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«Главное в физике – это умение пренебрегать!» 

— Л. Д. Ландау 

(“The main skill in physics is the skill to ignore!”  — L. D. Landau) 

 

“The pleasure in physics to me is that it has revealed that the truth is 
so remarkable, so amazing” 

— R. P. Feynman 
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Abstract 
 

In the present thesis, “Hydrodynamics of Binary Bose-Einstein 
Condensates and Hydro-elasticity of the Inner Crust of Neutron Stars”, 
the hydrodynamic effects, instabilities and superfluid turbulence in 
binary immiscible ultracold gases, and hydro-elastic macroscopic 
coupled modes and microscopic structure of the inner layers of the 
crust of neutron stars, are studied. The ultracold gas dynamics can be 
realized in the laboratory. The excitation modes of the inner crust 
determine a number of observable properties such as elasticity, thermal 
properties and mass transport properties. Here we focus on expanding 
the details, rather than repeating the results presented in the published 
articles.  

In the part of the thesis related to atomic ultracold gases, we utilize 
the physical parameters in the experimentally realizable parameter 
region. We numerically simulate the coupled non-linear Schrödinger 
equations, and calculate observable quantities, such as phase and 
modulus of the order parameter, conditions needed for observation of 
the Rayleigh-Taylor instability and for turbulence generation. The 
numerical calculations are accompanied by analytical description of the 
processes. The dispersion relation for capillary-gravitational waves at 
the interface between two ultracold gases, is derived straightforwardly 
from the superfluid Lagrangian. The equations of motion for centre-of-
mass of the superfluids are derived, and then used in our model of the 
quantum swapping of immiscible superfluids pressed by a strong 
external force. By numerical simulation, we find that the Kelvin-
Helmholtz instability which occurs at the non-linear stage of the 
Rayleigh-Taylor instability, can generate quantum turbulence with 
peculiar properties. We find that two-dimensional superfluid systems 
with weak inter-component repulsion are different from previously 
studied strongly repulsive binary superfluids, because the quantum 
Kelvin-Helmholtz instability in weakly repulsive superfluids rolls up the 
whole interface forming a vortex bundle, similarly to dynamics of the 
shear fluid layers in the classical hydrodynamics. Production of vortex 
bundles favours the Kolmogorov spectrum of turbulence, and we find 
that the Kolmogorov scaling indeed is present in a freely decaying 
turbulence.  
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In the part of the thesis related to neutron stars, we study the inner 
crust of neutron stars, where the fully ionized atomic nuclei coexist with 
a superfluid of neutrons. The interaction between superfluid neutrons 
and the crystallized Coulomb plasma is due to the interaction between 
density perturbations (interaction of the scalar type), and between the 
current - the non-dissipative entrainment effect (interaction of the 
vector type). We calculate velocities of the collective modes of the 
crystal coupled to superfluid neutrons. As an input we use the results of 
microscopic nuclear calculations in the framework of the compressible 
liquid drop model (the Lattimer and Swesty equation of state), and 
more recent effective Thomas-Fermi calculations with shell corrections 
(N. Chamel, and the Brussels theoretical nuclear physics group). 
Knowledge of velocities as functions of the matter density in the inner 
crust is important for calculation of a number of dynamic and transport 
properties. The heat transport properties of the inner crust are directly 
observable in accreting binary systems (low-mass x-ray binaries). The 
mass transport properties of the inner crust are directly linked to the 
rotational evolution, being a key physical ingredient of the pulsar glitch 
phenomenon. The elastic properties are related to the vibrational 
modes of the star, and to the breaking stress of the crust. 

In the second part of our work on neutron stars we investigate the 
microscopic structure of the inner crust treating the structure as an 
anisotropic crystal coupled to s-wave superfluid neutron liquid. As we 
analyse dynamics of the elementary excitations at higher wavenumbers 
(smaller scales), we reach the edge of the first Brillouin zone. The 
Lattimer-Swesty data is applicable for wavenumbers much smaller than 
the edge of the first Brillouin zone. We extrapolate the data through the 
whole first Brillouin zone to calculate the fastest growth rate of the 
unstable modes. The crucial step is to calculate the mode velocities in 
anisotropic crystal incorporating both the induced neutron-proton 
interactions, and the electron screening properties. We find that the 
combined influence of these two effects leads to softening of the 
longitudinal phonon of the lattice above about the Thomas-Fermi 
screening wavenumber of the electrons. The critical wavenumber when 
the frequency becomes purely imaginary is about 1/ 5 2 / 3−  of the 
reciprocal lattice vector, thus validating our assumption. The imaginary 
mode frequency implies instability at finite wavenumbers. Our 
calculations suggest that the mode at the first Brillouin zone edge is the 
most unstable, and thus the structure experiences a displacive phase 
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transition when the central ion of a unit cell of the body-cubic-centred 
lattice, is displaced to the cube face. Thus, the electronic structure of 
matter at densities above the neutron drip1, is richer than previously 
appreciated, and new microscopic calculations of nuclear structure are 
necessary which take into account the high-wavenumber physics. Such 
calculations will provide crucial input to models interpreting the quasi-
periodic oscillations in Soft Gamma Repeaters as magnetar x-ray flares, 
and to the theory of glitches of neutron stars. 

 

1 The neutron drip density is 113 10≈ ×  g cm-3. 
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Summary of Articles  
 

In Paper I we analytically study stability of a flat interface between 
two immiscible superfluid ultracold gases (Bose-Einstein condensates) 
with respect to long-wavelength small-amplitude deviations from the 
flat hydrostatic interface. Analysing equations of motion derived from 
first-principles, we find quantum magnetic analogue to capillary-gravity 
waves. The role of gravity is played by the magnetic Stern-Gerlach force 
acting on atomic moments of the superfluid. We solve the problem for a 
general time-dependent driving force (“gravity”), and look at the cases 
of a constant, harmonically oscillating, pulse forces, and Gaussian 
noises. We determine criteria for the Rayleigh-Taylor instability in 
terms of microscopic atomic parameters. Stabilization of the Rayleigh-
Taylor instability by a fast oscillating force, and parametric resonance of 
the interface caused by a fine-tuned force, are predicted. We then solve 
analytically the equation of motion of the interface perturbation for the 
pulse force, and investigate the action of Markovian and non-
Markovian Gaussian noises, using the time-ordered matrix exponential. 

In Paper II we investigate quantum swapping of the immiscible two-
component superfluid ultracold gases due to a strong pressing force. In 
contrast to Paper I, the problem is essentially one-dimensional. We look 
at the counter-phase oscillations of the two immiscible superfluids at 
the interface (oscillations of penetration and segregation) by including 
dynamics of the interface profile due to density oscillations in the trap 
centre. We derive equations of motion of centres-of-mass of the 
superfluids. As a result we predict analytically the frequency of the 
breathing mode in our system with symmetric superfluids (equal 
atomic mass, particle numbers, bulk number densities, and inter-
species scattering lengths; systems with non-symmetric components 
can be considered by introduction a larger number of variational 
parameters without principal complications). A strong pressing force 
may put the system to effectively miscible phase, until the superfluids 
eventually pass through each other, and phase-separate again. We 
predict analytically the critical force to cause the quantum swapping. 
We check our results by direct numerical simulation. In numerical 
simulation we find a symmetry-breaking dynamical mechanism which 
produces quasi-turbulent states in zero-temperature two-dimensional 
systems experiencing the quantum swapping. This mechanism is the 
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capillary instability of matter-wave interference fringes. The capillary 
instability implies that a sufficiently long stripe in two-dimensional 
geometry, or rod in three-dimensional geometry, splits to droplets due 
to the interface tension. The interference fringes appear because of 
quantum interference of the forced superfluids reflected from the 
trapping potential. 

In Paper III we simulate numerically the parametric instability of 
the capillary waves driven by a fine-tuned periodic force, at a flat 
interface between immiscible two-component superfluid ultracold 
gases. The outcome of the instability depends on the amplitude of the 
driving force. The main parametric resonance occurs when frequency of 
the force is tuned to twice the frequency of the capillary oscillations. If 
the force’s amplitude is smaller than a threshold value, the resonance 
waves are stabilized by developing finite-amplitude oscillations. Above 
the threshold, the stabilization happens due to generation of vortex-
antivortex pairs from each hump of the sinusoidal perturbation. We 
describe the stabilization, and study the vortex pair trajectories, taking 
into account the non-singular character of the vortices (the vortex core 
in each superfluid is filled by a non-rotating droplet of another 
superfluid). 

In Paper IV, the later stage of the Rayleigh-Taylor instability is 
studied. It is found that quantum turbulence can be generated by 
essentially classical hydrodynamic instabilities. This is a novel finding, 
since previously the Kelvin-Helmholtz instability in superfluids had 
been associated with stabilization of the superfluid-superfluid interface 
with a shear flow by generation of vortex streets by each side of the 
interface. In our system the interface tension is weak which favours 
generation of vortex bundles at the initial stage of turbulence 
generation. We study basic properties of turbulence in two dimensions 
revealing the Kolmogorov cascade of the incompressible kinetic energy, 
and the cascade of spin-dependent energy. Our analysis predicts 
characteristic length and time scales of turbulence generation, which 
agrees well with the direct numerical simulation. We show that the 
phenomenon can be readily observed in the laboratory, and present 
values of the relevant experimental parameters. 

In Paper V we study properties of cold dense matter (when the 
temperature effects are negligible) at densities above about 
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11 34 10   g cm−⋅ , where matter consists of a lattice of nuclei (fully 

ionized atoms) immersed in a neutron liquid together with a charge-
neutralizing background of electrons. This is about one thousandth of 
the nuclear density, and is a low-density regime from the point of view 
of numerical calculations of the nuclear structure. Thus, numerical tools 
which provide accurate description of the experimental data on nuclei 
in the laboratory, can be extrapolated and applied to densities above the 
neutron drip and below the nuclear saturation density. One of such 
tools is the compressible liquid drop model with the Lattimer-Swesty 
equation of state. We use the results of the Lattimer-Swesty numerical 
model as an input to the analytical model of low-energy macroscopic 
elementary excitations used in our work. In the absence of coupling of 
nuclei to the neutron fluid, the normal modes of the system are the 
longitudinal (compressional) and the transverse (shear) phonon fields 
of the Coulomb lattice screened by the unbound electrons, and the 
longitudinal phonon of the unbound superfluid neutrons. With 
interaction these phonon fields are coupled, and the modes are 
hybridized. In terms of macroscopic phases of matter, the coupling 
arises due to energy perturbations due to compression of the neutron 
liquid and the ion crystal tied together with the quantum degenerate 
relativistic electron system, and due to advection of neutrons by the 
proton-electron system (since a fraction of neutrons is bound in nuclei). 
At the same time, there is no advection of the nuclei by the neutron 
liquid. As a result we have numerically calculated velocities of the 
coupled hydroelastic modes in the inner crust of neutron stars, and 
estimated the Debye-Waller factor for neutron scattering on the Fermi 
sphere with the maximal momentum exchange. Our results and our 
formalism can be used for interepretation of such phenomena as pulsar 
glitches, thermal relaxation in soft x-ray transients, quasiperiodic 
oscillations in soft gamma repeaters. 

In Paper VI we extended our description of the coupled modes to 
short length scales by including the screening properties 
(compressibility) of the electron system. Response of the electron 
system to disturbance of the ion density effectively disappears when the 
wavenumber of harmonic perturbation is increased above the 
characteristic wavenumber (Thomas-Fermi wavenumber for quantum 
degenerate electrons), and rigidity of the charged subsystem is defined 
by the bare ion lattice (rather by electrons for the long-wavelength 
perturbations considered in Paper V). At the same time, induced 
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interactions of the lattice phonon with the superfluid phonon reduce 
the lattice rigidity further, and the general hydrostatic stability criterion 
is violated for a body-centred-cubic ion lattice, rendering it unstable. 
Taking into account anisotropy of the lattice, and estimating the 
crystallographic coefficients, we predict instability of the conventional 
equilibrium structure of the inner crust of neutron stars. The body-
centred-cubic structure is stable for crystals without the superfluid 
neutron component, and there has been so far no work in the literature 
accounting for the electron screening and for the superfluid neutrons 
simultaneously. Our results indicate that effects not previously 
considered can lead to important new phenomena in neutron star 
crusts and they open up new perspectives for future work at the borders 
between nuclear physics, condensed matter physics and astrophysics. 
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1 
Overview and results 

 

Ultracold gases constitute the coldest matter observable in the 
Universe, and have been created in the laboratory since 1995 (Pethick & 
Smith 2008). Another extreme is the densest matter that is observable 
in the Universe - neutron stars. These compact objects have been 
observed since their discovery in 1967. Both systems are natural 
fundamental laboratories of physics. The modern problems of the both 
topics overlap, and represent frontiers in such areas of physics as 
quantum simulation, quantum metrology, atomic physics, 
hydrodynamics, superfluidity, condensed matter physics and nuclear 
physics. 

The present thesis consists of two parts, the first is about hydrodynamic 
instabilities in two-component Bose-Einstein condensate, and the 
second is devoted to the inner layers of the crust of neutron stars. The 
both systems are two-component and zero-temperature, and can 
collectively be described as macroscopic quantum phenomena. The key 
point in both systems is the long-range coherence of the quantum-
mechanical phase, which makes possible a number of very important 
effects such as matter-wave interference and topological excitations. 
The overlapping topic in the two parts of the thesis is hydrodynamic 
description of a superfluid, but the second component in the system is 
quite different in both cases. In the first part, the system is a mixture of 
two superfluids, while in the second part, the system is a superfluid 
coupled to a quantum crystal. 

1.1 Ultracold gases 
In this section, an overview of studied ultracold gases is presented, 
and main results are highlighted. 

The focus of the first part of thesis is on hydrodynamic description 
of two-component Bose-Einstein condensates. The aim is to study 
hydrodynamic properties of this system providing insight into 
superfluid multi-component hydrodynamics. The system under 
consideration corresponds to a laboratory system – Bose-Einstein 
condensate of 87Rb atoms. Bose-Einstein condensates are small sized 
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(~10 µm) dilute (~0.1 g m-3) clouds of ultracold (~ 0.5 µK) atoms, with 
typical number of atoms 107, and have been created in the laboratory 
since 1995 (Pethick & Smith 2008). Experimental studies of Bose-
Einstein condensates provide a direct probe to the physics of the 
superfluid phase of matter. The condensate atom number density and 
phase of the order parameter can be measured (observed), condensates 
can be subject to stirring by lasers, engineering of phase of the order 
parameter, time-dependent trapping, and manipulation of their 
position and velocity in space with the help of a magnetic (the Stern-
Gerlach) force. Among a great number of experimental opportunities 
offered by Bose-Einstein condensates,  multicomponent superfluidity 
with magnetic degrees of freedom in optical traps is the one that helps 
to understand deeper the relations between classical and quantum fluid 
dynamics and in particular, between quantum and classical turbulence. 
Comparing the single-component superfluid to a classical fluid, there 
are a few fundamental differences. The velocity field v  of a superfluid 
is irrotational ( 0∇× =v ), superfluid is inviscid, and the pressure is 

given by 
4 / 2g ψ , where g  and m  are atomic parameters, 

2ψ  is the 

number density, and ψ  is the order parameter. A completely new 

feature is the quantum pressure, a term in the Euler equation 2 ψ∝∇ , 

which is important for the surface effects.  

Two-component Bose-Einstein condensates, unlike the single-
component ones, can be used for investigation of hydrodynamic 
instabilities in superfluids with a very flexible adjustment of the fluid 
and the forcing parameters. One of our results is that we describe the 
Rayleigh-Taylor instability in the framework of mean-field equations of 
motion derived originally from first-principles, and determine 
conditions for observation of the Rayleigh-Taylor instability in the 
laboratory. The relevant time and length scales are calculated in terms 
of the atomic data, and the effects of various types of time-dependent 
forcing are studied. The first part of the thesis is concluded by studies of 
the late non-linear stage of the Rayleigh-Taylor instability. At this late 
stage of the Rayleigh-Taylor instability, another very important process 
comes into play – the Kelvin-Helmholtz instability. This instability is 
possible in multi-component superfluids because the shear flows may 
be formed as a result of separate motion of the components. We find 
that generation of vortex bundles by the Kelvin-Helmholtz instability is 
specific for weakly immiscible superfluids. We argue that systems with 
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weak inter-component repulsion are special: Superfluid interfaces with 
shear flow in two dimensional systems, unlike the interfaces between 
superfluids with strong inter-component repulsion, are not stabilized by 
vortex streets. 

Coarse-grain averaged large-scale superfluid dynamics is rather similar 
to the classical analogue. Quantum turbulence in single-component 
superfluid reveals the role of vortex-like structures for Kolmogorov 
spectrum formation in quantum and classical turbulence. Modern 
studies of quantum turbulence found that injection of vortex bundles 
into a superfluid leads to appearance of the Kolmogorov scaling of the 
incompressible kinetic energy in quantum turbulence of He-4 or other 
single-component superfluids, which would not necessarily develop 
from initial vortex-line distributions without the bundles (Baggaley 
2012). However there have been only a few studies of turbulence in 
multicomponent superfluids: only two physically different systems have 
been studied so far (two- and three-component Bose-Einstein 
condensates), but in the both cases the mechanism of turbulence 
generation was the counter-flow instability of miscible Bose-Einstein 
condensates (Ishino et al. 2012, Fujimoto & Tsubota 2012). It is worth 

to mention studies of the superfluid 3He  where the Kelvin-Helmholtz 

instability may be observed (Volovik 2003), but our focus is on the 
ultracold gas due to a much more flexibility in its parameters. We find 
that the generation of vorticity on the later stages of the Rayleigh-Taylor 
instability generates well-developed turbulence.  This mechanism of 
turbulence generation is rather different from the generation by the 
counter-flow instability in miscible superfluid mixtures. 

1.2 Neutron stars 
In this section, an overview of studied physics of neutron stars is 
presented, and main results are highlighted. 

The focus of the second part of the thesis is on neutron stars. Insight 
provided by studies of superfluids in the laboratory is useful for 
understanding physics of such astrophysical phenomena as neutron 
stars, the host of kilometre-sized superfluids. The earliest observations 
related to neutron stars date back to 1054 when a supernova was 
observed in the Crab Nebula. Consequently, in 1967 J. Bell and A. 
Hewish using sensitive radio telescope systems, discovered pulsating 
signals from the sky. Later the sources dubbed “pulsars” we identified 
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as rotating magnetized neutron stars. A neutron star is predicted to be 
the end product of supernova explosion of sufficiently massive stars, 
and is essentially a large ball of nuclear matter (with density equal and 
greater than the nuclear density), which is called the core, surrounded 
by low-density layers of matter. The predicted structure of neutron star 
is shown in Fig.  1.2.1. 

 
Figure 1.2.1 | Internal constitution of a non-rotating non-magnetized neutron star. 

Taken from http://heasarc.gsfc.nasa.gov/docs/nicer/nicer_about.html 

In the present thesis we are interested in a relatively low-density 
region (on the nuclear scale), between the neutron drip density, and the 
saturation density of nuclear matter – the inner crust of neutron stars. 
States of the neutron and the proton components are quite different: 
protons are clumped into nuclei forming an ion crystal, because of the 
Coulomb interaction, and are not superfluid, while neutrons are 
superfluid. This result is supported by numerous theoretical 
calculations of properties of neutrons, and by interpretation of glitches 
and of observed cooling of neutron stars in X-ray binaries (Haensel et 
al. 2007, Anderson & Itoh 1975, Page & Reddy 2013); at the moment, 
theory appears to be the most convincing argument.  

Interaction between neutrons and the crystal is specific and can be 
divided into the scalar and the vector coupling. The thermodynamic 
coupling appears because perturbations of chemical potentials include 
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perturbations both of neutrons and of the charged component, protons 
and electrons. The entrainment is a non-trivial effect due to presence of 
bound states of neutrons in the nuclei and the Bragg scattering of 
neutrons in the lattice of nuclei. When the crystal moves, it transfers 
not only the crystal particles, but also neutrons which are bound in the 
nuclei. In contrast, when neutron superfluid has a spatially dependent 
phase (moves), it transfers only superfluid neutron particles. This 
dynamics is crucial in the context of interpretation of glitches, sudden 
spin-ups of the observed rotational velocity of pulsars, which is 
understood as an abrupt transfer of angular momentum from neutron 
superfluid to the crystal. The abrupt transfer is linked to unpinning of 
vortex lines of neutron superfluid which are otherwise pinned in the 
crystal of the inner crust.  

One of our main results is calculation of the dispersion relation of 
the long-wavelength mode velocities. The parameters necessary for 
calculation of the mode velocities are determined by physics of nuclear 
matter at conditions corresponding to the inner crust and by physics of 
Coulomb crystals. The first input is obtained from the microscopic 
calculations of Lattimer and Swesty, using the compressible liquid-drop 
model of dilute nuclear matter.  

Another main result of our work is that the state of the crystal lattice 
traditionally considered as equilibrium, is unstable. On the base of 
calculation of the mode velocities we study microscopic properties of 
the inner crust, in particular, we look at the short-wavelength dynamics, 
and its influence on the structure of a unit cell of the crystal. Taking into 
account the screening properties of the electrons, we find that a 
combination of the electron screening, and the induced interaction 
between neutrons and protons, leads to a dynamical instability of the 
body-centred cubic lattice permeated by neutrons and electrons, which 
implies a structural phase transition. The transition is studied in detail 
using numerical parameters of Coulomb crystals. Our calculations 
suggest a possible resulting structure after the instability development, 
but the final structure cannot be determined from our linear analysis.  

Finding the actual structure of the inner crust with all relevant 
physics included is thus an important task for future nuclear physics 
research. An important numerical output is expected to be a set of 
values of elastic moduli of the resulting structure, which then would be 
used for interpretation of observational x-ray data from space-based 
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satellites on, e.g. quasi-periodic oscillations in magnetar flares. Another 
important application is calculation of the Bragg-scattering effects, or in 
other words, calculation of the band-structure effects, for which the 
crystallographic structure is crucial. The Bragg-scattering may strongly 
influence global rotational properties of pulsars (Andersson et al. 2012, 
Chamel 2013). 
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2 
Superfluidity – a historical 

introduction 
 

Perhaps surprisingly, studies relevant to superfluidity have begun yet in 
1744, when d’Alembert in France discovered that a potential flow of an 
incompressible inviscid fluid does not exert a drag force on an obstacle. 
This was not recognized as a physically meaningful mechanism then. 
Now such behaviour is known in real matter, and is called superfluidity. 
In 20th century there was a breakthrough - many systems were found to 
be superfluid, typically, at temperatures close to zero, and were studied 
theoretically and experimentally. Some materials, such as the high-
temperature superconductors and neutron stars, become superfluid at 

rather high temperatures, of orders ~ 100 200 K−  and 10~ 10  K  
correspondingly. 

In 1911 H. Kamerlingh Onnes in the Netherlands cooled down solid 
mercury to about 4 K, and discovered that its electrical conductivity 
vanished. This phenomenon was consequently called superconductivity. 
Also Kamerlingh Onnes produced about 60 cm3 of liquid He, but this 
was not sufficient to recognize superfluidity. In 1937 P. L. Kapitza in the 
USSR succeeded in improving the cooling technology of Helium-4, and 
discovered superfluidity (Kapitza 1938). In 1947 N. N. Bogoliubov in the 
USSR explained physics of Bose-Einstein condensation in the 
framework of many-body quantum mechanics with weak two-particle 
interactions. In further works by J. Bardeen, L. N. Cooper, J. R. 
Schrieffer, V. L. Ginzburg, L. D. Landau, A. J. Leggett, A. A. Abrikosov, 
L. P. Gor’kov, and others, the microscopic theory of superconductivity 
and superfluidity in Fermi systems has been developed. In 1972 D. Lee, 
D. D. Osheroff, and R. C. Richardson in the USA cooled 3He to 
superfluidity. Condensate of this Helium isotope is characterized by 
Cooper pairs with non-zero angular momentum, which makes it a much 
more complicated than superfluid Helium-2 and Helium-4, or s-wave 
(conventional) superconductors. In 1995 E. Cornell, C. Wieman, and W. 
Ketterle in the USA produced a Bose-Einstein condensate in vapor of 
alkali integer-spin atoms. This discovery started the epoch of ultracold 
quantum gases. In 2003 D. Jin in the USA, R. Grimm in Austria, and 
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W. Ketterle in the USA produced first superfluid from Fermi atoms, 
paired in weakly bound molecules by application of external magnetic 
fields, and shortly after that an s-wave Fermi superfluid in dilute gas 
was produced. In 2004 a first evidence of superfluidity of fermions in 
the unitary regime was observed by the group of J. E. Thomas in the 
USA. Having described the laboratory superfluids in a historical 
perspective, we note that the system studied in the thesis was created 
for the first time 15 years ago. The systems described above are 
artificially constructed and in many ways may work as ideal quantum 
simulators (in the sense that the parameters may be adjusted so as to 
control such properties as: The two-body scattering length, (unitarity 
and the weak-correlation regime), real-time controllable and defect-free 
periodic potentials, symmetries of the order parameter, etc.). These 
opportunities make it possible to study a wide range of phenomena, e.g. 
the Hubbard model, dynamics of a unitary Fermi system, topological 
fluids, artificial gauge fields, and many others.  

However, some superfluids are not artificial, but exist on a stage of 
evolution of some stars. In fact, the state of ordinary nuclei which make 
up matter on Earth, is also a paired state; however the number of 
nucleons is not sufficient for macroscopic quantum phenomena. These 
phenomena may occur in neutron stars - stars born in core collapse 
supernova explosions, or after accretion of a sufficient amount of 
matter upon the surface of a white dwarf. According to observations, 
during the most of the star’s life its temperature in the inner crust is 
~108 K (~0.01 MeV), while their Fermi energy is typically more than 
two orders of magnitude higher, and therefore neutron stars are 
effectively in the zero-temperature regime (Haensel et al. 2007). Using 
many-body quantum-mechanical models of interacting fermions it is 
possible to calculate the nuclear structure and the pairing gaps3 for low 
temperatures, given that the effective degrees of freedom are chosen 
correctly, and the interaction parameters are known. In the low-density 
matter the effective degrees of freedom can be chosen as nucleons4, 
pions5 and electrons; in the density range corresponding to the outer 

3 A non-zero pairing gap implies superfluidity in many-body Fermi systems (Lifshitz & 
Pitaevskii 1980). 
4 Nucleon is a common name for proton or neutron. Nucleons are particles made up of 
three quarks. 
5 Pions are bosons mediating low-energy interaction between nucleons. Pions are made 
up of two quarks. 
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core the introduction of at least muons6 is necessary (Haensel et al. 
2007).  

For the inner crust matter, at densities higher than 11 34 10   g cm−×  

and lower than 14 310   g cm− , appearance of the superfluid neutron gap 

of order ~ 0.5  MeV  is seen in most of the theoretical calculations. 
One piece of evidence for the existence of such superfluids comes from 
sudden spin-ups of pulsar, the glitches, for which the basic model is 
that the glitches are triggered by the unpinning of superfluid vortices in 
the neutron-star crust (Haensel et al. 2007, Anderson & Itoh 1975). 
Superfluidity could also impact other phenomena like quasi-periodic 
oscillations in the giant flares from strongly magnetized neutron stars, 
the magnetars (Strohmayer & Watts 2006).  

 

 

6 Muons are leptons with mass  207 em≈  (http://physics.nist.gov/cuu/index.html), where 

em  is the electron mass. Leptons contain no quarks, and thus do not interact via the 

strong force. 
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3 
Hydrodynamics of Two-Component 

Bose-Einstein condensates 
 

The definition of Bose-Einstein condensation is that the coherent 
part of the Green’s function averaged at temperature below the critical 
temperature, tends to a constant value as the separation between points 
tends to infinity (Penrose & Onsager, 1956). Thus, the term Bose-
Einstein condensation should be used cautiously because the lower-
dimensional systems are not strictly Bose-Einstein condensates. The 
density of the single-particle momentum states is different in three-
dimensional and in lower dimensional geometries. In three-
dimensional geometry the Green’s function of weakly interacting 
bosons (the two-point correlation function) indeed tends to constant at 
low enough temperatures, as the separation between the two points 
tends to infinity. In the lower-dimensional geometries, it decays as a 
power-law, and the exponent depends on temperature. With changing 
temperature, the size of regions with coherent superfluid phase is 
changed. A famous example of a superfluidity breakdown in two-
dimensional geometry is the Berezinsky–Kosterlitz–Thouless 
transition, when at a threshold temperature vortices appear in a two-
dimensional ultracold atomic cloud spontaneously (Pethick & Smith 
2008). In our work we use the term order parameter, assuming that the 
temperature is low enough, so that the whole atomic cloud is covered by 
a single region with coherent superfluid phase. 
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3.1 Order parameter and energy functional 
In this section, the notion of the order parameter in ultracold gases is 

explained, and the energy functional, which is a base for our work, is 

presented.  

When temperature is below the superfluid transition temperature, 

an ultracold gas behaves similarly to a single quantum-mechanical 

particle of macroscopic size, and can be described by a non-linear 

Schrödinger equation. In this mean-field approximation the thermal 

excitations are neglected. The system is a many-body ensemble of 

identical particles with integer spin, dilute, and in the zero-temperature 

limit. Starting from a many-body Hamiltonian written in a second-

quantized form, the equations of motion for the field operators are 

obtained from the Heisenberg equation (Lifshitz & Pitaevskii, 1980). 

The next step is to expand the field operator as a sum of the zero-

momentum mode contribution (the coherent state), and the higher 

modes, and note that the zero-momentum term is much larger than the 

other terms because its squared expectation value is number density jn  

of superfluid particles of species 1,2j =   at zero temperature. Because 

of this it is a good approximation to replace the operator in the 

Heisenberg equation of motion by the complex-valued wavefunction of 

the coherent state (the order parameter) ( ),j tψ r , where 1,2j =  

(Lifshitz & Pitaevskii 1980, Pethick & Smith 2008). The equation for 

dilute boson gas at zero temperature is called the Gross-Pitaevskii 

equation, and is capable of quantitative description of dynamics 

observed in the experiments. The Gross-Pitaevskii equation is a non-

linear Schrödinger equation, with a non-linear term coming from the 

two-particle scattering given, for a contact interaction, by a contribution 

( ) ( ) ( ) ( )* *ψ ψ ψ ψ∝ r r r r . Diluteness of the gas justifies dropping 

the higher-order terms. In a two-component boson gas with magnetic 
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degrees of freedom, where the same assumptions as discussed above 

may be made, the non-linear term coming from the two-particle 

scattering energy has three independent contributions: 

( ) ( )2 2

j jψ ψ∝ r r ,  ( 1,2j = ) – coming from scattering of particles 

of identical species, and ( ) ( )2 2
1 2ψ ψ∝ r r  – coming from scattering 

of particles of distinct species. The energy functional of a Bose-Einstein 

condensate contains a contribution due to the quantum motion 
2ψ∝ ∇ , due to interaction with an external potential ( ),V t r , and the 

non-linear terms discussed above. The energy is minimized at fixed 

chemical potential, which changes the Hamiltonian as 

'ˆ ˆ ˆ ˆH H H Nµ→ = − , where N̂  is the particle number operator. As a 

result, the mean-field energy of a two-component mixture of Bose-

Einstein condensates at zero temperature '
jE ψ    is     

[ ]'
1 2

2 2 2 2 4

1,2

2 2
12 1 2

,

2 2

,

jj
j j j j j j

j j

E

g
dV V

m

dVg

ψ ψ

ψ ψ µ ψ ψ

ψ ψ

=

  = ∇ + − + 
  

+

∑∫

∫


  

(3.1.1) 

where the parameters ijg  are related to the scattering lengths ija  of a 

particle of species i  by a particle of species j , and to mass jm  of a 

particle of species  j , in the first Born approximation as 

3 22 ( ) /D
ij ij i j i jg a m m m mπ= +  (no summation is implied by repeated 

indices) (Pethick & Smith 2008). In two-dimensional two-component 

systems with equal atomic masses, the coupling constants ijg  should be 
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taken as 24 /ij ij yg a m aπ π=  , where /y ya mω=   is the oscillator 

length of the harmonic trapping potential along the strongly confined 

direction, and yω  is the corresponding trap frequency. The reason for 

this renormalization is that the motion along on of the three axes in the 

trapping potential is “frozen” by a strong confining potential. 

 

3.2 Stability of binary mixtures 
In this section, miscibility of superfluids is analyzed by considering 

dynamic stability of a uniform mixture of two superfluid ultracold 

gases. 

Equilibrium states can be calculated by requiring that small 

deviations of the state * * *
0 0j j jψ ψ δψ→ +  imply zero perturbation of 

energy: [ ]
0

' *
1 2, /  0

j j
jE
ψ ψ

δ ψ ψ δψ
=

= , giving equations that define the 

hydrostatic equilibrium 0 jψ : 

2
2 22 11

01 1 01 1 01 01 01 12 02 01
1

0,
2 2

gV g
m

ψ ψ µψ ψ ψ ψ ψ− ∇ + − + + =


 (3.2.1) 

2
2 22 22

02 2 02 2 02 02 02 12 01 02
2

0.
2 2

gV g
m

ψ ψ µ ψ ψ ψ ψ ψ− ∇ + − + + =


 

 (3.2.1) 

These equations have different types of solutions depending on the 

parameters. First we look at the free-field solutions 1 2 0V V= = . For a 
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symmetric mixture with 11 22g g g= =  the two last terms in the energy 

functional can be rearranged as 

 

( ) ( )

4 2 2
12 1 2

1,2

22 2 2 2
1 2 12 1 2

2

,
2

j
j

gdV g

gd g g

ψ ψ ψ

ψ ψ ψ ψ

=

  +     
 = + + −  

∑∫

∫ r

 

which shows that for a uniform system with constant pressure 
2 2

1 2 constψ ψ+ = , the sign of 12g g−  defines whether it is 

favorable (for minimization of energy '
jE ψ   ) to have a region with 

overlapping wavefunctions 
2 2

1 2ψ ψ , or not. For 12 0g g− <  the 

mixture is miscible. For 12 0g g− >  such regions are unfavorable, and 

the mixture is immiscible, which is the case considered in our works. 

When the interaction parameters jjg  are different, a long-wavelength 

bulk stability criterion for a uniform mixture (when the gradient terms 

in 'E  can be neglected) is given by a condition that the second-order 

energy perturbation is positive definite. Since the system is spatially 

uniform, the gradient terms is 'E  are neglected which yields: 

' 2
12 1 2

1,2 2
jj

unif j j j j
j

g
E n dV n n dVg n nµ

=

 
  = − + +  

 
∑∫ ∫ .  (3.2.3) 

The stability criterion is then: 

( ) ( )2 1
1 2

2

'   ' 0
n

E dV n n E
n

δ
δ δ δ δ

δ
 

= > 
 

∫ ,  (3.2.4) 
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where  

( )

2 2

1 1 1 22
2 2

1 2 2 2

' '

' .
' '

E E
n n n n

E
E E

n n n n

δ

 ∂ ∂
 ∂ ∂ ∂ ∂ =  ∂ ∂
  ∂ ∂ ∂ ∂ 

  (3.2.5) 

The quadratic form is positive definite when minors of the energy 

perturbation matrix are positive: 

2

2
1

0,E
n
∂

>
∂

  (3.2.6) 

( )( )2et 0.ˆd Eδ >   (3.2.7) 

Therefore a uniform two-component Bose-Einstein condensate (when 

the components are uniformly mixed together) is stable in the bulk 

when 

11 0,g >  (3.2.8) 

2
11 22 12.g g g>   (3.2.9) 

In our works we consider weakly immiscible two-component Bose-

Einstein condensates with symmetric components: 

11 22 12 / (1 )g g g g γ≡ = = + , 1 2m m= , 1 2µ µ µ= ≡ , and 0.01γ ≈ . 
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3.3 Equilibrium states 
In this section, equilibrium solutions for superfluid ultracold gases in 

harmonic traps, and at the interface between two immiscible 

superfluid ultracold gases, are discussed.  

In equilibrium at lowest energy (in the ground state), the time-

dependence and the wave functions that minimize energy E  is given by 

the factors 
/jt ieµ 

, and the spatial part of the solution is given by a real-

valued wavefunction. The energy 'E  is minimized by a time-

independent solution ( ) ( )0 0j jnψ =r r . In the spatial regions where 

the terms 
2

2
02 j

jm
ψ∇


 and 0j jVψ  do not cause rapid changes of the 

wavefunction, the Thomas-Fermi approximation may be applied by 

dropping the kinetic energy terms 
2

2
02 j

jm
ψ∇


. In the regions of one 

component, atoms of another component are absent. Then the ground-

state bulk wavefunctions satisfy the equations 

( ) ( )0 0j j jj jV g nµ− + =r' r' , or 

( ) ( )
0 ,j j

j
jj

V
n

g
µ −

=
'

'
r

r  (3.3.1) 

where r'  marks the spatial region where the density of another 

component is negligibly small, and ( ) 0j jVµ − >'r . Close to the 

interface between the superfluids the solutions are much more complex, 

and have been studied in the literature. In our analytical calculations we 

use an approximate solution found in Ref. (Mazets 2002) 
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( ) ( ) ( ) ( ) ( )1 2
/ ,

1 exp 8 /int int
gn z n z

z m
µ

γ µ
= − =

+ 
 (3.3.2)  

but numerically the ground state can be found with arbitrary precision. 
The chemical potential is linked to the total particle number of species 
j  (the error caused by the interface region where the Thomas-Fermi 

solution is invalid, can be neglected), as seen after spatial integration of 

the solution ( ) ( )( )0 /j j j jjn V gµ= − 'r' r . A spatial profile of an 

immiscible binary ultracold gas is shown in Fig. 3.1.1, where the density 
profile of the atomic cloud as a whole is seen to take on a parabolic 
shape, and the interface is located in the middle of the trap. 

 

Figure 3.1 | Ground state of binary immiscible ultracold gas in a harmonic trap. The 
coordinates are scaled by the oscillator length, and density by the atom number density in 

the trap centre. Taken from Paper IV. 
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3.4 Dynamics 
In this section, equations of motion of the superfluid order parameters 

of a binary superfluid ultracold gas are derived, using the least-action 

principle from a quasi-classical limit of the first-principle energy 

functional. Equations of motion of the centers-of-mass are presented. 

Canonically conjugate variables in the least-action principle 

formulation of the zero-temperature superfluid dynamics are the 

superfluid wavefunction ψ  and its complex conjugate *ψ  (Lifshitz & 

Pitaevskii 1980). Dynamics of wavefunctions is given by the least action 

principle with the action ( )
2

1

t

t

S dt t= ∫   which is based on the 

Lagrangian  

( ) { }*

1,2

2 2 2 2 4

1,2

2 2
12 1 2

Re

2 2

,

j t j
j

jj
j j j j j j

j j

t i dV

g
dV V

m

dVg

ψ ψ

ψ ψ µ ψ ψ

ψ ψ

=

=

 = ∂ 

  − ∇ + − + 
  

+

∑∫

∑∫

∫







    

(3.4.1) 

where dV∫  implies spatial integration. The functions minimizing the 

action obey the Euler-Lagrange equations 

( )
 ,t

jt j

δ δ
δψδ ψ

∂ =
∂
 

 (3.4.2) 
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which are equivalent to the time-dependent coupled Gross-Pitaevskii 

equations 

( )
2

2 22
1 1 1 1 11 1 1 12 2 1

1

, ,
2ti V t r g g

m
ψ ψ ψ ψ ψ ψ ψ∂ = − ∇ + + +


   

(3.4.3) 

( )
2

2 22
2 2 2 2 22 2 2 12 1 2

2

, .
2ti V t r g g

m
ψ ψ ψ ψ ψ ψ ψ∂ = − ∇ + + +


     

(3.4.4) 

The term before the last one in each of equations provide non-linearity 

of the Schrödinger equations, and the last term is the coupling between 

the two superfluids. A description similar to hydrodynamics (“quantum 

hydrodynamics”) can be obtained by transforming to the variables – 

number density n  and phase φ : 

.ji
j jn e φψ =   (3.4.5) 

Inserting this form into the Gross-Pitaevskii equations and defining 

j jφ= ∇v  one obtains 

( )1 1 1 0,tn n∂ +∇ =v   (3.4.6) 

( )2 2 2 0,tn n∂ +∇ =v   (3.4.7) 

2 2
21

1 1 1 11 1 12 2 1
1

1 0,
2 2t

m V g n g n n
m m n

µ
 

∂ + ∇ + − + + − ∇ =  
 

vv   

(3.4.8) 
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2 2
22

2 2 2 22 2 12 1 2
2

1 0.
2 2t

m V g n g n n
m m n

µ
 

∂ + ∇ + − + + − ∇ =  
 

vv  

 (3.4.9) 

From the first two equations it follows that jv  have the meaning of 

individual velocities of the superfluids. One observes that the first two 

equations are the continuity equations and the last two are the quantum 

analogue of Euler equations. Using the hydrodynamic equations it is 

easy to derive equations of motion of the centers-of-mass of each 

superfluid for a system with zero density at some sufficiently large 

distance (conventionally at infinity, where ∞→r ). Defining the 

particles numbers j jN dVn= ∫ , and the center-of-mass coordinate 

1
j j jN dV n−= ∫R r , we find after simple integrations (as shown in Paper 

II): 

( ) ( )2
1 1 1 1 1 12 1 2 ,ttm N dV n V g n n∂ = − ∇ + ∇∫R   (3.4.10) 

( ) ( )2
2 2 2 2 2 12 2 1 .ttm N dV n V g n n∂ = − ∇ + ∇∫R   (3.4.11) 

Note that when 12 0g =  and jV  are quadratic functions of space 

(harmonic trapping potentials), Eqs. (3.4.10, 3.4.11) become just the 

well-known result that the centre-of-mass coordinate in a harmonic 

potential oscillates with the frequency of the harmonic trap. These 

equations show that superfluids with “density-density” coupling exert a 

total force upon each other which is given by the term 12 1 2g n n∝ ∇ . 

Equations (3.4.10, 3.4.11) are derived for the first time in Paper II. 
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3.5 Capillary-gravity waves – linear analysis 
In this section, waves at the interface between two immiscible 

superfluid ultracold gases are described, and the dispersion relation is 

derived from the superfluid Lagrangian. Various types of time-

dependent force are considered: constant, oscillating, pulse, and noise. 

The system is two-dimensional (one direction is across the interface, 

and one along). 

An interface between two phase-separated superfluids is 

characterized by an excess energy associated with the quantum 

pressure, and with the coupling term in the Gross-Pitaevskii equations. 

The excess energy is just the surface tension energy between two 

superfluids. The system is immiscible when the surface tension energy 

is positive, thus it is favorable to minimize the interface area (or length 

in two-dimensional systems), and therefore a perturbed interface 

experiences a restoring force giving rise to capillary waves. On the 

other hand the two superfluids may be pressed towards each other 

when a heavier fluid is located above a lighter one in a gravitational 

field, or when a magnetic force is used to exert forces on the 

superfluids, and this would cause oscillations of fluids in the potential 

external field, giving rise to gravity waves. The classical dispersion 

relation for capillary-gravity waves reads 

2 3 1 2

1 2 1 2

,cl
x xk k gσ ρ ρω
ρ ρ ρ ρ

−
= −

+ +
   (3.5.1) 

where ω  is frequency, and xk  is the wavenumber of the wave which is 

a perturbation in x y−  plane. Initially the interface is located in the 

x y−  plane at 0z = . The fluid mass densities are jρ , the interface 

tension between the fluids is clσ , and the gravity acceleration is g . 
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One observes that for sufficiently small xk , positive 1 2

1 2

gρ ρ
ρ ρ
−
+

 implies 

complex frequency, which indicates dynamical instability – the 

Rayleigh-Taylor instability. Below we derive the magnetic quantum 

analogue of Eq. (3.5.1). 

Bose-Einstein condensates with magnetic degrees of freedom in optical 

harmonic trap may be manipulated by the magnetic Stern-Gerlach 

force. In that case the external potential energy is 

( ) ( ) ( )2 2 2 2 2 2 '

, 1 ,
2 2

jx x y y z z B
j j

x y z B t
V t m z

α ω α ω α ω µ+ +
= + −r  

 (3.5.2) 

where the coefficients jα  are chosen according to the trapping 

geometry, jω  is the trapping frequency, Bµ  is the Bohr magneton, the 

factor 1/ 2  in the last term is the Landé factor, and ( )'B t  is the time-

dependent external magnetic force which exerts uniform forces on the 

superfluids and is equal to /xB z∂ ∂ . The driving force is applied 

symmetrically for convenience in our model.  

In fact, collisions of atoms with opposite projections of magnetic 

moment on the x  axis may produce atoms in states with zero magnetic 

projection, making the system inevitably three-component. To limit the 

total number of components by two, a mechanism to suppress 

population of the third state, must be used. One way is to follow the 

procedure proposed in Ref. (Sasaki et al. 2009), which makes use of 

microwave-induced quadratic Zeeman effect increasing the energy of 

the zero-projection state. Another way is to use a uniform magnetic 

field to lift the energy of the spin-down state, and populate only the 
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spin-zero and spin-up states. As a result, only one component responds 

to the external magnetic force: ( ) ( )'
1 , / 2tr BV t V B t zµ= −r , and  

( )2 , trV t V=r , where trV  is the trapping potential – the first term in 

Eq. (3.5.2) implying that the external force also changes position of 

centre-of-mass of the whole system. However, as our numerical 

simulations show, this change turns out to be negligible for physically 

interesting magnetic fields, and thus our conclusions for the symmetric 

case can be applied to the experimental system when only one 

component responds to the driving field. In this case, the only 

significant change is that the observed magnetic field 'expB  is 

connected to the field 'B  used in our work via the relation ' 2 .expB B=  

The effective wave equation for dynamics of small-amplitude 

capillary-gravity waves when the interface is infinitesimally perturbed 

can be found by the variational method. In this method solutions 

corresponding to equilibrium are substituted to the linearized 

equations of motion for properly chosen collective coordinates resulting 

in effective equations for the elementary excitations. In case of the 

capillary-gravity waves in a 2D system with a quasi-one-dimensional 

perturbation, the collective coordinates describe the deviation of 

perturbed interface from equilibrium  

( ) ( ), cos ,j jz x t t kxδ ζ=  (3.5.3) 

 and perturbation of the superfluid phase  

( ) ( ) ( ), ,  cos .j j jz x t t f z kxφ ξ=   (3.5.4) 
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The interface form is perturbed in the incompressible approximation 

for both of the components which implies that densities change 

according to  

( ) ( ) ( ), , ( , ) .j jj intn z x t n z z x tδ= −  (3.5.5) 

The variables ( )j tζ  and ( )j tξ  are the collective coordinates of the 

elementary excitations which are obtained from final differential 

equations, ω  is frequency and k  is wavenumber of the interface 

perturbation, and ( )jf z  is a spatial function defined analytically (in 

incompressible approximation) through the continuity equations. The 

Lagrangian is rewritten using the variables 
2

j jn ψ≡ , and 

( ) ( )1 *2 ln /j j jiφ ψ ψ−≡ , ( 1, 2)j = , and then the variational ansatz 

from Eqs. (3.5.4), (3.5.5) is substituted. As a result, the spatial parts of 

the equations can be integrated, as shown in Eqs. (35)-(46) of Paper I, 

and the problem reduces to a uniform, time-dependent problem.  

Equations of motion are now the Euler-Lagrange equations with respect 

to ( )j tζ  and ( )j tξ . Eventually, we arrive at two differential equations 

for the collective equations of motion, Eqs. (47) and (48) of Paper I. The 

two equations imply two regimes of oscillations – in-phase waves, and 

counter-phase waves. The former are the usual incompressible 

hydrodynamic oscillations of the form of the interface, while the latter 

are oscillations with local penetrations and segregations. However, by 

virtue of the model approximations, the latter regime is not described 

properly (perturbation of the interface structure is not taken into 

account), and only the in-phase mode is physically relevant. The in-

phase mode is described by the equation 
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( ) ( )'2
02 3

122 2 0,
2 2

B
tt

B tn
k a a k

m m
µ

ζ π ζ
 

∂ + − − = 
  


 (3.5.6) 

corresponding to Eq. (47) in Paper I. This mode gives the dispersion 

relation, Eq. (50) of Paper I, given in dimensionless units convenient 

for homogenous systems. The same equation in units convenient for 

harmonic traps is presented in Eq. (2) of Paper IV.  

The conventional Rayleigh-Taylor instability corresponds to the case 

( )'B t const=  in Eq. (3.5.6) (in our work we switch on the driving 

force at initial instant of time 0t = , which differs negligibly from the 

case of constant force by a small amount of compressible (sound) 

excitations due to non-adiabatically introduced external potential. For 

the case ( )'B t const= , the dispersion relation reads 

( )
2 '

02 3
122 2 ,

2 2
Bn Bk a a k

m m
µω π= − −


  (3.5.7) 

which is analogous to the classical form (3.5.1). Note that Eq. (3.5.7) is 

written in dimensional physical units. Equation (3.5.7) is derived for the 

system with symmetric components, and may be easily generalized to 

asymmetric cases. 

Equation (3.5.6) contains other interesting features, because it has a 

form of a frequency-modulated harmonic oscillator equation. It is well-

known that a parametric resonance is possible in Eq. (3.5.6) for forcing 

with harmonic time dependence, and the main (strongest) resonant 

frequency equals to twice the frequency of a free oscillator. Second, the 

Rayleigh-Taylor instability may be stabilized by a high-frequency force 

with a sufficiently large amplitude, as shows Sec. V (b) in Paper I.  
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Equation (3.5.6) can be solved by methods used in quantum 

electrodynamics. This equation can be viewed as a first-order time-

dependent differential equation for a two-component variable, Eqs. 

(47), (60) of Paper I. Then, its solution is a time-ordered exponential 

with a matrix argument. In case of a delta-pulse force (corresponding to 

the Richtmyer-Meshkov instability), the matrices commute at different 

moments of time, and the exponential can be integrated, see Eq. (67), 

(68) of Paper I. Another interesting case is a noisy driving force. When 

the noise statistics is Gaussian with Markovian correlations, we find no 

effect of the noise on the average dynamics. However real noise is 

always non-Markovian (which implies non-zero correlation time 

between the values of the noisy variables at two moments of time), and 

in this case we find exponential growth of the solutions, which implies 

that the interface perturbations are unstable for the case of Gaussian 

non-Markovian noise as shows Eq. (80) of Paper I. 

 

3.6 The monopole mode and effects of strong pressing 
force 
In this section the radial mode with a single node – the “breathing” 

mode, is studied in one-dimensional system. The action of a strong 

pressing force – the quantum swapping of two ultracold gases, is 

studied numerically in one- and two-dimensional geometries.  

As mentioned in Sec 2.4, the counter-phase mode cannot be 

described in the incompressible approximation. In Paper II we study 

compressible dynamics of the interface due to a suddenly switched-on 

pressing force, which is essentially a one-dimensional process. As the 

force is turned on suddenly at the initial moment of time, the 

components become slightly deformed because of the force. As the 

superfluids are suddenly pressed towards each other, density in the trap 
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centre dynamically increases, until the pressure provides the necessary 

restoring force, and the centers-of-mass of superfluids oscillate around 

their new equilibrium positions, which is called the breathing mode.  

We start from a binary immiscible superfluid with symmetric 

components in the ground state, with an interface between the 

components at the middle of a harmonic one-dimensional trap. At the 

initial moment of time the driving force is switched on, and presses the 

components towards each other. Since the superfluids are immiscible, 

they resist mixing, and if the force is small enough, the superfluids 

oscillate around the new equilibrium positions, by oscillating the 

cloud’s characteristic radius, and central density. For larger forces one 

may expect motion of the superfluids through each other. What is the 

threshold value of the pressing magnetic force '
crB  which changes the 

character of motion of each superfluid from oscillatory to counter-

flowing mixed superfluids, and what is the frequency of the breathing 

mode in our one-dimensional system? To address this question we 

develop simple analytical models and compare predictions of the 

models to the numerical simulations.  

Dynamics of the interface includes the change in the bulk density, 

and the change in the internal structure of the interface, as the density 

profile inside the interface has to be matched to the bulk value. Since we 

are interested in frequency of the breathing mode, we can use our Eqs. 

(3.4.10), (3.4.11). Thus, we can choose the interface density profile of 

the j -th superfluid ( ) ( ),j intn z t , to be a generalization of the 

equilibrium density profile for given bulk density, Eq. (3.3.2), which 

reads  

27 
 



( ) ( ) ( )
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1 exp 8 /

c
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c

n t
n z t

z mgn tγ
=

+ 
  (3.6.1) 

where ( )cn t  is the bulk density in the trap centre as function of time. 

Using the particle conservation condition, and Eqs. (3.4.10), (3.4.11), we 

obtain a differential equation for dynamics of the superfluid number 

density in the trap centre,  

( ) ( )23 2 0,tt z cn tγ ω ∂ + + =    (3.6.2) 

corresponding to Eq. (33) in Paper II. Equation (3.6.2) predicts 

frequency of the one-dimensional breathing mode of binary weakly 

immiscible superfluid in a harmonic trap. This result is in good 

agreement with the numerical calculations, as shows Fig. 6 in Paper II.  

Numerical simulations show that immiscible superfluids pressed 

towards each other may dynamically penetrate each other on the mean-

field level, and swap their locations in the trap even in one-dimensional 

geometry. Thus, the quantum swapping being essentially a one-

dimensional process, is an alternative to the Rayleigh-Taylor instability. 

The Rayleigh-Taylor instability works in two- and three-dimensional 

geometries, but a sufficiently strong force can cause one-dimensional 

counter-flow of the superfluids, which would provide the swapping in 

the trap. To investigate this process, we assume that some atoms have 

left the bulk of one superfluid, and have penetrated to the bulk of the 

other superfluid due to the action of a strong pressing force. We 

approximate the “injected” atoms as a uniform density ( ) ( )0j injn n tζ=  

extending up to the Thomas-Fermi radius of the atomic cloud, where 

( )tζ  is a small-amplitude variable (note that here, ( )tζ  has 

completely different meaning from the corresponding variable used in 
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Sec. 3.5). As atoms are injected into the foreign superfluids, the initial 

atomic clouds are depleted, which is accounted for by a time-dependent 

Thomas-Fermi profile with normalization changing in time, but the 

total normalization (number of particles) remains constant. Using the 

total particle conservation condition, we find the connection between 

the Thomas-Fermi density profile and the injected density profile, given 

by Eq. (38) of Paper II. Note that this result is specific for one-

dimensional geometry, does not account neither for oscillations of the 

clouds, neither for coupling of the capillary waves in higher geometries 

to the bulk oscillations, nor for the compressible excitations (sound 

waves). This connection is used in Eqs. (3.4.10), (3.4.11), and after 

simple spatial integrations, we arrive to an oscillator equation for ( )tζ  

with two regimes of motion – oscillatory, and exponential, separated by 

a threshold value of the driving force '
crB . We find a qualitative 

agreement with numerical calculations. One reason for a somewhat 

discrepancy is a number of rather crude approximations: oscillations of 

the clouds and compressible excitations are neglected in our model. 

Another reason is that it is computationally expensive to investigate 

comprehensively the dynamics close to the threshold value of the 

pressing force, because it takes too long to confirm or disprove the 

dynamic interpenetration of immiscible superfluids (quantum 

swapping of the superfluids in the trap) for force values close to the 

threshold.  

In the end of Paper II we present numerical simulations of dynamics 

of two-dimensional systems driven by a strong force. We show that the 

second dimension introduces a set of new phenomena: capillary 

instability of the interference fringes which is an intrinsic symmetry 

breaking mechanism, as show Figs. 12-14 of Paper II, and the Rayleigh-

Taylor instability, Fig. 17 of Paper II. Our numerical simulations show 
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that the symmetry breaking mechanism, together with the counter-flow 

instability provide turbulent mixing for two-dimensional systems, Figs. 

14, 17(d) of Paper II. 

 

3.7 Parametric resonance of capillary waves – nonlinear 
analysis 
In this section we numerically simulate dynamics of the interface 

between two immiscible superfluid ultracold gases, and find that a 

sufficiently strong force causes injection of vortex-antivortex pairs 

from oscillating interface humps. 

We study a superfluid system residing in a "ribbon" geometry as 
follows: Along the y direction, we assume a trapping potential so tight 
that the dynamics along this direction can be neglected and the system 
can be considered two-dimensional. Along the z direction, we assume a 
trapping potential of lesser magnitude which allows for dynamics to 
take place in this direction, and along the x direction the system is 
untrapped but has a finite size. We employ periodic boundary 
conditions for convenience7. 

We start from a binary ultracold gas with immiscible magnetic states 
of 87Rb atoms with symmetric components (as discussed above) in the 
ground state, with a flat interface between the components at the 
middle of a harmonic two-dimensional trap with zero trapping 
frequency along the x  axis (the “ribbon” geometry), at zero 
temperature. Setting small interface perturbations, and measuring 
frequency of the resulting oscillations of the superfluids we check our 
predictions for the capillary frequency numerically.  

 

7 Because of the trapping potential, the boundary condition along the z direction is, of 
course, irrelevant; we have chosen it to be periodic for computational convenience. 
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Figure 2.2 | Density of one of the components of the binary ultracold gas under the 

action of a resonant force driving the sueprfluid capillary-gravity waves. The waves are 
stabilized by a dynamic shift of the resonance due to finite-amplitude waves. Taken from 

Paper III. 

Having found the frequency of the capillary oscillations (a standing 
wave) for a given wavenumber, we start again from the system in the 
ground state in the ribbon geometry. At the initial moment of time we 
set a single-mode perturbation (with the same wavenumber as when the 
capillary frequency was measured), and switch on a driving force 
sinusoidal in time, with resonant frequency [equal to doubled capillary 
(Landau & Lifshitz 2007)]. The force produces the main resonance, and 
the initial interface perturbation is unstable. Simulating the non-linear 
dynamics numerically, we find that there is a threshold value of the 
resonant force amplitude which separates the regime of vortex 
generation and stabilization of the resonance.  

A typical set of snapshots of the development of the parametric 
resonance when the amplitude of the driving force is below the 
threshold value, is presented in Fig. 6 of Paper III. The stabilization can 
be explained by introduction of phenomenological non-linear terms to 
the oscillator equation. Taking into account the small but finite 
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amplitude of the oscillations 0ζ , frequency capω  of the capillary 

oscillations is assumed to be modified from capω  to 2
0capω κζ− , where 

κ  is some numerical factor, which may be found, e.g., from the 
numerical solution. Since the frequency changes together with the 
growth of the perturbation amplitude, the system eventually leaves the 
instability domain and the perturbation growth is saturated. This 
mechanism is supported by a prediction for the scaling law of the 
maximal amplitude of the stabilized oscillation, given by Eq. (7) of 
Paper III checked by numerical simulations in Fig. 5 of Paper III: the 

maximal amplitude of the stabilized oscillations scales '
cB∝ . Here, 

'
cB  is the amplitude of the driving force ( ) ( )' ' sin 2c capB t B tω= .  

Above a threshold value, the driving force pumps the interface waves 
until, a vortex pair is generated and emitted, and the wave amplitude 
becomes small again after a few oscillation cycles, as shows Fig. 7 of 
Paper III. We simulate the pair generation and propagation, and study 
trajectories of the vortex cores, as show Figs. 8, 11 of Paper III. We 
describe motion of a vortex using an effective variable – coordinate of 
its centre. Using the Schrödinger equation we derive the Magnus force, 
given by the last term in the action Eq. (22) of Paper III, which is a well-
known result (Volovik 2003).  
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Figure 3.3 | Density of one of the components of the binary ultracold gas under the 

action of a resonant force driving the sueprfluid capillary-gravity waves. The waves are 
not stabilized due to injection of vortex-antivortex pairs. Taken from Paper III. 
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Figure 3.4 | Trajectory of one of the vortex pairs from Fig. 3.3, showing the oscillations 
of vortices due to the Magnus force. Taken from Paper III. 

 

A specific element of our study of the Magnus force is that vortices in 
our system are non-singular, i.e. their cores are filled bu a non-rotating 
component, as shows Fig. 9 of Paper III. The filling makes non-singular 
vortices in our system much more massive than in single-component 
system. We find that oscillations in size of the vortex dipoles are due to 
the superfluid motion of the bulks induced by the oscillating force. 

 

 
Figure 3.5 | Density profile of a vortex-antivortex pair showing the both superfluid 

components, corresponding to an instant from Fig. 3.4. The vortex cores of component 1 
are filled by non-rotating atoms of component 2. Taken from Paper III. 
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3.8 Introduction to turbulence  
In this section we present some key results of studies of classical 

turbulence. 

Turbulence is one of the most complicated topics in physics, and it is 

present in a wide range of environment ranging from superfluid helium, 

Earth’s atmosphere and Ocean, to the Sun and other astrophysical 

phenomena. The basic picture of turbulence has been given by 

Richardson who introduced the notion of turbulent cascade of kinetic 

energy and by Kolmogorov who introduced the universal scaling 

relations (Landau & Lifshitz 1995). The cascade is an energy flow in 

turbulence across the scales, due to break-up of large eddies to smaller 

ones until the eddy size becomes comparable to the viscous length scale. 

Kolmogorov noted that the hydrodynamic turbulence is universal in the 

sense that there is a region in the wavenumber-space, the inertial 

range, where the non-linear term in the Navier-Stokes equation 

dominates over the viscous term, and the cascade is self-similar. The 

crucial property of the inertial range is that the energy is transferred 

with a constant rate   across the scales in the inertial range, and   

does not depend on the wavenumber k . In other words, the shell-

integrated8 ensemble-averaged Fourier spectrum of the incompressible 

kinetic energy depends only on the wavenumber k  and on the decay 

rate ( )t  of the incompressible kinetic energy. Thus, in a well-

developed classical turbulence the shell-integrated energy spectrum has 

the form 

( ) 1 2
kinE k C kα α=  ,  

8 The shell-integrated energy spectrum ( )kinE k  is defined as ( )incompr kinE dkE k= ∫ , 

where incomprE  is the total incompressible kinetic energy, and k  is the modulus of the 

wavenumber. 
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where C  is a numerical coefficient of order unity. The physical 

dimension of   is 2 3g cm  s− , the physical dimension of  k  is 1cm− , 

and the physical dimension of  kinE  is 3 2g cm  s− ,  thus by the 

dimensional analysis,  

( ) 2/3 5/3
kinE k C k −=  ,  

and this is the Kolmogorov law of scaling of the turbulent spectrum in 

the wavenumber space. The classical Kolmogorov spectrum is observed 

in classical turbulence, and recent studies have found the Kolmogorov 

spectrum theoretically in superfluids (Tsubota et al. 2013, Nemirovskii 

2013). 

Recently, turbulence in superfluids with magnetic degrees of 

freedom of atoms has been studied (Ishino et al. 2010, Fujimoto & 

Tsubota 2012). In these studies turbulence is generated in a harmonic 

trap by a counter-flow of miscible atomic clouds. When the inter-

component interaction is strong enough, the nature of the cascade is 

related to the spin-dependent energy of the contact atom-atom 

interaction, while the kinetic energy becomes irrelevant (Fujimoto & 

Tsubota 2012). The scaling analysis of the equation of motion of the 

spinor Bose-Einstein condensate shows that the inertial range in the 

spin-dependent turbulent energy ( )spinE k  in ferromagnetic systems is 

characterized by the scaling law ( ) 7/3
( )spin fE k k −∝ .  

The spin-dependent energy is defined in the spin representation of the 

Hamiltonian as the term proportional to 2
zS , where zS  is a projection 
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of the macroscopic spin vector9 on the axis of the quantizing magnetic 

field (Kasamatsu et al. 2005). Antiferromagnetic systems do not obey 

this scaling law; although our system is formally ferromagnetic, we find 

a scaling exponent about 3− , which is presumably due to smallness of 

the intercomponent interaction parameter γ  (note that 0γ =  

separates the ferromagnetic phase 0γ > , and the antiferromagnetic 

0γ < ). 

In superfluids which are characterized by vanishing viscosity, the 

role of the viscosity is taken over by the thermal dissipation, and the 

eddy break-up process is replaced by collision and reconnection of 

vortex lines (tubes). The thermal dissipation is a mechanism that works 

due to the beyond-mean-field coupling of the coherent state (the 

condensate) with the thermal excitations, and can be found, e.g. by 

solving approximately the Heisenberg equation of motion of the field 

operator in second-quantized representation (Kobayashi & Tsubota 

2006). At low temperatures the thermal dissipation effectively works 

only at large wavenumbers of the perturbation – at length scales shorter 

than the healing length of the condensate. In fact the thermal 

dissipation is necessary to treat correctly the short-wavelength 

excitations, which is especially important in numerical real-time 

simulations in order to avoid numerical divergence, or in other words, 

the thermal dissipation damps the compressible excitations. In the limit 

of zero temperature the incompressible random superfluid motion 

decays due to collisions and reconnections. The vortex core size is the 

relevant dissipation scale for the incompressible kinetic energy at zero 

temperature. Binary weakly repulsive superfluid ultracold gases are 

special, because the two-component nature leads to shift of the 

9 In two-component superfluids the z − projection of the pseudospin vector is 

defined as 
2 2

1 2zS ψ ψ= − . 
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dissipative length scale for the vortex reconnections: in our system 

where 1γ <<  vortices are “thick”, because their core size is about 

0 /ξ γ , where 0ξ  is characteristic vortex core size is single-

component and strongly repulsive or attractive mixtures. 

 

3.9 Turbulence in binary immiscible superfluids 
In this section we consider the highly non-linear stage of the Rayleigh-

Taylor instability by numerical simulation of two-dimensional 

systems in harmonic traps. At this stage the Kelvin-Helmholtz 

instability comes in, and generates the turbulent mixing. We analyze 

the resulting turbulence and obtain the Kolmogorov spectrum of the 

incompressible kinetic energy. We show that the process may be 

observed experimentally. 

The subject of Paper I is the linear stage of the capillary-gravity 

waves. When these waves are unstable, which is called the Rayleigh-

Taylor instability, the waves develop their amplitudes to finite values, 

generating large regions of the binary superfluid with shear relative 

motion between the components. These regions experience the Kelvin-

Helmholtz instability, which effectively generates the quantum 

turbulence. The non-linear stage of the Rayleigh-Taylor instability is the 

subject of Paper IV. 

In Paper IV, a full numerical simulation of turbulence generation is 

performed. We start from a binary immiscible system of 87Rb atoms 

with symmetric components (as before) in the ground state, with a flat 

interface between the components at the middle of a harmonic two-

dimensional trap at zero temperature, Fig. 3.1. The magnetic driving 

force 'B  (“gravity”) is switched on at the initial moment of time, and 

the instability is triggered by setting a single-mode perturbation 
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corresponding to the most unstable mode for the given driving force, 

Fig. 3.6. The force is kept on until the centres-of-mass of the superfluids 

cross x y−  plane, where initially the plane interface was located. At the 

moment of switching-off of the driving force, the superfluids are 

effectively mixed, and turbulence is generated. We characterize 

turbulence by analyzing the freely decaying turbulence.  

At the later stage of the Rayleigh-Taylor instability, the Kelvin-

Helmholtz instability comes in. The bubbles (in other words, the 

mushroom-shaped structures) of each superfluid in the bulk of the 

other superfluid, propagate [Fig. 2(a)] because the system tends to 

lower its potential energy in the external potential energy. This motion 

generates shear flows at the sides of the bubbles shown by arrow in Fig. 

3.6, and the Kelvin-Helmholtz instability occurs. Turbulence in weakly-

immiscible systems considered in Paper IV is specific because the 

Kelvin-Helmholtz instability in such superfluids develops by forming a 

vortex bundle, Fig. 3.7, of the largest possible size. This is in contrast to 

the self-stabilizing Kelvin-Helmholtz instability in strongly repulsive 

superfluids when the unstable interface perturbation is stabilized 

(saturated) by generation of a vortex street. Visually, freely-decaying 

turbulence in weakly-repulsive superfluid systems such as considered 

here, represents a stochastic motion of large number of small droplets 

of each component (with approximately unaltered total density), as 

show Figs. 2 (c), (d). In the course of this random motion the droplets 

merge and split again, but as turbulence decays, the average size of a 

droplet becomes larger, until eventually the superfluids segregate again. 

After the segregation the number of vortices in the bulk tends to 

zero, and thus the turbulent energy has cascaded to larger scales, as 

expected in two-dimensional systems (Tabeling 2002). The turbulent 

energies are the incompressible kinetic energy, and the spin-dependent 

energy. Because of the weak repulsion between the components, these 
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two energies are of the same order, and are equally important, in 

contrast to the previously studied spin-turbulent superfluid systems. 

 

Figure 3.6 | Generation of binary quantum turbulence, number density of BEC 1 is 
shown. (a) Non-linear stage of development of the Rayleigh-Taylor instability generates 
shear flows at the interface between the superfluids. (b) The Kelvin-Helmholtz instability 
generates vortex bundles and splits each superfluid to droplets, leaving the total atom 
number density  

1 2n n+  approximately uniform. (c) After the centre-of-mass of each 

superfluid has reached the trap centre, the force is switched off and turbulence decays 
freely. (d) The droplets merge to form larger droplets and minimize the energy of the 
surface tension between the components. Coordinates are scaled by the oscillator length, 
time by half of the cyclic frequency of the trap in  x z−  plane, and wavefunctions by the 
density in the trap centre. 

Another specific feature follows from the weak immiscibility of the 

superfluids – it is structure of a quantum vortex. In singe-component 

superfluids, the characteristic scale of quantum vortices is their core 

size, which is the same as the threshold of validity of the mean-field 
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model (when the thermal excitations become important). In superfluid 

mixtures another scale appears – the interface width, which interplays 

with the individual vortex scale, resulting in the characteristic scale of 

non-singular quantum vortex. In weakly repulsive systems, in contrast 

to strongly repulsive systems, the size of a non-singular vortex core is 

larger than the size of individual vortex core in each of the components 

(the healing length). Thus, the collision and reconnection dynamics of 

non-singular vortices in weakly repulsive systems occurs on the length-

scales larger than the healing-length, and thermal excitations are 

unimportant in the leading-order approximation. 

 

Figure 3.7 | Development of the Kelvin-Helmholtz instability in binary ultracold gas, for 
a narrow (a,b) and wide (c,d) systems. Boundary conditions are periodic, number density 
of the 1 component is shown. The initial shear flow experiences the Kelvin-Helmholtz 
instability at the same wavenumbers of the interface perturbation, but eventually the 
vortex (the bundle of quantized vortices) becomes as large as possible in a system with 
given size. Coordinates are scaled by the oscillator length, time by half of the cyclic 
frequency of the trap in  x z−  plane, and wavefunctions by the density in the trap centre.  

By numerical simulation we find that the highly non-linear stage of the 

instability effectively generates quantum turbulence, Fig. 2(b). We 

characterize turbulence by checking that phases of the superfluids 

contain a sufficiently large number of singularities, quantum vortices, 

with positions randomly changing in time, and by calculating spectrum 

of the incompressible kinetic energy of the quantum fluid, and the spin-

dependent energy. We find that for the incompressible kinetic energy 
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the Kolmogorov spectrum appears in a freely decaying turbulence. This 

can be qualitatively explained by noting that in superfluid turbulence, 

appearance of the Kolmogorov spectrum is correlated with presence of 

vortex bundles in the initial distribution of quantum vortices, which is 

the case of our system, because of the specific Kelvin-Helmholtz 

instability as explained above.  

An important aspect of our work is matching of our model and 

calculations to available experimental work. The numerical simulations 

are performed with the dimensionless parameters corresponding to 

experimentally realized systems. Our analytical result for the bubble 

rise velocity is in a good agreement with numerical simulations. The 

result for bubble velocity implies prediction of the characteristic time of 

turbulence generation for given system size. The resulting duration of 

the turbulence generation process is of order ~ 0.03 [s] , which is much 

smaller than typical lifetime of an ultracold trapped atomic mixture 

(Pethick & Smith 2008). To determine how the total amount of vorticity 

generated in the system scales with the driving force, we note that this 

vorticity can be calculated by multiplying doubled velocity of each 

superfluid as a whole (developed due to the external force), by spatial 

extent of the system along the direction across the interface ( z  axis). 

By energy conservation, this velocity scales as 'B  (see Paper II, and 

Paper IV for details), therefore the total vorticity scales 'B∝ . In 

Paper IV we perform numerical simulations to check this scaling law by 

calculating the maximal (in time) value of spatial integral of modulus of 

vorticity, for a for various values of the driving force, and find a good 

agreement as shows Fig. 5 of Paper IV. 
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4 
Hydrodynamics and Elasticity of the 

Inner Crust of Neutron Stars 
 

Neutron stars are extensively studied in modern physics, because they 
represent the extreme states of matter known in Universe. Neutron 
stars host the densest matter in the universe, as they contain 
approximately one solar mass inside a sphere with ~ 12  kilometer 
radius (here we are not interested in black holes). The structure and 
physical properties of neutron stars can be reliably predicted 
theoretically only for densities much lower than the nuclear density. A 
special interest in the modern literature is devoted to the inner crust of 
neutron star, where matter gradually transforms from a conventional 
solid-state phase, to the liquid nuclear matter. This is partly because, 
the models of nucleon-nucleon interaction contain a small parameter – 
diluteness of the matter, which remains small for densities 
corresponding to the outer part of the inner crust. The available 
numerical nuclear models provide good description of properties of 
terrestrial nuclei.  

Calculation of properties of the inner crust matter is especially 
important in view of the recent observational progress. The transport 
properties of the inner curst are observable, and are directly linked to 
the microscopic properties of the inner crust. Recently, transiently 
accreting neutron-star low-mass X-ray binaries appeared as unique 
systems to study thermal and transport processes of high-density 
matter (Cackett et al. 2008, Brown & Cumming 2005). During a long 
period of accretion, years to decades, the crust is heated out of thermal 
equilibrium with the stellar core. When accretion ends, the crust relaxes 
to the equilibrium. Numerical modelling and comparison to 
observations of this has been done in several works, but the problem 
remains that some input parameters are uncertain. The uncertainty 
may be narrowed by a better nuclear model in numerical calculations, 
and by a better model of entrainment between the lattice and the 
dripped superfluid neutrons. The thermal and dynamical characteristics 
are influenced by the crystallographic structure of the inner crust, and 
by the nature of the collective elementary excitations.  
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The structure of the inner crust has been studied since the 1970s 
(Baym et al. 1971) and the conventional picture is that it is equivalent to 
one-component crystallized completely ionized Coulomb plasma with a 
uniform electron background, which implies a certain type of the lattice 
– the body-centred-cubic crystal (Fig.4.1.2). In our recent work we have 
included the microscopic anisotropic crystal properties, screened 
proton-proton interactions, and superfluid neutrons, and have shown 
that the body-cubic-centred lattice is unstable with respect to in-phase 
density perturbation in the lattice and in the superfluid neutron 
density. The instability occurs for many wavenumbers – a simple model 
would suggest the maximum growth rate at the Brillouin zone edge, 
indicating a microscopic structural transition. 

 

4.1 Isotropic model of the inner crust 
In this section coupled excitations of the superfluid neutron phonon 

and the elastic proton-neutron phonons will be described. The sound 

speeds are calculated using the Lattimer-Swesty nuclear data within 

the compressible liquid drop model of nuclei. 

Let us look at the ground state of dense matter at low temperature. 

When matter is compressed, atoms become pressure-ionized. The 

atoms ionize, and electrons become unbound. At strong enough 

compression, protons capture of electrons. The nuclei become neutron-

rich, and each nucleus is surrounded by a halo of unbound neutrons. At 

density of the neutron drip the unbound neutron states begin to be 

significantly populated. At equilibrium, the neutron-rich nuclei are 

stabilized with respect to the radioactive decay by a high chemical 

potential of electrons, and by the presence of unbound neutrons, which 

ensure that there are no unoccupied final states into which a neutron 

can decay.  
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4.1.1 Electron screening 
The temperature of the inner crust of neutron stars is estimated as 

8 9~ 10 10  K− , or 3 28.7 10 8.7 10  MeV− −× − ×  after the first hundred 

years after the birth, where the first values correspond to the low-

density region and the last to the high density region (Haensel et. al. 

2008). The electrons are traditionally modeled as uniform (for given 

baryon number density) non-interacting Fermi gas. The electron Fermi 

energy is given by 

 ( )2/32 2 2 2
, 3 .F e e eE c n m cπ= +   (4.1.1) 

The electron Fermi energy takes on the values ~ 25 50 MeV−  for total 

baryon number densities in the range 4 32 10 0.079 fm− −× − . Thus the 

electrons are quantum degenerate. The relativity parameter Fe

e

p
m c

, 

where the electron Fermi momentum is ( )1/323Fe ep nπ=  , is in the 

range 50 170− , which implies that the electrons are ultrarelativistic. 

Neutron stars are essentially in the low-temperature regime, and this 

happens because of fast cooling immediately after the birth by the 

neutrino emission (Haensel et al. 2008)  

The inner crust is plasma with two fluid-like components: It consists 

of electrons and ions, and also neutrons. To determine the importance 

of screening of the Coulomb ion-ion interaction we estimate the 

characteristic electron screening length scale for the inner crust. A 

small probe point charge density ( ) ( )Q qδ=r r  perturbs the number 

density en  of the electron system by a small value  
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( ) ( )e
e e

e

neδρ δµ
µ
∂

≈
∂

r r ,  (4.1.2) 

where ( ) ( )e eδµ φ=r r , e  is the modulus of the electron charge, and 

( )φ r  is the perturbation of the electrostatic potential, which is 

governed by the Poisson equation: 

( )2 4  eQφ π δρ ∇ = − + r ,  

or 

( ) ( )2 24  e

e

nq eφ π δ φ
µ

 ∂
∇ = − + ∂ 

r r .  (4.1.3) 

The standard shorthand notation is 2 24 e
TF

e

nk eπ
µ
∂

=
∂

. Fourier 

transforming Eq. (4.1.3), one obtains 

2 2
4

TF

q
k k

πφ = −
+k ,  

( )
( ) ( )

23
cos 2

3 32 2
0 0 0

2 2
0

4  sin
2 2

2 sin .

i ikr

TF

TF

d q dke d d dk e k
k k

q k krdk
r k k

π π
θπφ φ ϕ θ θ

π π

π

+∞
⋅

+∞

= =
+

=
+

∫ ∫ ∫ ∫

∫

k r
k

kr

 

Using analytical continuation of the k  variable to the complex plane 

and closing the integration path in the upper half plane (because 

0r > ), one calculates: 
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2 2 2 2
0

2 2

sin 1 Im
2

1 Im Res ,
2 2

,TF

ikr

TF TF

ikr
k r

TF
TF

k kr kedk dk
k k k k

ke k ik e
k k

π

+∞ +∞

−∞

−

 
=  

+ + 
  

= = − =  +  

∫ ∫
 

where the poles are shown in Fig. 4.1.1. 

 

Figure 4.1.1 | Integration contour in analytically continued imaginary space of 
wavenumbers. The poles are shown by crosses, and the integration path is counter-
clockwise. 

Eventually one obtains for the electrostatic potential induced by a small 

point charge placed in uniform electron system 

( ) TFk rq e
r

φ −=r ,  (4.1.4)  

24 e
TF

e

nk eπ
µ
∂

=
∂

.  (4.1.5)  

Thus a point charge is screened at distances from the charge larger than 

about  
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1
TF TFkλ −= .  (4.1.6)   

Two point charges separated by distance smaller than 1
TFk − , interact 

through the Coulomb interaction, and small changes of the distance 

does not influence the state of the electron gas. In other words, the 

small-scale density perturbation of the ion subsystem does not 

influence much the state of the electrons. The latter statement is the 

basis for the physical effect considered in Paper VI. 

4.1.2 The inner crust as crystallized Coulomb plasma 
The plasma at the density corresponding to the inner crust of neutron 

stars may be in the liquid or in the solid phase. The choice of the phase 

is done through the interplay of the Coulomb forces, thermal motion of 

ions, and quantum motion of ions. As the first approximation we 

neglect the role of neutrons in the crystallization condition, and assume 

that the inner crust matter is described by the melting criterion of a 

single-component Coulomb plasma (electrons and ions). For Coulomb 

crystals, the melting temperature is given by 

2 21
Γm

m i B

Z eT
a k

= , (4.1.7) 

where Z  is the proton number in nuclei, ( ) 1/34 / 3i ia nπ −=  is the ion 

sphere radius, and in  is density of ions. The dimensionless parameter 

Γm  has been calculated as Γ 175m ≈  (Haensel et al. 2008)  

In the inner crust of neutron stars the Thomas-Fermi screening 

length ,TFλ  Eq. (4.1.6), is larger than the ion sphere radius (for the 

inner crust, the Lattimer-Swesty equation of state gives 

/ ~ 1.55TF iaλ ), and ions crystallize at the relevant temperature to the 
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ground state of Coulomb crystals which is the body-centered-cubic 

structure shown in Fig. 4.1.2.  

 

Figure 4.1.2 | Configuration of a unit cell of body-centred-cubic lattice. The lattice sites 
(ions) are shown by grey balls, and lines are guides for eye. 

The lattice vectors of the bcc lattice are  

( )1 2
a

= + −x y za e e e ,  (4.1.8a) 

( )2 2
a

= − + +x y za e e e ,  (4.1.8b) 

( )1 2
a

= − +x y za e e e ,  (4.1.8c) 

and are shown in Fig. 4.1.3. The crystal lattice is generated by the set of 

vectors ( )1 2 3 1 1 2 2 3 3, ,n n n n n n= + +R a a a , where 1,2,3n  are integers 

(the Bravais lattice). The reciprocal vectors are given by  

( )
, 1,2,3 , , 1,2,3

2 /ijk mnlπ
= =

   
= × ⋅ ×   

  
∑ ∑i j k m n l

j k m n l

b a a a a a  ,  (4.1.9) 
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where mnl  is the antisymmetric symbol in all indices with 123 1= . 

 

Figure 4.1.3 | Lattice vectors of the body-centred-cubic lattice 1,2,3a , and the Cartesian 

basis xe , ye , z e . The length of the cube side is a . 

A new feature arising in the inner crust of neutron stars, which 

affects the lattice dynamics in a similar way as the second component in 

two-component terrestrial alloys, is the unbound neutrons. The dripped 

neutrons permeate the lattice, and their density is roughly uniform 

outside the nuclei. The mean volume fraction of an ion in a unit cell, 

and density of the unbound neutrons increases with increasing density. 

A schematic illustration of crystallographic structure of the inner crust 

of neutron stars is shown in Fig. 4.1.4, where we picture the unbound 

neutrons by grey dots between the ions. 
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Figure 4.1.4 | Schematic picture of structure of the inner crust of neutron stars 
assuming that the lattice is in the ground state of the Coulomb crystal. The depth of the 
inner crust is about 500 meters, and its composition smoothly changes with changing 
baryon density. The denser the matter, the more unbound neutrons permeate the lattice, 
and the larger is the volume fraction of ions in a unit cell. Below we show that this lattice 
is unstable with respect to density perturbations in the direction of one of the cubic axes. 

An important parameter of crystals is the variance of the ion 

displacement from the equilibrium position. This variance is non-zero 

because of unavoidable motion of ions around their static equilibrium 

positions, either due to the thermal motion, or due to the quantum 

zero-point motion. It can be calculated in the model of a quantum 

harmonic oscillator because the energy of small displacement of an ion 

is a quadratic function of the displacement. The variance 2u  of the 

ion displacement from the equilibrium position is (Kittel 1963, Haensel 

et al. 2008). 

2
,

, ,

1 1
2i i

u n
Vm n ω

 = + 
 

∑ k
k k




 

, (4.1.10) 

where im  is the ion mass. The polarization label 1,2, ,3 cN= …  runs 

from one to three times the number of ions in the Wigner-Seitz cell. 
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There is one ion in the real-space Wigner-Seitz cell of the body-centred-

cubic lattice as shows Fig  4.1.5, and thus 1cN = . 

 

Figure 4.1.5 | (a) The Winger-Seitz cell of a body-centred-cubic lattice the configuration 
space. The balls indicate positions of ions. (b) The first Brillouin zone in the reciprocal 

space. The red dots indicate location of the reciprocal lattice sites. 

To calculate 2u  one needs to specify the energy spectrum of the 

lattice phonon, ,ωk  . Following (Chabrier et al. 1992) the spectrum is 

assumed to consist of three branches: Two modes, corresponding to two 

independent polarizations of transverse waves with the dispersion 

relation ( ), 1,2
t pi

BZ

k
q
α ω

ω =k , and one longitudinal mode with the 

frequency ( ), 3 l piω α ω=k . Here piω  is the ion plasma frequency 

2 24 i
pi

i

Z e n
m

πω = .  (4.1.11) 

In a simplest picture the Brillouin zone is approximated as spherical 

with the corresponding radius BZq  which is linked to the volume BZV  
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of the first Brillouin zone as 34 / 3BZ BZV qπ= . We use the final result in 

our calculations of the variance which is given as 

( )

2

1 12
3 6 1 1 ,
2 exp / 1

pi
t

i pi t pi l l pi

u

TTu D
m T T T T

α
ω α α α−

  
 = + + 

−   

  

 (4.1.12) 

where /pi pi BT kω=  , and ( ) ( )1
1

0

/ 1
x

yD x x dyy e−= −∫ . By fitting the 

model to the second moment of the phonon frequencies and to the 
average of the logarithm of the phonon frequencies for a bcc crystal 
with a rigid background of negative charge, for the body-centred-cubic 

lattice one finds 0.426548tα = , 0.88412lα =  (Haensel et al. 2008). 

4.1.3 Energy perturbation 
In order to describe the elementary excitations in the inner crust we 

consider the second-order infinitesimal static perturbations of the 

hydrostatic energy density functional Eδ  

( ) ( ) ( ) ( )( )2 2 2 2
n cp oupE E E E o Eδ δ δ δ δ= + + + ,  (4.1.13) 

while the first-order perturbations vanish in the equilibrium, and the 

higher-order terms ( )( )2o Eδ  are neglected. The superfluid kinetic 

energy provides a vanishing energy contribution to the chemical 

potentials, and thus is not included in Eq. (4.1.13). Note that the total 

energy density perturbation includes the electron, proton and neutron 

contributions. 
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To begin with, we assume that the elastic solid is isotropic, and 

therefore it may be described by two parameters – the bulk modulus K  

and the shear modulus S , and by the deformation vector field ( )u r  

which describes deviations of the ions from the equilibrium positions in 

the lattice. The bulk modulus describes the energy deviation due to a 

compression of material, which is proportional to squared trace of the 

deformation tensor /ij i ju u r≡ ∂ ∂ . The shear modulus represents the 

contribution due to the traceless part of the deformation tensor, which 

is taken in the form 
1,2,3

/ 3ij ij ll
l

u uδ
=

 
− 

 
∑  (Landau & Lifshitz 1986). The 

proton-electron subsystem represents the elastic energy perturbation 

which is given as 

( )
2 2

2

1,2,3 , 1,2,3 1,2,3

1 / 3
2p ii ij ij ll

i i j l

E K u S u uδ δ
= = =

   
= + −   

   
∑ ∑ ∑ .  (4.1.14) 

The contribution due to perturbation of the neutron density is given by 

( )
2

2 2
2

1
2n n

n

EE n
n

δ δ∂
=

∂
, (4.1.15) 

where nnδ  is perturbation of neutron density which includes both 

superfluid and normal neutrons. The normal neutron component 

appears because some neutrons are entrained by nuclei, and the move 

with the same velocity as the ions. The coupling between the lattice and 

the superfluid is two-fold: it has a scalar-type contribution and a vector-

type contribution. 

54 
 



4.1.4 The scalar-type coupling  
The scalar-type contribution to the coupling between the neutrons and 

the electron-proton subsystem is the term in the energy perturbation 

functional, Eq. (4.1.13), composed of the density perturbations  

( )2

1,2,3

 coup n ii
i

E L n uδ δ
=

= ∑ ,  (4.1.16) 

and its form satisfies the necessary symmetries. The proton density 

perturbation is linked to the trace of the deformation tensor:  

1,2,3
p p ii

i

n n uδ
=

= − ∑ ,  (4.1.17) 

and thus the coupling energy is ( )2
coup n p

p

LE n n
n

δ δ δ= − .  

Another contribution coupling comes from the Josephson equation 

for the phase of the superfluid neutrons ( ) ( )*1/ 2 ln Ψ / Ψiθ ≡ , where 

( ) ( ) ( )Ψ ψ ψ↑ ↓=r r r  is the spin non-diagonal element of the 

anomalous Green’s function of neutrons which represents the order 

parameter of superfluid neutrons, and m  is the neutron mass which is 

equal to the proton mass in our numerical calculations. Since we are 

interested in deviations δθ  of the phase θ . The equilibrium terms in 

the Josephson equation are eliminatded by defining 02 n tδθ θ µ= + , 

where 0nµ  is the equilibrium neutron chemical potential. The 

linearized Josephson equation is 

2 0t nδθ δµ∂ + = .  (4.1.18) 
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The factor 2 multiplies the chemical potential because the neutron 

Cooper pairs are composed of two neutrons. The superfluid mass 

current is given by 

2
s s
n nmn mn

m
δθ= ∇nv 

.  (4.1.19)  

Perturbations of the chemical potentials are calculated by the formula 

,
i ij j

j n p

E nδµ δ
=

= ∑ ,   (4.1.20) 

where  

2
j

ij
i j i

EE
n n n

µ∂∂
≡ =
∂ ∂ ∂

,  (4.1.21) 

and , , i j n p=  mark the neutron and proton components. Finally, 

another scalar coupling appears after simple algebraic operations on 

the momentum conservation equation  

tot
1,2,3

g Π 0i j ij
j

δ
=

+ ∇ =∑ .  (4.1.22) 

This equation ensures that the total momentum of the system,  

( )n s
p n nm n n mn= + +tot p ng v v ,  (4.1.23) 

is conserved. Here, the total matter current is given by the sum of the 

proton current, p pmn= pg v , and the neutron current, 

n s
n n nmn mn= +p ng v v . The deviation of the momentum flux tensor is 

given by the isotropic (pressure) contribution, and the shear 

contribution: 
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( )
1,2,3

Π 2
3
ij

ij n n p ep ij ij ll
l

n n S u u
δ

δ δµ δµ δ
=

 
= + − − 

 
∑ ,  (4.1.24) 

where epµ  is the chemical potential of the sub-system which includes 

the conglomerate of charged particles – electrons and protons. The 

pressure deviation is represented in terms of the chemical potential 

deviations using the Gibbs-Duhem relation at zero temperature. 

Eliminating the neutron velocity from Eq. (4.1.22) with the help of Eq. 

(4.1.18) we obtain the linearized equation of motion for protons: 

( ) ( )4 0.
3

n n
p n t n n p epm n n n n S Sµ µ+ ∂ + ∇ + ∇ − ∇ ∇⋅ + ∇×∇× =pv u u

 (4.1.25) 

This equation is equivalent to two independent equations, which result 

when the vector field u  is separated into the curl-free (irrotational) 

part, and the divergence-free (solenoidal) part. The two equations 

correspond to the transverse (shear) mode and the longitudinal mode.  

4.1.5 The vector-type coupling  
The “vector contribution” to the coupling between the ion lattice and 

the superfluid neutrons comes from the bound states of neutrons inside 

the ions, because protons inside each of the ions represent an attractive 

potential energy for neutrons. Neutrons can be also “bound” due to the 

coherent scattering by the lattice. This coupling term appears in the 

continuity equation for neutrons, and can be called the non-dissipative 

entrainment between the lattice and the superfluid. That is, motion of 

the lattice with velocity ( )t≡ ∂v p u r  transports neutrons in space, and 

therefore leads to perturbation of neutron density nnδ . At the same 

time, superfluid neutrons may flow with a small velocity vn . When the 

thermal effects are neglected, the superfluid motion of uniform in 
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space, vortex-free neutrons does not affect the lattice. The continuity 

equations for the neutrons and the protons read 

0p p pn nδ∂ + ∇ ⋅ =v ,  (4.1.26) 

0s n
n n n n pn n nδ∂ + ∇ ⋅ + ∇ ⋅ =v v , (4.1.27) 

where s
nn  and n

nn  are the superfluid and the normal (bound, non-

thermal) number densities of neutrons.  

4.1.6 The coupled modes 
First we consider the transverse modes which are defined as excitations 

of the lattice with the divergence-free deformation field 0∇⋅ =u . The 

two modes differ by the polarization which takes on two values. Using 

the plane-wave solution in Cartesian coordinates for the proton velocity 

( )i t kxe ω −∝pv  Eq. (4.1.25) we obtain the phase velocity /tv kω≡  of 

the two transverse modes as 

( )
2
t n

p n

Sv
m n n

=
+

. (4.1.28) 

To calculate the longitudinal mode velocities v±  (two modes appear 

because there are two interacting subsystems – the superfluid phonon 

and the lattice phonon) we consider the curl-free part of the 

deformation field 0∇× =u . The four Fourier-transformed linearized 

equations, Eqs. (4.1.18) and (4.1.25-4.1.27) represent the eigenvalue 

problem for the mode calculation. We consider the plane-wave solution 

in Cartesian coordinates for the eigenvector 
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( ) ( )T i t kx
p p n nn n e ωδ δ −∝v v , and obtain the mode velocities 

/v kω± ≡ : 

( ) ( )

0 0

4 0
3 0.

0
0

p

p
n n n
n np p pp p n n nn p pn p

p
nn s

n n
n

np nn

v n
n

Sn E n E v m n n n E n E
n

n
n v n

E E v

δ

δ

±

±

±

±

− 
     − + + + − +     =   
  − −
   − − 

v

v

  (4.1.29) 

Eliminating the density perturbations pnδ  and nnδ  we obtain 

( ) 2

2

4 / 3
0

n nn ns
p n p

ns s ss
nn

m n n v S

mn v
±

±

 + − − −  
=   − −   

v
v

 

 
,  (4.1.30) 

where  

( )pp p p np p n n p nn n nE n n E n n n n E n nαβ α β α β α β α β= + + + .  (4.1.31) 

The Greek indices in Eq. (4.1.31) denote the normal and superfluid 

components, , ,n sα β = . For protons that implies n
p pn n= , and 

0s
pn = . The “coupling” matrix element is now ns , and Eq. (4.1.30) is 

equivalent to Eq. (4.1.29). The “uncoupled” modes nv  and pv  can be 

calculated setting 0ns = , which gives 

( )
2 4 / 3nn

p n
p n

Sv
m n n

−
=

+


,  (4.1.32) 
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2
s
n nn

n
n Ev

m
= .  (4.1.33) 

The coupled mode velocities of the lattice and the superfluid neutrons 

appearing in Eq. (4.1.29) can be finally simplified to 

22 2 2 2
2 4

2 2
n p n p

np

v v v v
v v±

 + −
= ± +  

 
.  (4.1.34) 

In order to estimate numerically the mode velocities we now need to 

calculate the thermodynamic derivatives. For this purpose we choose 

the numerical calculations based on the Lattimer-Swesty equation of 

state. 

4.1.7 Evaluation of parameters  
In this section we estimate the thermodynamic derivatives  ijE  using 

the data calculated in the compressible liquid drop model using the 

equation of state by J. Lattimer and D. Swesty. 

We utilize publicly available numerical calculations of J. Lattimer 

and D. Swesty, presented at the website of the Lattimer-Swesty 

equation of state10. The given parameters are the mean baryon number 

density s n
p n nn n n n= + + , the proton density pn , the electron density 

e pn n= , the proton number Z  of ions, the  number density of 

neutrons in the skin of nuclei sk
nn , and various “thermodynamic” 

derivatives: The pressure derivatives /dp dn , / edp dY , where 

/e eY n n≡ , and the chemical potential derivative /ˆ ed dYµ , where 

10 www.astro.sunysb.edu/dswesty/lseos.html 

60 
 

                                                 



ˆ n pµ µ µ= − . This set of thermodynamic derivatives is necessary to 

calculate the thermodynamic derivatives ijE , because they are the 

coefficients in the linearized equations of motion. 

To find a link between the set of quantities ( ), ,pp nn npE E E  and the 

given quantities ( )1/ , / , ˆ /e edp dn n dp dY d dYµ−  we first consider the 

Gibbs-Duhem relation at zero temperature: 

p ep n ndp n d n dµ µ= + .  (4.1.35) 

Using the partial derivatives 

p n

p n

dn dnd d d
dn dn dn dn dn

= + ,  (4.1.36) 

we obtain the first equation 

( ) ( )22 2 1 1
e

e pp e e np e nn
Y

dp n Y E Y Y E Y E
dn

 = + − + −  .  (4.1.37) 

The second equation is obtained for 
e

dp
dY

 using the Gibbs-Duhem 

relation Eq. (4.1.35) and the relations ( )p
e

e en

dn d nY n
dY dY

= = , and 

( )1p
e

e en

dn d n Y
dY dY

 = −  . We obtain: 
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( ) ( )2 1 2 1e pp e np e nn
e n

dp n Y E Y E Y E
dY

 = + − − −  .  (4.1.38) 

Finally, equation for 
ˆ

e n

d
dY
µ

 reads 

( )2
ˆ

pp np nn
e n

d n E E E
dY
µ

= − − + . (4.1.39) 

Combining Eqs. (4.1.37-4.1.39) we obtain 

( ) ( )
( ) ( )

2 2

2 2 2

/ 1 2 1
/ 1

2ˆ
1 2

/

e e e e nn

e e e e np

e pp

dp dn n Y nY Y nY E
dp dY n Y n Y n Y E
d dY n n n Eµ

  − − 
    = − − −   
    − −    

, (4.1.40) 

and the inverse transformation is presented in Eq. (46) of Paper V. 

Using the numerical data from the Lattimer-Swesty website we are now 

able to calculate ijE  and the mode velocities. 

We also use the result from the studies of ion crystals, namely the 

value of the shear elastic constant S  calculated by Ogata and Ichimaru 

(Ogata & Ichimaru 1990). We include the screening correction which is 

about 10% from the static lattice contribution, and neglect the phonon 

contribution because it is about 1% of the static lattice contribution: 

( )
2 2

2/30.1194 1 0.010coul screen i
i

Z eS S S n Z
a

= + = − ,  (4.1.41) 

where in  is the ion number density, /i pn n Z= . 
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4.1.8 Results  
In this section we present numerical calculations of the mode 

velocities. We also estimate the value of the Debye-Waller factor on top 

of the Fermi sphere in the model of non-interacting neutron gas, which 

shows that even at zero temperature the effective potential of the 

lattice seen by the neutrons is reduced non-negligibly. 

As a first approximation we assume that the superfluid density is 

equal to density of the unbound neutrons. We calculate the 

thermodynamic derivatives and use the result in Eqs. (4.1.32), (4.1.33) 

for calculation of the uncoupled modes, and Eq. (4.1.34) for the coupled 

modes. The result of our numerical calculations is presented in Fig. 

4.1.3, where the transverse, and both coupled and uncoupled 

longitudinal modes are shown.  

 

Figure 4.1.5 | Phase velocities of the collective modes in the inner crust. The solid lines 
show two longitudinal modes, and the dashed-dotted line shows the two degenerate 
transverse modes. Taken from Paper V. 

We also calculate the mode speeds assuming that the superfluid density 

is reduced due to the non-dissipative entrainment effect. The band-

theory calculations have been performed by Chamel (Chamel 2012), 

and we used the results for the reduction factor of the neutron 

superfluid density for 10 values of density. The corresponding coupled 
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modes are shown by crosses, and a significant reduction of the mode 

velocities is observed when s
nn  is reduced.  

The band-theory calculations of the energy spectrum of neutrons 

have been done by Chamel (Chamel 2012) for a static lattice. However 

the crystal vibrates even at zero temperature because of the zero-point 

motion of the quantum oscillators in the crystal lattice sites. We have 

estimated the value of the Debye-Waller factor for the crystal 

parameters of the inner crust using the well-known description of the 

Coulomb crystals. For a particle scattered by the lattice with the quasi-

momentum exchange G  between the initial and the final states of the 

scattered particle, the lattice vibrations reduce the effective potential of 

the lattice, as seen by the particle, by a factor [ ]exp W− G , which is the 

square root of the Debye-Waller factor conventionally defined. Our aim 

is to estimate the factor for scattering of the unbound neutrons from a 

state on the neutron Fermi sphere to the state on the opposite side of 

the neutron Fermi sphere, when the quasi-momentum exchange is 

2 nk=G . For a cubic crystal (Kittel 1963, Haensel et al. 2008) 

2 21
6

W G u=G . (4.1.42) 

Using Eq. (4.1.12) we calculate the factor 2exp
nkW =

 − G  numerically, 

and the result is shown in Fig. 4.1.4 for four values of temperature. 
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Figure 4.1.6 | The (square root of) Debye-Waller factor of a harmonic crystal with 
parameters corresponding to the inner crust of neutron  stars. The factor is calculated for 
the maximal momentum exchange for states on the neutron Fermi sphere. Taken from 
Paper V. 

The effective potential of the lattice seen by the neutrons is reduced due 
to the ion motion. The effect persists at zero temperature because of the 
quantum motion in the ground state of the quantum harmonic 
oscillator. This calculation indicates that the Debye-Waller factor can be 
important in reducing scattering from the periodic lattice, and its effect 
on neutron band structure and the neutron superfluid density should be 
investigated in greater detail.  

4.2 Anisotropic model of the inner crust 
First, we consider the thermodynamic stability of the equilibrium state 

of the inner crust. We account for the two-component nature of the 

system (protons and neutrons) and for the electron screening response 

for wavelengths of order of the Thomas-Fermi wavelength, and 

calculate the second-order energy perturbation due to density 

perturbations. We argue that the mode which represents oscillations 

of neutrons and protons in-phase is unstable, which means that the 

effective wavenumber-dependent bulk modulus becomes negative for 

short wavelengths. Second, we extrapolate the isotropic model from 

Paper V to shorter wavelengths, which suggests that the magnitude of 
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the most unstable wavenumber is equal to the Brillouin zone edge 

wavenumber. Third, we find the direction of the wavenumber of the 

most unstable mode, and thus the most likely structural 

transformation path due to the instability, and discuss the 

observational consequences of the effect. 

As was mentioned in Sec. 4.1.1, the electron screening plays one of 
the crucial roles in the instability of the body-centred-cubic lattice in 
the inner crust of neutron stars. To gain physical insight into the 
process, we note that the electrons provide a dominating contribution 
to the incompressibility of the matter of the inner crust of neutron stars. 
However electrons follow only those changes in the proton density (to 
keep the electric neutrality), which have their length scale larger than 
the Thomas-Fermi screening length (see Sec. 4.1.1). Thus, for lattice 

vibrations with wavenumbers comparable to TFk  the electron 

contribution to the effective proton-proton interaction is suppressed, 
and in the limit of large wavenumbers electrons do not contribute to the 
process. To describe this effect we introduce an anzatz for the effective 
proton-proton interaction: 

( ) ( )
2

2 20 e
pp pp

e TF

kE k E
n k k
µ∂

= −
∂ +

, (4.2.1) 

which explicitly removes the electron contribution e

en
µ∂
∂

 at higher 

wavelengths. Using the stability criteria for two-component systems 
derived in Sec. 3.2 we obtain that thermodynamic stability is equivalent 
to the inequality 

( ) 2 / 0pp np nnE k E E− > .  (4.2.2) 
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Figure 4.2.1 | The critical number, Eq. (4.2.3), as function of mean baryon density. The 

critical number with the shear contribution included is shown by the dashed line. The 
inset shows the lattice cell size (see Fig. 4.1.3)  as function of mean baryon density. Taken 

from Paper VI. 

The wavenumber dependence of the terms npE  and nnE  is neglected as 

a first approximation. The critical wavenumber is the smallest k   when 
Eq. (4.2.2) is violated: 

( ) 2
2 2 1

/
pp nn np

c TF
nn e e

E k E E
k k

E nµ
 −

= − 
∂ ∂  

,  (4.2.3) 

and the result is shown in Fig. 4.2.1 as function of mean baryon mass 

density. Smallness of ck  justifies our neglect of the wavenumber 

dependence of npE  and nnE . 

The shear elastic moduli contribute to the incompressibility 
condition, and thus we also include the shear elastic contribution to the 
stability criterion  

( )
2

11 12
2

2 0
3

np
pp

nn p

E C CE k
E n

−
− + > .  (4.2.4) 
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The critical number with shear moduli included, calculated form Eq. 
(4.2.4) is shown in Fig. 4.2.1 by dashed line, and we observe that the 
shear elastic constants have little effect on the critical wave number. 

One can obtain the same result for the critical number by 
extrapolation of the isotropic model considered in Sec. 4.1, so higher 
wavenumbers. Using the anzatz Eq. (4.2.1) in the isotropic model of 
modes of the inner crust, Eq. (4.1.34), we find that one of the modes 
becomes unstable, with the critical number approximately equal to the 
result of Eq. (4.2.3). The difference is that the shear elastic contribution 
to the stability criterion is different in the isotropic and in the 
anisotropic modes. Since the proton-neutron interactions are attractive 

( 0npE < ), the unstable mode corresponds to the in-phase density 

perturbation in the neutrons and in the protons. Although the isotropic 
theory is not strictly applicable for short-wavelength perturbations, one 
knows from experience with terrestrial solids, that extrapolating the 
long-wavelength behaviour to the rest of the Brillouin zone gives a very 
good first approximation. Using Eq. (4.1.34) we plot the soft mode 
velocity in Fig. 4.2.2. 

 

Figure 4.2.2 | Dispersion relation, Eq. (4.1.29) with ppE  replaced by Eq. (4.2.1), of the 

unstable mode for two values of mean baryon density, where − −≡ω kv . The mode 

branches with real frequency are shown by the solid lines, and the unstable modes are 
shown by the dashed lines. 
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Our next aim is to find the direction of the most unstable mode, and the 
crystal anisotropy plays the crucial role. Since the electrons do not 
provide enough rigidity for small-scale perturbations, we consider a 
model problem of a bcc lattice with reduced bulk modulus. The ratio of 
the bulk and the shear moduli corresponds to the usual value in the 
Coulomb crystals [Eq. (4.2.8)]. The energy perturbation of a body-
centred-cubic lattice is given as (Landau & Lifshitz 1986) 

( )
( ) ( )

2 2 2

2 2 2

1
2

2 ,

xxxx xx yy zz

xxyy xx yy xx zz yy zz xyxy xy yz xz

E u u u

u u u u u u u u u

δ λ

λ λ

= + +

+ + + + + +
 (4.2.5) 

where λ ’s are the elastic moduli of the lattice. Further we shall use 

numbering 1,2,3  instead of the labels , ,x y z . Equations of motion of 

crystals can be derived from Eq. (4.2.5) as (Landau & Lifshitz 1986) 

¨

, 1,2,3

l
i ijkl

j k j k

uu
x x

ρ λ
=

∂
=

∂ ∂∑ ,  (4.2.6) 

where ρ  is the mass density of the crystal. The stability is equivalent to 

the condition that the sound speeds in the crystal are real-valued, or 

equivalently that the determinant of the dynamic matrix ijklλ  is 

positive. Thus, one computes the determinant of the matrix Λ , where  

Λ ,ad abcd b c
bc

k kλ=∑  (4.2.7) 

keeping the shear moduli 1111 1122

2
λ λ−

 and 1212λ  fixed, and decreasing 

the bulk modulus 1111 11222
3

λ λ+
. A classical analysis of Cahn (Cahn, 

1962) shows that in this case the most unstable direction is along the 
cubic axis. Below we explicitly show how this result appears in 
numerical calculations. In the numerical calculations we use  
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1212

1111 1122

442 C
S

λα
λ λ

= =
−

,  (4.2.8) 

and in the end set the value of α  corresponding to the Coulomb crystal. 
For convenience we denote here: 

1111 1122 11 122 2
3 3

C CB λ λ+ +
= = ,  (4.2.9) 

1111 1122 11 12

2 2
C CS λ λ− −

= = ,  (4.2.10) 

and the C ’s coefficients are the Voigt parameters defined as  

11 1111C λ= ,  (4.2.11) 

12 1122C λ= ,  (4.2.12) 

44 1212C λ= .  (4.2.13) 

Using the summation convention we have: 

( ) ( )2 2 2 2 2
1 1 11 1 44 2 3 11 44 1 44bc b ck k C k C k k C C k C kλ = + + = − + , 

( )1 2 12 44 1 2bc b ck k C C k kλ = + , 

( )1 3 12 44 1 3bc b ck k C C k kλ = + , 

 

( )2 1 12 44 1 2bc b ck k C C k kλ = + , 

( ) ( )2 2 2 2 2
2 2 11 2 44 1 3 11 44 2 44bc b ck k C k C k k C C k C kλ = + + = − + , 

( )2 3 12 44 2 3bc b ck k C C k kλ = + , 
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( )3 1 12 44 3 1bc b ck k C C k kλ = + , 

( )3 2 12 44 3 2bc b ck k C C k kλ = + , 

( ) ( )2 2 2 2 2
3 3 11 3 44 1 2 11 44 3 44bc b ck k C k C k k C C k C kλ = + + = − + . 

Now we can write the determinant explicitly: 

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

2 2
11 44 1 44 12 44 1 2 12 44 1 3

2 2
12 44 1 2 11 44 2 44 12 44 2 3

2 2
12 44 1 3 12 44 2 3 11 44 3 44

det

.

abcd b ck k

C C k C k C C k k C C k k
C C k k C C k C k C C k k
C C k k C C k k C C k C k

λ =

− + + +
+ − + +
+ + − +

  

 (4.2.14) 

Re-expressing the Voigt coefficients in terms of B , S , and 44C  and 

using the normalization condition 2 1k = , the determinant becomes 

2
1 2 1 3

2
1 2 2 2 3

1 3 2 3

det

4 2 2
3 3 3

2 4 2
3 3 3

2 2
3 3

abcd b ck k

B S k S B S k B S k k

B S k k B S k S B S k k

B S k k B S k k B

λ

α α α α

α α α α

α α

=

          + − + + − + −                    
          + − + − + + −                    
      + − + −            

2
3

.

4
3

S k Sα α  + − +    

 

 (4.2.15) 

We now calculate numerically this determinant for each value of B  as 

function of the direction angles ( ),φ θ  defined such that 

1 cos sink φ θ= , 2 sin sink φ θ= , and 3 cosk θ= , so 2 1k = . We scale 

the determinant by S , and search for the softest phonon direction for 

each value of B . Because of the symmetry we look at φ  and θ  only 

from 0  to / 2π . To evaluate the resulting expression numerically one 
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still needs the value of α . It is calculated for body-centred-cubic lattice 
by Fuchs (Fuchs, 1936): 

7.4634.α =   (4.2.16) 

Using a simple numerical calculation we calculate the determinant for 
various values of B , and find that the softest phonon direction is 100, 

i.e. along one of the crystal axes. The instability sets in when 
4
3

B = − S.  

Thus, we have found that the most unstable mode is presumably the 
mode at the first Brillouin zone edge with the direction along one of the 
cubic axes. A finite-amplitude perturbation at this mode is shown in 
Fig. 4.2.3. 

 
Figure 4.2.3 | Anticipated final configuration of the lattice in the inner crust of neutron 
stars. The density perturbation of neutrons is not shown. The density perturbation of 
protons corresponds to a finite-amplitude displacement of ions along one of the cubic 

axes with the wavenumber equal to 2 /π a . The displaced ions are coloured by dark-
grey, but otherwise are identical to the light-grey ones. 

The linear analysis presented above suggests that the electronic 
structure of the inner crust could be richer than previously appreciated. 
The resulting phase may be one with a modulated microscopic baryon 
density, when the neutron and the proton density is higher in planes of 
the faces, and the symmetry is broken spontaneously by the direction of 
the most unstable mode (which corresponds to shifting of the black-
coloured ions in Fig. 4.2.3 to the right). Correspondingly, the neutron 
density is higher at the cube faces on the right-hand side of the lattice 
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element shown in Fig. 4.2.3, but the electronic pressure in the depleted 
regions restores the force balance, so the stable equilibrium is 
established.  

On the basis of the linear analysis it is impossible to predict the final 
structure, but our linear analysis points to the instability that is 
insensitive to the details of higher-order corrections. Our conclusion is 
supported by at least two independent considerations. Firstly, the 
induced interaction between nuclei diverges as the density tends to the 
neutron drip density from above, consequently the instability appears 
inevitable near the outer boundary of the inner crust. Secondly, 
thermodynamic derivatives calculated for crustal matter using an 
extended Thomas Fermi method and the BSk14 Skyrme interaction, 
which gives a good fit to observed nuclear masses, exhibit instability 
over a broad range of densities (Chamel 2013). Thus our conclusion 
that the body-centred-cubic lattice of the inner crust is unstable with 
respect to density fluctuations, appears to be robust. Thus, our work 
suggests new directions for the nuclear physics research, especially the 
calculation of thermodynamic properties for length scales comparable 
to the ion-ion separation.  

 

4.3 Observable properties  
Here we discuss the possible consequences of the structural instability 

found in Paper VI for observable neutron star properties. 

Since the final structure has not been predicted, it is impossible to 
make definite statements, although it is useful to consider the 
observable processes which may be influenced by the instability, and 
possible outcomes of the instability.  

The instability found in Sec. 4.2 may significantly change the elastic 
and transport properties of the inner crust. From the experience with 
the terrestrial materials, e.g. steels, one knows that the physical 
properties strongly depend on the lattice type (which can be changed by 
pressure application, heating, cooling, etc.) For example, the 
martensites which are especially rigid materials result due to a 
structural phase transition. The unstable direction is along the cube 
diagonal, and happens on the scale of the unit cell of the lattice. In fact, 
this instability is a result of the shear moduli going to zero, with the 
bulk modulus remaining finite (on the contrary to our case, where the 
elastic moduli behave vise-versa). Another example is the spinodal 
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decomposition in cubic crystals observed in some alloys. The instability 
happens due to decrease of the bulk modulus, with the shear moduli 
kept finite. The direction of the softest mode in spinodal decomposition 
is along one of the cubic axes, but the magnitude of the wavenumber is 
much smaller than the Brillouin zone edge. On the contrary, the 
unstable modes in the inner crust tend to grow faster closer to the 
Brillouin zone edge. These examples demonstrate diversity of changes 
in properties of the materials due to changes and instabilities of the 
microscopic structure.  

We have extrapolated our long-wavelength calculations through the 
entire first Brillouin zone, and obtained that the most unstable mode is 
at the edge of the first Brillouin zone, which implies that the resulting 
structure may look like the lattice shown in Fig. 4.2.3 (b). 

The elastic properties of the inner crust are important ingredients of 
models interpreting quasi-periodic modulations of the radio-wave and 
x-ray spectra detected from pulsars and magnetars. Another type of 
processes where the elastic properties are important is merger of a 
neutron star seen as gamma-ray bursts, which leads to shattering of the 
solid crust of a neutron star. The critical stresses, hydro-elastic mode 
resonances and other properties determine the conditions when the 
crust cracks, which is seen presumably as precursors of gamma-ray 
bursts. The thermal properties are important for interpretation of 
observations of cooling of neutron stars between the accretion periods 
in low-mass x-ray binaries. The models predicting the heating and 
cooling dynamics involve such characteristics as specific heat and 
thermal conductivity, which are directly related to the phonon spectra. 
Finally, the mass transport properties of neutrons in the inner crust 
may sensitively depend on the crystal structure of the inner crust. These 
properties are the input parameters in the models of glitches– the 
sudden observable spin-ups of pulsars. The relevant physical processes 
affected by the microscopic crystal structure are the coherent 
entrainment parameters (the Bragg-scattering), and interaction of the 
neutron vortices with the lattice sites.  
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