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Abstract 

This thesis includes two articles and a coat. The articles present two studies 
investigating students’ reasoning when they were working in pairs, solving 
mathematics problems using the dynamic software, GeoGebra, The first 
study shows that the students used GeoGebra as a collaborative environment 
where they shared their individual reasoning to one another. Furthermore, 
GeoGebra provided the students with feedback that, to some extent, became 
a basis for their creative reasoning.   

The second study looked more closely into the relation between students’ 
reasoning and their utilization of the feedback generated by GeoGebra. The 
study showed that students who before entering computer commands used 
creative mathematical reasoning to hypothesize what the outcome may be, 
understood the feedback from software better and used it more efficiently. 
The students who engaged in imitative reasoning were mainly able to use 
feedback to determine if a solution attempt was correct or not, but did not 
fully understand the feedback and were less able to use it to make further 
progress in solving the task. 

The coat explains theories and methodologies more thoroughly and 
discusses the results of the two articles.  In a concluding discussion the 
results of the articles are linked and possible implications for teaching are 
proposed. In school it is common that teachers and textbooks provide 
students with algorithmic solution templates to tasks, but in the study the 
didactic situation with dynamic software was found to invite students to 
create their own solution methods. Furthermore the thesis suggests that it 
could be beneficial for the students to be encouraged to pay more attention 
to their own solving strategies, i.e. to explain and evaluate their methods and 
results rather than merely looking for the correct answers.  
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Part 1 
 
1. Introduktion 
Research on educational technology often sees students’ learning as active in 
terms of knowledge construction, reasoning, interactive, etc. Consider the 
following quotes: 

“Our approach … has been to design a computational microworld that 
supports 11-14 year-old students by providing them intelligent feedback 
during their [knowledge] construction” (Noss et al., 2011, p. 63)  

“Computer application that encouraged students to reason deeply about 
mathematics increase learning“ (J. M. Roschelle, Pea, Hoadley, Gordin, & 
Means, 2000, p. 78) 

“Composing [visual geometric elements] has been used as an interaction to 
promote deductive reasoning“ (Sedig & Sumner, 2006, p. 22)  

All these quotes suggest that computer applications may affect students´ 
actions and learning. It is also emphasized that students should be active 
when they are learning. Pedagogical software that aims at initiating learning 
has developed from pure programming applications, through microworlds 
that are designed to provide the student with specific mathematical tasks 
that the student may explore and manipulate (Noss et al. 2011), and dynamic 
software, that allow students to form and manipulate the environment 
themselves (Ferrara, Pratt, Robutti, Gutierrez, & Boero, 2006). Interaction 
with dynamic software is a question about interplay. In addition to the way 
software affect the students’ actions, yet another perspective should be 
added: the way the students act on software affects the way students learn 
from the contribution from software. This thesis presents two articles, one 
investigating the way software supports reasoning and another investigating 
the way reasoning affects the utilization of feedback from software.   

Consider the following example where two pairs of students are working with 
the same task in the environment of a dynamic software, GeoGebra: 

The students A and B are trying to create a function whose graph is 
perpendicular to the graph of y=2x-2 and student C and D are also creating a 
perpendicular graph, but to y=2x-1. Both pairs decide to try y=-x-2. A and B 
state that the graphs are not perpendicular and, without articulated 
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evaluation, decide to change y=2x-2 into y=x-2, which results in 
perpendicular graphs. Likewise, C and D state that the graphs are not 
perpendicular and then argue that y=-x-2 must have less slope and that the 
slope depends on the x-coefficient. Their conclusion is that they must have a 
larger x-coefficient than (-1) and decide to try (-0.5), which gives 
perpendicular graphs. The pairs´ actions are practically equal, the visible 
information from the software is equal, and they both manage to create 
perpendicular graphs but their utilization of information from the software is 
different. The explanation to these differences may be found in the way the 
two pairs prepared the computer activity. The preparation for and utilization 
of computer activities are in large extent conveyed by their dialogues that 
contain products of their thinking that may be interpreted as reasoning. The 
two articles of this thesis focus on students reasoning with the purpose to 
understand causes and consequences of different use of dynamic software 
while solving mathematical tasks.     

Educational research associated to interactive software often highlights 
computer features like multiple representations, provider of non-judging 
feedback, processor of calculations, etc. as beneficial for students’ reasoning 
and a large number of publications suggest a broader view of mathematical 
reasoning than for instance just as formal logical (Barwise & Etchemendy, 
1998; Jones, 2000) Some propose that computers enhance the development 
from everyday reasoning into more formal deductive reasoning, and other 
suggests that interactive software allow students to use less formal reasoning 
independently from strict logical mathematical reasoning. Lithner’s 
framework (2008) offers characterizations of reasoning as imitative or 
creative. The framework is not in particular directed to ICT but the two 
studies of this thesis show that Lithner’s suggestion of separating the 
observable reasoning sequence from the thinking processes that created it, is 
useful for investigating reasoning during software-aided task solving. The 
assumption that the thinking processes that create imitative reasoning are 
fundamentally different from thinking processes that create creative 
reasoning processes is appropriate to investigate the way students’ reasoning 
affect their use of dynamic software. A reasoning sequence separated from 
thinking processes can be combined with a collaborative perspective on 
reasoning, in the sense that two or more students together constructs a 
reasoning sequence in their attempt to solve a task. Conversation is a 
fundamental part of collaboration and may be interpreted as reasoning. 
Collaborative reasoning is a main component in article 1 and discussed later 
in this coat. In article 2 the information the software delivers as a result of 
students´ computer actions is considered as feedback. This is, feedback was 
not delivered from one person to another, it was not prepared, and had no 
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purpose. The effect of the feedback depended on the way students utilized it. 
This is discussed in article 2 and later in this coat. 

The aim of article 1 is to develop insights into how GeoGebra can be used as a 
means of supporting collaboration and creative reasoning during a problem-
solving process. The research questions posed were; “To what extent do 
students use GeoGebra to collaborate during problem solving?” and “What 
characteristics of GeoGebra might contribute to or obstruct their creative 
reasoning?” Article 2 aims at developing understanding of the relations 
between reasoning, feedback, and success in task solving. The posed 
questions were; “What is the relation between the students’ way of using the 
feedback that GeoGebra generates and the students´ reasoning?” and “How 
do students´ ways of reasoning and utilization of feedback from GeoGebra 
relate to their success in problem solving?” 

Article 1 builds on research showing that creative mathematical reasoning is 
beneficial for learning. A study investigating learning effects of imitative and 
creative reasoning shows that students practicing on tasks encouraging 
creative mathematical reasoning had less correct answerers while practicing 
than students practicing on tasks leading to imitative reasoning, but 
performed better on a test a week later  (Jonsson, Liljeqvist, Norqvist, 
Lithner, in preparation). This indicates importance of designing tasks 
leading to creative reasoning. Therefore the focus in article 1 was not 
whether students succeeded or not, but on the characteristics of their 
reasoning. Anyhow, the results of article 1 indicated that the task (provided 
the students did not know how to solve it in advance) was only possible to 
solve through creative reasoning. For example, finding one example of 
perpendicular lines in a Cartesian system might be possible through trial and 
error. But to answer the question about the relation between the x-
coefficients when two graphs are perpendicular (that their product is -1) the 
student must either know that relationship in advance or create and justify 
well-founded strategies. In the latter case, the students must carry out 
creative mathematical reasoning to find the relation. Out of this the interest 
in article 2 turned to relations between reasoning, feedback, and success in 
solving the task. In purpose to say something that shape the path through 
task solving the interest must turn to the activities that produce the answer. 
A difficulty is that the path towards a solution may be relatively complex and 
it is a risk of focusing on objects outside the scope for the study.  

As indicated so far, more than one perspective has been taken in the two 
articles and different theories have been combined and used as framework in 
these studies. This needs to be taken into consideration when methods of 
analysis and drawing of conclusions are designed. It is crucial that there is a 
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clear connection between research questions, method of analysis, and 
theories (Gellert, 2010; Niss, 2007; Radford, 2008). The investigations are 
driven by the interest in students’ reasoning associated to the use of 
interactive software. This will be further discussed in chapter 4.      
 
2. A brief history of interactive computer 
applications in mathematics education 

Since computers were introduced into mathematics education there have 
been high expectations for improved learning. On of the most ambitious 
proposals is that the computers ability to support reasoning and 
computation invites other than a few privileged experts into the world of 
complex mathematics, a democratization of the access to knowledge (Ferrara 
et al., 2006). However, even though many studies have shown promising 
results, the expectations on a broad impact on students’ learning have never 
been fulfilled (Bottino, 2004). 

Computers have been used in mathematics education for different purposes, 
for example as drilling practice when calculating and memorizing of facts, as 
providers of mathematical problems, as tutorial support, etc. Many of these 
applications have been digital variants of already existing teaching methods 
and textbooks (Bottino, 2004). Features of interactivity has been considered 
as an extension or replacement of existing teaching, for example 
programming, manipulating of provided mathematic features in artificial 
microworlds, and interactions with dynamic software (Ferrara et al. 2006).  

In the seventies and early eighties computers were used in teaching projects. 
Programming languages as Logo, Pascal, Basic, and others were used with 
the purpose to help students to make use of and learn about mathematical 
concepts (Ferrara et al., 2006). The interest for programming waned when it 
was questioned whether the complexity of learning the programming 
language was seen as counterproductive to learning mathematics. It was 
found difficult to separate features connected to programming from specific 
features of mathematics (Samurcay, 1985). 

In the nineties, a wide range of software, constructed to bring students to 
practice a particular mathematical content, was introduced. For example, in 
line with studies suggesting that students´ errors associated with algebra 
often could be related to inattention to expression structure, special 
education software, as Expression, were developed. Expression allowed the 
students to submit incorrect expressions but the computer would not carry 
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out the associated calculations unless the expressions were correctly 
submitted. I.e. the students could continue to submit expressions until a 
correct expression was found. In a study, students who had practiced using 
Expression were found to internalize the mathematical structure and make 
less errors (Ferrara et al., 2006).  

A further development of these kinds of software is the introduction of 
microworlds, i.e. applications providing virtual contexts with integrated 
problems and tasks. But in contrast to software like Expression these 
applications could provide students with hints, associated to the students’ 
action, which guided them how to proceed. Among these we find for example 
SimCalc (Ferrara, 2006). 

Another approach of using technology in mathematics education is the 
development of dynamic software like GeoGebra, Cabri and Sketchpad. This 
kind of Software do not provide problems or tasks to solve, but could be used 
as tools to explore specific mathematical concepts and relations, directed by 
tasks designed outside the software environment. When dynamic software is 
used in mathematics education, the teacher needs to define the learning 
target and create appropriate tasks to the students to solve (Olive et al., 
2010). Dynamic software, like GeoGebra, provide an environment where 
students, for example, may explore the relationships between functions 
representations; algebraic, graphical and tabular. Given that the teacher 
assigned them to do so. These dynamic representations afford a more 
interactive experience that emphasizes meaning-construction rather than 
symbolic manipulation (Ferrara et al., 2006).    
 
The two articles in this thesis investigate in what way GeoGebra may 
enhance creative mathematical reasoning. 
 
3. Frameworks 

The basis for the thesis are the two articles, both using combined 
frameworks. The framework for creative and imitative reasoning (Lithner, 
2008) has been the starting point but the ICT-perspective has resulted in 
consideration of further frameworks. In the article 1 students working in 
pairs are examined and therefore parts of Roschelle and Teasly´s (1994) 
framework of collaboration was used. Article 2 focuses on feedback from 
software and success in task solving, which resulted in merging parts of 
Shute’s (2008) framework of formative feedback and parts of Schoenfelds 
(1985) protocol analysis into the framework of the study. Since the articles 
present only parts of these frameworks a more thorough presentation of each 
of these frameworks follows.  
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3.1 Imitative and creative reasoning 

The framework addresses the problem of rote learning in the perspective of 
key-aspects of imitative and creative mathematical reasoning. Relating 
reasoning to thinking processes, students´ competencies, and the learning 
milieu offers possible explanations for consequences of different types of 
reasoning. The background of the framework is several empirical studies (J 
Lithner, 2000; J. Lithner, 2003) investigating what made students fail or 
succeed in solving different practice and test tasks. The focus came to be on 
the disadvantages of being restricted to imitative reasoning. The framework 
is trying to separate the reasoning sequence from the thinking process that 
created it. The reasoning sequence is a product of the thinking processes, 
which are assumed to be fundamentally different in creative mathematical 
reasoning and in imitative reasoning.  

3.1.1 Mathematical thinking processes and reasoning sequence 

The notion of creativity is not restricted to genius or experts. Instead 
ordinary students´ task solving can be based on creative thinking processes 
that are flexible, fluent, admitting different approaches, and not hindered by 
fixation. Superficial and imitative thinking allow students to follow solving 
schemes suitable to specific tasks, which means that analytical and 
conceptual thinking processes may not be necessary to solve the task. The 
lack of analytical support makes the choice of solution method haphazard. In 
order to separate reasoning from thinking processes, the choice is to see 
reasoning as a product that appears in a reasoning sequence, starting with a 
task and ending with an answer. The reasoning sequence may consist of 
written solutions, interviews, think-aloud protocols, etc.  

In order to exclude creative thinking like brainstorming and creative 
behaviors like trial and error from creative mathematical reasoning 
conditions of argumentation and anchoring were added. Argumentation is 
the part of reasoning that has the purpose of convincing you or someone else 
that the reasoning is appropriate. Argumentation is predictive (why will the 
chosen strategies contribute to the solving of a task) and verificative (why did 
the strategies solve the task). The notion of anchoring is about using relevant 
mathematical properties of the components of the reasoning. The 
components are: objects (numbers, variables, functions, etc.), 
transformations (an object is transformed through a process, e.g. finding 
max and min of a polynomial), and concepts (a central idea build on a set 
objects, transformations, and their properties). Anchoring may be in 
intrinsic or surface properties. Anchoring is associated to the purpose of a 
transformation, e.g. finding out which is the largest number of 4/5 or 12/18 
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must be anchored in the intrinsic property of the ratio, not in the surface 
properties of the size of the numbers.     

3.1.2 Imitative reasoning 

Empirical studies behind the framework have identified two main types of 
imitative reasoning, memorized and algorithmic. 

Memorized reasoning 

Lithner gives an example where 150 students had an examination task, “state 
and prove the Fundamental Theorem of Calculus”. Half of them got full 
credit and their answers were copies of the two-page example in the 
textbook. Most of them who failed had answers that in large parts were as in 
the textbook but some pieces were missing or different. In a post-test the 
students were asked to explain a minor part of the proof. Even though they 
had managed to memorize the whole proof they were only able to explain 
some sequences. A task asking for a proof may be suitable for memorizing. 
Two other examples are tasks asking for facts (e.g. “How many dm2 is a 
square-meter?”) and definitions (e.g. “What is a tetrahedron?”). Memorized 
reasoning fulfills the following conditions (Lithner, 2008. p. 258): 

 
1. The strategy choice is founded in recalling a complete answer 

 
2. The strategy implementation consists only of writing it down     

Another type of memorized reasoning builds on established experiences 
from learning environment including apprehensions of facts, concept 
images, and beliefs. Examples are arguments like “The slope of the line 
should be a smaller number because it usually is less than 5”. 

Algorithmic reasoning 

An algorithm can be determined in advance and is not necessarily only an 
explicit chain of executable instructions (e.g. the division algorithm). A wider 
notion is that all pre specified procedures are algorithms (e.g. zooming in the 
intersections with x-axis using a graphing calculator to find the zeros of a 
quadratic function). The main point is that conceptually difficulties are taken 
care of by the algorithm and only the easy parts are left to the student. 
Algorithmic reasoning fulfills the following conditions (Lithner, 2008, p. 
262): 
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1. The strategy is to recall a solution algorithm. The predictive 
argumentation may be of different kinds, but there is no need to 
create s new solution. 
 

2. The remaining reasoning parts of the strategy implementation are 
trivial for the reasoner, only careless mistakes can prevent an answer 
from being reached. 

Algorithms make it possible for students to carry out advanced mathematics 
with limited understanding, for example it is quite reasonable to learn 7-year 
old children to differentiate simple polynomials but it is not likely that they 
understand the mathematics behind the procedure. In algorithmic reasoning 
the main difficulty is to identify a suitable algorithm. Three common ways 
will now be described. 

Familiar algorithmic reasoning 

The strategy of finding a suitable algorithm is often based on established 
experiences that certain textual, graphical, and/or symbolical features are 
related to corresponding algorithms. For example a student solving the task 
“how many m3 are 287 dm3” knows that when you convert cubic measures 
from dm3 into m3 you divide with 1000. As soon the algorithm is identified 
287/1000 is implemented. Algorithmic reasoning in a task solution fulfills 
the following criteria (Lithner 2008, p.262): 

 
1. The reason for the strategy is that the task is seen as being of 

familiar type and can be solved by a corresponding known 
algorithm. 
 

2. The algorithm is implemented.  

The arguments that convince the reasoner of the strategy are often based on 
surface properties, like similarity to practice tasks or the established 
experience that certain tasks are associated to certain textual and graphical 
features. As long as the right algorithm is chosen only careless mistakes may 
hinder reaching an answer. In the example above the student chooses the 
right algorithm and there is no anchoring in the properties of cubic measure 
leading to the division with 1000. The student may have remembered 
wrongly and choose to divide for example with 100 without noticing that this 
led to the wrong answer. Since familiar algorithmic reasoning not necessarily 
is based on anchoring in intrinsic mathematic properties it is not reliable in 
problematic situations.  
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Delimiting algorithmic reasoning 

Ronald, a 4th grade student, solves the task “how many apples will 12 persons 
have each if they share 8 apples?” He uses the calculator to divide 8 with 12 
and gets the answer 0.66…. He considers this shortly and then divides 12 
with 8 and sees 1.5 apples per person as an answer. His argument for the 
change is that the larger number is usually the one you start with. Delimiting 
algorithmic reasoning is used when familiar algorithmic reasoning does not 
work and guidance is not available (e.g. in a test session). It fulfills the 
following conditions (Lithner, 2008, p.263). 

 
1. An algorithm is chosen from a set that is delimited by the reasoner 

through the algorithms surface relation to the task. The outcome is 
not predicted. 

2. The verificative argumentation is based on surface considerations 
that are related to the reasoner’s expectation of the requested answer 
on solution. If the implementation does not lead to a (to the 
reasoner) reasonable conclusion it is simply terminated without 
evaluation and another algorithm may be chosen from the delimited 
set. 

Guided algorithmic reasoning 

There are two common variants of guided reasoning, text-guided and person 
guided. They are used when familiar or delimited algorithmic reasoning does 
not work. In text guided reasoning the following conditions hold (Lithner 
2008, p.263). 

 
1. The strategy choice concerns identifying surface similarities between 

the task and an example, definition, theorem, rule, or some other 
situation in a text source. 

2. The algorithm is implemented without verificative argumentation. 

A structure of a solved example followed by a set of similar tasks is common 
in Swedish textbooks (Lithner 2008). Text guided algorithmic reasoning is 
also found as common in small-groups learning situations (Lithner 2003). 

Person guided algorithmic reasoning fulfills the following conditions 
(Lithner 2008, p.264). 

 
1. All strategy choices that are problematic for the reasoned are made 

by a guide, who provides no predictive argumentation. 
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2. The strategy implementation follows the guidance and executes the 
remaining routine transformations without verificative 
argumentation. 

Lithner offers an example where a students want assistance to solve the task 
“How much is 15% of 90?”. The teacher writes 0.15 multiplied with 90 as the 
standard algorithm in the student’s notebook. Then the teacher tells the 
students how to calculate every step in the algorithm. There is no 
argumentation why this calculation and no anchoring in the intrinsic 
properties of percentage. After the calculation is processed the teacher leaves 
without further comments.      

3.1.3 Creative mathematical reasoning 

Two students, Olga and Leila are working on a task where they are supposed 
to find the rule for two linear functions creating perpendicular graphs. They 
have managed to create y=2x-1 and y=-0.5x-1. They hypothesized that one x-
coefficient must be the negative fourth of the other. They tried this on several 
examples with different x-coefficients, all failures. A little later the following 
conversation took place. 

 
1. Olga: what is common for our two examples (y=x-1 and y=-x-1, 

y=2x-4 and y=-0.5x-4)…. 
2. Leila: they are like opposites…. 
3. Olga: one divided in two is zero dot five…. 
4. Olga: yes… and one divided in one is one…. but minus… 
5. Leila: that’s it… one divided in one but minus… 
6. Olga: then something times something must be one… but minus…. 

say a number… 
7. Leila: six…. 
8. Olga: then the other one must be…. one divided to six…. but minus 

[submit y=6x and y=-1/6x]… 

They create a strategy, choose an x-coefficient and divide one with the 
chosen x-coefficient and turn it into negative to have the other x-coefficient. 
The argumentation (line 6-8) is predictive. They implement the strategy (line 
8, submitting y=6x-1 and y=-1/6x-1) and after the conversation above they 
state they were right. They verified that by testing on several examples. 
Finally they draw the conclusion that the product x-coefficients must be (-1) 
to create perpendicular graphs. On the question from the researcher of why 
they were right they answered, “one x-coefficient must be minus and if one of 
them is for example (5) the other one is (-1/5) because they must go in 
different directions and if one slope is steep the other must be less steep”.   
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This is an example of Creative mathematical reasoning, which is defined as 
fulfilling the following criteria (Lithner 2008, p.266) 

 
1. Novelty. A new (to reasoned) reasoning sequence is created or a 

forgotten one is re-created. 
2. Plausibility. There are argumentation supporting the strategy choice 

and/or strategy implantation motivating why the conclusion are 
plausible. 

3. Mathematical foundation. The arguments are anchored in intrinsic 
mathematical properties of the components involved in the 
reasoning. 

Creative mathematical reasoning does not have to be a challenge and the 
definition also includes elementary reasoning.  

3.2 Joint problem space 

Focusing on socially negotiated knowledge elements, Roschelle and Teasly 
(1994) investigated computer aided collaborative problem solving. Their 
framework focuses the process of joint work rather than the outcome. The 
definition of collaboration is “a coordinated, synchronous, activity that is the 
result of a continued attempt to construct and maintain a shared conception 
of a problem” (Roschelle & Teasly 1994, p.70). Roschelle and Teasly make a 
distinction between collaboration and co-operation, the former is a mutual 
engagement in solving a problem together and the latter when the problem 
solving is divided among co-workers. Furthermore, Roschelle & Teasly 
discuss the distinction between synchronous and asynchronous 
collaboration. The authors point out that collaboration in face to face-
situations is always synchronous. Roschelle and Teasly (1994) formed a 
framework on the proposal that collaborative problem solving takes place in 
a socially negotiated and shared conceptual space, constructed through 
external language, situation and activity, i.e. a joint problem space (JPS). 
Since the framework aims at investigating collaboration supported by 
software the computer´s potential to assist students´ explanations and 
production of shared knowledge is emphasized.   

To examine joint problem solving it´s necessary to examine not only the 
content of students’ dialogues, but also how their conversations result in 
shared knowledge. Roschelle and Teasly (1994) propose a method to 
structure the conversations and activities during problem solving in a joint 
problem space (JPS). The JPS is a pragmatic structure into which students 
introduce and accept knowledge, monitor ongoing activities for evidence of 
divergences, and repair divergences that impede the progress of 
collaboration. Categories of events during the conversation that are useful 
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for analysis are; turn taking in general (flew, content, structure), socially 
distributed productions, repairs, narration, and language and actions. These 
categories will be presented in the following paragraphs. 

3.2.1 Turn taking 

The structure of the turn taking sequences in a conversation may indicate the 
degree of students sharing of a common problem. The flow and content are 
indicators of whether the participants understand each other. During 
successful collaborative activities, the participants’ turn taking is smooth and 
builds upon each other’s utterances. However, even successful collaborative 
problem solving usually includes periods of disagreements and 
misunderstandings. Furthermore, participants may occasionally withdraw 
from the interaction when their thoughts are too ill formed or too 
complicated to articulate. In successful collaborative problem solving these 
periods of misunderstandings or silence are followed by intense interaction 
to transform individual insights into shared knowledge.  

3.2.2 Social distributed production 

Roschelle and Teasly (1994) define social distributed production as one way 
of engaging in turn taking, that is when one participant initiates an idea or a 
sentence and the partner completes it. An example is sentences havening the 
form of IF-THEN. One collaborator expresses the IF-part and the other the 
THEN-part. This means the partners have opportunity to accept or repair 
contributed knowledge. When both are satisfied with the sentence shared 
knowledge is produced.  

3.2.3 Repairs 

Repairs mean the collaborators negotiate and solve divergent meanings or 
misunderstandings. It is about dealing with troubles in speaking, hearing, 
and comprehension of a dialogue. A collaborative process also includes 
individual activities, which may lead to conflicts when individual ideas are 
negotiated with respect to the shared work. In a successful collaboration the 
intention of the conversation is to reduce such conflicts and maintain shared 
understanding. That is what Roschelle and Teasly (1994) describe as repairs. 
Without successful repairs breakdowns in the mutual understanding will 
continue longer. Unsuccessful repairs may cause students to abandon the 
current problem, try a new approach, or continue around the impasse 
without repair. 
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3.2.4 Narration 

When two students use interactive software sharing one computer they need 
to take turn in using the keyboard or the mouse. The actions made by one 
student using the keyboard may be difficult for the partner to interpret. 
There is a need to describe (narrate) the intention of the activity to one 
another. These dialogues enhance the partner’s possibility to recognize 
differences in shared understanding. Continued attention and engagement 
in one another’s to narration may indicate shared understanding. 
Interrupting narrations is a possibility to rectify misunderstanding. 
Narration is useful when one partner signals that an action is not directly 
intended to contribute to the shared goal; an utterance like “I´m just trying 
this” signals that the student is exploring something that is not directly 
related with the task at hand (e.g. find out how a quadratic function works in 
GeoGebra even though the task at hand concerns linear functions).  

3.2.4 Language and action 

When working with computer support students are not dependent only on 
verbal communication to maintain shared understanding. The computer 
environment provides visualizations of actions and gestures. An action (e.g. a 
submitting an expression into software, manipulating of an existing 
expression in software, etc.) or gesture can serve as acceptance when one 
partner interprets the other´s utterances. The production of an appropriate 
action confirms a shared understanding. Actions and gestures can also serve 
as presentations of new ideas. On partner demonstrates an idea through 
computer action or gesture and if the other partner successfully interpret the 
idea through utterances this indicates mutual understanding of the idea. 
Effective collaboration to reach shared understanding could be achieved 
when students’ activities and language complement each other. While one 
partner concentrates on carrying out activities the other produces utterances 
that make intentions behind the activity available for commentary and 
repair. 

Roschelle and Teasly (1994) used the framework to structure and analyze 
data gathered in a study investigating students´ process of collaborative 
problem solving. The results suggest that shared conception is the basis of a 
successful problem solving. It is furthermore assumed that the process of 
solving the task and maintaining the joint problem space co-exist. Finally, 
Roschelle & Teasly discuss conversation, as the key activity to successfully 
solve the problem and simultaneously construct and maintain the joint 
problem space. 
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3.3 Formative feedback 

When students solve problems using dynamic software their planning of and 
their evaluating of the computer activities will be affected by the feedback 
that the software generates. Students will use feedback in different ways, 
which may affect the way they are solving the task. Thus it is important to 
describe different attributes of feedback.   

3.3.1 Feedback and digital technology 

In terms of feedback, interactive software offers several benefits. The 
outcome is always accurate and in line with the executed commands, it is 
delivered instantaneously, and responds to students’ actions without 
judgment (Sacristán et al., 2010). The capability of digital media to invite 
students to immediate test and reflect on existing knowledge, enhance 
exploration of ideas and promotes reasoning and learning (Chance, Garfield, 
& delMas, 2000; Sacristián et al., 2010). Weir (1987) discusses the use of 
digital technology in educational situations as trying out something, 
watching for effects, and responding to feedback. Kieran and Drijvers (2006) 
stress the tension awakening from differences in output (the feedback), and 
students´ expectations as most valuable for learning. The features of 
feedback from dynamic software mentioned above are mostly associated to 
effects on learning, which is synonymous to formative feedback (Shute, 
2008). 

3.3.2 Formative feedback 

A definition for formative feedback is “information communicated to the 
learner that is intended to modify her thinking or behavior to improve 
learning (Shute, 2008. p.258). Furthermore, formative feedback is 
information to a learner in response to some action from the learner´s part. 
Effective formative feedback should be non evaluative, supporting, timely, 
and specific (Shute, 2008). With the overarching goal to identify the features 
of formative feedback that, according to research, are most effective and 
efficient in promoting learning, Shute presents a comprehensive literature 
review, that presents guidelines for generating formative feedback. Article 2 
adopted parts from Shute´s review that deals with feedback as verification 
and elaboration associated to feedback on task level. This will be presented 
in the following. 

The review (Shute, 2008) is written on the premise that good feedback can 
significantly improve learning processes and outcomes, if delivered correctly. 
Emphasis is on the last three words. The vast literature reveals a wide range 
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of formative feedback, e.g. accuracy of solution, topic contingent, partial 
solutions, etc., and different variables have been identified and scrutinized. 
The results of investigating the same variables are often divergent and 
different variables are often shown to interact with other variables, such as 
students´ achievement-level, task-level, and prior knowledge. Shute (2008) 
focuses on task-level feedback, as opposed to general summary feedback. 
General summary feedback may consist of for example information of 
current understanding, while feedback on task-level is specific and timely 
information about for example a particular response to a problem or a task. 
In research, feedback is quite often found to have negative effects. Features 
of such feedback are often described as; criticizing, controlling, providing 
grades and indicating students standing negative to peers. Such feedback is 
however not described as formative (Shute, 2008). 

3.3.3 Features of formative feedback 

Black and William (Black & Wiliam, 1998) propose that formative feedback 
has two main functions; to direct and to facilitate. Directive feedback tells 
the student what to correct or revise. Facilitative feedback provides guidance 
to the students on their revision and conceptualization. In a cognitive 
perspective formative feedback has the purpose of reducing uncertainty and 
cognitive load. To receive information about how well a student performs on 
a task may reduce his or her uncertainty, which may lead to higher 
motivation and more efficient task strategies (Shute, 2008). A novice or a 
struggling student can be cognitively overwhelmed due to high performance 
demands. Supporting feedback, e.g. explanations, can reduce cognitive load. 
Feedback that may be useful for correcting inappropriate strategies, 
procedural errors, or misconceptions seems to be effective when the 
provided information is more specific. Shute (2008) describes this as 
feedback specificity, which will be discussed in next paragraph.  

Feedback specificity is the level of information presented in feedback 
messages. That is, specific feedback provides information about particular 
responses or behavior in addition to being accurate and tends to be more 
directive than facilitating (Shute, 2008). Research has reported that 
feedback is more effective when it provides details about how to improve the 
answer than just indicating whether students are correct or incorrect. 
(Bangert-Drowns, Kulik, Kulik, & Morgan, 1991; Mason & Bruning, 2001) 
Formative feedback may be divided into verificative and elaborative. 
Verificative feedback provides information whether an answer is correct or 
not and can be delivered in different ways, e.g. explicitly as a check-mark, or 
implicitly as an unexpected result of a simulation. Elaborative feedback has 
several variations, e.g. to address the topic, to provide worked examples, etc. 
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Research has reported that response specific elaborative feedback is effective 
since this kind of feedback addresses the question why the answer is correct 
or not.  

Even though research have isolated and proven specific characteristics of 
formative feedback as effective for learning, there are no straight and simple 
advices how to perform feedback. The success of feedback is dependent on 
other components in education such as students´ achieving-level, complexity 
of tasks, character of issue, etc. For example there are research describing 
so-called delayed feedback as beneficial for learning, however only to high 
achieving students Low achieving students on the other hand, benefit the 
most from feedback with low complexity. Shute (2008) suggests that a 
reasonable advice in the case of feedback in mathematics education, when it 
comes to conceptual tasks, is to keep the feedback specific and clear.     

3.3.4 Dynamic software and feedback as verification and 
elaboration 

The process of using software to solve mathematical tasks could be described 
as:  trying out something, watching for effects, and responding to feedback 
(Weir, 1987). That kind of feedback could be labeled as verificative. 
However, the software does not provide explicit information whether 
something is correct or not. The students have to interpret the feedback to 
retrieve useful information. The students’ planning for computer activities is 
crucial to understand the feedback generated from software. The more 
prepared the students are the more likely will the feedback be used for 
elaboration (Sacristán et al., 2010). 

3.4 A framework for macroscopic analysis of problem 
solving protocols 

Schoenfeld (1985) proposed a framework for macroscopic analysis of 
problem solving protocols focusing on decisions on the executive or decision 
level. Decisions at the control level are those that affect allocation of problem 
solving resources. The method provides a way to identify important points of 
decisions during a problem solving process and to examine the ways 
individuals´ behavior shape the way the process evolve. Three types of 
decision points are described: when there are major shifts in the resource 
allocation, when new information through problem solving activities are 
coming up, and when difficulties are indicating that something is wrong with 
the approach. Due to the protocol analysis the conversations are partitioned 
into chunks of consistent behavior called episodes. Episodes are periods 
when students mainly are engaged in the same type of activity such as 
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reading, analysis, exploring, planning, implementing, and verifying. 
Changing from one episode to another is considered as a major shift in 
allocation and as a possible decision point. The junctures between episodes 
are decisions points when the students may change direction of the problem 
solving activity significantly. When new information or possibilities of taking 
a different approach comes to attention, the problem solver has the 
possibility to make decisions shaping the problem solving process. New 
information may arise in the middle of an episode and may not, at least not 
immediately, be considered. The third possible decision point is when the 
process of problem solving has been accompanied by minor difficulties for 
some time, indicating that something is wrong with the approach.    

All episodes are labeled into reading, analysis, exploration, planning, 
implementation, and verifying. For each label and the transitions between 
episodes the framework provides relevant questions. The questions are of 
various types; some can be answered objectively (e.g. “are the action driven 
by the goals of the problem?”), others call for judgment of problem solving 
behavior (e.g. “does the problem solver assess the current stage of her 
knowledge?”), and some ask for reasonableness of certain behavior (e.g. 
regarding the last question; “is it appropriate to do so?”). Parsing a protocol 
into episodes and providing answers to the associated questions obtain a full 
characterization of a protocol. Schoenfeld (1985) admit that some of these 
questions can only be answered subjectively, but that such a systematic 
model will increase objectivity.  

In order to provide insights into differences between experts’ and novices’ 
problem solving processes Schoenfeld (1985) analyzed protocols of their 
mathematical task solving. The study shows that an expert on the control 
level is more efficient in using what she knows even if the expert doesn´t 
have recent experiences of the mathematical content of the task. Compared 
to students considered as novices, the experts more frequently assess and 
monitor the current state of the solution and more frequently analyze and 
verify parts of the solving procedure. Schoenfeld (1985) noted that one type 
of expertise could be defined as someone who knows in advance what kind of 
information and procedures that are needed to solve familiar tasks. Another 
type of expertise, on novel problem solving, could be defined as someone 
who can solve problems of an unfamiliar domain using general problem 
solving techniques and strategies. Traditionally, the view had been that the 
reason that novices were less proficient problem solvers was that they lacked 
content knowledge. Schoenfeld’s (1985) study on the contrary showed that 
students who recently had studied the mathematical content of the problem 
were less successful than experts who had no recent experiences of the 
mathematical content but instead had better general problem solving skills.  
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4. Methodology 

This section will discuss the combining of different theories into a research 
framework, methodological considerations for the two articles, and a 
background for the design of the didactical situation that was used in both 
studies.  

4.1 On using multiple frameworks 

The aim of this thesis is to extend our knowledge about students´ reasoning 
associated to task solving supported by dynamic software. The research 
questions are central and formulated on basis of what is considered as 
problematic in relation to this aim. However, the questions are not restricted 
to any specific theory or method. Therefore it´s important that the questions 
are associated to relevant theories, methods, and analyses. Lester (2005) 
distinguishes between theoretical and conceptual frameworks. A theoretical 
framework is built on established coherent ways of explaining certain kinds 
of phenomena and relations (e.g. Piaget´s theories of intellectual 
development and Vygotsky´s sociocultural theory are two prominent ones). 
Using established theories as fundaments in a framework means that the 
research questions and the method should be phrased in terms associated 
with the theory and so would the argumentation, expressions and use of 
conventions. This has obvious advantages like facilitating communication, 
sharing and presenting the process among others working with similar 
questions. Lester points out some problems about using theoretical 
frameworks. The data may be explained by theoretical decree rather than 
evidence, the data may be stripped of context and local meaning to fit the 
theory, the researcher may set a standard for scholarly discourse that is not 
functional outside the academic discipline and using a single theory may 
exclude the possibility of triangulation. Like theoretical frameworks, 
conceptual frameworks are built on previous research but on an array of 
several sources. It may be based on different theories dependent on what the 
researcher considers as relevant for the current research problem. A 
conceptual framework is more for justification than explaining. It is arguing 
for the appropriateness of concepts chosen for the investigation and whether 
they are useful given the investigation problem (Lester, 2005).  

The purpose of using more than one theory and/or framework should be that 
you might discover further aspects, not to ensure the possibilities of 
justifying your discoveries (Radford, 2008). Schoenfeld (1992) points out 
that it is on the researchers responsibility to document and justify when 
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developing methods. Investigating what one finds interesting may mean 
there are no standard methods. If new methods are not explained and 
described where they come from and how to be used, the associated 
investigation can lead to “ad-hoc empiricism” that is theoretically shallow 
(Schoenfeld, 1992). Niss  (2007) states that the increasing complexity of the 
mathematics education research field has led to more complex research 
frameworks. Niss also points out that it is crucial to have clear connections 
between theories, methods, and research questions. Radford (2008), 
referring to Niss, suggests that a theory can be seen as a way of producing 
understanding based on: basic principles that delineate the perspective of 
the research, a methodology including techniques for collecting and 
interpreting data, and a set of schematic questions, which will generate 
specific research questions. This gives a context of designing theories for a 
study working simultaneously with all three aspects. When research 
questions appear more clearly it will have consequences for methodology 
and the way basic principles for the study are justified through theories 
(Gellert, 2010).  

4.2. Why these frameworks? 

Lester (2005) emphasizes the importance of explaining and justifying in 
what ways different theories will be used for the analysis. Lester argues that 
a “Grand theory of everything” will never be developed in the field of 
mathematics education. Instead the focus should be on using smaller, more 
focused theories and models of teaching. A conceptual framework can be 
viewed as a source of ideas that can be appropriated and modified for 
purposes of mathematical education (Lester, 2005). The basic idea in both 
studies that are included in this thesis is that causes for students´ behavior 
associated to task solving can be examined through investigating of their 
reasoning. The tasks are designed with the purpose to represent non-routine 
tasks and that solving them will engage students´ in creative reasoning. The 
framework of imitative and creative reasoning (Lithner, 2008) offers 
structures for capturing articulated results of thinking processes in a 
reasoning sequence, a path through task solving, and definitions to classify 
creative and imitative reasoning (see chapter 3 for further details).  

In the context of collaborative task solving aided by software students need 
to structure and co-ordinate conversations and computer activities in order 
to understand each other. There are parts that are mutually silently 
understood, parts that are mutually understood through visualization, and 
the outspoken language is sometimes cryptic. The framework of joint 
problem space (Roschelle & Teasly, (1994) offers a construct that combine 
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conversations and computer activities into analyzable sequences (see chapter 
3 for further details).  

Task solving in collaboration and aided by dynamic software implies that the 
students prepare a computer action, resulting in information that may be 
utilized as feedback. Computer feedback itself in the studies of this thesis is 
neutral, i.e. it is either directly verifying or gives guidelines how to proceed. 
It is up to the students to determine whether an answer is correct or not, and 
to evaluate the feedback looking into questions like; why did (not) our idea 
work. Again, it is the student who chooses how to utilize the feedback. To 
explain different ways of using feedback it is appropriate to label different 
forms of feedback that can be associated to different ways of using it. 
Definitions of Shute (2008) describing feedback on task level as verificative 
and elaborative has been used in article 2 (see chapter 3 for further details).  

In article 2 one of the objects of analysis is students’ success in problem 
solving. With respect to the design of the tasks, the trivial part is to 
determine whether the answers are correct or not. What is more critical is to 
have a view of the way the path through the problem solving is shaped. 
Schoenfeld (1985) suggests a focus on possible decision points is an 
appropriate way to find moments when problem solving takes new directions 
(see chapter 3 for further details). Schoenfeld’s (1985) protocol analysis is in 
article 2 used as a method to find potential and and actual decision points 
which in turn helps to find the parts of the task solving sequence that are 
crucial with respect to reasoning and utilization of feedback.  

Central during the work with both studies has been to maintain a clear 
connection between research questions, analysis, and justification of results. 
This will be described in next paragraph. 

4.3 Methodological considerations 

In this chapter consequences of the chosen theories and methods are 
discussed. With respect to article 1 the choice to study social activities is 
argued for. In association to article 2 the view of feedback and the 
contribution of detecting decision points in the task solving sequence are 
discussed.  

4.3.1 Article 1 

The purpose of article 1 is to develop insights into how GeoGebra can be used 
as a means of supporting collaboration and creative reasoning during a 
problem-solving process. Collaboration associated to working with dynamic 
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software (Hoffkamp, 2009; Rakes, Valentine, McGatha, & Ronau, 2010), and 
creative mathematical reasoning (Jonsson et al, in preparation) has each 
independently been suggested as beneficial for learning. Therefore it´s 
important to investigate the way dynamic software affects reasoning and 
collaboration. The research questions posed were; “To what extent do 
students use GeoGebra to collaborate during problem solving?” and “What 
characteristics of GeoGebra might contribute to or obstruct their creative 
reasoning?” Due to the two objects of study, reasoning and collaboration, it 
was considered to combine Lithner´s (2008) framework with the virtual 
construct “joint problem space” (Roschelle & Teasly, 1994). Pilot studies 
were carried out with students working both individually and in pairs. 
Students working in pairs seemed to create rich but also more complex data. 
The collaborative setting and the addition of Roschelle and Teasly´s (1994) 
framework brought more complexity since the approach is to focus on the 
social interaction. Collaboration is considered as constructing shared 
knowledge through interaction within a social context. Stahl (2005) suggests 
there is no reason to deny individual thinking and learning in a group 
activity, but it is more informative to study the processes on group level. 
Furthermore shared knowledge arising in a group activity cannot be 
attributed to individuals, although the contributions are individual 
utterances and shared knowledge are internalized by individuals (Stahl, 
2005). Roschelle and Teasly (1994) have a similar view, they don´t deny 
individuals contributions and internalization but emphasize the social 
interaction. Reasoning starts in a task and ends in an answer and can be 
observed in a reasoning sequence as written solutions, interviews, think 
aloud protocols, etc. The study suggests that collaboration could be added to 
of the reasoning sequence, including social actions and interactions with 
software. The approach in the study is to see the components of the 
collaborative reasoning sequence as results of individual thinking and social 
collaboration. To gather appropriate data a non-routine task suitable to solve 
through GeoGebra was designed (see article 1). Students were instructed to 
work in pairs using one computer, and the conversations, computer 
activities, and gestures were recorded. In order to answer the question of 
collaboration the framework of joint problem space (Roschelle & Teasly, 
1994) was used and the reasoning was analyzed through the reasoning 
framework (Lithner 2008).  

4.3.2 Article 2 

Article 2 aims at understanding the relations between reasoning, feedback, 
and success in computer aided task solving. Research proposed that dynamic 
software enhance reasoning, deliver feedback, and as a tool for problem 
solving (Barwise & Etchemendy, 1998; Sacristán et al, 2010). Therefore it is 
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important to investigate the relation of these aspects, not only from the 
perspective that it is the computer that affects reasoning and provides 
feedback, but that the students´ actions affect the utilization of feedback. 
The posed questions were; “What is the relation between the students’ way of 
using the feedback that GeoGebra generates and the students´ reasoning?” 
and “How do students´ ways of reasoning and utilization of feedback from 
GeoGebra relate to their success in problem solving?” Methodologically 
experiences from article 1 were adapted, in the sense that students worked in 
pairs, solving a non-routine task, and their conversations, computer 
activities, and gestures were recorded. Data were structured by the reasoning 
framework, and since collaboration was not an object of analysis the joint 
problem space framework (Roschelle & Teasly, 1994) was excluded. Even 
though collaboration was not an object of analysis students were instructed 
to work together and data forming the reasoning sequence were results of 
collaborative activities. The computer was used for task solving and the 
information that computer activities generated was considered as feedback. 
In order to distinguish different forms of utilization of feedback definitions 
of verificative feedback (whether an answer is correct or not) and elaborative 
feedback (why an answer is correct or not) from Shute (2008) were used. 
Feedback in the study was considered as a result of students’ planned 
computer activities and the way they used the result in the subsequent task 
solving process. This view of feedback reflects Brousseau´s (1997) theories of 
didactical situations suggesting that feedback not necessarily is information 
from one person to another. Feedback may as well be result of students´ 
acting on the learning environment, resulting in changed conditions of the 
learning environment, which mean the student have reason to change 
learning behavior. Shute (2008) defines feedback that in research has been 
considered as effective for learning. Feedback on task level is found effective 
when it is directed to the answer that students’ (instead of for example to the 
way students perform or to the topic of the task) produce and is divided in 
two variants; verifying and elaborating. Verifying means that the feedback 
informs whether an answer is correct or not and elaborating means that the 
feedback in addition informs why an answer is correct or not. In the study 
the choice is to consider feedback from computer as on task level (i.e. it is 
directed to the task at hand, not to for example how to solve tasks of the 
topic in general), and the use of feedback as verificative, elaborative or both. 
Thus the components for analysis are verificative and elaborative use of 
feedback. During the work through task solving, students face situations 
where they have to decide what in what direction they will continue. To 
identify points of decisions that shape the way through solving the task, 
Schoenfelds (1985) framework for protocol analysis was used. The 
transcribed data was parsed into episodes, i.e. periods where the problem 
solvers are engaged in activities of the same type or character. The junctions 
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of such episodes, when new information comes up, and when solving is 
accompanied with difficulties are considered as possible decision points. 
Identifying decisions gives an opportunity to understand how decisions 
shape the way of solving the task, and can help the researcher to find reasons 
behind the students’ task solving success or failure. Schoenfeld points out 
that interpreting problem solving through systematic protocols of verbal 
data is about dealing with subjectivity. Using such a framework for protocol 
analysis helps the researcher to understand the task solving processes and 
offers the reader opportunities to form a view of the approach.     

Only selected parts of the frameworks and theories mentioned in this thesis 
have been used in the analyses. The choice of what´s regarded as important 
has been guided by the research questions. For example students’ planning 
and evaluation of computer activities could have been explained by those 
parts of Schoenfeld’s protocol analysis that deals with components like 
monitoring and assessing, and the amount of components associated to use 
of feedback could have been largely extended. In summary the research 
questions have been answered by classifying reasoning as imitative or 
creative (Lithner, 2008), classifying use of feedback as verificative and/or 
elaborative (Shute, 2008) and identifying protocol analysis decision points 
that affect task solving success and failure (Schoenfeld, 1985). To gather 
suitable data a didactical situation was designed, which will be presented in 
next paragraph. 

4.4 Didactical design 

The didactical situations in both studies, were designed to bring the students 
to collaborate, working in pairs and to use GeoGebra to solve the given 
problem. The propositions for the didactical design of these studies are built 
on theories of Schoenfeld (1985), Brousseau (1997), and on research 
investigating collaborative problem solving (Lou, Abrami, & d’Apollonia, 
2001; Mullins, Rummel, & Spada, 2011). 

Schoenfeld (1985) argues that students need to work with mathematical 
problems that to some extent are new to them to develop problem-solving 
skills. In addition the task must constitute an intellectual challenge. 
Schoenfeld formed a framework based on four key components: resources 
(basic knowledge), heuristics (rules of thumbs for non-standard problems), 
control (metacognition, monitoring, and decision making), and beliefs 
(mathematical world view). In empirical studies Schoenfeld found that 
novices often have sufficient resources but are lacking the other three 
components. In order to provide students with an intellectual challenge, 
tasks should not include examples or instructions providing solution 
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methods and they should contain requests to explain why an answer is 
correct. 

Brousseau (1997) points out the importance of the devolution of 
responsibility to the students for solving a mathematical task. It is the 
students who shall create the solution. The problem is formulated so that the 
learning target for the problem (e.g. the area of the circle, rules for 
arithmetic, properties of quadratic functions, etc.) must be considered by the 
students in order to reach a solution. The students must be informed of the 
circumstances of the problem, like rules of a game, but if they will be 
instructed how to solve the problem they will not reach the learning target. 

Research examining students working in small groups aided by computers 
has shown divergent results. Identified components that affect outcomes of 
computer aided group activities concern for example; whether the tasks are 
focused on procedures or conceptual understanding, if the tasks are asking 
for numerical results or explanations, if the studies are measuring group 
results or individual results, if studies are measuring individual learning 
outcome and features of software (Mullins et al, 2011; Lou et al., 201). 
Considered as beneficial for both group result and individual learning are 
small groups (2-3 participants) working on a single computer, tasks aimed at 
conceptual understanding requiring explanations and interactive software 
(Mullins et al, 2011). Roschelle and Teasly (1995) argue that the collaborative 
constructing of shared knowledge makes students deal with more advanced 
learning objects compared to what they do on their own.   

Several tasks were initially designed and pilot tests were performed to 
determine whether or not they constituted a challenge to the students. The 
pilots included settings with individual students and pairs. The data was 
shown to be richer when pairs were solving the task in collaboration. The two 
tasks chosen for the two studies provided students in the ages of 16-17 a 
suitable challenge and were reasonable to solve using GeoGebra. The 
learning target for both were the components of the formula y=mx+c for 
linear functions and the rule for the choice of x-coefficients to create 
perpendicular graphs. The task required only minor instructions in order to 
reach a sufficient devolution of the problem.  
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5. Summary of the results of the articles 
5.1 Article 1 

This article investigated the way dynamic software, GeoGebra, may support 
students´ collaboration and creative reasoning during mathematical 
problem solving. The research questions posed were: “To what extent do 
students use GeoGebra to collaborate during problem solving?” and “What 
characteristics of GeoGebra might contribute to or obstruct their creative 
reasoning?” Students were found to use GeoGebra as a shared working space 
within all their actions (pointing, sketching, submitting, etc.) were situated 
and shared. Their individual reasoning was shared and synchronized 
through collaborative activities where they were mixing language and 
actions, always using the information from GeoGebra as reference. For 
example, John and Mike attempted to create a vertical line by using a large 
x-coefficient, y=1000x-2. John was dubious but Mike insisted to try. Using 
the information from software they together stated the graph associated to 
y=1000x-2 still must intersect the y-axis at (0, -2). Furthermore the 
students´ used GeoGebra as a visualizer to share individual reasoning and to 
monitor the task solving process. The software offered an environment that 
is controlled by the student and they may construct and change formulas in 
line with their reasoning.  

The interactive features of GeoGebra were both guiding reasoning and 
provided feedback. The task was designed to invite the students to submit 
the algebraic expression of the function and the graph associated to the 
function was displayed. This guided the students into hypothesis before and 
discussions after the computer activity. This also meant they received 
feedback on their actions. The characteristic of the feedback was that it was 
neutral, meaning it did not tell wright or wrong, but it was up to the student 
to utilize it. However, there were examples when students´ used the 
information to verify rather shallow ideas. There are some examples when 
the authors invited the students´ to reflection, which in turn engaged the 
students into deeper reflections. 

5.2 Article 2 

The study is focusing on the way students use feedback from dynamic 
software. The research questions posed were: “What is the relation between 
the students´ way of using the feedback that GeoGebra generates and the 
students´ reasoning?” and “How do students´ ways of reasoning and 
utilization of feedback from GeoGebra relate to their success in problem 
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solving?” This was investigated by observing students who in pair solved a 
task, which main question was “Find a role how to choose x-coefficient and 
constant term for two linear functions in a way that their graphical 
representations are perpendicular”. Feedback was considered as verificative 
or elaborative. Common for all pairs who reached an answer to the main 
question was that they reasoned creatively and they used feedback 
elaborately. The results indicated that predictive argumentation was 
particularly significant for using feedback elaborately.  

The article suggests that students´ reasoning affect the way they use 
dynamic software. Students´ who reason creatively seems to in larger extent 
utilize feedback more than just verifying compared to students who´s 
reasoning is characterized as imitative. In research the matter is often 
discussed the other way around, features of dynamic software affect 
students´ reasoning. Considering characterize of reasoning as affecting 
learning means it is of interest investigating characteristics of reasoning in 
relation to use of dynamic software.      
 
6. Discussion   

The articles in this thesis build on the idea that the character of students´ 
reasoning is related to students´ learning behavior in a learning 
environment. The use of dynamic software has been considered out of two 
slightly different perspectives; the way dynamic software affect students 
reasoning and collaboration (article 1) and the way students’ reasoning affect 
their utilization of feedback generated by the dynamic software (article 2). 
These perspectives will be discussed in the light of the results of the studies. 
The chapter concludes with some implications for teaching. 

6.1. Dynamic software affecting students´ reasoning     

The didactic situation used in both studies was designed to encourage 
creative reasoning among the students. The given task was designed to 
constitute a challenge to the students and the provided instructions gave no 
examples or useful algorithms how to solve the task. The students were 
supposed to create their own solving methods, merely supported by the 
dynamic software, GeoGebra.  During the task solving process, GeoGebra 
provided the students with opportunities to examine their ideas using the 
software’s multiple representations and feedback. Finally, the students 
worked in pairs, which is considered to invite students to engage in 
reasoning since they need to communicate their ideas with one another 
(Sacristán 2010; Roschelle & Teasly, 1995). The suggestions of computer 
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application supporting reasoning are often combined with a broader view on 
reasoning than for example strict formal and logical. Reasoning is described 
as “exploration of a space of possibilities” (Barwise & Etchemendy, 1998, 
p.18) or “the process of organizing, comparing, or analyzing concepts and 
relationships” (Moore-Russo, Viglietti, Chiu, & Bateman, 2013, p. 98). 
Reasoning, in this sense, is contributing to individual understanding and not 
only to procedural manipulations. Reasoning in the following paragraphs is 
understood as the line of thought guided and limited by the students´ 
competencies (Lithner, 2008) 

The results of article 1, show that the students used GeoGebra as a 
collaborative environment within which they shared their reasoning with one 
another. Furthermore, the study shows that the context of the task solving 
(two students, one computer, and instructions directing them to use 
GeoGebra for solving the task) engaged the students to create solving 
methods and shared goals for their activities. That is, the students proposed 
ideas, they negotiated what to submit into the software, and they predicted 
the result of the activity. Since GeoGebra took care of the calculations and 
drawings, the students didn´t have to carry out these procedures. Instead, as 
soon as they submitted the algebraic formula into the software they could 
focus on the feedback generated by GeoGebra. The results of article 1 show 
that the students used GeoGebra to monitor and evaluate their problem 
solving process. The easiness to submit expressions into GeoGebra and the 
quick and informative response from GeoGebra invited the students to 
create and test their ideas.  Furthermore, GeoGebra was used when students 
did not agree with one another, became uncertain, or when their idea did not 
work. For example two students, Will and Sam, were uncertain whether the 
graph of an algebraic formula having a negative x-coefficient would have a 
positive or negative slope. This was easy tested by simply submitting y=-
2x+3, and examining the slope of the graph. Another example is Emma and 
Zoe. Emma disagreed on Zoe´s assumption that the constant term 
represented the intersections of the x-axis. This was sorted out by submitting 
y=2x+4, and interpreting the corresponding graph. These exemplified 
results make it reasonable to conclude that GeoGebra has affected the 
students reasoning by providing multiple representations (showing algebraic 
and the associated graphic expressions simultaneously) and offering shared 
space for visualizing and monitoring thoughts and ideas (e.g. through 
testing).  

The results of article 1 show that students often discussed and predicted the 
outcome when they prepared a computer activity. After submitting their 
formulas they compared the outcome with their predictions. This was 
discussed as “creative feedback”, in that sense that the feedback, unlike 
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textbooks, does not provide correct answers and unlike teachers does not 
offer hints or guidelines. Instead the students had to evaluate the outcome of 
computer activities and determine whether they were right and decide if and 
how the results contributed to the solution. In article 1 the feedback 
generated by the software was found to contribute to students´ creative 
reasoning. However there were examples when GeoGebra was used to 
perform merely trial and error activities. In some of these situations the 
students did not argue predictively or evaluate the results of the activities, 
instead they just tried something else. These relations between reasoning 
and feedback became the focus for article 2. That is, the focus of the study 
shifted from the way software affect reasoning, to the way reasoning affect 
utilization of software. 

6.2. Students´ reasoning affecting utilization of computer 
features 

Article 2 investigated the relationships between students’ reasoning, 
feedback and success in their task solving. The students used GeoGebra to 
test their created solution methods and the main purpose of their computer 
activities observed in the study was to receive information about their ideas, 
i.e. feedback on their activities. 

The generated feedback was labeled verificative (whether an answer is 
correct or not) or elaborative (why an answer is correct or not). The results of 
article 2 show that creative reasoning leads to extended use of feedback 
elaborately and that the only examples of students who solve the task are 
those who engaged in creative reasoning and who used feedback elaborately. 
It seems like those who predict and argue for their computer activities before 
entering the commands prepare themselves to continue their argumentation 
verifiably when they receive the feedback from the computer. This indicates 
that it is important to encourage students to argue predictively for their 
actions in order to make them evaluate their ideas and finally solve their 
tasks. There are two examples in article 2 of students who changed behavior, 
from not predicting the outcome of the computer activities and not 
elaborating on feedback, into arguing predictively and using feedback 
elaborately. For example, Olga and Leila spend 40 minutes of fruitless trials, 
without evaluating their mistakes. When they changed their strategy and 
argued for their planned computer activities and used feedback elaborately 
they managed to solve the task. In article 1 there is an example where Luke 
and Dan used GeoGebra to create a vertical line using a trial and error 
strategy. It was not until the teacher encouraged them to explain what they 
had done that their reasoning turned into creative reasoning. They started to 
argue predictively and evaluate the feedback.  
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The exemplified results are indicating that students who are struggling may 
turn their task solving into success if they start to evaluate and discuss their 
mistakes. In the two examples the evaluation brought the students to reason 
creatively. In the case of Olga and Leila, the shift into creative reasoning was 
initiated by themselves and in the case of Luke and Dan it was initiated by 
the teacher.  

These results indicate that a didactic design would benefit from not 
providing templates of solving methods such as algorithms and solved 
examples. As provider of feedback, dynamic software like GeoGebra further 
enhances opportunities for students to create their own strategies and argue 
for them, i.e. engage in creative mathematical reasoning. 

6.3. Implications for teaching 

This paragraph will combine the two perspectives discussed above into 
possible implications for teaching, i.e. the way dynamic software affects 
reasoning and the way reasoning affects use of dynamic software. Teaching 
and learning is much more complex in reality than in the context for the two 
studies presented in this thesis. However, some of the results may be useful 
for planning classroom activities that enhance creative reasoning. 

Both studies indicate that students, working in pairs manage to work with 
challenging tasks with minor guidance and instructions. The software 
generally provided their need of feedback. In the two studies GeoGebra 
generated feedback as a result of their computer activities. This kind of 
feedback could be described as timely (Shute, 2008) since it is directly 
related to the task solving. Compared to work with pen and paper without 
guidance the students could always rely of the correctness in GeoGebra’s 
calculations and graph drawing. That does not mean the teacher is not 
important. GeoGebra gives opportunities for the teacher to encourage 
students to predict and explain the result of their activities. Working with the 
same task, using pen and paper, may make the teacher the one who decides 
what´s correct or not. Furthermore, that kind of feedback is not necessarily 
backing up the students´ argumentation for the strategy that created the 
answer. But when GeoGebra generates its non-judging feedback, the 
students may together with the teacher evaluate the result based on the 
students’ predictive argumentation. In article 1 there are examples of 
students who have come to a solution but they do not discuss the result until 
the teacher encourages them to do so.  

The results indicates that the students are not just working with superficial 
algorithmic procedures but with the intended intrinsic mathematics, i.e. the 
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properties of the linear function y=mx+c and the conditions of perpendicular 
graphs. In terms of Brousseau (1997) the didactic situation has been shown 
to offer a reasonable learning environment for devolution of a mathematical 
problem. This is, the students will have enough instructions to work with the 
problem. Furthermore, Brousseau (ibid.) argues that if the task has an 
appropriate design the students will reach the target for learning if they solve 
the problem. It is important to stress that a successful design for learning 
involves giving the students the responsibility to create their own solution 
methods to solve the problem. The students in this study were given that 
responsibility and those who solved the task worked with the intended 
intrinsic mathematics, and engaged in creative mathematical reasoning.  

The literature review and the results of this thesis points out the importance 
of (at least sometimes) leaving the responsibility of creating solving methods 
to the students. It is also stressed that students who are arguing predictively 
for their strategies are more likely to use feedback from software elaborately. 
Both studies indicate that GeoGebra is guiding creative reasoning and 
provides feedback both for verification and elaboration. To obtain a situation 
where students engage in creative reasoning and utilize feedback both 
verifiably and elaborately this thesis suggests that: 

 
• Tasks must not contain solved examples and/or other algorithmic 

templates guiding the students task solving 
 

• The teacher´s role is not to provide the students with solution 
methods, but to encourage them to create, explain and verify their 
strategies and solutions 

 
• Introduce students to appropriate dynamic technological tools, 

which provide students with feedback and offer multiple 
representations, possibilities to create mathematical 
representations, and opportunities to manipulate mathematical 
representations 
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Part 2, the articles 
 
Article 1 is presented as it is submitted for review and article 2 is a 
manuscript. Article 1 is the second version submitted to Journal of 
Mathematical Behaviour, after addressing comments from the journal’s 
reviewers on the first version. This article was written in collaboration 
between Carina Granberg and myself, and we estimate that each of us did 
approximately half of the work. The design of the study, data collection and 
analysis was done in collaboration. With respect to writing, I have done more 
work in the sections on literature review, theory and method and Carina has 
written more about the analysis and conclusions. But all writing was done in 
several rounds of reviewing each other’s work and discussions of final 
formulations. 
 

 


