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Abstract

We give a review of the construction and application of spinor fields
in general relativity and an account of the spinor-based Geroch-Held-
Penrose (GHP) [1] formalism. Specifically, we discuss using the GHP
formalism to integrate Einstein’s equations as suggested by Held [2, 3]
and developed by Edgar and Ludwig [4–7] and discuss the similaritites
with the Cartan-Karlhede classification [8] of spacetimes. We use this
integration method to find a one-parameter subclass and a degenerate
case, for which the Cartan-Karlhede algorithm terminates at second
order, of the Petrov type III, vacuum Robinson-Trautman metrics [9,
10, Ch. 28]. We use the GHP formalism to find the Killing vectors,
using theorems by Edgar and Ludwig [7]. The one-parameter family
admits exactly two Killing fields, whereas the degenerate case admits
three and is Bianchi type VI. Finally we use the Cartan-Karlhede
algorithm to show that our class, including the degenerate case, is
equivalent to a subclass found by Collinson and French [11]. Our
degenerate case corresponds to an example metric given by Robinson
and Trautman [9] and is known [12] to be the unique algebraically
special vacuum spacetime with diverging rays and a three-dimensional
isometry group.
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1 Introduction
In an introductory course on general relativity the student will learn about
vectors and tensors in curved spacetime, as these are the concepts needed to
state the fundamental field equation

Rµν + (Λ− 1

2
R)gµν = 8πTµν ,

that the matter content of spacetime determines its curvature, and describe
its solutions, and to formulate physics, for example elctromagnetism, in
curved spacetime. Vectors and tensors are defined by their transformation
properties. However, there are both experimental and theoretical reasons
to not be satisfied with only tensorial transformation laws. Experimentally
we know that particles with half-integer spin cannot be described by a field
with a tensorial transformation law. To accomodate such fields the formalism
must be generalized [13] to include objects called spinors.

On the theoretical side, using spinors allows one to write Einstein’s field
equations and its consistency constraint, the Bianchi identity, as a simpler
system of differential equations [1–3, 14]. The equations provided by these
spinor formalisms are significantly more compact than the tensor form of
Einstein’s equations1, but still “sufficiently frightening in appearance to quail
even the stoutest of hearts” [3].

Given the large and varying catalog of known solutions [10] it seems
unlikely that a single form for the most general solution can be found. One
can circumvent this by using Ansätze to find special classes of solutions. Here
the spinor formalisms provide both clear candidates for Ansätze and physical
interpretations of them. As a striking example, Kinnsersly [15] found all
vacuum metrics of Petrov type D.

The spinor formalism are also useful for stating and proving general the-
orems. For instance Newman and Penrose [14] found a much shorter proof
of the theorem by Goldberg and Sachs [16] and also presented a general the-
orem on the asymptotic properties of gravitational radiation. The existence
of the Petrov classification is most easily established using spinors. Finally,
spinors can be used in the Cartan-Karlhede algorithm for classifying and
determining equivalence of metrics [8].

In this work, we will first present the mathematics of spinor fields and
their covariant derivatives, formalizing the idea of a transformation law using
representations of groups and fiber bundles. Having these tools, we present

1A single component of the Riemann tensor, written out in terms of the components of
the metric and their derivatives, fills close to one page. Einstein’s equations involve sums
of many components.
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the Geroch-Held-Penrose [1] spinor formalism and an integration method
within this formalism due to Held [2, 3] and elaborated on by Edgar and
Ludwig [4–6], and a method of treating spacetimes with symmetries, also
due to Edgar and Ludwig [7].

The GHP integration procedure is quite coordinate independent, allowing
one to construct coordinates from curvature invariants. Thus we relate this
method to the Cartan-Karlhede algorithm and cite an example [17] where the
Cartan-Karlhede classification was made simple by the coordiantes having
been constructed from invariants.

We then apply the GHP integration procedure to find a subclass of the
Robinson-Trautman metrics [originally published in 9; see also 10, Ch. 28;
11] of Petrov type III. Our class is a one-parameter family of metrics and
remaining in the GHP formalism, we find that it admits exactly two, com-
muting, Killing vectors.

Finally, we use the Cartan-Karlhede algorithm and computer algebra
packages to relate our class to the known Robinson-Trautman solutions. In
learning how to use the packages Sheep and Classi, the author has found
the lecture notes by Skea [18], bundled with the software, very useful.

2 The Lorentz Group and Physical Quanti-
ties in Relativistic Theories

2.1 Representations of the Lie Algebra so(1, 3)

The representations of the Lorentz group SO(1, 3) can be found by studying
those of its Lie algebra, so(1, 3). For simply connected Lie groups G with
Lie algebra g, representations of g are in one-to-one- correspondence with
representations of G. The Lorentz group, however, is not simply connected
(for it contains the rotation group SO(3) as a Lie subgroup, and SO(3)
contains loops which cannot be shrunk to a point). What we will obtain,
then, is actually the representations of a simply connected Lie group with a
Lie algebra isomorphic to that of the Lorentz group.

This group is the universal cover of the Lorentz group, and it can be
shown that it is SL(2,C) [19] and is a double cover, where both I and −I in
SL(2,C) map to I in SO(1, 3). Some, but not all, of the representations of
the covering group will be projectable to the Lorentz group, they are the ones
where both I,−I ∈ SL(2,C) are represented by an identity transformation.
The other representations have the property that a path of transformations
from I to −I changes the sign of the object it acts on.
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The argument to find the representations of sl(2,C), as presented in for
example Ref. [20], is to form a basis for so(1, 3), Ai, Bi where i = 1, 2, 3 such
that the Ai and Bi separately have the commutation relations of su(2) and
commute with each other. The relations are Ji = Ai + Bi, Ki = i(Bi − Ai)
where Ji are the generators of rotations and Ki of boosts. Any physicist is
familiar with the representations of su(2): there is one for every half-integer
spin, the j representation having dimension 2j+1; the argument can be found
in any textbook on quantum mechanics, for example [21]. Therefore every
representation of sl(2,C) can be labelled by a pair of half-integers (A,B).

The j = 1
2

representation of su(2) can be realized by the Pauli matrices

σ1 =
1

2

(
0 1
1 0

)
σ2 =

1

2

(
0 −i
i 0

)
σ3 =

1

2

(
1 0
0 −1

)
.

Thus the (1
2
, 0) representation is such that Ji is represented by σi and Ki by

−iσi, while the (0, 1
2
) representation has Ki represented by iσi.

We call objects in these representations spinors. They have 2 complex
components and we will use capital letters A,B, . . . for (1

2
, 0) indices and

dotted letters Ȧ, Ḃ, . . . for (0, 1
2
) indices. We can build any representation of

sl(2,C) from these two, including of course the representations that project
to representations of so(1, 3), which are the familiar tensor representations.
We will present this correspondence explicitly in 2.4.

2.2 Relation to Weyl and Dirac Spinors
It is also possible to construct the covering group explicitly. This method
works for metrics of any signature, in any dimension. This is done by using
the Clifford algebra. Let a and b be 1-forms. Associate linearly to every
1-form a (complex) matrix, such that

γ(a)γ(b) + γ(b)γ(a) = g(a, b)I (2.1)

where g(·, ·) is the metric. The function γ can be extended to take k-forms
as argument, through

γ(a ∧ b) := γ(a)γ(b).

If there is an orientation and vol is a positive volume element we can define
Γ = γ( vol). We call this the chirality element. It is a theorem that for
odd-dimensional spaces Γ = I, but for even-dimensional spaces, Γ has two
eigenspaces of equal dimensions corresponding to eigenvalues ±λ (which can
be set to ±1 by a rescaling).
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The set of all γ(v) where g(v, v) = ±1 generates a subgroup called Pin.
The subgroup where all elements are products of an even number of γ(v):s
is called Spin. If T ∈ Pin, then

Tγ(v)T−1 = γ(w) (2.2)

for a unique w such that g(w,w) = g(v, v), that is, we obtain an orthogo-
nal transformation v 7→ w. Clearly I and −I belong to Spin and give the
same transformation. If T ∈ Spin, the transformation has determinant 1.
One thus realizes that Spin is a double cover of SO with a covering map η.
However, such elements do not necessarily preserve time orientation. We de-
note by Spin↑ the subgroup that does preserve time orientation, which is the
identity component. It is this group that for 1 + 3 dimensions is isomorphic
to SL(2,C).

If a basis eaµ is chosen and we let γa = γ(eaµ), the Lie algebra spin is
spanned by matrices of the form γaγb, where a ̸= b. Indeed, if ϵab is an
element of the Lie algebra so, the Lie algebra isomorphism onto spin given
by the covering map is ϵab 7→ 1

4
ϵabγ

aγb. We can also view it as the generators
Jµν mapping to 1

2
γµγν .

Let us specialize to 1 + 3 dimensions. Then one set of γ matrices is

γ0 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 γ1 =


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0



γ2 =


0 0 0 −i
0 0 i 0
0 i 0 0
−i 0 0 0

 γ3 =


0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

 .

The spinors these matrices act on are called Dirac spinors, they are the
spinors appearing in the Dirac equation.

Calculating the various γµγν , one sees that they are block-diagonal, mean-
ing that this representation of the spin algebra is reducible. For example,

γ0γ3 =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 = −i

(
K3,( 1

2
,0) 0

0 K3,(0, 1
2
)

)

γ2γ3 =


0 −i 0 0
−i 0 0 0
0 0 0 −i
0 0 −i 0

 = −i

(
J1,( 1

2
,0) 0

0 J1,(0, 1
2
)

)
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so that in fact, the representation is equivalent to (1
2
, 0)⊕ (0, 1

2
).

If e0, e1, e2, e3 is positively oriented, vol = e0 ∧ e1 ∧ e2 ∧ e3 and

Γ = γ( vol) = γ0γ1γ2γ3 =


−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1


so the top two components correspond to the chirality −1 eigenspace and the
bottom two to the +1 eigenspace. Let us call these eigenspaces left-handed
and right-handed, so W = WL⊕WR. But since the γµγν matrices are block-
diagonal in the same way in the same basis, WL = (1

2
, 0),WR = (0, 1

2
). Thus

we call (1
2
, 0) spinors left-handed and (0, 1

2
) spinors right-handed.

Space and time inversion Finally we note for completeness that the
Weyl spinors form representations only of the proper Spin group. The Pin
group includes a parity-reversing element P (actually, two). From the char-
acterisation of left- and right-handed spinors, which depended on the ori-
entation, it is physically obvious that P swaps eigenvalues of Γ, but let us
check: take Γ = γ0γ1γ2γ3. From (2.2) and (2.1), we see that γ0γiγ0 =
−γi, γ0γ0γ0 = γ0, so ±γ0 project to P . But γ0 anticommutes with Γ, so if
Γψ = λψ,

ΓPψ = Γγ0ψ = −γ0Γψ = −λPψ

so Pψ is an eigenspinor with eigenvalue −λ. Since in the handed representa-
tions Γ has only one eigenvalue, they cannot be extended to representations
of the Lorentz group including space inversion in this way. A similar argu-
ment for the time inversion ±γ1γ2γ3 shows that time inversion swaps the
eigenvalue of Γ, too. However, the combination PT can be included.

2.3 Conjugate Representations and Spinors
We follow initially the account in [22]. If W is a complex vector space, then
the set of antilinear C-valued functions on W is also a vector space, called
the conjugate dual space W ∗. The space of linear C-valued functions on W ∗

is called the conjugate space to W and denoted W .
If u ∈ W,ψ ∈ W

∗, then we can define u = fu where fu is the function
fu(ψ) = ψ(u) (“the hunted becomes the hunter” [23, p. 641]). Clearly u
is antilinear. If the spaces are finite-dimensional, as they will be for us, ·
is an anti-isomorphism (then W,W

∗ and W have the same dimension, and
· is easily seen to have trivial kernel). Further, if A : W → W is a linear
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transformation, we have

Au = fAu = fw = v

for some fw = v ∈ W . We get an induced transformation A : fu 7→ fAu. It
is seen that A(u+ v) = Au+ Av and we have

A(afu) = A(fau) = faAu = afAu

so A is a linear transformation. From finite-dimensionality, A 7→ A is again
an anti-isomorphism EndW → End(W ) on the linear transformations W →
W . The conjugation operation defines a functor in the category of complex
vector spaces.

If the vectors B = {bi} form a basis for W , bi form a basis B for W .
The components of u with respect to B are the complex conjugates of u’s
components with respect to B. Similarly, if A is represented as a matrix with
respect to B, the matrix representation of A with respect to B is given by
taking the complex conjugate elementwise. While viewed in this way the bar
operation is trivial, we have defined it intrinsically, and in a way that shows
that it is a natural transformation.

Now if ρ : g → End(W ) is a complex representation of the real Lie algebra
g, then ρ : g → End(W ) defined in the obvious way, is also a represenation
of g. This is because for a real Lie algebra, the structure constants are all
real, thus [ξa, ξb] = [ξa, ξb] = f c

abξc = f c
abξc (here we of course use that in

a representation the Lie bracket is the commutator). So for real Lie alge-
bras, we obtain a new representation, the conjugate representation. For the
complexified Lie algebra we extend the bar anti-linearly, and then obtain

[iξa, iξb] = −[ξa, ξb] = −[ξa, ξb] = −f c
abξc = if c

abiξc = if c
abiξc

so the bar is still a Lie algebra homomorphism. Note it is absolutely necessary
to extend anti-linearly!

Now coming back to the (1
2
, 0) and (0, 1

2
) representations, direct calcula-

tion using the Pauli matrices shows that the 1
2

representation is equivalent to
its conjugate. Therefore, (1

2
, 0) has Ji represented by σi and Ki represented

by iσi (antilinearity!). But that is precisely the (0, 1
2
) representation. We con-

clude that (1
2
, 0) spinors are left-handed and (0, 1

2
) spinors are right-handed,

and conjugation swaps handedness.

2.4 More Spinor Algebra
Terminology Let us first recap the terminology and notation. Spinors in
the (1

2
, 0) representation are called left-handed or simply spinors and have
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undotted indices. Spinors in the (0, 1
2
) representation are called right-handed

or conjugate spinors, and have dotted indices.
Any functorial construct on vector spaces can be used to construct new

representations. Some basic functorial constructions are familiar: they in-
clude the dual; the direct sum; as we saw in the previous subsection, complex
conjugation, and the tensor product. Two other useful functors are the sym-
metric tensor product and the alternating tensor product, and one can also
construct tensors with symmetries such as Rabcd = −Rbacd = −Rabdc = Rcdab

(the symmetries of the Riemann tensor). These latter functors are exam-
ples of Schur functors, which formalize the idea of applying a combination
of commutators and anticommutators to the indices of a tensor. Such con-
structions may of course lead to reducible representations; we will see below
that a tensor with Riemann symmetry is reducible in a physically meaningful
way.

Vectors and tensors We can take the direct product of the (1
2
, 0) and

(0, 1
2
) representations. Since 0 is the trivial representation, we have

(
1

2
, 0)⊗ (0,

1

2
) = (

1

2
,
1

2
).

This is a 4-dimensional representation, in which we have

J( 1
2
, 1
2
) = J( 1

2
,0) ⊗ I + I ⊗ J( 1

2
,0)

which is familiar to us as the addition of two spins 1
2
, which is the direct sum

of spin 0 and spin 1. This means that the (1
2
, 1
2
) representation, restricted

to rotations, is reducible to the sum of a trivial representation and a three-
dimensional one. That is, if v transforms in the (1

2
, 1
2
) representation, v =

v0 ⊕ vi where vi transforms like a 3-vector under rotations. The notation is
suggestive, (1

2
, 1
2
) is the 4-vector representation.

That v transforms properly under boosts can be argued as follows: let
|0, 0⟩ be the ray transforming in the trivial representation (the 0 direction)
and |1, 1⟩, |1, 0⟩, |1,−1⟩ eigenvectors of J3 in the subspace that transforms in
the 3-vector representation. These form a basis B. |1, 0⟩ is annihilated by
J3, thus invariant under rotations around the 3 axis, so the |1, 0⟩ component
of v must be the 3-component. Write the matrix for K3 in the basis B. It is
seen to mix v0 and v3 in the form of a boost along the 3-axis. The argument
can be repeated for the other axes.

We see that since the 4-vector representation is the product of two spinor
representations, a vector vµ can be given as a spinor tensor, vµ = σµ

AȦ
ψAȦ for

some quantity σµ

AȦ
. The form of the σµ

AȦ
can be inferred from the previous
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argument: the 0 component is given by the projection onto the eigenspinor
corresponding to J2 = 0. The z component by projection onto the eigen-
spinor J2 = 1, Jz = 0 and similarly for x and y.2

Having recovered the familiar 4-vector representation, any tensor repre-
sentation can be formed by a suitable direct product and symmetrizations.
Because these representations are equivalent in a canonical way, one can omit
the σµ

AȦ
and have a clearer notation by equating pairs of dotted and undotted

indices and vector indices, that is, writing for example, F µν = ψAȦBḂ. Pen-
rose and Rindler [19, Chapter 3] discuss in detail the correspondence between
spinors and what they call world-vectors and world-tensors.

A vector vµ = ψAȦ is said to be real if vµ = ψ
AȦ

= vµ. The notion
extends to tensors in the obvious way. Since conjugation swaps the type of
index, ψ and ψ belong to the same space only if the numbers of dotted and
undotted indices are equal, and so this is the only case where we can have a
notion of a spinor being real.

An important spinor tensor We know that in every representation of
su(2), the eigenvalues of Ji are symmetric around 0, and therefore, the trace
of Ji is 0. But then in any representation of the Lie algebra of the spin group,
Tr(Ki) = Tr(Ji) = 0. From the formula det(exp(A)) = exp(Tr(A)), det ≡ 1
in any representation of the spin group. Consider 2-forms over (1

2
, 0) spinors.

Since the spinor space is 2-dimensional, spinor 2-forms are the same thing as
orientations and the definition of detΛ is that

Λ · ϵAB = ϵCD(L
−1)CA(L

−1)DB = det(Λ)ϵAB

where ϵAB is a spinor 2-form, that is, an anti-symmetric tensor with two
spinor down indices. Therefore, not only does the spin group preserve orien-
tation, the volume element is invariant.

Pick any such volume element ϵAB. Then ϵABξ
B is a spinor 1-form and

non-zero, unless ξB = 0. But then we can lower indices by ξA 7→ ξA = ξBϵBA.
Since ϵAB is antisymmetric, it is important to keep track of index order. The
convention [22, 24] is as we have done to contract with the first index. Table 1
summarizes identites and convention. Since complex conjugation is a natural
transformation, we can repeat this for conjugate spinors. A useful mnemonic
is that spinor indices are raised and lowered with a contraction joining indices
with an arrow like ↘.

2That these are 3 linearly independent spinors can be checked explicitly using the
matrix form of the J operators for spin-1 which can be worked out by hand or found in
[21].
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Table 1: Conventions and identites for raising, lowering and contracting
spinor indices. W denotes the spinor space and id the identity operator.
(2.3a) defines ϵAB. Each identity also has a conjugate version.

ϵABϵBC = −δAC = − idW (2.3a)
ξA = ξBϵBA = −ξBϵAB (2.3b)
ξA = ϵABξB = −ξBϵBA (2.3c)

ξAϕ
A = −ξAϕA (2.3d)

ξAξ
A = 0 (2.3e)

ϵC
A = idW

∼= idW ∗ (2.3f)

Tetrads and dyads Now let oA, ιA be such that

J3o
A = oA J3ι

A = −ιA (2.4)
ιAo

A = 1 (2.5)

One can then see that if we define

tAȦ =
1√
2
(oAoȦ + ιAιȦ) (2.6a)

xAȦ =
1√
2
(oAιȦ + ιAoȦ) (2.6b)

yAȦ =
i√
2
(oAιȦ − ιAoȦ) (2.6c)

zAȦ =
1√
2
(oAoȦ − ιAιȦ) (2.6d)

we have
−tAȦtAȦ = xAȦxAȦ = yAȦyAȦ = zAȦzAȦ = −1.

The vectors ta, xa, ya and za are all real, and one can verify the physicality
of labeling them in this way by checking that

J
(0, 1

2
)

3 oȦ = −oȦ J
(0, 1

2
)

3 ιȦ = ιȦ,

writing out J ( 1
2
, 1
2
)

i = J
( 1
2
,0)

i ⊗ I + I ⊗ J
(0, 1

2
)

i in the basis oAoȦ, oAιȦ, ιAoȦ, ιAιȦ
and checking that xAȦ, yAȦ, zAȦ are invariant under rotations around the
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1, 2, 3 axis respectively, and tAȦ under all rotations.3
This is not the only way to form a tetrad from a dyad. One can also take

lAȦ = oAoA (2.7a)
mAȦ = oAιA (2.7b)
mAȦ = ιAoA (2.7c)
nAȦ = ιAιA (2.7d)

(2.7e)

which satisfies the orthogonality relations

lana = −1 mama = −1

with the other inner products vanishing. This is called a null tetrad, as it is
composed of null vectors. The vector ma is complex. Equations (2.6a)–(2.6d)
compared with (2.7) show that it is easy to construct a null tetrad from an
orthonormal tetrad or vice versa.

Reduction of spinors and tensors The (A,B) classification gives all the
irreducible representations of the spin group. The 4-vector representation is
one of them. As remarked, this does not imply that tensors with 2 indices
form an irreducible representation. In fact, the space of tensors with 2 indices
is 16-dimensional, but the dimension of (A,B) is (2A+ 1)(2B + 1), which is
odd. Working out the product (1

2
, 1
2
)⊗ (1

2
, 1
2
) = (0, 0)⊕ (1, 0)⊕ (0, 1)⊕ (1, 1)

shows that the space of 2-tensors is built from one scalar, two 3-dimensional
representations that are conjugates and one 9-dimensional representation.
From number of components, we identify in turn these with the trace, the
antisymmetric part and the traceless symmetric part, respectively.

The central idea is this: trace (contraction), symmetrization and anti-
symmetrization are all canonical operations, so they commute with Lorentz
transformations, therefore they can be used to split tensor representations
into smaller ones.

3The careful reader notes the similarity to the linear combinations in the decomposition
of two spin 1/2 particles into a singlet and a triplet (for example [21, p. 166]), except that
some signs seem to be wrong. This is because the bar changes matrix elements, we are
only guaranteed to end up in a representation equivalent to (0, 1

2 ) as we defined it, and
then matrix elements may change signs or phases or even mix. In short, the expression
is similar because it is the same two spin 1/2 into singlet and triplet decomposition, but
different because it is in a different basis. It is the same decomposition because we obtain
one ray that is invariant under all rotations and three rays that are invariant under one
family of rotations each.
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Since the spinor space is two-dimensional, every antisymmetrization gives
something proportional to ϵAB. Further, confusingly, spinor traces are taken
with the antisymmetric ϵAB, so if a spinor tensor is symmetric in a pair of
indices, the trace over them vanishes. And

ϵABΦ[AB]C··· = ϵABκϵABΥC··· = 2κΥC··· (2.8)

so taking the trace of an antisymmetric pair of indices is just “cancelling
ϵAB”. We can summarize this as “only symmetric spinors matter” [24].

There is a convenient notation for the dyad components of symmetric
spinors. We exemplify with the a spinor ΨABCD which is totally symmetric.
If {oA, ιA} is a dyad, we define

Ψi = ΨABCDs
A
1 s

B
2 s

C
3 s

D
4 (2.9)

where i of the sAk are ιA, and the other are oA. Thus for example

Ψ2 = ΨABCDι
AιBoCoD = Ψ1100. (2.10)

Since ΨABCD is totally symmetric, the order of the spinors sAk does not mat-
ter, or more concretely, only the number of indices with the value 1 matter.
If we were to consider a a symmetric spinor with both dotted and undotted
indices, we also have to specify the number of dotted indices that take the
value 1. For example, if ΦȦḂCD is a symmetric spinor

Φ10′ = ΦȦḂCDo
ȦoḂoCιD.

We will use this notation from now on.

Useful identities Direct calculation shows that if Tab = TAȦBḂ is a tensor,
then

1

2
T[a,b] = T(AB)[ȦḂ] + T[AB](ȦḂ) (2.11)

2.5 Fields in Curved Spacetime
If M is a spacetime and p a point in spacetime, we can consider the set of
all ordered orthonormal (xµaxbµ = ηab), oriented and time-oriented bases for
tangent vectors at p. Let F (M) be the union of all such sets, labeled by
p, can be given a manifold structure: on a coordinate patch, we can take
the coordinates of p together with the coordinates of the frame with respect
to the coordinate vector fields ∂

∂xµ as coordinates on F (M). The points in
F (M) are frames at points in M , so there is an obvious projection to M .

13



Each fiber is diffeomorphic to the Lorentz group SO(1, 3)↑: pick any frame
to be the identity, any other frame is related to that one by a unique proper
and ortochronous Lorentz transformation. This means that F (M) is a fiber
bundle with fiber SO(1, 3)↑ over M . The obvious right action of SO(1, 3)↑
on F (M) shows that F (M) is a principal SO(1, 3)↑-bundle.

The Spin↑ group covers the SO(1, 3)↑ group. Is there a principal Spin↑-
bundle, say F̃ (M) that covers F (M) in a suitable sense? If there is one, we
say that M admits spin structure. Not every manifold does, but three papers
by Geroch [25–27] show that the general relativist need not lose sleep over
this issue: any spacetime which is a solution of an initial value problem for
Einstein’s equation admits a spin structure.

The idea that fields are quantities with transformation laws can be for-
malized by considering pairs [u, ξ] where u ∈ F̃ (M) and ξ belongs to a
representation of Spin↑. Identify [u, ξ] ∼ [ug, g−1 · ξ]. That is, if we think
of ξ as components, the components transform opposite to the frame. It
can be shown [23, 28] that the set of equivalence classes has a fiber bundle
structure with fiber V . The bundle is said to be associated to F̃ (M). We
already know the tangent bundle, cotangent bundle and tensor bundles of
various types. They are associated to F (M) in the familiar way, since any
representation of SO(1, 3)↑ lifts to one of Spin↑, they are also associated to
F̃ (M). But with F̃ (M) we gain also spinor bundles, that cannot come from
any representation of SO(1, 3).

Let the spinor bundle S(M) be the bundle associated through the (1
2
, 0)

representation. We will call sections of this bundle spinor fields. Since the
bar is a (smooth) functor there is a conjugate spinor bundle S(M), and it is
equivalent with the bundle constructed with the (0, 1

2
) representation. Since

oA 7→ oA is a natural transformation, spinor fields can be antilinearly mapped
to conjugate spinor fields.

Let J3 be any generator of rotations. If oA, ιA are spinor fields such
that (2.5) holds then the linear combinations in (2.6a)–(2.6d) define vector
fields. The fields are everywhere orthonormal and have the same invariance
properties as before, by the same calculations, so from the spin frame we
obtain a tetrad. It is not surprising that we obtain a tetrad from a spin
frame: the spin frame bundle covers the frame (tetrad) bundle. Likewise, we
see that any tetrad defines a spin frame up to a sign: the covering is double.

We must also have that

gµν = ϵABϵȦḂ. (2.12)

This could actually have been guessed from the start. gµν is the (up to
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scale) unique invariant 2-tensor of SO(1, 3) and is symmetric.4 ϵABϵȦḂ is a
symmetric 2-tensor and invariant, so it must be at most proportional to gµν ,
and they can be set equal by rescaling ϵAB.

Further, the spinor tensor

εAȦBḂCĊDḊ = i(ϵABϵCDϵȦĊϵḂḊ − ϵȦḂϵĊḊϵACϵBD) (2.13)

corresponds to a real, totally antisymmetric, invariant 4-index object that
transforms as a tensor under orientation-preserving transformation. There is
(up to scale) only one such object: the Levi-Civita pseduo-tensor. It can be
checked with (2.6a)–(2.6d) that the scale in (2.13) is ε0123 = 1.

2.6 Covariant Derivatives and Curvature
Using a principal bundle it is possible to define the covariant derivative uni-
formly for all associated bundles. The construction is somewhat lengthy but
can be found in [28, Ch. II–III, 29, Ch. 10]. The basic idea is to pick out
a subbundle of the tangent bundle of F̃ (M) in a way that allows parallel
transport to be defined. This turns out [30, pp. 129–131] to be equivalent to
associating to every local frame a so(1, 3)-valued 1-form A, called the connec-
tion form, in a way that a certain transformation law (that of the connection
coefficients, see [31, p. 262]) is satisfied. This transformation law says that
under a change of frame with Λ,

Aµ 7→ AdΛ(Λµ
νAν) + other terms

where Ad is the adjoint representation and the “other terms” prevent it from
being a proper field (this is like the perhaps more familiar Christoffel symbols,
which do not form a tensor).

Then in a local frame, the covariant derivative operator is

∇µφ = ∂µφ− Aµ · φ (2.14)

where the dot means action according to the representation φ transforms in.
It is well known that there is a unique way to choose Aµ so that 4-vector
lengths are preserved and the torsion vanishes.

4Proof: Suppose gµν and hµν are two invariant 2-tensors, both not zero. Since they
are invariant they can both be used to raise and lower indices, by Schur’s lemma they are
then invertible, write the inverse of hµν with up indices. But then hµνgνσ takes 4-vectors
to 4-vectors and commutes with all Lorentz transformations. Since the 4-vectors form an
irreducible representation, hµνgνσ must be proportional to δµσ , again by Schur’s lemma.
But then hµν must be proportional to gµν .

15



This has the nice property that if we have the representation ρ = ρ1⊗ρ2,
the induced Lie algebra representation is

dρ = dρ1 ⊗ I + I ⊗ dρ2

and so we automatically obtain that covariant derivative has the Leibniz
property with respect to tensor products.

Now from the connection 1-form one can form the curvature 2-form Ω
according to Cartan’s structure equation

Ωµνx
µyν = (dA)µνx

µyν + [Aµx
µ, Aνy

ν ] (2.15)

where the brackets are the bracket in so(1, 3). Ω transforms in the product
of the 2-form and the adjoint representations.

Ω deserves to be called the curvature form, because one can show [28, p.
133] that if X and Y are vector fields and ψ is any field,

Ω(X,Y ) · ψ = (∇X∇Y −∇Y∇X −∇[X,Y ])ψ (2.16)

where the expression on the left is the familiar definition of the Riemann
curvature tensor [31, p. 271], if ψ is a vector field. This equation shows
that the failure of covariant derivatives to commute is measured by a single
object, which is uniquely determined by the metric.

For matrix groups, Adg v = gvg−1, which is the transformation law for
(1, 1)-tensors. Now if v ∈ so(1, 3) and ψ belongs to some representation
ρ, we have that (Adg v) · ψ = Adρ(g)(v · ψ). Therefore, to any one field,
we can associate a tensor which has 2-form whose value is a (1, 1)-tensor
over ψ. More concretely, this object has two 4-vector down indices in which
it is anti-symmetric, one set of up indices like the field’s indices, and one
corresponding set of down indices. For instance, for vector fields X,Y , and
left-handed spinors and right-handed spinors respectively,

(∇X∇Y −∇Y∇X −∇[X,Y ])ψ
A = χµν

A
Bψ

B (2.17a)
(∇X∇Y −∇Y∇X −∇[X,Y ])ψ

Ȧ = χ′
µν

Ȧ
ḂX

µY νψḂ (2.17b)

and since 4-vectors are products of spinors,

(∇X∇Y −∇Y∇X −∇[X,Y ])v
τ = (χµν

A
Bϵ

Ȧ
Ḃ + χ′

µν
Ȧ
Ḃϵ

A
B)X

µY νvBḂ

= Rµνσ
τXµY νvσ.

(2.18)
with Rµνσ

τ being the standard Riemann tensor (up to an insignificant permu-
tation of what each index means). Now since · is continuous and anti-linear,
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∇ψ = ∇ψ, therefore

χ′
µν

Ȧ
Ḃψ

Ḃ
= (∇X∇Y −∇Y∇X −∇[X,Y ])ψ

Ḃ (2.19)
(2.20)

In analogy with Rµνσ
τ being called the curvature tensor, let us call χAȦBḂ

C
D

the curvature spinor.

Irreducible components of the curvature spinor Now we shall use
the convention that the 4-vector index a corresponds to the pair of spinor
indices AȦ, b to BḂ and so on. Lowering indices with gab = ϵABϵȦḂ, we
obtain

Rabcd = χAȦBḂCDϵĊḊ + χAȦBḂĊḊϵCD. (2.21)
Since Rabcd is antisymmetric in the cd pair, we can apply the identity (2.11):

Rabcd = 2χAȦBḂ(CD)ϵĊḊ + 2χAȦBḂ(ĊḊ)ϵCD

so χAȦBḂCD is symmetric in the CD pair. Then since Rabcd is antisymmetric
in the ab pair, it must be that χAȦBḂCD can be written

χAȦBḂCD = ΛABCDϵȦḂ + ΦȦḂCDϵAB (2.22)

where
ΛABCD = Λ(AB)(CD) ΦȦḂCD = Φ(ȦḂ)(CD)

(verification: the right-hand side has the required symmetry and the same
number of independent components (18 complex) as the left.)

Then (2.21) and the symmetry Rabcd = Rcdab implies that ΛABCD also has
exchange symmetry, ΛABCD = ΛCDAB and ΦȦḂCD is real. We are done with
ΦȦḂCD since it is symmetric in all possible index pairs.

Because of exchange symmetry, ϵACΛABCD is antisymmetric in BD, there-
fore proportional to ϵBD. In fact,

ϵBDϵACΛABCD = ϵBDκϵBD = ϵBBκ = 2κ (2.23)

so if we define

ΨABCD := ΛABCD − Λ(ϵABϵCD + ϵACϵBD) (2.24)

where
Λ =

1

6
ϵBDϵACΛABCD (2.25)
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it is seen to have the symmetries of ΛABCD, but Λ is chosen precisely so
that the second term is the BC-antisymmetric part, so ΨABCD is totally
symmetric and cannot be reduced further. Therefore,

χAȦBḂCD = ΨABCDϵȦḂ + ΦȦḂCDϵAB + Λ(ϵABϵCD + ϵACϵBD)ϵȦḂ. (2.26)

We now have 5 complex components from ΨABCD, 1 complex scalar from
Λ and 9 real components from ΦȦḂCD, which is the same as 21 real com-
ponents. The Riemann tensor has only 20 components, but we have not
used the last symmetry, the first Bianchi identity, Ra[bcd] = 0 ⇔ R[abcd] = 0.
This symmetry is one equation for the components, the only possible way to
remove 1 real component from our decomposition is if Λ is real. This is in
fact the case: use (2.13) to form the antisymmetrization R[abcd] using (2.21).
Every part except the one with Λ is symmetric in some pair of indices, and
so vanishes when contracted with the Levi-Civita. What remains is

0 = i(ϵABϵCDϵȦĊϵḂḊ − ϵȦḂϵĊḊϵACϵBD)·(
Λ(ϵABϵCD + ϵACϵBD)ϵȦḂϵĊḊ + Λ(ϵȦḂϵĊḊ + ϵȦĊϵḂḊ)ϵABϵCD

)
where we used that the Λ term is symmetric in the index pair AC and the Λ
term is symmetric in ȦĊ. They therefore vanish when contracted with the
first and second part of the Levi-Civita, respectively.

0 = ΛϵABϵCDϵȦĊϵḂḊ(ϵ
ABϵCD + ϵACϵBD)ϵȦḂϵĊḊ

− ΛϵȦḂϵĊḊϵACϵBD(ϵ
ȦḂϵĊḊ + ϵȦĊϵḂḊ)ϵABϵCD

= kΛ− kΛ

but contractions of ϵAB can only give real integers, so Λ must be real.
From number of components, it is now clear that Λ is proportional to the

Ricci scalar R, ΦȦḂCD corresponds to the traceless Ricci tensor and ΨABCD

corresponds to the Weyl tensor. From (2.21) and (2.26) we see that

Cabcd = ΨABCDϵȦḂϵĊḊ +ΨȦḂĊḊϵABϵCD. (2.27)

The traceless Ricci tensor is given by contracting the Φ part over b and d

Rac =
∑

Ḃ=Ḋ,B=D

2ΦȦḂC
DϵABϵĊ

Ḋ

= 2ΦȦḂC
BϵABϵĊ

Ḃ

= −2ΦȦĊCA = −2ΦACȦĊ .
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The Ricci scalar is the full contraction of the Λ part, which can be found to
be 24Λ and we conclude

Λ =
R

24
(2.28)

Principal null directions Suppose that ΨABCD ̸= 0. Then there is a
spinor ιA such that

ΨABCDι
AιBιCιD = 1

and also a spinor oA such that oAιA = 1. If we set αA = zιA + oA, then

f(z) = ΨABCDα
AαBαCαD

is a polynomial in z and can be factored

f(z) = (z − c1)(z − c2)(z − c3)(z − c4).

But for i = 1, 2, 3, 4 we can set(κi)A = oA + ciι
A, or

z − ci = (κi)Aα
A

and therefore for all spinors αA,

ΨABCDα
AαBαCαD = (κ1)A(κ2)B(κ3)C(κ4)Dα

AαBαCαD

Ψ(ABCD)α
AαBαCαD = (κ1)(A(κ2)B(κ3)C(κ4)D)α

AαBαCαD.

But the action of a totally symmetric tensor on αAαBαCαD is sufficient
to determine the tensor: let ιA, oA be a basis so that ιA = δA0 , o

A = δA1 . Then
letting αA have the five values ιA, oA, ιA + oA, ιA − oA, ιA + ioA yields five
linearly indepent equations for the five independent components of ΨABCD.
We conlude that in fact

ΨABCD = (κ1)(A(κ2)B(κ3)C(κ4)D). (2.29)

and refer to κi as the principal spinors. Since a spinor determines a null
direction through κAi κ

Ȧ
i , we obtain (up to) four null directions for the Weyl

tensor:

ΨABCD = (κ1)(A(κ2)B(κ3)C(κ4)D) ⇒ ΨABCD(κ1)
A = 0 ⇒ Cabcdκ

AκȦ = 0.

If some of the null directions coincide, the spacetime is said to be algebraically
special. The statement can be further refined in the so-called Petrov clas-
sification, where each Petrov type corrseponds to an integer partition of 4
according to how the principal null directions coincide. Table 2 shows the
Petrov types.
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Table 2: The Petrov classification. In this table, αA is not proportional to
βA, and so on. Type I is the algebraically general case.

Petrov type ΨABCD Partition
I α(AβBγCδD) 1 + 1 + 1 + 1
II α(AαBβCγD) 2 + 1 + 1
D α(AαBβCβD) 2 + 2
III α(AαBαCβD) 3 + 1
N α(AαBαCαD) 4
O 0

For each Petrov type except O, one can effect a reduction of the structure
group by considering dyads where the basis spinors are parallel with the
principal spinors. For type N, one basis spinor can be fixed completely, the
structure group is reduced to the subgroup of SL(2,C) that leaves this spinor

invariant, that is the group of matrices of the form
(
1 z
0 1

)
for z ∈ C, which

is C with addition. For type D, the dyad (αA, βA) is fixed up to rescaling
αA 7→ zαA, β 7→ z−1βA and swapping αA and βA, which is (C, ∗) × Z2. For
types I, II and III, the dyad can be fixed up to a discrete group [32].

A physical interpretation of the Petrov types is provided by a theorem
given by Newman and Penrose [14]. The Weyl spinor is the part of the grav-
itational field that is not related to matter (since Einstein’s equations couple
only the Ricci tensor and scalar to matter) so it should be characteristic of
gravitational radiation, the Newtonian gravitational field and frame-dragging
effects. Newman and Penrose show that the most general type I corresponds
to the near field of gravitational radiation, while type N corresponds to the
radiation zone, with types II and III corresponding to transition zones.

Segré classification The Ricci spinor can be classified as belonging to one
of 14 different algebraic types [10, Ch. 5, 32] in a scheme called the Segré
classification. Like with the Petrov types, for each Segré type one can choose
a standard dyad, at least up to some subgroup, that is, effect a reduction of
the structure group. Several cases common in physics, for example when the
matter content of spacetime is a perfect fluid or a radiation field, coincide
with a Segré type, and so a standard form for the Ricci spinor can be chosen
in these cases. In general the Ricci spinor and the Weyl spinor cannot both
be put in standard form.
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Table 3: The spin coefficients.
aaaaaaAȦ

B
C

0
0

0
1

1
0 11

00̇ ε −κ −τ ′ −ε
01̇ −β′ −ρ −σ′ β′

10̇ β −σ −ρ′ −β
11̇ −ε′ −τ −κ′ ε′

2.7 Ricci rotation coefficients and spin coefficients
Covariant differentiation is encoded in a so(1, 3)-valued 1-form, the connec-
tion form. Using the Lie algebra isomorphism provided by the covering map
SL(2,C) → SO(1, 3)↑, we can regard it instead as a sl(2,C)-valued form. It
is easy to realize that the Lie algebra sl(2,C) is the space of complex trace-
less 2 × 2 matrices. It is 6-dimensional as a real space, so 3-dimensional as
complex space. Thus in the first case we have 4 · 6 real components, and in
the latter 4 · 3 complex components.

We can use the expression for the covariant derivative in a frame (2.14)
applied to the frame fields to extract the components of the connection form.
Thus, the covariant derivative of a 1-form becomes

eµa(eb)ν(∇µec)ν = eµa(eb)ν(∂µ(ec)ν − (Aµ · ec)ν)
= 0− eµa(eb)ν(γabc)

σeσc

= γabc.

The use of a different kernel letter is justified since what we are really ex-
tracting is the coefficients of a representation of A, the components in the
1-form representation. We call the γabc the Ricci rotation coefficients.

One can do the same thing with spinors, of course. Let oA, ιA, oAιA = 1
be a dyad and use dyad indices ϕA

0 = oA, ϕA
1 = ιA. Then

ϕX
A (ϕȦ)

ẊϕB
Y (∇XẊϕC)

Y = −γAȦ
B
C .

The γAȦ
B
C are called the spin coefficients. At face value there are 16 of

them, but we have the tracelessness condition γAȦ
B
B = 0 that eliminates 4

of them. We are left with 12 complex quantites, or 24 real.

2.8 Writing Einstein’s Equations in Spinor Form, or
the NP Formalism

The application to general relativity is now rather straightforward. The rel-
ativistic description of the gravitational field consists of the relation between
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the connection form and the curvature form, Einstein’s field equations as
equations for the Ricci tensor, and the Bianchi identities as consistency con-
straints. They are most familiarly written in the world-tensor form, but
since the spin coefficents and the curvature spinor are equivalent with the
Christoffel symbols and the Riemann world-tensor, the spinor form can also
be used.

In the Newman-Penrose (NP) formalism [14] one starts by choosing a null
tetrad or dyad, as in (2.7) and introducing the NP operators D := la∇a,∆ :=
na∇a, δ := ma∇a, δ := ma∇a. One labels each spin coefficient with respect
to the chosen dyad with a Greek letter according to Table 3. The equations
of general relativity then take the form of (equation numbers refer to [14])

• 18 equations (4.2) relating the spin coefficients and the NP operators
acting on them to the dyad components of the Weyl spinor and the Ricci
spinor, and the curvature scalar. (The Ricci equations or identities.)

• 8 equations (4.5) expressing the Bianchi identities using the components
of the Riemann spinor, the NP operators acting on them, and the spin
coefficients.

• 4 equations (4.4) for the commutators of the NP operators. Two of
these have complex conjugates that give new, independent equations.

From Einstein’s equations in world-tensor form

Rµν + (Λ− 1

2
R)gµν = 8πTµν

the matter content (Tµν) of spacetime determines the curvature scalar, and
the components of the traceless Ricci tensor. From the latter, the dyad
components of the Ricci spinor can be found, and this is how Einstein’s
equations enter the NP formalism.

3 The GHP Formalism
We give an account of the Geroch-Held-Penrose formalism, originally pre-
sented in [1]. The idea is similar to the orthonormal tetrad formalism. In
general, a vector field X on a manifold can be written as Xµ = fa(x)eµa(x)

5

5Here we use an upper index µ to indicate that the objects are vectors, it is not to
be taken as a reference to some (coordinate) basis – the eµa are coordinate independent
objects and form a basis in their own right. Compare with the introduction in [1] or the
discussion in [19].
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for some functions fa(x) and basis vector fields eµa , that are linearly indepen-
dent at every point in some region. If eµâ is another set of basis vector fields,
we in general have

eµâ =M(x)aâe
µ
a f â = (M−1(x))âaf

a(x) (3.1)

for some n × n matrix-valued function. In mathematical terms, the struc-
ture group of the tangent bundle is GL(Rn), the group of invertible linear
operators on Rn.

However, if there is further structure available, we can achieve a reduction
of the structure group. If our manifold is equipped with a metric, as is of
course the case for spacetimes in general relativity, we can, given any set of
eµa perform the Gram-Schmidt process at each point simultaneously and and
obtain e′µa that are such that e′µae′µb = diag(1,−1,−1,−1). Then the matrices
in (3.1) are constrained to lie in O(1, 3), the Lorentz group. If the spacetime
is oriented (and time-oriented), the e′aµ can be made to respect this and we
achieve a further reduction to SO(1, 3)(↑), the proper (and orthochronous)
Lorentz group. This is the method of orthonormal tetrads.

The GHP formalism is a more sophisticated reduction of the structure
group, that can be made to work if there are given two null vector fields, la
and na, everywhere nonzero. They can be arranged to be future pointing and
normalized so that lana = 1. For a complete basis, we need also Xa, Y a that
can be taken to be spacelike, XaXa = Y aYa = −1 and orthogonal, XaYa = 0.
If primed fields represent some other choice fulfilling the same requirements,
we must have

l′
a
= rla n′a = r−1na (3.2a)(

X ′a

Y ′a

)
=

(
cos θ − sin θ
sin θ cos θ

)(
Xa

Y a

)
(3.2b)

for some r > 0 and some angle θ, that both vary in spacetime. The structure
group is then R+ × U(1) ∼= {C∗, ∗}, that is, non-zero complex numbers with
multiplication.

The transformation (3.2b) can be “diagonalized” by complexifying. We
introduce the complex vector fields

ma =
1√
2
(Xa + iY a) ma =

1√
2
(Xa − iY a) (3.3)

which satisfy mama = −1,mama = mama = 0. If λ2 = reiθ, the transforma-
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tions can be written

l′
a
= λλla (3.4a)

n′a = λ−1λ
−1
na (3.4b)

ma = λλ
−1
ma (3.4c)

ma = λλ−1ma (3.4d)

(the last transformation is, of course, the complex conjugate of the penulti-
mate). Thus we have a null tetrad and there are two corresponding dyads,
according to (2.7), which we repeat here:

lAȦ = oAoA (3.5a)
mAȦ = oAιA (3.5b)
mAȦ = ιAoA (3.5c)
nAȦ = ιAιA. (3.5d)

We see that transformations may be labeled by the two integers (p, q)
(“is of type (p, q)”) which we take to mean that the factor involved is λpλq.
1
2
(p− q) is called the spin-weight and 1

2
(q − p) is called the boost-weight.

3.1 Spin- and Boost-Weighted Quantities
Just like (r, s) label representations of SO(1, 3), (p, q) label representations
of C∗, on tensor products of C, that is, on C. If η and ζ are of types (p, q)
and (u, v), η ⊗ ζ is of type (p+ u, q + v). We might as well omit the ⊗.

Complex conjugation Since complex conjugation is a natural transfor-
mation, there is a natural bundle map between quantities of type (p, q) and of
type (q, p). Denote the corresponding bundles by E(p, q) and E(q, p). Then
if η = [u, z] ∈ E(p, q), define the map · : E(p, q) → E(q, p) by η = [u, z]. · is
well-defined because for any other representative of η,

[uλ, λpλ
q
z] = [uλ, λ

p
λqz] = [u, z] = η.

Clearly · preserves fibers and is conjugate-linear.

Vectors and spinors of type (p, q) Now consider the bundle TM(p,q) :=
TM ⊗E(p, q). As a vector bundle, E(p, q) is the trivial complex line bundle,
so as a vector bundle TM(p,q) is just the complexification of the tangent
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bundle. Therefore, it makes sense to talk about vectors of type (p, q). The
transformations (3.4a)–(3.4d) show that lµ is a vector of type (1, 1), nµ of
type (−1,−1), mµ of type (1,−1) and m is of type (−1, 1). Note that the
last two are consistent with the bar operation from the previous paragraph.
Spinors are naturally complex, so the concept of a spinor of type (p, q) makes
sense immediately. Naturally, if oA is a spinor of type (p, q), oȦ is a spinor
of type (q, p).

The GHP prime operation Suppose that a tensor Tµν of type (0, 0)
(an ordinary tensor) is given. Its tetrad components are Tµνm

µlν and so
on. These have weights, because the tetrad vectors do (a tensor with down
indices eats vectors and gives scalars; if it eats weighted vectors, it gives
weighted scalars). The discrete transformation, denoted by a prime, ′, given
by

oA 7→ iιA ιA 7→ ioA oȦ 7→ −iιȦ ιȦ 7→ −ioȦ

preserves the dyad normalisation. On the null tetrad it acts like

la 7→ na na 7→ la ma 7→ ma ma 7→ ma

and preserves the tetrad normalisation. There are other discrete transforma-
tions like this, they have been studied by Ludwig [33].

Now if α = T (la,ma), then we can define

α′ := (′
∗
T )(la,ma) = T ((la)′, (ma)′).

Of course the operation is extended naturally to the general case. Since ′

negates the weights of the dyad spinors, we have that if α is of type (p, q),
α′ is of type (−p,−q).

It is important to note that ′ acting on quantities is linear in the sense
that (aα+bβ)′ = aα′+bβ′, but α = 0 does not imply α′ = 0. This is because
′ acts on functions that when evaluated for certain vectors give α and β, not
on α and β. Keeping this in mind, the prime is a convenient notational tool.
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3.2 The spin coefficients
Now that we have the dyad and the prime operation, we can restate Table 3.
The spin coefficients are

κ = oAoȦoB∇AȦoB (3.6a)
σ = oAιȦoB∇AȦoB (3.6b)
ρ = ιAoȦoB∇AȦoB (3.6c)
τ = ιAιȦoB∇AȦoB (3.6d)
κ′ = −ιAιȦιB∇AȦιB (3.6e)
σ′ = −ιAoȦιB∇AȦιB (3.6f)
ρ′ = −oAιȦιB∇AȦιB (3.6g)
τ ′ = −oAoȦιB∇AȦιB (3.6h)

and

β = oAιȦ∇AȦoB (3.7a)
ε = oAoȦ∇AȦιB (3.7b)
β′ = −ιAoȦ∇AȦιB (3.7c)
ε′ = −ιAιȦ∇AȦoB. (3.7d)

Under a transformation oA 7→ λoA, ιA 7→ λ−1ιA, the coefficients in (3.6)
transform like weighted scalars; the terms with derivatives on λ have no
derivatives on oB or ιB, which is then contracted with a matching spinor,
giving 0. However, the spin coefficients in (3.7) do not transform like weighted
scalars. The weights are

κ : (3, 1) σ : (3,−1) ρ : (1, 1) τ : (1,−1)

κ′ : (−3,−1) σ : (−3, 1) ρ : (−1, 1) τ : (−1, 1).

Transformation of the spin coefficients The Lorentz transformation

la 7→ la

ma 7→ ma + Zla

ma 7→ maZla

na 7→ na + Zma + Zma + ZZla
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with Z a complex scalar field of weight (−2, 0), clearly preserves the null
vector la and is seen to give a null tetrad with the same normalization as
(la, na,ma,ma). The spinor equivalent of this transformation is

oA 7→ oA

ιA 7→ ιA + ZoA.

The transformation thus deserves the name null rotation around la.
Such a null rotation is not in the group of GHP transformations, so the

spin coefficients transform differently under it. It is simple but tedious to
calculate the coefficients in the new tetrad. Letting the subscript 1 denote
quantities with respect to the transformed tetrad and the subscript 0 quan-
tities with respect to the transformed tetrad, we have

κ1 = κ0 (3.8a)
σ1 = σ0 (3.8b)
τ1 = τ0 + Zσ0 + ZZκ0 + Zρ0 (3.8c)
ρ1 = ρ0 + Zκ0 (3.8d)
κ′1 = κ′0 − Þ′Z + Z(ρ′0 − ðZ) + Z(σ′

0 − ð′Z) + ZZ(τ ′0 − ÞZ)− Z2τ0 (3.8e)
− Z3σ0 − Z2Zρ0 − Z3Zκ0 (3.8f)

σ′
1 = σ′

0 − ð′Z + Z(τ ′0 − ÞZ)− Z3κ0 − Z2ρ0 (3.8g)
τ ′1 = τ ′0 − ÞZ + Z2κ (3.8h)
ρ′1 = ρ′0 + Z(τ ′0 − ÞZ)− ðZ − Z2σ0 − Z2Zκ0. (3.8i)

The transformation laws under the analogous null rotation that preserves na

are given by priming and letting Z → Z. Several of the transformations are
considerably simpler in the case that κ0 = σ0 = 0.

Geometrical interpretations The spin coefficients have a fairly simple
geometrical interpretation. The coefficent κ is proportional to the covariant
derivative of la along itself. Hence κ = 0 if the integral curves of la are
geodesics. In fact, κ = 0 is equivalent with the integral curves of la being
geodesics [10].

If κ = 0, one can show [10] that

ρ := mbma∇alb = −(Θ + iω)

where
Θ :=

1

2
∇al

a ω2 :=
1

2
∇[bla]∇bla.

27



One can think of a (geodesic) null vector field as the 4-velocity field of some
null fluid. Since ∇[alb] = (dl)ab, the quantity ω is essentially the magnitude
of the vorticity or twist. Θ is the 4-divergence of the velocity field of the
fluid, and so called the expansion. One also finds

σ = −mama∇bla

where
σσ =

1

2
∇(bka)∇bka −Θ2

so σ is essentially the magnitude of the traceless symmetric part of ∇bka,
which is the shear.

The interpretations of the primed coefficients are the same, with la and
na swapped.

We can now state a famous and useful theorem in a physically clear way
Theorem 1 (Goldberg-Sachs [16]). A vacuum metric is algebraically special
if and only if there is a geodesic shearfree null field la. Furthermore, la is a
repeated principal null direction.

We refer to [14] for the proof but comment that it is much shorter than the
original proof, an illustration that especially for algebraically special metrics,
spinor methods can be powerful.

3.3 Differential Operators
Just like the partial derivatives of the components of a vector do not form
a vector themselves, one cannot expect that partial derivatives of (p, q)-
weighted scalars are properly (p, q)-weighted. However, it is not too hard
to convince oneself that the operator

OAȦη = (∇AȦ − pιB∇AȦoB − qιḂ∇AȦoB)η (3.9)

gives a (p, q)-weighted quantity when acting on one. We have said quantity
instead of saying scalar, because using ∇AȦ instead of ∂AȦ means OAȦ works
on weighted spinors, vectors and tensors, and it adds a covariant spacetime
index. The last property means that the operator OAȦ is equivalent to having
the four scalar operators

Þ = oAoȦOAȦ (1, 1) (3.10a)
Þ′ = ιAιȦOAȦ (−1,−1) (3.10b)
ð = −oAιȦOAȦ (1,−1) (3.10c)
ð′ = −ιAoȦOAȦ (−1, 1) (3.10d)
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where we have indicated the type of each operator. Now one realizes that,
using (3.7)

Þη = oAoȦ(∇AȦ − pιB∇AȦoB − qιḂ∇AȦoB)η = (∇laη − pε− qε)η

and a similar relation for the other operators. Collecting, we have

Þ = la∇a − pε− qε (3.11a)
ð = ma∇a − pβ + qβ (3.11b)

Þ′ = na∇a + pε′ + qε′ (3.11c)
ð′ = ma∇a + pβ′ − qβ

′
. (3.11d)

The idea is now to write the equations of general relativity using the
differential operators (3.11) and the well-behaved spin coefficients (3.6). It
is to be expected that the formalism has quantities that do not transform
“properly”. The usual world-vector formulation of general relativity has the
Christoffel symbols, which are not a tensor, and hides them in covariant
derivatives and the Riemann tensor, which are tensors. We hide the spin
coefficients that do not transform like weighted quantities in the differential
operators, which do transform properly.

The GHP equations (Appendix A) thus consist of (equation numbers refer
to [1])

• 6 equations (2.21–2.26)and their primed versions relating the spin coef-
ficients and the GHP operators acting on them to the dyad components
of the curvature spinor. (Ricci equations or identities)

• 4 equations (2.33–2.36) and their primed versions expressing the Bianchi
identities using the dyad components of the curvature spinor, the GHP
operators on them and the spin coefficients.

• 2 contracted Bianchi identities (2.37–2.38) and their primed versions.

• 3 equations (2.30–2.32) for the commutators of the GHP operators. For
one of these, complex conjugation, the prime operation, and both give
three new independent equations.

In the GHP formalism, there are thus 12 Ricci equations, whereas the NP
formalism has 18. The missing Ricci equations involve the badly behaved spin
coefficents; this information is instead contained in the GHP commutators,
which are more complicated than their NP counterparts.
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3.4 Integration in the GHP Formalism
The problem of integrating Einstein’s equations is different from other prob-
lems in physics. Quoting Wald [22, p. 225], “[i]n other theories of classical
physics we are given the spacetime background and our task is to determine
the time evolution of quantities in the background from their initial values
and time derivatives. However, in general relativity we are solving for the
spacetime itself.”

Consider solving a problem in electrodynamics in flat spacetime. Then the
geometry is given, it is flat, but the problem may suggest suitable coordinates.
In general relativity, the geometry is what we are looking for, but we can take
the stance that matter tells space how to curve [31] and make assumptions
about the geometry and see if the problem suggests coordinates. We formalize
it in the following.

Theorem 2. Suppose that M is a spacetime of dimension n and n scalar
functions f1, . . . , fn are given, such that at every x ∈ M , dfi(x) form a
linearly independent set. Then the fi can be taken as coordinates, at least
locally.

Proof. Collect the functions in an Rn-valued function f. Then df(x) =(
df1(x) . . . dfn(x)

)T is a linear map TxM → Rn and has rank n. By
Theorem 2.25 in [23], f is a local diffeomorphism with Rn, which is the same
thing as the fi providing coordinate functions locally.

The idea is now to use the GHP equations to find 4 functionally inde-
pendent scalars f 1, . . . , fn, of weight (0, 0). Use them locally as coordinates
indexed by µ. Then the components lµ of the tetrad vector la are found from

lµ = l · fµ = li∇if
µ = þfµ

where the first equality is the vector field l acting as a differential operator
on the coordinate function fµ, the second equality is covariant differentiation
agreeing with Lie derivative on scalars, and the third is the definition of the
þ operator, for (0, 0) weighted scalars. Similarly, we find the components of
the other tetrad vectors nµ,mµ,mµ.

3.5 Dealing with the Non-Optimal Situation
It may be the case that 4 functionally independent scalars cannot be con-
structed from the GHP scalars. This seems to have been the general case
when integration in the GHP formalism has been employed, as in Ref. [6,
and references therein]. One intuitive situation where this happens is when
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the spacetime possesses a continuous symmetry, that is, a Killing field. In
the integration procedure, one aims to find 4 coordinates defined by curva-
ture invariants; if there are symmetries the curvature invariants cannot be
sufficient. In the most concrete example, an observer in a static universe with
time coordinate t would not be able to tell the passage of time by measuring
curvature invariants.

3.5.1 Killing Vectors

We first recall some general facts about continuous symmetries. Let ξµ be a
Killing field. Recall that this means that

(Lξg)µν = 0

and that in general any quantity T such that LξT = 0 is said to be Lie
derived by ξ. Killing fields are of interest because they are the generators of
symmetries.

By a general theorem, the “straightening theorem” [23, Theorem 2.101],
given any vector field ξµ, it is possible to pick coordinates x0, . . . , x3 so that
ξµ = ∂

∂x0 . However, given two vector fields, ξµ and ζµ, it is not always possible
to pick coordinates such that ξµ = ∂

∂x0 and ζµ = ∂
∂x1 . In fact this is possible

if and only if [ξ, ζ]µ = 0, that is, the vector fields commute.
Let ξ be a Killing field and straighten it, choosing coordiantes so ξ = ∂0.

If one writes out (3.14), below, in index notation in the coordinate frame
{∂µ}, the condition that ξ is a Killing field becomes

0 = (Lξg)µν =
∂gµν
∂x0

that is, x0 is a cyclic coordinate. In general, a tensor T is Lie derived with
respect to ∂x0 if and only if its components in the coordinate frame are
independent of x0. Since the Christoffel symbols and the components of the
Riemann tensor can be found from first and second partial derivatives of the
components of the metric, the Riemann tensor all its covariant derivatives,
and contractions formed form them must also be Lie derived. This conclusion
is independent of coordinate system, so it must hold for all Killing vectors,
even though we may be unable to straighten more than one at a time.

A weaker condition holds for invariantly defined directions. An invariant
direction is defined by

0 = fabc...(Dp(R), kρ) (3.12)
where Dp(R) means the Riemann tensor and its covariant derivatives up to
order p, and if ka is a solution, so is λka for any function λ. Taking the Lie
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derivative with respect to ξ, we obtain

0 =
dfabc...

dlρ
[ξ, λl]ρ ⇒ 0 = (ξ · λ)lρ + λ[ξ, l]ρ

so that
(Lξl)

ρ ∝ lρ.

As an example, the equation

0 = ΨABCDι
AιB

will be satisfied for Petrov type III if and only if ιAιȦ is the repeated principal
null direction. One easily obtains the corresponding equations for Petrov
types other than O and I [24].6

Edgar and Ludwig have introduced a “GHP Lie derivative” useful for
treating Killing vector within the GHP formalism. We give a summary of
the main results in their paper [7]. This operator, defined by

..Lξ := Lξ +
(p
2
+
q

2

)
nµ(Lξl)

µ +
(p
2
− q

2

)
m̄µ(Lξm)µ (3.13)

for quantites of weight (p, q), where L is the usual Lie derivative, respects
weights. This is seen by using the formula

(LξT )(X1, . . . , Xn) = (∇ξT )(X1, . . . , Xn) + T (∇ξX1, . . . , Xn)
+ . . .+ T (X1, X2, . . . ,∇ξXn)

(3.14)

and noting that the extra terms in (3.13) allow us to replace ∇ξ with Θξ

when acting on T . When acting on the Xi, this replacement has no effect if
Xi are zero-weighted, but if they are not, the result is still properly weighted.

We can now state the main theorem of [7].

Theorem 3. Suppose that a null tetrad

lµn
µ = 1 mµm

µ = −1

can be formed from intrinsic directions. Then ξa is a Killing field if and only
if the null tetrad is GHP Lie derived.

Proof. Assume that ξa is a Killing field. From the orthogonality relations,
we find

[ξ, n]µ = Anµ [ξ, l]µ = −Alµ
[ξ,m]µ = iBmµ [ξ,m]µ = −iBmµ

6For type I and O, one can of course not expect to fix a direction using the Weyl tensor.
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where A,B are real. But if R solves the differential equation ξ · lnR = A
and S solves ξ ·S = B,7 a GHP gauge transformation with λ2 = Re−iS gives
us a Lie derived null tetrad. In this gauge, (3.13) shows that

( ..LξZ
a
i )gauge = (LξZ

a
i )gauge = 0

for all tetrad fields Za
i . But then it must be that

..LξZ
a
i = 0 (3.15)

in any gauge.
Conversely, since the zero-weighted metric is given by

gµν = lµnν + lνnµ −mµmν −mνmµ

it is Lie derived if the tetrad vectors are GHP Lie derived.

We state without proof the useful
Theorem 4. If and only if ξa is a Killing field, then for any intrinsically
defined null tetrad and (0, 0) weighted scalar η

[ ..Lξ,Θµ]η = 0 (3.16)

where Θµ is the GHP derivative operator. If η is (p, q) weighted, ξ being a
Killing vector is sufficient but not necessary.

3.5.2 Auxiliary Scalars

In the case that we cannot form 4 functionally independent zero-weighted
scalars from the GHP scalars, we can introduce new scalars by specifying
the action of the GHP operators on them. For zero-weighted scalars η,
Θµη = (dη)µ, so we are really writing the equation (dη)µ = αµ in tetrad com-
ponents. For this equation to have a solution, it is necessary that (dα)µν = 0.
This condition is also sufficient for a solution to exist locally. In the GHP
formalism the integrability condition is that the GHP commutators are sat-
isfied.

In the search for such auxiliary scalars, one is led to make Ansätze that
lead to differential equations, the solutions of which may involve integration
constants. This raises the question if, by making an Ansatz, the class of
solutions found is restricted and if the integration constants are important.
This is not discussed in Refs. [6, 7, 34], but the authors, giving tables for
auxiliary scalars without describing the metrics they find as a subclass, seem
to be implicitly using the next theorem.

7Such functions exist because applying the straightening theorem and taking R =
R(x0), S = S(x0) the conditions are ODEs.
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Theorem 5. Suppose that a set of completely involutive tables for 3 or fewer
zero-weighted real scalars Ai and one weighted scalar η of weight (p, q) with
p ̸= ±q has been found, and that these scalars are intrinsic and are a maximal
functionally independent set. Then all geometric information is contained in
these tables.

Proof. By the Cartan-Karlhede algorithm [8] a full description of the geome-
try is given by the tetrad components of the Riemann tensor and its covariant
derivatives (up to order 7 in the worst case). Fix the gauge such that in this
gauge, ηgauge ≡ 1. Then from (3.11) we obtain a system of linear equations
for β, ε, β′ and ε′. One realizes that for the system to have a unique solution
p ̸= ±q is necessary and sufficient.

Since Ai, η are a maximal functionally independent set of intrinsic scalars,
every tetrad component of the Riemann tensor is a function of Ai, η. Knowing
the badly behaved spin coefficients is then sufficient to solve for, in this gauge,
∇µΨi, ∇µΦij and ∇µΛ from the tables, and all higher covariant derivatives,
that is, all Karlhede scalars.8 Since the tables were involutive, the Karlhede
scalars are functions only of the Ai.

Thus no geometric information is found in auxiliary scalars, so making
an Ansatz for their tables does not restrict the class of solutions, and any
integration constants appearing are superflous and can be set to whatever is
most convenient.

3.6 Integration in the GHP Formalism and the Karl-
hede Classification

Specifying the Petrov type and matter content of spacetime fixes the tetrad
components of the Riemann tensor, if the tetrad is suitably chosen. These
components are the zeroth order Cartan-Karlhede scalars, R0. Using a calcu-
lation like that in Ref. 35, Appendix 1, one becomes convinced that R0, the
GHP derivatives of R0, along with the spin coefficients determines the tetrad
components of the first covariant derivative of the Riemann tensor, that is,
the set R1 is determined by R0∪ΘmR0∪S where S = {ρ, σ, κ, τ, ρ′, σ′, κ′, τ ′}
is the set of spin coefficients.

At the next order, the set R2 is determined by ΘmR
1, and so on. The

Karlhede algorithm terminates when the dimension of the group of tetrad
8Since the tetrad components of the Riemann tensor and its covariant derivatives are

weighted scalars, the result can be written in gauge-covariant form at the end by introduc-
ing suitable factors of η and η. It may also be possible to perform the calculation without
fixing a gauge, as for instance in ref. 35.
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transformation is unchanged, and no new functionally independent scalar is
provided.

Lemma 1. Suppose that a spacetime is not conformally flat. Then it is
possible to fix a tetrad up to discrete transformations at at most first order
in the Cartan-Karlhede algorithm, except for type N and ρ = 0.

Proof. In Ref. [36], it was shown that for Petrov type D the tetrad can be
fixed completely at first order. For Petrov types I, II and III the tetrad can
be fixed up to discrete transformations at zeroth order [8]. For Petrov type
N and ρ ̸= 0, the tetrad can be fixed at first order by, at zeroth order, taking
the standard tetrad, and at first order performing the null rotation described
in [2, 3] and fixing the gauge to Ψ4 ≡ 1, where Ψ4 is a component of the
Weyl spinor, according to (2.9) and (2.10). If ρ = 0, only the first step can
be performed and a one complex-parameter freedom remains.

In the conformally flat case, for non-vacuum solutions it may be possible
to fix the tetrad at first order, as was done in [6]. The conformally flat
vacuum metrics are known to be de Sitter, anti-de Sitter and Minkowski.

Thus except in the conformally flat case, when a fully involutive set of
tables for Rn is found, the Cartan-Karlhede algorithm terminates at order n+
1. This is of course the case if four functionally independent, zero-weighted,
real quantities can be constructed. The tables must then be involutive, even
though the exact functional form of all entries may not be known. The
(n+ 1):th step may then provide additional information, such as differential
equations for the unknown functions.

As an example, in Ref. [6] Edgar and Ludwig found a set of tables for
four real functionally independent quantities at third order; thus guaranteed
to be involutive. These tables had three unknown functions and in the fourth
step, these functions were found to be functions only of one coordinate. The
subsequent classification by Skea [37] indeed terminated at fourth order. A
detailed analysis [17] showed that in the special case that all the unknown
functions were constants, the Karlhede classification algorithm terminates
at third order, but the general case needs four derivatives of the Riemann
tensor.

4 Finding a Class of Type III Robinson-Traut-
man solutions

In this section we integrate the GHP equations for vacuum spacetimes in the
case ρ = ρ ̸= 0, with the Ansatz that the metric is of Petrov type III. One can
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pick the standard tetrad for type III metrics, where Ψ0 = Ψ1 = Ψ2 = Ψ4 = 0,
where Ψi are the components of the Weyl spinor. By the Goldberg-Sachs
theorem, the spin coefficients σ = κ = 0. However, the problem is easier if
one performs a null rotation (compare [2, 3]) around the repeated principal
null direction.

Letting the subscripts 0 and 1 stand for quantities in the standard re-
spectively the roatated tetrad, it is possible to find a null rotation such that
τ1 = 0, if ρ0 is everywhere non-zero. Comparing with the transformation
laws (3.8), one sees that the rotation parameter to achieve this is Z = − τ0

ρ0
.

Then it follows from either the transformation law (3.8h) and the Ricci equa-
tions in the original tetrad, or from the Ricci equations in the new tetrad
that we have τ ′1 = 0. This null rotation comes at the cost that in general
Ψ4,1 = ZΨ3,0 ̸= 0.

For analysis of Killing vectors later, we note here that the rotated tetrad
is what Edgar and Ludwig [7] call intrinsic, that is, it is defined by invariants
of the Riemann tensor and its covariant derivatives.

4.1 Preliminary Setup for Integration
The full system of the general GHP equations is found in Appendix A. We
state them in our case, in the null rotated tetrad, using ρ = ρ andτ ′ = τ = 0.
The GHP equations consist of the Ricci equations

ðρ = 0 (4.1a)
þρ = ρ2 (4.1b)
0 = 0 (4.1c)
0 = 0 (4.1d)
0 = −σ′ρ (4.1e)

þ′ρ = ρρ′ (4.1f)

ð′ρ′ = −Ψ3 (4.1a’)
þ′ρ′ − ðκ′ = ρ′

2 (4.1b’)
−ð′κ′ = Ψ4 (4.1c’)
−þκ′ = Ψ3 (4.1d’)

0 = 0 (4.1e’)
þρ′ = ρρ′ (4.1f’)

the Bianchi equations
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0 = 0 (4.2a)
0 = 0 (4.2b)

þΨ3 = 2ρΨ3 (4.2c)
þΨ4 − ð′Ψ3 = ρΨ4 (4.2d)

þ′Ψ3 − ðΨ4 = 4ρ′Ψ3 (4.2a’)
ðΨ3 = 0 (4.2b’)

0 = 0 (4.2c’)
0 = 0 (4.2d’)

and the commutators

[þ, þ′] = 0 (4.3a)
[ð,ð′] = (ρ′ − ρ′)þ + pρρ′ − qρρ′ (4.3b)
[þ, ð] = ρð (4.3c)
[þ,ð′] = ρð′ (4.3d)
[þ′,ð′] = ρ′ð′ − κ′þ + p(ρκ′ +Ψ3) (4.3e)
[þ′, ð] = ρ′ð− κ′þ + q(ρκ′ +Ψ3). (4.3f)

We have written out also those equations which are trivial in the current
application, for correspondence with the original paper [1], where the Ricci
equations are (2.21) through (2.26) and the Bianchi equations are (2.33)
through (2.36). Our equations are in the same order and the equations with
primed labels are the primed equations. The contracted Bianchi identities
are all trivial for the vacuum case.

Some immediate simplifications can be made. (4.1e) gives σ′ = 0. The
left-hand side of (4.1f) is real, so it must be that ρ′ is also real. This simplifies
the commutator (4.3b) to

[ð,ð′] = (p− q)ρρ′. (4.3b)

Since ρ and ρ′ are real, (4.1a) and (4.1a’) give us the actions of both ð and
ð′ on both ρ and ρ′.

4.2 Making an Ansatz
The full system is intractable in the GHP formalism. Therefore, we assume
that

Ψ3 = −ρκ′. (4.4)
With this Ansatz, two more commutators become simpler,

[þ′, ð′] = ρ′ð′ − κ′þ (4.3e)
[þ′,ð] = ρ′ð− κ′þ. (4.3f)
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Table 4: The GHP differential operators on the GHP quantities. S0 is a so
far unknown function of appropriate weight.

ρ ρ′ κ′ Ψ3 Ψ4

þ ρ2 ρρ′ −Ψ3 2ρΨ3 2ρΨ4

þ′ ρρ′ ρ′2 −ρ′Ψ3/ρ 2ρ′Ψ3 2ρ′Ψ4

ð 0 −Ψ3 0 0 −2ρ′Ψ3

ð′ 0 −Ψ3 −Ψ4 ρΨ4 S0

Using (4.4), (4.1a) and (4.1c’), one finds

ð′Ψ3 = ρΨ4 (4.5)

so that (4.2d) implies
ÞΨ4 = 2ρΨ4. (4.6)

Further, (4.2b’) implies
ðκ′ = 0. (4.7)

This result, the commutator (4.3b) and (4.1c’), can be used to establish that

ðΨ4 = −2ρ′Ψ3 (4.8)

which in (4.2a’) implies
þ′Ψ3 = 2ρ′Ψ3. (4.9)

But then

2ρ′Ψ3 = þ′Ψ3 = −Þ′(ρκ′) = −κ′ρρ′ − ρÞ′κ′ = ρ′Ψ3 − ρÞ′κ′

and so
Þ′κ′ = −ρ

′

ρ
Ψ3. (4.10)

Now with the commutator (4.3e) and the previous results, one finds

þ′Ψ4 = 2ρ′Ψ4 (4.11)

The results so far are summarized in Table 4. Strictly speaking, (4.4) and
the Leibniz rule makes one of the columns for Ψ3, ρ, κ

′ superfluous, but it is
useful to have all three.
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4.3 Finding Coordinate Candidates
One obvious real zero-weighted quantity is

A := ρρ′. (4.12)

Another simple combination is

B := ρ

√
Ψ3Ψ3. (4.13)

We require also a complex quantity, which we take as Ψ3 = PQ where

P :=

√
Ψ3

Ψ3

, (−1, 1) Q :=

√
Ψ3Ψ3, (−1,−1).

with indicated weights. Note that P has only spin-weight and Q has only
boost-weight, or intuitively, the magnitude of P and the phase of Q are gauge
invariant. In fact, the following relations are obvious but useful:

PP = 1 (4.14a)
Q = Q. (4.14b)

Finally to bring Ψ4 into the coordinate candidates we introduce the zero-
weighted

C :=
Ψ4

Ψ2
3

. (4.15)

Note that C is complex. But since it is zero-weighted, we can of course form
CR = C+C

2
, CI =

C−C
2i

to extract the real and imaginary parts.
It is now a matter of applying the Leibniz rule to rewrite Table 4 as

tables for A,B,C, P and Q. We give an example to illustrate one possible
procedure:

þB2 = 2BþB = þ(ρ2Ψ3Ψ3)

= 2ρ3Ψ3Ψ3 +Ψ3ρ
2 · 2PB + ρ2Ψ3 · 2PB

= Q2 · 2B
3

Q3
+ 4

B3

Q
= 6

B3

Q

∴ þB = 3
B2

Q
.

Carrying this through results in the tables
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þA = 2AB
Q

þ′A = 2A2Q
B

ðA = −BP
ð′A = −BP

(4.16.A)

þB = 3B2

Q

þ′B = 3QA

ðB = B2

2
PC

ð′B = B2

2
PC

(4.16.B)

þP = 0
þ′P = 0

ðP = −BC
2

ð′P = BCP 2

2

(4.16.P)

þQ = 2B

þ′Q = 2Q2A
B

ðQ = BCPQ
2

ð′Q = BCPQ
2

(4.16.Q)

þC = −2BC
Q

þ′C = −2AQC
B

ðC = −2A
B
P

ð′C = P (S − 2C2B)

(4.16.C)

where S is a complex zero-weighted function, as yet undetermined. It is
related to S0 of Table 4 through

S0 = P 3Q2S. (4.17)

Since B ̸= 0, neither A nor B can be constant. We have that dA ̸= λdB,
so A and B are functionally independent, except if CA = −3, which implies
A3/B2 = constant. Consistency with the table for C then implies that this
constant is

A3

B2
=

3

2
. (4.18)

We will refer to this case as the singular case. In the following, unless stated
otherwise, we shall be working with the assumption that A and B are func-
tionally independent.

Applying the commutators to A and B shows that they are satisfied,
but yields no new information. The same is true for the commutators on
PQ = Ψ3. This is to be expected since the only unknown function is S,
which only appears in ð′C, and C only appears in ð′B and ð′P . As such no
information about S can be found from these commutators.

Looking at the þ and þ′ rows in each table reveals that they are propor-
tional with constant of proportionality AQ2

B2 . Since þ and þ′ are real operators,
{A,B,Re(C), Im(C)} is a functionally dependent set. It could be the case,
however, that {A,B,Re(C)} or {A,B, Im(C)} (or both) is a functionally in-
dependent sets. If the real (imaginary) part is a function of A and B, then
the imaginary part is too, since it is a function of A,B and the real (imagi-
nary) part. Therefore we have that in these cases C = C(A,B). Can such a
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function exist? It must satisfy

QþC = Q
∂C

∂A
þA+Q

∂C

∂B
þB = −2BC (4.19)

PðC = P
∂C

∂A
ðA+ P

∂C

∂B
ðB = −2

A

B
(4.20)

The first equation written out and divided by B is

2A
∂C

∂A
+ 3B

∂C

∂B
= −2C (4.21)

and the general solution of this is

C(A,B) =
F
(

B2

A3

)
A

(4.22)

where F is an arbitrary, complex, function of one variable. Inserting this
into the second equation gives

B

A2
F (B2/A3) + 3F ′(B2/A3)

B3

A5
+ F ′(B2/A3)

B3

A4

F

A
= −2

A

B
(4.23)

which on putting t = B2/A3 is equivalent to
tF (t) + t2F ′(t)(3 + F (t)) = −2 (4.24)

which is a system of ODE for the real and imaginary part of F . By the
fundamental theorem of ODE:s, a solution exists. Of course þC and ð′C
have to be correct too, but since þ′(A,B,C) is proportional to þ(A,B,C)
this is the case, and since S was unknown,

ð′C = P (S − 2C2B)

is really an equation for S. One can check that with this form of C, [ð, ð′]B =
0 still holds.

It is important to note that F ̸= −3.
It is convenient to change the coordinate candidates at this point to X :=

B/A3/2 and Y := A1/2. Then the tables are

þX = 0
þ′X = 0
ðX = 1

2
X2Y (F + 3)P

ð′X = 1
2
X2Y (F + 3)P

(4.25.X)

þY = XY 4

Q

þ′Y = Q
X

ðY = −XY 2

2
P

ð′Y = −XY 2

2
P

(4.25.Y)

and the function F = F (X) satisfies the equation
2t2F (t) + t3F ′(t)(3 + F (t)) = −4. (4.26)

One can realize that there are two cases for the function F

41



Lemma 2. Let F be a solution to (4.26). On any interval I such that F is
defined on all of I, either F is always real, or never real.
Proof. The fundamental theorem of ODE:s assures that given an initial value
F (t0) = F0, a unique solution to

F ′(t) = ϕ(t, F (t))

exists on an interval I containing t0. If F has a real value on an interval I,
we can pick that point as t0 and the real value as F0 and by uniqueness the
solution to this initial value problem agrees with the function we started with
on I. It is then intuitively obvious that F must be real on all of I. A formal
argument is given by noting that the proof of the fundamental theorem [38,
p. 317] shows that the F is the limit of the sequence

Fn+1(t) = F0 +

∫ t

t0

ϕ(s, Fn(s))ds

where since F0 is real, F1(t) is real, and so on, and hence F (t) must be real
for all t ∈ I.

4.3.1 Introducing Auxiliary Scalars

A zero-weighted scalar V can be found with the Ansatz ðV = iV XY 3P The
commutator equations then give the following table,

þV = 2V (lnV + k1)
XY 3

Q

þ′V = 2V (lnV + k1)
Q
XY

ðV = iV XY 3P
ð′V = −iV XY 3P

(4.27)

where k1 is an integration constant. If we put W = lnV + k1, the table for
W is

þW = 2W XY 3

Q

þ′W = 2W Q
XY

ðW = iXY 3P
ð′W = −iXY 3P

. (4.28)

Thus the integration constant is superfluous, in accordance with Theorem 5.
In the case that F = F , a fourth scalar U can be introduced with the

table
þU = 0

þ′U = α(X) Q
Y 2

ðU = 0
ð′U = 0

(4.29)
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which will be consistent with the commutator equations if α(X) is a solution
to the equation

X(F + 3)α′(X) + (F + 2)α(X) = 0. (4.30)

This equation can be solved up to a real constant k and a quadrature,

α(X) = k exp
(∫ X

1

F (t) + 2

tF (t) + 3t
dt

)
which makes it clear that unless k = 0, α(X) ̸= 0. However, it is also clear
that if we adopt the coordinate candidate U as a coordinate u, changing k
only has the effect of a rescaling u → k

k′
u and so produces an equivalent

metric, again in accordance with Theorem 5.
It is easy to check using the determinant on the tables for X,Y, U,W that

these are functionally independent. The problem is then essentially solved
and we can write down the metric. In the coordinates x, y, w, u and the
corresponding coordinate basis,

gµν =


−1

2
(F (x) + 3)2x4y2 1

2
(F (x) + 3)x3y3 0 4wy3

1
2
(F (x) + 3)x3y3 −1

2
x2y4 + 2y4 xy2α(x) 0

0 xy2α(x) 0 2wxyα(x)
4wy3 0 2wxyα(x) 8w2y2 − 2x2y6

 .

(4.31)

4.3.2 Killing Vectors

The coordinate u is cyclic and so these spacetimes admit at least one Killing
vector. We can confirm this with the GHP Lie derivative ..L. Supppose that

ξ = ξx
∂

∂x
+ ξt

∂

∂y
+ ξu

∂

∂u
+ ξw

∂

∂w

is a Killing vector. Since x and y are intrinsic, and ξ ·x = ξx, it must be that
ξx = ξy = 0. Since the right-hand side of the tables for X and Y involves
only intrinsic quantities, the GHP-Lie commutators are satisfied for x and y.

The first two GHP-Lie commutators applied to u are

[ ..Lξ, þ]u = 0 = 0− þξu = −xy
4

Q

∂ξu

∂y
− 2w

xy3

Q

∂ξu

∂w
(4.32a)

[ ..Lξ, þ′]u = 0 = 0− þ′ξu = −Q
x

∂ξu

∂y
− 2wQ

xy

∂ξu

∂w
− α(x)Q

y2
∂ξu

∂u
. (4.32b)
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Using the first equation in the second, we find ∂ξu

∂u
= 0. Either equation then

gives
ξu = ξu(x,

w

y2
).

Now the commutator [ ..Lξ, ð]u = 0 gives

0 =
∂ξu

∂x
Pðx+ Pξu,2ð

w

y2
(4.32c)

where ξu,2 means the partial derivative with respect to the second argument.
Now Pðx is real, but Pð w

y2
has a non-zero imaginary part. Therefore we

must have ξ = k1 where k1 is a constant. The fourth commutator, being the
complex conjugate of the one just considered, gives nothing new.

Since the right-hand side of the table for w is independent of u, the GHP-
Lie commutators for w will be linear equations for ξw; we can already now
say that ξw ≡ 0 is a solution, so ∂

∂u
is indeed a Killing vector.

The first two commutators are

[ ..Lξ, þ]w = 0 =
2xy3

Q
ξw − ∂ξw

∂w
2wxy3 − ∂ξw

∂y
xy4 (4.33a)

[ ..Lξ, þ′]w = 0 =
2Q

xy
ξw − ∂ξw

∂w

2w

xy
− ∂ξw

∂y

Q

x
− ∂ξw

∂u
α(x)y2. (4.33b)

Again these two show that ∂ξw

∂u
= 0.

The third commutator is

P [ ..Lξ, ð]w = 0 = −ðξw = −i∂ξ
w

∂w
xy3 − ∂ξw

∂x

1

2
x2y(F (x) + 3) +

∂ξw

∂y

1

2
xy2.

(4.33c)
Since the first term is the only one that has an imaginary part, ∂xw

∂w
= 0.

Either of the first two commutators can be used to find

2

y
ξw =

∂ξw

∂y
,

which has the general solution

ξw = C(x)y2.

The real part of (4.33c) then gives C(x) up to a quadrature.
The final result is that

ξw = k2y
2 exp

(∫ x

1

2dt

t(F (t) + 3)

)
. (4.34)
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where k2 is an integration constant. We have thus found two obviously
linearly independent and commuting Killing vectors:

ξ1 =
∂

∂u
(4.35a)

ξ2 = y2 exp
(∫ x

1

2dt

t(F (t) + 3)

)
∂

∂w
. (4.35b)

4.4 The Singular Case
In the case that A and B are functionally dependent, that is, X2 = B2/A3 =
2
3
, we have only one functionally independent zero-weighted scalar. Making

this substitution in the table for the auxiliary scalar W from the non-singular
case, one finds that the commutators are still satisfied for W . The table for
W is

ÞW = 2k
WY 3

Q
(4.36)

Þ′W = 2
WQ

kY
(4.37)

ðW = ikY 3P (4.38)
ð′W = −ikY 3P (4.39)

where k = (2/3)1/2.
We get a hint from the table for X and consider a scalar Z with the table

ÞZ = 0 (4.40)
Þ′Z = 0 (4.41)
ðZ = g(Y, Z)P (4.42)
ð′Z = g(Y, Z)P (4.43)

for some as yet unknown, real function g. The commutator [Þ,ð]Z = 0

gives g(Y, Z) = g0(Z)Y . We can always transform Z 7→ k
∫ Z

0
dt

g0(t)
to set

ðZ = kY P . The table is then consistent with all the commutators.
Finally, following an Anzatz used previously, we find that the table

ÞU = 0 (4.44)

Þ′U = eZ/2 Q

Y 2
(4.45)

ðU = 0 (4.46)
ð′U = 0 (4.47)
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is consistent with the commutators. There are no essential integration con-
stants, so the singular case corresponds to exactly one metric. In our y, z, u, w
coordinates

gµν =


5
3
y4 2

3
y3 21/2

31/2
y2ez/2 4wy3

2
3
y3 −4

3
y2 0 0

21/2

31/2
y2ez/2 0 0 23/2

31/2
wyez/2

4wy3 0 23/2

31/2
wyez/2 8w2y2 − 4

3
y6

 (4.48)

4.4.1 Killing Vectors for the Singular Case

The argument starting with (4.32a) can be carried over with some modifica-
tions. Since z is not an intrinsic scalar, we now have

[ ..Lξ, þ]u = 0 = 0− þξu = −ky
4

Q

∂ξu

∂y
− 2w

xy3

Q

∂ξu

∂w
(4.49)

1

Q
[ ..Lξ, þ′]u = 0 =

ξz

2

ez/2

y2
− þ′ξu

= −∂ξ
u

∂y
· 1
k
− 2w

ky

∂ξu

∂w
− ∂ξu

∂u

ez/2

y2
(4.50)

where using the first equation in the second gives

ξz

2
=
∂ξu

∂u
. (4.51)

Since ξz ≡ 0 is consistent with the Lie-GHP commutators applied to z, we
find that ξ1 = ∂

∂u
is a Killing vector.

The argument starting with (4.33a) carries over to establish that ∂ξw

∂w
= 0,

and furthermore,
ξw = ξw(yez/2)

and using both these in (4.33a) gives

ζw = k2y
2ez (4.52)

with k2 an integration constant.
Similarly using the [ ..Lξ, þ]z and [ ..Lξ, þ′]z commutators we find ∂ξz

∂u
= 0

and the [ ..Lξ,ð]z commutator implies ∂ξz

∂w
= 0 and ξz = ξz(yez/2). This is

only consistent with the first commutator if ζz = k3 for a constant k3. In
this case, (4.51) implies that ξu = k3u/2. We have thus found three linearly
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independent Killing vectors:

ξ1 =
∂

∂u
(4.53)

ξ2 = y2ez
∂

∂w
(4.54)

ξ3 =
∂

∂z
+
u

2

∂

∂u
. (4.55)

Clearly ξ1 and ξ2 commute, but the other Lie brackets are non-vanishing:

[ξ1, ξ3] = ξ1/2, (4.56)
[ξ2, ξ3] = −ξ2. (4.57)

Rescaling ξ1 7→ −ξ1, ξ2 7→ −ξ2 and ξ3 7→ 2ξ3 and comparing with [39] tells us
that this Lie algebra is Bianchi type VI with h = 2.

Kerr and Debney [12] showed that there is a unique algebraically special
vacuum metric with ρ ̸= 0; this metric first appeared in the paper by Robin-
son and Trautman [9] as an example of a type III metric. In the next section,
we will show that it is precisely this metric that we have found, using the
Cartan-Karlhede algorihtm.

5 A Cartan-Karlhede Classification and Equiv-
alence Problem

5.1 The General Type III Robinson-Trautman Metric
The general type III or more special Robinson-Trautman metric has the form
[11], in the coordinates u, r, ζ, ζ

g22 = −2∆L+ 2r∂uP

g12 = 1

g34 = −4
P 2

r2

where P = P (u, ζ, ζ), L = lnP and ∆ = 4P 2∂ζ∂ζ . The metric is also found
in [10] as equation (28.13), but with the coordinates rescaled, ζ 7→ ζ/2. The
field equations take the form of the constraint

∆∆P = 0. (5.1)
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This means

∂ζ∂ζ∆P = 0 ⇒

{
∂ζ∆P = a(u, ζ) ⇒ ∆P = A(u, ζ) + C(u, ζ)

∂ζ∆P = b(u, ζ) ⇒ ∆P = B(u, ζ) +D(u, ζ)
,

so clearly we can take ∆P = f(u, ζ) + f(u, ζ). The form of the Robinson-
Trautman metric is invariant under the transformation [10]

u 7→ G(u) r 7→ rG′ ζ 7→ g(ζ) P 7→ P |g′|/G′. (5.2)

A null tetrad for this metric is given in the coordinate basis9 by

la = (0, 1, 0, 0) (5.3a)
ma = (0, 0, 2P/r, 0) (5.3b)
ma = (0, 0, 0, 2P/r) (5.3c)
na = (1,−U − r∂uP, 0, 0) (5.3d)

and a calculation in this tetrad shows that

τ = 0 (5.4)

Ψ3 = −2P

r2
∂ζ∆P (5.5)

Ψ4 = −4

3
∂ζ
(
P 2∂uζL) +

4

r2
∂ζ
(
P 2∂ζ∆L)

)
(5.6)

Hence if ∂ζ∆P = 0 the spacetime is type N or conformally flat. (In the
latter case, the metric is therefore flat, since it is a vacuum solution with
zero cosmological constant.)

If the metric is type III, we see that the null tetrad is in the same class
as the tetrad we used for integration. If we do a gauge transformation to
Ψ3 ≡ 1, and choose this gauge for our class also, we can apply the equiv-
alence algorithm. Although our choice of tetrad is then different from the
standard choice in the literature [8, 32], the Cartan-Karlhede algorithm will
still determine equivalence correctly, since we have fixed the tetrad compo-
nents of the curvature and and the spin coefficients in the same way for both
metrics. The classification produced will however not be comparable to one
performed with the the standard form Ψi = δi3.

Collinson and French [11] used the NP formalism to find algebraically
special vacuum metrics with more than one Killing vector, among them some

9Since we are using complex coordinates, ma and ma are complex conjugates even
though their components are not; the basis vector ∂ζ is mapped by complex conjugation
to ∂ζ .
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Robinson-Trautman solutions. They found several cases, for each of which
the function L and the field equation (5.1) could be put in a standard form
using the transformations (5.2). To identify our class we search among the
type III cases for which there are two Killing vectors.

Now our class is defined by the requirement ρκ′ = −Ψ3, in the tetrad
with Ψi = 0, i ≤ 2, τ = 0. In the tetrad above, one finds

ρ = −r−1 (5.7)
κ′ = 2P∂uζL+ 2r−1P∂ζ∆L. (5.8)

so that we must have ∂uζL = 0. Examination of the standard forms given by
Collinson and French [11] shows that this is only possible in their case (i),
where, with

s = ζ + ζ (5.9)
L and the field equation take the forms

L = L(s) (5.10)
s = −4e2LL̈, (5.11)

the dot being differentiation with respect to s.
At zeroth order, the invariant

Ψ4 = −2r2L̇ (5.12)

is found. At first order, the invariant

(DΨ)30′ = r−3eL (5.13)

is found. Here (DΨ)AȦBCDE means the symmetric part of the covariant
derivative of ΨBCDE, and we use the notation described in (2.9) and (2.10)
for its dyad components. Since the spinor is symmetric, this is enough to
specify which quantity is meant. These two invariants will be functionally
dependent if

2L̇2 + 3L̈ = 0. (5.14)
This differential equation is readily solved resulting in

L(s) =
3

2
ln (s+ C) +D

where C and D are integration constants, or L(s) = C. The field equation
(5.11) excludes the second case and yields C = 0, D = − ln 6 so that

L(s) =
1

2
ln s

3

6
. (5.15)
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This particular metric then admits three Killing vectors, and it is known as
the unique algebraically special vacuum solution with exactly three Killing
vectors [12]; it is Bianchi type VI [10].

The full output from Classi is presented in an appendix.

5.2 Classifying the Found Metrics
In 3.6 we claimed that if involutive tables were found at first order, as for our
class of metrics, the Cartan-Karlhede algorithm would terminate at second
order. This claim can be verified using the computer algebra packages Sheep,
Classi and Reduce.

At zeroth order there is one Karlhede scalar, Ψ4 = F (x)/y2. The tetrad
is completely fixed up to a null rotation by Ψ3 = 1. At first order, there is
one new scalar, Re(DΨ30′) = xy3 and we can choose the null rotation so that
τ = 0, fixing the tetrad completely. At second order, all Karlhede scalars are
functions only of x and y, and so no new functionally independent scalar is
found. Since the tetrad was fixed, the algorithm terminates.

The full output from Classi is presented in an appendix.

5.3 Determining Equivalence
From the invariants (DΨ)30′ · (DΨ)41′ and Ψ4 we obtain the equations

4y2 = 4s/r2 (5.16)
F/y2 = −2r2L̇ (5.17)

where using the first equation in the second shows that x = x(s) and gives

F (x)

s
= −2L̇(s) (5.18)

From (DΨ)30′ we then obtain

x(s) = −2s−3/2eL(s). (5.19)

Clearly this cannot define a change of coordinates if L is given by (5.15).
One readily finds

dx

ds
= eL(s)(3s−5/2 − 2L̇s−3/2). (5.20)
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From (5.18) we can write the field equation,

e2LL̈ = e2L
(
−F

′

2s

dx

ds
+

F

2s2

)
= e3L

(
(L̇s−5/2 − 3

2
s−7/2

)
F ′ +

e2L

2s2
F

=
x3

8

(
3

2
s− L̇s2

)
F ′ +

x2

8
sF

=
x3

8

(
3

2
+
F

2

)
sF ′ +

x2

8
sF

= −s
4
.

Multiplying through by 16
s

gives precisely the ODE (4.26).

The singular case For our singular case, there is only one curvature in-
variant, Ψ4 = −3y−2. With L given by (5.15), we use (5.13) to obtain the
equation

y2 =
s

r2
(5.21)

which determines the coordinate change up to a sign. The invariants in DΨ
tell us that the correct sign is

y = −s
1/2

r
. (5.22)
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A Full Equations of the GHP formalism
All equations have primed versions.

Ricci Equations

ðρ− ð′σ = (ρ− ρ)τ + (ρ′ − ρ′)κ−Ψ1 + Φ01 (A.1a)
Þρ− ð′κ = ρ2 + σσ − κτ − τ ′κ+ Φ00 (A.1b)
Þσ − ðκ = σ(ρ+ ρ)− κ(τ + τ ′) + Ψ0 (A.1c)
þτ − þ′κ = ρ(τ − τ ′) + σ(τ − τ ′) + Ψ1 + Φ01 (A.1d)
ðτ − þ′σ = −ρ′σ − σ′ρ+ τ 2 + κκ′ + Φ02 (A.1e)
þ′ρ− ð′τ = ρρ′ + σσ′ − ττ ′ − κκ′ −Ψ2 − 2Λ (A.1f)

Bianchi Equations

ÞΨ1 − ð′Ψ0 − ÞΦ01 + ðΦ00

=− τ ′Ψ0 + 4ρΨ1 − 3κΨ2 + τ ′Φ00 (A.2a)
− 2ρΦ01 − 2σΦ01 + 2κΦ11 + κΦ02

ÞΨ2 − ð′Ψ1 − ð′Φ01 + Þ′Φ00 + 2þΛ
=σ′Ψ0 − 2τ ′Ψ1 + 3ρΨ2 − 2κΨ3 (A.2b)
+ ρ′Φ00 − 2τΦ01 − 2τΦ10 + 2ρΦ11 + σΦ02

ÞΨ3 − ð′Ψ2 − þ′Φ21 + ðΦ20 − 2ð′Λ

=2σ′Ψ1 − 3τ ′Ψ2 + 2ρΨ3 − κΨ4 (A.2c)
− 2ρ′Φ10 + 2τ ′Φ11 + τ ′Φ20 − 2ρΦ21 + κΦ22

ÞΨ4 − ð′Ψ3 − ð′Φ21 + þ′Φ20

=+ 3σ′Ψ2 − 4τ ′Ψ3 + 2ρΨ4 (A.2d)
− 2κ′Φ10 + 2σ′Φ11 + ρ′Φ20 − 2τΦ21 + σΦ22

The contracted Bianchi identities are

ÞΦ11 + Þ′Φ00 − ðΦ10 − ð′Φ01 + 3þΛ
=(ρ+ ρ′) + Φ00 + 2(ρ+ ρ)Φ11 − (τ ′ + 2τ)Φ01 (A.3a)
− (2τ + τ ′)Φ10 − κΦ12 − κΦ21 + σΦ20 + σΦ02

þΦ12 + þ′Φ01 − ðΦ11 − ð′Φ02 + 3ðΛ (A.3b)
=(ρ′ + 2ρ′)Φ01 + (2ρ+ ρ)Φ12 − (τ ′ + τ)Φ02 (A.3c)
− 2(τ + τ ′)Φ11 − κ′Φ00 − κΦ22 + σΦ21 + σ′Φ10 (A.3d)
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Commutators η is a weighted quantity with weights (p, q). When apply-
ing prime or complex conjugation or both to [Þ, ð], one must remember that
these operations change the weights of η. Quoting the GHP paper [1], “under
the prime p becomes −p and q becomes −q; under the bar, p becomes q and
q becomes p,; under both bar and prime p becomes −q and q becomes −p.”

[Þ,Þ′]η =[(τ − τ ′)ð+ (τ − τ ′)ð′

− p(κκ′ − ττ ′ +Ψ2 + Φ11 − Λ) (A.4a)
− q(κκ′ − ττ ′ +Ψ2 + Φ11 − Λ)]η

[Þ, ð]η =[ρð+ σð′ − τ ′þ − κþ′

− p(ρ′κ− τ ′σ +Ψ1) (A.4b)
− q(σ′κ′ − ρ′τ ′ + Φ01)]η

[ð, ð′] =[(ρ′ − ρ′)þ + (ρ− ρ)þ′

+ p(ρρ′ − σσ′ +Ψ2 − Φ11 − Λ) (A.4c)
− q(ρρ′ − σσ′ +Ψ2 − Φ11 − Λ)]η
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B The Cartan-Karlhede Algorithm in Brief
The equivalence problem in general relativity is: given the components of a
metric tensor gµν in the coordinate basis using coordinates (x0, x1, x2, x3),
and a the components of a metric tensor g̃µν in the coordinate basis using
coordinates (y0, y1, y2, y3), does there exist a change of coordinates such that
gµν transforms to g̃µν? Or more plainly stated, do gµν and g̃µν really describe
the same geometry?

The equivalence problem was in principle solved by Elie Cartan [40].
Cartan’s solution is to view the problem as a system of linear equations for
forms on the frame bundle. The consistuents of the system are the coordinate
differentials pulled back to the frame bundle, and the connection form on the
frame bundle. The necessary and sufficient conditions for such a system to
be solvable is formulated in terms of relations between the derivatives of the
forms involved. Since the exterior derivative of the connection form is related
to the curvature form, for the equivalence problem the condition is therefore
stated in terms of the curvature form on the frame bundle and its derivatives.
This is precisely looking at the problem in terms of frame components.

The zeroth order integrability condition is naturally that the equation

Ω(xµ, ξν) = Ω̃(yµ, ην) (B.1)

is solvable, where (xµ, ξν) and (yµ, ην) form bundle charts for the frame bun-
dle and Ω is the curvature 2-form on the frame bundle. But already at this
stage Cartan’s method is intractable since in 4 dimensions, the curvature
tensor has 20 independent components. Brans [41] suggested using standard
frames to make Cartan’s method more feasible. However, it was Karlhede
[8] who gave the first practical method.

The Cartan-Karlhede algorithm is as follows.

1. Let p = 0 and choose any frame.

2. Calculate the frame components of ∇pR whereR is the Riemann tensor.

3. Let Rp be all components calculated so far and n the number of func-
tionally independent elements in Rp.

4. Determine a standard form for R and the subgroup of SO(1, 3) that
leaves this form invariant, and its dimension d. Change to a frame
where Rp has the standard form.

5. If neither d or n have changed since the last iteration, return Rp, oth-
erwise set p := p+ 1 and go to step 2.

54



The set Rp is an invariant classification of the geometry. For two metrics
to be equivalent, it is necessary and sufficient that Rp = R̃p is solvable as
algebraic equations, treating either set of coordinates as known and the other
as the unknowns. It may be possible to directly conclude that two metrics are
not equivalent, for example if the algorithm terminates at different orders, or
the number of functionally independent coordinates at each step is different,
but it may also happen that a particular component vanishes identically for
one metric but not for the other.

Step 4 in the algorithm is somewhat vaguely formulated. What is a
“standard form”? The algorithm does not care, as long as any tensor can
be put into some standard form. Since the Ricci spinor, the curvature scalar
and the Weyl spinor together are equivalent to the Riemann tensor, one can
calculate Rp using their dyad components. Then there exist known standard
forms for these spinors and algorithms to determine which type a given spinor
belongs to [32].

Karlhede describes the method as a “maximally generalized Petrov clas-
sification”. The Petrov classification classifies metrics based on one part of
the Riemann tensor. The Cartan-Karlhede classification does the same, but
looks at the whole Riemann tensor and also its derivatives. The set of invari-
ants found is sufficient to uniquely identify a metric, and so the classification
is maximally generalized.

Finally, we comment on the number of derivatives needed in the algo-
rithm. In n dimensions there are at most n functionally independent invari-
ants and the semi-orthogonal group has dimension n(n−1)

2
. At each step, at

worst either exactly one new independent invariant is found or the dimension
of the invariance group decreases by one. Therefore the algorithm terminates
after at most n(n+1)

2
iterations, and this bound was known to Cartan [40].

It is known that information may be found at different stages depending
on how one fixes the tetrad, but also that the order where the algorithm
terminates is independent of the choice of tetrad. This can be understood
from Cartan’s original formulation, which does not consider fixing tetrads.
Therefore it makes sense to talk about the number of derivatives needed to
classify a metric as an intrinsic property.

In dimension 4 Karlhede [8] improved Cartan’s bound to 7. It was un-
known for a long time if there actually were any metrics that required the
seventh derivative. In 1990, no metrics requiring the fourth derivative were
known [35]; the first known case was a subclass of the conformally flat pure
radiation metrics, classified by Koutras in 1992 [42]. In 2000, Skea [43] found
a metric requiring the fifth derivative. The question was finally settled in
2008 when Milson and Pelavas [44] found a class of type N metrics requiring
seven derivatives.
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C Cartan-Karlhede Classification Results
One-parameter family
The Cartan-Karlhede algorithm for the metric (4.31) gives the following in-
formation. The metric is a vacuum solution, with

Ψ3 = 1 (C.1a)
Ψ4 = Fy−2 (C.1b)

and so is of Petrov type III. We can use ReΨ4 = Ψ4 as a curvature invariant.
We have d(Ψ4) = y−2F,x dx− 2y−3F dy which can never be 0, since the ODE
F solves does not allow F and F,x to both vanish.

Proceeding to DΨ, the non-vanishing components are

(DΨ)30̇ = 2xy3 (C.2a)
(DΨ)40̇ = 2xyF (C.2b)
(DΨ)41̇ = 2x−1y−1 (C.2c)
(DΨ)50̇ = 2xy−1F 2 − 2x−1y−1 (C.2d)
(DΨ)51̇ = 2x−1y−3F − 4x−1y−3 (C.2e)

and clearly (DΨ)30̇ and Ψ4 are functionally independent and form a maximal
functionally independent set at this stage.

Proceeding to D2Ψ, the non-vanishing components are

(D2Ψ)30̇ = 6x2y6 (C.3a)
(D2Ψ)40̇ = 6Fx2y4 (C.3b)

(D2Ψ)41̇ =
1

6
Fx3y2F,x +

1

3
Fx2y2 +

1

2
x3y2F,x +

20

3
y2 (C.3c)

(D2Ψ)42̇ = −2 (C.3d)

(D2Ψ)50̇ = 6F 2x2y2 +
5

6
Fx3y2F,x +

5

3
Fx2y2 +

5

2
x3y2F,x −

8

3
y2 (C.3e)

(D2Ψ)51̇ =
1

6
F 2x3F,x +

1

3
F 2x2 +

1

2
Fx3F,x +

20

3
F − 7 (C.3f)

(D2Ψ)52̇ =
1

6
Fxy−2F,x −

5

3
Fy−2 +

1

2
xy−2F,x + 2

0

3
x−2y−2 (C.3g)

(D2Ψ)60̇ = 6F 3x2 + 2F 2x3F,x + 4F 2x2 + 6Fx3F,x − 4F + 2 (C.3h)

(D2Ψ)61̇ = 6F 2y−2 +
1

2
Fxy−2F,x − 9Fy−2 +

3

2
xy−2F,x − 4x−2y−2 (C.3i)

(D2Ψ)62̇ = −2F 2y−4 + 6Fx−2y−4 − 20x−2y−4 (C.3j)

and there cannot be any new independent scalars. The algorithm terminates.
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The singular case
For the singular case with the metric (4.48) we find at zeroth order

Ψ3 = 1 (C.4a)
Ψ4 = −3y−2 (C.4b)

and at first order

(DΨ)30̇ =

(
2

3

)3/2

y3 (C.5a)

(DΨ)40̇ = −23/231/2y (C.5b)
(DΨ)41̇ = 61/2y−1 (C.5c)
(DΨ)50̇ = 5 · 61/2y−1 (C.5d)
(DΨ)51̇ = −5 · 61/2y−3 (C.5e)

(C.5f)

which are obviously functionally dependent.
It appears that the algorithm would terminate, but this is mistaken for a

subtle reason. If this metric were classified in the standard tetrad, Ψi = δi3,
there would be no functionally independent scalars at zeroth order, so the
algorithm would need two iterations: first order to find the coordinate y,
second order to confirm that no more independent curvature invariants can
be found.

To find this metric we used a tetrad where Ψ0 = Ψ1 = Ψ2 = 0,Ψ3 = 1
and Ψ4 unspecified, and τ = 0. At zeroth order in the algorithm, we can only
be sure that the conditions on Ψi are fulfilled, and there is still the freedom
of a null rotation. Only at first order do we have the possibility to guarantee
τ = 0. Thus the number of independent scalars has not increased, but the
tetrad freedom has been decreased to the trivial group, and so we must go
to second order, where the algorithm terminates.

Type III case (i) according to Collinson and French
In the coordinates u, r, ζ, ζ the metric is

gµν =


0 1 0 0

1 2(ζ + ζ) 0 0
0 0 0 −4r2e2L

0 0 −4r2e2L 0

 (C.6)

where L = L(s) = L(ζ + ζ).
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Again, we find that these are vacuum metrics and of type III with

Ψ3 = 1 (C.7a)
Ψ4 = −2r2L,s (C.7b)

and we can again take Ψ4 as a curvature invariant.
For DΨ, Classi finds

(DΨ)30̇ = −4r−3eL (C.8a)
(DΨ)40̇ = 8r−1eLL,s (C.8b)
(DΨ)41̇ = −rse−L (C.8c)
(DΨ)50̇ = rse−L − 16reL(L,s)

2 (C.8d)
(DΨ)51̇ = 2r3se−LL,s + 2r3e−L (C.8e)

and from this set one can take (DΨ)30̇ as a second curvature invariant. The
two invariants will be functionally independent if

2eL(L,s)
2 + 3eLL,ss ̸= 0 (C.9)

and if they are independent, they are a maximal independent set.
Proceeding to D2Ψ, we obtain

(D2Ψ)30̇ = 24r−6e2L (C.10a)
(D2Ψ)40̇ = −48r−4e2LL,s (C.10b)
(D2Ψ)41̇ = 6r−2s (C.10c)
(D2Ψ)42̇ = −2 (C.10d)
(D2Ψ)50̇ = −6r−2s+ 96r−2e2L(L,s)

2 (C.10e)
(D2Ψ)51̇ = −12sL,s − 7 (C.10f)

(D2Ψ)52̇ =
3

2
r2s2e−2L + 4r2L,s (C.10g)

(D2Ψ)60̇ = 24sL,s − 192e2L(L,s)
3 + 2 (C.10h)

(D2Ψ)61̇ = −3

2
r2s2e−2L + 24r2ζ(L,s)

2 (C.10i)

(D2Ψ)62̇ = −3r4s2e−2LL,s − 5r4ζe−2L (C.10j)

from which no new invariants can be constructed. The algorithm terminates.
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