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Abstract

The theory of quantum plasmas dates back to the first attempts of Wigner, Moyal
and others to find a suitable formalism to describe many body quantum systems,
and from this foundation a rich field has emerged. A plasma is a system consisting
of many charged particles, and in a quantum plasma these particles have quantum
mechanical properties, such as for example spin. Quantum properties of individual
particles are often negligible on macroscopic scales, but due to collective interaction
in the plasma certain phenomena arise that can only be explained by considering the
fundamental quantum properties of the particles.

In this thesis kinetic descriptions, derived following the work of Wigner et al.
and extended to also include particle spin, are employed to study various nonlinear
phenomena related to the magnetic field generation and the ponderomotive force in
quantum plasmas consisting of spin 1/2 particles. A specific model to study the special
case of low temperature degenerate quantum plasmas by only considering dynamics
on the surface of the velocity distribution sphere is also derived, and is applied to the
problem of nonlinear Landau damping. Furthermore, by taking moments of the full
kinetic theory a more nimble spin plasma fluid model is derived. This formalism is
then applied to a variety of nonlinear problems involving the ponderomotive force and
wave-wave interaction. Where possible the fluid model is shown to be in agreement
with results derived from the considerably more complex full kinetic theory.
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Chapter 1

Introduction

P lasma is the least known, most recently discovered and save for possible dark
matter the most abundant general state of matter in the universe. It was
first observed in the late 19th century by William Crookes [1], who called it

radiant matter. The term plasma was coined by Langmuir his the seminal paper
[2] on plasma oscillations, thus launching the field of theoretical studies of plasma
phenomena. Over the years, the largest fields of applications of plasma theory has
been astrophyscis, space physics and energy production by nuclear fusion. However,
it has been paramount for a wide range of other applications, from using plasma
wakefields to accelerate particles [3] to ramjet propelled interstellar flight [4].

A more recent subfield in which this thesis is contained is quantum plasma physics,
dealing with quantum effects in plasmas [5, 6, 7]. Quantum effects are important in a
number of different regimes, but very high densities and low temperature are often re-
quired.

Figure 1.1: Lasers illuminating solid tar-
get in hohlraum to create fusion ignition.
Courtesy of NIF.

Such high densities can be found in for
example astrophysical objects like neu-
tron stars, white dwarfs and magnetars
[8]. Another important application is
inertial confinement fusion, where high
power lasers are used to ignite a solid
target, schematically illustrated in fig-
ure 1.1. In this process, quantum effects
tend to be important after the compres-
sion phase but before the heating phase.
Then, if the laser field is strong enough
and has the correct geometric structure,
the target ignites in a fusion reaction,
releasing great amounts of energy. This
technology has the potential to solve the
energy supply problems in the future.

There are exceptions to the general
rule of high densities however, a more complete picture is painted in figure 1.2. One
important field where quantum effects are paramount but densities are in fact low
is ultracold Rydberg plasmas, se e.g. ref [9]. Furthermore, quantum effects can also
be augmented just by sufficiently strong fields, for example if the Zeeman energy is

1



2 CHAPTER 1. INTRODUCTION

Figure 2: Various plasma regimes in the temperature-density parameter space are illustrated. The dotted line is given by the strong coupling
parameter Γ = Ep/kBT = 1, where Ep = e2n1/30 /4πε0 is the potential energy due to the nearest neighbor. For larger densities this parameter is
repaced by ΓF = Ep/kB(T + TF), since the average kinetic energy of the particles is given by the Fermi energy rather than the thermal energy. The
curve ΓF = 1 is illustrated by the dashed curve, and the strong coupling region, which is shaded, occurs below this line. In this region our model
is not directly applicable, since collisions has not been taken into account. For comparison we have also drawn the lines !ωp/kBT (the dotted
grey line) and the line TF/T (the dotted-dashed grey line) which measures the importance of wave function dispersion and the Fermi pressure,
respectively. As a rough estimate, the quantum regime is below either of these lines. Note, however, that spin effects can sometimes be important
even above these lines [28]

19

Figure 1.2: Parameter regimes of interest for quantum plasmas. The shaded region
labelled "ICF plasmas" is the region of interest for inertial confinement fusion.

comparable to or larger than the thermal energy of the plasma.
The subject of this thesis is twofold. First, modelling of quantum plasmas con-

sisting of spin 1/2 particles and in particular electrons, as ions are typically classical.
Second, applications of these models on problems that enter the nonlinear regime.

The outline of the thesis is as follows: In Chapter 2 classical plasma theory is
considered. First some general introductory remarks are made in Section 2.1, followed
by a brief overview over how the many particle theory is constructed from single
particle motions by incremental approximations, leading to first the kinetic Vlasov
theory in Section 2.2 and finally to fluid theory in Section 2.3.

In Chapter 3 quantum mechanics is introduced. In Section 3.1 the general mathe-
matical setting is established, leading then to a reformulation of quantum mechanics
in phase space using the Wigner-Weyl and similar transformations in Section 3.2.
Many particle theory aimed towards quantum plasmas is discussed in Section 3.3
where a kinetic theory is formulated, and in Section 3.4 where the fluid theory is
established.

The subject of nonlinear calculation is treated in chapter 4, starting with estab-
lishing linear theory as the lowest order approximation. The approach to extend the
linear calculations into a weakly nonlinear regime are discussed in Section 4.2 where
a perturbation scheme is laid out, and in Section 4.3 where separation of various time
scales is discussed.



Chapter 2

Classical plasmas

Aplasma can be described as a gas of charged particles where long range col-
lective effects dominate over short range collisional effects. In this chapter we
treat the particles as classical, i.e. governed by Newtonian dynamics.

2.1 Basic plasma parameters
The potential energy of nearby particles in a plasma with particle charge q and number
density n is of the order q2n1/3/4πε0. Comparing this with the kinetic energy which
is of the order kBT where T is the temperature of the plasma gives the coupling
parameter

γ = q2n1/3

4πε0kBT
. (2.1)

For the plasma to be dominated by collective effects it is required that the plasma
condition, γ � 1, is fulfilled. When this holds the plasma is referred to as collisionless
or ideal, a distinction that however will not be made in this thesis since all plasmas
that are considered are assumed to fulfil this condition.

Due to the high number of charge carriers in the plasma it is an excellent con-
ductor. When introducing a test charge the charge carriers rearrange themselves to
shield off its field and maintain quasineutrality. Thus, the field from the test charge
will not fall off proportional to the inverse of the distance squared, but exponentially.
This phenomenon is called Debye shielding, and the characteristic length scale of the
exponentially decreasing field from the test charge is defined as the Debye length

λD =

√
ε0kBT

nq2 . (2.2)

The plasma parameter Λ = nλ3
D is defined as number of particles inside a cube with

linear size of a Debye length, and for an ideal plasma with γ � 1 this number is
always much greater than unity. This is sometimes used as an alternative criterion of
ideality.

The average thermal velocity of a particle with mass m is vt ≡ kBT/m, and the
quotient λD/vt =

√
ε0m/nq2 is a time scale. Its inverse can be shown to be the

3



4 CHAPTER 2. CLASSICAL PLASMAS

characteristic frequency for density fluctuation waves in the plasma,

ωp ≡

√
q2n

ε0m
, (2.3)

and is therefore called the plasma frequency.
Another time scale of importance is given by the cyclotron frequency,

ωc = qB

m
, (2.4)

which is the characteristic angular frequency for the cyclotron motion done by a
charged particle in the plane perpendicular to a magnetic field B.

2.2 Kinetic Theory
There are various ways to obtain an exact description of a classical plasma, for ex-
ample the Klimontovich [10] and the Liouville equation [11]1. Both these equations
describe the evolution of every single particle’s position and momentum, but a plasma
typically consists of more than 1023 particles, resulting in a system with more than
3 · 1023 degrees of freedom. As might be expected, the Liouville or Klimontovich
equations are not useful for real computations since they simply encode too much
information for any practical purpose. However, by either doing an ensemble aver-
age of the Klimontovich equation [13] or starting from the Liouville equation and
employing the BBGKY hierarchy [14, 15, 16, 17, 18] and the cluster expansion [19],
equations are obtained where simplifying approximations can be made. In the ensem-
ble averaged Klimontovich case the collisional term is dropped, and in the Liouville
formalism particle correlations are disregarded, both of which are actually equivalent
to disregarding collisions [13]. This approximation can be seen to be valid for an ideal
plasma, i.e. if γ � 1. Both approaches thus lead to the celebrated Vlasov equation
[20],

∂tfs(x,v, t) + v · ∇xfs(x,v, t) + qs
ms

[E(x, t) + v×B(x, t)] · ∇vfs(x,v, t) = 0, (2.5)

describing the time evolution of a plasma in the absence of collisions. The distribution
function fs(x,v, t) describes the distribution of particle species s in phase space, and
due to the approximations made above it can be considered to be a smooth function,
i.e. all information about individual discrete particles has been lost. The index on
the del symbol indicates that it operates on the respective coordinates. Using the
(macroscopic) Maxwell’s equations

∇ ·E = 1
ε0

∑
s

qs

∫
d3v fs(x,v, t), (2.6a)

∇×E = −∂tB, (2.6b)
∇ ·B = 0, (2.6c)

∇×B = µ0
∑
s

qs

∫
d3v vfs(x,v, t) + 1

c2 ∂tE, (2.6d)

1In fact, Liouville passed away 20 years before Gibbs published the equation in [11], it is referred
to as Liouville’s equation since the derivation used an identity published by Liouville in [12].



2.3. FLUID THEORY 5

to calculate the fields self-consistently, the evolution of the plasma is completely de-
termined for given initial conditions. Maxwell’s equations are consistent with special
relativity, and it is a straightforward procedure to generalise the Vlasov equation to
a relativistic setting as well [21].

2.3 Fluid theory
The Vlasov formalism is very powerful, but can for many problems yield insurmount-
able calculational difficulties. In the absence of simplifying symmetries, there are
seven independent variables to deal with. Furthermore, there is potentially infor-
mation both on short and long scales in all these variables, making even numerical
schemes very hard to execute.

In a variety of cases the full power of the Vlasov theory is not needed , and a
simpler fluid theory might be used instead. Such a theory can be derived by taking
moments of the Vlasov equation. Integration of the distribution function over all of
velocity space results in the plasma number density, i.e.

n(x, t) ≡
∫

d3v f(x,v, t). (2.7)

An evolution equation for the number density can be obtained by integrating both
sides of (2.5) over velocity space to obtain the continuity equation,

∂tn = −∇ · (nu) (2.8)

where
u(x, t) ≡

∫
d3v vf(x,v, t) (2.9)

is interpreted as the fluid velocity. The evolution equation for u can then be calculated
by multiplying (2.5) with v and repeating the above procedure of integration to obtain

∂tui + u · ∇ui = q

m
(Ei + εijkujBk)− 1

nm
∂xj

Pij , (2.10)

where summation over repeated indices is implied, εijk is the fully antisymmetric
Levi-Civita tensor and the interpretation of

Pij ≡
∫

d3v (vi − ui)(vj − uj)f(x,v, t) (2.11)

as the pressure tensor can be made. The above procedure can be repeated ad in-
finitum, resulting in an infinite hierarchy of increasingly complex equations. This
approach is used in paper IV for a more general Vlasov equation that includes parti-
cle spin.

In many situations it can be motivated on physical grounds to truncate the hier-
archy at the equation for the pressure or the next higher order moment, and inserting
a suitable equation of state as a closure. This approach leads to a system of equations
that lends itself well to practical calculations and can accurately describe a wide ar-
ray of wave phenomena in plasmas. However, effects that are due to the actual shape
of the distribution function, such as finite Larmor radius effects and wave particle
interaction, are not well described by simple fluid models.
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Chapter 3

Quantum Plasmas

I n most plasmas the densities are so low and temperatures so high that the
classical description given in the previous chapter is quite sufficient to accu-
rately capture the dynamics of interest. However, there are certain situations

where quantum effects come into play, and the model needs to be extended to include
quantum physics. In the realm of quantum plasmas, there are three main phenomena
that give rise to new effects. Firstly, the fact that electrons are identical and can-
not occupy the same state give rise to quantum statistics, altering the Maxwellian
background into a Fermi-Dirac distribution, and thus also giving rise to the Fermi
pressure, which contrary to the classical pressure does not vanish in the low temper-
ature limit1. Secondly, the finite width of the wave function makes the particles not
completely localised in phase space, giving rise to particle dispersive effects. Lastly,
the intrinsic spin of particles equips them with a magnetic moment that when inter-
acting with the fields gives rise to spin dipole forces and new contributions to the
magnetisation current.

3.1 Fundamental Quantum Mechanics
In quantum mechanics the state of the system is defined as a ket [23, 24] vector2 |ψ〉 ∈
S, where the state space S is a Hilbert space, and measurable quantities correspond
to operators acting on the state. For mixed states we construct the density operator
[25, 26, 27]

ρ̂ =
∑
n

cn |ψn〉 〈ψn| , (3.1)

where cn is the probability for the system to be in state |ψn〉. The bra 〈ψn| ∈ S∗
(where S∗ is the topological dual to S) is the adjoint or hermitian conjugate of |ψn〉.
The density operator can be seen as the average of many equally prepared systems,
much in the same way as in the Liouville equation mentioned in the previous chapter.
Note that in this case ψn represents a many particle quantum wave function, thus

1Another, more delicate aspect of identical particles is that the total antisymmetry of the wave
function gives rise to exchange effects, see e.g. [22].

2Actually, Dirac’s original suggestion was that a general ket should just be denoted by 〉, and only
use the notation |a〉 for a specific vector with label a. However, this practice seems to have all but
died out, and modern literature usually does not make this distinction.

7



8 CHAPTER 3. QUANTUM PLASMAS

producing a many particle density matrix. The expectation value of any observable
is given by

〈Â〉 = Tr[Âρ̂] =
∫

da 〈a|ρ̂Â|a〉 (3.2)

where Â is the (self-adjoint) operator that corresponds to making the measurement
of quantity A and {|a〉} is a complete spectrum of eigenstates.

The time evolution for the density operator is given by the von Neumann equation

i~∂tρ̂ =
[
Ĥ, ρ̂

]
, (3.3)

which is derived from the Shrödinger equation i~|ψ〉 = Ĥ|ψ〉 and Ĥ is the Hamiltonian
operator [28]. From (3.3) a quantum kinetic plasma equation can be obtained by use
of the BBGKY hierarchy and cluster expansion in a similar way as is done in the
classical case. More specifically, the many particle density operator is reduced by
partial traces, and correlations between particles are then in our case disregarded.
The keen reader is referred to [22] for a very detailed and clear exposition on the
subject. The reduced density operator which is obtained by performing this operation
is customarily called the reduced single particle density operator3.

It should be noted that if spin 1/2 particles are considered, the states will be two
component spinors, i.e. vectors in S ⊗S. Thus, the quantum kinetic equation will in
this case be a matrix equation.

3.2 Quantum Mechanics in phase space
The density operator formalism can be reformulated as a theory where states are
represented by distribution functions and operators are substituted by functions on
phase space. Expectation values are calculated by integrating the corresponding func-
tion over all phase space, weighted by the distribution function. This formalism is
very similar to classical Vlasov theory, and is therefore often easier to approach for
people with a background in classical plasma physics. Furthermore, and maybe even
more important, the Wigner formalism particularly illuminates the transition from
classical to quantum behaviour.

3.2.1 The Wigner-Weyl transform
The transition from the canonical operator formalism to phase space is usually done
through the Wigner transform [29], defined as

f(x,p, t) = 1
(2π~)3

∫
d3y e−ip·y/~ 〈x + y/2| ρ̂ |x− y/2〉 , (3.4)

where f(x,p, t) is usually called the Wigner function and is sometimes denoted by
W or fW in the literature. The Wigner function is usually characterised as a quasi-

3Somewhat confusingly, the reduced single particle density operator does not describe a single
particle system as such. The denotation "single particle" refers to the fact that since it is a partial
trace of the full density operator, it only depends on one pair of coordinates, just like a single
particle. When we then discard correlations between particles, thus decoupling the single particle
density operator from higher order reduced density operators, what we really obtain is quantum
operator formalism counterpart to the Vlasov distribution function.
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distribution function, since it has most but not all properties of a statistical distribu-
tion. Most notably, it is normalised to unity, real valued for all x,p, t and gives the
correct marginal distributions, i.e.∫

d3p f(x,p, t) = 〈x|ρ̂|x〉, (3.5)∫
d3x f(x,p, t) = 〈p|ρ̂|p〉. (3.6)

However, in contrast to a "true" statistical distribution, the Wigner function can
assume negative values in small regions of phase space4, hence the designation "quasi-
distribution".

The corresponding transformation for the operator Â(x̂, p̂) into the phase space
function A(x,p),

A(x,p) =
∫ ∫

d3y e−ip·y/~ 〈x + y/2| Â |x− y/2〉 , (3.7)

is for historical reasons5 called the inverse Weyl transform [30]. In practice, the inverse
Weyl transform for an arbitrary function of x̂, p̂ (defined by its Taylor expansion)
is done by first arranging the operators in symmetric order using the commutator
[x̂, p̂x] = i~ for each vector component, and then simply making the substitutions
x̂→ x and p̂→ p [31].

It will be shown below that indeed∫
d3x d3pA(x,p)f(x,p, t) = Tr[Âρ̂]. (3.8)

This implies that for any operator that gives an expectation value in the density
operator formalism a corresponding phase space function can be constructed that will
give the same expectation value. Hence the two descriptions are formally equivalent.

3.2.2 Generalised transformations
The Wigner-Weyl transform is a special case of a more general class of transformations
[32], shown here in one dimension for simplicity:

fg(x, p) = 1
(2π)2

∫
dξ dηTr

[
ρ̂ei(ξx̂+ηp̂)g(ξ, η)

]
e−i(ξx+ηp). (3.9)

Here the function g(ξ, η) is really a function of the commutator [ξx, ηp] as will be
made clear later. The corresponding transformation for operators is given by

Ag(x, p) = ~
2π

∫
dξ dηTr

[
Âei(ξx̂+ηp̂)g−1(ξ, η)

]
e−i(ξx+ηp). (3.10)

4This nonpositive behaviour is actually less problematic than it might first seem. It can be shown
that if integrated over a phase space volume larger than the Heisenberg uncertainty volume, the
Wigner function is always positive. The negative behaviour is thus just a manifestation of quantum
uncertainty, and in this light actually manifests the power of the Wigner formalism. The loss of the
quantum uncertainty property in the transition to phase space would more than anything indicate
a grave problem with the theory.

5On p. 275 in [30] Weyl defines a transformation from phase space to the operator formalism,
which is traditionally referred to as the Weyl transform, and (3.7) transforms in the opposite direc-
tion.
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Note that it is the inverse of g that is used for this transformation. To prove that the
above definitions reproduce the correct expectation value the integral∫

dx dp fgAg (3.11)

is considered. Inserting the definitions for the transformations we get

~
(2π)3

∫
dx dp dξ dη dξ′dη′Tr

[
ρ̂ei(ξx̂+ηp̂)g(ξ, η)

]
Tr
[
Âei(ξ

′x̂+η′p̂)g−1(ξ′, η′)
]
e−i(ξ+ξ′)xe−i(η+η′)p

(3.12)

and by noting that g is just a scalar function it can be taken out of the trace. Fur-
thermore, integration over x and p can be performed, giving the two delta functions
2πδ(ξ + ξ′) and 2πδ(η + η′). Using the aforementioned delta functions, integration
over over ξ′ and η′ is trivial, in which case (3.12) reduces to

~
2π

∫
dξ dη dα dα′ 〈α|ρ̂ei(ξx̂+ηp̂)|α〉〈α′|e−i(ξx̂+ηp̂)Â|α′〉g(ξ, η)g−1(−ξ,−η), (3.13)

where circular permutation of the operators under the second trace was made, and
the identity

Tr[â] =
∫

dα 〈α|â|α〉 (3.14)

was used. Here |α〉 is chosen to be a position eigenstate6. Using the operator identity

ei(âb̂) = eiâ/2eib̂eiâ/2 (3.15)

which hold for two general operators, the first matrix element can be written as

〈α|ρ̂eiξx̂/2eiηp̂eiξx̂/2|α〉. (3.16)

When acting with the operators and recalling that for a position eigenstate [28]

eiξx̂/2|α〉 =eiξα/2|α〉 (3.17a)
eiηp̂|α〉 =|α− ~η〉 (3.17b)

the matrix element reduces to

〈α|ρ̂|α− ~η〉eiξ(α−~η/2). (3.18)

The same procedure can of course be done for the other matrix element by using the
hermitian conjugates of eqs (3.17). Assuming that

g(ξ, η) = g(−ξ,−η), (3.19)

which will be justified later, and inserting the simplified matrix elements, (3.13) can
be written as

~
2π

∫
dξ dη dα dα′ 〈α|ρ̂|α− ~η〉〈α′ − ~η|Â|α′〉eiξ(α−α′). (3.20)

6A momentum eigenstate will of course work just as well, due to the canonical symmetry [33] of
the theory.
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Integration over ξ produces a delta function (2π/~)δ(α−α′) making the integral over
α′ trivial, thus giving ∫

dα 〈α|ρ̂
∫

dη |α− ~η〉〈α− ~η|Â|α〉. (3.21)

The integral over η runs over the whole real axis, therefore the substitution ~η →
~η + α can be made without affecting the integration limits. Noting that this gives
just the resolution of the identity [28] what is left is∫

dα 〈α|ρ̂Â|α〉 = Tr[ρ̂Â]. (3.22)

This concludes the proof that (3.9) and (3.10) produce the correct expectation value
and thus the phase space and density operator formalisms are equivalent.

Attention is now turned towards the function g(ξ, η). In its most general case,
all it needs to fulfil apart from general integrability is the property (3.19). It can
be understood what this function means and how it can be chosen by considering
different ways of writing the exponential operator, for example

ei(ξx̂+ηp̂) = eiξx̂eiηp̂ei~ξη/2 = eiηp̂eiξx̂e−i~ξη/2. (3.23)

In light of the above equation, it is seen that specifying a specific operator ordering
when going from operators to phase space functions corresponds to making a suitable
choice for g(ξ, η) [34]. Conveniently, since g is really constructed from the commu-
tator [ξx̂, ηp̂] as can be seen above, it will always be constructed of powers of the
combinations ξ2, η2 and ξη and thus fulfils (3.19). It can be noted that the Wigner-
Weyl transform (3.4) and (3.7) can be constructed from the general transformation by
choosing g = 1, which is also the only possible choice that makes the transformations
for the distribution function and the observables equal (up to a normalising constant).
Different choices for g(ξ, η) (or equivalently, different specification of operator order-
ing) will still yield a quasi distribution function, but with other properties than the
Wigner function. An exhaustive review of the subject can be found in [34]. For the
purpose of this text is suffices to state that no allowed choice of g(ξ, η) will result in a
distribution function that fulfil all requirements for a "proper" statistical distribution
function, which in light of the above discussion is the expected result.

3.2.3 Spin transform
When considering spin, the transformation is much simplified by the algebraic struc-
ture of the Pauli matrices, and can be written as [35]

f(s) = 1
4πTr[(1̂ + s · σ)ρ̂], (3.24)

complemented by the equivalent to the inverse Weyl correspondence

σ → 3s. (3.25)

The variable s is a vector of unit length in R3, and can thus be seen as a two-
dimensional quantity completely specified by for example the azimuthal and polar
angles φs, θs. Note that there are no arbitrary functions corresponding to g(ξ, η)
above, since multiplying two Pauli matrices just produces a third one, and no ordering
ambiguity can arise.
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3.3 Quantum Vlasov equation
A quantum system that has both positional and spin degrees of freedom is described
by the Pauli Hamiltonian

Ĥ =
(

(p− qA)2

2m + qφ

)
1̂− µσ ·B, (3.26)

where A and φ are the vector and scalar potentials of the fields, respectively, and
µ is the magnetic moment of the electron. The term in the parenthesis is just the
Shrödinger Hamiltonian, whereas the second term corresponds to the dipole energy
due to spin. Combining the Wigner-Weyl and the spin transforms we obtain a descrip-
tion in an extended phase space, consisting of the two spin coordinates in addition
to the ordinary total of seven spatial, momentum and time coordinates. The evolu-
tion of the system in phase space is obtained by inserting this Hamiltonian in the
von Neumann equation mentioned in section 3.1 and performing the aforementioned
transformations, as is shown explicitly in Ref. [35]. The general result which is quite
cumbersome can be seen in Ref. [35], and in the limit of scale lengths longer than the
thermal de Broglie wavelength it can be simplified to

∂tf + v · ∇xf + q

m
(E + v ·B) · ∇vf + µ

m
∇x [B · (s +∇s)] · ∇vf + 2µ

~
(s×B) · ∇sf = 0.

(3.27)

The two terms proportional to µ arise from spin effects, the first is due to the dipole
force from the spin in the magnetic field, modified by the spin gradient due to the
quantum nature of spin. The second term comes from the spin precession effect.

The sources in Maxwell’s equations are now given by

n =
∫

dΩ f(x,v, s, t) (3.28)

J = q

∫
dΩ vf(x,v, s, t) + 3µ∇×

∫
dΩ sf(x,v, s, t), (3.29)

where dΩ = d2s d3v is the integration element over spin and velocity space. The
second term on the right hand side of eq. (3.29) is the magnetisation current that
arise due to spin.

It is worth pointing out that in eq. (3.27) no particle dispersive effects are retained,
they were lost when making the long scale length approximation. For a more thorough
discussion, and the full equations, see Ref. [35].

Is is also possible to further generalise the above equations to include weakly
relativistic effects such as spin-orbit coupling, spin polarisation current etc, as is done
in Ref[36].

3.4 Quantum Fluid theory
Just as for classical kinetic theory, the kinetic evolution equation described above can
be used to develop a fluid theory [37, 38]. This is done in paper IV, and the procedure
is very similar to what was outlined in section 2.3. However now the integrals are to be
performed also over the spin variable. Only the continuity equation is left unchanged
from the classical case in eq. (2.8), the other moments are modified with new terms
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due to the quantum physics contained in eq. (3.27). Furthermore, spin and mixed
spin velocity moments will also arise as a natural part of the hierarchy. For example,
the evolution equation for the fluid velocity is

∂tui + uj∂xjui = q

m
(Ei + εijkujBk) + µ

m
Sj∂xiBj −

1
nm

∂xjPij (3.30)

where the second term on the right hand side stems from the spin dipole force, and
the spin moment

Si = 3
n

∫
dΩ sif (3.31)

was defined. Its time evolution is given by

∂tSi + Sj∂xj
Si = 2µ

~
εijkSjBk −

1
nm

∂xj
Σij , (3.32)

where
Σij = m

∫
dΩ (3si − Si)(vj − uj)f (3.33)

is the spin velocity correlation tensor.
Note that the spin variable alone will not generate any higher order moments, since

s2 = 1 by construction of the Pauli matrices. However, mixed moments containing
one power of s and any power of v are of course possible, giving rise to a second branch
in the hierarchy compared to the classical fluid theory. Furthermore, for example the
evolution for the pressure can be seen to also couple to the spin velocity correlation
tensor, and in fact to all other lower order moments. This is a general feature of the
hierarchy, making calculations increasingly difficult as more moments are considered.

A physically motivated truncation of this hierarchy is less straightforward than
in the classical case, since the spin contributions to the pressure do not vanish in
the limit of low temperatures. Furthermore, the evolution equation for spin velocity
moment is quite complex, and the physical interpretation of its various terms has not
been extensively studied.
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Chapter 4

Nonlinear theory

N onlinear problems in quantum plasmas appear in a a large part of the
papers upon which this thesis is based. These problems are treated using a
perturbative scheme, where the linear theory is the first order approxima-

tion. Nonlinear effects appear in all system governed by nonlinear evolution equations,
i.e. where the driving terms contain several dynamic quantities multiplied together.
A simple example is the term u × B in the plasma fluid velocity equation (2.10),
where both u and B are dynamically varying1. Nonlinearities can often lead to new
and completely different phenomena such as wakefield generation, soliton formation
and self-focussing of waves [39, 40]. A tutorial explanation of the techniques usually
employed when dealing with nonlinear problems is given by Ref. [41], suitable for the
reader that wants a concrete example. In this chapter a slightly more formal mathe-
matical discussion of the treatment will follow. The discussion will for reasons of space
restrictions and definiteness be limited to the generation of nonlinear ponderomotive
force by quasi-monochromatic fields, which is actually the driving phenomena behind
a majority of nonlinear effects usually encountered in plasmas, thus this restriction is
less severe than it first might seem2.

4.1 Linearisation

The most common way to approach physical problems is to make the very often
reasonable assumption that the response generated by an input on the system is a
small perturbation on a static equilibrium background. More explicitly, the dynamical
quantity

A(a1, a2, . . . , ai, t) = A0(a1, a2, . . . , ai) + Ã(a1, a2, . . . , ai, t) (4.1)

1Note that the corresponding term in the Vlasov equation (2.5), (v×B) · ∇vf , is also nonlinear,
but for a different reason. In this case, v is just a coordinate, but both B and f are dynamical
quantities.

2The reason for this is the well developed technology for generation of quasi-monochromatic fields,
including e.g. high power lasers, strong radio transmitters and powerful microwave sources.

15
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where {ai}ji=0 are the coordinates of the space where the system evolves, for example
x,p in the case of classical Vlasov theory, or x for a classical fluid model, fulfils3

Ã(t)
A0
� 1, (4.2)

where the coordinate dependence was suppressed for ease of reading. Inserting (4.1) in
the governing equation and retaining only terms linear in Ã gives a linear differential
equation which is correct to first order. When solved using for example Fourier
analysis, this equation yields the (linear) dispersion relation4. If the problem consists
of a system of coupled differential equations, as is usually the case in plasma physics,
the dispersion relation can then be used to relate all dynamic quantities to each other,
making them essentially equivalent.

4.2 Approach for weakly nonlinear problems

In the previous section, the lowest order approximation to Ã, denoted A1, was calcu-
lated. To improve this lowest order solution a perturbative scheme is employed, where
the nonlinearities are seen as small corrections to the linear result. As discussed pre-
viously, the driving field is assumed to be a quasi-monochromatic wave, and therefore
the ansatz

A = A0 + Ã1e
i(k·x−ωt) + Ã∗1e

−i(k·x−ωt) (4.3)

is employed for A, where the star indicates complex conjugation.

4.2.1 Amplitude expansion

The ansatz (4.3) is inserted in the governing equation and thus generates terms pro-
portional to A2

1, A3
1 and so on, depending on how high order the nonlinear source

term is.
For example in a quadratic nonlinearity, which when present in typically domi-

nating the nonlinear evolution, in addition to the linear terms described above, terms
proportional to Ã2

1exp[2i(k · x− ωt)], its complex conjugate and |A1|2 will be gen-
erated. The terms proportional to exp[±2i(k · x− ωt)] are called second harmonic
source terms, since they oscillate at twice the original frequency. The therm propor-
tional to |A1|2 is denoted as a low frequency source term due to the fact that it varies
only on the scale of slow variations of the envelope function Ã1.

3Here lies a slightly subtle but important point which is best illuminated by a simple example.
Consider the plasma fluid equations (2.8), (2.10) in the unmagnetised case with the pressure tensor
neglected, and complemented by Poisson’s equation ∇E = (q/ε0)n. This system actually fulfils (4.2)
even if we choose E0 = 0, as long as n1(t)/n0 � 1 since E1(t) can be related to n1(t) through
Poisson’s equation. Then the condition for the validity of the amplitude expansion of the electric
field, ε0∇E1/(qn0)� 1 can be formulated. Thus, it is not necessary for all dynamical quantities to
be small perturbations on a large equilibrium background.

4At least in the case of a homogeneous medium, which is what is considered in this thesis.
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4.2.2 Expansion in derivatives acting on slowly varying ampli-
tudes

The amplitude Ã1 is assumed to be an envelope function that is slowly varying in
time and space, meaning that the conditions

|∂tÃ1|
|ωÃ1|

� 1, |∂xÃ1|
|kÃ1|

� 1 (4.4)

hold. This implies that whenever a derivative acts on the ansatz, to lowest order only
the harmonic dependence is considered, and increasingly higher order terms retain
more slow derivatives, i.e. derivatives acting on the amplitude function. Thus, within
every term of the amplitude expansion there is an expansion in the derivatives, where
only the lowest order non-vanishing term is kept. More explicitly, this means that in
the identity

∂tA1 =
(
−iωÃ1 + ∂tÃ1

)
ei(k·x−ωt) (4.5)

the second term in the parenthesis is seen as a small correction to the first one.

4.2.3 The nonlinear ansatz
In section 4.2.1 it is seen that low frequency and second harmonic terms will arise due
to the nonlinearities, and the ansatz is thus modified accordingly. The new ansatz
reads

A = A0 + Ã1e
i(k·x−ωt) + Ã2e

2i(k·x−ωt) + c.c.+Alf , (4.6)

where Ã2 is the amplitude of the second harmonic term, c.c. merely indicates that the
complex conjugate of the two preceding terms are added5 and Alf is the low frequency
component of the ansatz. In line with what can be found in section 4.2.1, the notation
A2 ≡ Ã2e

2i(k·x−ωt) will also be employed henceforth.
Both Ã2 and Alf are by construction much smaller than Ã1. The product of two

of the aforementioned factors in a quadratic source term will be fourth order and is
therefore neglected. As a simple example consider the Lorentz force

∂tv = q

m
v×B. (4.7)

Inserting the nonlinear ansatz and discarding third and fourth order nonlinearities
yields

−iωA1 − 2iωA2 + c.c.+ ∂tAlf = q

m
(v1 ×B0 + v1 ×B1 + v1 ×B∗1 + c.c.) (4.8)

where the term v0×B1 was discarded since in general a constant drift velocity is just
a matter of coordinate choice and can be dealt with by choosing a comoving frame of
reference. As can be seen, the expansion in slow derivatives was also made to lowest
order, keeping only the harmonic derivative for the first and second harmonic, and the
slow derivative on the low frequency term since by construction it has no harmonic
dependence.

5The complex conjugate is only added to terms in the ansatz that have an imaginary component
and not to purely real terms, thus no ambiguities can arise.
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4.3 Separation of time scales
To calculate the sources for the various terms in the ansatz the single evolution equa-
tion for the whole ansatz needs to be separated into one equation for each time scale
in the ansatz, i.e. one evolution for the second harmonic time scale, one for the low
frequency and so on. These individual equations will couple to the original harmonic
variation, for which the lowest order linear approximation is used.

Formally, to separate the time scales the full evolution equation is multiplied with
the complex conjugate of the harmonic factor oscillating on time scale of interest
(in the case of the low frequency time scale, multiplication by unity is performed),
followed by integration over one full time period of the original linear oscillation. For
example, to obtain the evolution of the amplitude of the second harmonic variation,
the operation ∫ t+2π/ω

t

dt′ e−2i(k·x−ωt′) (4.9)

is performed on both sides of the full evolution equation. Now the source terms can
be calculated using the results from the linear calculation

Employing the above procedure on the example (4.8) from the previous section,
the linear evolution can be separated out to read

−iωṽ1 = q

m
ṽ1 ×B0. (4.10)

The equation for the second harmonic variation of the velocity is

−2iωṽ2 = q

m
ṽ1 × B̃1 (4.11)

and for the low frequency velocity

∂tvlf = q

m
v1 ×B∗1 + v∗1 ×B1. (4.12)

As can be seen this procedure leads to number of equations, one for each time scale,
and all couple back to the original time scale. If higher order harmonics are included,
combinations like A1A2 can be made, and it is seen that generally higher order har-
monics couple to lower order harmonics. An example of this can be found in paper
III, where a numerical calculation is made that includes up to the sixth order har-
monics. The high order harmonics usually tend to generate high frequency ripples
on for example the distribution function in the case of a kinetic calculation. The low
frequency nonlinearities can for example generate quasistatic magnetic fields, and in
a spin plasma they can lead to a separation of spin up and spin down populations,
thus magnetising the plasma [42].



Chapter 5

Summary of papers

Paper I
Effects of the Electron Spin on the Nonlinear Generation of Quasi-Static
Magnetic Fields in a Plasma
In this paper we consider the nonlinear mixing of two high frequency waves in a kinetic
model that includes spin effects. The generated nonlinear magnetisation is calculated,
and it is shown that although the classical contribution from ponderomotive effects
usually dominates for a plasma with moderate temperature and density, in some
instances the spin contribution can significantly alter the magnetisation.
My contribution was to make most of the calculations, write a big part of the text and
take part in discussion and analysis of the results.

Paper II
Linear and Nonlinear Wave Propagation in Weakly Relativistic Quantum
Plasmas
We start from recently developed weakly relativistic kinetic quantum plasma model
focussed on effects due to the spin-orbit coupling and the spin polarisation current.
With this as a base we investigate relativistic and quantum modifications to the
propagation of linear electromagnetic waves and the generation of the ponderomotive
force.
My contribution has been to do a major part of the calculation, take part in analysis
of the results and write parts of the paper.

Paper III
Kinetic Theory of Fully Degenerate Electrons in the Long Scale Limit
A kinetic spin model is used to study nonlinear wave particle interaction of a low
temperature plasma with a Fermi-Dirac background distribution. A novel approach
of studying the dynamics of the Fermi surface is used to overcome problems with
standard perturbation theory related to some derivatives becoming very large close
to the Fermi surface. A coupled system of equations is derived and solved numerically.
In this work I did most of the calculations and numerical simulations as well as taking
part in analysis of the results and writing of the paper

19
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Paper IV
From Extended Phase Space Dynamics to Fluid Theory
A quantum plasma fluid model including spin dynamics is derived by taking mo-
ments of a kinetic equation derived from first principles. A term acting as a pressure
in the spin evolution is identified and its evolution is calculated. The fluid model con-
siderably simplifies the calculations of various resonances related to spin dynamics
predicted by kinetic theory.
In this work I derived all fluid moments and took part in the analysis of the results
and writing of the paper.

Paper V
Ponderomotive Force due to the Intrinsic Spin in Extended Fluid and Ki-
netic Models
The results from Paper IV are used to study the spin contribution to the pondero-
motive force, and it is found that the spin-velocity tensor alter the previously known
results from [43]. Calculations are also made using kinetic theory that validate the
results.
My part in this paper was to do all fluid calculations, take part in the analysis of the
results and write a large part of the paper

Paper VI
Nonlinear Wave Interaction and Spin Models in the Magnetohydrody-
namic Regime

The model derived in Paper IV is used to study three wave interaction in the
MHD regime. Both a one fluid and a two fluid (one fluid for initial spin up and spin
down state, respectively) approach are studied, and it is found that given spin-velocity
correlations are included in the one fluid case, agreement is obtained. The merits and
drawbacks in terms of calculational complexity and closure conditions are discussed.
My part in this work was to help with the calculations, taking part in discussions and
analysis of the results and participate in the writing of the paper.
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