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Abstract 

This paper studies the interaction between economic and environmental performance. 

Applying the directional output distance function approach, the purpose is to compare 

estimates of Luenberger total factor productivity indicators, including and excluding bad 

outputs. Specifically, based on unique firm level data from Swedish manufacturing covering 

the period 1990 to 2008, we explore to what extent excluding bad outputs leads to erroneous 

productivity measurement. The main conclusion is that bad outputs should not only be 

included in the estimations, but also reduction in bad outputs should be credited. From this 

point of view the directional output distance function approach and the Luenberger indicator 

serves as an appropriate basis of productivity measurement. 

Keywords: Swedish manufacturing, Luenberger indicator, emissions, productivity. 

JEL-codes: D24, Q01, Q53.  
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1. Introduction 

Concerns about whether continual economic growth is consistent with a sustainable society 

are increasing. In this context three pillars of society have been identified politically; 

economic, environmental, and social sustainability. To provide policy relevant measures on 

firm performance as, e.g., total factor productivity measures, it then becomes vital to also 

account for negative effects of by-products in production.  

 

Addressing the interaction between economic and environmental firm performance, the main 

purpose of this paper is to compare total factor productivity estimates, including and 

excluding bad outputs. Specifically, based on unique firm level data from Swedish 

manufacturing covering the period 1990 to 2008, we explore if excluding bad outputs 

potentially may lead to growth accounting errors. The methodological framework is based on 

the productive efficiency approach, specifically the directional output distance function 

approach with the benefit of price data not being required.2

 

 

An advantageous feature of the directional output distance function is that it allows for 

modeling joint production of good and bad outputs, crediting firms for increasing good 

outputs and reducing bad outputs (decoupling). Considering both economic and 

environmental firm performance, Chung et al. (1997) developed and applied the Malmquist-

Luenberger (ML) total factor productivity index composed of ratios of directional output 

distance functions. Other studies putting the ML index into practice are, e.g., Jeon and Sickles 

(2004), Yöruk and Zaim (2005), Kumar (2006), and Yu et al. (2008). 

  

Färe et al. (2001), and Weber and Domazlicky (2001) compare two different ML productivity 

indexes, including and excluding bad outputs. They find that excluding bad outputs from the 

computations results in understatement of total factor productivity growth. Therefore, 

ignoring emissions from firms’ production may seriously bias productivity growth 

downwards.3

                                                            
2 For an introduction to directional distance functions see, e.g., Färe and Grosskopf (2003). 

 However, in contrast to Färe et al. (2001) and Weber and Domazlicky (2001), 

we apply the output-oriented Luenberger total factor productivity indicator introduced by 

Chambers (1996).  

3 This understatement results from emissions being reduced and the fact that reducing emissions divert input 
resources from production of the marketed good output. 
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In the case of the Luenberger total factor productivity indicator the productivity measure is 

constructed in terms of differences between directional output distance functions rather than 

ratios. To our knowledge, this particular difference approach has never been applied to 

address the question whether excluding bad outputs biases productivity growth accounting. 

Also, following Chambers et al. (1996), we additively decompose the Luenberger indicator 

into technical change and efficiency change. The Luenberger indicator and its components 

can be added over firms, aggregating firm indicators up to an industry indicator. To facilitate 

aggregation we also choose, for all observations, a common direction of expanding and 

contracting good and bad outputs, respectively. To calculate productivity and its components 

we apply an activity analysis, or Data Envelopment Analysis (DEA) approach. 

 

We calculate three different productivity indicators. The first two include bad outputs in the 

production technology, the third does not. Of the two models that include bad output, the first 

model gives credit to firms that both expands good output and contract the bad. The second 

model only credits good output, which also counts for the third model where bad output is 

excluded. 

 

The paper is structured as follows. In Section 2 we introduce the Luenberger indicator. 

Section 3 presents the Data Envelopement Analysis (DEA) framework. Section 4 and 5 

contain data and results. Section 6 concludes. 

 

2. The directional output distance function and Luenberger productivity indicator 

To model production technology with jointly produced good and bad outputs, the directional 

output distance function is employed. Serving as a measure of technical inefficiency this 

function gives the maximum expansion of good outputs and contraction of bad outputs, given 

inputs. It is dual to the revenue function, with positive prices on good outputs and negative 

prices on bad outputs. 

 

Denote inputs by Nx +ℜ∈ , good outputs by My +ℜ∈ , and undesirable, or bad, outputs by 

Ju +ℜ∈ . As production technology is modeled by the directional output distance function, the 

technology is here represented by its output sets 

 

( ) ( ) ( ){ }uyxuyxP , producecan  :,=     (1) 
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which are assumed closed and bounded (compact) with inputs being strongly disposable, i.e., 

 

xx ≥′  ⇒  ( ) ( )xPxP ≥′ . 

 

In addition we assume that good and bad outputs are nulljoint, i.e.,4

 

 

if ( ) ( )xPuy ∈,  and 0=u  then 0=y  

 

which tells us that good outputs cannot be produced without producing bad outputs, i.e., no 

fire without smoke. In order to model the idea of abatement diverting resources from 

production of good outputs, we also assume that good and bad outputs are together weakly 

disposable, i.e.,5

 

 

if ( ) ( )xPuy ∈,  and 10 ≤< θ  then ( ) ( )xPuy ∈θθ , . 

Additionally to the weak disposability condition we assume that good outputs are strongly 

disposable, i.e.,  

 

if ( ) ( )xPuy ∈,  and yy ≤′  then ( ) ( )xPuy ∈′,  

which says that a good output can be reduced freely without reducing any other output.  

 

The Luenberger productivity indicator including bad output 

Letting ),( uy ggg −=  be a directional vector describing how a ),( uy  vector is projected onto 

the frontier of the output set, the directional output distance function is defined on )(xP  as6

 

 

( ) ( ) ( ){ }xPgugygguyxD uyuyO ∈⋅−⋅+=− βββ ,:max,;,,


.  (2) 

 

The directional output distance function simultaneously expands good outputs and contracts 

bad outputs. For efficient output vectors on the boundary of  )(xP  the function takes the 

                                                            
4 This assumption can be justified using thermodynamics, see Färe et al. (2011). 
5 This assumption is being challenged by Førsund (2009). 
6 This is a special case of the shortage function, see Luenberger (1995). 
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value of zero and for inefficient vectors, positive values. The more inefficient the output 

vector the higher the value of the distance function.  

 

The Luenberger productivity indicator, introduced by Chambers (1996), consists of 

differences between directional distance functions, and compares firm performance in 

adjacent periods t , and 1+t , i.e.,7

 

 

( ) ( ) ( )[ uy
tttt

Ouy
tttt

Ouy
t
t gguyxDgguyxDgguyxL −−−= ++++++ ,;,,,;,,

2
1,;,, 111111



 (3) 

                              ( ) ( )]uy
tttt

Ouy
tttt

O gguyxDgguyxD −−−+ +++ ,;,,,;,, 111


. 

 

Specifically, 1+t
OD


 means that the reference technology is constructed from period 1+t  data, 

and the input and output vectors ),,( τττ uyx , 1, += ttτ , are then compared to that 

technology. The same holds for the reference technology t
OD


. If there is no change in inputs 

and outputs between periods t  and 1+t there is no productivity change and 0)(1 =⋅+t
tL . 

Productivity regress or growth is then indicated by 0)(1 <⋅+t
tL  and 0)(1 >⋅+t

tL , respectively. 

 

As shown in Chambers et al. (1996), the Luenberger productivity indicator can be 

decomposed additively into an efficiency component, 1+t
tLECH , and a technical change 

component, 1+t
tLTCH , where explicitly   

 

( ) ( )uy
tttt

Ouy
tttt

O
t
t gguyxDgguyxDLECH −−−= +++++ ,;,,,;,, 11111



  (4) 

 

and 

 

( ) ( )[ uy
tttt

Ouy
tttt

O
t
t gguyxDgguyxDLTCH −−−= ++++++++ ,;,,,;,,

2
1 11111111



 (5) 

( ) ( )1 , , ; , , , ; , .t t t t t t t t
O y u O y uD x y u g g D x y u g g+ + − − − 
 

 

 

                                                            
7 See Färe and Grosskopf (2003) for a detailed derivation of the indicator. 
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1+t
tLECH  measures the change in distance to the frontier of )(xP  between periods, and  

1+t
tLTCH  measures shifts in the production possibilities frontier. If there is no change in 

efficiency or the technology the components in expressions (4) and (5) take the value of zero. 

Depending on negative or positive development these components take values less than zero 

and values that exceed zero, respectively. 

 

In the above model, Equations (1) to (5), the production of bad outputs has been taken into 

account explicitly. In this paper we calculate two different productivity indicators based on 

this model. First, assuming the directional vector )1,1( −=−== uy ggg , a productivity 

indicator is calculated given that the distance function simultaneously expands good output 

and contracts bad outputs. The other indicator is calculated assuming the directional vector 

)0,1( =−== uy ggg , which means that only good output is expanded, but bad outputs are 

held constant instead of being contracted.  

 

However, the main purpose of this paper is to compare performance estimates, including and 

excluding bad outputs. 

 

The Luenberger productivity indicator excluding bad output 

Excluding bad outputs the directional output distance function is defined on the output 

possibilities set  

 

( ) { }y  producecan  :ˆ xyxP =     (6) 

 

as  

 

( ) ( ) ( ){ }xPgygyxD yyO
ˆ:max;, ∈⋅+= ββ



.   (7) 

 

In this case, the Luenberger productivity indicator is defined as 

 

( ) ( ) ( )[ y
ttt

Oy
ttt

Oy
t
t gyxDgyxDgyxL ;,;,

2
1;,ˆ 11111 +++++ −=



   (8) 

                            ( ) ( )]y
ttt

Oy
ttt

O gyxDgyxD ;,;, 11 ++−+


. 
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with the decomposition 

 

( ) 111 ˆˆ;,ˆ +++ += t
t

t
ty

t
t TCHLECHLgyxL .    (9) 

 

Hence, the model described by Equations (6) to (9) is similar to the model described by 

Equations (1) to (5), with the exception of excluding bad outputs. In this particular case the 

directional vector is )1( == ygg . 

 

3. The DEA Formulations 

To estimate our three Luenberger productivity indicators, including and excluding bad 

outputs, and compare them and their components, we use non-parametric linear programming 

(LP) techniques. Specifically we use data envelopment analysis (DEA) or activity analysis 

models. For each productivity indicator, four maximization problems need to be solved; two 

for within-period distance functions and two for mixed-period distance functions.  

 

Model I: Including bad outputs with good output expanded and bad output contracted 

Assuming the directional vector )1,1(),( −=−= uy ggg , credit is given to simultaneous 

expansion of good outputs and contraction of bad outputs in productivity measurement. In this 

case the maximization problem for the mixed-period distance function, )(1 tDt
O
+



, is, for 

),,( kkk uyx , Kk ,...,1=  observations,8

 

  

( ) βmax1,1;,,1 =−′′′+ tktktkt
O uyxD


    (11) 

 

s.t 

 

11

1

1 ⋅+≥ ′
+

=

+∑ βt
mk

t
km

K

k

t
k yyz , Mm ,...,1=  11

1

1 ⋅−= ′
+

=

+∑ βt
jk

t
kj

K

k

t
k uuz , Jj ,...,1=  

                                                            
8 Commonly studies assume the directional vector ),( uyg −=  (e.g., Chung et al., 1997; Färe et al., 2001; 
Weber and Domazlicky, 2001). However, we assume )1,1( −=g  to facilitate aggregating firm indicators up to 
an industry indicator (see, e.g., Färe and Grosskopf, 2003). 



8 
 

t
nk

t
kn

K

k

t
k xxz ′

+

=

+ ≤∑ 1

1

1 , Nn ,...,1= . 01 ≥+t
kz   Kk ,...,1= .  

Weak disposability is imposed by the good output inequalities and the bad outputs’ equality. 

Constant returns to scale holds since the intensity variables, kz , Kk ,...,1= , are just required 

to be nonnegative. Nulljointness holds when, 

 

0
1

>∑
=

J

j
kju , Kk ,...,1= ,  and  0

1
>∑

=

K

k
kju , Jj ,...,1=  

 

and our data show this. Similarly, as for the )(1 tDt
O
+  case in Equation (11), maximization 

problems for )1(1 ++ tDt
O , )1( +tDt

O , and  )(tDt
O  are solved. 

 

Model II: Including bad outputs with only good output expanded 

Assuming the directional vector )0,1(),( =−= uy ggg  Model II is calculated like in Equation 

(11), with the difference that the bad output restrictions become 

 

t
jk

t
kj

K

k

t
k uuz ′

+

=

+ =∑ 1

1

1 . Jj ,...,1=  

  

The only difference compared to Model I is explicitly that bad outputs now are not scaled by 

𝛽 and, therefore, credit is only given to expansion of good outputs. In other word, it is 

assumed that technically efficient levels of bad outputs are already produced. However, bad 

outputs are still assumed weakly disposable together with good outputs.  

 

Model III: Excluding bad outputs 

Only giving credit to good output expansion by fully excluding bad outputs from the 

production technology, the maximization problem for the mixed-period distance function,  

 

)(1 tDt
O
+



, is 

 

( ) βmax1;,1 =′′+ tktkt
O yxD


     (12) 
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s.t 

 

11

1

1 ⋅+≥ ′
+

=

+∑ βt
mk

t
km

K

k

t
k yyz , Mm ,...,1= t

nk
t
kn

K

k

t
k xxz ′

+

=

+ ≤∑ 1

1

1 , Nn ,...,1= 01 ≥+t
kz

  Kk ,...,1=  

Note that by excluding bad outputs from the production technology bads are implicitly 

assumed to be freely disposable (Färe et al., 2001), which constitute the main difference 

compared to Modell II where bads are assumed weakly disposable together with good 

outputs. 

 

In general, the g  vector has units of measurement. To avoid this, we follow Shephard (1970, 

p. 124) and normalize the variables. That is, the variables in estimations are n
t
kn xx , 

Nn ,...,1= , m
t
km yy , Mm ,...,1= , and j

t
kj uu , Jj ,...,1= , where the “bar” denotes the mean 

of the variable. Units of measurement are particularly a problem in Model I with the 

directional vector, )1,1(),( −== uy ggg  , scaling both good and bad outputs. To be consistent, 

and for the purpose of comparing the outcomes of the different models, we also make the 

normalization when estimating the second and third models.9

 

 

4. Data 

We use firm level data on Swedish manufacturing including firms from 12 different sectors, 

covering the period 1990 to 2008. Within the field of productive efficiency, and for the 

purpose of our study, the data are uniquely detailed and extensive containing firm level data 

on output and input in production, together with emissions of various air pollutants. All data 

comes from a unique data selection especially compiled by Statistics Sweden (www.scb.se) 

for this specific project. 

 

The technology modeled in this study consists of one good output index10

                                                            
9 Also, normalization improves the estimation results in terms of fewer infeasible solutions. 

 - derived from sales 

value (kSEK) in 1990 SEK - and three bad outputs (ton), carbon dioxide (CO2), sulfur dioxide 

10 Sales (a price vector multiplied by an output vector at the firm level) are divided by a sector level producer 
price index to proxy output. 

http://www.scb.se/�
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(SO2), and nitrogen oxide (NOx). Inputs are capital stock11 (MSEK), the number of 

employees, fossil fuels (MWh) and non-fossil fuels (MWh). Bad outputs are aggregated into 

an index (BOI), defined as the weighted mean of CO2, SO2, and NOx.12

 

 Table 1a-b 

summarizes the data over the period studied. 

Table 1a: Swedish manufacturing data, firm level. Descriptive statistics, mean values 1990-
2008 (base = 1990).  
 NOBS Capital Workers Fossil 

Fuel 
Renew. 

Fuel 
Output CO2 SO2 NOx 

  (MSEK)  (MWh) (MWh) (index) (ton) (ton) (ton) 
Mining 476 430 278 66084 104400 445 20314 25.4 113 
  (1552) (742) (243002) (345164) (1251) (75172) (98.9) (497.4) 
Food 4311 101 202 12255 10029 394 2994 2.1 2.7 
  (298) (507) (56248) (28511) (1032) (13909) (13.6) (14.2) 
Wood 4499 46 79 1157 18701 154 313 1.2 3.8 
  (128) (160) (5769) (47445) (343) (1578) (3.6) (9.7) 
Pulp/Paper 1617 595 427 68154 292817 899 18356 29.1 39.1 
  (1158) (777) (131291) (660298) (1669) (35715) (63.1) (82.1) 
Chemical 1818 275 250 26119 47132 524 6723 7.5 6.7 
  (1231) (793) (100354) (147489) (1932) (27388) (45.5) (31.9) 
Rubber/Plastic 2069 42 101 2215 5346 115 540 0.3 0.5 
  (94) (192) (6382) (10060) (230) (1452) (1.1) (1.8) 
Stone/Mineral 1869 58 142 37922 10362 159 11346 6.7 21.7 
  (108) (216) (174896) (35729) (242) (56752) (30) (149.9) 
Iron/Steel 566 211 328 35418 104864 747 8735 3.6 8.3 
  (507) (618) (115753) (318757) (1573) (28664) (13.7) (27.7) 
Metal 2972 10 42 581 1421 29 148 0.1 0.1 
  (17) (135) (2042) (4105) (58) (509) (0.2) (0.5) 
Machinery 6201 43 166 1459 4553 213 368 0.2 0.3 
  (128) (404) (6160) (14401) (693) (1364) (0.9) (1.2) 
Electro 2211 68 324 1477 5143 868 393 0.3 0.3 
  (293) (1399) (5195) (16379) (6976) (1540) (3.6) (1.7) 
Vehicles 2035 385 562 6921 17191 1264 1873 2.4 1.8 
  (1832) (2097) (28908) (65268) (6316) (8256) (16.7) (9) 
Note: standard errors within parenthesis. 

Table 1b: Swedish manufacturing industry data. Mean annual growth rates 1990-2008 
(base=1990) 
 Capital Workers Fossil Fuel non-fossil Fuel Output CO2 SO2 NOx BOI 

Mining 0.1050 -0.0161 0.0473 0.0324 0.0141 0.0511 0.0340 0.0333 0.0512 
Food 0.0521 -0.0184 -0.0278 0.0122 0.0061 -0.0321 -0.0775 -0.0297 -0.0321 
Wood 0.0573 0.0054 -0.0025 0.1692 0.0465 -0.0041 0.0995 0.4186 -0.0041 
Pulp/paper 0.0390 -0.0283 0.0236 0.0416 0.0128 0.0215 0.0156 0.0486 0.0215 
Chemical 0.1361 0.0282 0.1033 0.0217 0.0584 0.1084 0.1228 0.1665 0.1084 
Rubber/plastic 0.0442 -0.0127 0.0207 0.0352 0.0165 0.0150 -0.0792 0.0353 0.0151 
Stone/mineral 0.0362 -0.0159 -0.0049 0.0098 0.0116 -0.0053 -0.0166 -0.0077 -0.0053 

                                                            
11 The capital stock is calculated by using gross investment data and the perpetual inventory method. Starting 
values in 1990 are created assuming that the capital stock is in steady state so that capital equals investment 
divided by depreciation rate (set to 0.08). 
12 We first tried to handle the three bad outputs separately in the estimations.  However, this resulted in too 
many infeasible solutions. 
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Iron/steel 0.0475 -0.0198 0.0954 0.0215 -0.0009 0.0957 0.1769 0.1133 0.0957 
Metal 0.1341 0.1425 0.1448 0.1523 0.1386 0.1330 0.0548 0.1630 0.1330 
Machinery 0.0533 -0.0072 -0.0266 0.0157 0.0453 -0.0318 -0.0930 -0.0294 -0.0318 
Electro 0.0163 -0.0024 -0.0366 -0.0086 0.2242 -0.0417 -0.0939 -0.0518 -0.0416 
Vehicles 0.0775 -0.0054 -0.0306 0.0157 0.0687 -0.0292 -0.0237 -0.0252 -0.0292 
Industry 0.0550 -0.0149 0.0013 0.0355 0.0345 0.0002 -0.0051 0.0225 0.0002 
 

Table 1b show that output has grown by 3.45 percent per year at industry level while 
emissions are practically unchanged. However, there is considerable variation across 
individual sectors with examples of both relative and absolute decoupling. In illustration 1 we 
plot the emission intensity over time for the whole industry and it shows a considerable 
improvement in the period studied. This general pattern is in line with findings in Brännlund 
et al. (2011) where a similar data set of Swedish manufacturing was studied (1990-2004) but 
with only one bad output (CO2) included in the performance index. 

Illustration 1. Emission intensity (BOI/Output) development, industry 1990-2008. 

 

 
Results 

Average annual productivity growth in sectors and aggregated industry 

The main purpose of this paper is to answer the question whether bad outputs should be 
included or not when estimating firms’ productivity performance. For that purpose we 
compare computed productivity change scores generated by three different models, including 
and excluding bad outputs (BOI). Table 2 below presents productivity measurements 
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decomposed into efficiency change and technological change for all sectors and for the 
aggregated industry.  

Table 2: Productivity growth*, efficiency change*, and technical change* of sectors (mean values 
1990-2008): including and excluding bad outputs (BOI).** 

 Model I 
including BOI 

g = (1, -1) 

 Model II  
including BOI 

g = (1, 0) 

 Model III  
excluding BOI 

g = (1) 
 PC EC TC  PC EC TC  PC EC TC 
Mining -0.014 0.015 -0.029  0.004 0.166 -0.163  0.011 0.010 0.001 
Food -0.002 -0.001 -0.001  -0.019 -0.012 -0.007  -0.032 -0.014 -0.017 
Wood 0.019 0.022 -0.003  -0.003 0.040 -0.043  0.000 0.031 -0.031 
Pulp/paper 0.014 -0.006 0.020  0.003 -0.006 0.010  0.021 -0.007 0.028 
Chemical 0.003 -0.015 0.018  -0.029 -0.049 0.020  -0.028 -0.053 0.025 
Rubber/plastic 0.014 0.012 0.002  -0.043 -0.070 0.027  -0.030 -0.041 0.011 
Stone/mineral 0.012 0.045 -0.034  -0.005 -0.001 -0.004  0.016 0.011 0.005 
Iron/steel 0.030 0.050 -0.019  0.037 0.124 -0.087  -0.026 0.078 -0.103 
Metal 0.022 0.046 0.008  -0.161 -0.108 -0.052  -0.163 -0.159 -0.004 
Machinery 0.023 -0.003 0.026  0.027 -0.094 0.121  0.033 -0.101 0.133 
Electro 0.050 -0.155 0.205  0.061 -0.086 0.147  0.065 -0.097 0.162 
Vehicles 0.044 -0.028 0.072  0.086 0.021 0.065  0.081 -0.001 0.082 
Industry 0.018 -0.002 0.022  -0.003 -0.006 0.003  -0.004 -0.029 0.024 
* Changes are relative to the observed output value. i.e. divide β by observed outputs for each firm 
** PC = productivity change, EC = efficiency change, TC = technical change. 
 

In the case of including bad outputs, crediting both expansion of good outputs and contraction 

of bad outputs (Model I), all sectors except Mining and Food show a positive development of 

productivity measured as annual means. For the industry as a whole development is on 

average 1.7 percent during 1990 – 2008, and stems mainly from technological change. The 

most positive development occurred in Electro, on average 5 percent annually. In the case of 

including bad outputs, but only crediting expansion of good outputs (Model II), productivity 

change becomes negative for the industry as a whole, averaging -0.3 percent. Sectors showing 

negative growth rates are now Food, Wood, Chemical, Rubber and plastic, Stone and mineral, 

and Metal. The Vehicles sector now shows the most positive development, 8.6 percent, 

followed by the Electro sector, 6.1 percent. 

 

Model III, excluding bad outputs entirely, also shows poorer productivity development in 

comparison with the results showed by Model I. The productivity level for the aggregated 

industry now becomes nearly unchanged during the period in study, as the development is on 

average only 0.2 percent. The reason is that the positive technological change is neutralized 

by a negative efficiency change. At sector level results do not show an obvious pattern and 

quite a few sectors generate negative productivity rates – Food, Chemical, Rubber and plastic, 



13 
 

and Metal. Again, the most positive growth rates occur in the Vehicles and Electro sectors, 

8.1 and 6.5 percent, respectively. 

 

Models II and III showing poorer productivity development is in line with findings in Färe et 

al. (2001), and Weber and Domazlicky (2001). These models, not crediting emission 

reductions in productivity measurement, are expected to generate poorer productivity change 

scores if firms in reality have diverted resources from production of good outputs to reduction 

of emissions. 

 

In Figure 1 the industry’s accumulated development of productivity and its components are 

displayed for the period 1990 to 2008.13

 

 Here we visually see the difference between crediting 

and not crediting reduction of bad outputs in productivity measurement. It is also clear that 

Models II and III, not crediting reduction of bad outputs, produce quite similar pattern of 

development, though on different levels. The difference should mainly be due to bad and 

good outputs being treated as together weakly disposable in Model II, and bad outputs as 

freely disposable in Model III by being excluded from the production technology. 

It is also clear that productivity change mainly comes from technology change. 

Figure 1. Models I – III; productivity, efficiency, and technical change in Swedish 
manufacturing during 1990 - 2008 

 

                                                            
13 In Appendix A we present productivity plots for all individual sectors. 
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The results presented above visually indicate that different directional vectors, and including 

and excluding bad outputs, in productivity measurement generate different levels of 

productivity change scores. However, whether this is actually the case needs to be tested 

formally.  

 

Formally testing for differences between models 

To test for differences in computed productivity levels between models we perform two 

different tests – Wilcoxon and kernel density tests.  

 

Wilcoxon test 

To test whether there are any differences between productivity, technological, and efficiency 

change scores generated by different models, we use the Wilcoxon test. In our particular case 
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the test is used to test for differences between paired scores for each decision making unit 

(DMU). The null hypothesis is that the median difference between pair of observations is 

zero. If the p-value of the test is small (say less than 0.05) the null hypothesis is rejected, and 

it is concluded that scores generated from two different models have different ranks and 

accordingly are differing. 

 

Comparing Model I, including bad outputs and crediting reduction, and Model III, excluding 

bad outputs, we can conclude from the results in Table 3a that in all sectors but Iron/steel and 

Electro the productivity indexes have different ranks. This outcome suggests that for ten out 

of twelve sectors there is a difference in average productivity depending on whether bad 

output is included or not. Referring back to Table 2 and Figure 1, this suggests that the 

productivity change score is lower for the aggregated industry on average when excluding bad 

outputs from the production technology. To conclude, it does matter whether bads are 

included or not. However, looking at individual sectors this conclusion is not as obvious.  

 

Table 3a: The Wilcoxon test on Models I and III (H0: the two models generate scores with the 
same rank).* 
 PC EC TC 
Mining 7696 

(0.0217) 
6700 

(0.5593) 
6606 

(0.5726) 
Food 2155888 

(0.0000) 
1993477 
(0.0001) 

1852955 
(0.6654) 

Wood 1862874 
(0.0001) 

1957171 
(0.0000) 

1502800 
(0.0000) 

Pulp/paper 205288 
(0.0083) 

230360 
(0.7608) 

218024 
(0.2757) 

Chemical 295407 
(0.0005) 

300119 
(0.0000) 

240944 
(0.0234) 

Rubber/plastic 313480 
(0.0026) 

326040 
(0.0000) 

247838 
(0.0003) 

Stone/mineral 329523 
(0.0095) 

288403 
(0.1891) 

352523 
(0.0000) 

Iron/steel 19724 
(0.4998) 

15330 
(0.0076) 

22694 
(0.0033) 

Metal 637502 
(0.0000) 

559828 
(0.0009) 

541884 
(0.0259) 

Machinery 3925204 
(0.0000) 

4550778 
(0.0000) 

2309698 
(0.0000) 

Electro 352751 
(0.4046) 

425486 
(0.0000) 

255204 
(0.0000) 

Vehicles 420341 
(0.0003) 

446966 
(0.0000) 

306386 
(0.0000) 

Industry 85356778 
(0.0000) 

87266682 
(0.0000) 

68348869 
(0.0000) 

* numbers in parentheses are p-values. 
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The results of comparing Model I and II, crediting and not crediting reduction of bad outputs, 

respectively, are presented in Table 3b. 

 

Table 3b: The Wilcoxon test on Models I and II (H0: the two models generate scores with the same 
rank).* 

 PC EC TC 
Mining 7686 

(0.0226) 
6814 

(0.4350) 
6762 

(0.4899) 
Food 2127156 

(0.0000) 
1947544 
(0.0047) 

1921502 
(0.0343) 

Wood 1857440 
(0.0001) 

1880150 
(0.0000) 

1602767 
(0.0044) 

Pulp/paper 218466 
(0.2745) 

223795 
(0.6809) 

234858 
(0.4049) 

Chemical 294530 
(0.0006) 

294810 
(0.0002) 

244432 
(0.0577) 

Rubber/plastic 322787 
(0.0001) 

323911 
(0.0001) 

266638 
(0.0870) 

Stone/mineral 332642 
(0.0032) 

290725 
(0.2746) 

351857 
(0.0000) 

Iron/steel 22292 
(0.0085) 

17096 
(0.1848) 

22382 
(0.0069) 

Metal 597354 
(0.0000) 

479171 
(0.0699) 

642000 
(0.0000) 

Machinery 3883941 
(0.0000) 

4320252 
(0.0000) 

2630438 
(0.0000) 

Electro 360576 
(0.1183) 

387484 
(0.0001) 

297544 
(0.0001) 

Vehicles 405544 
(0.0175) 

412574 
(0.0032) 

336322 
(0.0016) 

Industry 84609363 
(0.0000) 

83215164 
(0.0000) 

73757600 
(0.0002) 

* numbers in parentheses are p-values. 
 

Generally the same conclusions can be made as in the case of comparing Model I and Model 

III. Recall the difference between Models II and III; in Model II bad outputs are included in 

the production technology and assumed weakly disposable together with good outputs. 

However, in Model III bad outputs are fully excluded and, therefore, implicitly assumed 

freely disposable. Taken together this indicates that, if firms in reality are diverting resources 

from production of good outputs to reduction of bad outputs in efforts to adjust to 

environmental policy, bad outputs should not only be included in productivity measurement, 

but credit should also be given to reduction of bad outputs. That is, among the three models, 

Model I should be used or otherwise productivity development is underestimated. This 

conclusion is further confirmed by the results of comparing Models II and III in Table 3c. 
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Table 3c: The Wilcoxon test on Models II and III (H0: the two models generate scores with 
the same rank).* 
 PC EC TC 
Mining 5488 

(0.3197) 
5911 

(0.9709) 
5674 

(0.5080) 
Food 1818127 

(0.9803) 
1832395 
(0.6681) 

1796394 
(0.4673) 

Wood 1642874 
(0.9453) 

1855500 
(0.0000) 

1435550 
(0.0000) 

Pulp/paper 203694 
(0.0412) 

230762 
(0.2476) 

189918 
(0.0001) 

Chemical 254440 
(0.8851) 

252537 
(0.8943) 

266860 
(0.3912) 

Rubber/plastic 270728 
(0.8780) 

280918 
(0.1639) 

256264 
(0.0317) 

Stone/mineral 224791 
(0.0000) 

258840 
(0.2645) 

267550 
(0.1051) 

Iron/steel 15794 
(0.0329) 

16531 
(0.0967) 

19790 
(0.4043) 

Metal 572976 
(0.0000) 

573660 
(0.0000) 

444186 
(0.0001) 

Machinery 3347522 
(0.2784) 

3717352 
(0.0000) 

2939152 
(0.0000) 

Electro 309364 
(0.0276) 

367818 
(0.0064) 

302061 
(0.0011) 

Vehicles 393182 
(0.0819) 

412452 
(0.0009) 

327914 
(0.0002) 

Industry 73607326 
(0.5051) 

78805136 
(0.0000) 

67907826 
(0.0000) 

* numbers in parentheses are p-values. 
 

Giving no credit to reduction of bad outputs it does not matter for productivity measurement 

whether bad outputs are included or not in the production technology (p-value is 0.5665). 

Crucial is to include bad outputs together with giving credit to firms that actually reduce bad 

outputs, as in Model I where the directional vector is )1,1(),( −=−= uy ggg . 

 

Kernel density bootstrap test 

As a complement to the Wilcoxon tests we further compare visually the estimated outcomes 

of Models I and III, by using kernel density plots. In addition, bootstrap hypothesis tests of 

equal densities and permutation test are performed (p-values presented in Kernel plot figures). 

A permutation test is a type of statistical significance test in which the distribution of the test 

statistic under the null hypothesis is obtained by calculating all possible values of the test 

statistic under rearrangements of the labels (the two different models in our case) on the 

observed data points (see e.g. Bowman and Azzalini, 1997).  In Figure 2 the Kernel density 

plots, along with p-values of the bootstrap tests, are presented (see Appendix B for individual 

sectors). 
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Figure 2.  Kernel densities for productivity change scores generated by Models I and III 
excluding and including bad outputs, respectively (H0 = equal distributions). 
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It is visually clear that the densities are quite different, and the bootstrap tests confirm this.14

 

 

Again, in the case of crediting reduction of bad outputs, it seems to matter whether they are 

included or not.  

5. Conclusions and discussion 

The main purpose of this paper has been to investigate whether bad outputs should be 

included or not in productivity measurement among firms. The methodological framework 

was based on the directional output distance function approach, which allows for modeling 

joint production of good and bad outputs. To explicitly compute total factor productivity and 

its components, efficiency change and technological change, we applied the Luenberger 

indicator constructed in terms of differences between directional output distance functions.  

 

Three different models of Luenberger productivity indicators were explicitly computed.  

Model I and II included bad outputs in the production technology under the assumption of bad 

and good outputs being together weakly disposable. By this assumption reduction of bad 

outputs comes at a cost as resources are necessarily diverted from production of good outputs. 

The only difference between Model I and II were that the former credited simultaneous 

expansion of good outputs and reduction of bad outputs (de-coupling), and the latter only 

expansion of good outputs. In Model III, only crediting expansion of good outputs, bad 

outputs were fully excluded and, therefore, implicitly assumed being freely disposable. The 

productivity measurements were performed on firm level data from Swedish manufacturing 

covering the period 1990 to 2008. 

  

Generally, based on the experience of this study we argue that the choice of model is 

important when measuring productivity development. For instance, if society values reduced 

emission of pollutants, pollution abatement activities among firms should be accounted for in 

productivity measurement. However, by excluding bad outputs these activities are ignored 

and productivity measurement will underestimate productivity growth from a welfare point of 

view.15

                                                            
14 Note that, when performing the bootstrap tests, the Iron and steel sector is divided into two individual 
subsectors. 

 To avoid growth accounting errors in this case bad outputs should not only be 

included but also reduction of these outputs should be credited. Referring to the directional 

output distance function approach this means that a directional vector that credits 

15 However, if some firms are not reducing emissions, their productivity could be `overstated´ if bads are 
ignored. 
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simultaneous expansion of good outputs and contraction of bad outputs should be chosen. In 

our study, performing productivity measurement by both including bad outputs and crediting 

reduction generally resulted in significantly higher productivity growth scores. One possible 

reason for this outcome would be that firms within Swedish manufacturing actually diverted 

resources to pollution abatement activities during the period in study.  
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