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Abstract 
 
Ecological networks are complex systems forming hierarchical structures in which energy 
and matter is transferred between the network’s compartments. Predicting energy flows in 
food webs usually involves complex parameter-rich models. In this thesis, the application of 
the principle of maximum entropy (MaxEnt) to obtain least biased probability distributions 
based on prior knowledge is proposed as an alternative to predict the most likely energy flows 
in food webs from the network topology alone. This approach not only simplifies the 
characterisation of food web flow patterns based on little empirical knowledge but can also be 
used to investigate the role of bottom-up and top-down controlling forces in ecosystems 
resulting from the emergent phenomena based on the complex interactions on the level of 
species and individuals. The integrative measure of “flow extent”, incorporating both bottom-
up and top-down controlling forces on ecosystems, is proposed as a principle behind 
ecosystem evolution and evaluated against empirical data on food web structure. It could be 
demonstrated that the method of predicting energy flow with the help of MaxEnt is very 
flexible, applicable to many different setting and types of questions in ecology, and therefore 
providing a powerful tool for modelling the energy transfer in ecosystems. Further research 
has to show in how far the most likely flow patterns are realised in real-word ecosystems. The 
concept of flow extent maximisation as a selection principle during ecosystem evolution can 
enhance the understanding of emergent phenomena in complex ecosystems and maybe help 
to draw a link between thermodynamics and ecology. 
 
Key Words: Ecological Networks, Maximum Entropy, Ecological Energetics, Ecosystem 
Structure, Ecosystem Evolution  
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Abbreviations, Symbols and Functions Names 
 
Denominations follow (Harte 2011). 
 
Abbreviations 
 
MaxEnt Maximum Information Entropy 
MEP  Principle of Maximum Entropy Production 
METE  Maximum Entropy Theory of Ecology 
MET  Metabolic Theory of Ecology 
 
Symbols 
 
A0  Area of an ecosystem in which we have prior knowledge 
A, B  Areas in which we seek to infer information 
N0  Total abundance of all species under consideration in A0 
S0  Total number of species under consideration in A0 
E0  Total rate of metabolic energy consumption by the N0 individuals in A0 
n0  Abundance of a selected species in A0 
n, m  Variables describing the abundance of a species 
d  Geographic distance 
L0  Total number of links in a network 
l  Degree of (number of links connected to) a node 
f  Flow rate along an interaction link 

  Basal metabolic rate of an individual 
M  Body mass of an individual 
D  Body size of an individual 
 
H  Information entropy of a probability distribution 
 
METE-distributions 
 
R(n,ε | A0,S0,N0,E0 )    Ecosystem structure function 
Θ(ε | n,S0,N0,E0 )  Distribution of metabolic rates across the individuals in 

a species with n individuals 
ε (n | S 0 ,N0,E0 )  Dependence on species abundance of metabolic rates 

averaged over individuals within species 
φ(n | S0,N0 )  Distribution of abundances across species 
π (n | A,n0,A0 )    Species-level spatial abundance distribution 
C(m,B,d | n,A,n0,A0 )    Species-level commonality 
 
Other functions 
 
ϕ(l)      Conversion efficiency 

 	  

ε
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1 Introduction 
 
1.1 Background 
 

„In anything at all, perfection is finally attained not when there is no longer 
anything to add, but when there is no longer anything to take away.“ 

(Saint-Exupéry 1939) [Antoine de Saint-Exupéry, Wind, Sand and Stars, 1939] 

 
Ecology, in this sense, is a science pretty far from perfection. 
Rather, the trend points in the opposite direction. To explain emerging characteristics of 
complex ecosystems (as abundance, distribution and energetics of species), ecologists usually 
investigate the numerous ecological processes and mechanisms (e.g. competition, speciation 
or migration) coupled with multitudinous species traits and behaviours (like body size, food 
preferences or environmental tolerances), which all operate within stochastic environments. 
This wealth of detail on the local/individual level encourages a vast amount of fieldwork and 
controlled lab experiments to study details for all kinds of specific species and environmental 
settings and often leads to equation rich non-generic ecosystem models – which usually are 
improved after follow-up studies by adding parameters or processes to the model. This 
approach is useful for detailed descriptions of specific local ecosystems, but it impedes the 
formation of ecological theory across individuals and species as well as spatial and temporal 
scales. 
 
To push the science of ecology in a direction towards “perfection” in Saint-Exupéry’s sense, 
the trend towards more and more specialised research has to be met with multidisciplinary 
approaches and the aggregation and contrast of insights from different disciplines, to obtain 
unifying theories that are so simple that, ultimately, no longer anything may be taken away. 
 
The aim of this thesis is to take a tiny step towards the simplification of ecology, by 
investigating the applicability of a universal method designed to predict “much” from “little” 
to the complex discipline of ecosystem dynamics. More specifically, it shall be examined how 
energy flow in food webs can be predicted without the necessity for numerous differential 
equations with umpteen adjustable parameters and in how far the method at the same time 
can serve as a selection principle during ecosystem evolution. 
 
The foundation for the method applied is the principle of Maximum Entropy (MaxEnt), 
developed by Edwin T. Jaynes (1957). Based on information theory, Jaynes derived a 
mathematical procedure, which follows a simple logic of inference: when acquiring scientific 
knowledge (which often is probabilistic and can therefore be expressed in the form of a 
probability distribution), one wishes to expand preliminary knowledge without introducing 
any additional assumptions. That way, scientific knowledge acquisition is least biased and 
one has total control over which characteristics are assumed to be known for a certain system 
and which are emerging from the predictions. Applying this to ecology, as little as the 
number of species and individuals in a system of given size is necessary as prior knowledge to 
infer macroecological measures like the species-abundance distribution (SAD) or the species-
area-relationship (SAR) (Harte 2011). 
 
The mathematisation of this logic of inference, the procedure of MaxEnt, is based on the 
framework of information theory, and the term “entropy” here corresponds to information 
entropy in the sense of uncertainty of a random variable (thereby characterising the 
information content of a message), rather than thermodynamic entropy, which goes back to 
considerations about flames and pistons in engines, refers to the likelihood of the macrostate 
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of a system and is linked with the irreversibility of certain processes and the arrow of time. 
Those two concepts of entropy are totally independent in the first place, but have found their 
unification when the latter was derived with the application of the former. What has become 
known as maximum entropy thermodynamics is the result of the maximisation of the 
information entropy of a thermodynamic system, thereby drawing the link between the 
likelihood of the macrostate of a system via counting the number of microstates and the 
information entropy of the one distribution of entities defining the microstate, which has 
maximal uncertainty. (Jaynes 1978) 
 
Even though physics, the “science of nature”, is closely related to the “science of life”, neither 
one of the entropy conceptions is commonly taught in ecology. Nevertheless, both have found 
their applications as the two disciplines share important fundamental questions. The 
application of thermodynamics to biology goes back to Lotka (1922), who claimed that the 
total energy flux through an ecosystem is maximised as a selection principle during 
ecosystem evolution. This statement has been linked with the principle of Maximum Entropy 
Production (MEP) in non-equilibrium thermodynamics, which predicts a system far from 
thermodynamic equilibrium to most probably take the line of development, which maximises 
entropy production. Since then, the idea of the living world as just an instance of a system 
emerging from the MEP-principle to accelerate thermodynamic entropy production in the 
universe has been investigated from different perspectives (e.g. Odum, Ulanowicz and 
Hannon, see Martyushev & Seleznev 2006). With John Harte’s Maximum Entropy Theory of 
Ecology (METE), also the information theoretic notion of entropy has recently found its way 
into ecology, and thereby supported Jaynes’ visionary statement, that “…the logic of science 
is universal; the same principle of reasoning that works in statistical mechanics will work as 
well in astronomy, geophysics, biology, medical diagnosis and economics” (Jaynes 1991). 
 
However, using MaxEnt to derive macroecological probability distributions about diversity, 
abundance and distribution of individual organisms and their energetic use across spatial 
and temporal scales does not immediately draw a conceptual link to thermodynamic entropy 
production in the open far-from-equilibrium system of the planet earth. A real “universal 
logic of science” in ecology, would, one would assume, as in maximum entropy 
thermodynamics, link the two entropy concepts in one problem rather than applying them 
separately to substantially different kinds of problems – namely the principle during the 
dynamic process of ecosystem formation vs. the distribution of species and individuals in an 
ecosystem in a steady state. 
 
Extending the application of MaxEnt from competing species on one trophic level (as in 
METE) to multi-level food webs or whole ecosystems, to predict the energy flow and other 
characteristics of ecological networks from a few constraints – as the number of species and 
interactions links or the topology of the food web graph – therefore does not only have the 
potential to simplify current ecosystem models and thereby ecological theory, but it also 
demonstrates an ecological application of information entropy maximisation to an energetic 
and thereby thermodynamic problem: the energy budget of individuals and species in 
interaction and competition. This approach of calculating the most probable MaxEnt-energy 
flow in a steady instance of this ecosystem doesn’t by itself draw a link to the principle of 
Maximum Entropy Production for a dynamic evolving ecosystem, but it provides the 
necessary fundament for relating those two concepts within the science of ecology. 
 
Applying new methods to old questions does not only often require the rephrasing of the 
original problem; it inevitably encourages a change in the point of view from which a 
problem is tackled and demands the reevaluation of traditional explanations for the 
perceived phenomena. The integration of thermodynamic and information entropy in 
ecology brings about the question of the direction of causality in ecosystems. Is the reason, 
why the traditional way of regarding the formation of ecosystems as a direct consequence of 
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the processes on the species, individual and sub-individual level does not always bring about 
realistic descriptions of the nature around, just grounded in our lack of knowledge on the 
microscale? Or are ecosystems examples of strong emergence, which per se cannot be 
predicted from fundamental laws of the microscopic entities, due to the top-down control the 
ecological network as a system itself exerts on its constituents? Even though these questions 
might appear purely philosophical, they result directly from the critical application of 
information entropy to ecological energetics, emphasising the scope and universality of what 
can potentially be learned from this simple approach. 
 
 
1.2 Research Questions 
 
The questions this thesis aims to answer are the following. 
 

1. How can the concept of MaxEnt be applied to the energy flow in ecological networks? 
What does the most likely energy flow look like? 

2. Can maximum information entropy of the energy flow be a relevant selection 
principle during ecosystem assembly and evolution? What does that mean for 
ecosystem development and control? 

3. What can be learned from failures of the proposed model? What prior knowledge is 
necessary to yield realistic predictions? 

4. How can the model be applied to data on real world ecosystems and which properties 
and dynamics can be predicted? 

5. What potential does the application of MaxEnt on energy flow in food webs have for 
the integration of information entropy in stationary systems and thermodynamic 
entropy (production) in dynamic systems in ecology? 

 
 
1.3 Why Thermodynamics and Ecology? 
 
Thermodynamics is a phenomenological discipline. It is meant to codify common empirical 
observation. The power of the theory lies in its generality. Thermodynamic laws apply to 
systems of all constituents and scales, which makes this branch of science outstanding. This 
universality however comes with a cost: generality can only be achieved at the expense of 
details on the lower levels. (Ulanowicz 1986) 
 
Ecologists traditionally deal with detailed lower level information about actions on the level 
of individuals. According to the Millennium Report however, ecosystems are defined as “a 
dynamic complex of plants, animals and microorganism communities and the nonliving 
environment, interacting as a functional unit. Humans are an integral part of ecosystems” 
(UNEP 2006). This complexity as an integral part of an ecosystem, which is the reason for 
the necessity for a new ecology, can according to Jorgensen et al. (2007) be disentangled into 
several fundamental characteristics. 
 

1. Ecosystems are open systems, exchanging energy, mass and information with their 
environment, which allows them to maintain themselves far from thermodynamic 
equilibrium. 

2. Ecosystems are ontically inaccessible, meaning that their size and complexity impedes 
the predictions of detailed ecosystem behaviour. 

3. Ecosystems have directed development towards increased feedback and autocatalysis, 
guiding their intrinsic change and responses to external influences. 

4. Ecosystems have network connectivity including synergistic properties, which 
provides the origin of emergent phenomena. 

5. Ecosystems are organized hierarchically, where changes in one compartment can 
either be multiplied or levelled out on other levels. 
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6. Ecosystems grow and develop, by gaining biomass and structure, enlarging the 
networks and increasing their information content. 

7. Ecosystems have complex responses to disturbance, which demand the 
understanding of ecosystem properties such as adaptation, biodiversity, resistance 
and connectedness, to explain and predict ecosystems’ reactions to external 
influences. (Jorgensen et al. 2007) 

 
To account for all these fundamental properties of ecosystems, it is necessary to step away 
from detailed descriptive ecology and shift the goal to finding basic ecosystem principles, 
which are general enough to allow the ecologist to increase the understanding of large-scale 
patterns and processes characteristic for ecology, but at the same specific enough to apply 
those principles to real-world questions, to tackle the (ecological) problems our planet faces 
today. Thermodynamics, as the most universally applicable discipline in modern natural 
sciences, relevant for all fundamental ecosystem properties introduced above, is thus very 
promising to derive such basic principles in ecosystem growth and development, to step 
towards a simplification of ecology and a unification of the natural sciences. (Ulanowicz 
1986; Jorgensen et al. 2007) 
 
 
1.4 Outline 
 
This thesis investigates the applicability of information entropy to energy flow in ecosystems, 
both to characterise the energetic interactions between species in a food web and to find 
potential entropic principles that influence or drive ecosystem formation. 
 
When beginning with my work, my goal was to use METE as a starting point to explore my 
vague ideas of entropy and entropy production in ecosystems. Trying to create new methods 
or models and investigating the potentials of combining thoughts that haven’t been combined 
before, includes, even in the academic world, the unscientific approach of trial and error. 
There is no a priori way to know what will work and what won’t. When digging into the 
complex field of thermodynamics, I was equipped with no more than three years of high-
school physics, and even though I tried hard to read and think before trying out too many 
things, lots of the knowledge and experience necessary for such a task I gained during the 
course of my simulations and analyses. Many of the earlier attempts to apply information 
entropy to ecological energetics thus are obsolete from the current point of view with the 
knowledge I gained during the last months, but they have been necessary for me to 
understand the scope and limits of the method. Many of those results are not included in the 
presented work, but some examples are shown anyway, as they are necessary to motivate and 
justify the following approaches. Presenting methods, results and discussion in this order 
thus constitutes a highly anti-chronologic representation of my work. As I anyway try to 
follow this prevalent structure of scientific reports, some methods or results might seem 
unmotivated when mentioned for the first time. I try to justify the steps of my work as 
comprehensible as possible, but this includes the necessity to discuss some of the results 
already in the results section, to explain the necessary foundation for the following 
experiments. An integrated and more general discussion, where the different individual 
results are summarised and related follows afterwards. 
 
The thesis itself is structured as following. After a short review of the state of the art of the 
relation between thermodynamics and ecology as well as ecosystem research (chapter 1.6), 
the principles and philosophy of MaxEnt (chapter 2.1) as well as its application to 
macroecology (chapter 2.2) will be presented. Necessary food web theory and the methods to 
apply MaxEnt to network flow will be introduced in chapter 2.3, before discussing the forms 
in which prior knowledge can prevail (chapter 2.4) and which principles could be relevant 
during ecosystem formation (chapter 2.5). The results are divided into theoretical predictions 
about systems in a steady state (chapter 3.1) and dynamic systems (chapter 3.2), the 
connection between the Maximum Entropy Theory of Ecology METE and the MaxEnt energy 
flow (chapter 3.3) as well as relations of the theory to real world data (chapter 3.4). After a 
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discussion of the results and the research questions (chapter 4.1), future directions for the 
application of MaxEnt to ecosystem energy flow as well as the relation between information 
and thermodynamic entropy in ecology are pointed out (chapter 4.2). 
 
In the beginning of my time in the Harte lab, I explored the range of open problems and 
potential extensions related to METE and spent some time working on the species level 
commonality. As this topic isn’t related to any of the rest of the work, results are presented in 
the appendix (chapter 7.2).  
 
 
1.5 Disambiguation 
 
To avoid confusion, some ambiguous terms shall be clarified first. 
 
In the following, the terms “food web”, “trophic net” and “ecological network” will be used 
synonymously. 
 
The “topology” of a graph refers to its unweighted representation, meaning the pair of its 
nodes and the interaction links (in the form of an adjacency matrix), but without any 
assigned weights to nodes or edges. Taking the topology of a food web as given thus means 
that there is just as much information available as is needed to draw the food web with its 
species and their interactions, while energetic requirements of the species and the 
quantitative energy flow between species are unknown. 
 
A “layered food web” is a food web in which species belong to a distinct trophic level and do 
not feed on anything but species from the level directly below. This implies for example as 
well that there are no omnivorous species. 
 
In mathematics, a graph is called “fully connected”, if each pair of nodes is connected by one, 
respectively, in the case of a directed network, two opposed edges. In the following however, 
a network will be referred to as fully connected given the constraints, if all edges exist which 
do not infringe upon the constraint. A network of two prey and two predator species for 
example is fully connected, if both predators feed on both prey species. 
 
“Predator” and “prey” species will be synonymously named “consumers” and “resources”. 
Specifically, the number of predators a species is fed on by is referred to as the species’ 
“consumer degree”, the number of species it predates on is its “resource degree”. A species 
can hence be a “generalist predator”, meaning that it feeds on a large number of different 
prey species, but at the same time a “specialist prey”, implying that it has few different 
predator species. The terms “plants” and “primary producers” will be used interchangeably. 
 
To simplify calculations, it is sometimes helpful to introduce two more nodes to the network 
than there are species – the “source” node, which provides the energy and is connected to all 
primary producers, and the “sink” node, which collects all the energy left over from the top 
consumers. 
 
The “MaxEnt-flow” of a network is the set of link flows derived by the maximisation of the 
energy flow entropy in the network, subject to the constraints applied. 
 
The “flow extent” of a network is defined as the flow entropy of the network times the total 
energy uptake of all species. Meaning and relevance of the measure will be clarified later in 
the work (see for example chapter 2.5). 
 
The abbreviation „MaxEnt“ means the principle of Maximum Entropy as derived by Jaynes. 
Except where explicitly stated, it does not mean or even stand in any connection to the 
climate envelope software (Phillips et al. 2006) which creatively bears the same name. 
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1.6 State of the Art 
 
The application of entropy to energy flow in food webs is a problem at the intersection of 
ecology, information theory and thermodynamics, involves ideas from biology, mathematics 
and physics, and touches various fields of research like ecosystem formation, food web 
energetics, evolution, succession and optimisation on the scale from individual organisms to 
whole ecosystems, graph and network theory, as well as complexity sciences. 
 
The starting point of this work is John Harte’s Maximum Entropy Theory of Ecology 
(METE), a “comprehensive, parsimonious and testable theory of the distribution, abundance 
and energetics of species across spatial scales”, “grounded in information theory and the logic 
of inference” (Harte 2011). As parts of the theory will also be used for the following work, the 
necessary concepts are explained in detail in chapter 2.2. In the following, a short and far 
from exhaustive overview over the state of the art of the related areas of research is given. 

 
1.6.1 Thermodynamics and Biology 
 
Entropy is the core concept of modern thermodynamics and statistical physics, and the trend 
of isolated systems to reach the state of maximum entropy is stated by the second law of 
thermodynamics. However, for the behaviour of thermodynamic systems far from the 
thermodynamic equilibrium, such axiomatic laws are missing. Developing physical systems 
produce entropy during irreversible processes, and the notion of entropy production has 
always interested scientists (like e.g. Clausius, Boltzmann and Gibbs), which has led to 
various physical and ideological discussions and, among other theories, the formulation of 
the principle of Maximum Entropy Production (MEP). It states for non-equilibrium systems 
to evolve in such a way that entropy production is maximised, and thereby offers a very 
general optimisation principle, which can determine the development of any kind of system 
in our known universe. Entropy production in the thermodynamic sense can therefore be 
interpreted as the heat loss organisms experience to maintain their basal metabolic function 
and their structured body (their state of order) – which is measured in units of calories or 
energy. The counterpart to the principle of Maximum Entropy Production is Prigogine’s 
Principle, which claims minimum entropy production. Those two principles however may not 
be regarded as contradictory or complementary; they are rather two different concepts acting 
in different frameworks and boundary conditions and have to be evaluated separately. 
(Martyushev & Seleznev 2006) 
 
Both maximal and minimal entropy production can be useful ideas when applying 
thermodynamics to biology. On the one hand, ecosystems are non-isolated systems in the 
thermodynamic sense, receiving energy from the sun and dispensing energy back to the 
universe via heat. Thus if the principle of Maximum Entropy Production is valid for the 
universe, ecosystems which are closed, meaning that they don’t exchange matter with their 
surrounding, but non-isolated (as they exchange energy over their boarders) should 
maximise entropy production, thus dispense entropy with the highest possible rate 
constrained by the rates of energy in- and outflow. On the other hand, individual organisms 
or processes are superior if they produce minimal entropy and can use most of the energy for 
growth, storage and reproduction – natural selection should therefore promote minimal 
entropy production. At the same time, systems of living beings are of course much further 
constrained than for example ideal gases, which consist of a number of particles. The 
evolution of living beings is constrained by evolutionary pathways, by the limits of random 
mutations and properties of life inherited from ancient generations, which is why there is a 
fair chance that any assembly of life, which optimises whatever kind of principle, just by pure 
chance will never have emerged. 
 
Nevertheless, the relation of thermodynamics and living systems has occupied biologists and 
ecologists at the latest since Schrödinger’s question of life (1944). The foundation for the 
application of entropy production to evolution and ecology has however been laid already 
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earlier by Lotka (1922; 1925) with the proposition of the maximization of the total energy flux 
through an ecosystem as a selection principle during evolution, which, as he postulates, is to 
be understood as a necessary extension of the first and second law of thermodynamics for the 
explanation of the course of processes in ecological systems. This idea can be linked to both 
maximum and minimum entropy production. At first, compare two ecosystems with access to 
the same energetic resource, of which one does absorb the energy Q and the other doesn’t. 
The first system will have more energy available than the second (Q – Qdiss, the dissipated 
energy which contributes to entropy production respectively) and therefore predominate due 
to the imposed selection principle. Now to maximise the total energy flux through the system, 
individuals who absorb most energy will dominate, thereby increasing Q and inevitably also 
Qdiss. Entropy production is thus maximised in the ecosystem. As soon as species have 
become that abundant that all the available energy is absorbed, evolution will proceed 
towards more effective energy use, decreasing Qdiss and thereby implementing the principle of 
minimum entropy production. (Martyushev & Seleznev 2006) 
 
The concept of minimum entropy production has also been applied to developmental biology 
by Prigogine and Wiame (Zotin & Zotin 1997) with both interesting and controversial results 
(Stoward 1962). The main conclusion of the studies is that heat production does decrease at 
separate stages of the ontogenesis, but much stronger increases during biological evolution 
(Martyushev & Seleznev 2006). But not only the phylogeny, also the appearance of life has 
been explained as a consequence of the principle of Maximum Entropy Production: 
Ulanowicz and Hannon (1987) found support for Schrödinger’s hypothesis (1944) that 
entropy production is larger in the presence of biota than in the absence of life. The same 
results derived from a different perspective provided Swenson (1997) by interpreting 
thermodynamic entropy as disorder. If a system as a whole (like the universe) proceeds to the 
state of maximum disorder with maximum speed, a subsystem (as an ecosystem) proceeds to 
ordered states (which is what we can see), as by doing so, it can produce disorder respectively 
entropy at a higher rate. A more applied entropy production theory for aquatic ecosystems, 
combining both notions of minimum and maximum entropy production, has been presented 
by Johnson (1990; 1992). Just recently, the arising flow configuration due to thermodynamic 
principles has been proposed as the “constructal law”, on the base of which the generation 
and evolution of design in nature, from the origin of life to human culture, is claimed to be 
explained (Bejan 2007; Bejan & Lorente 2011). 
 
Many more considerations about entropy production in biology and other scientific 
disciplines can be found in (Martyushev & Seleznev 2006) along with additional references 
(see also eg. Nielsen & Ulanowicz 2000; Bailly & Longo 2007; Smith 2008a; Smith 2008b; 
Smith 2008c). Empirical data for concrete tests or even support of the proposed theories is 
scarce (though available, Jaffé & Fonck 1994; Holdaway et al. 2010), but so is counter-
evidence – the question about what is life is still troubling ecologists (Meysman & Bruers 
2010). 
 
1.6.2 Self-Organisation and Emergence 
 
Closely related to the considerations about entropy and entropy production is the idea of self-
organisation. The concept has grown throughout the 20th century out of various disciplines 
like thermodynamics, cybernetics and computer sciences as attempt to explain the complex 
world around us, for which the Newtonian paradigm of mechanics was no longer sufficient. 
Self-organisation thereby refers to the spontaneous appearance of structure or pattern 
without any external force. At first glance, this contradicts the second law of 
thermodynamics, as during self-organisation, order and therefore entropy within the system 
decreases. However self-organising systems are necessarily open systems – the order inside 
can only increase at the expense of the order of the environment. The entropy created is 
dissipated or exported out of the system at a rate that even allows the reduction of the 
internal entropy. The study of dissipative systems goes back to Prigogine and the “Brussels 
School” of thermodynamics. The most prominent example for dissipative structures are 
living organisms, which take up energy of low entropy as light or food and dispense high 
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entropy products in the form of waste. (Heylighen 2001; for further details and applications 
see also Gershenson & Heylighen 2003) 
 
The term emergence originates from philosophy (going back at least to Aristotle’s phrase 
about the whole being greater than the sum of its parts (Aristotle n.d.)) and has been used in 
multiple different notions and disciplines. Nowadays it usually refers to effects appearing in 
complex systems leading to patterns grounded in but a priori unpredictable from the 
multiplicity of simple interactions of the system’s constituents. Emergent phenomena and 
complex systems are thus two sides of the same coin: while complex systems are defined by 
appearance of emergent phenomena, emergent phenomena are just those phenomena, which 
result from complex interactions. Often but not necessarily, those emerging complex systems 
include self-organising properties; the terms complexity, emergence and self-organisation 
are regularly even used synonymously or at least closely entangled. Examples for 
hypothetical emergent properties in biology are swarm dynamics of birds and fish, which 
arise from simple interaction rules between individuals, the mind as being emergent from 
brain physiology and processes, life itself as being emergent from thermodynamic principles 
(compare chapter 1.6.1), the complexity of organisms emerging from selection and evolution, 
as well as the assembly of ecosystems, culminating in the Gaia hypothesis of a complex, self-
regulating earth system (Lovelock 1972). (further details and references in Ryan 2007)  
 
1.6.3 Ecological Energetics 
 
The field of ecological energetics integrates the study of the physiological requirements of 
organisms in terms of energy costs for survival, growth and reproduction with the constraints 
on the individual’s performance imposed by the biotic and abiotic environment. It includes 
the notion of energy as the “currency of ecology”, meaning the goal to explain ecological 
patterns and processes with the energetic constraints imposed by the metabolic needs of 
interacting organisms. (Tomlinson et al. 2014) 
 
This concept of the metabolic rate of organisms being the fundamental biological rate that 
governs most observed patterns in ecology form the foundation for the Metabolic Theory of 
Ecology (MET) (Brown et al. 2004). It is an extension of Kleiber’s law (1932; 1947) which, 
based on empirical observation, states the following scaling relation 

 
𝜀!~𝑀! ! 

 
where 𝜀! denotes an animal’s metabolic rate and M it’s body mass. The Metabolic Theory 
predicts how the metabolic rate varies with body size and temperature and how it controls 
ecological processes from life history attributes over population interactions to ecosystem 
processes, by setting the rates of resource uptake and allocation on the level of single 
organisms (Brown et al. 2004; Tomlinson et al. 2014). While there have been found both 
support for and deviations from the theory’s predictions (Price et al. 2012), most 
controversial remains the value and the rational of the exponent (Agutter & Wheatley 2004; 
West et al. 1999; Dodds et al. 2001; Bokma 2004). 
 
Another strongly related and equally controversial idea, which is also part of, though much 
older than the Metabolic Theory, is the idea of energy equivalence. It states that a species’ 
abundance density is inversely proportional to the metabolic rate of an individual of the 
species, which means that the total energy consumption rate of a species would be equal for 
all species (Damuth 1987). The concept of energy equivalence is based on a combination of 
Kleiber’s law and the Damuth rule. The Damuth rule (Damuth 1981) theorizes the empirical 
finding of a scaling relationship between body size D  and population density N. 
 

𝑁~𝐷!! ! 
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Combining the Damuth rule with the variation of the Kleiber’s law 𝜀!~𝐷! ! leads to the 
independence of the species level energy use and the body size (Damuth 1987). 
 

𝑁 ∗ 𝜀!  ~  𝐷!! ! ∗ 𝐷! ! = 𝐷! = 𝑐𝑜𝑛𝑠𝑡. 
 
Due to its simplicity, the concept of energy equivalence has been widely investigated both 
empirically and theoretically and has found support along with strong criticism (White et al. 
2007; Isaac et al. 2013; Allen et al. 2002; Marquet et al. 1995; Damuth 1987). Energy 
equivalence is also one prediction (no assumption!) of the Maximum Entropy Theory of 
Ecology (METE), which is discussed in further detail in chapter 3.3. 
 
Many authors dealing with ecosystem energetics don’t introduce any clear definitions on 
what “the metabolic rate” of an individual represents. Usually, “metabolic rate” refers 
implicitly to the basal metabolic rate, which equals the “metabolic energy transformation in 
an organism in a rested, awake condition, fasted for sufficiently long to be in a post-
absorptive state and in a thermal environment that imparts to thermoregulatory requirement 
(thermoneutral zone)” (Tomlinson et al. 2014) – thus in short, the energy that is transformed 
when an animal expends no special activity. This might in theory be a handy definition for 
reproducible studies, however it is not very useful as soon as it comes to data collection: there 
are rare occasions in which an animal doesn’t spend any energy on for example searching for 
or collecting food. Therefore, the “field metabolic rate” is more vaguely defined as “the 
energetic requirement of an organism pursuing normal biological activity, unrestrained in a 
natural environment, incorporating costs of locomotion, thermoregulation, digestion and 
behavioural activities” (Tomlinson et al. 2014). Which kind of metabolic rate is meant 
becomes especially important when linking different concepts or theories (see also chapter 
3.3). 

 
1.6.4 Network Structure and Energy Flow 

 
Regarding ecosystems as the fundamental ecological unit goes back to Lindeman (1942), who 
introduced the notion of trophic levels and conversion efficiencies between those to 
ecological research. Since then, lots of theory has been formed about the structure of 
ecosystems, ranging from static properties over the degree distribution to measures like the 
average path length or cycling coefficients in ecosystems (eg. Dunne et al. 2002; Stouffer et 
al. 2005; Williams 2009; Finn 1976). Ecosystems are regarded as networks and analysed 
with techniques from graph and network theory, to identify holistic properties and general 
patterns which are not directly evident from observations (Higashi & Burns 1991; Fath et al. 
2007). The idea of “environs”, namely regarding network nodes (species or individuals) not 
by themselves but together with all incoming and outgoing flows, accounts for the non-
disentanglability of living organisms and their environment (Fath & Patten 1999). Ecosystem 
network research deals with the formation and succession of ecosystems as well as structural 
properties related to performance, stability or evolvability. 
 
A common way to model species interactions is to represent the species’ dynamics with 
differential equations, ranging from predator-prey dynamics in Lotka-Volterra-models (eg. 
Wangersky 1978) to large complex ecosystems (eg. Williams & Martinez 2004; Brose & 
Dunne 2009). Network structure and matter and energy exchange are of course closely 
related and are often studied together (Williams & Martinez 2000; Odum 1968; Romanuk et 
al. 2009). A large role as a underlying principle of model ecosystem formation plays the 
concept of stability, especially in the relation to energy cycling (Patten 1985; Bentsman & 
Hannon 1987; Fontain 2013). Long tradition has the discipline of input-output analysis for 
ecological networks with incomplete information about the energy flow (eg. Hannon et al. 
1991; Hannon 2010). 
 
Considerations about the quantification of growth and development of ecosystems based on 
network structure and energy flow led Robert E. Ulanowicz to the development of the 
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concept of “ascendency” in ecosystems (Ulanowicz 1986). Due to the close resemblance of the 
ascendency concept to some of the during the course of the present work developed 
methodological ideas, Ulanowicz’ work will be discussed in more detail in chapter 4.1.2 along 
with the discussion of the results. 
 
1.6.5 Entropy Applications 
 
Even though still far from being a standard method, MaxEnt has found its ways into a range 
of different scientific disciplines, reaching far beyond thermodynamics and statistical 
mechanics. Fields of applications range from economics, finance and marketing over region, 
urban and traffic planning, medicine, geosciences and agriculture, linguistics, sociology and 
decision theory to spectral analysis, image reconstruction and pattern recognition (Kapur 
1990). Among biologists, probably most well known is the software package “MaxEnt” which 
allows for modelling future regional climate conditions and thereby ecological niches and 
species geographic distributions with the help of the principle of maximum entropy. But also 
other applications of the principle of MaxEnt can be found in different fields of biology in 
which one has to deal with incomplete information. Examples occur in biological sequence 
modelling (Buehler & Ungar 2001), weighting of aligned sequences (Krogh & Mitchison 
1995), inference of genetic interaction networks from gene expression patterns (Lezon et al. 
2006), inference of interaction networks from pairwise interactions (Roudi et al. 2009) or 
the derivation of taxonomies (Bokma et al. 2014). Two other related applications of MaxEnt 
are the prediction of the degree distribution in ecological networks (Williams 2009) and the 
prediction of the most likely network flow (Tanyimboh & Templeman 1993a), which this 
work partially builds on and which therefore are presented in further detail in chapter 2.3.3 
and 2.4.2. 
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2 Methods, Material and Implementation 
 
In this section, the core theoretical concepts and methods this work uses as starting point or 
grounds on are presented, and results from other theories or experiments, which qualify as 
preliminary knowledge to be extended in the new model, are introduced.  
 
 
2.1 Maximum Entropy (MaxEnt) – The Theoretical Background 
 
In the following, information entropy will be introduced as the core ingredient of a 
mathematical procedure to apply a simple logic of inference to obtain new scientific 
knowledge.  
 
2.1.1 The Logic of Inference 
 
The core idea of the underlying logic behind the mathematical procedure of MaxEnt can be 
phrased in four simple premises, cited from (Harte 2011). 
 

1. In science, we begin with prior knowledge and seek to expand that knowledge. 
2. Knowledge is nearly always probabilistic in nature, and thus the expanded knowledge 

we seek can often be expressed mathematically in the form of probability 
distributions. 

3. Our prior knowledge can often be expressed in the form of constraints on those 
probability distributions. 

4. To expand our knowledge, the probability distributions that we seek should be “least 
biased”, in the precise sense that the distributions that we seek should not implicitly 
or explicitly result from any assumptions other than the information contained in our 
prior knowledge. 
 

This rational has of course its limitations. Neither can all scientific questions be phrased in 
such a way that a probability distribution would constitute a suitable answer, nor are there 
always definite constraints provided by the prior knowledge available. However, as the non-
exhaustive list in chapter 1.6.5 shows, the applicability of the method is widespread and not 
limited to specific scientific disciplines. In macroecology, where investigations are centred 
around species’ abundances, diversity and distributions, often only statistical macroscopic 
magnitudes (like the number of species in certain sample regions) are known, and the 
distribution around those values (e.g. the species-area-relationship and thereby the number 
of species in the whole area of interest) is sought after. 
 
What Jaynes has proven mathematically with the development of MaxEnt is a mathematical 
procedure grounded in information theory that strictly follows the fourth premise. If one thus 
encounters a problem that can be phrased in the described way and if one accepts premise 
four, the method of MaxEnt will always provide the most unbiased probability distribution 
given the prior knowledge in the form of constraints. Of course the method doesn’t guarantee 
that the derived theory is correct; it is only as good as the quality of the prior knowledge that 
is taken as given. If a MaxEnt prediction turns out to be wrong, this is an indicator 
(disregarding potential calculation errors) for either the prior knowledge to be flawed or 
important constraints to be missing in the derivations. 
 
In this sense, the technique of MaxEnt is a powerful tool. Based on a few simple premises, 
along with a fundamental theorem of information theory it provides the tools to “not just 
infer least biased probability distributions but to actually build theory” (Harte 2011). Theory 
derived by MaxEnt is non-mechanistic and assumes neutrality (indistinguishability, compare 
chapter 2.1.3) where prior knowledge doesn’t inform about anything different. Therefore, 
examples, which aren’t well described by the theory, are indicators for the necessity of 
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additional mechanistic explanations and can by themselves trigger theory formation 
development. 
 
2.1.2 The Mathematical Problem 
 
In the following, the mathematical procedure following the premises of inference is 
introduced. Equations are kept as simple as possible and some of the advanced calculations 
are left out. The interested reader can find all the details in (Jaynes 1957; Jaynes 2003). 
 
Let’s assume the unknown probability variable to be discrete taking the values 𝑥! , 𝑖 ∈ 1,… , 𝑛  
with unknown probability 𝑝! ∶= 𝑃(𝑥!). All that is given is the normalisation condition 
 

pii=1

n
∑ =1  

 
and the expectation values 𝑓! of the functions 𝑓!(𝑥!) 
 

fk (xi )i=1

n
∑ pi = fk  

 
 (𝑘 ∈ {1,2,… , 𝑘}, 𝑘 is the number of constraint functions given by prior knowledge). 
 
In the case where the prior knowledge is phrased in the form of the mean of the distribution 
(for example when throwing a dice 10.000 times and only recording the mean but not the 
single pips), 𝑘 equals 1 (the mean is the only constraint), the constraint function is the 
identity 𝑓 𝑥! = 𝑥! and 𝑓   is the recorded mean (say 3.5). Intuitively, if nothing else is given, 
one would expect a uniform distribution, but in fact there exist an infinite number of 
probability distributions with 6 elementary events which fulfil the constraint of having a 
mean of 3.5 (consider for example !

!
, 0,0,0,0, !

!
 or !

!
, !
!
, !
!
, !
!
, !
!
, !
!

). 
 
Which criterion shall now be applied to pick one of those probability distributions that satisfy 
the constraints? 
 
An intuitive attempt of a selection principle with long tradition is formulated in Laplace’s 
“Principle of Indifference” (1799 – 1825), which choses the uniform distribution, as there is 
no sufficient reason to pick any other distribution. Even though this concept intuitively 
follows the idea of introducing least bias by choosing the most uniform distribution, it is only 
loosely defined, doesn’t provide an intuitive solution for constraints like the mean not 
equalling the expectation of the corresponding uniform distribution and can in more complex 
cases lead to paradoxes. (Jaynes 1957) 
 
Jaynes’ formal approach to the least biased distribution is grounded in information theory 
and builds on the Shannon entropy of the unknown probability distribution. 
 
2.1.3 Shannon Entropy and Least Biased Probability Distributions 
 
Assigning probabilities to a random variable introduces a specific certainty to the outcomes 
𝑥!, which have been unknown before. The task of finding a probability assignment which 
avoids assuming more information than is given includes assigning not more certainty to 
outcomes than one actually has. This requires a measure of uncertainty regarding the 
outcomes of probability distribution, which has been provided with Shannon’s development 
of information theory (1948). This so called Shannon entropy H is a function of a probability 
distribution which fulfils the Khinchin axioms (Beck 2009), which are demanded for the 
uncertainty measure (positivity, increasing for increasing uncertainty and additivity for 
independent sources of uncertainty), and is defined by the following formula 
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H (p1, p2,..., pn ) = −K pi ln(pi )i=1

n
∑  

 
where K is a positive constant and ln(x) stands for the natural logarithm. The proof that this 
function uniquely solves the requirements of the Khinchin axioms has been sketched by 
Shannon (1948) and can be found in (Jaynes 1957). 
 
The Shannon entropy can also be rewritten as 𝐾 𝑝!𝑙𝑛 1 𝑝!!

!!! , which describes the 
weighted average of all the 𝑙𝑛 1 𝑝! . The reciprocal of the probability of an outcome 1 𝑝! can 
be interpreted as the amount of “surprise” connected with this event – the smaller the 
probability of the outcome, the larger the surprise if it occurs anyway. In this way, the term 
“information” gets a more clear-cut meaning: a high information entropy of the whole 
distributions means a large “average surprise” or average uncertainty, along with a maximum 
information gain from new information. (Harte 2011) 
 
In the example of the dice with a mean of 3.5, the uniform distribution has an information 
entropy 𝐻 𝐾 ≈ 1.792 , whereas the distribution !

!
, 0,0,0,0, !

!
 gives an entropy of only 

𝐻 𝐾 ≈ 0.693 and the distribution !
!
, !
!
, !
!
, !
!
, !
!
, !
!

 has 𝐻 𝐾 ≈ 1.733 – both values lower than 
the one for the uniform distribution. 
 
2.1.4 The MaxEnt Procedure 
 
With the well-defined measure of uncertainty of a probability distribution given by the 
Shannon entropy H, one has the criterion at hand to pick the least biased probability 
distribution, namely the one with maximum information entropy subject to the known 
constraints. Any other assumption would introduce additional information, which is not 
available. Jaynes (1957) not only explores this whole concept of inference, he also sketches 
the mathematical methods necessary to derive the probability distribution with the largest 
information entropy. With the help of so-called Lagrange multipliers, H is maximised subject 
to given constraints, which leads to the following solution. 
 

𝑝! =
𝑒! !!!!(!!)!

!!!

𝑍(𝜆!, 𝜆!,… , 𝜆!)
 

 

𝑍 𝜆!, 𝜆!,… , 𝜆! = 𝑒! !!!!(!!)!
!!!

!

!!!
 

 
The 𝜆! are the Lagrange multipliers, which can be solved from the constraints given by the 
expectations of the 𝑓! 𝑥! . (There are always 𝑘 unknown Lagrange multipliers along with the 
unknown normalisation constant Z, and 𝑘 + 1  constraint equations from the constraint 
functions and the normalisation condition.) 
 
In the example of the six-sided dice with mean 3.5, the calculations look as follows. 
 

𝑛 = 6, 𝑘 = 1 
 

𝑥! = 𝑖, 𝐹 𝑥! = 𝑖, f = 3.5 
 

𝑝! =
𝑒!!"(!!)

𝑍(𝜆)
=
𝑒!!"

𝑍
, 𝑖 ∈ 1,2,3,4,5,6  

 
From the normalisation condition and the constraint equations, the following is known. 
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𝑝!
!

!!!
=

𝑒!!"

𝑍

!

!!!
= 1 

 

𝑓! 𝑥! 𝑝!
!

!!!
= 𝑖 ∗

𝑒!!"

𝑍

!

!!!
= 3.5 

 
Solving the two equations gives 𝜆 = 0, 𝑍 = 6 and hence 𝑝! = 1 6 for all i, just as intuitively 
expected, but now derived with the help of a proven mathematical procedure. If the known 
average is different from (𝑛 + 1) 2, 𝜆 and Z cannot be calculated analytically any more and 
the probability distribution has to be denoted implicitly and evaluated numerically. 
 
Proofs, derivations and the mathematical details can be found in (Jaynes 1957; Jaynes 2003). 
 
The MaxEnt procedure can be understood as an extension to Laplace’s principle of 
insufficient reason, with one important difference: while the principle of insufficient reason is 
based on a negative criterion, namely the absence of a reason to assume anything different, 
the principle of maximum entropy can by applied due the positive argument that it derives 
the uniquely determined maximally unbiased probability distribution subject to the 
constraints. (Jaynes 1957) 
 
 
2.2 The Maximum Entropy Theory of Ecology (METE) 
 
Having been derived in the fifties, the principle of maximum entropy is still a fairly young 
method for theory development. Anyway it has found it’s way into a number of scientific 
fields as summarised in chapter 1.6.5. The application to macroecology has lead to the 
Maximum Entropy Theory of Ecology, a “comprehensive, parsimonious and testable theory 
of the distribution, abundance and energetics of species across spatial scales” (Harte 2011). 
In the following, the theory will be introduced shortly, to build the necessary foundation for 
later applications and extensions. 
 
2.2.1 The State Variables 
 
The application of the MaxEnt concept to any system requires a definition of the fundamental 
entities whose occurrence will be described by the sought probability distributions and a 
quantification of the prior knowledge in terms of state variables, which characterise the 
expectations of the constraint functions. METE’s fundamental entities are “individuals” and 
groups of individuals named “species”. There are four state variables in METE. A0 stands for 
the area of the system, S0 describes the number of species and N0 the number of individuals 
in all the species. The total rate of metabolic energy summed over all individual metabolic 
rates is denoted by E0. The choice of those measures is not deducted from any a priori 
principle but have to be justified by empirical success of the theory. (Harte 2011) 
 
2.2.2 The Macroecological Measures 
 
The core theoretical construct in METE is a joined probability distribution, the ecosystem 
structure function 𝑅(𝑛, 𝜀|𝐴!, 𝑆!,𝑁!,𝐸!), which describes the probability that if a species is 
picked from the species pool, then it has abundance n, and if an individual of this species is 
picked at random, then its metabolic energetic requirement equals 𝜀. The distribution is 
discrete in abundance n and continuous in the metabolic requirement 𝜀 (which is why in fact 
only the probability of a metabolic rate lying in the interval 𝜀, 𝜀 + 𝑑𝜀  is defined). In addition 
to the normalisation constraint, constraints are given by 𝑁! 𝑆!, the average abundance per 
species, and 𝐸! 𝑆!, the average over species of the total metabolic rate of the individuals 
within the species. The area A0 enters the theory in a second step of calculations. 
 
Maximising the information entropy 
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𝐻! = − 𝑅 𝑛, 𝜀 ∗ 𝑙𝑛 𝑅 𝑛, 𝜀   𝑑𝜀
!!

!!!

!!

!!!
 

 
subject to the constraints and combing the results with another maximisation of information 
entropy regarding the spatial distribution of individuals, the following metrics can be 
derived. 
 

• Species-Abundance Distribution 
• Community Energy Distribution 
• Species-Level Energy Distribution 

 
• Rank-Abundance Distributions of the distributions named above 
• Distributions of averaged metabolic rates 
• Mass Distributions (by scaling laws for metabolic rates and body masses) 

 
• Species-Area Relationship 
• Endemics-Area Relationship 
• Collector’s Curve 

 
The descriptions, formulas and derivations for the listed distributions can be found in (Harte 
2011). Also a number of examples, tests and future directions of METE are presented there. 
In the following, only the parts relevant for the application to food web energetics will be 
discussed in greater detail. 
 
2.2.3 Order Statistics in METE 
 
METE predicts several nested probability distributions, which are useful for comparison with 
frequency distributions of a range of data sets. However if one wants to use METE as the base 
line for further predictions or to construct model ecosystems in agreement with the 
theoretical predictions, actual parameter values and not just their probabilities are required. 
Assume for example you know the state variables S0, N0 and E0 and you want to infer the 
distribution of the N0 individuals over the S0 species 
 

Φ 𝑛 𝑆!,𝑁! ≈
1

log   1𝛽

∗
𝑒!!"

𝑛
 

 
and the distribution of metabolic rates over the n individuals in each species 
 

Θ 𝜀 𝑛,𝑁!, 𝑆!,𝐸! ≈ 𝜆!𝑛𝑒!!!!(!!!) 
 
(Harte 2011). One way is to simply draw random samples of the Species Abundance 
Distribution SAD and the distribution of metabolic rates across the individuals within species 
with n individuals. This procedure however bears the risk of choosing very unlikely METE-
configurations, would have be repeated a number of times and would nevertheless only 
provide a certain likelihood-range of results. More systematic and robust is the computation 
of order statistics. The kth order statistic of a statistical sample of size n is equal to the 
distribution of its kth-smallest value. Calculating expectations for the order statistics X(k) gives 
the most likely sample with size n of a given probability distribution X. 
 
For continuous probability distributions like the distribution of metabolic rates over 
individuals, the order statistics function is well defined and easy to express as the probability 
of two X(i) being the same equals zero. The probability density function 𝑓! !  for X(k) equals 
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𝑓! ! (𝑥) =
𝑛!

𝑘 − 1 ! 𝑛 − 𝑘 !
𝑓!(𝑥)𝐹! 𝑥 !!!(1 − 𝐹! 𝑥 )!!! 

 
where 𝑓!(𝑥) denotes the probability density function of X and 𝐹! 𝑥  the cumulative density 
function of X (Evans et al. 2006). The order statistics of a discrete probability distribution X 
with finite support N can be derived via combinatorial considerations 
 

𝑓! ! (𝑥) =

𝑛
𝑤 𝑓! 1 !!!𝑆!(2)!

!!!

!!!

𝑥 = 1

𝑛
𝑢, 𝑛 − 𝑣 − 𝑤,𝑤 𝐹! 𝑥 − 1 !𝑓! 𝑥 !!!!!𝑆! 𝑥 + 1 !

!!!

!!!

!!!

!!!

𝑥 = 2,… ,𝑁 − 1

𝑛
𝑢 𝐹! 𝑁 − 1 !𝑓! 𝑁 !!!

!!!

!!!

𝑥 = 𝑁

 

 
where the survivor function 𝑆! 𝑥  is defined as 𝑃(𝑋 ≥ 𝑥) and 

𝑛
𝑢, 𝑣,𝑤  is the multinomial 

coefficient (Evans et al. 2006). 
 
As both the SAD and the distribution of metabolic rates don’t have a closed form expression 
and can only be calculated via numerical evaluation of the Lagrange multipliers given the 
constraints, the same applies of course for the order statistics. The results will be used when 
using METE-predictions to construct ecosystem topologies for the analysis of the energy flow 
between individuals and species (chapter 3.3). 
 
 
2.3 Food Webs 
 
Without making any explicit assumptions about the interaction between species in the METE 
theory, the choice of the fundamental entity “species” includes an important implicit 
assumption: the indistinguishability of species. This assumption is hidden within the 
derivation of the Shannon entropy (compare 2.1.3) and makes the theory “neutral”, meaning 
that differences between species are irrelevant for the predictions. Anything else would 
include additional information and therefore infringe the principle of deriving least biased 
probability distribution. Within the given framework of METE, the neutrality of species 
makes sense for species, which compete for the same energy E0 and thus share one trophic 
level. As soon as one of the species feeds on another however, they form a hierarchical 
relationship and can definitely not be regarded as neutral in respect to each other any more. 
Therefore, the extension of METE to trophic networks is not straightforward and requires 
additional notions or assumptions. Before going into detail about possible ways to 
conceptualise species interactions beyond competition in a 
MaxEnt framework, general concepts and characteristics of 
food webs shall be introduced. 
 
2.3.1 Food Webs as Graphs 
 
In general, a food web is conceptualised as a mathematical 
graph, which consists of nodes that are connected by edges. 
The nodes thereby represent the fundamental entities of the 
system, whereas the edges provide the means for matter flow in 
between. Mathematically, a graph G is usually represented as a 
pair (N,E), where N is the set of nodes 𝑛!, 𝑛!,… , 𝑛!  and E the 
set of edges 𝑒!, 𝑒!,… , 𝑒! , where ek = (ni,nj) connects ni with nj. 
In a directed graph like a food web, the order of i and j is 

(a)                     (b) 

 
Fig. 1: An example of a food 
web depicted as graph (a) 
and its adjacency matrix (b) 
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important, as matter usually can only flow from prey i to predator j and not vice versa. E is 
often represented as an adjacency matrix of size N*N, where a 1 in row i and column j means 
that species j predates on species i, whereas a 0 indicates no feeding relations (compare Fig. 
1). If there is quantitative information about the flow along existing edges, the graph turns 
into a “weighted graph”, where each edge carries certain number representing its flow rate, 
which can be denoted in the form of a weighted adjacency matrix. Of course also external 
inflows or outflows to or from the food web are possible (e.g. sunlight for primary producers 
or human harvesting if humans are not included as an own species in the food web). 
“External” sources or sinks can easily be represented by another node (called source 
respectively sink node) with links to or from the nodes with external in- or outflow, which can 
facilitate calculations. 
 
In graph theory, the role of nodes and edges is unambiguously defined. It is however the 
question, which real-world entities should be represented by nodes in a food web. Most 
widespread is the interpretation of a node as a biological species, yet sometimes, species, 
which share the exactly same predators and prey species, are aggregated as “trophic species” 
to single nodes. In fact however, the entities between which matter is exchange are neither 
biological nor trophic species but individuals, so it can also be useful to spread the food web 
to a representation of individuals and their feeding interactions. In the following, the term 
species will refer to biological species (thus nodes with the same set of predators and prey are 
allowed to coexist in the food web), even though the distinction is not relevant for the 
presented results. 
 
2.3.2 Energy Flow in Food Webs 
 
Along the interaction links in a food web, matter is exchanged between species. This can refer 
to any quantity that flows between species, like for example nutrients, water or trace 
elements. In the following however, the link flow always refers to energy. 
 
But what exactly is energy flow in a food web? In the first place, it is a dynamic rate, which in 
many cases can even be regarded as discrete, peaking only during the course of a predation 
event. A medium-term energy exchange rate can change over time while species become 
more or less abundant, compete, invade or go extinct. The interest of the following 
investigations however lies in ecosystems in a steady state, whose structure and topology is 
assumed to stay constant over time and in which therefore also the energy exchange rates 
averaged over a sufficiently long time interval have reached a steady state. The in the 
following predicted flow hence stands in fact for a rate of flow rather than an absolute 
quantity of energy. 
 
The weight of an edge thus simply represents the flow rate between the two linked nodes. 
More difficult however is the interpretation of the sum of inflows to a node. Should this total 
energy input equal the basal metabolism of a node (e.g. the total metabolism of all the 
individuals that constitute the species represented by the node)? How shall growth, heat loss, 
maintenance of the body, predation and energy export to the environment be represented in 
the model? And how do the biomass of a species and the energy through-flow through this 
species correspond? In the course of the work, different representations of the energy 
transfer processes will be presented; here it shall only be pointed out that the notion of 
energy flow in a food web includes some ambiguity. 
 
2.3.3 Network Flow and Flow Entropy 
 
Whatever is known about the representation of energy in the network and the topological 
interaction between species, the goal will be to predict the flow on the different links in a 
steady state of the network – without introducing any additional bias by knowledge one 
doesn’t posses before. The question thus is, which is the most likely flow through the 
network, given the external inflow and outflow and the constraints imposed by the topology? 
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Again, MaxEnt will provide an answer to this problem, but let’s first look at an example for 
which the principle of indifference helps to obtain an intuitive answer. 
 
Imagine a plant-herbivore network as depicted in 
Fig. 2. It is fully connected in the ecological sense 
that all herbivores feed on all plant species. If all the 
inflows Ii and the outflow Oj are given and equal, it 
is intuitively clear that due to the principle of 
indifference, there is no sufficient reason to assume 
anything different than that the flows along the 
links fij are all the same and equal to !!

!
= !!

!
. Note 

that in this case 𝐼! = 𝑂! has to hold for all i and j, so 
that the total inflow equals the total outflow. 
 
If in the same fully connected plant-herbivore 
network, all inflows and outflows are given but not 
equal, the most likely link flows are given by 
 

𝑓!" =
𝐼!𝑂!
𝐼!!
=

𝐼!𝑂!
𝑂!!
=

𝐼!𝑂!
𝑓!"!,!

 

 
equalling the product of inflow and outflow at the connected nodes over the total network 
flow. This solution is still intuitive, resembling an idea of “gravity” pulling at all outflow 
nodes, but doesn’t have to be accepted from the principle of indifference; it can be derived 
with the technique of maximum entropy. 
 
The approach of maximising flow entropy in a network with insufficient information to 
determine the most likely link flows has its application in modelling traffic of all kinds but is 
also applied in hydrological networks, in which often the topology of the pipes is known and 
water in- and outflows at the source demand nodes can be measured, but no information 
about the flow rates along the pipes is available. Tanyimboh and Templeman (1993a; 1993b) 
first applied MaxEnt to this problem and the presentation of the concept and ideas follows 
their approach. 
 
The idea of uncertainty in network flow is visualised in Fig. 3. Imagine a “flow quantum”, an 
infinitesimally small unit of flow matter, to enter a certain node i. In the actual case, it has 
three options to leave the node again, all which have been assigned a certain probability. 

Given no other constraints, there is maximum uncertainty of the 
flow quantum’s way, if all the paths have the same probability of 
1 3 (note the correspondence to deriving the probabilities for 
dice throws with the principle of indifference). 
 
Embedding the network flow probabilities in the MaxEnt 
framework, the flow entropy at a certain node i thus is based on 
the probability distribution Pi which takes the values 𝑝!" = 𝑓!" 𝐹!, 
where fij again stands for the flow along the link between node i 
and node j and Fi depicts the total flow arriving at node i. j here 
only ranges from 1 to the number of links exiting node i, so that 
𝑝!"! = 1 . The flow entropy at node i thus scales with 

− 𝑝!"ln  (𝑝!")! . To calculate the flow entropy of the whole 
network, the flow entropies at the nodes have to be weighted 
with the probability pi of a flow quantum arriving at all at the 
node, as the pij are not independent of each other. Hence the 
following formula describes the flow entropy of a network. 

 

 
Fig. 2: A fully connected 4-plants-4-
herbivores species network with given 
energy inflows Ii and energy outflows Oj 

 
Fig. 3: Flow quantum 
flowing towards a node – a 
visualisation of the concept 
of flow entropy in networks 
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𝐻
𝐾 = − 𝑝! 𝑝!"ln  (𝑝!")

!

!

!!!
 

 
H here scales, as in the derivation of the Shannon entropy, with a positive constant K. The 
formula can also be expressed with the link flows rather than the link flow probabilities (E0 
denotes the total energy entering the system from the environment). 
 

𝐻
𝐾 = −

1
𝐸!

𝑓!"ln  
𝑓!"
𝑓!"!!

!

!!!
 

 
This entropy formula can be understood as an extension to Jaynes’ approach. It augments the 
information entropy of a single probability distribution to a set of conditional probability 
distributions, namely the probabilities of flow splitting at each node. (Tanyimboh & 
Templeman 1993a) 
 
The flow entropy can be thought as a measure of the number of decisions a flow quantum has 
to take on its way through the network. Passing through a node with a high number of 
outflows or following a way along more nodes and thereby potential branchings increases the 
number of decisions to be made. 
 
To obtain the MaxEnt flow through the network, the entropy formula is maximised as 
discussed in chapter 2.1.4, subject to the constraints of the network architecture. Thereby, 
each node provides at least one consistency constraint: the total inflow to a node has to equal 
the total outflow of a node. Additional constraints can be imposed, but those N conditions 
always have to be fulfilled, as we assume a system which is closed unless defined otherwise by 
specific given in- and outflow rates. This premise is in accordance with the law of 
conservation of energy, which means that energy can neither be created nor destroyed in an 
isolated system. 
 
This set of constraints is fairly strong in a sense that in many cases, 
a number of link flows are already completely determined by the 
constraints without starting to apply any entropy maximisation 
procedure (think about a predator which feeds on only one prey 
species as depicted in Fig. 4 – all the outflow of this predator, 
which is assumed to be known, has to come from the link coming 
from the one prey species, leaving much less room for the 
distribution of the energy of the prey species over the other two 
links than one could have thought in the beginning). This fact has 
some essential consequences for the applicability of the maximum 
entropy principle to predict energy flow in food webs, which will be 
discussed in chapter 3.3 in greater details. For now, it is sufficient 
to note that the severity of the constraints imposed by topology 
impede analytical solutions for the flow probability distributions, 
as long as the inflow and outflow nodes are not fully connected. As 
in nature rarely all predators feed on all prey species in an 
ecosystem, energy flow will have to be predicted by numerical 
maximisation of the flow entropy formula subject to the 
constraints. 
 
To begin with, the maximisation of flow entropy does not imply any kind of maximisation 
principle concerning the total energy uptake or flow per se; the only optimisation principle 
lies within the minimisation of imposed bias on the flow distribution. Therefore, the question 
about why flow entropy should be maximal in real world ecosystems is obsolete, as it doesn’t 
represent a mechanistic principle that has to be justified but only follows the logic of most 
unbiased inference discussed before. 

 
Fig. 4: Part of a food web 
in which the topology 
strongly constrains the 
potential flow 
distribution of S1. Solid 
link: link flow known, 
dotted links: link flow to 
be predicted 



 

 

2	  Methods,	  Material	  and	  Implementation	  
2.4	  Prior	  Knowledge	  and	  Characteristics	  of	  Food	  Webs	  

20 

 
Later on (compare chapter 3.2), it will be investigated how far the entropy of the maximum 
entropy flow itself can be used as an optimisation criterion which is maximised during 
ecosystem (structure) evolution, and what forces acting in and on ecosystems could be 
responsible for the selection for flow entropy during its development (compare chapter 2.5 
and 4.1.2). 
 
 
2.4 Prior Knowledge and Characteristics of Food Webs 
 
The principle of maximum entropy helps to expand prior knowledge. In the original 
derivation of MaxEnt, this prior knowledge is phrased in constraints on the probability 
function, given by the numbers, called state variables, from which the expectations of the 
constraint functions are calculated (compare chapter 2.1). The method is however very well 
applicable to many other kinds of constraints of explicit or implicit nature, as will be 
demonstrated in chapter 3. In the following, different aspects of prior knowledge about 
ecological networks, arising from other theories or observations in nature are presented. The 
more general measures are most useful when looking at evolving ecosystems, which are only 
constrained by some overall properties, or they can be applied when comparing different 
(real-world or simulated) networks with respect to their structural characteristics. The more 
specific forms of prior knowledge can be used to understand the scope of link flow 
predictions for particular ecosystems with more specifically defined features. 
 
2.4.1 Topology vs. State Variables 
 
In METE, the state variables are the total area, the total number of species, the total number 
of individuals and the total metabolic rate of all individuals in the system. Even a food web 
can be characterised by state variables like the number of species S0 and the number of 
interaction links L0. However, as the MaxEnt energy flow is strongly dependent on the exact 
structure of the network (due to the interdependence of the set of probability distributions, 
compare chapter 2.3.3 and chapter 3.3), this information is generally not sufficient to 
formulate constraints on the flow probability functions. It is thus not possible to try to infer 
general characteristics of the MaxEnt-flow in networks with given S0 and L0 across all the 
topologies that can be formed from these conditions, but the exact topology has to be 
provided for predicting the most likely link flows in a meaningful way. 
 
Even though not useful as prior information for the derivation of the MaxEnt link flows 
alone, the number of species and the number of interaction links can be used as state 
variables for a MaxEnt procedure. Being measures of the macrostructure of a network rather 
than its flow pattern, they can be used to infer a probability distribution, which characterises 
the architecture of a network: the degree distribution. 
 
2.4.2 Degree Distribution 
 
The degree l of a node is defined as the number of 
neighbouring nodes, which it is connected to via one 
single edge (see Fig. 5). The degree distribution is the 
probability or frequency distribution of degrees over the 
nodes. Williams (2009) used the maximum entropy 
principle to predict this distribution, constraining it by its 
mean 𝐿! 𝑆!. As a food web is a directed graph, there are 
in fact two degree distributions; the consumer degree 
distribution describing the probability of the number of 
consumers of a species, and the resource degree 
distribution, which depicts the probability of the number 
of resources a species predates on. 
 

 
Fig. 5: An arbitrary graph depicting 
the degrees of the nodes 
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As for each discrete probability distribution which is only constrained by its mean, MaxEnt 
predicts for the degree distribution a negative exponential distribution 
 

𝑃 𝑙 =
1
𝑍
𝑒!!" 

 
where Z and 𝜆 are determined by the normalisation condition and the constraint for the 
expectation 𝑙 ∗ 𝑃 𝑙!!

!!! = 𝐿! 𝑆! . Comparisons with consumer and resource degree 
distributions of real world food webs have indicated quite good agreement, with only 24% 
(8%) of the datasets showing a significantly different consumer (resource) degree 
distribution.  (Williams 2009) 
 
Williams’ work is a result of the application of MaxEnt to the structure of food webs but 
doesn’t provide a constraint itself, which could be used for predicting the network flow. 
However even though the exact topology is necessary for the derivation of the maximum 
entropy flow, the degree distribution (either given from data or derived from S0 and L0 as 
Williams did) can be used as a principle to construct the topology of a food web for which the 
flow should be predicted, and may be interpreted as a constraint on food web topology during 
the succession and evolution of the species and their feeding preferences.  
 
2.4.3 Trophic Level and Trophic Layers 
 
The trophic level of a species depicts its position in the food chain and 
counts upwards from primary producers over herbivores to carnivores 
that eat herbivores (secondary consumers), tertiary consumers and so 
on. This ideal case reflects a situation, in which all species belong to a 
distinct trophic layer and for example tertiary consumers don’t feed on 
herbivores or plants. In reality, species interactions are usually more 
complex, softening the distinction between trophic layers. To be anyway 
able to characterise the trophic position of a species, trophic levels T are 
assigned according to the following formula, where J is the number of 
prey species of specie i (Pauly & Palomares 2005). 
  

𝑇(𝑖) =   
1 𝑖𝑓  𝑖  𝑖𝑠  𝑝𝑟𝑖𝑚. 𝑝𝑟𝑜𝑑𝑢𝑐𝑒𝑟

1 +
1
J

𝑇(𝑗)
!

!!!
𝑒𝑙𝑠𝑒  

 
Stated in words, this means, that each species’ trophic level is defined as 1 plus the average 
trophic level of its prey species (see Fig. 6). The distribution of trophic levels in an ecosystem 
characterises the hierarchical structure of the food web and can apart from a constraint be 
used to compare different ecosystems in their general structure (see chapter 3.4.2). 
 
2.4.4 Energetic Requirements of Species 
 
The potentially strongest constraints on the network flow after the topology are the 
consistency constraints, which act at the single nodes and require inflow and outflow to be 
equal. It can however also be thought of a situation where one not only knows the topology 
and the rate at which energy enters the system, but also how much energy certain species 
require. In doing so, there is an additional constraint for each species whose energetic 
requirements are known, which forces the inflow to this species to be at least as large as what 
it requires (note that constraints can also be formulated in inequalities, the inflow may be 
equal or larger than the given threshold). Those energetic requirements of species can both 
be given by data or be predicted by other theories like for example METE or the Metabolic 
Scaling Theory (compare chapter 1.6.3). 
 

 
Fig. 6: Example 
food web with 
annotated trophic 
levels 



 

 

2	  Methods,	  Material	  and	  Implementation	  
2.4	  Prior	  Knowledge	  and	  Characteristics	  of	  Food	  Webs	  

22 

Implementing prior knowledge both in terms of the topology and the energetic requirements 
can however easily lead to an overconstrained system – just imagine a predator with a certain 
energetic requirement that only predates on a prey species which simply doesn’t provide the 
necessary amount of energy (compare again Fig. 4). This problem will be discussed in greater 
detail when potential links to the METE theory will be drawn (see 3.3). 
 
2.4.5 Different Concepts of Energy Conversion 
 
So far, the law of energy conservation has been understood as requiring energy inflow to 
equal energy outflow at each node. Living organisms however by no means convert energy 
perfectly in a sense that all energy they take up will finally be transferred to their predators. 
Generally, only about 10% of the energy that reaches a trophic level will be transferred to the 
next level (Lindeman 1942), the rest is used for growth, reproduction, the maintenance of the 
organism and the effort of acquiring food. Those parts of the energy are finally converted to 
heat, which is exported across the boarders of the ecosystem to divert the produced entropy. 
Another fraction of the energy a species takes up can be modelled as stored (in a reusable 
form, rather than being converted to heat) and exported to the environment. 
 
When modelling the energy flow, one has to decide how to treat those energy losses (if one 
doesn’t chose to ignore them for the moment to obtain general insights about the flow 
predictions from MaxEnt). An easy way to include the heat loss is to assign a certain 
conversion efficiency to each node, meaning that the consistency constraints at each node 
require the outflow not to equal the inflow, but a certain fraction of the inflow. This fraction 
can be equal for all species or assigned individually depending on the prior knowledge 
available. 
 
Another idea of defining the conversion efficiency of a species accounts for the fact that not 
all species are equally efficient at converting energy. One can assume that specialist predators 
should be both better at exploiting the energy content of their food, as they can perfectly 
adapt to the properties of their nutrition (different then a generalist who is equipped with 
“compromise” multifunctional tools with inferior efficiency), and need less energy to 
maintain complex body functions, 
which are necessary for generalist 
predators to deal with the different 
kinds of foods they have to hunt, take 
up and digest. Conversion efficiency 
should therefore be a decreasing 
function of consumer degree. As 
conversion efficiencies in real world 
ecosystems usually range from about 
5% to 20% (Kozlovsky 1968), prey 
dependent conversion efficiencies 
can for example be assumed to be 
described by the function 
 

𝜑 𝑙 =
0.15
𝑙

+ 0.05 
 
which ranges from 20% for consumer degree 𝑙 = 1 to 
5% for 𝑙 → ∞ (Fig. 7). 
 
A more detailed and little more mechanistic approach 
would be to include flow links to additional nodes 
representing the reservoirs in which energy spent for 
feeding, maintenance etc. is collected (as depicted in 
Fig. 8). This approach has the advantage that there is 
no necessity to assign arbitrary non-mechanistic 

 
Fig. 7: Conversion efficiency 𝝋 𝒍  as a function of the 
consumer degree l 

 
Fig. 8: A food web with three species 
(blue), their interaction links, the 
reservoirs which collect energy spent 
for acquiring food (purple), basal 
metabolism (red) and stored/exported 
energy (brown) as well as a source 
(yellow) and a sink node (grey) 
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conversion efficiencies to the species, but in return, it demands assumptions about the 
distribution of the flows over the different possibilities for “losing” energy. Also how the links 
along which lost energy flows are treated in the MaxEnt predictions has to be resolved. In the 
following chapters, the different ways of modelling imperfect energy conversion will be 
applied and compared. 
 
 
2.5 Dynamic Systems: Succession and Evolution 
 
In the considerations so far, ecosystems have been envisioned to reside in a steady. Only if 
neither their species composition nor their network topology changes over time, it is 
meaningful to assume that the link flows have reached some kind of steady state, where in- 
and outflows to compartments are balanced and where it intuitively is most likely to 
encounter the most likely MaxEnt flow patterns. In reality however, ecosystems have no 
clearly defined boarders and time and space do theirs to promote succession and evolution, 
altering the ecosystem composition over time. This can happen on different scales, ranging 
from random birth and death processes, population dynamics influenced by species 
interactions as well as ecosystem succession as a reaction to external disturbances or 
evolutionary changes in the species traits. 
 
An important question for understanding living communities on our planet is how ecological 
assemblies develop over time. The Darwinistic explanation would be based on the 
maximisation of individual fitness, predicting the success of the fittest individuals or species 
and coexistence (only) where this benefits all involved parties. This way of arguing follows a 
bottom-up approach, reasoning from principles acting on the microscale (namely the survival 
of the fittest), which affect the macroscale (namely the composition of the ecosystem as a 
whole). If ecosystems however constitute complex systems with emergent phenomena (see 
chapter 1.6.2), it is reasonable to investigate potential drivers of ecosystem development that 
act on the macroscale, controlling events on the microlevel top-down from the macrolevel. 
 
Relating those two contrary principles to the previous considerations about entropy, 
thermodynamics and life leads to three potential optimisation criteria ecosystems could 
follow during their development. 
 

1. Minimum entropy production on the individual/species level 
To be most efficient and superior to competitors, organisms probably thrive to reduce 
their own heat loss, which matches their entropy production. There is however a 
trade-off between being functional complex (and therefore being able to e.g. acquire 
lots of food) and maintaining the therefore necessary structural complexity (with 
which entropy production comes along). Arguments similar to this one are probably 
the most commonly used and appreciated principles for ecosystems development. 

2. Maximum entropy production on the system level 
This argument has been introduced to ecology from thermodynamics and has been 
discussed extensively in chapter 1.6.1.  

3. Maximum flow information entropy 
While the first two principles deal with thermodynamic entropy, this one 
hypothesises an information entropic selection criterion, namely the maximisation of 
the flow entropy through a network. This measure is most closely related to the 
prediction of the link flows in networks in a steady state. An ecosystem maximising its 
flow entropy develops a topology for which the entropy of the MaxEnt flow of the 
steady state given this specific topology is maximal compared to other flow entropies. 
 

Those three selection criteria operate on different scales of the network. While the first acts 
bottom-up on individual organisms, the latter two are examples for top-down control of an 
ecosystem. As already stated before, it lies not in the scope of this work to integrate 
thermodynamic entropy production with maximum information entropy of the flow 
distribution. Therefore the first to principles denoted here are not investigated in the course 
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of the work; its focus lies on the application of the third principle, extending the 
investigations of MaxEnt energy flows in steady state ecosystems. 
 
Maximising the flow entropy in an ecosystem is a method to investigate the role of top-down 
control in ecological networks. This is indeed an often neglected idea, but it in fact never acts 
alone – there will always be selection on the microlevel as well. To introduce this notion 
without the necessity for thermodynamic considerations, a simpler measure for bottom-up 
control is investigated: the total energy uptake of all species. If those are competing for 
resources or energy, it should be the goal of each species, to maximise its access to energy. 
 
However neither top-down nor bottom-up control act alone – if ecosystems are complex 
systems exerting emergent phenomena, they are expected to encompass both driving forces: 
selection for efficient individuals on the microscale and selection for flow coherence on the 
macroscale. This idea can be phrased in a new measure: the flow extent of an ecosystem. It is 
defined as the product of the total energy uptake of all species and the information entropy of 
the link flows of the system – which in all modelled systems, in which no other information is 
available, corresponds to the MaxEnt link flows predicted from the topology. 
 
The evolutionary scenarios are modelled stochastically over a given time span. In each time 
step, a randomly generated species tries to invade the ecosystem and remains only if the 
optimisation criterion is increased due to its presence. It is important to note that thereby, 
the development of an ecosystem is assumed to be a quasi-static process, which means that 
after the invasion of a new species, energy transfers are recalculated for the system in its new 
maximum flow entropy state and only then selection is executed. 
 
 
2.6 Data 
 
Predictions both for steady state ecosystems and evolving ecosystems have been evaluated 
against real world data. In the following, the data sets are shortly described. For better 
traceability of the methods, the exact settings of the simulations will be explained in chapter 
3.4 along with the results. The raw data can be found in the appendix (chapter 7.1). 
 
2.6.1 Link Flows in Steady State Ecosystems 
 
To evaluate the MaxEnt predictions for the link flows for ecosystems in a steady state, it is 
necessary to obtain data on energy transfer rates between compartments in real world 
ecosystems. Such data is scarce, but three examples could be found in (Ulanowicz 1986). 
 
The Cone Spring ecosystem is represented with five compartments and thereby fairly 
aggregated species (Ulanowicz 1983). The second example is a marine food web and 
represents ten compartments in the North Sea (Steele 1974). The Crystal River ecosystem is a 
marsh gut ecosystem with 17 compartments (Ulanowicz 1983). 
 
For all three food webs, information is provided on the flow rates between the compartments, 
flow rates from and to the external environment as well rates of heat loss for each of the 
compartments. The raw data can be found in the appendix (chapter 7.1.1). Comparisons with 
the modeled results are shown in chapter 3.4.1. 
 
2.6.2 Evolution of Ecosystem Structure 
 
For the evaluation of the predicted structure of evolved ecosystems, data on food web 
topology is sufficient for comparisons. In the ECOweB database (Cohen 2010), a set of 
several hundred food webs from all over the world is compiled in the form of adjacency 
matrices. To compare predictions for evolving networks selected for maximum flow extent, 
this dataset has to be pre-processed. From the 181 community food webs, 27 are removed as 
their structure poses problems for the maximum entropy flow calculations. From the 
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remaining 154 food webs, due to computational reasons, only the 29 with at most 10 species 
are systematically compared with simulated food webs. The adjacency matrices of the 
analysed networks can be found in the appendix (chapter 7.1.2). 
 
2.7 Software 
 
All calculations and simulations that exceeded pen-and-paper work have been done with the 
Student Version of Wolfram Mathematica, Version 9.0.1.0. Except for a few conceptual 
figures, which have been designed in Microsoft PowerPoint, all graphs have been produced 
with Wolfram Mathematica. 
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3 Results 
 
Applying the principle of maximum information entropy to the energy flow in food webs is a 
completely new approach to ecological energetics and poses a range of conceptual questions 
that have to be answered before a suitable model can be constructed. As it is most often the 
case in theory development, different conceptualisations have to be evaluated against other 
theories, data and common sense to investigate the applicability of a certain method to a 
given problem. The in the following presented results are therefore mostly very theoretical, 
conceptual and often purposely far from ecological reality, with the goal to understand the 
range and limits of the model predictions and the consequences of different concepts of 
ecological networks and the energy flow within. 
 
 
3.1 Theoretical Predictions: Ecosystems in a Steady-State 
 
During the course of succession and evolution, species assemblies change in their structure, 
composition and respective abundances due to external disturbances, succession and 
evolution based on optimisation principles. MaxEnt however as stated before, even though 
being a maximisation principle (by minimising the additional bias added to the prior 
knowledge) may not be misunderstood as an evolutionary criterion – in the first place it is 
only a tool to predict the energy flow in an ecosystem in a steady state, meaning that changes 
in its species compositions and their interactions (so in fact its topology) are irrelevant for the 
question. Mathematically it doesn’t matter for the following results if the ecosystem in its 
composition is in a state of change right now, as only a snapshot in time is regarded for the 
flow predictions, but ecologically it is more meaningful to envision a food web in a steady 
state in which it is reasonable to assume the most likely flow pathways (which, in case of a 
web in an energetic steady-state but not in equilibrium, represent the average values of the 
steady-state flow), rather than very biased flow partitions which may for example be rooted 
in the recent extinction of a specialist predator.  
 
3.1.1 Perfect Conversion Efficiency 
 
Fig. 9(a) depicts an exemplary 
ecosystem topology. Through the 
white node, a certain amount of 
energy E0 enters the system, which is 
consumed by three primary 
producers, transferred to five 
intermediate species and finally exits 
the system through two top 
predators. There are no other 
constraints on the system than the 
consistency requirements at each 
node. All energy is transferred on to 
the next levels; conversion efficiency 
thus equals 1. Fig. 9(b) depicts the 
link flows with the maximum flow 
entropy, where the node size 
represents the total through-flow 
through this node. This example food 
web has a flow entropy of  𝐻 𝐾 ≈
2.303 . 
 
Perfect conversion efficiency is, as 
discussed in chapter 2.4.5, of course 
an ecologically unrealistic concept, 

 (a)               (b) 

 
Fig. 9: Maximum entropy flow in an example food web 
with 10 species (grey), one source (white) and one sink 
node (black). (a) Topology, (b) Edge width ~ MaxEnt link 
flow, node size ~ MaxEnt through-flow, each link is 
annotated with the number of paths from source to sink 
that pass through this link 
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but this very simplified model teaches some fundamental aspects about the maximum 
entropy flow in a network. The flow entropy at a certain node consists of two factors, 𝑝! and 
𝑝!"ln  (𝑝!")! . The second term represents the unconditional entropy, which is, as shown in 

chapter 2.1.4, maximal for a uniform distribution. Therefore, if it weren’t for the first factor, 
maximum flow entropy would be obtained if at each node, all the flow that reaches the node 
would be split up equally between the links that leave the node. The flow entropy is however 
weighted by the probability of flow arriving at the node, which is why the flow entropy in a 
node is not only dependent on the number of links that leave the node but also on the flow on 
the pathways that reach the node. In short, according to the principle of indifference, the flow 
is equally likely to take any of the paths from the energy source (the white node) to the energy 
sink (black), and the flow on one link is therefore linearly dependent on the number of paths 
from source to sink that use this link (denoted in Fig. 9(b)) (Tanyimboh & Templeman 
1993b). 
 
Interpreting this result ecologically is not straightforward. It implies that generalist species or 
species which are more interconnected within the food web, which often are denoted as 
keystone species, have a higher energy through-flow than species that are only loosely 
connected. The more species are entangled and the higher the number of interaction links, 
the higher is the total flow entropy of the network. 
 
The result also implies highest flows on links which connect those “keystone species”, which 
feed on and are the prey of many other species. Much less flow is predicted on links that lead 
to species with few predators or that come from species with few prey species. This seems 
reasonable in the sense that species with lots of prey species have access to a large energy 
pool and species with lots of predators have to distribute a large amount of energy among 
them, but it is contrary to ecological intuition that for example specialist species, which only 
feed on one or very few prey species, should receive a higher amount of energy via that link 
than a generalist species on the same trophic level does via one of its feeding links, only if it is 
predated on by many more species. 
 
3.1.2 Imperfect Conversion 
 
One step toward more realistic ecological predictions is to make a more realistic assumption: 
the imperfect conversion of energy. Modelling the lost energy explicitly includes a range of 
other assumptions to be made, which is why this will be discussed later 
in relation to the METE predictions in chapter 3.3. For now, a constant 
conversion efficiency of 10% is set, following estimates for real world 
ecosystems between 5% and 20% (Lindeman 1942; Kozlovsky 1968). 
To keep things simple and comparable, conversion efficiency is 
assumed to be equal for all species. 
 
The notion that the MaxEnt flow will be distributed equally over the 
paths from source to sink is valid when assuming imperfect energy 
conversion, but now species higher up the food chain contribute much 
less to the flow entropy (as the probability that flow arrives there is low 
compared with the lower trophic levels). Moreover, contrary to the 
example of perfect conversion efficiency, where long intertwined paths 
carry most of the flow, now the least energy is lost when it is 
transported most directly via as few nodes as possible. This pattern 
resembles ecological intuition much more, which expects the link flow 
leading to a specialist predator to be generally much higher than the 
link flow leading to a generalist predator. In the example food web 
introduced in the chapter before, this becomes most clear when 
comparing the perfectly and imperfectly converted flow to the 
intermediate species at the right hand side and in the highly 
interconnected assembly of species at the left (Fig. 10). Note that due 

 
Fig. 10: Maximum 
entropy flow in the 
same example 
network as in Fig. 9. 
Energy conversion 
efficiency at each 
node equals 10% 
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to the reduced available energy, the flow entropy 𝐻 𝐾 reduces from 2.30 under perfect 
conversion to 1.16 when energy is passed on only to 10%. 
 
This is however a purely 
qualitative statement 
and highly dependent 
on network topology. A 
more general approach 
to investigate the 
influence of imperfect 
conversion on the 
network flow is to study 
a trophic-layered net (in 
which species belong to 
a clearly defined trophic 
level and only feed on 
species which are 
located one level below) 
as depicted in Fig. 11. 
Fig. 11(a) shows the 
MaxEnt energy flow 
with perfect conversion, 
Fig. 11(b) portrays the 
maximum entropy flow 
with 10% conversion 
efficiency between the 
trophic levels. With 
perfect conversion 
efficiency, just as shown 
in chapter 3.1.1, the link flow corresponds to the number of paths from source to sink leading 
passing through this link. This leads to very non-energy equivalent species in one trophic 
layer, as long as the degrees to be unequally distributed, like for example in Fig. 11. Including 
the assumption of non-perfect conversion efficiency however changes the predictions. As the 
higher-level species contribute substantially less to the flow entropy than the lower levels (the 
influence is reduced on each level by the factor 10), the MaxEnt flow equalises the flow 
distribution mainly on the lowest level, leading to much more “energy equivalent” primary 
producers. This is particularly interesting in the light of the popular hypothesis of energy 
equivalence (see chapter 1.6.3). 
 
However, when having a closer look at the standard deviation of the energy through-flow 
through the species on one trophic level, it can be seen, that this approach towards energy 
equivalence only holds on the level of the primary producers; on the other levels, the 
standard deviation shows no clear trend in one or the other direction when conversion 
efficiency is decreased (see Fig. 12). 

(a)        (b) 

 
Fig. 11: Five layered trophic network with 25 species (grey), one 
source (white) and one sink node (black). (a) MaxEnt energy flow 
with perfect conversion efficiency, (b) MaxEnt energy flow with a 
conversion efficiency of 10%. Node size and link width represent 
energy through-flow through species and links respectively 

 
Fig. 12: Relation between the conversion efficiency in a five times five species trophic layered food 
web as depicted in Fig. 11 and the normalised standard deviation of the MaxEnt energy through-
flow through the species in each of the trophic levels 
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The maximisation of flow entropy hence does not confirm the hypothesis of energy 
equivalence introduced in chapter 1.6.3. However the introduction of the assumption of non-
perfect energy conversion between trophic levels adds more realism to the model and at the 
same time pushes the predictions at least closer to the predictions of the Damuth rule. 
 
 
3.2 Theoretical Predictions: Evolving Ecosystems 
 
So far, only snapshots of ecosystems in time have been regarded, whose topology remains the 
same and only the most likely flow given this structural state is of interest. Ecosystems 
however do of course change over time due to succession after disturbances, random 
immigration and emigration and speciation, extinction and evolutionary adaptation of 
species. To model an evolving ecosystem, a selection criterion has to be applied (see chapter 
2.5). As discussed in chapter 2.5, it is important to keep in mind that ecosystem evolution is 
regarded as a quasi-static process, where in each time step it is assumed that the ecosystem 
first reaches a steady-state with respect to the energy flow, meaning that the link flows are 
predicted by the MaxEnt flow given the current topology and only afterwards the ecosystem 
as a whole is evaluated with respect to the optimisation criterion. Talking about the evolution 
of a network with maximum flow entropy means finding a topology for which the entropy of 
the MaxEnt flow given this topology is maximal compared to the entropy of the MaxEnt flow 
given other topologies. 
 
3.2.1 Perfect Conversion Efficiency and Flow-Entropy Maximisation 
 
Let’s first again assume perfect energy conversion efficiency at the species nodes and 
construct the network with maximum flow entropy. 
 
If only S0 but not L0 is constrained, a fully connected network evolves. This does not only 
include the largest number of decisions for an energy quantum to take at each node (as each 
species can transfer energy on to all other species) but introduces energy cycling to the 
network, if it isn’t constrained in a way that species have to belong to a distinctly defined 
trophic level. Cycling implies that energy is reused and therefore link flows can exceed the 
energy that enters the system in the beginning. In the case of perfect energy conversion, links 
can in principle transfer infinite amounts of flow, which is why flow entropy maximisation in 
this case doesn’t yield meaningful results any more. 
 
If both S0 and L0 are given, the network with the highest number of paths evolves, as 
discussed in 3.1.1. There could however be no way found to calculate the maximum number 
of paths in any network only as a function of S0 and L0. A potential 
candidate for such a network might look something like the graph depicted 
in Fig. 13, where path numbers are squared in each of the nodes in which 
the paths merge. This vision assumes L0 to constrain the topology from 
being more interconnected, which probably usually is the case in nature. 
The shape depends of course on the order of magnitude of S0 and L0 but it 
definitely can be expected to incorporate a structure rarely seen in nature. 
 
Adding more rigorous constraints on the network architecture than just the 
number of species and the number of links however provides further 
insights in the maximum entropy flow architecture. Let’s assume a layered 
food web, in which species are forced to belong to a distinct trophic level. 
The number of species at each trophic level is given, as well as the degree 
distribution for predators and prey in each trophic layer (allowing to draw a 
link to the William’s (2009) predictions for the MaxEnt degree distribution). 
Furthermore, the energy input of all the primary producers is known and 
assumed to be equal, along the lines of the principle of energy equivalence 
(see chapter 1.6.3 and 2.4.4). Degrees of freedom concerning flow entropy 

 
Fig. 13: Example 
of a network 
with a high 
number of 
paths given S0 
and L0 
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now lie in the matching of consumer and resource degree of the intermediate species and in 
the feeding preferences of generalists and specialists (If a species predates on two prey 
species, which two species does it chose?). How the primary producers’ degrees are 
distributed doesn’t influence the flow entropy as long as all of them provide an equal amount 
of energy for the system, and the entropy of the top consumers is, as for all nodes with only 
one outflow link (namely to the exterior), equal to zero (−𝑝! 𝑝!" ln 𝑝!"! = −𝑝! ∗ 1 ∗ ln 1 =
0). 
 
To keep things simple, let’s start with a three-
layered network. The maximum number of 
paths in the network is to be found in the food 
web in which the function which assigns 
consumer to resource degrees is 
monotonically increasing, meaning that 
species which feed on many prey species will 
also be predated on by many predators (see 
Fig. 14). As the number of paths in a three-
layered network is the product of consumer 
and resource degree summed over all 
intermediate species, this way the maximum 
number of paths given the constraints is 
reached. 
 
The species with the highest degrees 
contribute most to the flow entropy (as there 
most decisions for flow quanta have to be made), which is why the overall flow entropy is 
maximal if those species receive the highest amount of energy. The primary producers are 
constrained to release equal amounts of energy to the species network, but they don’t have 
the same consumer degrees, which is why clear feeding preferences evolve: to obtain the 
highest possible flow entropy given the described constraints, intermediate-level generalist 
consumers are also generalist resources (to maximise the number of paths) and feed on 
specialist resources on the level of primary producers (as those channel all the energy they 
provide on few links instead of splitting it up to several species and thereby limiting the 
amount of energy one predator can obtain from them). This architecture together with the 
MaxEnt flow is visualised in Fig. 14. 
 
In the case of three trophic layers, a simple rule for the relation between consumer and 
resource degree as well as the feeding preferences is sufficient to derive the network topology 
with the maximum flow entropy. Adding another trophic level and evolving the network with 
the maximum flow entropy makes things more complicated. Still the maximum number of 
paths is obtained if consumer and resource degrees are matched and most flow is transported 
to the species with high consumer degree, but the links with the most flow are not necessarily 
those which leave specialist prey species (as it was the case before, where all prey species 
influencing the flow entropy were primary producers which are assumed to produce the same 
amount of energy, depicted in Fig. 15(a)) but slightly less profound feeding preferences 
evolve (Fig. 15(b)). 

 
Fig. 14: MaxEnt-flow in a three times five 
species food web with given degree distribution 
in which the primary producers are energy 
equivalent (dispense an equal amount of 
energy to the system). The network depicts the 
topology in which the total flow entropy is 
maximal ( 𝑯 𝑲 ≈ 𝟏.𝟕𝟕𝟐 ) compared to other 
topologies, given the degree distribution and 
the affiliations of the species to their trophic 
level. 
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With the aim to integrate theories in mind, this simulation experiment would have been 
more interesting if the degrees were not arbitrarily defined in advance but if they would 
resemble the MaxEnt degree distribution derived by Williams (2009). In principle it is 
possible to draw order statistics from this degree distribution just as described in chapter 
2.2.3 for the METE distributions. The MaxEnt degree distribution however predicts a high 
number of species with few links, which is why the expected order statistics can only be 
usefully applied in very large food webs, where a non-zero number of species with several 
interactions is derived. This case however is again very computation intensive and therefore 
not possible to investigate in the present work. Nevertheless the simulations show that the 
approach is applicable in principle but that the results predict patterns of generalist and 
specialist matchings, which are probably too strict to find equivalences in nature. 
 
3.2.2 Prey-Dependent Conversion Efficiency and Flow-Entropy Maximisation 
 
As seen in the case of ecosystems in a steady 
state, including more realistic assumptions can 
help to improve the predictions. Again, the 
introduction of non-perfect energy conversion 
shall be investigated in the following. 
 
If species are forced to specific trophic layers, 
imposing equal but non-perfect conversion 
efficiencies to all species doesn’t lead to 
different predictions than in the case of perfect 
energy conversion. More interesting is the 
application of prey dependent conversion 
efficiencies. The concept (compare chapter 
2.4.5) is based on a trade off between the 
number of different species a predator feeds on 
and its efficiency in exploiting the energy 
gained. 
 
The theoretical considerations about the topology with the maximum number of paths are of 
course still valid in this setting, but they don’t necessarily produce the maximum MaxEnt 
flow, as now the species which used to imply a high flow entropy as they united many paths 
are the ones which contribute most to energy loss. 
 

(a)            (b) 

 
Fig. 15: MaxEnt-flow in a four times five species network with given degree distribution in which 
the primary producers are energy equivalent. (a) Assembly according to two rules: generalist 
consumers are generalist prey & generalist predators feed on specialist prey, 𝑯 𝑲 ≈ 𝟐.𝟓𝟔𝟎. (b) 
Generalist consumers are generalist prey, but feeding preferences evolved by selecting networks 
with higher flow entropy over 500 time steps, 𝑯 𝑲 ≈ 𝟐.𝟕𝟓𝟒 

 
Fig. 16: MaxEnt-flow in a three times five 
species network with given degree 
distribution and prey dependent conversion 
efficiency 𝝋(𝒍)  in which the primary 
producers are energy equivalent. Feeding 
preferences and matching of consumer and 
resource degree are evolved over 500 time 
steps. 𝑯 𝑲 ≈ 𝟎.𝟕𝟒𝟔 
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There are not any longer any analytical results or theoretical arguments which can be applied 
to derive the topology with the maximum flow entropy in the case of prey dependent 
conversion efficiency, but repeated simulations in which networks with high flow entropy are 
evolved show that constraints on degree matching and feeding preferences have lower flow 
entropies compared to unconstrained evolved food webs. The three-layered web in which 
generalist predators are generalist prey and feeding preferences are evolved over 500 time 
steps has a flow entropy of 𝐻 K ≈ 0.679, lower than when degree matching is evolved (Fig. 
16, 𝐻 K ≈ 0.746). The same is true for the four-layered network (flow entropy if generalist 
predators and generalist prey and feeding preferences are evolved is 𝐻 K ≈ 0.748, lower than 
the flow entropy of the net evolved without further restrictions 𝐻 K ≈ 0.751, compare Fig. 
17). 
 
Most interesting about those results is the fact 
that the introduction of prey-dependent 
conversion efficiency leads to less clear-cut 
and strict matchings of consumer and 
resource degrees. It has been shown for 
mutualistic networks, that so called 
“nestedness”, the property that specialists 
usually interact with generalists and vice 
versa, can serve to enhance species 
abundances and ecosystem stability, and is 
often encountered in nature (Fontain 2013). 
Different principles act in predation than in 
mutualistic networks, but the same nested 
interaction pattern could be shown in chapter 
3.4.2. Even though the networks evolved 
under prey-dependent conversion efficiency 
do not exhibit clear features of nestedness, the 
introduction of the more realistic assumption 
of imperfect energy conversion clearly 
improves the realism of the predictions. This 
indicates that the hypothesised relation between the efficiency in exploiting energy and the 
grade of generalism of a species might be acting in nature as it at least improves the 
predictions in the present setting. The hypothesis of energy equivalence however, which 
didn’t find any confirmation from the simulations with perfect energy conversion, is not 
supported by the simulation results assuming imperfect conversion of energy either. 
 
3.2.3 Selection for Flow Extent 
 
In the previous examples, the number of links was implicitly given by the given degree 
distributions, to constrain the food web topology from developing into a fully connected 
network when flow entropy is maximised, which is the expected outcome under perfect 
energy conversion (compare chapter 3.2.1). Prey-dependent energy conversion however gives 
a trade off between many links with many decisions for the flow quanta to take and fewer 
links along with less energy loss, allowing for the number of links L0 to evolve unconstrained 
by previous knowledge. 
 

 
Fig. 17: MaxEnt-flow in a four times five 
species network with given degree 
distribution and prey dependent conversion 
efficiency 𝝋(𝒍) in which the primary producers 
are energy equivalent. Feeding preferences 
and matching of consumer and resource 
degree are evolved over 500 time steps. 
𝑯 𝑲 ≈ 𝟎.𝟕𝟓𝟏 
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Maximising the flow entropy of a food 
web with given S0 leads, independent 
of the dependence or non-dependence 
of the conversion efficiency on the 
number of prey species, to a fully 
connected network (Fig. 18). Another 
possible maximisation criterion is the 
total energy uptake of all species in the 
network (thus the total network flow). 
In this case, it is best to reuse energy 
most efficiently, which – if conversion 
efficiency is prey dependent – is the 
case in a single food chain, where all 
species are specialists with maximum 
possible conversion efficiency (Fig. 19). 
The third “extreme” type of network 
topology would be a net with only primary producers (Fig. 
20), which however doesn’t maximise any of the selection 
criteria applied. 
 
As discussed in detail in chapter 2.5, the total energy 
uptake and the flow information entropy in an ecological 
network characterise force of bottom-up and top-down 
control respectively. Both principles acting by themselves 
drive the ecosystem towards extreme configurations (single 
food chain respectively a fully connected network), which 
are rarely seen in nature.  
 
What about the selection for flow extent, 
which was defined as the product of the 
total energy uptake of all species and the 
information entropy of the link flows (see 
chapter 2.5)? Evolving a network with 
maximal flow extent for 1500 time steps, 
given only the number of species, results 
in the food web depicted in Fig. 21. Its 
properties compared to the extreme 
network configurations depicted in Fig. 18, 
Fig. 19 and Fig. 20 are summarised in 
Table 1. 
 
Table 1: Flow extent, flow entropy, total energy uptake and total number of links in food webs (S0 
= 10, E0 = 100, measures the networks were evolved for over 1500 time steps are printed in italic) 
  Flow Extent Flow Entropy Total Energy Uptake L0 
“Fully connected” (Fig. 18) 24929 255 98 121 
“Food chain” (Fig. 19) 0 0 125 20 
“1 Trophic Layer” (Fig. 20) 23026 230 100 11 
“Max. Flow Extent” (Fig. 21) 28046 249 113 50 
 
The combination of bottom-up and top-down controlling forces constitutes an optimisation 
principle, which leads to intermediate networks in terms of flow entropy, total energy uptake 
and especially the number of interaction links. So far it had been assumed that the number of 
links is a fundamental property in the sense that it has to be included as prior knowledge to 
the predictions, but the results here show, that the simple introduction of a selection criterion 
based on two counteracting forces, implying a trade-off in the ecosystem structure, suffices to 
predict the number of interaction links in a meaningful order of magnitude. 
 

 
Fig. 18: Fully connected network with five species 
(grey), one source (white) and one sink node (black). 
Evolutionary result of optimising flow entropy given 
S0=5 and prey dependent conversion efficiency 𝝋(𝒍) 

 
Fig. 19: Food chain with five species (grey), one source 
(white) and one sink node (black). Evolutionary result 
of optimizing the total energy uptake of all species given 
S0=5 and prey dependent conversion efficiency 𝝋(𝒍) 

 
Fig. 20: Food “web” with five 
primary producers (grey), one 
source (white) and one sink node 
(black) 

 
Fig. 21: Food web with 10 species (grey), one source 
(white) and one sink node (black), evolved by 
selecting for maximum flow extent for 1500 
generations. 
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The hereby evolved food web is however unrealistic in the sense that usually plants don’t feed 
on other species (disregarding carnivorous plants). Restricting the phase-space of potential 
food webs such that primary producers act as producers alone and evolving food webs with 
maximum flow extent leads to extremely layered food webs with most species in the lower 
levels (compare Fig. 22). 
 
Comparisons of the networks optimised with respect to flow extent with structure and flow 
entropy of real world ecosystems are presented in chapter 3.4.2. 
 
 

 
 
3.3 Linking Theories: Energy Flow and METE 
 
So far, the considerations around the flow entropy have stood by itself with the purpose to 
explore the range of results flow entropy maximisation can yield and in which circumstance it 
is applicable. One other goal however was to draw potential links to the predictions of the 
Maximum Entropy Theory of Ecology METE and the MaxEnt degree distribution, to 
investigate how far the different theories based on information entropy maximisation can 
work together to yield instructive predictions. 
 
METE, as described in chapter 2.2, forecasts distributions of species, individuals and 
energetics. The most important variable regarding the energy flow in food webs is the 
metabolic rate of an entity – may it be an individual or several individuals aggregated to a 
species. As the flow entropy maximisation in fact predicts flow rates, the total through-flow 
through a species may be related to the total metabolic rate of this node. Starting from a 
simple example, the scope of possible relations between the METE-predictions and the 
MaxEnt-flow are presented in the following. 
 

(a)                                                         (b) 
 
 
 
 
 
 
 
 
 
 
 
 
 
(c) 
 
 
 
 
 
 
 
 
 
(d) 

 

 

 
Fig. 22: Food webs with 5 (a), 15 (b), 25 (c) and 45 (d) species which incorporate the topology with 
the maximum flow extent given no other constraints than that primary producers may not feed on 
other species. (a), (b) and (c) have been compared to all other topologies with given S0, (d) has 
evolved by random replacement of species and selection for maximum flow extent 
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3.3.1 Plant-Herbivore System 
 
In a simple plant-herbivore network as depicted in Fig. 23 where the number of species, 
individuals and total metabolism are given for both trophic levels separately, METE predicts 
the following distribution for the average metabolic rate for an individual in a species with n 
individuals (Harte 2011). 
 

𝜀 𝑛 𝑆!,𝑁!,𝐸! ≈ 1 +
1
𝑛𝜆!

 

 

 
For most combinations of the state variables, 1 𝜆! is much larger than n and therefore 
𝜀𝑛 ≈ 𝑛 + 1 𝜆! ≈ 1 𝜆! = 𝑐𝑜𝑛𝑠𝑡.  holds. This equation implies energy equivalence between the 
species within one trophic level (compare 1.5.3 and Harte 2011). As, independent of any 
notion of energy conversion efficiency, the total output of the plant species has to equal the 
total inflow to the herbivores, 𝐸!! = 𝐸!! ≡ 𝐸!  has to hold, and therefore for the total 
metabolic rates of plants 𝜀!! and herbivores 𝜀!! can be expressed as fractions of E0. 
 

𝜀!! =
𝐸!
𝑆!!

 

 

𝜀!! =
𝐸!
𝑆!!

 

 
Assuming this prediction as prior knowledge for the energy flow in the food web, the question 
is how to distribute the links over the species, to fulfil those requirements. In addition to 
constraining L0, the total number of links, also the MaxEnt degree distribution 𝑃 𝑙 = !

!
𝑒!!" 

(see chapter 2.4.2) shall be applied. This distribution is a decreasing function for positive λ, 
which, as can be shown in a simple calculation using 𝑙 ∗ 𝑃 𝑙!!

!!! = 𝐿! 𝑆!, is the case if 
𝐿! < 𝑆!! ∗ (𝑆!! + 1) 2 for the plant degree distribution and if 𝐿! < 𝑆!! ∗ (𝑆!! + 1) 2 for the 
herbivore degree distribution, which means that the average species of one trophic layer is 
connected to less than half of the species of the trophic layer. If this is the case, the 
decreasing function for the degree distribution therefore predicts many species with few 
links. The exact derivation is not that important, decisive is the fact that there are many 
species expected to have a degree of one. This is in accordance with general observations 
about the abundance of specialist species, but it poses a conceptual problem for the energy 
flow when at the same time assuming energy equivalence: as long as 𝑆!! ≠ 𝑆!!, the total 

 
Fig. 23: Food web of plants and herbivores with given number of species Sp0 and SH0, total number 
of individuals NP0 and NH0 and total metabolic rate over all individuals EP0 and EH0 for both 
trophic layers. For explanations for the derivation of the total metabolism of the species 𝜺𝟎 see 
text. 
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metabolic rate of either one plant or one herbivore species has to be larger than the total 
metabolic rate of one species of the other trophic layer. If this e.g. herbivore has only one link 
however, the single plant species it feeds on doesn’t deliver enough energy to fulfil the 
energetic needs of this herbivore – the system is overconstrained. 
 
The shown results demonstrate the non-conformity of energy equivalence as predicted by 
METE with the MaxEnt degree distribution – without even introducing the idea maximum 
entropy energy flow. At least for layered ecological networks, the three ecological concepts 
that are based on the principle of maximum entropy cannot be combined in the way 
exemplified above. 
 
3.3.2 Moving from Species to Individuals, using METE-predictions 
 
The central reason for the failure of the integration of the maximum entropy energy flow and 
METE in the setting of chapter 3.3.1 is the METE-prediction of energy equivalence. This 
concept however applies to species, whereas in reality, energy flows between individuals. As 
METE provides predictions for the distribution of individuals over species as well as the 
metabolic rates of the individual organisms, in the following, the basic entities for the 
MaxEnt flow predictions are shifted from species to individuals. 
 
Given are the state variables 𝑆! = 3, 𝑁! = 30 and   𝐸! = 500 as well as the topology as depicted 
in Fig. 24(a). As METE only gives probability distributions, for an actual application of the 
theory to a single case, order statistics are calculated as explained in chapter 2.2.3 to 
construct the most likely instance of individuals over species and metabolic rates over 
individuals given the METE-distribution. For the given state variables, this procedure results 
in 𝑛! = (2,8,20) individuals in the species and	  
𝜀! = ( 40,117 , 3,6,10,13,18,25,35,54 , 1,2,2,3,3,4,4,5,6,6,7,8,9,10,11,13,15,17,21,29 )  
metabolic rates for the individuals in the respective species (depicted in Fig. 24(b)).	  
 

(a)                                            (b) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(c) 

 

 
 

Fig. 24: Intraguild predation food web. (a) species level. (b) individual level, node sizes 
represent the METE predictions for the metabolic rates of the individuals. (c) as in (b), link 
widths represent energy flow between the individuals 
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The MaxEnt flow given the constraints by the METE-metabolic rates is visualised in Fig. 
24(c). Most energy flows from and to individuals with high metabolic rates and almost all the 
flow goes through the intermediate species. The reason for this becomes clear when one 
remembers that METE predicts the species to be almost energy equivalent, meaning that the 
total output of the primary producers is more or less equal to the total energetic requirement 
of the intraguild species as well as of the top predator. Therefore, only an amount of flow in 
the order of the error in the energy equivalence term (compare chapter 3.3.1) can flow 
directly from the primary producer to the top predator.	  
 
In this example food web, energy equivalence only seems like an 
exaggerated constraint on the flow between the lowermost and the 
uppermost level, but the food web depicted in Fig. 25 shows why the 
concept of energy equivalence for species over different trophic layers is 
highly problematic. In that case, the primary producer can only dispense 
as much energy as one of the intermediate species requires, but can 
never sustain two species. The technique therefore is not only non-
applicable to layered food webs with different numbers of species in the 
trophic layers (as seen in 3.3.1) but also fails when applied to most other 
food webs. Thus so far, neither the use of species nor individuals as 
fundamental entities turns out a success for the extension of METE to 
food webs. 
 
3.3.3 Another interpretation of the METE-energy concept 

 
Not only do the approaches to extend METE to food webs fail conceptually, they neither take 
into account any kind of energy losses or imperfect conversion between trophic layers. The 
question is thus if the METE predictions have been interpreted the wrong way. 
 
The METE-energy predictions are supposed to correspond to basal metabolic rates, thus they 
don’t include energy necessary for growth or energy that is simply stored. Hence interpreting 
them as the total energy that flows through a certain species node is too simple. Energy is lost 
when it “flows through a species”, meaning that while some of the energy flows on to the next 
trophic level, some energy is lost as heat due to basal maintenance, some is required for 
feeding and some is exported in one way or the other to the environment (compare chapter 
2.4.5). If the METE-energy is interpreted as basal metabolism, these predictions can be 
introduced to a food web in which also the energy losses are modelled (Fig. 26(a)) by 
regarding them as the part of the energy which is lost as heat due to body maintenance (the 
red link in Fig. 26(a)). This however means, that if the system is fed with E0, from which the 
energy heat losses for the individuals are inferred, no energy can be stored or expended for 
feeding, as all the individual heat losses 𝜀! add up to E0 (compare Fig. 26(b)). 
 
 

 
Fig. 25: Four-
species example 
food web 
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Even though the METE-
predictions are supposed to 
represent the basal metabolism 
of an individual, they are also 
meant to be comparable to field 
measurements. As in real life 
individuals rarely don’t expend 
any energy on collecting food, the 
𝜀! measured will equal the field 
metabolism, namely the basal 
metabolism plus energy spent for 
feeding effort. Feeding effort 
should thereby be an a priori 
determined fraction of the energy 
take up of an individual. 
Constraining the system that way 
doesn’t change much the 
predictions for the flow between 
individuals qualitatively (most 
energy is still transferred between individuals with high metabolic rates, compare Fig. 27) but 
it is ensured that there is some energy available to be expended for feeding. However for the 
same reasons as in the example before, there is no energy left to be exported or stored. 
 
As shown in the two previous examples, due to the relation between the 𝜀! and E0, as long as 
some flows to the environment are set to equal 𝜀!, there is no energy left to be transported on 
the other external links. One idea to counteract this pattern is to increase the energy that 
enters the system. Doing so before inferring the distribution of individuals over species as 
well as the basal metabolic rates of the individuals with the help of the METE distributions 
doesn’t solve the problem, as then the 𝜀! increase such that there is again no energy left for 
any other processes than defined before. Leaving however n0 and 𝜀! as inferred from E0 and 
simply enriching the system with 𝐸!′ > 𝐸! changes the flow pattern as visualised in Fig. 28. 
As species take up more energy, the energy spent for feeding increases. The rest of the 
additional energy is exported to the storage. The distribution of flows through individuals 

   (a)          (b) 

 
Fig. 26: Intraguild predation food web with three species (blue), their interaction links, the 
reservoirs which collect energy spent for acquiring food (purple), basal metabolism (red) and 
stored/exported energy (brown) as well as a source (yellow) and a sink node (grey). (a) species 
level. (b) individual level, node sizes represent the energy through-flow through a species, link 
widths stand for the energy flow between the individuals predicted with MaxEnt given the 
topology and the restriction that the heat loss of each individual equals the METE-predictions for 
basal metabolism 

 
Fig. 27: Intraguild predation food web as in Fig. 26. Link 
flows are predicted with MaxEnt given the topology and the 
restriction that the heat loss of each individual + its feeding 
effort equals the METE-predictions for basal metabolism and 
feeding effort equals 0.2 time the total energy uptake of the 
individual 
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over individuals within the species changes non-linearly, which is qualitatively well visible in 
the top predator: whereas 1.5*E0 increases the difference in the through-flow through the two 
top predators, doubling the availably energy once more decreases the difference in energy 
through-flow again. Any general patterns for the reaction of the system to energetic 
enrichment are thus not inferable. 
 

 
 
3.4 Applied Predictions 
 
A theory may be as elegant as it can be, it always has to prove its usefulness in the 
comparison with empirical evidence. At the same time however it is difficult to compare 
different theories with respect to their “goodness”, as they differ in their assumptions, their 
number of adjustable parameters, their comprehensiveness, their range of distinct 
phenomena they can describe along with their accuracy. 
 
Comparing predicted flow patterns with real world data imposes the additional difficulty of 
the scarceness of data. Measuring energy or matter flow between individuals or species in 
their natural environment is extremely difficult and not done very often. Despite some 
singular attempts, there is definitely no large enough data set on ecosystem energy flow 
available, which could be used to statistically test the MaxEnt predictions for energy flow in 
food webs. Furthermore, flow entropy can only be calculated and maximised numerically, 
which is computation intensive and includes difficulties for networks with specific properties, 
which in real world however easily can be encountered. 
 
It was therefore not possible to evaluate the theoretical predictions against a range of field 
data or even statistically test the results. In the following, the predictions for ecosystems in a 
steady state and evolving ecosystems are therefore just exemplarily evaluated again two data 
sets respectively, to obtain a first impression of the usefulness of the method. 
 
3.4.1 Link Flows in Steady State Ecosystems 
 
To compare the predictions for the maximum entropy link flow, measures about energy 
transfer rates between species in real world ecosystems are necessary. Ulanowicz (1986) 
provides three datasets of which the first is visualised in Fig. 29(a). Representations of the 
other two food webs can be found in the appendix (chapter 7.1.1). All of the food webs share 
the in nature common property of energy cycling. This feature however is not compatible 
with the prediction of maximum entropy flows, as flow entropy is maximal when there are 
infinity flow rates along the cycling links. The problem can however be solved when 
conversion efficiency is smaller than 1. In this case, the cycling flow cannot exceed certain 
thresholds, as the energy input into the cycle is limited. In addition to the flow rates between 

(a)                (b) 

 
Fig. 28: Intraguild predation food web with MaxEnt link flows as in Fig. 27. All parameters except 
E0 are held constant, E0(a) = 1.5*E0, E0(b) = 2*E0 
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the compartments, the data includes flow rate from and to the exterior as well as flows of 
dissipation. The energy conversion efficiency was then calculated as one minus the fraction of 
dissipated energy of the total energy flow rate to the compartment. Flows of useable energy to 
the environment as well as external energy inflows are treated as fixed. Fig. 29(b) depicts the 
predicted flows maximising flow entropy subject to topology and the discussed constraints. 
In Table 2, the flow entropies of real world ecosystems as well as their predicted MaxEnt 
flows are summarised. While the two first ecosystems with five respectively ten 
compartments show high flow entropies relatively close to the maximum entropy achievable 
under this settings (85% and 89% respectively), in the third, much larger and more entangled 
network, the actual flow entropy reaches only about one sixth of the maximum flow entropy 
possible subject to the topological and energetic constraints. 
 
Table 2: Characteristics and flow entropies of the three example food webs from (Ulanowicz 1986) 
  S0 L0 Flow entropy data Flow entropy MaxEnt-flow 
Cone Spring (Fig. 29) 5 8 5311 6283 
North Sea (Fig. 36) 10 13 515 580 
Crystal River (Fig. 37) 17 69 995 6050 
 
3.4.2 Evolution of Ecosystem Structure 
 
The idea of using flow entropy as a selection criterion during ecosystem structure evolution 
can be put under test more easily than the flow predictions themselves, as data on food web 
topology is much more abundant. 
 
In chapter 3.2.1 it was shown that if energy is perfectly converted and flow entropy is 
maximised given the number of species in each trophic layer as well as the link distribution, 
“consumer degree” and “resource degree”, meaning the number of prey a species predates on 
and the number of species it is fed upon by tends to be in the same order of magnitude. The 

matching of the consumer and resource 
degrees of the 154 connected food webs 
from the ECOweB compilation are 
visualised in Fig. 30. 
 
The distribution of consumer and 
resource degrees does not indicate a 
matching between the two values but 
rather implies the contrary: species 
with few resource species are predated 
on by many predators and vice versa, 
which resembles much more the results 
for imperfect energy conversion. In 
general however, low degrees dominate. 

 
Fig. 29: Cone Spring ecosystem. (flows in kcal m-2 y-1), (a) data (Ulanowicz 1983), (b) MaxEnt flows 

 
Fig. 30: Frequency of consumer and resource degrees 
of the species in the 154 connected loop-free food 
webs from ECOweB (Cohen 2010) 
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The evolution of food webs with 
maximum flow extent with prey-
dependent conversion efficiency and 
non-carnivore primary producers lead to 
extremely “flat” food webs with only two 
trophic levels (in food webs with 
maximum 45 species) and between 60% 
and 90% primary producers (compare 
chapter 3.2.3). In reality (compare Fig. 
31), in most cases there is a non-zero 
fraction of intermediate species beyond a 
prevailingly higher number of top 
consumers than primary producers, 
contradicting the predictions. 
 
The mismatch between theoretical 
predictions and real world data about 
the fraction of top consumers and 
primary producers indicates that there is a lack of neutrality between those species at the 
“border” of the ecosystem and the intermediate species – their number cannot be predicted 
by the theory. If one expects the number of primary producers and top consumers to be 
essential for the predictions, they have to be included as variables in the model. To assess 
how far real world ecosystems are selected for maximum entropy flow time total energy input 
to all species, networks with random topologies given the number of primary producers, the 
number of top consumers, the total number of species and the total number of links are 
generated and compared to the actual food webs. As generating the random networks given 
the constraints is a computation intensive procedure, this task was restricted to networks 
with only up to 10 species in total. 
 
It is not straightforward how to evaluate the evolutionary predictions against data other than 
with the help of visual comparison. In this case, for each of the 29 connected loop-free food 
webs from the ECOweB database which consist of up to 10 species, 500 random networks 
with the same number of species, number of primary producers, number of top consumers 
and number of interaction links were randomly generated and the maximum entropy flow 
was calculated. Then, the flow extent of the actual web was compared to the flow extent for 
the randomly generated networks. In 10 cases, the actual flow extent was higher than in 90% 
of the random networks, in 8 cases even higher than in 95% of the random networks. The 
method of comparison is visualised in Fig. 32 for two examples of the analysed networks. 
 

 

 
Fig. 31: Number of species with given fraction of 
primary producers and top consumers in the 154 
connected loop-free food webs from ECOweB (Cohen 
2010) 

 
Fig. 32: Frequency distributions of flow extent of the randomly generated food webs with the 
same properties as the real world ecosystems for two examples from ECOweB (Cohen 2010). The 
black solid line marks the 90%-quantile, the black dashed line the 95%-quantile. The red line 
represents the flow extent of the real world ecosystem 
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A high flow extent alone gives hints on some principles behind the formation of the 
ecosystem, but it doesn’t allow for a visualisation of the network. It is however interesting to 
know, how similar the architecture of networks looks for networks with equal structural 
properties and similar flow extent. Therefore, the distribution of species over trophic layers is 
compared between the real world food webs and the simulated food webs with the highest 
flow extent for those networks, where the actual flow extent lies in the upper 5%-quantile of 
the simulated networks (Fig. 35). In general, the simulated and real world networks seem to 
comprise quite similar architectures just from visual examination, the same applies for the 
networks which show lower flow extents (graphs not shown). This observation indicates that 
the similarity might be an artefact of the few species regarded. 
 
If the “high flow extent networks” (definition in Fig. 35) are not substantially more similar to 
the networks with maximal flow extent than the ones with comparably low flow extent, which 
other properties are different between the two groups? Structural macroproperties like the 
number of primary producers and top consumers in a network are not substantially different 
between the two groups (compare Fig. 33). The same applies to the number of species and 
interaction links (Fig. 34). 
 
The results have shown that there is a substantial fraction of (small) food webs which exhibit 
very high flow extents relative to the scope their architecture allows for, but that with the 
present data and simulation results, no characteristic differences between those high flow 
extent networks and other networks with lower flow extents can be determined. 

 

(a)        (b) 

 
Fig. 33: Histograms of the number of primary producers P and top consumers T in the 29 
regarded food webs (a), same for only the food webs whose flow extent is larger than the 95%-
quantile of the simulated nets (b). Data from ECOweB (Cohen 2010) 

(a)       (b) 

 
Fig. 34: Histograms of the number of links L0 and species S0 in the 29 regarded food webs (a), 
same for only the food webs whose flow extent is larger than the 95%-quantile of the simulated 
nets (b). Data from ECOweB (Cohen 2010) 
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Fig. 35: Frequency distribution of trophic levels over species in the real world ecosystem (solid 
line) and the simulated ecosystem with the maximum extent (dashed line, if not visible, it 
perfectly matches the solid line). Graphs shown for all investigated networks from (Cohen 2010) 
for which the real world ecosystem’s flow extent lies in the upper 5%-quantile of the simulated 
networks 
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4 Discussion and Future Directions 
 
4.1 Discussion 
 
4.1.1 Maximum Entropy and Energy Flow in Ecosystems in a Steady-State 
 
The present work introduces a simple method to predict energy flow patterns in food webs if 
only the qualitative species interactions are known. As energy flow rates are difficult to 
measure and therefore detailed data on food web characteristics is scarce, this approach can 
be a powerful tool to predict much from little concerning the energetics of ecosystems, and 
linking it to other fields of ecosystem research can give hints on ecosystem properties as 
stability, evolvability and resilience. 
 
However it has also been shown that to make somewhat realistic predictions, additional 
assumptions, especially about the efficiency of conversion of energy while it passes through 
an organism have to be made, which, at the current state of knowledge, lack comprehensive 
empirical foundations. The model is very flexible in so far that it can integrate diverse prior 
knowledge (like the energetic requirements of species, different notions of energy conversion 
and types of energy flow, as well as different assumptions about the topology of the food 
web), but as the model predictions are strongly dependent on the exact constraints given by 
prior knowledge (remember that the combination of a given topology with energetic 
requirements easily leads to overconstrained problems), results might differ largely if there 
are only small errors in the prior knowledge, making the model very sensitive to the “inputs”. 
However as the method is fairly computation intensive it is difficult to systematically analyse 
the sensitivity of the model.  
 
When comparing the MaxEnt flow predictions to real world data on link flows in ecosystems 
(compare chapter 3.4.1), the flexibility of the model is useful to incorporate notions of energy 
conversion efficiency according to what is given from the empirical observations – which may 
very well differ between different sets of data. In two of the examples, flow entropies of the 
observed flows reached between 85% and 90% of the maximum possible flow entropy in the 
given topology subject to the constraints given by in- and outflows as well as the conversion 
efficiencies. In the third example however, real world link flow rates showed a flow entropy 
equalling only 16% of the entropy of the MaxEnt flow. This can imply several things. First 
there might be errors in the data. This cannot be evaluated here. Second, the ecosystem may 
not reside in a steady state. It might have been disturbed recently or be influenced 
continuously by external forces. Note that the export of useable energy to the external 
environment for example due to human harvesting, which is known to occur in the three 
ecosystems, can not be responsible for the mismatch between observations and predictions, 
as those flow rates are given and constrain not only the real world but also the MaxEnt 
energy flow. Third the example could also indicate that the application is generally 
problematic in large networks with a high number of interaction links. If there are any other 
constraints working on the energy flow which have not been discussed so far, those might be 
less strong in smaller ecosystems but super-linearly increasing in their force when food webs 
get larger. More data together with detailed information about the state the studied 
ecosystem can be regarded to reside in is necessary to resolve this question. 
 
Despite the major conceptual questions about the best way of the model’s application, which 
are posed by the range of assumptions that can be introduced in the model, this disadvantage 
also bears the potential of interesting insights in what properties of an ecosystem are 
determining its energy flow pattern. The principle of maximum entropy builds on the 
premise that all information one has about the system, everything that is not neutral but 
would be “surprising” if indifference was assumed, has to be captured in the constraints, 
which are usually represented by the state variables. One of the most striking features for the 
gain of insight the method provides becomes evident just when the model predictions 
substantially differ from empirical observations. Those cases are the ones shedding light on 
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the fundamental characteristics of the studied system and demand the development of 
mechanistic or conceptual novel explanations, which finally lead to a better understanding of 
the modelled system. Comparing the MaxEnt predictions under different assumptions of 
prior knowledge sound unscientific in the first place, but is an intrinsic and powerful feature 
the method provides, which may be used in the most insightful way when trying to develop 
new theory. Even though in the present application, constraints don’t only appear in the form 
of state variables, those can reveal what is necessarily not neutral in an ecosystem. 
 
Throughout the whole work, the number of species S0 has always worked as a constraint on 
the ecosystem energy flow. Fixing this number appears reasonable, as the number of 
fundamental entities in the system should matter for the energy flow between those entities. 
In the scope of the applied evolutionary predictions, the number of primary producers and 
top consumers has turned out to be important to be included as prior knowledge when 
aiming for realistic predictions. This indicates that even though intermediate species might 
be “exchangeable” in the network, there seems to be a fundamental difference between a 
primary producer, a top consumer and an intermediate species. Interestingly William’s 
(2009) comparisons between the MaxEnt degree distributions and real world data have also 
shown that predictions are improved if the number of primary producers is introduced as 
additional state variable to the system. This observation suggests that there is some external 
property which governs the number of primary producers in an ecosystem, may it be an 
environmental variable or a consequence of the successional or evolutionary history of the 
ecosystem. 
 
The number of interaction links L0 is a much less intuitive state variable. L0 is, in 
combination with S0, of course necessary (and sufficient) to describe the structural 
macroproperties of the food web, but the number of interaction links is not a fundamental 
property by itself and the question arises, which actual fundamental property L0 
encapsulates. Potentially, the number of interaction links could represent a vague measure of 
everything that makes the species in the network not neutral – their functional differences, 
their dependence on their evolutionary history or their differences in complexity. If this was 
the case, large-scale investigations of L0 and S0 across ecosystems of all states and scales, 
combined with information about the properties of the species within could provide an 
opportunity to learn more about the complexity of organisms and their aggregations. 
 
The present work for now only allows for answering the question about the applicability of 
MaxEnt to ecosystem energy flow: the implementation is possible, the approach seems 
promising and has a huge potential for extensions and future opportunities for insights, but 
the model at this stage cannot answer general questions about the MaxEnt flow pattern 
which go beyond the conclusion that the most likely energy flow is indifferent with respect to 
the path it choses between source and sink. 
 
4.1.2 Maximum Entropy, Energy Flow and Ecosystem Evolution 
 
There is probably not much disagreement about the consideration of an ecosystem as a 
complex system. Much more controversial is the question, if ecosystems also exhibit 
emergent phenomena as features of complex systems, including the interaction of bottom-up 
and top-down controlling forces. In chapter 2.5 it has been discussed, how the total energy 
uptake of all species can be envisioned as controlling the system bottom up, how the flow 
entropy can act as a top-down controlling force and that the newly defined measure of flow 
extent, namely the product of the two values mentioned before, represents the interplay of 
those two contrary principles potentially driving ecosystem formation. There is of course no 
unambiguous implementation of evolving a system, which is controlled both bottom up and 
top down; the chosen measure is just one example that has to prove its usefulness in the 
analysis of the results of its predictions. 
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Applying total energy uptake of flow entropy as an optimisation principle alone yields, as 
shown in chapter 3.2.1 and 3.2.2, unrealistic ecosystem topologies (like fully connected 
networks or long chains of a few species in each trophic layer) evolve. Also the predictions of 
matching consumer and resource degrees when implying perfect energy conversion and 
restricting the food web to be layered haven’t found support in the data. 
 
Integrating bottom-up and top-down controlling forces to one single measure, the flow 
extent, and using this as a selection criterion during ecosystem development and evolution, 
produces more insightful results. The first interesting feature of the selection for flow extent 
is the evolution of networks with an intermediate number of links. So far it has been assumed 
that while not being a fundamental property itself, L0 encapsulates other poorly understood 
fundamental properties of an ecosystem and therefore has to be given as prior knowledge. 
However selecting ecological networks for high flow extent yields non-trivial results for the 
number of interaction links without initially constraining the variable. Linking this 
conclusion with the meaning of L0 as a state variable vaguely representing the non-neutral 
properties of the species, gives hints about the role of top-down controlling forces acting on 
an ecosystem for the development of differences in complexity of the species within: the 
presented results indicate that ecological networks could potentially exert forces on the 
species it consists of, which are responsible for their differences in complexity. 
 
The networks evolved for maximum flow extent are unrealistic in a sense that they are very 
flat with a majority of the species being primary producers. However it was not possible to 
simulate ecosystems with more than 45 species with a standard personal computer. It would 
be interesting to see the predicted relation between the number of trophic layers as a function 
of the number of species in the network and compare it to highly resolved real world data 
(which it scarce as well), as it might be the case that the method is very sensitive to the 
comprehensiveness of the data. A clearly unrealistic prediction however is the symmetry of 
the evolved networks – in fact, all species in one trophic layer have the exact same set of 
predators and prey species and form one so called “trophic species”. Here must be other non-
neutral properties, which take effect in reality. The issue could potentially be fixed by again 
additionally constraining the number of interaction links, which in reality is probably smaller 
than the one predicted by the model. The results thus indicate that ecosystem top down 
control does affect the species interactions but is not the only relevant force for ecosystem 
assembly; functional or historic constraints are still in action. 
 
For the comparison with data, not only the number of links but also the number of primary 
producers and top predators was additionally constrained when evolving the optimal 
networks. About one third of the evaluated food webs had a flow entropy times total energy 
uptake of all species which was in the upper 10% of the measures which were attainable with 
the given constraints. The approach to compare random networks, which fulfil the given 
constraints on the topology, with the actual instances may not be misunderstood as a 
common test of significance, as the flow extents are not drawn from a random distribution 
with given mean, which could be rejected in the end, but are calculated from random network 
configurations without any mean at all. The results anyway indicate for the food webs with 
flow extents in the upper few percentages of the potential measures to exhibit an architecture 
favouring high flow extent. It would be interesting to compare further characteristics of the 
ecosystems as time since last disturbance or degree of intervention between the ecosystems 
with high and low measures to better understand the applicability of flow extent as a 
selection criterion during ecosystem evolution. Also expanding the approach to larger food 
webs could enhance insights and smooth out potential bias by only considering small loop-
free networks, which in fact are relatively rare in nature. 
 
Before conducting further large-scale investigations about the structure of ecological 
networks selected for maximum flow extent however, it has to be investigated how far 
ecosystems in a steady state exhibit the assumed MaxEnt link flow patterns. The comparisons 
in chapter 3.4.1 showed partly good and partly very week agreement between the MaxEnt 
predictions for the link flows and the empirical observations. Yet all evolutionary scenarios 
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include the assumption of a quasi-static process, during which ecosystems return to steady 
states, in which the most likely link flows emerge, before new invasions or extinctions take 
place. This assumption has to prove its validity in future investigations and so far has be 
beard in mind when analysing evolving networks selected for flow entropy or flow extent. 
 
To answer the second research question, not flow entropy itself but the measure of flow 
extent has shown to be promising as an optimisation criterion during ecosystem 
development. Not only did the application of the selection principle yield interesting results, 
which also found support in empirical data, but also it mainly contributed to 
conceptualisation of potential forces on ecosystems resulting from the emergent phenomena 
taking place in the complex system. 
 
The idea of flow extent was new to me while developing this work, but, as I had to find out, 
not new to ecologists in general. Ulanowicz (1986) developed and, during the course of many 
years and scientific publications, polished his idea of ecosystem “ascendency”, quantifying 
growth and development of an ecosystem. The measure is very similar to the here introduced 
flow extent, being defined as the product of the squared total energy through-flow through 
the ecosystem and a slightly different measure for the interdependent flow entropy in the 
system. The total system through-flow is in most cases in the same order of magnitude as the 
total energy uptake of all species (which enters flow extent squared), thus only minor 
conceptual differences would have to be discussed when integrating ascendency and flow 
extent. Ulanowicz’ theory of ecosystem growth and development is the result of decades of 
carefully conceptualising his ideas of how to characterise phenomenological ecosystem 
properties and can be regarded as the base of the recently proposed “New Ecology” 
(Jorgensen et al. 2007), whose main ideas are summarised in chapter 1.3. Both books and 
other publications by the authors are recommended to the interested reader. However as the 
work of those men did not provide any trigger for the ideas presented here and only recently 
started to influence my perception of flow entropy, it hasn’t been included in the review of 
the state of the art, but is introduced at this place in chronological connection to its discovery.  
 
4.1.3 Non-Neutrality in Ecosystems: Analysing Failures of the Model 
 
From the last two chapters it has already become clear that the number of species is crucial 
for the model and that including the number of primary producers and top consumers 
substantially improves the predictions. The number of interaction links is the most 
multifaceted incorporation of prior knowledge and has the largest potential for future 
insights about the driving forces of ecosystem formation. 
 
The only clear-cut failure of the model discovered in this work is the case of the integration of 
MaxEnt energy flow with predictions from METE. The main reason for this lies in the 
ambiguity of the term “energy”. Both E0 and the basal metabolic rates for species and 
individuals inferred from E0 are not clearly enough defined to apply them easily to other 
models. Furthermore, even though not explicitly stated, the METE energy concept only 
makes sense for species which are competing for the same total amount of energy. The 
derivation of the distribution of metabolic rates over species and individuals assumes 
neutrality, which is not given in hierarchically interacting organisms. In layered food webs, 
this problem can be avoided by assigning distinct E0 to each of the trophic layers and 
inferring the distributions separately for each trophic layer (which increases the prior 
knowledge necessary), but METE clearly doesn’t work in non-layered food webs. The 
extension of METE from species communities on one trophic level to hierarchical food webs 
can thus only come about at the cost of the metabolic predictions. 
 
While METE has served as the starting point for the whole work, it could in the end not be 
integrated in the developed ideas and methods. To extend METE from competing species 
communities to whole food webs probably has to include a reconsideration of the distribution 
of metabolic rates across individuals and species, to include the necessary non-neutrality 
encountered in ecological networks. 
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4.1.4 Applicability of the Model to Real World Problems and Data 
 
Apart from the potential role of flow entropy or flow extent as a maximisation criterion 
during ecosystem evolution, which has to demonstrate its ability in the confrontation with 
more extensive real world data, the maximisation of flow entropy can easily be applied to 
ecosystems assumed to be in a steady state to predict the most likely energy flow distribution 
across the links from the topology alone. Changes in the flow pattern caused by the extinction 
or immigration of a species can be analysed and conclusions about the reaction of the system 
to disturbances can be drawn. However the reliability of the conclusions drawn from 
applying the model to real world data strongly depends on the quality of information one has 
about the topology of the food web. Another potential issue is the assumption of the steady 
state of the ecosystem’s energy flow. Even if once disturbed ecosystems will eventually reach 
a new steady state, there is a time lag in which the flow pattern probably looks rather chaotic 
and cascading effects could further alter the topology. These feedbacks are not captured by 
the model, which always predicts the steady-state flows for the given topology without 
implying how those flows develop beginning with different initial conditions. There is 
however scope of applying a principle like maximum flow (information!) entropy production, 
which could help to model the dynamics of the energy flow in changing networks. 
 
The most severe problem in the application of the model is the lack of data on energy flows in 
ecosystems to evaluate the predictions. The few regarded examples don’t rule out the 
possibility that there are important further constraints on the energy flow which haven’t been 
taken into account so far, which could be revealed by analysing the mismatches between flow 
predictions and actual flows. So far the model can only be applied to real world problems 
without knowing which degree of agreement between model predictions and actual 
observations to expect. This disadvantage is opposed to the strong advantages of the flexible 
model architecture, allowing for a widespread application of the method, to assess its validity 
in different settings and frameworks. 
 
4.1.5 The Missing Link between Information and Thermodynamic Entropy in 

Ecology 
 
Not a goal of the present work, but a fundamental part of its motivation is the question about 
the potential unification of information entropy in stationary ecosystems and thermodynamic 
entropy (production) in dynamic systems in ecology. How far the latter is an actual principle 
relevant for living communities is still a controversial topic where probably years of further 
research and theory formation will be necessary to come to generally agreed-on conclusions. 
The question here is whether the proposed method of information entropy maximisation of 
ecosystem energetics has potentials to be linked with any thermodynamic notion of entropy. 
In order to accomplish this task, the first step is to determine how to introduce 
thermodynamic entropy production in the ecosystem model. In the publications referenced 
in chapter 1.6.1 a range of different ideas can be found and potentially integrated. It would 
however be highly desirable to keep the model as simple as possible and to not have to 
introduce specific parameters describing the species’ energetic properties. Another important 
question that has to be resolved is which types of energy flow should contribute to the flow 
entropy. Is it only the energy exchange between species that defines the flow entropy, or 
should also energy flows to the exterior and heat loss contribute? The decisions made with 
respect to this question affect the predicted flow and assumingly also the expected 
thermodynamic entropy production. 
 
Clearly, further conceptualisations and investigations have to be conducted to build an 
ecosystem model which allows for integrating the two notions of entropy and could shed light 
on the question about the existence of a link between the two, and the present work cannot 
contribute a lot to this aim. Nevertheless it could be shown that there is a reasonable 
application of information entropy on ecosystem energetics; how strong a link it draws to 
thermodynamics future research has to show. 
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4.2 Future Directions 
 
The previous chapter has already suggested several directions in which the present work 
could be extended, improved or applied. In the following those shall be summarised with 
respect to technological, methodological and philosophical aspects. 
 
4.2.1 Technical Aspects 
 
Regarding the presented method not as a stepping-stone towards relation information and 
thermodynamic entropy in ecology but rather as a new technique to predict ecosystem 
energetics in a maximally simple way – just along the lines of Saint-Exupéry’s quote – 
anyway lots of room for improvement of the method is left. Apart from the urgent necessity 
to validate predictions with real world data, some technical issues have to be resolved to be 
able to apply the method to all kinds of ecosystems. 
 
A problem of numerical convergence occurs in ecological networks including cycles, as under 
the assumption of perfect energy conversion, flow rates get infinitely high on the links 
constituting a cycle. Energy cycling is however a very common feature in real world 
ecosystems (in fact, our whole planet forms one ecosystem in which all stored energy is, if it 
doesn’t dissipate as heat radiating to outer space, reused eventually) which is why methods to 
deal with this phenomenon have to be found. As long as conversion is smaller than 1, the 
emergence of infinite flows is prevented in principle. 
 
Another problem poses the task of designing potential topologies, which fulfil given 
architectural constraints, in a meaningful way. The number of adjacency matrices for given 

S0 and L0 is given by 𝑆!
!

𝐿!
 and thus grows squared factorially in S0. It is not trivial to reduce 

this large number of adjacency matrices to the ecologically meaningful different topologies. 
 
Generally, as all entropy maximisations have to be conducted numerically, the application of 
the method involves some computationally intensive procedures, which is why it would be 
very interesting to run some simulations on computers with more processing power, to allow 
for the evaluation of maximum entropy in ecological energetics in more than an exemplary 
fashion. 
 
4.2.2 Methodological Aspects 
 
Both for the direct application of the prediction of energy flows in food webs and for the 
search for a link to thermodynamics, the most urgent question is how to envision and model 
the energy losses in the system. Different options have been presented and again, 
comparisons with real world data (together with further theoretical considerations) would 
help to decide which of the representations is most useful. Another conceptual problem in the 
present model is the negligence of any time lags in the energy transfer. This does not in the 
first place appear to be a problem when predicting the most likely flows in a steady-state 
ecosystem, but it could potentially become important when introducing thermodynamic 
entropy production, which should in some way depend on the current stock of energy or 
biomass in a compartment. 
 
What had been put forward as one motivation for this work is the integration of different 
entropy-related maximisation principles during ecosystem evolution: the minimum entropy 
production of individual organisms, the maximum entropy production of the system as a 
whole and the maximum information entropy content of the energy flow in a steady state. 
Those concepts have partly been integrated in the measure of flow entropy, allowing for the 
implementation of both bottom-up and top-down controlling principles during ecosystem 
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development. Making further progress in the unification of those different potential 
fundamental principles of evolving ecological networks requires further research and 
extensions of the model. 
 
Disregarding the aim to connect information entropy with ecological energetics, no 
properties inimitably applying to energy or energy flow have been used anywhere during the 
development of the model. The general concept of maximising flow entropy given certain 
topological constraints could just as well be applied to any other kinds of networks in which 
some property is exchanged between the nodes. A good example would be a social network in 
which information is exchanged, and it would be interesting to see how well the model 
predicts flow patterns in such different networks, where also data records are potentially 
much better. 
 
A general property of the principle of maximum entropy is the absence of any quality criteria. 
When thinking back to the introductory example of throwing a dice 10000 times and only 
recording its mean (chapter 2.1.2), remember that the information of the 10000 repeats of 
the random experiment nowhere entered the MaxEnt derivations. The method of MaxEnt 
assumes the prior information to be correct and doesn’t make any statements about the 
quality or reliability of the predictions, as it would for example be the case in statistical 
inference. The knowledge about reliability of the state variables is not incorporated in the 
MaxEnt model per se; it can only be used when interpreting the derived results. At the first 
place, this is neither an advantage nor disadvantage of the method; the difference to more 
widely applied statistical models just has to be noted, to avoid confusion. 
 
4.2.3 Philosophical Aspects 
 
The principle of maximum entropy allows for inferring least biased probability distributions 
from prior knowledge. It doesn’t explain what those distributions are based on and what 
processes are responsible for their shape. The theory derived is non-mechanistic, contrary to 
for example differential equation models in which all factors have a clear-cut real world 
correspondent (like for example a growth rate or a carrying capacity), but it is also not purely 
empirical, contrary to statistical models which derive relations between variables from their 
co-occurrence in large data sets. It depends on the type of problem and the question asked 
which type of model can provide the best insights and opinions differ strongly which models 
are to be preferred over which.  The big question concerning all maximum entropy models is 
why this method should work. Does it simply resemble observations as non-neutral aspects 
of the investigated entities equal out over large enough data sets or as the predictions are 
flexible enough to find evidence for them eventually? Or is there something central about 
information in our world, which makes it possible to derive theories in all kinds of disciplines 
from just information theoretic considerations? Might there even be a relation between this 
assumption and the fact that the only way in which we can perceive the world is via 
information? What does the term information depict and include? And what does that mean 
for the existence or non-existence of information entropy in our world? 
 
Another interesting question this work raises is the role of bottom-up and top-down control 
in ecosystems. Reductionists usually claim that there are no such things as real complex 
systems, in which emergent phenomena arise, which are not ascribable to the processes and 
interactions on the microlevel in principle (if enough data and understanding was available). 
However systems in which the emergent phenomena on the macroscale in turn influence the 
processes on the microlevel can no longer be regarded in a reductionist fashion, as the top-
down control can per definition not be explained from fundamental properties of the 
microlevel. Undeniably showing the occurrence of such forces in ecosystems would shed new 
light on the discussion of complex systems and emergent phenomena and alter our 
understanding of the drivers of ecological assemblies in the light of ecosystem conservation 
and management. The presented results on the evolution of flow extent conceptualise the 
idea of the non-reducibility of ecosystems, and further research and evaluations have to 
prove its validity and applicability in the world around us. 
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7 Appendix 
 
7.1 Data 
 
7.1.1 Data on Food Web Flow 
 
Data on the Cone Spring ecosystem (Ulanowicz 1983) 
 
Weighted Adjacency Matrix 
(flows are transferred from row to column, rates in kcal m-2 y-1) 
0 8881 0 0 0
0 0 5205 2309 0
0 1600 0 75 0
0 200 0 0 370
0 167 0 0 0

 

 
Inflows 
11184 635 0 0 0 
 
Outflows 
300 860 255 0 0 
 
Dissipations 
2003 3109 3275 1814 203 
 
Compartments 
Plants, Detritus, Bacteria, Detrivores, Carnivores 
 
Data on the North Sea ecosystem (Steele 1974) 
 
Weighted Adjacency Matrix 
(flows are transferred from row to column, rates in kcal m-2 y-1) 
0 900 0 0 0 0 0 0 0 0
0 0 300 0 0 0 0 85 85 0
0 0 0 100 21 0 0 0 0 0
0 0 0 0 0 30 20 0 0 0
0 0 0 20 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0.6
0 0 0 0 0 2 0 0 0 0
0 0 0 0 0 0 0 0 11 0
0 0 0 0 0 4 0 0 0 0
0 0 0 0 0 0 0 0 0 0

 

 
Inflows 
9000 0 0 0 0 0 0 0 0 0 
 
Outflows 
0 0 0 0 0 2 0 0 4 0.06 
 
Dissipations 
8100 430 179 70 1 33.4 18 74 88 0.54 
 
Compartments 
Primary Producers, Pelagic Herbivores, Bacteria, Macro Benthos, Meio Benthos, Demersal 
Fish, Other Carnivores, Invertebrate Carnivores, Pelagic Fish, Large Fish 
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Data on the Crystal River ecosystem (Ulanowicz 1983) 
 
Weighted Adjacency Matrix 
(flows are transferred from row to column, rates in mg m-2 d-1) 
0 0 404 44.7 0 0 0 0 0.44 0.32 0 0 0 0 0.16 0 8.15
0 0 4160 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 110 2120 0 0.37 0 0.79 0.71 0 0 0.97 0.9 0.07 0 24.4
0 0 73.2 0 0 0 0.64 0 0 0.22 0 0 5.86 3.2 0.14 0 0
0 0 687 0 0 0 1 0.12 0.15 0.16 2.68 5.28 8.59 2.3 0.23 0.53 0
0 0 0.65 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0.22 0 0 0 0 0.65 0 0 0.5 0 0 0 0 0.74 0
0 0 0.34 0 0 0 0 0 0 0 0 0 0 0 0 0.02 0
0 0 0.65 0 0 0.03 0 0 0 0 0.01 0 0 0 0 0.01 0
0 0 0.68 0 0 0.01 0 0 0 0 0.09 0 0 0 0 0.1 0
0 0 1.32 0 0 0.07 0 0 0 0 0 0 0 0 0 0 0
0 0 1.06 0 0 0 0 0.05 0 0 0.03 0 0 0 0 0 0
0 0 3.38 0 0 0.51 0 0.64 0 0 2.67 0 0 0 0 0.56 0
0 0 1.53 0 0 0 0 0.06 0 0 0.37 0 0 0 0 0.01 0
0 0 0.17 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0.41 0 0 0 0 0.09 0 0 0 0 0 0 0 0 0
0 0 16.3 0 0 2.59 0 0.03 0 0 0.08 0 0 0 0 0 0

 

 
Inflows 
652 6700 0 0 0 0 0 0.02 0 0 0 0 0 0 0 0 0 
 
Outflows 
0 219 568 39.9 428 1.3 0.74 0.36 0.14 0.09 1.5 1.27 0.43 1.49 0.14 0.38 2.41 
 
Dissipations 

194 2320 2530 31.3 982 1.26 0.73 0.94 0.54 0.89 3.7 2.87 7.23 2.94 0.29 1.16 11.2 
 
Compartments 
Microphytes, Macrophytes, Detritus, Zooplankton, Benthic Invertebrates, Stingray, Bay 
Anchovy, Needlefish, Sheepshead Killfish, Goldspotted Killfish, Gulf Killfish, Longnosed 
Killfish, Silverside, Moharra, Benthic Invertebrate Feeders, Pinfish, Mullet 
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 (a)            (b) 

 
Fig. 36: North Sea food web. Energy flows in kcal m-2 y-1, (a) data (Steele 1974), (b) MaxEnt flows 
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(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 

 

 
Fig. 37: Crystal River marsh ecosystem. Energy flows in mg m-2 d-1, (a) data (Ulanowicz 1983), (b) 
MaxEnt flows 
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7.1.2 Data on Food Web Structure (ECOweB) 
 
Adjacency matrices of 29 investigated food webs from (Cohen 2010) 
 
0 0 1 1 1 1 0 0 0
0 0 1 1 1 1 0 0 0
0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0

       

0 0 0 1 1 0 0
0 0 0 0 1 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0

       

0 0 0 1 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 1 1 1 1
0 0 0 0 0 1 1 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0

       

0 0 1 1 0
0 0 1 1 0
0 0 0 0 1
0 0 0 0 1
0 0 0 0 0

        

 
0 0 0 0 0 1 1 0
0 0 0 0 0 1 1 0
0 0 0 1 1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0

        

0 1 0 1 0 1 1 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 1
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

       

0 1 1 1 1 1 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

       

 
0 0 0 1 0 1 0 0 0
0 0 0 1 1 1 1 1 0
0 0 0 0 1 0 1 0 0
0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0

       

0 0 0 0 1 1 1 1 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 1
0 0 0 1 0 0 0 1 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

       

0 0 0 1 1 0 1 0 0 0
0 0 0 0 0 1 0 1 1 0
0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 1 1 1 0
0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0

 

 
0 0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

       

0 0 0 1 1 1 1 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 1
0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0

       

0 0 1 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 1 1 0 1 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0

 

 
0 0 0 1 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 1 1 1 1
0 0 0 0 0 1 1 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0

       

0 0 0 1 1 0 0 0 1 0
0 0 1 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

       

0 1 1 1 1 1 0 0 0
0 0 0 0 0 1 1 1 1
0 0 0 0 0 1 1 0 0
0 0 0 0 0 1 1 0 1
0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

 

 

0 0 0 1 1 0
0 0 1 0 0 0
0 0 0 0 0 1
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

       

0 0 1 1 0 0 0 0 0 0
0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 1 1 1 0
0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0

       

0 0 1 1 1 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 1 0 1
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
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0 0 0 1 1 0 0 0 0
0 0 0 0 1 1 0 0 0
0 0 0 0 1 1 0 0 0
0 0 0 0 1 1 1 0 0
0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0

       

0 0 1 1 0 1 0 1
0 0 1 0 1 0 0 0
0 0 0 0 1 1 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

       

0 0 1 1 0
0 0 1 0 1
0 0 0 1 1
0 0 0 0 0
0 0 0 0 0

       

0 0 1 0 1 1
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 

 
0 0 0 1 1 1 1
0 0 0 1 1 1 0
0 0 0 0 0 1 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

       

0 0 0 1 1 1 0
0 0 0 1 0 1 1
0 0 0 0 0 1 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

       

0 1 0 0 0 0 0 0
0 0 1 1 1 1 1 1
0 0 0 0 0 0 1 1
0 0 0 0 0 0 1 1
0 0 0 0 0 0 1 1
0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

 

 
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 1 1 0 0 0 0 1 1
0 0 1 1 1 0 1 1 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

       

0 1 1 1 1 0 0
0 0 0 0 0 1 1
0 0 0 0 0 1 1
0 0 0 0 0 0 1
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0

       

0 1 1 1 0 1 1 0
0 0 0 0 1 0 0 1
0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
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7.2 Species-Level Commonality 
 
7.2.1 Introduction 
 
One central macroecological distribution is the species-level spatial abundance distribution, 
which describes the dependence of the frequency of occurrence of a certain species on the 
area regarded. The shape of this distribution can tell a lot about the potential mechanisms 
behind the distribution of a species. A measure closely related to the species-level spatial 
abundance distribution is the species-level commonality, which describes the co-occurrence 
of individuals of a certain species in spots with a known distance in between. As the 
probability of co-occurrence is often found to decrease with distance, this measure is also 
called “distance decay” (Nekola & White 1999). There are several ways to formulate 
probabilities of co-occurrence such as only focusing on presence or absence in contrast to 
predicting the exact number of individuals at a certain distance. As the most concrete 
definition of species-level commonality allows the derivation of more general predictions 
about presence/absence of species in areas with a certain distance simply by summing up 
probabilities, this following measure was chosen for integration into the Maximum Entropy 
Theory of Ecology METE. 
The species-level commonality 𝐶(𝑚,𝐵,𝑑|𝑛,𝐴, 𝑛!,𝐴!)  is defined as the probability that a 
species with abundance n0 in A0 and n individuals in A (which is contained in A0) occurs with 
m individuals in a randomly picked space of area B in distance d from A. 
Upper case letters denote here both a certain region as well as its area. In the following, one 
Bayesian approach to introduce this probability distribution into the framework of METE is 
derived, discussed and criticised. The approach has been inspired by the O-ring metric 
(Condit et al. 2000) and Ripley’s K (Ripley 1981) and extends an idea sketched by Harte 
(2011). 
 
7.2.2 Method 
METE’s species-level spatial abundance distribution 𝜋(𝑛|𝐴, 𝑛!,𝐴!) gives the probability that a 
species with n0 individuals in the area A0 has abundance n in an area A. In METE, A and A0 
are usually visualised as squares or 
rectangles, but no explicit assumptions 
about the shape of the regions are made 
for the derivation of the theory. Thus 
neither A nor B are required to have a 
certain shape, which will be made use of in 
the derivation of the species-level 
commonality. 
 
Starting from the O-ring metric, which 
stands for the density of a species in a ring 
between two concentric circles around an 
individual of this species located at the 
centre of those circles (G in Fig. 38), the 
problem of defining 𝐶(𝑚,𝐵,𝑑|𝑛,𝐴, 𝑛!,𝐴!)  
(Fig. 38 (a)) can be visualised as in Fig. 
38(b). Let in the following be 𝐹! ∶= 𝐴 + 𝐹 
and 𝐺! ∶= 𝐴 + 𝐹 + 𝐺. 
 
To infer 𝐶(𝑚,𝐵,𝑑|𝑛,𝐴, 𝑛!,𝐴!)  from the 
SAD, use of the Bayes’ theorem is made. 
This theorem is a common tool in 
statistical inference and equates 
conditional probabilities of dependent 
random variables X and Y as following. 
 

 
(a) 
 
 
 
 
(b) 

 
 
Fig. 38: Translating the problem of species-level 
commonality (a) into to the framework of the O-
ring metric (b) 
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𝑃 𝑋 𝑌 =
𝑃 𝑌 𝑋 ∗ 𝑃(𝑋)

𝑃(𝑌)
 

 
The theorem is applied several times in a row to the species-level spatial abundance 
distribution in F’ and G’ to infer 𝐶(𝑚,𝐵,𝑑|𝑛,𝐴, 𝑛!,𝐴!). 
 
7.2.3 Derivation and Results 
 
The probability of finding n individuals in A 𝑃 𝑛  𝑖𝑛  𝐴 𝑛!,𝐴! = 𝜋(𝑛|𝐴, 𝑛!,𝐴!) is known from 
METE’s species-level spatial abundance distribution and per definition 0 for all n > n0. With 
the help of the Bayes Theorem, the following conditional probabilities for encountering a 
number of individuals in a certain area can be derived. 
 

𝑃 𝑘  𝑖𝑛  𝐹 𝑛  𝑖𝑛  𝐴 = 𝑃 𝑘 + 𝑛  𝑖𝑛  𝐹! 𝑛  𝑖𝑛  𝐴 =
!"#$%

  
𝑃 𝑛  𝑖𝑛  𝐴 𝑘 + 𝑛  𝑖𝑛  𝐹! ∗ 𝑃 𝑘 + 𝑛  𝑖𝑛  𝐹!

𝑃 𝑛  𝑖𝑛  𝐴

=
𝜋 𝑛 𝐴, 𝑘 + 𝑛,𝐹! ∗ 𝜋(𝑘 + 𝑛,𝐹!, 𝑛!,𝐴!)

𝜋(𝑛|𝐴, 𝑛!,𝐴!)
 

 

𝑃 𝑙  𝑖𝑛  𝐹 + 𝐺 𝑛  𝑖𝑛  𝐴 = 𝑃 𝑙 + 𝑛  𝑖𝑛  𝐺! 𝑛  𝑖𝑛  𝐴 =
!"#$%

  
𝑃 𝑛  𝑖𝑛  𝐴 𝑙 + 𝑛  𝑖𝑛  𝐺! ∗ 𝑃 𝑙 + 𝑛  𝑖𝑛  𝐺!

𝑃 𝑛  𝑖𝑛  𝐴

=
𝜋 𝑛 𝐴, 𝑙 + 𝑛,𝐺′ ∗ 𝜋(𝑙 + 𝑛,𝐺!, 𝑛!,𝐴!)

𝜋(𝑛|𝐴, 𝑛!,𝐴!)
 

 
According to the law of total probabilities, the probability of finding m individuals in B if 
there are n individuals in A can then be formulated the following way. 
 

𝑃 𝑚  𝑖𝑛  𝐵 𝑛  𝑖𝑛  𝐴 = 𝑃 𝑚  𝑖𝑛  𝐵 𝑥  𝑖𝑛  𝐺 ∗ 𝑃(𝑥  𝑖𝑛  𝐺|𝑛  𝑖𝑛  𝐴)
!!

!!!
 

 
The first factor in the sum on the right hand side of the equation is simply 𝜋(𝑚|𝐵, 𝑥,𝐺) and 
therefore known. The second factor is unknown, but can be related to known probabilities 
about individuals in F & G together in the following way. 
 

𝑃 𝑥  𝑖𝑛  𝐹 + 𝐺 𝑛  𝑖𝑛  𝐴 =

= 𝑃 𝑖  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴 ∗ 𝑃 𝑥 − 𝑖  𝑖𝑛  𝐹 𝑛  𝑖𝑛  𝐴 =
!

!!!

= 𝑃 𝑖  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴 ∗ 𝑃 𝑥 − 𝑖  𝑖𝑛  𝐹 𝑛  𝑖𝑛  𝐴
!!!

!!!
+ 

+𝑃 𝑥  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴 ∗ 𝑃(0  𝑖𝑛  𝐹|𝑛  𝑖𝑛  𝐴) 
 
Rearranging gives the following formula for 𝑃 𝑥  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴 . 
 

𝑃 𝑥  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴 =
𝑃 𝑥  𝑖𝑛  𝐹 + 𝐺 𝑛  𝑖𝑛  𝐴 − 𝑃 𝑖  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴 ∗ 𝑃 𝑥 − 𝑖  𝑖𝑛  𝐹 𝑛  𝑖𝑛  𝐴!!!

!!!
𝑃(0  𝑖𝑛  𝐹|𝑛  𝑖𝑛  𝐴)

 

 
In this equation, 𝑃 𝑥  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴  appears both on the left and the right hand side, and even 
with a number of different approaches, I wasn’t able to find a closed form of the sum. 
Anyhow the equation can be solved iteratively: 
 

𝑃 0  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴 =
𝑃 0  𝑖𝑛  𝐹 + 𝐺 𝑛  𝑖𝑛  𝐴 − 𝑃 𝑖  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴 ∗ 𝑃 0 − 𝑖  𝑖𝑛  𝐹 𝑛  𝑖𝑛  𝐴!!

!!!
𝑃(0  𝑖𝑛  𝐹|𝑛  𝑖𝑛  𝐴)

=
𝑃 0  𝑖𝑛  𝐹 + 𝐺 𝑛  𝑖𝑛  𝐴
𝑃(0  𝑖𝑛  𝐹|𝑛  𝑖𝑛  𝐴)
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𝑃 1  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴 =
𝑃 1  𝑖𝑛  𝐹 + 𝐺 𝑛  𝑖𝑛  𝐴 − 𝑃 𝑖  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴 ∗ 𝑃 1 − 𝑖  𝑖𝑛  𝐹 𝑛  𝑖𝑛  𝐴!

!!!
𝑃(0  𝑖𝑛  𝐹|𝑛  𝑖𝑛  𝐴)

=
𝑃 1  𝑖𝑛  𝐹 + 𝐺 𝑛  𝑖𝑛  𝐴 − 𝑃 0  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴 ∗ 𝑃 1  𝑖𝑛  𝐹 𝑛  𝑖𝑛  𝐴

𝑃(0  𝑖𝑛  𝐹|𝑛  𝑖𝑛  𝐴)
 

 
⋮ 

 
The examples for the iterations show that that in the formulas for 𝑃 0  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴 , only 
𝑃 𝑦  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴  for y < x is necessary, which is why all the 𝑃 𝑥  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴  can be calculated. 
With this at hand, it is possible to evaluate the probability of finding m individuals in B if 
there are n individuals in A. 
 

𝑃 𝑚  𝑖𝑛  𝐵 𝑛  𝑖𝑛  𝐴 = 𝑃 𝑚  𝑖𝑛  𝐵 𝑥  𝑖𝑛  𝐺 ∗ 𝑃 𝑥  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴
!!

!!!
=

= 𝜋(𝑚|𝐵, 𝑥,𝐺) ∗ 𝑃(𝑥  𝑖𝑛  𝐺|𝑛  𝑖𝑛  𝐴)
!!

!!!
=

= 𝜋(𝑚|𝐵, 𝑥,𝐺)
!!

!!!

∗
𝑃 𝑥  𝑖𝑛  𝐹 + 𝐺 𝑛  𝑖𝑛  𝐴 − 𝑃 𝑖  𝑖𝑛  𝐺 𝑛  𝑖𝑛  𝐴 ∗ 𝑃 𝑥 − 𝑖  𝑖𝑛  𝐹 𝑛  𝑖𝑛  𝐴!!!

!!!
𝑃(0  𝑖𝑛  𝐹|𝑛  𝑖𝑛  𝐴)

 

 
To translate this probability into 𝐶(𝑚,𝐵,𝑑|𝑛,𝐴, 𝑛!,𝐴!) (and get rid of the unknowns F and G), 
geometric considerations can be applied to introduce distance to the measure. Let rA and rB 
be the radius of a circle with the area A and B respectively. Then the radius of F’ is d – rA, and 
the radius of G’ equals d + rB (compare Fig. 38), F and G can then be expressed as function of 
d the following way (𝜋 denotes here the circular constant). 
 

𝐹 = (𝑑 − 𝑟!)!𝜋 − 𝐴 
 

𝐺 = (𝑑 + 𝑟!)!𝜋 − 𝐴 − 𝐵 
 
That way, 𝐶(𝑚,𝐵,𝑑|𝑛,𝐴, 𝑛!,𝐴!) can simply be understood as 𝑃 𝑚  𝑖𝑛  𝐵 𝑛  𝑖𝑛  𝐴 . 
 
7.2.4 Discussion 
 
Apart from the fact that the function doesn’t seem to be solvable analytically and can only be 
expressed in an implicit definition, which complicates analyses, the derivation involves a 
number of assumptions, which, at a closer look, make the approach problematic. 
 
First, it is assumed, that 𝜋(𝑛|𝐴, 𝑛!,𝐴!) can be applied to all kinds of shapes such as circles and 
annuli. This is conform with the METE assumptions, but data about the species abundance 
distribution in weirdly shaped regions is still scarce and future empirical studies have to 
show how important a certain regularity of shape is for the predictive power of 𝜋(𝑛|𝐴, 𝑛!,𝐴!). 
 
The second and more severe weakness of the approach is that it in fact tries to infer a 
conditional probability distribution from the probability distribution 𝜋(𝑛|𝐴, 𝑛!,𝐴!) which 
itself doesn’t provide information on the conditional probabilities – even though 
encountering individuals in two cells are clearly no independent events. The presented 
approach suffers from the implicit assumption that A lies in the centre of F (otherwise A and 
B wouldn’t be d apart), but in fact, this is nowhere implemented in the calculations. The 
presented approach would work just as well if A was positioned anywhere in F. This problem, 
in combination with the issue that not the whole circle G must be included in A0 lead me to 
the vague idea of the necessity to integrate over all potential areas comprising A and B to be 
able to apply Bayesian statistics to the problem. Apart from being mathematically tricky and 
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most probably very computation intensive, this approach still not necessarily resolves the 
problem of the ambiguity of the exact location of A and B in the equations. 
 
A promising alternative to this flawed approach has recently been presented as the distance 
decay “stick” method by Kitzes (n.d.), where the distribution of distances between individuals 
rather than the distribution of individuals themselves is used to derive a measure of 
commonality. Further evaluations and comparison with field data have to show if and how 
well the stick method can solve the problem of integrating distance decay to METE.  
 


