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Abstract. We prove that combinations of small eccentricity, ovality and/or triangularity in the rotor and
stator can produce complex whirling motions of an unbalanced rotor in large synchronous generators.
It is concluded which structures of shape deviations that are more harmful, in the sense of producing
complex whirling motions, than others. For each such structure, we derive simplified equations of motions
from which we conclude analytically the relation between shape deviations and mass unbalance that yield
non-smooth whirling motions. Finally we discuss validity of our results in the sense of modeling of the
unbalanced magnetic pull force.

1 Introduction

Measurements in large synchronous generators show
significant imperfections in the geometry of the air-gap
between the generator rotor and stator [1,2]. These asym-
metries distort the air-gap flux density distribution and
therefore produce a force, called unbalanced magnetic pull
(UMP), acting between the rotor and the stator.
The UMP will affect the dynamics in the generator and
may cause damage to the machine. Therefore, to be able
to set tolerances for construction and reconstruction of
generators it is of importance to investigate the dynamic
consequences of geometric irregularities in the air-gap.

In this paper we will use Fourier series to describe
the shape of the rotor and stator, and we will focus on
the first three frequencies of shape deviations from a per-
fect circular geometry. These frequencies are referred to as
eccentricity, ovality and triangularity. In the case of only
eccentricity, a literature survey indicates on intensive stud-
ies of methods for calculating UMP, as well as studies on
vibrations in machines due to the UMP. To mention a
few: [3] and [4] focus on the finite element method (FEM)
to find the UMP while [5–8] consider analytical models
for the UMP and perform dynamical analysis and simu-
lations. To the authors knowledge, there are only a few
papers published considering higher frequencies of shape
deviations, see [4,9–11]. One reason is probably that ec-
centricity is easier to study than combinations including
higher frequencies since eccentricity forces the rotor to
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move in simple motions. In particular, rotor eccentricity
yields synchronous whirling, stator eccentricity yields an
equilibrium and both imperfections simultaneously yield
approximately a synchronous whirling orbit with center at
the previously mentioned equilibrium. Due to these facts,
the motion created by rotor eccentricity is sometimes re-
ferred to as dynamic eccentricity in the literature, while
the response produced by stator eccentricity, which is an
equilibrium, is called static eccentricity.

However, more complicated whirling motions also ex-
ist in large synchronous generators, including both back-
ward whirling, forward whirling and alternating whirling.
As already mentioned above, eccentricity alone with an
unbalance will not create such a behaviour since these im-
perfections will force the rotor to a synchronous whirling
orbit. However, papers [9–11] show that combinations of
shape deviations such as ovality and triangularity can
force the rotor to move in orbits including backward
whirling, forward whirling and alternating whirling with
different whirling frequencies. The above mentioned pa-
pers are mainly focused on relatively large deviations of
shape on a balanced rotor. In reality there are always other
imperfections that forces the rotor to motions, certainly
mass unbalance. This motivates the present continuation
of the study of dynamic consequences of shape deviations
beyond eccentricity, including a mass unbalance. To mo-
tivate further we also point out that even if eccentricity
is usually dominating the system, the designer may bal-
ance the rotor in order to compensate for a synchronous
whirling orbit with large amplitude (see [12], p. 4). This
may result in a situation where ovality, triangularity or
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Fig. 1. The Jeffcott rotor (left) and cross-section of the generator (right).

higher frequencies of shape deviations will dominate, since
mass unbalance will decrease forces from the rotor eccen-
tricity, see Figure 9 in Section 4.

It is preferable if the generator rotor axis moves in
a smooth orbit, such as in synchronous whirling motion,
with small amplitude. Non-smooth whirling motions, as
shown in Figure 4f for example, can cause non-uniform
wearing and also produce vibrations in the machine. There
is also a value of understanding the causes of complex
whirling motions in large synchronous generators in gen-
eral. Using a simple generator model, described in
Section 2, we show in Section 3 that complex whirling can
be produced by several structures of small shape devia-
tions together with a mass unbalance. We sort out these
more harmful structures of shape deviations, see Table 2.
Further, for each such structure of shape deviation, we an-
alyze the dynamics as a function of magnitudes on mass
unbalance and shape deviation on the rotor and stator.
In particular, we derive analytically the relation between
shape deviations and mass unbalance that yield a certain
whirling motion, see Theorem 1. Finally, we discuss the
applicability and generality of our results in Section 4.

2 Model and method

The approach is to analyze and numerically simulate the
dynamics in a simple generator model to find the key
points causing the complicated whirling motions.
Then, in Section 4 we consider validity of the model and
applicability of our results.

2.1 Mechanical model

The generator is treated as a Jeffcott or Laval rotor having
a rigid core with length l0, mass γ and stiffness k of the
generator shaft, see Figure 1. The rotor rotates counter-
clockwise, at a constant angular speed ω. Point Cs gives
the location of the bearings while point Cr is the geomet-
rical center line of the rigid rotor core. The coordinate
system has its origin at Cs, r is the rotor radius and s is
the stator radius.

We assume throughout the paper that the machine
is constant in z through the generator length l0. Let r0
and s0 be the average radius of the rotor and the stator
respectively. Following [9] the shape irregularities of the
rotor radius, r, and the stator radius, s, will be described
by the Fourier series:

r = r0 +
N∑

n=1

δr
n cos{n (ϕ + αr

n)}, (1)

s = s0 +
M∑

m=1

δs
m cos{m (ϕ + αs

m)}, (2)

where δr
n ≥ 0, δs

m ≥ 0 takes small values giving the mag-
nitude of the corresponding frequency of shape deviation
and αr

n and αs
m are the corresponding phase angles.

As mentioned in Section 1, we will focus on the three
first frequencies of perturbation on the rotor and the sta-
tor, that is we let N = M = 3, and in the following
δr
n = δs

m = 0 for all integers m and n if nothing else is
mentioned. Moreover, δr

1 > 0 and δs
1 > 0 will be referred

to as rotor eccentricity and stator eccentricity respectively.
Similarly δr

2 > 0 and δs
2 > 0 will be referred to as rotor

ovality and stator ovality while δr
3 > 0 and δs

3 > 0 repre-
sent triangularity.

Next, the perturbed air-gap (g) is approximated as:

g = s (ϕ) − r (ϕ) − x cos ϕ − y sin ϕ, (3)

where (x, y) gives the position of Cr. Equations (1)–(3)
give, after adding the counterclockwise rotation ω,

g = g0 +
3∑

m=1

δs
m cos{m (ϕ + αs

m)} (4)

−
3∑

n=1

δr
n cos{n (ϕ + αr

n − ωt)} − x cos ϕ − y sin ϕ.

We next introduce the electromagnetic forces acting be-
tween the rotor and stator.
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2.2 Unbalanced magnetic pull

In electric generators, currents in the rotor and stator cre-
ate a magnetomotive force giving a magnetic flux (also
called B-field) in the air-gap. Summing up the forces in
the air-gap may yield a resulting force if the air-gap is
non-ideal. This force is called unbalanced magnetic pull
(UMP) and is acting roughly in the direction of the nar-
rowest air-gap.

To find a simple analytical expression for the UMP we
will assume that the magnetomotive force is constant. This
assumption will exclude the periodicity effect induced by
the poles. However, this is justified since large synchro-
nous generators usually have a large number of poles (the
generator in Tab. 1 has 44 poles). The UMP can now be
found as follows. The air-gap variations are given by (4)
and the air-gap permeance per unit area is μ0/g(x, y, t, ϕ),
where μ0 = 4π × 10−7 is the permeability of free space.
The magnetic flux density is given by multiplying the mag-
netomotive force, now assumed constant (F0), by the air-
gap permeance, hence

B(x, y, t, ϕ) =
F0μ0

g(x, y, t, ϕ)
. (5)

To find the UMP from the B-field we use the Maxwell
stress tensor

σ(x, y, t, ϕ) =
B(x, y, t, ϕ)2

2μ0
. (6)

Integrating (6) over the circumference of the generator
yields the UMP in the x- and y-directions,

fx =
F 2
0 r0

2μ0

∫ 2π

0

1
g (x, y, t, ϕ)2

cos{ϕ}dϕ, (7)

fy =
F 2
0 r0

2μ0

∫ 2π

0

1
g (x, y, t, ϕ)2

sin{ϕ}dϕ. (8)

We note that a more detailed derivation of (7) and (8) can
be found in [9].

2.3 Equations of motion and scaling

The equations of motion for the forced Jeffcott rotor
is non-autonomous and nonlinear and consists of the

Table 1. Numerical values.

s0 Average stator radius 2.775 m
l0 Length of the generator 1.18 m
g0 Average air-gap 0.0125 m
γ Mass of the rotor 98165 kg

km Magnetic stiffness 1.4715 × 108 N/m
k Stiffness of the axis 3.456 × 108 N/m
ω Rotor rotation speed 14.2 rad/s

Number of poles 44

following two second order differential equations:

γẍ + cẋ + kx = hγω2 cos(ωt + αh) + fx (x, y, t) ,

γÿ + cẏ + ky = hγω2 sin(ωt + αh) + fy (x, y, t) . (9)

Here, γ is the mass of the rotor, k is the stiffness of the
rotor shaft and c being a linear viscous damping. In this
paper, c is chosen such that the damping ratio ζ, intro-
duced in (11) below, satisfies ζ = 0.1.

In non-dimensional form, system (9) yields

X ′′ + 2ζX ′ + X = HΩ2 cos(Ωτ + αh) + FX (X,Y, τ) ,

Y ′′ + 2ζY ′ + Y = HΩ2 sin(Ωτ + αh) + FY (X,Y, τ) ,

(10)

where prime denotes differentiation with respect to the
non-dimensional time τ and

X =
x

g0
, Y =

y

g0
, H =

h

g0
, ΔR

n =
δr
n

g0
,

ΔS
m =

δs
m

g0
, ζ =

c

2
√

kγ
, G =

g (x, y, t, ϕ)
g0

,

Ω = ω

√
γ

k
, τ = t

√
k

γ
, K =

k

km
, (11)

are non-dimensional quantities. The air-gap G, and the
forces FX and FY yield

FX =
fx

g0k
=

1
2πK

∫ 2π

0

cos ϕ

G (X,Y, τ, ϕ)2
dϕ, (12)

FY =
fy

g0k
=

1
2πK

∫ 2π

0

sin ϕ

G (X,Y, τ, ϕ)2
dϕ, (13)

G = 1 +
3∑

m=1

ΔS
m cos{m (ϕ + αs

m)}

−
3∑

n=1

ΔR
n cos{n (ϕ + αr

n − Ωτ)}

− X cos ϕ − Y sin ϕ. (14)

2.4 Numerical values and parameters

The numerical values used in this paper are taken from an
18 MW hydropower generator and are given in Table 1.
The magnetic stiffness km relates to the magnetomotive
force F0 as follows. For ideal circular generator geometry
and y = 0, the integral in (7) can be solved analytically
to yield

fx =
F 2
0 r0

2μ0

∫ 2π

0

cos ϕ

(g0 − x cos ϕ)2
dϕ = km

x
(
1 − x2

g2
0

) 3
2
,

(15)
where km is defined as km = πF 2

0 r0/(μ0g
3
0). The value of

km was found by measuring fx and using (15). The values
given in Table 1 are used in all simulations below.
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2.5 Method for dynamic analysis and notation

We begin our investigation by first demonstrating complex
whirling motions by simple numerical simulation.
The function ODE45 in the software MATLAB was used
to integrate the dynamical system (10). The size of the
basin of attraction to solutions and the question of unique-
ness of solutions to system (10) was discussed in [9] and
we do not consider those topics in this paper. We refer
the reader to [9] for results that strongly indicate that, for
small shape deviations, a solution to system (10) is unique
and has a large basin of attraction.

Besides numerical simulation, we perform mathemati-
cal analysis to strengthen generality of our results.
We derive approximating equations of motions that can
be solved analytically and thus reveal the behaviour for a
large set of parameter values. Finally, we further discuss
generality, in particular with respect to the modeling of
the UMP, in Section 4.

To be able to present and discuss our results we need
to introduce some terminology. Throughout the paper,
E will denote the equilibrium point arising when only
stator shape deviations are present. The importance of
E lies in the fact that adding mass unbalance, and/or ro-
tor shape deviation, will usually force the rotor to an orbit
having E as an approximate center. Therefore, we chose
to define whirling with respect to E and let

R =
√

(X − XE)2 + (Y − YE)2 and

Θ = arctan
(

Y − YE

X − XE

)
(16)

be polar coordinates, where (XE , YE) gives the coordi-
nates of E. Next, Θ′, where prime denotes differentiation
with respect to non-dimensional time τ , is the angular
frequency of the motion of the rotor center, with respect
to (XE , YE). Let Θ̂′ denote the average of Θ′ during one
revolution of the rotor axis. An orbit will be said to have
forward whirling if Θ̂′ is positive and backward whirling
if Θ̂′ is negative. An orbit is said to have n-whirling if
Θ̂′/Ω = n. Moreover, n-whirling is alternating n-whirling
if Θ′ changes sign during one revolution of the rotor. Note
that synchronous whirling is 1-whirling. Finally we as-
sume that all shape deviation parameters and mass un-
balance is set to zero, that is ΔS

m = ΔR
n = H = 0 for

all integers m,n, if nothing else is mentioned. The same is
true for the corresponding phase angels, that is we assume
αs

m = αr
n = αh = 0 if nothing else is mentioned.

3 Results

Our main result is that small shape deviations in the ro-
tor and stator can produce complex whirling motions, in-
cluding backward, forward and alternating whirling, of an
unbalanced rotor in large synchronous generators. Con-
sidering only one shape deviation frequency (eccentricity,

Table 2. Structures of shape deviation giving complex
whirling motions are marked with X, 1-whirling with O and at
the unmarked positions the effect from the shape deviation is
very small due to symmetry. We use the abbreviations R. for
rotor and S. for stator.

R. eccentricity R. ovality R. triangularity
S. eccentricity O X X
S. ovality O X
S. triangularity O X

ovality or triangularity) on the rotor and on the stator,
together with a mass unbalance, we sort out which struc-
tures of shape deviation that can yield complex whirling
motions. We will refer to these cases as harmful structures
of shape deviations. For each harmful structure, we ana-
lyze the dynamics as a function of magnitudes on mass
unbalance and shape deviation on the rotor and stator.
We derive analytically the relation between shape devi-
ations and mass unbalance that yield a certain whirling
motion, see Theorem 1. In particular, we find which shape
deviation and unbalance that yield non-smooth whirling
motion.

We summarize the harmful structures of shape devi-
ations in Table 2. In particular, stator eccentricity with
rotor ovality, stator eccentricity with rotor triangularity,
stator triangularity with rotor ovality and stator ovality
with rotor triangularity may produce complex and non-
smooth whirling motions. Rotor eccentricity will always
force the machine to more or less smooth 1-whirling, while
the UMP will be less harmful due to symmetries in the
cases stator ovality with rotor ovality and stator triangu-
larity with rotor triangularity, see [9] and [10].

Given a harmful structure of shape deviation, we now
find the magnitudes of mass unbalance and shape devia-
tion producing non-smooth whirling. To do so, we char-
acterize non-smooth whirling as follows. We calculate Θ′,
with Θ as in (16), and then we check if Θ′ becomes zero
during one revolution of the rotor. If so, then the rotor
center stops moving and the motion is in that sense non-
smooth. We derive conditions, for each harmful structure,
analytically, see Theorem 1 below. Our results are not
specific for the generator considered in Table 1. We en-
sure stability of our results with respect to variations of
parameter values by our just mentioned analytical results,
and in Section 4 we further discuss generality with respect
to the modeling of the UMP.

Figures 2a–2f show the motion of the rotor center when
mass unbalance is added to 5% rotor ovality and 5% sta-
tor eccentricity. When the rotor is balanced the orbit is
2-whirling, around equilibrium E, and the machine runs
smooth, see Figure 2a. Adding a small mass unbalance to
this makes the orbit to separate into two circle-shaped or-
bits, Figures 2b and 2c. Increasing mass unbalance makes
the two circle-shaped orbits more different in size and
soon the smaller one shrinks to a point where the rotor
stops moving, a whirling zero, see Figures 2d–2f. When
the mass unbalance becomes larger the response will tend
to a synchronous whirling orbit and no more complicated
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(a) −6 −5 −4 −3
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(c) −6 −5 −4 −3
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(d) −6 −5 −4 −3
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(e) −6 −5 −4 −3
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2

(f) −6 −5 −4 −3
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−1

0

1

2

Fig. 2. Motion of the rotor center for 5% stator eccentricity and 5% rotor ovality, that is ΔS
1 = ΔR

2 = 0.05. The dot represents
equilibrium E. Mass unbalance is (a) H = 0, (b) H = 0.005, (c) H = 0.02, (d) H = 0.05, (e) H = 0.1 and (f) H = 0.14.
Horizontal axis shows 100X and vertical axis shows 100Y .

(a) −4.5 −4 −3.5

−0.5

0

0.5

(b) −4.5 −4 −3.5

−0.5

0

0.5

(c) −4.5 −4 −3.5

−0.5

0

0.5

Fig. 3. Motion of the rotor center for 5% stator eccentricity and 5% rotor triangularity, that is ΔS
1 = ΔR

3 = 0.05. The dot
represents equilibrium E. Mass unbalance is (a) H = 0, (b) H = 0.01 and (c) H = 0.05. Horizontal axis shows 100X and
vertical axis shows 100Y .

dynamics will be produced. Figures 3–5 show that similar
motions occur in the other cases summarized in Table 2.
The main difference between the harmful structures of
shape deviations is the whirling of the UMP and the lo-
cation of equilibrium E. In particular, stator eccentric-
ity with rotor triangularity and stator ovality with rotor
triangularity produces 3-whirling, while stator triangular-
ity with rotor ovality yields −2-whirling. Note that all
structures except the last one produces forward whirling.
For more on whirling, including higher frequencies of
shape deviations but no mass unbalance though, see [10].
When the stator is oval or triangular, equilibrium

E is the origin by symmetry. Only an eccentric stator pro-
duces off-centered coordinates of E.

Next we try to locate the parameter values giving non-
smooth whirling motions. Figure 6 shows whirling as a
function of mass unbalance, rotor ovality and stator tri-
angularity. The curves denotes the existence of a whirling
zero, that is Θ′ = 0, as can be seen in Figures 4d–4f. The
dotted curves are simulated results while the solid curves
are analytical approximations. In Figure 6a shape devia-
tions ΔR

2 = ΔS
3 and H are varying. Above the curves un-

balance is large and forces the motion to 1-whirling, below
the curves shape deviations are large and forces the motion
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(a) −1 0 1
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0
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(b) −1 0 1
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(c) −1 0 1
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(d) −1 0 1
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(e) −1 0 1
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(f) −1 0 1
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0

1

Fig. 4. Motion of the rotor center for 5% stator triangularity and 5% rotor ovality, that is ΔS
3 = ΔR

2 = 0.05. Equilibrium
E is the origin by symmetry. Mass unbalance is (a) H = 0, (b) H = 0.005, (c) H = 0.02, (d) H = 0.04, (e) H = 0.06 and
(f) H = 0.1. Horizontal axis shows 100X and vertical axis shows 100Y .

(a) −2 0 2

−2

0

2

(b) −2 0 2

−2

0

2

(c) −2 0 2

−2

0

2

Fig. 5. Motion of the rotor center for 5% stator ovality and 5% rotor triangularity, that is ΔS
2 = ΔR

3 = 0.05. Equilibrium E is
the origin by symmetry. Mass unbalance is (a) H = 0, (b) H = 0.05 and (c) H = 0.2. Horizontal axis shows 100X and vertical
axis shows 100Y .

to −2-whirling, between the curves there is alternating
non-smooth whirling. In Figure 6b unbalance H = 0.05
is fixed while ΔR

2 and ΔS
3 are varying. Here, below the

curves there is 1-whirling, above there is −2-whirling and
between there is alternating non-smooth whirling. From
Figure 6 and Theorem 1 it is clear that complicated non-
smooth motions will exist for very small shape deviations
and mass unbalance, and also for a large set of parameter

values, not only those shown in Table 1. Similar results
are proven for the other structures of shape deviations,
and presented in Theorem 1 below.

Theorem 1 Let (i, j) = (1, 2), (1, 3), (3, 2) or (2, 3).
Assume that ΔS

i , ΔR
j , H and Ω2 are small and let K̂ =

1−km/k. Then the condition for existence of whirling ze-
roes in solutions to (10) can be well approximated.
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(a)

0 0.02 0.04 0.06 0.08 0.1
0
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0.1
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0.2
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Δ
2
R=Δ

3
S

H

0.3

1-whirling

- 2-whirling

(b)
0 0.02 0.04 0.06 0.08 0.1

0

0.02

0.04

0.06

0.08

0.1

Δ
2
R

Δ
3S

-2-whirling

1-whirling

Fig. 6. Existence of whirling zeroes as a function of stator triangularity with rotor ovality and a mass unbalance. The dotted
curves are simulated results while the solid curves represent the analytical approximations in Theorem 1. Between the curves
there is alternating non-smooth whirling. (a) Mass unbalance H and shape deviation are varying with ΔR

2 = ΔS
3 . (b) Mass

unbalance is fixed to H = 0.05 and shape deviations are varying.

In particular, there exists at least one whirling zero if

1
2
Γi,j ≤ HΩ2

3ΔR
2

(
ΔS

1

)γi,j
≤ Γi,j ,

where

Γ1,2 =
K̂2 + 3K̂Ω2 − 6ζ2Ω2

K̂2(K − 1)
, Γ1,3 =

K

K − 1
Γ1,2,

Γ3,2 = Γ2,3 =
K − 1

K
Γ1,2, γ1,3 = 2, and

γ1,2 = γ3,2 = γ2,3 = 1.

The assumptions in Theorem 1 are not hard to satisfy for
large synchronous generators since these machines have a
low driving frequency ω, making Ω2 = ω2γ/k small. For
the parameters in Table 1, Ω2 ≈ 0.0573.

A proof of Theorem 1 is given in Appendix.
To prove the theorem we derive approximating linear
equations of motion for each structure of shape devia-
tion considered. In particular, see equations (A.3), (A.9),
(A.14) and (A.17). These linear equations are then solved
explicitly and hence the steady state solutions are given
analytically. The simplified equations of motions, derived
in the proof of Theorem 1, includes more information than
what is stated in the theorem and is therefore of indepen-
dent interest.

4 Discussion

We start by discussing the achieved results and proceed
by considering the generality of the modeling of the UMP.
Then we discuss the effect of changing the mass unbalance

on a generator and finally we consider applications of our
results.

We have shown that non-smooth whirling motions,
such as whirling zeroes, can be produced by a number of
structures of small shape deviations summarized in
Table 2. Figure 7 illustrates the speed of the rotor cen-
ter by showing the location and the angel of the rotor at
equidistant time steps. Figures 7a–7c show stator eccen-
tricity with rotor ovality. In Figure 7c the rotor slows down
when it enters the smaller circle-shaped orbit, which will
collapse into a point when mass unbalance is increased fur-
ther, recall Figure 2f. In this situation, the whirling zero
appears at the least amplitude of the orbit. This is also
true for rotor triangularity. Considering instead stator tri-
angularity with rotor ovality, the whirling zeroes appear
at the highest amplitude of the orbit, see Figures 7e, 7f
and 4, therefore this structure of shape deviation is more
harmful in the sense of non-smooth whirling. Considering
amplitudes, shape deviations including eccentricity will al-
ways force to higher amplitudes than higher frequencies of
shape deviations due to less symmetry. For more on am-
plitudes for different structures of shape deviations, see
papers [9,10]. When comparing the harmful structures, it
can be noted that stator eccentricity with rotor triangu-
larity is, in a sense, better than the other cases. This is
because the weaker effect of shape deviation which can be
seen in Figures 2–5 and 10. This fact is also realized when
deriving the analytical approximations; third order terms
have to be included in the case stator eccentricity with
rotor triangularity, while second order terms are enough
in the other cases, see Appendix.

The non-smooth harmful whirling is produced by shape
deviations together with mass unbalance since these im-
perfections forces the rotor by at least two different fre-
quencies. This fact should be clear from the simplified
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(a) (b) (c)

(d) (e) (f)
Fig. 7. Subfigures (a) and (d) show the rotor inside the stator with 20% shape deviation on both the rotor and the stator.
The rotor is placed at the origin, and the vector denotes the resulting UMP directed towards the shortest air-gap. Other
subfigures show the motion of the rotor center and the angel of the rotor at equidistant time steps for 5% shape deviation on
both the rotor and the stator. The dot represents the heavier (if unbalanced) side of the rotor. In (b) and (e) there is no mass
unbalance, in (c) and (f) mass unbalance is H = 0.04.

equations of motion derived in Appendix, it is simply the
different forcing frequencies that produces the whirling
zeroes. From this we understand that similar situations
will occur when modeling multiphysic situations including
forces from bearings, turbines or other shape deviations
etc. For example, replacing mass unbalance by rotor ec-
centricity may yield similar results, since both mass unbal-
ance and rotor eccentricity forces the rotor to 1-whirling.
In the same way, an external force with frequency two, mi-
nus two, or three times the driving frequency, should give
a response similar to rotor ovality with stator eccentricity,
rotor ovality with stator triangularity, or rotor triangular-
ity with stator eccentricity or with stator ovality.

4.1 Modeling of the UMP

Deriving accurate analytical models for the magnetomo-
tive force, defined in Section 2, and hence for the UMP,
is a difficult task. There are also many different construc-
tions of generators that will need different modeling of the
UMP, making a general approach including to much de-
tails difficult. Some important factors not included in this
paper that will significantly affect the UMP are the rotor
cage (damper windings), parallel connections of the stator
winding and saturation. Variations in the magnetic field

will induce circulating currents in the rotor cage and in the
parallel connections of the stator winding. These currents
will equalize the flux distribution, and therefore reduce the
UMP. The direction of the UMP will also change. Currents
will be induced in the rotor cage when the magnetic flux
changes at a fixed position on the rotor circumference.
Hence, in the case of synchronous whirling when the air-
gap is constant (relative to the rotor) the magnetic flux
will also be constant and hence the rotor cage will have
no effect. In the case of static eccentricity however, the
B-field will vary at each position on the rotor circumfer-
ence and therefore currents will be induced in the rotor
cage which in turn reduce and also change the direction
of the UMP. If the generator is equipped with a rotor cage
and/or parallel connections of the stator windings, then in
most cases of more complicated air-gap variations, such as
considered in this paper, currents will be induced in the
rotor and/or stator and hence the UMP will be slightly dif-
ferent from what is obtained in Section 2. However, below
we will give several arguments saying that most of our re-
sults will hold true also in this case, that is, for generators
equipped with a rotor cage and/or parallel connections of
the stator windings.

Calculating the UMP numerically using FEM seems
to be the most popular approach today. For example,
see [3,4] and the references therein. Unfortunately, these
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Fig. 8. (a) A FEM simulation of a triangular stator with an oval rotor performed in [4] on a synchronous generator (not the
generator in Tab. 1). In particular, this is parts of [4, Fig. 3a]. The effect of the rotor cage is included. (b) A simulation using the
present simple analytic model, that is, equations (7) and (8). Rotor ovality and stator triangularity is 10% in both simulations.

papers often lack explanations of how the electromotive
force is produced, which makes those papers difficult to
use when trying to find approximating analytical models
including more details. However, there are some papers
where such models are derived. Using numerical simula-
tions and analytical expressions for currents in the rotor
cage and for the currents in the parallel connections in
the stator, analytical force models of the UMP are de-
rived in the case of dynamic eccentricity (the rotor center
moves in circles around the stator center), in [5] and [13].
Such models have recently been used in [7] to perform dy-
namic analysis. The models find the UMP as a function of
whirling frequency and whirling radius, in the cases with
rotor cage and with both rotor cage and parallel connec-
tions in the stator. When considering more complicated
air-gap geometries, as studied in this paper, a correspond-
ing model has not been found by the authors.

To discuss the generality of our results with respect to
the modeling of the UMP we first note that the magni-
tude of the UMP is not so interesting. The reason is that
our main results are existence of complicated asynchro-
nous whirling, for small magnitudes of shape deviations,
rather than qualitative parameter intervals. Decreasing or
increasing the magnitude of the UMP will not remove exis-
tence of the behaviour, but instead moving the parameter
interval in which the behaviour occurs. That is, the re-
gions in Figure 6 will slightly move, but not disappear.
Therefore, we do not discuss impact on magnitude of the
UMP and thus not saturation, which mainly reduces the
magnitude of the UMP. Another reason for excluding sat-
uration is that we focus on small shape deviations in this
study, and saturation effect becomes strong only when the
air-gap is heavily perturbed so that a high magnetic flux
density is saturating the material.

Focusing on the impact by the rotor cage on the direc-
tion of the UMP when considering static eccentricity, that
is, stator eccentricity, the UMP has been shown to change
approximately 20◦ when adding a rotor cage, see [14]. In
the case of whirling motion in a circular orbit around

the stator center, the UMP has been shown to change
direction up to 20◦ due to the rotor cage, see [5]. Consid-
ering also parallel paths in the stator, the direction may
change up to 30◦, see [13] and [15]. In the just mentioned
papers, the air-gap variations are very simple. However,
since [5,13,15] includes high whirling frequencies, both
backward and forward, we believe that the change of the
direction of the UMP stays in a similar interval also in
our case.

In fact, in [4] a FEM simulation of a triangular stator
and an oval rotor is performed. The simulated generator
is equipped with a rotor cage and the effect of the cur-
rents are included in the simulation. An illustration of
this simulation from [4] is given in Figure 8, where we
compare it to a simulation using the present modeling of
the UMP from Section 2. Ignoring magnitudes and the
effect of the poles (note that the generator in [4] is much
smaller than the generator described in Tab. 1, and it has
only 8 poles giving the higher frequency of the orbit) the
differences is mainly a 20◦ phase shift. Comparing the re-
sult in Figure 8a with Figure 8b indicates that the rotor
cage gives mainly a change of the direction of the UMP
also in more complicated air-gap variations, and the phase
shift seems to be rather constant in time. Assuming that
this is the case in general, the results in this paper will be
nearly identical when including modeling of a rotor cage.
It is perhaps more realistic to believe that the phase shift
observed in Figure 8 will be time dependent. In such case
the time dependence must be periodic, and then the UMP
should be approximable by the sum of two or more forces
having different frequencies. This would give the possi-
bility to produce even more complex motions. However,
since the phase shift seems to be rather small, the addi-
tional frequencies will probably not have a large impact.

To proceed the discussion of validity of the UMP mod-
eling, we will now try to explain parts of our results using
only the basic fact that the UMP is directed roughly to-
wards the shortest air-gap. This fact is true also when
using more detailed methods to find the UMP, as stated
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in [5,13,15], including rotor cage, parallel paths, satura-
tion etc. Hence, the discussion below will strengthen the
validity of our results with respect to the UMP modeling.

We start by considering an oval rotor in an eccentric
stator as shown in Figure 7a. The resulting UMP, directed
towards the shortest air-gap (π radians), is marked by the
arrow. When the rotor starts to rotate counterclockwise,
the shortest air-gap will do so as well, and hence also the
UMP. Due to the rotor ovality, the UMP must rotate with
mean frequency twice the driving frequency of the rotor.
Therefore, this shape deviation will produce 2-whirling,
as seen in Figure 7b. The whirling will be forward, not
backward, because the shortest air-gap will decrease when
the rotor starts to rotate from the position in Figure 7a,
and then the UMP will also decrease. Thus, when the rotor
starts to rotate counterclockwise, then the rotor center
moves down and to the right, producing forward whirling.
When unbalance is added, the orbit separates into a two-
periodic motion because the centrifugal force will help the
UMP one period, and fight against the UMP during the
next period, see Figures 7c and 2b. At a certain relation
between shape deviation and mass unbalance, the forces
cancels out and the smaller circle-shaped orbit shrinks to a
point where the rotor center stops moving, recall Figure 2f.

Next, we consider rotor ovality with stator triangular-
ity. The resulting UMP is directed π radians when the
rotor is placed at the origin, see Figure 7d. By symmetry,
when the rotor has rotated counterclockwise π/3 radians,
the resulting force has rotated clockwise and is now di-
rected π/3 radians. Similarly, when the rotor has angle
2π/3, the force has angle 5π/3. After one half revolution
of the rotor, the initial case in Figure 7d is recovered.
Hence, when the rotor rotates counterclockwise, the force
will rotate clockwise with twice the angular frequency
and therefore produce backward whirling, in particular
−2-whirling, see Figure 7e. To understand the motion in
Figure 7f we first consider a case when mass unbalance is
large and forces the motion to 1-whirling, recall
Figure 4f. The triangularity of the stator forces the mo-
tion towards a triangular shaped orbit. Decreasing mass
unbalance will produce a situation where the UMP, as
described in Figure 7e, starts to affect the motion more

and more. In the middle of the straight parts of the or-
bit in Figures 4e and 4f the shortest air-gap, and hence
also the UMP, are opposite directed to the mass unbal-
ance force. Therefore when mass unbalance decreases, the
straight parts bends more and more. In the corners both
forces has the same direction for a moment, and the UMP
rotates clockwise while the mass unbalance force rotates
counterclockwise. Therefore, when the mass unbalance de-
creases the UMP starts to produce backward whirling near
the corners. Note also that the shortest air-gap, and hence
also the strongest UMP, will be produced at the corners
of the orbit, and the mass unbalance helps the UMP to
force the rotor away from the origin at the corners, pro-
ducing the slow motions at large amplitudes and so the
non-smooth motion of the machine. The cases of shape
deviation including rotor triangularity can be explained
in a similar discussion.

4.2 Changing the mass unbalance

Given a generator operating at approximately synchro-
nous whirling, the amplitude can be decreased by adding
a mass unbalance to the rotor in the direction of the
largest air-gap. If the generator has some degree of harm-
ful shape deviation, beyond eccentricity as those investi-
gated in this paper, a negative consequence will be that
now these higher frequencies of shape deviations may take
over and determine the dynamics. The consequences can
be complex asynchronous whirling motions, as seen in
Figures 2–5. In particular, designers may use this to re-
move synchronous whirling with large amplitudes (see [12],
p. 4). Therefore, even if a machine has a large rotor eccen-
tricity, one should not ignore higher deviations of shape
when trying to explain the dynamics since mass unbalance
may be adjusted to cancel the effect of rotor eccentricity.
Opposite, given a generator operating at some unwanted
asynchronous whirling, adding a mass unbalance may, if
not producing a dangerously high amplitude, force the
motion to smooth synchronous whirling.

Figure 9 shows the motion of the rotor center for dif-
ferent mass unbalance, for a generator with a combination

(a) −1.5 −1 −0.5 0
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−0.5

0

0.5

1

(b) −1.5 −1 −0.5 0
−1

−0.5
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1

(c) −1.5 −1 −0.5 0
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−0.5

0
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Fig. 9. Mass unbalance added to reduce amplitude. Therefore αh = π and the magnitudes are set to (a) H = 0, (b) H = 0.05
and (c) H = 0.07. Rotor and stator eccentricity is 1%, ovality and triangularity are 2% on both the rotor and the stator.
Horizontal axis shows 100X and vertical axis shows 100Y .
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of eccentricity, ovality and triangularity on both the rotor
and the stator. In Figure 9a there is no mass unbalance
and rotor eccentricity produces approximately synchro-
nous whirling. In Figures 9b and 9c a mass unbalance is
added to reduce the impact of the rotor eccentricity. The
result is complex whirling produced by higher frequencies
of shape deviation.

The non-smooth harmful whirling is produced by
shape deviations together with mass unbalance since these
imperfections forces the rotor by at least two different
frequencies. This fact should be clear from the simplified
equations of motion derived in Appendix, it is simply the
different forcing frequencies that produces the whirling ze-
roes.

4.3 Application of our results

Given a generator operating with asynchronous complex
whirling, the reason may be that the machine has some of
the harmful structures of shape deviations marked with
X in Table 2. The motion may be explained by measuring
the shapes of the rotor and stator and then comparing to
the results given in this paper. Using the presented model
it is also easy to simulate any measured rotor and stator
shape. However, it is probably rather difficult to relate a
measured motion to a simulated one, except if only a few
frequencies of shape deviations are dominating all imper-
fections in the machine. The situation in Figure 9 indicates
this just mentioned difficulty by the complex motion and
also the sensitivity to changes in mass unbalance. In addi-
tion, other forces, for example from bearings and turbines
will also make the situation more complex.

The results found in this paper can be used during re-
store work on old generators and when constructing new
machines. Then the harmful structures of shape deviations
in Table 2 can be removed from the machine in order to
prevent harmful non-smooth and complex whirling mo-
tions. Moreover, for each harmful structure of shape devi-
ation, we derive approximating linear equations of motion
in Appendix. These simplified equations, or the simplified
expressions for the UMP, can be used in more general situ-
ations such as multiphysic modeling including effects from
shape deviations, turbines and bearings etc.

5 Conclusions

We have shown that small shape deviations in the ro-
tor and stator can produce complex non-smooth whirling
motions, including backward, forward and alternating
whirling, of an unbalanced rotor in large synchronous gen-
erators. We have sorted out which structures of shape de-
viations that are more harmful than others, see Table 2.
For each harmful structure, we derived analytically the re-
lation between shape deviations and mass unbalance that
yield a certain whirling motion, see Theorem 1. In partic-
ular, we determine which shape deviation and unbalance
that yield non-smooth whirling motion.

The results presented in this paper give basic under-
standing of the causes of complex whirling motions in large
synchronous generators. During restore work and when
constructing new machines, our results can be used to re-
move harmful shape deviations from the machine in order
to prevent non-smooth whirling motions.
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Appendix

A. Proof of Theorem 1

To prove Theorem 1 we find, for the four structures of
shape deviations, linear equations of motions which ap-
proximates (10) good enough to yield the desired infor-
mation. These equations of motions are then solved ana-
lytically, and given the solutions we find the inequalities in
Theorem 1 as the condition for existence of a whirling zero.
Finally we give some simulations to convince the reader
that solutions to the approximating systems agrees well
with solutions to the original equations of motion (10).

To simplify the expressions for the UMP, consider the
Maclaurin series

1
(1 − ε)2

= 1 + 2ε + 3ε2 + · · · + (q + 1)εq + . . . , (A.1)
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with

ε = −ΔS
m cos{mϕ} + ΔR

n cos{n (ϕ − Ωτ)}
+ X cos ϕ + Y sin ϕ.

Using (12) and (A.1), FX (and similarly FY ) can be ex-
pressed as:

FX =
1

2πK

∫ 2π

0

(1 + 2ε + 3ε2 + · · · + (q + 1)εq + . . . )

× cos{ϕ}dϕ = F 1
X + F 2

X + · · ·
+ F q

X + . . . (A.2)

We proceed by considering each structure of shape devia-
tion separately.

A.1 Stator eccentricity with rotor ovality

In this case we obtain F 1
X = (X −ΔS

1 )/K and F 1
Y = Y/K.

Hence, first order terms yield no information about the
rotor ovality and therefore we need to include also the
second order terms, which simplifies to

F 2
X =

3ΔR
2

2K

(
Y sin{2Ωτ} +

(
X − ΔS

1

)
cos{2Ωτ})

,

F 2
Y =

3ΔR
2

2K

((
X − ΔS

1

)
sin{2Ωτ} − Y cos{2Ωτ})

.

We first consider the case of a balanced perfectly shaped
rotor, that is H = ΔR

2 = 0. In such case the forces are inde-
pendent of time and hence the solution must be, if stable,
an equilibrium point. As before we denote this equilib-
rium by E. Using (10), F 1

X , F 1
Y , F 2

X and F 2
Y above, we

approximate the coordinates of E as the solution to

X = F 1
X + F 2

X =
X − ΔS

1

K
, Y = F 1

Y + F 2
Y =

Y

K
,

which is XE = −ΔS
1 /(K − 1) and YE = 0. If ΔS

1 , ΔR
2 and

HΩ2 are small, then adding mass unbalance and/or rotor
ovality to this makes the rotor center to move in an orbit
around equilibrium E. To find approximating equations
of motions, we now plug in (X,Y ) = (XE , YE) into F 2

X
and F 2

Y . Then, using (10), (A.2), F 1
X , F 1

Y , F 2
X and F 2

Y , the
simplified linear system yields, with K̂ = 1 − K−1,

X ′′ + 2ζX ′ + K̂X = HΩ2 cos{Ωτ + αh}
− ΔS

1

K
− 3ΔR

2 ΔS
1

2(K − 1)
cos{2Ωτ},

Y ′′ + 2ζY ′ + K̂Y = HΩ2 sin{Ωτ + αh}
− 3ΔR

2 ΔS
1

2(K − 1)
sin{2Ωτ}. (A.3)

From (A.3) we realize that the solution orbit for the ap-
proximating linear equations of motion is simply the sum
of two frequencies; 1−whirling from the mass unbalance
and 2−whirling from the shape deviations. Equation (A.3)
has a steady state solution of the form

X (t) = XE + RH cos{Ωτ + αh − vH}
+RX

Δ cos{2Ωτ − vΔ},

Y (t) = YE + RH sin{Ωτ + αh − vH}
+RY

Δ sin{2Ωτ − vΔ}, (A.4)

where XE , YE , RH , vH , RX
Δ , RY

Δ and vΔ yield

XE = − ΔS
1

K − 1
, YE = 0,

RH =
HΩ2

√
(K̂ − Ω2)2 + 4ζ2Ω2

,

vH = arctan
{

2ζΩ

K̂ − Ω2

}
,

RΔ = RX
Δ = RY

Δ =
3ΔR

2 ΔS
1

2(K − 1)
√

(K̂ − 4Ω2)2 + 16Ω2ζ2
,

vΔ = arctan
{

4ζΩ

K̂ − 4Ω2

}
+ π. (A.5)

To find a condition for whirling zeroes we ask for the exis-
tence of solutions to the equation Y ′X̂ − X̂ ′Y = 0, where
X̂ = X − XE . Using (A.4) we obtain

R2
H + 2R2

Δ

3RHRΔ
= − cos{Ωτ − αh + vH − vΔ}. (A.6)

Note that (A.6) has either no solution, one solutions
(if left hand side is 1) or two solutions symmetrically lo-
cated in the XY -plane, as expected from the simulations
in Figure 2. The condition for existence is

R2
H + 2R2

Δ ≤ 3RHRΔ. (A.7)

Now divide (A.7) by (ΔR
2 ΔS

1 )2, put z = HΩ2/(ΔR
2 ΔS

1 )
and write the condition as az2 − bz + c ≤ 0 where a, b and
c are positive expressions following from (A.5) which are
independent of the parameters H,ΔR

2 and ΔS
1 . We obtain:

b

2a
−

√
b2

4a2
− c

a
≤ z ≤ b

2a
+

√
b2

4a2
− c

a
, (A.8)

and after some calculations we find that

b

2a
±

√
b2

4a2
− c

a
=

3(3 ± 1)
4(K − 1)

√
(K̂ − Ω2)2 + 4ζ2Ω2

(K̂ − 4Ω2)2 + 16ζ2Ω2
.

To simplify algebraic expressions we perform one last sim-
plification, using the fact that Ω2 is small. In particular,
using the Maclaurin series

√
(K̂ − ε)2 + 4ζ2ε

(K̂ − 4ε)2 + 16ζ2ε
= 1 +

3
(
K̂ − 2ζ2

)

K̂2
ε + O(ε2)

with ε = Ω2, ignoring O(Ω4) terms and higher and plug-
ging in the result into (A.8) gives the desired inequality.
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We summarize the assumptions needed for the approxi-
mation to be well satisfied. In particular, it is enough to
assume that ΔS

1 , ΔR
2 , H and Ω2 are small.

A.2 Stator eccentricity with rotor triangularity

Again we obtain F 1
X = (X − ΔS

1 )/K and F 1
Y = Y/K. In

this case the second order terms vanish, that is
F 2

X = F 2
Y = 0. Hence, in order to obtain enough infor-

mation we include also third order terms in (A.2), which
yield

F 3
X = − 3

2K

[
−2ΔR

3 Y (X − ΔS) sin{3Ωτ}

+ΔR
3

(
Y 2 − (

X − ΔS
1

)2)
cos{3Ωτ}

− (
X − ΔS

1

) ((
X − ΔS

1

)2
+ Y 2 + 2

(
ΔR

3

)2)
]
,

F 3
Y =

3
2K

[
−2ΔR

3 Y (X − ΔS) cos{3Ωτ}

−ΔR
3

(
Y 2 − (

X − ΔS
1

)2)
sin{3Ωτ}

+
(
X − ΔS

1

) ((
X − ΔS

1

)2
+ Y 2 + 2

(
ΔR

3

)2)
]
.

Again we first consider the case H = ΔR
3 = 0 when the

solution is an equilibrium point E. Using (10) and F k
X , F k

Y
(k = 1, 2, 3) above to find the equilibrium yields compli-
cated algebraic expressions, and therefore we approximate
by ignoring third order terms. This results in the same ex-
pressions as in the former case, that is XE = −ΔS

1 /(K−1)
and YE = 0. Since ΔS

1 , ΔR
2 and HΩ2 are assumed small,

adding mass unbalance and/or rotor triangularity to this
makes the rotor center to move in an orbit around equi-
librium E. Put (X,Y ) = (XE , YE) into F 3

X , F 3
Y and again

ignore the third order constant terms yields

F 3
X ≈ 3KΔR

3

(
ΔS

1

)2

2 (K − 1)2
cos{3Ωτ}.

Next use (10), (A.2), F 1
X , F 1

Y , F 2
X , F 2

Y and the above ap-
proximation of F 3

X to find the simplified linear system

X ′′ + 2ζX ′ + K̂X = HΩ2 cos{Ωτ + αh} − ΔS
1

K

+
3KΔR

3

(
ΔS

1

)2

2 (K − 1)2
cos{3Ωτ},

Y ′′ + 2ζY ′ + K̂Y = HΩ2 sin{Ωτ + αh}

+
3KΔR

3

(
ΔS

1

)2

2 (K − 1)2
sin{3Ωτ}. (A.9)

Equation (A.9) has a steady state solution of the form

X (t) = RH cos{Ωτ + αh − vH} + RΔ cos{3Ωτ − vΔ},

Y (t) = RH sin{Ωτ + αh − vH} + RΔ sin{3Ωτ − vΔ},

(A.10)

with XE , YE , RH and vH as in (A.5). RΔ and vΔ yield

RΔ =
3KΔR

3

(
ΔS

1

)2

2(K − 1)2
√

(K̂ − 4Ω2)2 + 16Ω2ζ2
,

vΔ = arctan
{

4ζΩ

K̂ − 4Ω2

}
. (A.11)

To find a condition for whirling zeroes we again ask for
the existence of solutions to the equation Y ′X̂ −X̂ ′Y = 0,
where X̂ = X − XE . Using (A.10) we obtain

R2
H + 2R2

Δ

3RHRΔ
= − cos{2Ωτ − αh + vH − vΔ}. (A.12)

Equation (A.12) has either no solution, two solutions
(if left hand side is 1) or four solutions symmetrically lo-
cated in the XY -plane, as expected from the simulations
in Figure 3. The condition for existence is

R2
H + 2R2

Δ ≤ 3RHRΔ, (A.13)

and we proceed as in the former case to arrive at the
desired inequality.

A.3 Stator triangularity with rotor ovality

First we note that F 1
X = X/K and F 1

Y = Y/K. The second
order terms yield

F 2
X =

3
2K

ΔR
2

(
Y sin{2Ωτ} +

(
X − ΔS

3

)
cos{2Ωτ})

,

F 2
Y =

3
2K

ΔR
2

((
X + ΔS

3

)
sin{2Ωτ} + Y cos{2Ωτ})

.

As in the former cases we assume that the rotor moves
close to an equilibrium. In this case, due to symmetry,
this equilibrium is the origin. The simplifying system
becomes

X ′′ + 2ζX ′ + K̂X = HΩ2 cos{Ωτ + αh}
− 3ΔR

2 ΔS
3

2K
cos{2Ωτ},

Y ′′ + 2ζY ′ + K̂Y = HΩ2 sin{Ωτ + αh}
+

3ΔR
2 ΔS

3

2K
sin{2Ωτ}. (A.14)

Equation (A.14) has a steady state solution of the form
(A.4) with XE = YE = 0, RH , vH , vΔ as in (A.5) and
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RΔ = RX
Δ = −RY

Δ =
3ΔR

2 ΔS
3

2K

√
(K̂ − 4Ω2)2 + 16Ω2ζ2

.

(A.15)
Proceeding as in the former cases we find the following
condition for whirling zeroes,

R2
H − 2R2

Δ

RHRΔ
= cos{3Ωτ + αh − (vH + vΔ)}. (A.16)

Equation (A.16) has either no solution, three solutions (if
left hand side is 1) or six solutions symmetrically located
in the XY -plane, as expected from the simulations. In this
case the condition for existence is

|R2
H − 2R2

Δ| ≤ RHRΔ

and we proceed as in the former cases to arrive at the
desired inequality.

A.4 Stator ovality with rotor triangularity

Similar to the former cases F 1
X = X/K and F 1

Y = Y/K.
The second order terms are given by

F 2
X = − 3

2K
ΔS

2

(
ΔR

3 cos{3Ωτ} + X
)
,

F 2
Y = − 3

2K
ΔS

2

(
ΔR

3 sin{3Ωτ} − Y
)
.

Note that in this case the second order terms F 2
X and F 2

Y
are simpler in the sense of the dependence of X and Y ,
and we do not need to simplify further by assuming the
rotor center close to an equilibrium. The simplified linear
system yields

X ′′ + 2ζX ′ + KXX = HΩ2 cos{Ωτ + αh}
− 3ΔS

2 ΔR
3

2K
cos{3Ωτ},

Y ′′ + 2ζY ′ + KY Y = HΩ2 sin{Ωτ + αh}
− 3ΔS

2 ΔR
3

2K
sin{3Ωτ}, (A.17)

where KX = 1−K−1+3ΔS
2 /2 and KY = 1−K−1−3ΔS

2 /2.
Equation (A.17) has a steady state solution of the form

X (t) = RX
H cos{Ωτ + αh − vX

H} + RX
Δ cos{3Ωτ − vX

Δ},

Y (t) = RY
H sin{Ωτ + αh − vY

H} + RY
Δ sin{3Ωτ − vY

Δ},

(A.18)

where

see equation (A.19) at the bottom of this page.

Due to the ovality of the stator the amplitude in X will be
smaller than the amplitude in Y , which can be seen in the
formulas by the different stiffness KX and KY . Due to the
difference in the amplitudes the condition for a whirling
zero becomes more complicated in this case. However, sim-
plifying by ignoring this difference yields a similar situa-
tion as in the former cases, and still an informative ana-
lytic expression. Hence, we replace KX and KY in (A.19)
by K̂ = 1 − K−1 and then we obtain RX

H = RY
H := RH ,

vX
H = vY

H := vH , RX
Δ = RY

Δ := RΔ and vX
Δ = vY

Δ := vΔ.
Now proceeding as in the former cases we find that the
condition for whirling zeroes is

R2
H + 2R2

Δ

3RHRΔ
= cos{2Ωτ − αh + vH − vΔ}. (A.20)

Equation (A.20) has either no solution, two solutions or
four solutions symmetrically located in the XY -plane. The
condition for existence becomes as in the first case, that
is

R2
H + 2R2

Δ ≤ 3RHRΔ

and we proceed as in the former cases to arrive at the
desired inequality. The proof of Theorem 1 is complete.

A.5 Verification of the simplified equations of motion

Figure 10 shows comparisons between some solutions of
the simplified linear equations of motions (A.3), (A.9),
(A.14), (A.17), derived above, and the original equation
of motion (10). The agrement can be seen to be rather
good.

RX
H =

HΩ2

√
(KX − Ω2)2 + 4ζ2Ω2

, vX
H = arctan

{
2ζΩ

KX − Ω2

}

RY
H =

HΩ2

√
(KY − Ω2)2 + 4ζ2Ω2

, vY
H = arctan

{
2ζΩ

KY − Ω2

}

RX
Δ =

3ΔR
2 ΔS

3

2K
√

(KX − 4Ω2)2 + 16Ω2ζ2
, vX

Δ = arctan
{

4ζΩ

KX − 4Ω2

}
+ π

RY
Δ =

3ΔR
2 ΔS

3

2K
√

(KY − 4Ω2)2 + 16Ω2ζ2
, vY

Δ = arctan
{

4ζΩ

KY − 4Ω2

}
+ π (A.19)
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Fig. 10. Comparisons between the simplified linear equations of motions (dotted) and the original equation of motion (10)
(solid). All shape deviations are 5%. H is increasing from left to right; H = 0, H = 0.015, H = 0.1. (a)–(c): stator eccen-
tricity with rotor ovality, (d)–(f): stator eccentricity with rotor triangularity, (g)–(i): stator triangularity with rotor ovality,
(j)–(l): stator ovality with rotor triangularity. Horizontal axis shows 100X and vertical axis shows 100Y .
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