure 9 A hypothe tical quality-price relation. 

Price 

e 
Quality 8 

i.e. with extreme values at certain strategic and for human 
beings useful quality points. This leads to the conclusion that 
many "factor combinations" of Y and K may be in accordance 
with profit maximization. 
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IV AN ANALYSIS OF TECHNICAL SETS 

IV :  1  In t r od uct ion  -  S ta t ic  A n a ly s is  

Following the scheme set out in chapter II, we can obtain 
information regarding technical sets, first in the form of n or
mal input (and quality) figures for methods tried in practice, 
and second as a catalogue of possible, but not necessarily 
tried, methods according to the morphological scheme. Let me 
first comment on the use of this information in economic stu
dies of production. 

A catalogue of normal input figures for different sets could, 
quite obviously, be used for a direct study of the empirical 
character of the production function. Actually a collection of 
these data is not that different from ordinary samples of 
observed input-output relations and do not for instance, call 
for different functional forms or estimation procedures. The 
major difference is not in the data base that emerges, but in 
the method of searching for data where a systematic use of the 
technical set approach coul d prove superior. 

The difference in data quality deserves some comments. A 
collection of these input figures normally gives a far better 
description of production technology than observed input-out
put figures. The reason for this is twofold. First, a catalogue 
of technologies in use is usually based on information from 
many countries (sometimes with radically different factor pri
ces) while observed plant data, for practical reasons, usually 
covers only one country. Second, a list of normal input values 
for different sets refers not only to commercial practice, but 
also to pilot plants or laboratory research. This not only 
makes data somewhat uncertain, but also introduces engineer
ing estimates of production relations for other factor combina
tions than the ones found in practice. 

The nature of the infor mation m akes it especially well suited 
for an activity analysis approach1. Each me thod ca n be viewed 
as a discrete activity, characterized by the vector consisting 
of the input figures. Thus the theory of activity analysis can 
be applied, and empirical studies conducted within its frame-

1 See e .g. Koopmans (1964). 
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work. 
An analysis of technical sets is also relevant for areas 

adjacent to the study of production functions with a direct l ink 
to a theory of diffusion.1 This field of research presuppose 
the existence of discrete, and significantly different production 
methods. The theory of diffusion deals with the path taken by 
an industry, when switching from on e technical set to another. 

There are also connections to the history of technology. 
Broadly, one can distinguish between two types of technologi
cal progress, namely the day-to-day improvements and the 
discovery of a completely new method of production. While 
economists usually think of the former type when modelling 
technical change, the technological historians usually con
centrate on the latter, i.e. the glamorous break-throughs and 
the men behind them. In this respect set analysis also r epre
sents something inbetween economics and engineer ing. 

Finally, the study of technical sets has important links to 
the study of structural stability and structural change within 
an industry. Technological change can be analyzed as a pro
cess consisting of (i) progress within one set, and ( ii) switch 
between sets. Usually (i) is a smooth process with no change 
of the major structure, whereas (ii) usually implies drastic 
changes. The switch could furthermore be quick and drastic 
despite the fact that the underlying cause, e.g. a change in 
relative price, could come about slowly. The price might for 
instance, change up to a critical point when a new set could 
suddenly becomes more profitable. This switch (which accor
dingly could be modelled as a typical catastrophe) could bring 
about a drastic change in location, employment etc., because 
of the fact that different sets often represent radically diffe
rent input structures. For instance, when the power saws 
were introduced into log felling, only half of the labour force 
was needed and when large "processors" were introduced, this 
figure was halved once again. 

No special "set theory", except for activity analysis, is 
needed to handle technical sets. The next sections will pro
vide empirical illustrations. The first is a detailed study of 
a "one-task" operation, namely the production of iron, and 
demonstrates the large number of possible sets available. The 

1 See e.g. Nabseth and Ray (1974). 
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second study is an interesting example of a multi-task opera
tion; the produ ction of head logs for bicycles. 

IV :2  Empi r ica l  i l l u s t ra t i ons  t o  s e t  a na lys is  

IV :2 :1  The  case  o f  i r on  p roduc t i on  

The empirical illustration chosen, the iron industry, is taken 
from Wibe (1980) and will here give only a b rief description of 
data aand data sources. 

Essentially, production of iron is a process where energy 
in some form is added to raw material ( iron ore). The following 
energy sources could be considered: 

(1) Coal 
(2) Coke 
(3) Electricity 
(4) Oil/gas (Hydrocarbons) 
(5) Uranium (Nuclear fission power). 

These different energy sources could be combined follow ing 
many technologies. The mo st impo rtant of these are 

(i) Fluid bed 
(ii) Retort 
(iii) Rolling furnaces 
(iv) Shaft furnaces 
(v) Electric furnaces 

A description of the main characteristics of these technolo
gies can be found in Wibe (1980) or Bogdandy L.U. and 
Egnell H.J. (1971). 

The world iron production capacity in 1971 was distributed 
on these different principles according to table 1. As can be 
seen, one specific set - the blast furnace - belonging to the 
shaft furnace group completely dominates produ ction. 
Different energy sources require different modifications of 
the technologies (i)-(v). It is therefore fruitful to regar d the 
different energy sources and the ma in me thodologies as the two 
most impo rtant technical dim ensions of the produ ction problem. 
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Table 1 World iron producing capacity 1971 according to techni
cal methods. 

Principle 

Fluid bed 
Retort 
Rolling furnaces 
Shaft furnaces 
(other than blast furnaces) 
Blast furnaces 
(Shaft furnace) 
Electric furnace 

Capacity 
(1000 tons) 

75 
715 

3450 
1070 

400000 

4100 

Combining these two then does give a rough picture of the 
morphological space. However, we need not consider only one 
energy source. The five different sources could be combined, 
so we have a total of 

5 . 
N = I ( c )  =  3 1  

i=l 0 

different "energy dimensions". Combining the m with the 5 main 
technologies, we find 155 different technical sets. 

Not only can the energy sources be combined, but also the 
various methods. Production cou ld take place in "steps" so that 
the ore is first partly reduced in an electric furnace, then in 
a rolling furnace and so on. This means that we also could 
think of 31 different methods, so that the possible number of 
sets grows to 961! 

Many of these would be impossible. It is, for instance, im
possible to use an electric furnace when electricity is not 
available as an energy source. One cannot only have an 
electric furnace when electricity is combined with another 
energy source. These impossible cases reduce the number of 
possible sets to 701, a very impressive num ber too. 

Of these 701 possible sets, production data was available 
for only 28. One set can be identified with two vectors, the 
first identifying energy sources, the second tech nical princip
les. For instance set (1,2,5)(1,3) means a set using coal + 
coke + uranium as energy source and flu id bed + a rolling fur
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nace as ma in principle. The technical set s found were these: 

Table 2 Technical sets for iron making.1 

Name Set Energy input/ton Capacity 1971 
(Hydrocarbones are (0 means that 
gas, m3, coal and the sets are not 
coke in kg) in commercial 

operation) 

1 Hyl (4)(2) 482 m3 600 
2 Ad Little (4)(1) 521 m3 0 
3 H-iron (4)(1) 527 m3 55 
4 Madras (4)(2) 568 m3 0 
5 Purofer (4)(4) 486 m3 165 
6 Novalfer (4)(1) 840 m3 18 
7 Scortea (4)(3) 3000 m3 0 
8 Micrex (4)(4) 469 m3 800 
9 Galluser (3,4)(2) 210 m3 + 1350 kwh 0 
10 Norsk hydro (3,4)(4) 270 m3 + 2000 kwh 0 
11 S-L (2,4)(3) 380 kg + 130 m 3 200 
12 R -N (1,4)(3) 450 kg + 130 m 3 200 
13 Finsider (1,4)(4) 335 kg + 180 m 3 0 
14 Boucher (2,4)(3) 460 kg + 150 m 3 0 
15 Strategic Udy (1,3)(3,5) 470 kg + 1300 kwh 0 
16 DLM (1,3)(1,5) 860 kg + 1100 kwh 1500 
17 DeS y (1,3)(3) 425 kg + 1800 kwh 0 
18 Oc arb (1,3X2,3,5) » 600 kg + 1250 kwh 0 
19 Lubat ti (1,3)(5) 440 kg + 2500 kwh 0 
20 Tysland 

kg 

Hole (1,3)(5) 375 kg + 2900 kwh 1600 
21 El-Kem (2,3)(3,5) 450 kg + 1900 kwh 1000 
22 Wiberg (2,3)(2,4) 244 kg + 1750 kwh 85 
23 Blast furnace (2)(4) AP = 600 k g 400000 

BP = 525 k g 
24 Hö ganäs (2)(2) 695 kg 115 
25 K -R (1,2)(3) 350 k g + 800 k g 3000 
26 Dored (2)(3) 600 k g 

800 k g 
80 

27 Flam e-melting (1X1) 905 k g 0 
28 Enche uerita (1X4) 1070 kg 20 

(AP = Average Practice, BP = Best Practice) 
Several things can be read from this table. First, the mo st 

common technique is a combination of two energy sources and 
one main principle. Next frequent are techniques adopting only 
one energy source and one main principle. Furthermore, it 
seems that no technical set works with more than two energy 

1 The material for this table has been taken from ma ny diffe
rent sources: Hamilton, E.G. (1967), Hamilton, E.G. & Hol
land, B.O. (1968), Wilds paper in Rogers, R.R. (1962), 
Bogdandy, Lv (1963), Cederwall, G. (1963), Celada, I. & 
Skelly, I. (1963), Chase, P.W. & McBridge, D.L. (1963), 
Pfeifer, H.C. 1963), Eketorp, S. (1973), Pantke, H-D., 
Pohl, U. & Jansen B. (1975). 
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sources. (This may be explained by the analysis in the next 
chapter. ) 

Also, no technique works with nuclea r power as the energy 
source, but this is due to the fact that the year of observa
tion is 1970. In 1980, one of the mo st pro mising sets seems to 
be one using nuclear power. 

As energy is the most important input (with prevailing 
factor prices) it is interesting to study the "energy efficien
cies" of the different sets. 

If we assume that the ore to be reduced is Fe203 (Hematic, 
the most common iron ore), reaction occurs according to the 
formula : 

Fe203 + 197 kcal -» 2 Fe + 1^02 
(Weights in mol.) 

This means that ideally (with a 100% pure ore and with no 
heat losses) 112 g iron could be produced by adding 197 kcal 
of energy, or 1 ton iron with 1758 kcal. With existing phy
sical conversion ratios this is the same as 2060 kwh or 189 m3 

CH4 or 224 kg coal. These figures are the absolute minimum 
energy input figures, no matt er what specific set is chosen. 

The energy efficiency (EE) could now be defined as: 

gg _ minimum energy consumption 
actual energy consumption 

The values of EE for the different sets are displayed in the 
figure below. 

The dominant technology (i.e. blast furnace) is not the one 
with the highes t energy efficiency, although the "best-practice" 
values score number five. It is furthermore interesting to note 
that the five most efficient processes at the same time works 
with 5 different energy sources. For seven of these sets it 
was also possible to get input figures for capital and labour. 
However, to arrive at total factor consumption for these, some 
approximations had to be made. 

First, supplementary equipment must be added. The pro
duct sold on the world market is not iron, but steel (which is 
a sort of purified iron). This me ans that we have to add the 
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Figure 1 Energy efficiencies of different processes (see table 2). 
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(most efficient) steel making equipment. In some cases we als o 
have to add equipment that purifies the raw input, i.e. the 
iron ore. This is called a sinter plant. In total then, the input 
of the following pr ocesses will be. considered: 

1. Purofer iron plant + Electric Steel Furnace 
2. SL-RN iron plant + Electric Steel Furnace 
3. Strategic Udy iron and steel com bination 
4. Wiberg sponge iron plant + Sinter plant + Electric Steel 

Furnace 
5. Tysland Hole iron plant + Sinter plant + L-P Steel Fur

nace 
6. Encheverita sponge iron plant + Electric Furnace 
7. Blast Furna ce + Sinter plant + L-D Steel Furnace 

Input data exists for all sizes of blast furnaces, sinter 
plants and steel furnaces. However, for the other iron plants 
there is usually only one observation, referring in most 
cases to the largest plant in the world. In order to obtai n data 
for the different sizes, the following as sumptions are mad e: 

(i) Energy consumption per unit of output is independent of 
size. 
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(ii) Input of capital and labour per unit of production for 
sizes larger than maximum existing plant equals the 
maximum plant figures. 

(iii) Input of capital and labour up to the maximum plant 
figures follows the size-pattern for blast furnaces. (I.e. 
if an iron plant at one specific level of production has a 
capital input figure x% higher than the corresponding 
figure for blast furnaces, this x% d ifference is assumed to 
prevail for all sizes up to the maximum plant figure.) 

For a much more detailed presentation of data, see Wibe 
1980 p. 135-140. 

Input data can now be calculated for 7 output levels: 
0.033, 0.10, 0.25, 0.5, 1.0, 2.0, and 4.0 Megaton (per year). 
These are presented in the table below (capital is measured in 
DM 1975 price level). 

If energy is converted into one u nit (using prices or physi
cal conversion figure s) we could of course estimate a statistical 
production function from the data given in table 3. However, 
direct inspection also reveals some interesting properties. 
(For more details of the results, the interested reader is ad-
viced to consult Wi be (1980).) 

One striking feature is the strong economics of scale espe
cially for the blast furnace technology. However, this applies 
only to the capital and labour inputs, while energy is (more or 
less) proportionate to output level. Also interesting is the fact 
that if we calculate cost functions using Swedish prices 1975 
(see Wibe (1980)), we find that least-cost technique differs in 
different output ranges. For 0-0.05 Mt/year no 6 has the 
lowest unit cost. For 0.05-0.15 no 3, 0.15-0.4 no 2, 0.4-0.6 
no 1 and if production exceeds 0.6 Mt/year, the no 7 (the 
blast furnace) is the least-co st solution. 

This means that a change in scale also inv olves a change of 
technical set. Among other things this me ans that the produc
tion function is not homothetic, i.e. isoquants are of a differ
ent form when different output levels are considered. (This 
cannot be deduced from the fact that least-cost technique is 
different for different output levels. The interested reader 
must again con sult the calculations in Wibe (1980).) 
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Table 3 Total factor consumption for different steel making 
activities. 

MT 
Process ch4 Coal Cok e Electricity Labour Capital 
No m3/ kg/ kg/ kwn/ton hrs/ton DM/ton 

ton ton ton 

1 415 - - 696 13. 81 1 115 
2 90 450 - 660 14. 08 1 169 
3 - 470 - 1 350 13. 81 1 162 
4 - 75 235 1 600 15. 19 1 078 
5 - 75 375 2 250 18. 24 1 558 
6 - 1 070 - 580 11. 73 709 
7 - 75 450 120 18. 41 1 592 
1 7. 12 750 
2 7. 22 771 
3 6. 69 676 
4 _  I t  _  _  I f  _  8. 59 936 
5 8. 23 958 
6 7, .70 669 
7 8. ,30 971 
1 4. .45 502 
2 4, .54 519 
3 4.43 453 
4 _  1 !  Î Î  t l  _  f f  _  6. .11 738 
5 5. .19 690 
6 5. .78 509 
7 4. .55 635 
1 3, .48 394 
2 3 .72 429 
3 3 .91 408 
4 _  f t  _  _  f t  _  _  m  _  _  f t  _  4, .88 590 
5 3 .76 486 
6 4, .96 419 
7 3, .13 487 
1 2 .70 274 
2 2. .93 309 
3 3 .49 353 
4 _ n _ _ n _ _ n_ _  f t  _  3 .78 420 
5 3 .03 381 
6 4 .16 294 
7 2. .11 351 
1 2. .52 239 
2 2. .75 274 
3 3 .23 318 
4 _ n _ _ n _ _ n _ - 3 .43 356 
5 2 .59 317 
6 3, .99 264 
7 1 ,  .55 273 
1 2, .52 239 
2 2. .75 274 
3 3. .39 318 
4 _  i t  _  -  n  -  _  t t  _  _  t t _  3, .39 350 
5 2. .53 311 
6 3. .99 264 
7 1 ,  .41 262 

0.033 

0.10 

0.25 

0.5 

1.0 

2.0 

4.0 
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It should finally be added that although collecting data such 
as these demands some resear ch effort, the effort is worth the 
result since the data presented covers a large sample of the 
techniques possible. The range of substitutions between capi
tal, labour and different energy sources revealed in table 3 
are probably much greater than would be revealed if only the 
existing plants in one country would be studied. 

IV :2:2 Production of head lugs for bicycles 

A most remarkable study using activity analysis has recently 
been made by T. Lamyai (1978). He studied in detail the 
various activities that could be adopted when making a small 
part of a bicycle - the head lug. One would guess that this 
minor part could only be made in one or two ways and that 
interesting substitution and scale properties would be revealed 
only when larger process systems (for instance the construc
tion of the whole bicycle) were considered. The problem was 
not, however, that too few activities that could be used, but 
too man y! 

There existed three different "systems" which were charac
terized by the use of different raw materials: Steel sheets, 
steel tubes and steel strips. Within each sys tem there were up 
to twelve different process stages and at each of these stages 
there were to four different "process elements" (i.e. machines 
with given capital cost and labour input corresponding to what 
I call technical set) some of which cove red more than on e p ro
cess stage. 

Each process element had a specific scale characteristic and 
labour input requirement. (Three different kinds of labour 
were distinguished; unskilled, semi-skilled and skilled, with 
wages i n proportion 1 - 1.72 - 2.54 (p. 105).) The existence 
of "capacity sharing" (i.e. the fact that one machine or one 
labourer could perform many tasks) was also taken into 
account. Two basic cases were considered: full sharing, where 
process elements were assumed to be shared am ong prod uction 
processes such that they were fully utilized and no sharing, 
where capacity utilization was determined by the specific 
production operation. Production costs were generally lower in 
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the former case. The costs for labour and capita l were calcula
ted as well as all other costs, including raw material, deprecia
tion, set-up costs etc. 

The detail level of accuracy of detail of this study is 
impressive, outstripping most of it, what all studies of a 
mechanical engineering process. Lamyai calculated least cost 
solutions under seven diffe rent assumptions of the price 
labour/ capital. (The prices were P=P0'2n n = 0 ,l,...,6. 
Po = initially chosen price) and at several different output 
levels. (The output range was 250-250 000). Naturally many 
interesting results emerged. Let us first consider the unit iso-
quants (i.e. isoquants transformed to the un it input space) for 
the case "no sharing". (This figure also includes the unit 
isoquants of an estimated translog production f unction.) 

Figure 2 Unit isoquant under no sharing (Lamyai (1978) p. 
141). 
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As can be seen there exists considerable substitution possi
bilités even for this simple process. Also, the estimated curve 
fits poorly to the engineering estimates. The strong scale 
advantages are revealed by the unit isoquants' shift towards 
the origin when we choose higher output levels. 

Some other interesting conclusions follow from Lawya i: 

"a) The underlying production function for the head lug 
is non-homothetic; that is, the cost minimizing capi
tal-labor ratio depends not only on in put prices but 
also on the scale of output. Moreover, choice of the 
optimal technology is more sensitive to scale than to 
relative factor prices with the sensitivity to relative 
factor prices being greatest at intermediate scales of 
output. 

(b) The production function exhibits a high degree of 
increasing returns to scale, as indicated by estimates 
of scale elasticities that are significantly well below 
one. The sources of scale economies are fixed time 
inputs per lot, special fixture indivisibility, and ( in 
the no sharing case ) process element indivisibility. 

(c) Economics of scale are far more pronounced in the no 
sharing case, which reflects the over whelming impor
tance of process element indivisibility as a source of 
increasing returns. Furthermore, choice of the 
optimal technology is influenced by the degree of 
capacity sharing that is assumed. The optimal tech
nology under no sharing is either the same or less 
mechanized, and therefore mo re labor intensive, than 
that under full sharing, all other things being 
equal." (p. 165-166) 

The conclusion of this first careful engineering study of 
capital - labour substitution is that the scale matters more 
than relative prices! This single piece of information actually 
tells more about production technologies than all C-D and 
CES estimates - at least the ones conducted before 1960. If 
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this is the general case (and I have not seen any evidence 
that it should not be) then most of the production function 
estimates have been using a misspecified functional form, 
and the good fit is simply the result of statistical errors. 
Lawyai's study - if any - proves beyond doubt, the va
lue of engineering anal ysis and the technical set approach. 

IV:3 Dynamic analysis of technical sets 

IV : 3:1 Introduction 

Let us think of technology as consisting of two p arts; (i) the 
technical sets and (ii) the search for a technological optimum 
within these. The paramétrés characterizing the set give a 
principal solution to the engineering problem. However, when 
this problem is solved and a pilot plant or a prototyp e can be 
built several engineering problems remain. For instance, pres
sure, temperature and material balance as well as equipment 
design must be gradually adjusted to reach the technically 
optimal point. This is a process that requires experience or 
in economic terms, "learning-by-doing", since it is in general 
impossible to calculate optimal solutions from theoretical models 
only. 

Thus, we can initially distinguish between two general 
forms of technical progress. First we have the invention of 
new sets, or the successful construction of new principal 
solutions. Second, we have progress within each set, usually 
in the form of learning-by-doing, where the technical princip
les involved are known, but the concrete solutions must be 
tried out. The second form will be analyzed in the next 
chapter (dealing with the mic ro pro blems within a set) and the 
next section will concentrate on the former. 

IV:3:2 Modelling the growth of technical sets 

Let us begin by making a distinction between pos sible theore
tical technical sets on one hand, and realize d practiced on the 
other. The totality of possible sets is given by the mo rpholo
gical catalogue. The fact that a technical solution can be 
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theoretically realized does not, however, mean that a pilot 
plant can be immediately built. We know, for instance, theo
retically several ways of controlling fusion power, but none of 
these methods are developed enough to put a plant into 
operation. There is thus a difference between the pos sible sets 
and the realized ones. When m odelling the increase of technical 
sets we then have to distinguish between the increase of 
theoretically possible sets and the increase of practiced ones . 

The increase in theoretical sets means extending the mor
phological space. The morphological investigation is conducted 
on the basis of available technological knowledge, and even if 
every paramétré is stated with greatest precision, the unkn own 
cannot be taken into account. (As in the case of laser techno
logy in the early 60's for instance). 

It does not seem then possible, to construct meaningful 
models of the increase in possible sets. The discovery of 
completely new technical principles seems to be quite unpre
dictable. Suddenly, somewhere, something like the laser, the 
X-ray, or the transistor is invented giving rise to new 
possible solutions all over the production field. Such an in
vention does not affect one paramétré only, but changes the 
whole picture, since new solutions are developed in almost 
every sector of the industry. Actually, the only thing that 
can be certain is that the number of possible sets does not 
change continually, adding one by one, but stepwise. This is 
so because even if only one paramétré is affected, so that its 
possible variation is extended from n to n + 1 different states, 
then the number of possible sets changes from K to K + —, 
where K is the number of sets before the invention. For 
instance, if we have a case with two technical paramétrés each 
with 3 possible values, we have i n total 9 possible sets. If for 
one of these paramétrés 4 possible values are allowed, the 
number of possible sets incre ase to 12. These stepwise cha nges 
are of course further intensified by the fact that usually man y 
paramétrés are affected. For instance, if both paramétrés in 
the case above are allowed to take four values, the num ber of 
sets raise to 16. 

Thus the most realistic "model" is probably one where the 
number of possible sets increases discontinuously and stoc has
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tically. This idea, is not formalized but just adopted for the 
analysis of the rise of practiced sets present ed here. 

At every moment, the num ber of possible sets put a natu ral 
upper limit for the number that can actually be tried. As the 
possible, but not yet realized methods in some way represent 
the opportunity of new sets, we would also suspect that the 
speed of invention in some ca ses depended on this, i.e.: 

3N fv XT/.. v (IV :1) = g(K - N(t), % ,..., zk) 

where t time, N(t) the number of developed (or realized) sets 
at the time t, K the num ber of possible sets, g a function with 

_9g_ 8(K-N(tj) > ® anc* zi'- -'2ic °ther factors influencing the 
speed of inventing new sets. 

Suppose now that we hold "other factors", especially re
search effort constant, and assume that the discovery of new 
sets only depends on the unexplored space K - N(t). The 
simplest model wo uld then be: 

- k „ (K-N(t)) <IV:2> 

(k0 > 0 a constant) 

which gives: 

N(t) = K - ki • e~k°' 1 (IV:3) 

(with kx, determined by initial values of N (t).) 

However, N(t) will not follow the path implied by (IV:3) 
forever. Suddenly new principles are discovered, changing the 
value of K. Thus N(t) will follow a path illustrated by the 
figure below. (Simplified to the case whe re N is continuous.) 

The "switch points" represent the discovery of radically 
new technically or scientific principles . 

This model assumes that the number of remaining sets is 
the strategic variable determining the speed of invention. In 
many cases it may be more realistic to assume that the "oppor
tunity" is given by the remaining paramétré values, so that a 
change in one paramétré value, or a change in all paramétré 
values, represent the same "effort". Suppose, for instance 
that we deal with a technology with 3 paramétrés, each with 4 
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Figure 3 Illustration to the development of the numbers of 
technical sets. 

Number of 
Sets 

Time 

possible values. Suppose furtherm ore that initially only one out 
of the total 4 3 = 64 technical set s are known. 

Let us now assume that a given effort results in the chan
ges (i.e. "realization") of one paramétré value per unit of 
time. At first there is a breakthrough in paramétré no 1 
allowing i t to take 2 values. We can assume that the paramétré 
breakthrough is the decisive factor behind invented (practiced) 
sets, so that the construction of the new set is immediately 
realized. If the paramétrés now are changed so that in the 
next time period paramétré no 2 is allowed to take on two 
values, we obtain the series: 

No of sets 

1 , 2 , 4 , 8, 12, 18, 27, 36, 48, 64 
(1-1-1) (2-1-1) (2-2-1) 
t = l  t  =  2  t  =  3  

On the other hand, we can also assume that a given ef fort 
results in one un it change in all possible paramétré values and, 
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as before, the effort of combining the se new techtods requires 
no effort. In the case men tioned above, i.e. 3 paramétrés with 
4 possible values, we would then have a time-series: 

1 , 8 , 27 , 64 
(1-1-1) (2-2-2) 
t  =  0  t = l  t  =  2  t  =  4  

In the general case, with n paramétrés with 
possible values, we would obta in: 

For k. < t ^ k.^T ] J+l 

N(t) = n k. • tn_kj (IV:4) 
i=l 1 

Thus N will always follow a path 

N = C • th 

n 
with stepwise increasin g C ( with lim C = n k. ) 

t*k i=1 1 
n 

and step wise decreasing h (with lim h = 0 ) 
t->k n 

It is possible to approximate this function to obtain a single 
formula. If n is big enough, we can assume that the paramét
rés differ by only one step, i.e. k2 = kx + 1, k3 = k2 + 1 
etc. Simplifying this by assuming k x = 1, we obtain: 

N(t) = t ! • tn_t (IV: 5) 

If furthermore t is great (say t > 10) the faculty function 
can be approximated according to the Stirling formula: 

N(t) « V 2 n t • • e-t • tn_t = V 2 n t • tn • e_t 

(t ^ n) (IV :6) 
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By investigating the derivatives it can be shown that this 
curve looks like the S-shaped logistic curve, with first an in
creasing then a decreasing slope. (Also when t n, ^ •* 0+.) 

In one sense, this case with all paramétré values changing 
one step per unit of time, represents a sort of "technical 
neutrality" in the progress function. It could for instance be 
the case that each paramétré was developed in separate indust
ries (or branches of industries). A na tural assumption is then 
that they change neu trally, i.e. about at the same r ate. 

The "paramétré models" for the growth of the number of 
sets developed above are based on the assumption of a fixed 
amount of total possible values, i.e. a fixed morphological 
space. When the morphological space grows, i.e. when radi
cally new technical principles are developed, the paths given 
by paramétré models are also affected. We then have three 
different changes, each with different time-perspective in
volved. First, we have the discoveries of new principles, 
extending the known morphological space and ass ociated with a 
long time perspective. Second, we have the realization of the 
known to be possible, meaning an extension of realized para-
metre values and associated with a medium-run time perspec
tive. Finally, we have the combination of known (and realized) 
paramétré values making new sets, associated with a com
paratively short time perspective. 

IV:3:3 One empirical illustration 

The dynamic models discussed in the preceding section have 
no real empirical foundation, there appears to be no study 
which has focused on the number of possible or practiced sets 
and their development over time. One can, however, look at 
some empirical illustrations which have an indirect bearing on 
the probl em. 

Let us assume that we can identify a pr ice-neutral measure 
of technical progress, something which is a perfect index for 
the development of technology. Let us call this a Figure of 
Merit. Assume furthermore that this index is proportional to 
the number of practiced sets. This last assumption could be 
derived from the assumption that each ne w practiced set has a 
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certain "probability of success" i.e. of producing a figure of 
merit higher than the one achieved with the existing best 
method. We would then expect the figure of merit to follow 
about the same path as the num ber of sets. 

One example of this is the development of the energy 
efficiency of External Combustion Energy Conversion Systems. 
This energy efficiency could realistically be regarded as an 
almost perfect figure of m erit, since i t is a dominating goal for 
the technicians working in the field to raise this efficiency. 
The development is shown in figure 4. 

The figure follows an increasing curve in a stepwise fa
shion. The steps are the point s where the industry switches to 
a new and more efficient technique. 

The development of a figure of merit is not the same as the 
development of the number of technical sets and these models 
do need more direct empirical support. True, it is not difficult 
to find other figures of merit which show a similar pattern to 
the one in figure 4 (e.g. the maximum speed for different 
transportation technologies) but it is also not difficult to find 
sectors where these steps cannot be found, as in those in
dustries where one set has always been dominant e.g the iron 
industry with the blast furnace. 

Figure 4 Efficiency of external combustion energy conversion 
systems. (Source: Ayres (1968) p. 82). 
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V. MICRO ENGINEERING ANALYSIS 

V:1 Introduction 

Let us now assume that we are studying a special technical 
set, and that our aim is to construct an empirical production 
function with the help of collected engineering information. Let 
us assume, in other words, that we are doing wha t is usually 
known as an "engineering production study". This problem 
differs significantly from the ones in the two preceding sec
tions, where the analysis and conclusions could be drawn 
from the specific form of the production data. As was 
pointed out in chapter II, the engineering information collec
ted consists of a variety of relations and restrictions that 
are impossible to reduce to some specific form or to an 
engineering production function with specific properties. It 
is, in other words, not possible to draw valid conclusions for 
the general cases from the functional form of the engineering 
information gathered. 

What, then, is the general, or common, problem atta ched to 
this type of engineering study? It is a problem of transforming 
a set of relations written in engineering variables x1}...,x 
to a relation (production function) written in economic variab
les, vij.-.jv . This section will focus on some of the theore
tical problems attached to this transformation, and its implica
tions for the economic prod uction function and for the technical 
progress models. 

For the sake of analytical simplicity, assume the exis
tence of an "engineering production function" 

summarizes all of the engineering relations (Q, x). As has 
been pointed out, this is a theoretical concept only and will 
not be found in engineering textbooks. I assume the existence 
of this function because the theoretical problems involved 
(travelling from points (Q, x) to points (Q, v) become only 
more complicated, without offering any additional insight, if 
we assume two, three or more engineering relation s. 

However, to analyze the transition from engineering to 

Q = e(xx, ... ,xn) (V : 1) 
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economics, additional information is needed on the relations 
between the economic factor s and the engineering variables : 

gj x l f . . . , x n )  =  0 j = l, . ..,k (V:2) 

The form of the functions (V:l) and (V:2) determine the 
properties of the economic production function. This section 
analyzes some fairly general cases and offers some more or 
less realistic examples as illustrations. The specification of 
the input functions (V:2) according to the two forms: 

= gjOi,... ,vm) i  = 1, ... ,n (V:3) 
or 

V .  = hj(xi,... ,xn) i  = l , . . . , m  (V :4) 

i.e. whether the technical variables or the economic factors 
are the dependent variables is the first natural classification. 
From these, the analysis can proceed to specify different 
functional forms for the engineering function and/or for the 
input functions. 

The transformation problem to be studied is that of con
structing the economic production function given these rela
tions, i.e. of maximizing an object function (the engineering 
function) subject to side restrictions (the input functions) 
i.e. 

Max Q = e(x1}... ,xn) 
S.T. (V:5) 

g.(vi,...,vm, xi,...,xn) = 0 j = l ,.. .,k 

The character of this problem and its solution, which is 
studied in this section, deals with the properties of the static 
function. The dynamic analysis (of technical progress) will 
take a somewhat different point of departure. 

Before turning to the problem, we shall take a brief look 
Chenery's solution. 

V:2 Some comments on Chenery's model 

The problems involved in the transformation from engineering 
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to economics were briefly mentioned in Chenery's articles, 
but his analysis is very vague and has severe shortcomings 
from a formal point of view. In his 1949 article, Chenery 
starts the analysis with the input relations 

v- = gj(xx,... ,xn) j = l,...,m. (V :6) 

He then assumes the existence of the economic production 
function 

Q = E(vx,... ,vm) (V:7) 

and, by substituting (V:6) into (V:7) he arrives at the engi
neering production function 

Q = e(xx,.. .,xn) (V :8) 

The presentation probably has the sole aim o f explaining the 
relations between the economic and the engineering functions, 
thus completely avoiding the transformation problem 

In his 1953 article the problem is also very inadequately 
treated. Here Chenery assumes the existence of an engineering 
function 

Q = e(x1,...,xn) (V :8) 

(although the number of engineering variables are unspeci
fied) . He then illustrates the transformation by assuming 

vi = xi i  = l,...,n (V:9) 

i.e. not only b y assuming th at th e number o f e conomic factors 
equals the number of engineering variables, but also that they 
are the same. This certainly is a very special form of input 
functions. 

Chenery also analyzes the problem of economic op timum. He 
treats this as a search for a least cost solution when prices 
(and output) have been fixed, and as sumes a cost expression: 

C = C(xi,...,xn ,?n) = C'(xi,...,xn) (V : 10) 



102 

(This omission of prices must mean that Chenery assumes p ri
ces to be a function of the engineering variables 

pi = P i(x1,...,xn) i  = l,...,n 

By minimizing C' subject to Q = e(x1}...,x ). Chenery 
obtains the conditions 

8c' _ , 8e . _ 
3x. 3x. i '• • " ' 

1 1 
Q = e(Xi,... ,xn) 

(V : 11) 

Commenting on these relations, Chenery writes: "...The 
economic interpretation of this result is the same as for 'quan
tities' of inputs: the marginal cost of varying any process 
variable (i.e. engineering variable, s.w.) must be proportional 
to its marginal effect on output when total cost is at minimum. 
The partial derivatives with respect to the process variables 
may be thought at by analogy as marginal productivities and 
marginal co sts." (C henery (1953) p. 308.) 

Thus, Chenery point s out a formal analogy betw een optimum 
points in the economic sphere and in the engineering space. 
However, the analysis in the section bel ow do es show that this 
analogy depends strategically on the relationship between the 
numbers of economic and engineering factors and that his 
statements are valid only for a very special cas e. 

V:3 Micro-engineering analysis; The case w hen e conomic 
factors are dependent variables in the input func
tions. 

V:3:1 Some general c omments 

Let us first assume that the input functions are of the form 
(V:4) so that a set of engineering variables x^ i  = l,...,n 
completely determines the economic factor input set Vj j = 
l,...,m. This case is surely one of the mo st co mmon in micro-
engineering analysis, some empirical examples of which can be 
found in chapter II. When building a ship or a machine, or 
when constructing a building, it is often the case that output 
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can be written as a function of the engineering dimensions of 
the construction, and that these also determine the input re
quirement (of capital, labour, energy etc.)- The interpreta
tion of the Xj's as construction variables is very natural in 
this case. This also means that the case above is rather 
typical for ex ante production studies where the relevant 
engineering relations often denote construction dimensions 
for capital equipment. 

An economic production function can now be obtained from 
the possible engineering set (Q,x) if we chose those points 
where a given economic input set (v) maximizes production. 
Seeking a solution to the prob lem: 

As will be shown, the solution to this prob lem is the econo
mic produ ction function 

However, the character of the solution depends, not surpri
singly, on the relation between the num bers n and m, i.e. the 
relation between the number of engineering and economic 
variables. The three cases n>m, n = m, n<m, are there
fore treated separately. 

V:3:2 The number of engineering variables exceeds the 

The most common case is the construction of a piec e of capital 
equipment which usually means specification of a large number 
of technical variables, but usually only a few economic variab
les . 

Let us study first the construction of the economic produc
tion function. From (V:12) we construct the Lagrangian ex
pression 

Max Q = e(xx,... ,xn) 
S.T. 

v =h(xi,...,xn) j = l, ...,m 

(V : 12) 

Q = F(v l f... ,vn) (V : 13) 

number of economic factors, n > m 

m 
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where the A..'s denotes the Lagrange multipler s attached to the 
restrictions. The conditions for optimum are 

9L _ 3e v . 3hj n . t (V:15) 
3Î.-85T.- 1 = 0 1 = l"-"n 

1 1 ] j 1 

= v.-h. (x h . .. ,x ) = 0 j = 1, ... ,m (V: 16) 
J J J 

We have now n + m equations and n + m (x^ and A^.) un
knowns. For each set of economic inputs v., it is thus possible 
to solve for which, substituted in the engineering function 
yields the economic function. Formally, from (V: 15-16), we 
obtain 

Xi = gjOi,.. • ,vm) i  = 1, ... ,n (V: 17) 

A. = fj(vj,...,vm) j = 1, ... ,m (V: 18) 

and, when (V:17) is substituted into (V:12), we obtain 

Q = F(v i,...,vm) (V : 19) 

(It should, however, be pointed out that the forms of the 
functions often are so complicated that it is impossible to 
derive relations (V:17).) 

An interesting aspect of this problem is the existence of 
economically optimal "technical relations". In the system (V :15-
16), we have n equations and m X.'s. As n > m, we can thus 
eliminate all the A.'s and are then left with n-m relations ] 

0k (Xi,... ,xn) = 0 k = 1, ... ,n-m (V:20) 

These equations are relations between the x/s which alw ays 
must be fulfilled if the points x^ are to belo ng to the economic 
production function. The construction of the economic functio n 
leads to n-m "technical optimum laws". This is interesting 
from many points of view. First, it means that many "technical 
laws" in reality are "economic laws" . Suppose for instance that 
we want to construct a machine and that the only relevant 
inputs are labour and capital. The machine can of course be 
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constructed in many ways, characteri2ed by many sets (x). 
However, equations (V:20) now tell us that we can always 
derive n-2 optimal "design-relations". This in turn means that 
n-2 engineering variables can be eliminated and that the en
gineering function and the input functions always can be 
reduced t o: 

Q= e(x x, x2) 
K = gx(Xl, x2) (V:21) 
L = g2(xx, x2) 

The interesting points are then, first that a number of 
so-called "technical laws" in reality are economic laws, and 
second, that the problem can be reduced according to the 
example above. 

Let me illustrate all this with a simple example. Suppose we 
have the following relatio ns: 

Q = x1-x2-x3  (V :22) 
K = x3 (V :23) 
L = Xj + x2 (V : 24) 

The conditions for optimum yield s: 

ay x2. Xj- XL= 0 (V:25) 

bt äi2= x2. Jfe- k L= 0 (V:26) 

al - i -
9x3 x2- x3 - ar ü (v:27) 

K = x3 (V :28) 
L = xj. + x2 (V :29) 

The two first equations yield immediately the "technical law": 

Xi = x2 (V :30) 

and, after substitution, we derive the economic production 
function : 
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Q = T '  K (V:31) 

The economic function has in this case the properties usual
ly assumed for neoclassical production functions. However, we 
cannot state anything general about the functional properties 
as these are totally dependent on the forms of the enginee
ring and input functions. 

V:3:3 The number of engineering variables equals the 
number of economic inputs, n = m 

Construction of the economic production function is in this 
case possible to conduct without any maximizing procedure. 
We transform the input functions, obtaining 

= gjOx,... ,vm) i  = 1, ... ,m (V:32) 

which is substituted in the engineering functio n thus obtaining 
the economic function. 

V:3:4 The number of economic factors exceeds the number 
of engineering variables, m > n 

Suppose no w we have the input functions 

v. = gj(xx,... ,xn) j = l, ...,m (V:33) 

with m > n. 

Solve first for the x^'s in vx,...,vn and then substitute 
these solutions in the equations where n < j ^ m, so that 

X. = h.Oi,... ,vn) i = 1,... ,n (V:34) 

v. = h.(Vi,... ,vn) j = n + 1, ... ,m (V:35) 

We thus obtain a produc tion function 
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Q = F(vj,... ,vn) (V: 36) 

v. = h.(vi . ,v ) j = n + l, ...,m 
j j n j (V: 37) 

This is the simplest formulation of the produc tion function. 
The arguments in the "core" production function are n econo
mic factors (regardless of which) with the remaining m-n as 
functions of the earlier mentioned n. This is not such an u n
usual formulation, as production can be a function of energy 
and capital, while la bour in turn is a fu nction o f these tw o. 
This case points out that there is a technically determined 
relationship between the economic factors of production just 
as the case n > m produced economically determined relation
ship between the engineering variables. In other words the 
variable which is the lowest in number sets restrictions for 
the pos sible combination of the o ther. 

These functions must represent some generalized version 
of the Leontief technology. (With Leon tief technology as 
the special case when n = 1 and the functions h ^h n+1' ' m 
being linear.) To analyze the character of the complete econo
mic produ ction function 

As m > n, we need only consider at most n input restric
tions of the form (V:38) in order to solve the optimization 
problem. However, every combination of the m restrictions 
(V:38) yielding at most n restrictions mus t be considered. The 
total number of possible cases to be considered is then 

Q = F(v!,...,vm) (V:38) 

assume that the input relations are of the form 

v .  £  g - ( X i ,  . . .  , x  )  i &i l
' ' n j = l,...,m 

n 
2 O = k 
s=l s 

Suppose that we now consider each single restriction, and 
thus have the m optimization prob lems: 
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Max Q = e(xj,... ,xn) 
S.T. (V: 39) 

Vj » STjUi. -• •>*„) 

For j = 1, this gives Q = E1(v1), for j = 2 the solution 
Q = E 2(v2) etc. As all these m restrictions have to be ful
filled, we obtain the total solution as 

Q = Min (EHvi),. . . ,Em(vm» (V:40) 

When every pair of restrictions is considered we obtain in 
the same way the total solution: 

(V :41) 
Q = Min (Em+1(viv2), Em+2(v1v3),...,Em+mn<vin.1V 

In the general case the solution can be written 

Q = Min (EHvi,... ,vm),... ,Ek(Vl,.. . ,vm) (V:42) 

i.e. as a s ort of g eneralized Leon tief production f unction. 
A very simple example could illustrate this case. Suppose 

we have the produc tion function: 

Q = Vxi (V :43) 

and the input functions: 

vx = Xx (V:44) 

v2 = 2xx (V:45) 

One way to write the produc tion function is 

Q = Vvi (V:46) 

v 2 = 2Vi (V:47) 

However, if we want a total function with both vx and v2 

as arguments we must consider the input functions separately. 
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We then fin d 

Q = Vvi> and Q = V Thus: 
2 

Q = Min (vi; ) (V:48> 
2 

Although the assumption n < m may seem unrealist ic it is 
necessarily the case, especially when dealing with ex post 
production function. We can for instance imagine a process 
where the capital stock is fixed, and where the only variable 
input is "work", measured in some unit of energy. This "work" 
in turn requires inputs of labour and fuel, resulting in a 
Leon tief technology resembling the case just analyzed. 

V:3:5 The special case with linear input functions 

Within the above general framework many special cases can 
be considered. One of the most common is probably the case 
when t he input fu nctions a re linear, i.e. 

n 
v. = I a..x. j = 1,. .. ,m (V:49) J i=1 Ji i 

(In the next section I shall give an example of this k ind of 
input function. ) 

This case is interesting because it is possible to derive a 
limited substitution region for the economic production func
tion. Suppose the engineering variables are so defined that 
Xj è 0 for all i. The transformation of the n base vectors 
spanning the positive part of the x-space to the economic 
factor space means that we obtain base coordinates for this 
room: 

(ah> • • • (ai2' ' • • 'am2^' ' ' ' '^alh' ' ' ' ,amn^ 

As every set of engineering variables can be written as a 
linear combination of the base coordinates in the "engineering 
space", it is also po ssible to write every possible economic fac
tor set as a linear combination of the base coordinates in this 
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space. This, however, means that for every pair of economic 
v. 

inputs — the following relatio n must hold: 
k 

„in !iî s 5 s Max îii (V:50) 
i V Vk i ajk 

Thus, we obtain a limited substitution region no matter what 
the number of economic factor s or engineering variables. (This 
is interesting since a limited substitution region seems to be the 
result of all detailed empirical prodection studies that I know 
of). The analysis above shows a very simple way of construc
ting functional forms for these functions. 

V:4 Micro-engineering analysis; The case when the en
gineering variables are dependent variables in the 
input function. 

V:4:1 Some general comments 

In this case we work with input functions of the type: 

xi = g^Vi,... ,vm) i = 1 ,... ,n (V:51) 

This form of the input functions is probably rather unusu
al but there are examples where they occur, especially when 
energy and raw material are the economic factors. If, for 
instance, xx denotes the amount of metal and vi,...,v^ 
different materials contai ning this meta l (scrap, different kinds 
of ores), we have 

Xl = aljvl+> • • • ,+aik vk (V :52) 

Where a~ denotes the meta l content per unit of material j. 
In the same way it is possible to write the consumption of 

energy as a function of concrete energy sources (different 
kinds of fuel) and their efficient energy content. 

However, this special form for input functions is probably 
applicable only to ex post technologies, where capital and 
labour are fixed, and the only resultant choice is between 
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different kinds of energy sources and different kinds of raw 
materials. 

When dealing with input functions of the type (V:51), the 
construction of the economic function poses no problem. The 
input functions are simply substituted into the engineering 
function and the economic function results without any optimi
zation procedure. It is not possible to say anything in general 
about the properties of this function since it is totally depen
dent on the forms of the engineering function and the input 
function. However, when n > m, i.e. when the number of 
engineering variables exceeds the number of economic factors 
one generally valid and interesting feature can be derived. 
Suppose that we have the input functions (V:51) and 
that n > m. In the first m equations we then solve Vj-'s as 
functions of x^-'s. Substituting these in the remaining n-m 
equations we obtain n-m relations: 

0k(x1,...,xn) = 0 k = 1,... ,n-m (V:53) 

i.e. n-m technical relations always prevails regardless of the 
set of economic factor s chosen. 

The fact that the technical functions suggests that these 
technical laws are "caused" by the economic choice are 
concretizised through a specific set of economic factors when 
the number of engineering variables exceeds the number of 
economic factors, every economic factor "contains" several 
engineering variables which stand in a definite relation to 
each other. The technical laws resulting from this can then 
be said to be caused by incomplete factor specialization, and 
have an explanation other than the technical laws derived in 
section V:3:2. One should add however, that input relations 
(V:51) together with the assumption that n > m is probably 
the rarest case. 

V:4:2 The special case with linear input functions 

We shall now analyze the special case with linear input func
tions referred to in the foregoing discussion. As pointed out, 
this need not be an unrealistic case, especially if we think 
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of eCxj,...^ ) as an ex post function, v1}...,v as the 
concrete "goods" containing raw material and energy. 
Other interpretations are possible, this special case consti
tutes the simplest reference. 

The form of the economic production function is not espe
cially interesting, depending, not surprisingly, totally on the 
form of the engineering function. Instead, we will concentrate 
on the conditions for economic optimum because they reveal 
some interesting properties, treating this problem as an output 
maximizing problem, given total factor cost (C) and factor 
prices Pi,...,P . The problem ca n thus be formulated: 

Max Q = e(x!,...,xn) (V:54) 
S.T. 

X = A • v 
m 

C è I P. v. 
j=l J 1 

v. ^ 0 j = 1,... ,m 

where 

Vi Xl 
v = X = 

vm X m n 

A = 
aln'''''alm 

3. - , . . . . â ni' nm 

Similar problems have been studied earlier. The earliest 
economic analysis I know of is in Puu (1964) where the prob lem 
of optimal portfolio choice was analyzed. (The object function 
was then a utility function, xi,...,x the dividends at time 
l,...,n and vi,...,v denoted the amounts of m different m 
bonds, a., was here in terpreted as the r eturn of bond j at time 
i.) 1] 

Lancaster (1971) formulates a similar problem, where 
xi,...xn denotes the different qualities of consumption goods. 
The object function is a utility function and vi > • • • > vm the 
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amounts of the m consumer goods. Many of the conclusions 
from the analysis below can (although in a somewhat modified 
form) be found in the cited works. 

To analyze the proble m, construct the lagragian expr ession 

L = E(vx,...,v ) + A (C - I P.v.) + A. . . V .  (V:55) I ,  > M Y  V  F  J  J  J  J  

Where 

E(v!,...,v ) = e(Ia..v., Ia0. v.,...,Za .v.) (V:56) l' ' m . i] ] ' . 2] ]' '. nj y 

We want the opti mal values for v^. 
As we have 

8L - §E _ p + , - j . 3e p (V:57) 
8Vj + - i=Zja ij Sì." "j + Aj 

we obtain the following Kuhn-Tucker conditions: 

Iaij H.~ APj + X] = 0 ' vj = 0 J = 1, • • • .m (V:58) 

C - IP .v. J ] ^ 0 ; X Ì 0 (V :59) 

v. J ^ 0 ; y 0 j = l,...,m (V:60) 

If the inequality sign holds on the right hand side then 
there is an equality sign on the left. 

Let us first analyze how many economic factors will be 
used. We see that if m > n then v. = 0 for at least m-n 
factors, assuming Vj > 0 for k > n inputs. Then À. = 0 for 
these but eq. (V:58) then be comes 

Laij Ì.= M>. i = l,...,k>m (V:60) 
1=1 J 1 J 

But here we have k equations in n (|^-'*"'|^-) unknown. 
o X i  d X  .  1 n 
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Generally it is not possible to solve the system, from which we 
can deduce the rule that no more than n economic factor s will 
be used in a producing u nit. It should, however, be pointed 
out that we can not deduce exactly how ma ny factors that will 
be used as the exact number will depend on the prices and the 
technical coefficients a^.. Those cases where only one factor is 
used need not be unusual . 

We can relate the information obtained from the analysis 
above to the empirical information on different iron making 
methods in the preceding chapter, where the production of 
iron is described as essentially consisting of adding energy to 
iron ores. This is a correct, but not complete, description. 
When considering fuel (i.e. not just "heat") as an energy 
source, we are speaking of two separate chemical reactions. 
First, the fuel reacts with iron oxide (i.e. the oxygen in the 
ore), which is called the reduction. For instance, when using 
coal as energy source: 

Fe203 + lh C —> 2 Fe + l\ C02 - 55.9 kcal 

is the formula for the reaction, which is an endothermal pro
cess (i.e. it demands energy in the form of heat). The other 
function of the fuel is to supply this heat (mostly b y reacting 
with the oxyge n of the air). 

This means that we can speak of two separate engineering 
functions for energy: one as a source for the reduction and 
one as a heat source. In our empirical investigations no set 
using more than two forms of energy had been tried -
although this would be perfectly possible! I may be that there 
are only two engineering variables involved; energy for re
duction and energy for heat! 

Let us continue this analysis by asking which factors that 
will be used. Let us then assume that we have v > 0 and v, S K 
= 0. We kno w then 

3E = xp (V :61) 
9v APs s 

9E < ? p (V :62) 
avk= ÀPk Ak = k 
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Thus 

3E 
avs < Ps (V: 63) 
3E = P 
dv, K 

Those factors having a margin al product that is constantly less 
than their relative price will not be used. 

In connection with our discussion of Chenery's analysis 
(see V:2), we ask for shadow prices on the engineering 
variables. We kno w that at most n equations of the form 

n a 
1 aii * Ü = XPi (j = 1,... ,k * n) (V:64) 

i=l 1 i 1 

applies to the economic op timum point. 
Now, if we know that k = n, i.e. that exactly n econo-

mie factors will be used, only then can we solve for ~—, 
and obta in conditions k 

9e 
3x 
8e 
a xk 

(V : 65) 

where hg and h^ are real numbers. On the contrary, if k < n, 
we cannot, in the general case, solve for any such relations. 
We thus conclude that Chenery's statement on the formal 
analogy between engineering variables and economic factors is 
not valid in the general case . 

V:5 Micro engineering analysis - an illustrative example 

We shall end this mo del analysis with an illustrative example of 
probably the most common case, namely when the input func
tions are of the form 

v. = .. ,xn) j = 1 ,... ,m (V:66) 

We furthermore assume m = n while this may seem to be a 
very rare case, the analysis in section V:3:2 shows we can 
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always reduce the problem when n è m to the case n = m. 
Thus, this special case illustrates the most common situta-
tion: n è m. 

Let Q be the amount of a homogeneous output. Assume that 
output is a function of two engineering variab les (the interpre
tation of which will be discussed later) Xi and x2, according 
to an ordinary Cobb-Douglas relation: 

Q = A Xi x2~a (V :67) 

(A a constant > 0 and 0 < a < 1) 

Assume further that one unit of xx requires ax of labour 
(L) and a3 units of capital (K), and corresponding for x2 

such tha t: 

L = ajXi + a2x2 

(V:68) 
K = a3Xi + a4x2 

Let us for simplicity also assume that all a^ > 0 
By solving xx and x2 and substituting into (1), we obtain 

a produc tion function in the economic variab les K and L: 

Q = - . (axK - asL)1"0 . (a4L - a2K)a 

(ala4 " a2a3) 
(V:69) 

the function to be analysed. First some comments on the con
struction of the function. 

(V:67) is the engineering production function, and (V:68) 
the input functions. In principle, Xj and x2 could be in terpre
ted as any engineering paramétrés, such as speed, length, 
height, etc. However, in this example Xx and x2 are inter
preted as numbers of different machines. Total production can 
then be carried out by combining these machines according to 
the Cobb-Douglas formulation (V:67). 

Furthermore, if xx are interpreted as machines, the inter
pretation of the input functions are obvious: (V:68) simply 
states that it takes aj units of labour and a3 units of capital 
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to operate machine number 1 and the corresponding for ma
chine number 2. 

It is not unrealistic to think of a pro cess where two mac hi
nes can be combined according to (V:67). When, for instance, 
cutting trees, one can choose between different machines 
(power-saws, large processors etc.) suitable for different 
land conditions. Usually the natural environment is such that 
at least two kinds of machines must be used: large processors 
for large even areas and power-saws for selective cutting or 
for rough areas. In many other processes we find similar 
conditions, e.g. digging, grass-cutting, snow-clearance etc. 

Note than an economic prod uction function can not be obtain
ed directly from (V:67) and with the prices of the m achines as 
the relevant price paramétrés. The prices of the ma chines are 
relevant only for the investment decision, and when including 
the conditions of operation in the calculation, we must deal 
with the amount of labour required and, of course, the capital 
costs (interest + depreciation + repair) for the machines. The 
coefficients a^ then give the input values for the machines 
under "normal operation" and for a specified production 
period. 

The combination of (V:67) and (V:68) gives a very special 
combination of the "neoclassical" and "Leontief" assumptions 
regarding substitution possibilities between factors of pro
duction. Technically, the substitution possibilities are unlimit
ed, while economically there exists boun ded substitutability due 
to the fixed input coefficients. The substitution between labou r 
and capital is made possible by substitution between different 
kinds of machines. In this respect the formulation should 
satisfy those economists arguing that a spade mus t be support
ed by one (and not three or one third) man, as well as those 
who argue that a spade can always be substituted for an 
excavator. 

Properties of the ex ante function 

I shall first analyze the ex ante function which means that 
there are no restrictions on the possible input combinations. 
For the sake of simplicity, I further assume that: 
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aja4 - a2a3 > O (V:70) 

which means that machine no 1 is more labour intensive than 
machine no 2. 

al a2 
( ÏÏT > S" } a3 a4 

It is easy to show that the function (V:69) has the proper
ties usually assigned to produ ction functions. It is homogeneous 
of degree 1 in K and L and the marginal product of labour (or 
capital) is a single valued function of the capital intensity 
(K/L). However, the interesting property is the bounded 
substitution region. Let us first of all note that the function 
(V : 64) is defined only for the region where : 

(V :71) 
ai L a2 

(To extend the domain of the function, we could of course 
define the function also outside this region where K, L è 0.) 

The region defined by (V:71) is, however, greater than 
the substitution region. If we differentiate (V:69) along an 
isoquant (dQ = 0 ), we obtain: 

K (jg a3a4 * (aia4<* + a2a3(l-a)) • -y-
dL aia4 (1-a) + a2a3a - axa2 K (V.72) 

L 

The substitution region is bounded by the factor rays where 
dK n , dL 
dL = 0 and dK = 0 

(These are identical with the rays where the margi nal produc
tivity of labour and capital = 0 respectively). 

From ( V:72) we obtain 

f - 0 when f ^ rT_r- <V:73> dL L axa4a + a2a3 (1-a) 

dL K a»a< <1~°> * a2a3° (V:74) 
dK when L=  
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The substitution region is thus the region where 

a3a4 ala4 (l"ö)+ a2a3a (V'75) 
axa4a + a2a3 (1-a) = L = axa2 

Inside this region, the isoquants are convex towards the 
origin. If we (which is appropriate for at least ex ante condi
tions) assume free disposability for the inpu ts, then of course 
the isoquants are horizontal or vertical outside the region. 
However, in order to show the full properties of the produc
tion function, I shall not consider these "economic isoqu ants", 
but concentrate on the technical possibilities of factor combina
tions. We note then, that these "technical isoquants" have 
positive slope outside the substitution region, and approach 
the boundaries of the domain when K or L ^ The technical 
isoquants are illustrat ed in the figure below. 

The substitution regions correspond to a "possible region" 
in the "engineering space" (xx; x2). It is easy to show that 
no m achine com bination outside a region 0<k1â^^k2, kl5 

x2 
k2 constants, will ever be considered. This in turn is due to 
the fact that the prices of the machines are a function of the 
two identical prices, labour and capital. No matter how much 
the relative price of labour/capital varies, the "operating 
prices" of the ma chines will always vary within certain limits. 

The size of the substitution regions is a function of the 
input coefficients a.., and a. If we keep all a^ const ant, and 
measure the breadth (B) with the relation between factor 
proportions at the boundary of the substitution region, we 
obtain : 

(aia4(l-a) + a2a3oO(a1a4a+a2a3(l-oO) 
B = (V:76)  

dB 1 As = 0 when a = we see that the breadth is maximi

zed wh en a = When a -» 0 or a -» 1, the breadth will decrease 

and co llapse to a Leontief technology when a = 0 or 1. 
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Figure 1 Technical isoquants derived from the production 
function. 

/"The Economic 
Substitution,Region' 

L  

As we can see from the curvature of the isoquants, we 
have a function with a variable elasticity of substitution. If 
the elasticity a, is calculated along an isoquant, we obtain: 

K K (a3a4-(a1a4a+a2a3(l-a)• j-)(a1a4(l-a)+a1a3-a1a2 —j) 
Q _ __ 

(a^ - a2a3)2 • a(a-l) • j-
(V:77) 

and i t is easy to see that a ^ 0 inside the substitution region 
(a = 0 on the boundary) and CT < 0, outside this region. 

Finally we can observe that the isoquants (in the economic 
space) are strictly convex towards the origin in the whole of 
the domain. This point is worth underlining, since other 
studies of the "uneconomic region" point out that the iso
quants should be concave somewhere in this region. 

Properties of the ex post function 

The most common by far ex post specification is the assump
tion that the amount of capital is fixed. However, I think it is 
more natural to impose the ex post restrictions on the engi
neering variables. It is the technology, and not some factor 
use, that is supposed to be fixed ex post. 
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In our case this means that the ex post restrictions should 
be placed on the x/s. Given the interpretation that x^ de notes 
the num ber of a specific machine, a nat ural restriction is 

x. ^ x. i = 1, 2 (V:78) 

This means that the firm has already bought x. units of ma
chine i , and can not ex post exceed this numb er. 

K is now the amount of capital used, and can vary within 
the limits set by (V:68) and (V:78). If the cost of capital is 
independent of its use, then the ex post price is zero, and 
only the price of labour matters when analysing the economic 
optimum. 

Due to the restriction (V:79) the region of substitution will 
change, and for some parts of the region new boundaries can 
be constructed. The new capital intensive part is constructed 
as follows: From the full capacity equipment (xx, x2), the 
most labour intensive machine i.e. xx) is gradually taken out 
of operation. If full capacity utilization means consumption of K, 
L capital and labour, this new boundary is given by the 
equations : 

L = L - aiCXi - xx) 
(V:79) 

K = K - a3(xj - xx) 

which can be written as: 

K - ^ - L  =  K -  f ^ L  ( L  *  L )  ( V : 8 0 )  di ai 

The new pa rt of the labour intensive bound ary can in the same 
way be written as: 

K - ̂  L = K - ^ L (L É £ ) (V :81) 

The new substitution region is illustrated in the figure below: 
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Figure 2 Illustration to the ex post function when restrictions 
are placed o n the engineering variables: 

( K , L )  

The ex post substitution region has the shape typical for 
Leif Johansen's ex post macro functions. There is also nothing 
preventing us from using the function (V:68) as a macro 
function. xx and x 2 would then denote total machine equ ipment 
in the industry. (It can even be more realistic to use the 
function as a macro function. For instance, if we think of tree 
cutting, some firms may only use machine no 1, while others 
use machine no 2 (due, perhaps to natural conditions). Total 
production might then perhaps be a function according to 
(V:67). ) 

If we assume that the ex post price of capital is zero, the 
firm will always chose the technology shown by the capital 
intensive boundary of the substitution region. The variable 

X X average cost will then be constant up to L (Q ) and there
after increasing. Under certain reas onable assumptions we thus 
arrive at the ordinary "neoclassical" cost curves. However, it 
is to be observed, that the U-shaped cost curves are caused 
by the bounded substitution region, and not by a variable 
elasticity of scale. (Inside the region of substitution, the 
elasticity of scale is always equal to one. However, on the 

X • boundary it is equal to one when L ^ L , and decreasing 
thereafter. ) 
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V:6 Some conclusions of the static micro engineering 
analysis 

Several conclusions of interest emerge from the analysis above. 
Some of these are: 

(i) The existence of technical laws 

Whether the economic factors were treated as dependent or in
dependent variables, we observed the existence of "technical 
laws", i.e. relations between the engineering variables that 
applied no matter what the factor prices or what the economic 
input set used. These technical laws had in both cases -
although with a somewhat different motivation - an economic 
explanation. Thus, many other technical laws found in engi
neering handbooks could al so hav e an economic explan ation. 

(ii) Many complicated economic technologies could have a 
very simple engineering explanation 

We have noted the existence of "generalized Leon tief produc
tion functions". The technological explanation for these could 
be the simple one studied here, namely 1) Input functions 
according to case 1, and 2) more economic factors than en
gineering variables. We have also noticed the existence of a 
limited substitution region. This (empirically very common) 
case could perhaps have the simple explanation put forward 
here. 

We could also look at the matter from another point of view 
and say that given the engineering foundation, we would not 
be surprised if limited substitution in one form or the other is 
a very common empirical characteristic of economic production 
functions. 

(iii) The relationship between the number of engineering 
variables and the economic factors plays an important 
role for the economic solution 

As we have seen, the relationship between the num bers n and 
m is a strategic variable in determining the final solution. It 
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affects the substitution properties, the existence of shadow 
prices on the engineering variables and the way of obtaining 
the economic function. The form of the engineering function 
and the input functions are the most important information in 
this respect, but it is the numbers that give the most 
valuable inform ation. 

V:6 Technical progress in micro engineering analysis 

V : 6:1 Some general comments 

Given our model of an engineering function and a set of input 
relations, technical progress can come about in two ways: 

(i) As a change in the engineering function, represent
ing a greater technical knowledge of the proce ss. 

(ii) As a change in the input functions, representing 
better input quality. (In our linear model this means 
the incre ase of the a..'s.) i] 

Both of these changes cause the economic production func
tion to shift in the same way that technical progress ordina
rily enters into economic production models. However, when 
dealing with technological progress a technical set, only the 
first type of change needs to be considered. Changes in the 
input function, such things as better material quality, better 
machines and more skilled labour, generally represent improv e
ments in other sectors of the economy but it is impossible to 
draw a sharp line, since improvements in factor quality might 
be the objective of engineering (or managerial) efforts within 
the particular industry, (education of labour could, for in
stance, occur within the industry) but I do not think this is 
the general case. This, together with the "law of simplifica
tions" justifies the assumption that progress within a set is 
equal to the process of acquiring more technical knowledge of 
the process, i.e. the process of changing e(xx,...,xn) over 
time. 

Before starting the analysis, some clarifying comments can 
be made on the relationship betw een prog ress within a set and 
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as the development of new sets. It is possible to think of our 
engineering production function as comprising bot h the techno
logy of one set and all technical knowledge of a proce ss. As a 
matter of principle, there would then be no difference between 
extensions of knowledge in the form of new technical set s and 
progress within one special set. However, when defining the 
engineering function for only one set, there is a small diffe
rence as long as we deal with progr ess within a set, the func
tion changes smoothly and continuously. However, when a 
switch to a new set occurs there is a non-co ntinuous, discrete 
change in the engineering functio n relevant for firm decisions. 
By making this distinction, and analyzing the "dynamics of 
steps" and the "dynamics of continuous change" separately I 
think that more insight into the complicated process of tech
nical change is gained. 

V:6:2 Modelling technical progress 

Let us now return to the central question : how does know
ledge of a special set advance? As pointed out, the pro cess is 
largely one of trial-and-error or (in economic terms) learning 
by doing. The main technical principles involved are known, 
and is left is the search for optimal paramétré values. This 
search may include such things as the organization of labour 
and work, the combination of material or adjustment of process 
temperature, pressure, reaction speed and so on. The search 
process requires time since this kind of knowledge cannot be 
gained through theoretical models, which are not sufficiently 
detailed, or through the knowledge of the construction 
engineer which is not sufficiently great but only through 
experience. Furthermore, a change in these paramétré values 
often requires new equipment. A special paramétré combination 
must be tried out for some time before a judgement of its 
efficiency can be made. All these factors indicate that i t takes 
time to find a technological optimum even if the engineering 
principles of the proc ess are known. 

This process can be modelled in much the same way as the 
growth in the number of sets. We assume that we can classify 
the different paramétrés involved and their possible values. 
Temperature could be one paramétré (say 200 ^ T ^ 280), 
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pressure, material strength, material flow, others. The know n 
total of combination possibilités would then represent an index 
of the technical knowledge of the process. However, two 
things which must differ from the "number of sets" formula
tion, are: 

(i) The paramétrés must vary continuously, since it is 
not now a question of discrete principles but of 
varying - in the majority of cases - continuous 
paramétrés. 

(ii) The corresponding morphological map for one set is 
almost certainly closed since the principles are 
known. If a new principle emerges and is applied 
then this - by my definition - is a new set. 

Let us now assume that we are dealing with a technical set 
involving n paramétrés that can be changed through trial-and-
error. Let us furthermore assume that we start from an ini tial 
point X?,..., X ®. How does technology - given the effort -
then develop? To mo del this le t us first introduce the notio n of 
technological distance. I define technological distance, A, be
tween two points X and x° as sim ply the euclidian distance: 

A = V(xi - x$)2 +,...,+ (xn - x£)2 (V:82) 

A natural assumption now is that it takes the same effort 
(on behalf of the engineer) to go from x0 to any point on the 
frontier given by 

D = V(xi - x§)2 +, ,+ (x - x£)2 (V:83) 
« Il II 

where D is a fixed distance. For instance, starting from a 
point (1, 1, 1) means that a given effort can result in either 
combination (2, 1, 1) or (1, 2, 1) or (1, + 1, + 1). 

Suppose now that all untried combinations seem equ ally pr o
mising to the engineer, so that one special path is - a p riori 
- equal to another. We would then expect that a variety of 
different efforts carried out by a variety of firms would lead 
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to the development of all points at the same technological dis
tance. If we further assume that all combinations on the path 
are tried during the development process, then we would 
expect that a given time effort would result in the development 
of all combinations x given by the equation 

V ( xi - x§)2 +, ,+ (xn - x®)2 S D (V:84) 

We would further assume that this distance D is a positive 
function of time (with given effort) so that the combinations 
tried at time t are given by all points fulfilling 

V (x x - X?)2 + , ,+ (xn - x^)2 g D(t) (V:85) 

(with ^ > 0) 

Thus, the tried combinations could be represented by the 
points inside a growing sphere. As the volume of the sphere is 
an index measure for the "number" of these combinations, and, 
in turn, the "number" of these combinations is an index for 
the technical knowledge of the process, the volume of this 
sphere can be taken as an index representing the growth of 
knowledge. 

Before proceding let me add some co mments on the "realism" 
of this progress model. Of course, explorations of an unk nown 
technical territory do not occur in this "sphere"-like fashion. 
In most cases there is a priori knowledge of the probability 
that a given combination will prove successful or not. This 
means that the combination tried may not resemble a growing 
sphere, but perhaps look more like an arrow aimed at some 
promising combinations. Empirical evidence only can say which 
model is the most realistic. The model used here can perhaps 
be described as the most natural model i n the absence of em
pirical data since it implies some sort of technical neutrality in 
the process. Since the unknown is completely unknown every 
path into it has equal probability of proving successful. 

If this model is accepted, then the growth of knowledge is 
measured by the volume growth of a n-dim ensional sphere. The 
formula for this volume, v is: ' n 
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n 

V - T^ct")n O? (V:86) 
n r (n + 1) 

where D(t) is the radius (R) and r the gamma function, de-
oo 

fined by T (n+1) = f Xn-1, e"Y dY. 
o 

Let us develop this model further by assuming that every 
paramétré can take only finite values, so that 

X. £ X. £ X. v i = l,...,n (V:87) i l i  '  '  

This is a natural assumption given the fact that we deal 
with only one special set. It is then natural to assume that 
the given basic principles restrict the use of engineering 
variables according to (V : 87). 

We now model knowledge growth as the volume of a sphere 
growing inside a box. This is actually a complicated prob lem 
although many simplifications can be made. The first natural 
simplification is the normalization of the values of the x^'s to 
values between 0 and 1. The sphere inside the box would no w 
grow according to (V:86) (if multiplied with a factor since 
we move only in 1 out of 2 n "quadrants") if 0 S D(t) ^ 1. 
When 1 < D(t) ^ V 2 we have to reduc e the sphere's volume b y 
the volume of the calottes coming out of the box. The volume 
of these calottes are extremely complicated to calculate, and, 
furthermore, when D(t) > V 2 they have a common part which 
further confounds the matter. 

It is thus very complicated to obtain formulae for this 
volume growth. It is, however, a reasonable approximation 
when the sphere covers almost all of the box, to assume that 
the volume V n 

Vn « 1 - hn = 1 - (V n -R)n (V:88) 

where R is the radius of the sphere. Knowledge grows 
first when a part proportional to Rn and later with a part 
proportional to 1 - (V n-R)n. If we measure the rate of 
growth, this at first increases, then at the end decreases and 
tends towards zero. Typically, then, the curve V = f(R) re
sembles the logist ic curve. 
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Constructing the curve V = f(R) is however, only the first 
step. A "real" progress function is a relation = g(t), (t 
time) and therefore we also need a model for the relation b et
ween R and t, i.e. the time path for the radius. Here seve
ral possibilities exist. 

(i) The simplest model is perhaps linear: 

R = a • t a const > 0 (V:89) 

This means making an assumption that it takes the same effort 
to develop a certain technological distance, no matter whether 
this territory lies in the neighbourhood of the boundaries or 
not. 

(ii) An alternative formulation is 

0 I t S ® 

This model assumes that a certain distance takes a longer 
and lon ger time to develop (given the effort). 

Technologically, this me ans that a certain development meets 
increasing difficulty: It may, for instance be mu ch m ore diffi
cult to raise temperature from 600°C to 700°C than from 100°C 
to 200°C in a process. Intuitively, this model does seem mo re 
realistic than the linear model. It does seem m ore probable that 
a given technology follows something like the law of diminish
ing return although, of course, this remains to be proved by 
empirical evidence. 

(iii) The former model assumed that the technological difficul-
d2R ty increased all the time or < 0 through the whole to 
dt2 

relevant interval. However, an alternative may be a di
rect logistic formulation: 

0 â t ^ V -
2 

R = V n . (1 - e at) (a > 0) (V:90) 

ai>a2 > 0 (V :91) 



130 

dR Here first increases, then decreases. This means that 
it becomes - at first - simpler and simpler to develop a 
certain distance. (Perhaps because technical knowledge of 
the process is growing.) However, as the radius comes 
nearer the boundaries, the difficulties increase and 
growth decreases. 

Each of these three models can be motivated on technolo
gical grounds. Perhaps the most realistic are the last two, 
since they assume only that the technological room is not 
homogeneously "difficult", i.e. that certain parts of the un
known are more troublesome to reach than others. (And that 
the space is ordered in such a way that the difficulty increa
ses with R.) However, this idea may be misleading. When, for 
instance, only 0 - 100°C of the possible temperature interval 
has been developed, it does seem mo re difficult to explore the 
400 - 500°C interval than the 100 - 200°C. However, this 
alone does not motivate us to use "increasing difficulty" 
technological models. It seems now of course, more difficult to 
develop 400 - 500 than 100 - 200°C, but the question is 
whether it is more difficult to develop 400 - 500 when we have 
reached 400C than it is to develop 100 - 200° when we gave 
reached 100°. If not, then the linear model is appropriate as 
it assumes that a certain leap into the unknown takes the 
same effort, no matt er where the boundary. 

Let us finally return to our functional formulation of the 
problem. We ass umed the existence of an engineering function 

q = e(xj,... ,xn) (V :92) 

which, after the addition of input functions could be used for 
constructing an economic function 

q = E(vx,. .. ,vm) (V:93) 

If we now introduce a technical progress function the 
easiest way is to add a term to eq. (V:92) 

q = h(t) • e(xx,... ,xn) (V : 94) 
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where h(t) is an index of the growth in technical knowledge. 
However, this function is transformed directly to the economic 
function so that 

q = h(t) • E(v1,...,vm) (V:95) 

irrespective of the input functions or the specific characteris
tics of the engineering or the economic functions. 

As we have seen, the most general form for progress (in 
the case of a technical set with given boundaries) is a logist ic 
formulation : 

CxE(vx ,... >v ) (V:96) 
q _ 

1 + C2 e 3  

(Ci, C2 > 0, C3 < 0) 

The use of this progress function can be motivated in more 
general terms than with the complicated sphere model. We 
have: 

= C4h(t)' (Cx - h(t)) (V:97) 

(C4 > 0 a new constant, depending on C2 and C 3) 

Thus, the speed of progress depends on two terms, h(t) 
and (Ci-hCt); h(t), can be viewed as the level of knowledge, 
and Cj-hCt) as the knowledge that remains to be developed. 
The more h(t) grows, the higher the level of knowledge and, 
as a result, the easier it becomes to make progress. The 
broadend knowledge base simply gives more opportunity of 
further progress, since mo re of the technological details of the 
process is revealed. However, progress also depends on the 
"knowledge potential", as measured by Cx-h(t). When h(t) 
grows, this potential decreases and hampers progress. This is 
a quite plausible development, given the vital and realistic 
fact that knowledge has a limit, if we only are discussing the 
development within one tech nical set. 
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VI SOME MICRO ENGINEERING STUDIES 

In this chapter I will give a short review of some of the mo st 
important micro engineering studies made.1 The mo st famous is 
of course Chenery's study (1953), referring to transportation 
of gas in pipelines over long distances. As this also is the 
most commented on study, I shall give only a very short 
summary of i t. 

In pipeline gas transportation, ordinary combustion engines 
in pumpstations raise the pressure of the gas to compensate 
for the pressure fall due to friction in the pipe. The pressure 
fall depends on the size of the pipe and there is thus a poss i
bility of choice between high pressure (big engines) - big 
pipes and small pipes and low pressure. It is this engineering 
substitution between pipes and size of motors that is the 
essence of the analysis. 

Chenery starts by stating the work done by a compressor 
(pressure x volume) and what this work requires in form of 
energy. This produces what we can call a basic scientific 
equation for compression (p. 314-315). He then proceeds to 
generally accepted engineering equations for the relations 
between output: (m3 gas/day) and the main engineering 
variables diametre of the pipe, pressure fall between the 
pumpstations, coefficient of friction within the pipe, tempera
ture of the gas and so on. 

The equations for the compression of the gas flow are no w 
simplified to: 

H = ^ (R0-213 - k) • X (VI: 1) 

X = Ci • B573 - S • T ( )°*5 (VI:2) 

where 

1 A comprehensive survey of some engineering studies can also 
be found in Eide (1979) ch. 1 and Jo hansen (1972) p. 186-195. 
Engineering studies not commented on here are: Cookenboo 
(1955), Campbell (1959), Kurtz and Manne (1963), Brown 
(1966), Belinfante (1969), MacAvoy (1969), de Salvo (1969), 
Anderson (1969), Battalio (1970), Mardsen et al. (1972), 
(1974) and Muyskens (1979). 
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X = output m3/day (for the length L) 
D = inner diametre of the pipe 
R = the pressure relation between two pum p stations* 
H = no of horsepower needed for compression 
e, k,= efficiency paramétrés depending on type of compressor 
S = working stress in pipe 
T = thickness of pipe 
L = length of pipe 
Ci = constant. 

Let us now assume a given transportation length L = L. We 
see then (from VI: 2) that there is a possibil ity of substitution 
between D and R, i.e. between the diametre of the pipe and 
the pressure relationship between two pumpstations, the lat ter 
a function of installed effect (H) at a given output level. 

The construction of an economic production function is 
troublesome, mainly because of the pro blems in defining unique 
economic factors. Chenery first constructs a physical pro
duction function (i.e. a function with physical factors) where 
the weight of the pipe (w) and the number of horsepower 
constitutes the input (w is a function of D, L, and T , and M 
of X and R, from which i t is possible to construct a function 
X = g(H,w)). Chenery finally constructs cost functions. The 
cost C, is a function 

C = h(H,w,D,L) (VI: 3) 

(with fixed prices). With this cost expression Chenery also 
constructs what he calls an ec onomic prod uction function: 

X = f(Ci,C2) (VI :4) 

* in equation (1) R is the absolute pressure of the gas and in 
equation (2) it stands for the pressure relation. We can, 
however, assume that the pressure of the gas approaches 1 
atm wh en entering a station, thus equalizing the two. 
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where 

Cx = cost of capital 
C2 = other costs (energy, repair operation, etc.). 

Chenery's analysis is an excel lent example of the difficulties 
and the merits of engineering analys is. We can say that Chenery 
succeeds in constructing an engine ering function: 

(xx = D x2 = H etc.) 

He also succeeds in finding the prices of these engineering 
variables : 

He then constructs two economic factors: Capital and other 
costs which make up his "economic function". 

The merit of Chenery's analysis is of course its simplicity. 
But the simplicity has a pr ice. Some obv ious factors, especially 
labour and energy, are absent. This also creates problems 
when Chenery returns to the economic world: His production 
function is not a true economic production function since the 
"factors" are cost elements, based on fixed prices. Also, the 
absence of the labour input is disturbing. 

An impressive collection of engineering studies is found in 
V. Smith's "Investment and Production" (1961). One of his 
examples is quite analogous to Chenery's case and concerns 
transportation (or transmission) of electricity through cables. 
Lower dimension of the cable gives larger energy losses, and 
there is thus the possibility of substitution between "cable" 
(in economic terms "capital") and energy. The fundamental 
production function used (which Smith constructs from funda
mental laws of transmission of energy) is: 

Q = e(xx,... ,xn) (VI: 5) 

Pi = Si(xi) 
?2 = g2(x2) (VI: 6) 
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x2 (xx - y) - K • y2 = O (VI: 7) 

where 

x2 = weight of the cable (a given length is assumed) 
xx = effect in 
y = effect out (= output) 
k = a constant depending on cable length, numbers of 

voltage, resistance of the cable and power factor of 
consumption load. 

The analysis is very similar to Chenery's. The problem 
concerns transportation, and the fundamental substitution is 
approximately the same. Again, we notice the absence of such 
things as labour in put. 

Smith's example also contains some interesting features 
relevant to our earlier analysis. First there are two kinds 
of input limits for all cases energy out cannot exceed energy 
in. 

Second, for all specific cable materials there is an upper 
limit to the flow of energy. For instance, a copper wire of 
1 mm2 area cannot transport flows greater than say 100 kw/ 
hrs without melting. We thus have input limits on the cable 
side to, but these limits are specific to each mate rial. 

Smith's second example concerns transmission of heat, for 
instance in the form of vapour i n pipe lines. Not surprisingly, 
there is a substitution possibility between heat input and the 
amount of insulation material according to the formula: 

Thus 

*1 ̂  i (VI: 8) 
y 

Y = Xl (VI: 9) 

where 
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Y = energy output 
Xi = energy input 
x2 = amount of insulating material 
kx, k2, k3 = constants de pending o n th e temperature o f 
the gas and the surrounding medium, the insulating 
properties of the material, thickness of the pipe and so 
on. 

This case is obviously analogous to the earlier and requires 
no special co mments. 

Smith's third example, production of electricity in steam 
generating plants, is a typical "plant function" involving seve
ral minor processes conducted in sequence. This process can 
be divided into the following stag es: 

Boiler process -* Turbine process -» Generator process -»• 
Transmission pro cess. 

Smith now assumes that energy losses at each stage are 
proportional to the capacity of the stage. From this and from 
the law of conservation of energy (i.e. that energy input in 
turbine processes equals energy input in boiler processes 
minus energy losses in boiler processes), he easily obtains the 
"plant production function". 

Xi • X2 • X3 • X4 • X5 
Y = (VI: 10) 

(kx+X2 ) (k2+X3 ) (k3+X4 ) (K4+X5 ) 

where X1  is energy in, X/s the capactiy of the various 
steps, k^ a loss constant for the stages and Y output (= 
energy out). 

Evidently Smith avoids problems raised here by just igno
ring them. The final function is an "energy balance function", 
and not a production function. Here labour and capital are 
absent as arguments. Furthermore: The real difficulty - the 
loss funct ions - are just avoided by Smith's simplifying assump
tion. 
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Smith's fourth example concerns a "Multiple-Pass Regen era
tion Process". The proc ess studied is a filtering process where 
clay is used as the filter. The capacity of the clay declines 
with its use because of the impur ities absorbed. The filter can 
however be cleaned in a special proc ess and used again. The 
period between two clay cleanings is called a pass and the 
period between complete exchanges of the clay is called a 
cycle. (The absorbation capactiy of the clay also dec lines with 
each clean ing. ) 

Smith now assumes that Y ton (of cleaned oil) is produced 
per pass with new clay. The next pass only r • Yo ton is 
produced and with the assumption that the day is used u + 1 
pass, total production per cycle be comes (Y0(l + r + r 2 + 

+ ru). Total production per year with N cycles is thus 

Y = Y0 * N (1 + r + + rU) = (l-rU+1) (VI: 11) 

Each pass lasts 0r hour and each cleaning 0^ hours. Each 
cycle is thus 0r'(l+u) + 0^ • u and if production is carried 
out during H hours per year: 

Output per l:st pass is now assumed to be proportional to the 
charge of clay X10 : 

N = H (VI:12) 
(0r(l+u)+0f-u) 

Y0 = a • X10 (VI:13) 

and input of clay per year Xx is 

Xx = N • X10 (VI:14) 

Thus: (VI: 11) can be written 

y = "-LX! (1 . ri*l) 
1 - r v y 

(VI:15) 
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Smith now assumes that capital invested X2 is proportional 
to the charge of clay: 

X2 = ßX10 (VI: 16) 

and hence, he obtains the following production function: 

Y = A • Xx (l-BrrX2/Xl) (VI: 17) 

where 

A X „ -e„/e„+e (vi:i8) 
A = j-— , B = r f f r 

v = H (VI : 19) 
* B(0f+er) 

Thus clay input, Xx, can be substituted for capital equip
ment X2. Smith expl ains how: 

"The substitution is possible via variation in the num ber of 
passes per cycle, that is, the number of times the clay is 
regenerated and reused before it is finally discarded and a 
new charge employed. A given output can be produced with 
less clay adsorbent consumption per year provided we incre ase 
the size of the adsorbent charge for each cycle, and conse
quently the capacity of the filtering equipment, at the same 
time increasing the number of times a given adsorbent charge 
is reused and thereby decreasing the number of cycles per 
year" (p. 45). 

This case is no doubt typical for many processes. However, 
it reveals the principle rather than the actual choices. There 
is no mention of labour input, the treatment of capital is 
highly simplified and energy input is non-existant. However, 
as an illustration of the principle of substitution between 
capital and material i n a typical chemical process, the study is 
highly illuminating. 

The most detailed micro engineering study is with no doubt 
the analysis by Eide, E. (1979). It is not possible to present 
this study equation for equation because of its length and 
degree of accuracy, (it contains over one hundred engineering 
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equations) and I shall limit myself to a presentation of the 
structure of the study. 

The study is concerned with the building of oil tankers, 
where output is defined as the maximum amount (weight) of 
crude oil that a ship can transport between two harbours 
within one year. Differently designed ships can produce the 
same output i.e. small ships with high speed or large ships at 
low speed. Which design is to be used of course depends on 
the existing input prices. 

Eide formulates his problem as cost-minimization given the 
level of output. Formally, the prob lem is stated as: 

m 
Min C = I P. • v. 

1 ] ] 

v. = gj (xi,...,xn) j = 1,... ,m (A) 

P. = h. (xi,...,xn) (VI:20) 

Pi (xx,...,xn) è 0 i = 1,... ,kx 

f. (xx,... ,xn) = 0 k = 1 ,... ,k2 < n 

This formulation resembles my model formulation, but seve
ral things differ: First, there is not a linear formulation of the 
input functions (A), second, prices here vary with the en
gineering variables, just like Chenery's model. Finally, Eide 
also take s into account the various restrictions on the engineer
ing variables. In all, Eide's model is intentionally more adjus
ted to the cases met in empirical studies as i f a description of 
how he has actually worked while my model is a simplification 
designed to study certain theoretical problems. 

After a detailed study, Eide finally constructs a mo del con
sisting of 55 different main relations: 

Relations 1-7: are used to calculate some of the main 
dimensions of the ship. 
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Relations 8-18: calculate the resistance of the ship. 

Relations 19-32: are used for propulsion calculations. 

Relations 32-42: calculate the weight of the ship. 

Relations 43-54: are input relations which are presented 
below followed by Eide's comments. (Please 
observe that x is not an engineering 
variable but a cost element.) 

Relations Unit of measurement of 
relation 

43 Kh 
= 

flin (ps- pW V cr 
44 Km 

= 
?Km (pw> PS^ cr 

45 K e 
= 

fKe <pW Nf WD' LBD) cr 
46 K s 

= 
Kh + Km + Ke cr 

47 x a 
= f a(WD> cr 

48 x. i n f i(wD) cr 
49 Tg zz fTG (L,B,D,T,Cb) cuft 
50 N. 1 

= 
fNi (TC V 

51 xY w = Zw.N. . 1 1 1 
cr 

52 x rm 
= f rm(ps> cr 

53 xrh — 1 rh<WD) cr 

54 xf = WF N lt 
1.1 

43: The production cost of the hull is a function of the 
price of steel, shipyard labour cost, and the weight of 
steel. 
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44: The production cost of the machinery is a function of 
the shipyard labour cost, and the power of the mac hin
ery. 

45: The production cost of equipment and outfit is a 
function of the deadweight, number of tanks, ship 
yard labour cost, and the product of length, breadth 
and depth. 

46: Definition of the produc tion cost of the ship. 

47-48: The annual inputs of administration and insurance are 
functions of the deadweight. 

49: The gross register tonnage is a function of the main 
dimensions of the ship. 

50: The number of men on board in each category is a 
function of gross register tonnage and horse power. 

51: The annual crew input (incl. food, etc.) is the sum of 
the products of wage rate and number of men of each 
category. 

52 : The annual input of repair and maintenance of the 
machinery is a function of its power. 

53: The annual in put of repair and maintenance of the hull 
is a function of the deadweight. 

54: The annual input of fuel is equal to the product of 
fuel consumption per round trip and the number of 
round trips. 
(Eide, p. 92-93.) 

Total cost function is now written as 
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C = Q  •  K  +  x  +  X. + X + x  +  X u  +  Q -  •  x »  s s a i w rm rh f f 
(VI:21) 

Evidently x , x., x , x and x , are not physical fac-J a' i' w' rm rh 
tors but cost expressions based on fixed prices, notably a 
fixed price of labour. The only remaining prices are Q , the 

b 

rate of interest, and Q^., the price of fuel. However, is 
also assumed to be fixed (=0.15) so the cost expression can be 
written 

C = Ci + Qf . xf (VI:22) 

Cj equals the sum of all costs (at fixed prices) except the 
cost of fuel. 

Eide now minimizes the cost expression under different 
assumptions of fuel price, thereby obtaining least cost points 
(Ci , x^ ) for each output level, i.e. isoquants. The basic 
engineering substitution is - not surprisingly -between speed 
and dimensions of the ship. When the fuel price increases, 
more narrow ships are built. Optimal speed decreases and 
hence the dimensions of the ship have to increa se. In all, the 
result is an economic substitution between fuel and "other 
costs", notably capital. (Large ships do, however, also re
quire slightly more labour.) The resulting isoquant map is 
shown in the figure below. The crosses denote "observa
tions" (i.e. calculated input points) and the dotted lines the 
isoquants of an estimated Cobb-Douglas production function. 
Output levels are indicate d to the right. 

It is very interesting to note the very good fit of the 
Cobb-Douglas function. However, we must remember that we 
now study just one single technical set - i.e. turbine tankers. 
We should not be surprised then if the production function is 
homothetic, since the same kind of engineering substitution is 
working at different output levels. These conditions do not 
prevail when we also include the possibility of switch between 
technical sets. 
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Figure 1 The isoquant map resulting from Eide 's study. 
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As mentioned, Eide1 s study is the mo st detailed engine ering 
study ever made. In fact, the accuracy of the study is such 
that it can immediately be used b y shipbuilders in finding the 
optimal ship and i ts design. Also, Eide considers the two mai n 
technologies: motor and turbine tankers, which of course 
further increases the value of his study. 

However, there are some ho les left. The resulting "economic 
production function" is not quite satisfying because of the 
many fixed prices. It would also be interesting to have calcu
lations based on varying labour and capital prices, obtaining 
a function with the main economic factors energy, labour, and 
capital. 

Several engineering studies have as their object the mak ing 
of electricity. I shall report on only two of these. Cowing1 s 
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(1970) study of U.S. steam electric generating plants and 
Grufman's (1978) study of the Swedish hydro power sector. 

Although given the sub-title "An engineering approach", 
Cowing's study is not exactly full of engineering relat ions and 
observations. He does however give a technically relevant 
description of the process although he does not try to summa
rize this into specific engineering relations as Eide does. On 
the bas is of his discussion, Cowing co ncludes that "the ex ante 
production process is certainly characterized by substantial 
possibilities of substitution among the three primary factors: 
capital, fuel and labour" (p. 36). The most impo rtant of these 
substitution possibilities seem to be between energy and capi
tal. This is due to the engineering substitution between ener
gy efficiency and capactiy in the process stages: boilers, 
steam turbines and generators. A given output can be achiev
ed with high energy efficiency - low capacity or low energy 
efficiency and high capacity. The former corresponds to low 
energy and high capital consumption and the latter implies 
more energy and less capital. (This implies that raising the 
energy efficiency means more of a capital outlay than the 
saving resulting from the following dec rease i n capacity.) 

In the empirical part, Cowing uses direct observation in 
estimating production functions which - although the findings 
are interesting per se - are of no direct interest to us . 

Cowing's study is an example of analysis somewhere in 
between engineering and economics. He uses engineering 
information to acquire knowledge of the process, helping him 
to select realistic functional forms and to give his results 
realistic interpretations. 

Cowing als o states the reason for this choice of method: 
"An initial attempt was made in the early stages of this 

study to derive a process function for steam-electric genera
tion from basic thermodynamic relationship such as the equa
tion of state for an imperfect or real gas... This attempt was 
finally abandoned because of the computational complexity in
volved and the high degree of inaccuracy for real gases at 
high temperatures and pressures, such as steam in a modern 
high pressure steam turbine " (p. 122). 



146 

This footnote is really interesting. Cowing tells us that he 
has tried to derive a produc tion function from science only but 
has failed which is not surprising. What is surprising how
ever, is the fact that Cowing jumped directly to ordinary 
observable input-output data and did not search for the en
gineering laws and specifications that certainly mus t exist. 

Grufman's (1978) study deals mainly with the produc tion of 
electricity in hydro power plants. Here electricity is produced 
when the potential energy of the water is converted into 
kinetic energy (in the water fall) which is transferred to 
turbines (which in turn transfer the energy via generators to 
electric current). 

The basi c scientific relation is 

E = m-g-h-e (VI:23) 

where 

E = energy output 
m = water flow 
h = height 
g = gravitational constant 
e = efficiency paramétrés. 

Several construction possibilities do exist. It is possible to 
use one water fall directly, but it is also possible to take the 
energy from many falls by building tunnels. It is also pos sible 
to increase the water flow i n the river with tunnels from other 
rivers or lakes. Grufman's primary object is to estimate a 
function 

f(E, Ep, ki,...,^) = 0 (IV:24) 

where E is output, E input of potential energy and kx,... ,k_ r 
engineering variables. 

This means that Grufman is trying not to estimate the 
economic but the engineering function. 
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Grufmaii first estimates a function with the efficiency ratio 
E 
E 

p as the dependent variable and scale, age, tunnel l enght/ 
height of fall and type of turbine as explanatory variables. 
The result shows a positive significant coefficient for scale, 
and a negative significant coefficient for age, the other coeffi
cients being not significant. The estimated valu e for the ener
gy losses in the tunnel is however much less than what would 
be expected from technical considerations only, and Gruf man's 
next step is to assign to this coefficient its "true" technical 
value and reestimate the function. This method is interest
ing since it points to one possible use of partial engineering 
information. The method could be further illustrated with a 
simple example. Suppose we want to estimate a relation 

Y = a0 + aiXi + +anxn (VI: 25) 

We know however from technical con siderations that a. = â.. ] J 
Instead, we then esti mate the relation: 

Y - âj X .  =  a0 + a t X !  +,...,+an (VI:26) 

This procedure has several advantages: a^. obtains its true 
value, and, as we avoid problems such a multicolinearity, we 
also obtain better estimates of the other coefficients. Of course 
this method can be applied whenever we have partial informa -
tion of the type: 

pi (a0,a1,...,an) = 0 i = 1 ,... ,k (VI:27) 

Grufman also ma kes comments on the substitution possibili
ties in the process which seem to be the same as in Cowing's 
study, namely between capacity and energy efficiency. This 
substitution has the following technical explanation: Given a 
water fall, there is a choice between one big plant or many 
small ones. A larger unit means higher energy-efficiency but 
requires more capital. Smaller units require less capital but 
have a lower energy-efficiency. Grufman does not, however, 
specify this substitution relation except for an example re-
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ferring to a mod ern plant. 
Grufman's study is original in the sense that he gives 

examples of how an economist can work when trying to derive 
engineering production functions. It is a p ity that he does not 
complement his study with input functions to derive an eco no
mic produ ction function. 

Another very ambitious study is Hurther's thesis from 1962, 
where he derives a production function for petroleum refining 
from engineering analys is. 

An oil refinery is an integrated plant where (mainly) four 
separate processes take place: Conversion, separation, heat 
exchange and treatment. Hurther considers one separation 
technique, distillation, and one conversion technique, thermal 
cracking. Heat exchange is a subprocess that takes place 
almost everywhere in the system and hence, according to 
Hurther, almost impossible to integrate in his study. Another 
important subprocess - treatment - (which means cleaning the 
products in various filtering processes) is also, according to 
Hurther, so simple that i t is uninteresting for economists. 

Separation is a process where the different classes of 
hydrocarbons in the oil are separated. Distillation is the most 
frequently used technique for this process. Conversion on the 
other hand changes non-useful hydro carbons into useful ones. 
Four different kinds of techniques exist: 

(i) Cracking, breaking up of larger molecules into smaller 
ones. 

(ii) Polymerization (or alkylation) which makes larger mole
cules of small ones . 

(iii) Isomerization which means that the shape of a molecule of 
given size and type is altered. 

(iv) Reforming which alters the type of a molecule of given 
size. 

One great problem in the analysis was the definition of a 
"typical" oil. Oil is not a uniform chemical conceptually but 
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consists of all kinds of hydrocarbons. Actually it has not 
been possible to give a total che mical desc ription of one single 
type of oil, although in one case over 500 different types of 
hydrocarbons were identified. To avoid this problem (which 
faces everyone dealing with material transformation) Hurther 
constructed a "normal" oil, which chemically, was a close 
approximation to the oils found in the U.S. Four types of 
hydrocarbons were to be distilled from this oil, namely: 

Type Boiling Point* 

(i) Gasoline 280°F 
(ii) Kerosene 450°F 
(iii) Gas oil 600°F 
(iv) Heavy. Dist. 750°F 

Distillation takes place in a distillation tower. Under the 
tower is a boiler which heats the oil coming into the tower. 
The oil is then vapourized and rises upwards. The vapour is 
not pure but contains some fractions of hydrocarbons with 
higher boiling points than the one wanted in the tower. At the 
top of the tower vapour is therefore condensed, and so me f rac
tion of it falls back into the tower. However, inside the tower 
there are several horizontal plates (or stages) constructed i n 
such a way that a certain am ount of liquid (from the downward 
stream) is maintained on each plate. The liquid flows down 
from the plate above, flows across the plate in question, and 
then down to the next plate. Each plate is so const ructed that 
vapour rising from the plate below must bubble through the 
liquid on the next higher plate in order to continue its rise. 
The temperature falls from the bot tom of the tower to the top. 

The main substitution possibility is between the num bers of 
plates and the fraction of the condensed vapour that is recir
culated. More plates raise the concentration of the wanted 
hydrocarbon and so does an increase in the recirculation 

* Temperature at which 50% of the given fraction has boiled. 
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fraction. Economically this is a substitution between capital (in 
the form of plates) and energy (needed to vapourize the recir
culated frac tion). 

The process of (thermal) cracking can be described simply 
as a pipe within a furnace. The liquid flows through the pipe 
with the hot gases of the furnace surrounding it. The main 
substitution is between the volume of the pipe and the tem
perature in the furnace. Less pipe means that a higher tem
perature is required and vice versa. As can be expected this 
means that the economic substitution is between capital (= pipe 
volume) and energy (furnace temperature). 

Hurther continues his analysis and tries to derive the 
economic production function for the two processes together. 
He then derives detailed cost functions, including such items 
as labour and side equipment. His tables present the points 
on the isoquants and he presents the combined isoquant 
for the four processes in thermal cracking in a figure (p. 
229). In this figure he has reduced the production factors to 
two, only capital equipment (k) and current input (U), both 
measured in dollars. However, this figure is very confusing 
and I have therefore tried to transform it to a more "normal" 
isoquant graph. The result is shown in the figure below. 

Figure 2 Combined isoquants for thermal cracking for output 
levels 25 000, 50 000, 100 000, and 200 000 tons. (Capital 
and variable inputs are mea sured by index.) 
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There are evidently great possibilities of varying the capi
tal/output ratio at every given output level. However, the 
savings in variable inputs do seem very small indeed, probab
ly due to lowe r input limits for energy. 

Apart from Eide's study, this is probably the mo st detailed 
engineering study ever made, containing all the important 
steps from engineering to economics. Hurther never summa
rizes his engineering model, and the many hundreds of re
lations are very hard to comprehend for a reader not ac
quainted with oil refinery. His study is, however, a rich 
source for those who want to study a very complicated 
chemical process. 

This chapter with concludes my own investigations into 
blast furnace technology covering not only the micro engi
neering aspects, but also including some comments on tech
nical progress. As earlier, I only present the main results 
and relations and the interested reader must consult Wibe 
(1980) for more details.1 

The core of the engineering production function consists of 
the relation : 

Q = production 
D = diametre of the hearth 
k = coke con sumption per unit of produc tion 
a = a me asure of productive efficiency 
f(D) = a function giving the availability of the furnace 

k and a are now determined by a large number of engineering 
variables 

Q = a ' 02 • f(D) (VI:28) 
k 

where 

( < O ) ^ dD u ; 

a = a (xx,...,xn) (VI:29) 

1 The mo st impo rtant sources are: Bonnekamp (1966), Brandi et 
al. (1971), Decker (1961), Flint (1961), Higuchi et al. (1970), 
Schenck and Küpperbush (1963), (1966) and Therm an (1974). 
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k = k (xi,...,xn) (VI:30) 

Where denotes for instance the chemical co mpound of the 
slag, the size distribution of the ore, quality of the coke and 
the ore etc. It is interesting that many of these can be deter
mined by linear relations: 

X. = I a.. • v. (VI:31) i i] j 

where v. is the different kinds of coke and ores. J 

The size of the capital stock is determined by the formula 
for the inves tment cost: 

I = C - D1-31 g(x.,...,xk) (VI:32) 

C a constant, I the investment cost, D the diametre and 
g(Xj,... ,x^) a function giving the relative cost incre ase caus 
ed by different types of side equipments, e.g. costs for an 
increased top pressure, for oil or oxygen injec tion etc. 

Total consumption of coke, K, is of course 

K = k • Q (VI:33) 

The consumption of labour finally can be calculated from the 
formula 

L = (15 • 24 + 0.01632 • Q) h(x .....Xj) (VI:34) 

where L = labour hours per 24 hrs operation, Q measured in 
tons, h(x , ...,Xj) is a function giving the substitution poss i
bilities labour-capital. (For instance a tap-canon can be sub
stituted for one man = 24 hrs.) However, these substitution 
possibilities are limited by 1.0 ^ h S 1.2. 

The totality of the production relation can now be specified 
with an arbitrary degree of accuracy depending on the degree 
of accuracy in the functions k(xx,... ,Xj), a(x1}...,x ), 
g(xj,...,x^) and h (xn,... ,Xj). The case we consider is typi
cally one where the numbers of engineering variables far 



153 

exceeds the number of economic factors. (If we fix the diffe
rent kinds of ores and cokes, we have a perfect example in 
case one in our earlier model analy sis. This means for instance 
that we should be able to deduce many engineering laws. It 
is not difficult to find these "engineering laws" in the blast 
furnace literature. For instance, there exists a "technically 
optimal furnace design", which obviously involves economic 
considerations. ) 

For the sake of illustration I shall present the isoq uant map 
for the most important substitution, capital-energy, and for 
the output region 1 000-15 000 ton/24 hrs. (Maximum size 
today is about 12 000.) This isoquant m ap is an appr oximation 
of the ex ante technique 1975, and labour input can be calcu
lated according to formula (VI:34), with h = 1.0. For a detail
ed description of the calculations I again ref er to Wibe (1980). 
In order to illuminate the difference in substitution possi
bilities within one technical set and between sets, I have also 
marked the factor consumption for the most capital intensive 
and the most energy intensive set of which I have had infor
mation . 

Figure 3 Isoquant map for blast furnace technology 1975. Fuel = 
ton coke + oü, capital = units. (1 unit = 5 .6 • 104 Sw c r. 1962 
price level.) 0 = normal factor input for two technical set s and 
the blast furnace for Q = 13 000 . 
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We can see that the substitution region is fairly small, and 
that the same region is much wider if all technical sets are 
included. 

The distance between the isoquants shrinks up to Q= 9 000. 
Thereafter it increases. This indicated that optimal size 1975 
was i n the int erval 7 000-11 000 tons/24 hrs. 

The isoquants do look much the same. This is so because 
the technical substitution possibilities are about the same at 
every output level. This means that the produ ction function is 
homothetic, which should not surprise us since we are now 
considering only one technical set. Finally it can be mentio
ned that modern furnaces are built with the most capital 
intensive technique, whereas for older furnaces, a much more 
energy intenisve technique was adopted. 

I shall conclude with some comments on the path of techni
cal progress. If we first consider total progress in Swedens 
iron-making industry 1850-1975, we find both switch between 
technical sets and progress within the different sets. In the 
beginning of the period, iron was produced in charcoal blast 
furnaces. The coke blast furnace was introduced in the 1880's 
and in the beginning of the 20:th century the electric furnace 
was introduced. The share of Sweden's total iron production is 
shown in the figure below. 

Figure 4 The share of different technologies in total iron pro
duction 1850-1975. 
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If we study factor proportions, we find that the coke blast 
furnace has always had the least labour intensive technique. 
The electric furnace on the other hand was the most labou r in
tensive technology in 1913 and 1950, while the charcoal furnace 
in both these years had proportions between these two. From a 
technical point of view it is therefore reasonable to say that 
the charcoal furnace was "attacked" from two sides. The 
electric furnace introduced a technology with a very low con
sumption of energy and the coke furnace introduc ed a techno
logy with a very low consumption of labour. The conditions 
prevailing in 1950 are displayed i n the figure below, showing 
input coefficients for the three technologies. 

Figure 5 Input coefficients for different technologies 1950. 
Labour = hrs/ton, Fuel = Gcal/ton. The size of the squares is 
proportional to the capacity of the furnace they represent. 
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I can point out first that the corresponding figures for 1913 
and 1935 are very similar, although the region for the coke 
and the electric furnaces together was not "closed". The 
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charcoal technology then occupied a part of the boundary 
towards the origin. As can be seen from figure 5, however, 
the charcoal technology was technically inferior in 1950 in the 
sense that all input coefficients were place d in the inner parts 
of the substitution region. If energy price per Gcal was 
equal, independent of the concrete source of energy (and, in 
addition, labour and energy were the only inputs) than figur e 
4 is quite sufficient in explaining the disappearance of the 
charcoal technology. However, it should also be noted that 
the price of charcoal increased much faster than the price of 
coke or electricity which, of course, further weakened the 
position of the technology. It is thus reasonable to say that i t 
was the combined effect of technical progress within the tech
nologies and price developments, that caused the disappearance 
of the charcoal furnace technolgy. 

The disappearance of the electric furnaces can also be 
explained by the process of technical change. The decrease 
in input coefficients was far less than for the coke furnaces 
(this also applies to the development of the best furnace in 
both technologies), and both coefficients were lower in 1975 
for the coke furnace technology. The impact of price develop
ment is, however, not clear. The raise in the price of labour 
favoured the coke furnace, but this was counteracted by the 
fact that the price of electricity rose much slower than the 
price of coke. A cost comparison, made with the input coeffi
cients prevailing in 1913 and currently show a quite similar 
development for both technologies. Therefore it seems rea
sonable to say that it was technical progress only that 
explains the switch from electric to cok e furnace. 

A measure of technical progress can be provided by the 
input figures: In 1850 production of 1 ton of iron required -
on an average - 25 hrs of labour and 9.5 Gcal of energy. The 
corresponding figures 1975 were 0.2 hrs and 4.5 Gcal. This 
decrease can partly be explained by the switch between sets, 
but also by the small improvements occurring steadily within 
these sets. Distinguishing between these two forms is not 
without interest. 

If we start with the decrease in energy consumption, two 
major imp rovements have been working: 
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(i) Raise of blast temperature from about 153°C to about 
990°C. 

(ii) Raise of the iron content of the ore, thereby lowering the 
amount of ore need ed to ma ke on e ton of iron. 

Both these improvements lower energy input per unit of 
output. A 100°C raise i n temperature lowe r energy consumption 
between 10 and 3.5 per cent (10 per cent for a raise 0-100°, 
3.5 per cent for a raise 900-1000°). Lowering the ore weight 
leads to a reduction of energy input of about 0.136 Gcal 
per 100 kg of ore per ton of iron. 

Regarding both these variables, there has been a steady 
development over time as sho wn by the table below: 

Table 4 Average blast temperature and average ore weight 
per ton of iron for Swedish blast furnaces 1913-1975. 

Average blast Ore weight 
temperature °C kg per ton 

1850 153 2 195 
1880 203 1 925 
1913 453 1 847 
1975 990 1 605 

(If we look at the temperature figure we find the following 
percentage increase per year during the three perio ds studied: 

1850-1880 1880-1913 1913-1975 
0.94% 2.46% 1.26% 

These figures are of course very rough due to the long 
time periods involved. However, they seem to support the view 
that the technical paramétrés do grow according to a logistic 
curve.) 

If these values are combined with known engineering rela
tions we can calculate the theoretical effect of both these 
improvements on energy consumption. We then arrive at the 
results presented in the table below: 
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Table 5 Effect of increasing the blast temperature and de
creasing the ore weight on energy consumption 
1850-1975. 

1850 1880 1913 1975 
Theoretical 
energy 
consumption (9.5) 8.63 6.64 4.64 

Actual 
consumption 
Gcal/ton 9.5 8.40 7.60 4.50 

Thus, almost 100 per cent of the total decrease in energy 
consumption can be explained by these two improvements. It 
can only be added that the increased temperature is mainly 
due to improvements within the industry (and in addition 
improvements that have been achieved with very small capital 
investments) whereas the impro ved quality of the ore is due to 
the same small improvements outside the ir on industry. 

The improvements in energy consumption have also affected 
labour input coefficients. Given a furnace of a certain techni
cal standard, the numbers of labourers can be regarded as 
constant, irrespective of the amount of total production. As 
furthermore production in a coke furnace of a given size is 
inversely proportional to the input coefficient of energy it is 
clear that lowering the energy coefficient for a given furnace 
will at the same time lower the labour coefficient. (Actually 
with the same rate.) Thus, the decrease in energy consump
tion from 9.5 to 4.5 Gcal/ton, can also be said to have re
duced labour input per unit of output by about 50 per cent. 

Although all figures are approximations, it still seems 
reasonable to say that the improvements (i) and (ii) were the 
reason for 100 per cent of the decrease in energy consumption 
and 50 per cent of the decrease in labour consumption. Taking 
into account the economic weights for labour and energy res
pectively, this means that between 70 and 85 per cent of the 
overall increase in economic efficien cy was due to these d ay-to
day improvements. 

The rest of the input decreases, 50 per cent of the labour 
input, cannot be explained with small substitutions or impro
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vements. During the period immediately preceeding 1850 two 
major labour saving innovations had been introduced: Blowing 
machines and equipment to fill the furnace with ore and coal 
equipment. (The ore and coal were former ly carried to the top 
of the furnace mainly by the use of labour power). However, 
after 1850 it is difficult to find more than one single labour 
saving invention, namely the introduction of automatic me thods 
of drilling a hole in the furnace when letting the iron out. This 
invention saved the labour of one ma n per furnace. 

Rather than to any special invention, the decrease in labour 
input is a result of the increasing size of the furnaces due to 
the change in technology. Due to the special character of 
charcoal, the size of these furnaces could not grow as fast as 
those of the coke furnaces. It can, for instance be noted that 
the greatest charcoal furnace ever built in Sweden produced 
90 tons of iron per day, a figure that should be compared with 
average production in coke furnaces in 1975 of 705 tons per 
day. 

The conclusion is that all of the decrease in energy con
sumption and half of the decrease in labour consumption is 
due to the small day-to-day improvements (i) and (ii). The 
other half of the decrease in labour input is due to the switch 
between technical sets. 

The analysis made leads to some general conclusions: The 
economic significance of technological change appears to be 
mainly a result of day-to-day improvements. Its share of total 
progress seems to be somewhere between 70 and 85 per cent. 
However, if we look at the concentration of the industry, 
technological change appears to be mainly a result of the 
switch between sets. Even with the greatest charcoal furna
ces possible, 75 furnaces would have been required to 
produce the amount that is now produ ced in 15 coke furnaces. 
Also if we look at the change of localization pattern, the 
switch between sets seems to be the main cause. Charcoal 
furnaces were located in the inner parts of the country, near 
the wood used for charcoal. However, as coke is imported, 
coast localization is the natural choice for today's technology. 
Finally, both day-to-day improvements and switch of techno
logy seem to be the cause of the drastic decrease in labour 
input. 
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The main conclusion is thus that regarding the economic 
consequences of technological change, the day-to-day improve
ments do seem to be the mo st important , whereas for the other 
social consequences, geographical structure, work structure 
etc., the switch betw een sets loo ks like a dominating caus e. 
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