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EMPIRICAL MACRO PR ODUCTION FUNCTIONS - SOME tCTHODOLOGICAL COMMENTS 

I INTRODUCTION 

The possibilities of analyzinq production technologies and technologi

cal progress have increased considerably over the last 15-20 years. 

New functional forms for cost and production functions, with little or 

no restrictions on technology have been introduced, and modern com
puters have made it possible to use advanced statistical methods at 

low cost. Following this trend, it has become increasingly popular to 

work with macro (industry) production functions without any restric

tions on returns to scale and homotheticity. One such example was 

recently published in this journal (Rao and Preston, 1984) and we 

shall use that particular study to illustrate the theme of this paper. 

In their study Rao and Preston estimated industrial cost functions for 

the Canadian economy using the translog formulation. They did not 

impose any restrictions on the elasticity of scale (ELS) and their 

results (table 6, p. 103) show an ELS significantly different from 

unity (< 0.95 or > 1.05) in 23 of 34 cases. Nor were any restrictions 

regardinq homotheticy imposed, and their findings indicated that the 

production function was non-homothetic for all industries. 

Despite these results I would like to argue that a macro production 

function of the kind estimated by Rao and Preston should always be 

assumed to be homothetic and to have constant returns to scale. A 

non-homothetic macro production function with non-constant returns to 

scale presents problems of theoretical consistency and of interpre-

tion.1 The purpose of this paper is to demonstrate this. Since the 

matter is of some importance for the empirical study of production, I 

present a fairly detailed argument and some, already well informed, 

readers might find this article somewhat descriptive. 

1 It should be pointed out, however, that our remarks refer to the 
definitions used by Rao and Preston, i.e. where returns to scale 
and homotheticity are defined with respect to total (industry) 
output. (See also section IV of this paper). 



II THE PROBLEMS OF THEORETICAL CONSISTENCY 

The conditions for the existence of macro production functions have 

been the subject of much discussion among economists. The core 

problem is that a given amount of inputs in macro can be associated 

with many different micro distributions (to different firms in the 

industry) and that, consequently, many different output levels might 

be associated with a given set of inputs. In order to avoid this 

problem of indeterminness, it is customary to use the same optimality 

defintion as for the micro production function. Accordingly, a macro 

production function is defined as the relation which maximizes total 

output, given a set of input. Associated with each macro production 

function is a least cost function relating input prices and output 

level (for the industry) to the cost level for the industry as a 

whole. 

Formally, there is then a close analogy between micro and macro cost 

and production functions. Nevertheless, there is one very important 

difference. In order to secure the existence of a micro cost function 

it is sufficient to assume a cost minimizing firm. However, this is 

not enough for the existence of a macro cost function. On the macro 

level we must also introduce a condition that ensures that total out

put is efficiently distributed to the individual firms. It is easily 

shown (and intuitively obvious) that total cost is minimized if, and 
O 

only if, the marginal cost is equal for all firms. This can of 

course happen under many different real world situations, but two 

possibilities are simple and obvious: 

2 Short summaries (with detailed references) can be found in 
Muyskens (1979) and in Wibe (1980, Ch. II). See also Green (1964) 

3 We do not complicate our discussion with second-order conditions. 
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(i) firms are operatinq in a competitive economy 

and/or 

(ii) all firm functions are equal and with constant returns to 

scale 

If firms are operatinq in a competitive economy, then all adjust the 

rate of production until marqinal cost equals price, and, since the 
price is the same for all firms, we know that all marqinal costs are 

equal. If, on the other hand, all firms have the same constant returns 

to scale production function, then all firms have the same marginal 

cost irrespective of output level.1* 

If condition (ii) is valid, it is quite obvious that the macro produc

tion function has constant returns. We drop this case for the moment 

and concentrate on the other possibility: the economy is a competitive 

economy. It is now necessary to consider two possibilities referring 

to different time periods of production: the short run and the lonq 

run. The short run is conventionally defined as a situation where the 

capital stock is fixed and the long run is, since Marsh.all, defined as 
C 

a situation with all factors variable. If capital is fixed then it 

no longer represents a choice variable and it is, therefore, excluded 

from the production function formulation (and its price from the cost 

function). With this remark we abandon the short run case and consider 

only the long run situation. 

4 Of course it is possible to construct situations with firm-equal 
marqinal costs other thfein those above, but these situations are, 
of necessity, complicated and if they are not explicitly stated, 
it seems reasonable to disreqard them. 

5 Aqain, we can define other types of production functions or define 
short and lonq run differently, but it is then a reasonable demand 
that such unconventional definitions, if used, should be explicit
ly explained. 
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If all factors are variable and if we are dealing with a competitive 

economy, there is a simple equation for the ELS, the elasticity of 

scale, which applies both to micro and macro level.6 

ELS = COSTS/REVENUE (1) 

However, in a competitive economy the entry of new firms and the 

scrapping of old will ensure that quantities and prices adjust until 

zero profits are obtained by all firms. Accordingly, a competitive 

economy with all factors variable will always end up with ELS = 1. 

Constant returns to scale is an equilibrium condition for a competi-

.tive economy. 

We are now in a position where we can compare our results with the 

methods used by Rao and Preston. They begin by assuming the existence 

of a production function for each industrial sector relating gross 

output to the services of capital, labour, energy and material 

(p. 93). They then write: ... "If we assume that factor prices and 

output are exogenous and that firms are cost-minimizers, the theory of 

duality implies that associated with the production function is a cost 

function of the form. 

Ci * «PKi'PLi'PEi'PMi-Bi'T> 

where C^ is the total cost of the i-th industry and P|^> 

P|^ are the prices of capital, labour, energy and material ... and T 

is a time trend - a proxy for technical change" (p. 93). 

6 By definition ELS = E where Q is output and v^ inputs. Also 
i i 

we know that dQ/dv^ = P^/P where P^ is the price of input i and P 

the price of the product. Combining these yields 
ELS = (Z P v . )/P • Q = COSTS/REVENUE: 

i 
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The decisive mistake is hidden in this statement. The theory of 

duality is a micro economic theory derived from the theory of the firm 

and it does not state anything about macro cost and production func
tions. In order to establish the macro cost function (or rather to 

arque why observable price-cost points should belong to a macro cost 
function) we must change the assumption of cost-minimizing firms to an 

n 
assumption of a competitive environment. After making this altera

tion we can use the macro economic version of the theory of duality! 

Capital is treated in the same way as all the other factors. It is 

assumed for example that the quantity factor demand can be derived 

using Shepard's lemma (p. 94). Thus, we must conclude that capital 

(like labour enerqy and material) is variable. Finally, Rao and 

Preston assume (on p. 95) that all factor cost-shares add up to one, 

which implies that capital, labour, enerqy and material are all exist

ing (economic) factors of production. 

In all, we can conclude that the (implicit) assumptions made by Rao 

and Preston (which are the same as those made in large number of 

similar studies) implie that they are analyzing long run fupctions in 

a competitive economy. As argued earlier we should always assume 

ELS = 1 for such functions or give very specific reasons why this is 

not done, otherwise the model is theoretically inconsistent. 

Another point worthy of attention in this connection is the following: 

If we assume marginal pricing (e.g. by using Shepard's lemma) then it 

is obvious that an implicit decision on scale properties is taken once 

we have decided on the ratio of costs to revenue (see eq. (1)). If for 

example, we assume that all revenue (= sales) can be distributed to 

different cost-items, this actually means that we have assumed that 

ELS =1.1 have not been able to discover whether this is the case for 

Rao and Preston, but I strongly suspect that it is. In Rao (1981) 

where some comments on the data base are qiven, it is stated that ... 

"Capital costs are calculated residually" (p. 193). The crucial 

7 Which of course includes cost minimizinq firms. 
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question is of course "Residually from what?" If they are calculated 

residually from total sales then Rao and Preston have already assumed 
ELS = 1.8 

The above discussion has hinted at the inconsistencies in not assuming 

ELS = 1 for the kind of macro production functions calculated by Rao 

and Preston. Firstly, it is implied by assuming that observable data 

points are points on a macro cost function, that an assumption of a 

competitive economy has been made. It is then inconsistent not to 
assume ELS = 1 since this logically follows from the competitive 

assumption. Secondly, it is evident from (1) that an implicit decision 

as to the value of ELS is taken before any calculation is made, once 

the relationship of costs to revenues has been decided. As a third 
point, we could add that theoretical long run macro production fune-

Q 
tions all have constant returns to scale. The conclusion is clear: 

If we want a macro function with non-constant returns to scale, then 

we must assume (i) that we are dealing only with a short-run function 

- a function where not all factors are variable, or we must assume 

(i i) that the market is not characterized by perfect competition. 

The homothetic property of macro functions follows directly once we 

admit that ELS = 1 for all output levels.10 

8 My suspicion that this is the case emerges from the statistical 
result where ELS was fairly close to one in almost all cases. 

9 See Johansen (1972), pp. 19-25, Bentzel and Johansson (1959), 
pp. 167-169. 

10 See Fersund (1974), proposition 1, p. 109. 
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II PROBLEMS OF INTERPRETATION 

It might be argued that computations with non-homothetic and scale-

unrestricted macro production functions are interesting despite the 

theoretical inconsistencies. For example, a finding that the elasti

city of scale is siqnificantly different from unity could indicate 

serious imbalances in the sector or something of that nature. However, 

the opposite is true: Only by introducing the restriction ELS = 1, and 

by assuming that the function is homothetic can we obtain truly 

reliable and clear empirical information. 

We beqin by recalling that we work with a long run function in a 

competitive environment. We then ask for the precise meaning of a 

macro function with non-constant returns to scale. For instance, how 

shall we interpret Rao and Preston's result that ELS = 0.67 for the 

wood industry? Formally, it means that an increase of all factors by 

1 % will increase industrial output by 0.67 %. However, this result is 

absurd since we must assume that the old technology can (at least) be 

copied, i.e. that an increase in all factors by 1 % should be able to 

produce at least 1 % more output. Thus, unless we are willing to 

assume indivisibilities (which is a strange assumption in a macro 

context) we must assume that ELS > 1 in order to give the result a 

reasonable interpretation. However, an elasticity of scale (strictly) 

greater than one also presents problems of interpretation. Formally, 
this means that a 1 % increase in factor input will produce more than 

1 % output, i.e. that the marginal productivity is greater than the 

average productivity. In other words we are dealing with some sort of 

putty-clay technology where the marginal ("new") firms are more effi

cient than older ones. Again, we end up with conclusions which run 

contrary to the model's assumptions. 

Returns to scale is in itself a micro concept, even if it can be 

applied to macro conditions (in some cases). At the micro level, it 

simply means that the relation between input and output varies with 

the size of a plant. This is a well known fact of technology, thus 

returns to scale, as an economic measure, has a solid background in a 



- 8 -

technical reality. This is not the case for macro returns to scale. 

There is no technical reason what so ever why total industrial output 

should be associated with scale advantages or disadvantages once we 

assume a long run production model without indivisibilities. The tech

nical reason for economics of scale is to be found on the plant level, 

and no scale effect can ever arise if we just change the number of 

plants in operation. 

This confusion between plant and industry are illustrated by the 

following sentence from Rao and Preston. They write: 

..."the finding of slightly diminishing or constant returns 
to scale is contrary to the popular view that increasing 
returns to scale exist in the manufacturing sector. These 
results do not suggest that there are vast untapped gains to 
be made from product specialization". 
(ibid, footnote 23, p. 103). 

But a macro function with a constant ELS is not contrary to the "popu

lar view" of increasing returns to scale. The "popular view" refers to 

plant size and means simply that larger plants produce more effi

ciently. This fact is perfectly in accordance with an observation that 

changes in total industrial output are associated with a proportionate 
change in total input. 

Exactly the same arguments which are used for returns to scale could 

be repeated for homotheticity. For instance, the findings by Rao and 
Preston that "output growth is capital using" (p. 99) means formally 

that marginal macro technology is different from average technology, 
i.e. that an extra plant should use more capital than all the others. 

Again, this is contrary to the model's assumption. 

Another statistically important point is that an assumption of non-

homotheticity and non-constant returns to scale distorts the measure

ment of technological progress and technological bias. Since outputs 

in most industries grow over time, there is generally a strong posi

tive correlation between output and time. And since time is used as a 
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proxy for technical change, we have a correlation between output 

growth and technical progress. Given this correlation there is a risk 

that the efficiency gains made through technical progress are esti

mated as gains attributable to advantages of scale. The authors them

selves are aware of this risk (Rao and Preston, 1984, note 24, p. 

103). Inspection of their results (table 6) also shows that in all 

cases where the ELS was much greater than 1, then the rate of techni

cal progress was negative (!) (7 cases) or zero (2 cases). 

The correlation between output growth and time is also a probable 

source of confusion between technological bias and non-homotheticity. 

A technological bias, for instance in the labour-saving direction, is 

easily registred as a labour-saving scale bias and vice versa. Inspec

tion of the results shows that a factor-saving bias with regard to 

technological progress was connected with a factor-using tendency with 

regard to scale in 2/3 of the reported cases (40 out of 60 cases). Our 

conclusion is clear: far from adding anything empirically interesting, 

the introduction of non-homothecity and non-constant returns to scale 

destroys the reliability of the relevant empirical information. 

IV CONCLUDING REMARKS 

The enormous growth of new functional forms for cost and production 

functions, and the growth of cheap computer based statistical pack
ages, has caused a rapid growth in the number of empirical production 

studies. However, the increased availability of empirical technigues 

is also a potential danger. The main element in our understanding of 

nature and society is theory, and figures are meaningful only in the 

light of well defined theoretical concepts. One of the purposes of 

this paper has been to demonstrate this danger. 

More specifically, it has been argued that a macro production function 

should be assumed to be homothetic and to have constant returns to 

scale. The real reason for this is that the guestion of homotheticity 

and returns to scale is a question of plant technology. At the macro 

level, the technological issue is not a comparison between output 
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levels, but between plants. If technology should change with output, 

this must be due to a technology difference between plants.11 How

ever, there is no room for such difference in a long run production 

model. 

Returns to scale and homotheticity are micro concepts in a long run 

model. Accordingly, if they are to be studied statistically, they 

should be represented by a micro measure. The simplest and most natu

ral measure here is average plant size. By using this, instead of 

total industrial output, as a measure of scale, the analysis of Rao 

and Preston (and others) could be repeated. The model would thus be 
theoretically consistent and the empirical results far more relevant 

and interesting. 

11 In short run macro 
scale since plants 

functions we can speak of a macro returns to 
are of different productive efficiency. 
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