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Abstract

Radiotherapy dose calculations have evolved from simple factor based meth-
ods performed with pen and paper, into computationally intensive simu-
lations based on Monte Carlo theory and energy deposition kernel convo-
lution.

Similarly, in the �eld of positron emission tomography (PET), atten-
uation correction, which was originally omitted entirely, is now a crucial
component of any PET reconstruction algorithm.

Today, both of these applications – radiotherapy and PET – derive
their needed in-tissue radiation attenuation coe�cients from images ac-
quired with X-ray computed tomography (CT). Since X-ray images are
themselves acquired using ionizing radiation, the intensity at a point in
an image will re�ect the radiation interaction properties of the tissue lo-
cated at that point.

Magnetic resonance imaging (MRI), on the other hand, does not use
ionizing radiation. Instead MRI make use of the net transverse magneti-
zation resulting from the spin polarization of hydrogen nuclei. MR im-
age contrast can be varied to a greater extent than CT and the soft tissue
contrast is, for most MR sequences, superior to that of CT. Therefore, for
many cases, MR images provide a considerable advantage over CT when
identifying or delineating tumors or other diseased tissues.

For this reason, there is an interest to replace CT with MRI for a great
number of diagnostic and therapeutic work�ows. Also, replacing CT with
MRI would reduce the exposure to ionizing radiation experienced by pa-
tients and, by extension, reduce the associated risk to induce cancer.

In part MRI has already replaced CT, but for radiotherapy dose calcula-
tions and PET attenuation correction, CT examinations are still necessary
in clinical practice. One of the reasons is that the net transverse magne-
tization imaged in MRI cannot be converted into attenuation coe�cients
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for ionizing radiation in a straightforward way. More speci�cally, regions
with similar appearance in magnetic resonance (MR) images, such as bone
and air pockets, are found at di�erent ends of the spectrum of attenuation
coe�cients present in the human body. In a CT image, bone will appear
bright white and air as black corresponding to high and no attenuation,
respectively. In an MR image, bone and air both appear dark due to the
lack of net transverse magnetization.

The weak net transverse magnetization of bone is a result of low hy-
drogen density and rapid transverse relaxation. A particular category of
MRI sequences with so-called ultrashort echo time (UTE) can sample the
MRI signal from bone before it is lost due to transverse relaxation. Thus,
UTE sequences permit bone to be imaged with MRI albeit with weak in-
tensity and poor resolution.

Imaging with UTE in combination with careful image analysis can per-
mit ionizing-radiation attenuation-maps to be derived from MR images.
This dissertation and appended articles present a procedure for this very
purpose. However, as attenuation coe�cients are radiation-quality depen-
dent the output of the method is a Houns�eld unit map, i.e. a substitute
for a CT image. It can be converted into an attenuation map using con-
ventional clinical procedure.

Obviating the use of CT would reduce the number of examinations
that patients have to endure during preparation for radiotherapy. It would
also permit PET attenuation correction to be performed on images from
the new imaging modality that combines PET and MRI in one scanner –
PET/MR.
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Chapter 1

Introduction

Magnetic resonance imaging (MRI) is an imaging modality that can create
tomographic images of the magnetization �eld generated by hydrogen nu-
clei inside a subject. Computed tomography, in contrast, images the spe-
ci�c cross-section of X-rays – i.e. the radiodensity. These two modalities
often provide complementary information and are therefore used in the
work�ow of radiotherapy or in conjunction with imaging using positron
emission tomography (PET).

1.1 Radiotherapy

Radiotherapy is a treatment modality that uses ionizing radiation to kill
diseased tissue. Most often, the disease that is targeted by radiotherapy
is cancer. The key aspect of radiation that makes it suitable for cancer
therapy is that many forms of cancer lesions are more sensitive to radiation
that their surrounding healthy tissue. Thus, it is possible to selectively kill
cancer cells in organs that contain a mixture of healthy and diseased cells.

However, the surrounding healthy tissue is not immune to the dam-
aging e�ect of ionizing radiation. Rather, the absorbed radiation dose
that would kill a tumor is often close in level to that which could damage
healthy tissue. In addition, some healthy tissues can be just as sensitive,
or more sensitive, to radiation as the cancer tissue. Therefore, irradiation
schemes must be carefully crafted to avoid side e�ects. At the design of
a scheme the distribution of dose in both space and time is considered.
In space the dose distribution is shaped by irradiating the patient from
multiple directions (�gure 1.1) using beams with di�erently shaped cross-
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section. In time, the delivered dose can be fractionated into several treat-
ment occasions. Fractionation allows both diseased and healthy tissue to
recover between occasions. However, for those cancer types treated with
radiotherapy the repair process of cancer cells will be slower than that of
the surrounding tissue. In this way, healthy tissue will recover to a greater
extent between fractions, whereas the tumor will accumulate more and
more damage and eventually die.

Regardless of irradiation scheme, the dose needs to be administered
with great accuracy and precision. During radiotherapy treatment plan-
ning the dose deposition process for a patient is simulated using computers
and is optimized for the best agreement to the sought dose. An attempt is
also made to keep the dose as low as possible to healthy organs at risk of
radiation damage. The simulation procedure requires information about
the radiation interaction properties of the tissues that the beam passes
through. This information is often summarized by quantities such as elec-
tron density or CT number (see chapter 5 regarding this topic), that can
be derived from CT examinations.

Besides being a source for electron density information, CT images are
also used for diagnosis, target de�nition and patient positioning before
irradiation.

1.2 PET/CT

In PET a subject is injected with a radioactive tracer. The tracer consist of a
biomolecule in which one atom has been replaced by a radioactive isotope.
A common tracer is a form of �uorodeoxyglucose (FDG) where the stable
�uorine-19 has been replaced by the positron-emitting �uorine-18 to form
18F-FDG. After injection the tracer enters into the subjects metabolism just
like its non-radioactive counterpart would. The spatial distribution of the
tracer in the body can be imaged with a PET camera.

The mechanism that allows the distribution to be imaged proceeds as
follows. The radioactive isotope of the tracer will decay at a rate given
by its half-life. Upon decay a positron is emitted. This positron will only
travel a few millimeters in tissue before it pairs up with an electron and
annihilates (see �gure 1.2). The energy released by the annihilation is split
evenly between two photons which consequently will have an energy of
511 keV each. Preservation of momentum (almost zero at annihilation)
dictates that the photons must travel in opposing directions. If the pho-
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Figure 1.1: X-ray photons are emitted in a beam (yellow) from the accelera-
tor head. The head can be moved around the patient and the cross-section
of the beam can take on di�erent shapes. The beam is partly absorbed in
and partly transmitted through the patient. The dose deposition is con-
centrated in the region surrounding the lesion (rainbow colors).

Figure 1.2: An electron, e−, and a positron, β+, annihilate inside a patient
and produce two 511-keV photons traveling in opposite directions. These
two photons then interact with the detector elements in the detector ring
and a coincidence event is detected.
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tons manage to exit the patient without being absorbed or scattered and if
they are traveling along a path that intersects the detector array that sur-
rounds the patient, they may ideally be absorbed by two of the detector
elements in the array. Because the photons travel in opposite directions
it can be deduced that the decay must have occurred somewhere along or
close to a straight line between the two detector elements, the so called
line of response. The camera will only assign an event to a particular line
of response if the detected energy of each photon is close to 511 keV and
if it is a coincidence event, i.e. if the two photons were detected almost
simultaneously. All the lines of response and the number of coincidence
events attributed to them together form a sinogram. From the sinogram,
a tracer activity distribution image can be reconstructed by �ltered back-
projection or, as is the case in modern PET cameras, using some sort of iter-
ative reconstruction method based on an expectation-maximization (EM)
algorithm (Shepp et al. 1982; Hudson et al. 1994).

The photons emitted as a result of each decay can be absorbed or scat-
tered by the patient before reaching the detector. The fraction of photons
that are absorbed or scattered depends on the path that the photons travel
through the subject. If the probability of in-patient interaction is higher
along some paths than others, the sinogram will be biased and reconstruc-
tion artifacts will appear as an activity bias in the image. This e�ect can be
corrected for during reconstruction by taking the attenuation coe�cients
of the various subject tissues into account. This process is referred to as at-
tenuation correction. Attenuation correction, much like radiotherapy dose
calculations, requires an attenuation map. In a modern PET/CT scanner
the PET system is combined with a CT scanner. In this way, morphological
images can be acquired with CT along with the PET acquisition. The CT
images are viewed by a radiologist to aid PET image interpretation, but
they can also be used for attenuation correction to improve the activity
quanti�cation in the PET images.

1.3 MRI in radiotherapy

The intensity in an MRI image depend on the magnetization �eld in the
imaged patient. Magnetization can be manipulated to a greater extent than
the radiodensity imaged by CT. This manipulation is accomplished using a
sequence of excitation RF pulses and spatial magnetic �eld gradients, and
can result in images that highlight relevant tissues or lesions, or that show
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functional mechanisms such as di�usion or perfusion. The soft-tissue con-
trast in most MR images is superior to that in CT images. Therefore MRI is
the imaging method of choice for a number of diagnostic scenarios and for
some aspects of radiotherapy planning, such as tumor delineation. Also,
MRI may pave the way for individualized adaptive treatment forms (Karls-
son et al. 2009).

However, in one respect MRI is at a disadvantage as compared to CT:
the contrast between air and bone is poor, or even nonexistent, depending
on imaging sequence. Therefore, CT images are currently acquired along-
side MRI images. If they are not, no attenuation map will be available for
the radiotherapy dose calculation procedure.

1.4 MRI in PET/MR

PET/MR is a new modality that combines PET and MRI. Unlike PET/CT
which is sequential in nature PET/MR allows for simultaneous acquisition
of PET and MR images. Thus functional and molecular images from PET
can be combined with functional, morphologic, and spectroscopic images
from MRI in either static or dynamic imaging for both modalities. In ad-
dition, the PET and MRI reconstruction and analysis procedures could be
fused to gain bene�ts such as motion corrected PET and more reliable es-
timation of quantitative parametric images. (Judenhofer et al. 2008; Gaert-
ner et al. 2013; Catana et al. 2013; Quick 2014)

However, just as for the application of MRI to radiotherapy, the PET/MR
camera su�ers from the lack of quantitative radiodensity images. With-
out a heterogeneous attenuation map, attenuation correction cannot be
performed with the same accuracy as for PET/CT.

1.5 Radiodensity from MRI – is it possible?

At the writing of this dissertation a PET/MR camera is being installed at
the university hospital here in Umeå. The principal purpose of the ma-
chine will be to investigate whether PET/MR can improve the treatment
of cancer by adapting it to each individual patient and to the dynamic de-
velopment of the disease. Thus, the strengths of combining MRI with PET
and the strengths of combining MRI with radiotherapy add, but so do the
weaknesses.
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For dose calculations in a radiotherapy work�ow based entirely on
MRI, and for attenuation correction in PET/MR, interaction cross-sections
for ionizing radiation need to be predicted from measurements of mag-
netization. This dissertation and the articles embedded in it, investigate
whether such a prediction is possible. The tools employed for this purpose
are bone contrast enhanced sequences with ultrashort echo time, Gaussian
mixture models, prior information about the spatial distribution of tissues,
and non-Cartesian parallel imaging.
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Chapter 2

Magnetic resonance imaging

Magnetic resonance imaging, MRI, is a method by which the spatial dis-
tribution and magnetic properties of nuclei can be imaged through the
use of magnetic �elds as well as radio frequency, RF, transmitters and re-
ceivers. At its heart it depends critically on the non-zero intrinsic angular
momentum, or spin, possessed by some nuclei.

While the properties of the nuclei of many di�erent elements can be
investigated using MRI, one nucleus in particular has become the domi-
nant source of information for medical MRI – the hydrogen nucleus – on
account of its abundance in the human body.

2.1 Spin

Spin, Ŝ, much like non-intrinsic angular momentum, is quantized and its
magnitude may only assume values given by

Ŝ2 = s(s +1)~2 (2.1)

where ~ is the reduced Planck constant. However, unlike non-intrinsic an-
gular momentum for which the quantum number may only assume inte-
ger values, the spin quantum number, s, may assume values in half-integer
steps.

s = 0, 1
2 ,1, 3

2 ,2, 5
2 , ... (2.2)

In addition to s, the azimuthal spin quantum number, ms , with possible
values

ms =−s,−s +1, ..., s −1, s (2.3)
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tells us what outcomes are possible when measuring the angular momen-
tum projected along a particular direction. If this direction is arbitrarily
selected to point along the z-axis the possible outcomes are

Ŝz = ms~. (2.4)

For the hydrogen nucleus, which has s = 1
2 , the two possible outcomes are

Sz = ±~/2 commonly referred to as spin up and spin down respectively.
(Bransden et al. 2000; Levitt 2007)

2.2 The spin Hamiltonian

The magnetic moment, µ̂,of a nucleus with gyromagnetic ratio γ is given
by

µ̂= γŜ (2.5)

and the Hamiltonian for a magnetic moment in a magnetic �eld, B, is

Ĥ=−µ̂ ·B. (2.6)

Ĥ can be further divided into a Ĥext and Ĥint describing the inter-
action with externally applied �elds and the nucleus’ microenvironment
respectively. For spin-half particles, such as the hydrogen nucleus, there
is no interaction with electric �elds. For other nuclei, electric interactions
can be merged into Ĥint. (Levitt 2007)

2.3 Spin polarization

Considering hydrogen nuclei only henceforth, the di�erence in energy be-
tween the spin-up and spin-down states causes a slight polarization of a
media with an ensemble of nuclei. The size of the polarization can be de-
termined using density operator formalism (Bransden et al. 2000; Levitt
2007).

At thermal equilibrium the density operator ρ0 is given by the Boltz-
mann distribution operator.

ρ̂0 = exp(−Ĥ/kT )

Tr[exp(−Ĥ / kT)]
(2.7)
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With a magnetic �eld B = Be, where B = ‖B‖ is the magnitude of the
magnetic �eld and eB = B/B a unit vector parallel to the magnetic �eld,
the polarization along the magnetic �eld is given by the trace of ρ̂0Ŝ

〈
Ŝ
〉

0 = Tr(ρ̂0Ŝ) =−~
2

tanh(γ~B/2kT )eB ≈−γ~
2B

4kT
eB. (2.8)

where k is the Boltzmann constant, T is the temperature and ~ is the re-
duced Planck constant. This expression can be simpli�ed by introducing
the dimensionless Boltzmann factor B = γ~B/kT . The equilibrium mag-
netization is then the product of the resulting magnetic moment and the
hydrogen concentration, n, of the medium.

M0 = n
〈
µ̂
〉

0 = nγ
〈

Ŝ
〉

0 =−n
γ~B

4
eB. (2.9)

This net magnetization is the source of the signal in MRI. We cannot
create a net magnetization with RF pulses, only with a strong magnetic
�eld. (Levitt 2007; Bransden et al. 2000)

2.4 Time evolution of the magnetization

More generally the magnetization i given by

M(t ) = n
〈
µ̂
〉= n ·Tr(ρ̂(t )µ̂). (2.10)

where ρ̂(t ) is the time dependent density operator.
The time evolution of an observable of an ensemble can be predicted

by solving the Liouville-von Neumann equation (Bransden et al. 2000; Ca-
vanagh et al. 2006). Applied to M(t ), the resulting equation describing the
magnetization dynamics is the Bloch equation. (Garpebring 2011)

dM(t )

d t
= γM(t )×B(t ) (2.11)

The dynamic behavior of the Bloch equation is more easily understood
by de�ning new quantities for the magnetization and magnetic �eld in a
frame of reference rotating with angular frequency Ω. (Garpebring 2011)

dMrot

d t
= Mrot × (γBrot +Ω) (2.12)
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In this frame of reference it is seen that if the magnetic �eld is static and if
the angular frequency is selected such that Ω=−γBrot then Mrot is static.
Therefore, any magnetization M must be rotating along with angular fre-
quency Ω. This motion of the magnetization around the magnetic �eld is
called precession and the precession frequency is called the Larmor fre-
quency. In the case when only a static magnetic �eld is used the thermal
equilibrium magnetization would be parallel to the �eld and therefore no
actual precession would be observed.

If the magnetization was to be made to point in a direction not parallel
to the magnetic �eld a precessional motion would be observed. However,
after a while the magnetization would return to its equilibrium state. This
return to equilibrium would be the result of random perturbations to the
magnetic �eld in the microenvironment around the hydrogen nuclei. De-
phasing would occur perpendicular to and build-up parallel to the exter-
nal component of the magnetic �eld. These phenomena are referred to as
transverse and longitudinal relaxation, respectively. We can modify (2.11)
to treat relaxation separately from B by adding two terms.

dM

d t
= γM×B+ M0 −M∥

T1
− M⊥

T2
(2.13)

M∥ = (M ·eB)eB (2.14)

M⊥ = M−M∥ (2.15)

Here, M∥ is the component of M parallel to and M⊥ the component per-
pendicular to the magnetic �eld. T1 is the longitudinal or spin-lattice re-
laxation time and T2 is the transverse or spin-spin relaxation time.

In T2 only random �uctuations of the �eld strength at a microscopic
level is included. If dephasing also occurs due to an inhomogeneous mag-
netic �eld at the macroscopic level the combined e�ect is described by the
transverse relaxation time with coherent dephasing, T ∗

2 .

2.5 Excitation

In MRI a transverse net magnetization is achieved using a combination
of a static and a time varying magnetic �eld. We may split B from (2.11)
into a static, B0, and a time varying term, BRF. If the time varying part is
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chosen to precess around the magnetic �eld with the Larmor frequency,
γB0, then in the rotating frame of reference Brot

RF will be static. Thus (2.12)
can be written

dMrot

d t
= Mrot × (γBrot

0 +Ω)︸ ︷︷ ︸
Can be set to zero.

+γMrot ×Brot
RF︸ ︷︷ ︸

non-zero

. (2.16)

The �rst term can be set to zero by selecting Ω=−γBrot
0 . The second term

is static and (2.16) now resembles the original Bloch equation (2.11) but in
the rotating frame of reference. Since the e�ect of a static magnetic �eld
in (2.11) was precession about B, the e�ect of a static Brot

RF is precession
about Brot

RF in the rotating frame. Thus if Brot
RF is not parallel to Brot

0 the
magnetization Mrot will be tipped away from Brot

0 . In the laboratory frame
the compound motion due to B0 and BRF will be a spiraling motion away
from B0.

2.6 The received signal (k-space interpretation)

In the preceding sections the precession, or Larmor, frequency was repre-
sented by the vector Ω. However since this vector is parallel to the mag-
netic �eld we can represent it by its scalar amplitude ω. Also, since the
magnitude of ω only depends on the magnitude of B, we will represent
the magnetic �eld by its magnitude B henceforth. The magnetic �eld will
be assumed to be parallel to the z-axis. Thus, Mz is the longitudinal mag-
netization. The two transverse components, for reasons of convenience,
will be represented by a single complex quantity, M = Mx + i My .

The Larmor frequency, ω(r, t ), at a given position, r, and time, t , is
determined by the strength of the magnetic �eld, B(r, t ), through

ω(r, t ) =−γB(r, t ) (2.17)

where γ is again the gyromagnetic ratio for the hydrogen nucleus. The
strength of the magnetic �eld can be expressed as a sum of the static mag-
netic �eld, B0, and the contribution from the magnetic �eld gradients, G(t ),

B(r, t ) = B0 +G(t ) · r. (2.18)
Given an initial transverse magnetization, M0(r), expressed as a complex
number, the magnetization at time t can be written

M(r, t ) = M0(r)e iφ(r,t ) (2.19)
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where the accumulated phase φ(r, t ) is given by the time integral of the
Larmor frequency

φ(r, t ) =
∫ t

0
ω(r, t )d t =−γ

∫ t

0
(B0 +G(t ) · r)d t . (2.20)

If we de�ne a spatial frequency k(t ) as

k(t ) = γ

2π

∫ t

0
G(t )d t (2.21)

we can express the phase as

φ(r, t ) =−ω0t −2πk(t ) · r. (2.22)

The signal detected with the receive coil is given by

smod
j (t ) =

∫
R3

C j (r)M(r, t )d 3r (2.23)

where C j (r) is the coil sensitivity pro�le. Substituting (2.19) and (2.22) into
(2.23) yields

smod
j (t ) =

∫
R3

S j (r)e−iω0t−2πi k(t )·rd 3r (2.24)

where
S j (r) =C j (r)M0(r). (2.25)

The right hand side in (2.24) can be expressed as a Fourier transform

smod
j (t ) = e−iω0tFS j (k(t )). (2.26)

After demodulation the signal becomes

s j (k(t )) = e iω0t smod
j (t ) =FS j (k(t )) = {m0 ∗ c j }(k(t )). (2.27)

where the demodulated signal s j is expressed as a function of k, and where
m0(k) and c j (k) are the Fourier transforms of the initial magnetization and
the j th coil sensitivity pro�le respectively.

In conclusion, the MRI signal s j (k) for k given by (2.21) is the Fourier
transform of the coil sensitivity weighted initial magnetization, S j (r),

s j (k) =F(r 7→ S j (r))(k). (2.28)
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2.7 Cartesian reconstruction with FFT

For this section we will denote functions and their Fourier transforms with
uppercase and lowercase letters, respectively. Further, the n-dimensional
Dirac comb for a lattice basis R is given by

IIIR (r) = ∑
m∈Zn

δ(r−Rm) = 1

|detR| III(R−1r). (2.29)

Because the MRI signal s j (k(t )) represents the Fourier transform of the
coil weighted magnetization S j (r) a natural way of reconstructing S j (r) is
to take the Fourier transform of s j (k). However, since s j (k) can only be
sampled at a �nite and discrete set of points in k-space, the fast Fourier
transform (FFT) is usually used to reconstruct S j (r) at a �nite and discrete
set of points in r-space. The coil index subscript, j , will be dropped for
this section.

If s(k) is truncated by a windowing function w(k) and sampled on a
lattice described by the lattice vectors given by the columns of matrix K
then the resulting k-space signal is

s(k)w(k)III(K −1k) (2.30)

where III(x) is the Dirac delta comb. The corresponding aliased signal in
the spatial domain is given by

F−1{s(·)w(·)III(K −1·)}(r) = {S ∗W ∗|detK |III(K T·)}(r)

= {S ∗W ∗ IIIR0 }(r) (2.31)

where R0 = K −T is the aliasing lattice basis in r-space. This signal may
then be sampled on a lattice given by the lattice basis R resulting in the
�nal image

S̃(r) = {S ∗W ∗ IIIR0 }(r)III(R−1r). (2.32)

The corresponding k-space signal is then given by

s̃(k) =FS̃(k) = (
{s(·)w(·)III(K −1·)}∗|detR|III(RT·)) (k)

= (
{s(·)w(·)III(K −1·)}∗ IIIK0

)
(k) (2.33)

where K0 = R−T is the aliasing lattice basis in k-space. From now on we
will assume that R0 = RP where P is an integer matrix called the period-
icity matrix. It follows that K0 = K P T and K TR = P−1. The periodicity
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matrix needs to be an integer matrix to allow reconstruction using FFT.
(Brigham 1974; Kim et al. 2007)

Further, we can de�ne functions Z (r) and z(k) such that

Z (r) = {S ∗W ∗ IIIR0 }(r) (2.34)

and
z(k) = {{s(·)w(·)}∗ IIIK0 }(k). (2.35)

Then the DFT can be expressed as

z(Kκ) = ∑
ρ∈Θ(P )

Z (Rρ)|detR|e−2πiκTP−1ρ (2.36)

where Θ(P ) = {x : x ∈Zn ∧0 ≤ {P−1x}i < 1} and the inverse DFT as

Z (Rρ)|detR| = 1

|detP T|
∑

κ∈Θ(P T)

z(Rρ)e2πiρTP−Tκ. (2.37)

2.8 Gridding reconstruction

If the samples of s(k) are not collected on a lattice the FFT cannot be used
directly. Instead an intermediate step called gridding is required. In grid-
ding the samples are convolved with a kernel an then resampled on a lat-
tice (grid). With a sampling Dirac delta pattern

p(k) =
n∑

i=1
viδ(k−ki ) (2.38)

where ki is the i th sampling point of n and vi is the voronoi cell surround-
ing ki (analogous to |detK | for the Cartesian case) and with a gridding
kernel g (k) the sampled, and convolved signal is

sg(k) = {{s(·)p(·)}∗ g }(k) (2.39)

with an r-space equivalent

Sg(r) = {S ∗P }(r)G(r) (2.40)

Resampling sg(k) on a grid and reconstructing with FFT now amounts
to replacing s(k) and S(r) in (2.34) and (2.35) with sg(k) and Sg(r) to gen-
erate

Zg(r) = {Sg ∗W ∗ IIIR0 }(r) (2.41)
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and
zg(k) = {{sg(·)w(·)}∗ IIIK0 }(k). (2.42)

Due to the gridding with g (k) in (2.39) the r-space signal in (2.40) will
be multiplied by the apodization function G(r). This bias in the recon-
structed signal i usually compensated for by dividing the samples of Zg(r)
by G(r). This last step is called deapodization. (Jackson et al. 1991; Beatty
et al. 2005)

When performing gridding reconstruction the gridding kernel as well
as the grid size and density are important for the quality of the �nal im-
age. The convolution with P (r) in (2.40) can cause aliasing to appear at
a distance from actual extent of the imaged object. The kernel and grid
parameters are selected to reduce the e�ect of aliasing wrap-around when
Sg(r) is reproduced periodically in (2.41) due to resampling i k-space. A
common gridding kernel is the Kaiser-Bessel kernel and the sampling den-
sity of the k-space grid is usually larger than the inverse of the volume of
the �nal r-space �eld of view, FOV. The extended volume around the �nal
FOV is used to deposit aliasing into. (Jackson et al. 1991; Beatty et al. 2005)

2.9 Imaging parameters and contrast

The contrast between imaged tissues can be modi�ed by altering various
imaging parameters. The available set of parameters vary from sequence
to sequence but three particular parameters are almost always included.
These are the �ip angle, α, the echo time, TE, and the repetition time, TR.

The �ip angle is the angle that the magnetization is rotated away from
the main magnetic �eld, B0, during excitation. It determines the size of
the transverse magnetization.

The echo time is the time from excitation until the center of k-space
is read (k = 0). If the center is read immediately after excitation the image
will re�ect the thermal equilibrium magnetization, or proton density, of
the media. If TE is non-zero some tissues will have lost transverse mag-
netization due to relaxation. If only magnetic �eld gradients are used to
move to the center of k-space the echo is referred to as a gradient echo
(GE) and the rate of signal loss is determined by T ∗

2 .
If instead an additional excitation pulse is used to �ip the magnetiza-

tion 180◦ an thereby negate the accumulated phase the resulting echo is
called a spin echo (SE). In this case the signal contrast is determined by T2
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since the coherent dephasing caused by magnetic �eld inhomogeneities is
completely rephased at the echo. (Levitt 2007)

The repetition time determines the delay between repeated excita-
tions. If TR is long longitudinal relaxation will restore the magnetization to
its equilibrium state. If TR is shorter, only a part of the equilibrium mag-
netization will be present at the next excitation and thus the transverse
magnetization will be lower. Therefore, changing TR can be used to create
T1 contrast in MR images.
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Chapter 3

Ultrashort echo time

3.1 Short T ∗
2 tissues

There are a number of tissues in the human body that exhibit rapid trans-
verse relaxation. These include bone, tendons, cartilage, muscles and sev-
eral other tissues. (Robson et al. 2003; Wu et al. 2003; Wehrli et al. 2005)
For some of these tissues, such as cortical bone and periosteum, the short
T ∗

2 components are in majority (Robson et al. 2003) while for others, such
as articular cartilage or muscles, they are in minority (Bydder et al. 2009).

When designing a CT substitute bone and lung tissues are of particular
interest since their densities di�er from those of most soft tissues. Two
main categories of bones are found in the human body, �at bones and
long bones (Standring et al. 2008).

3.1.1 Flat bones

Flat bones are found in, for example, the skull and pelvis. Muscles can
attach to their surfaces and they act as protection for underlying tissues.
A cross-section of a �at bone is seen in �gure 3.1. The surface of the bone
is covered by the periosteum. Underneath the periosteum lies a layer of
cortical (compact) bone. The center of a �at bone is formed by trabecular
(spongy) bone. The bone matrix in trabecular bone is surrounded by red
bone marrow. (Standring et al. 2008)
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periosteum red bone marrow

cortical bonetrabecular bone

Figure 3.1: Cross-section of a �at bone.

3.1.2 Long bones

A long bone consist of a diaphysis (shaft) and two epiphyses (rounded
ends). The diaphysis has a case of cortical bone and a core of yellow bone
marrow, see �gure 3.2. On the outside, the diaphysis is covered by perios-
teum and on the inside the yellow bone marrow and the cortical bone are
separated by endosteum.

The epiphysis has a case of cortical bone and a core of trabecular bone.
It is also covered in periosteum except for the contact surface in the joint
where the epiphysis is covered with articular cartilage. (Standring et al.
2008)

3.1.3 Cortical bone tissue

Cortical bone consists of many parallel ostea, see �gure 3.3. Each osteon
has multiple lamellae (cylindrical layers) of mineralized connective tissue
surrounding the central Haversian canal. Blood vessels and nerve �bers
pass through the Haversian canal. In between the lamellae are lacunae
(thin spaces) �lled with osteocytes which connect to the Haversian canal
through a network of canaliculi (microscopic canals) that perforates the
lamellae. (Standring et al. 2008)

The amount of water in cortical bone has been estimated to 0.245
ml/ml (Reichert et al. 2005; Morris et al. 1982) or at least 20 percent by
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Figure 3.2: Cross-section of a long bone.
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Figure 3.3: Cross-section of an osteon.
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volume (Techawiboonwong et al. 2008; Mueller et al. 1966). Out of this
water, part is found in the pore network (Haversian canal, lacunae, canali-
culi) and part is bound to the collagen and minerals in the bone matrix.
There is also a small fraction of water embedded into the mineral crystals.
However the relaxation time for this fraction is so short (less than a few
microseconds) as to make it undetectable even with ultrashort echo-time
sequences (Robson et al. 2003; Ong et al. 2012). Ong et al. (2012) showed
that 60 % to 80 % of bone water is collagen bound by exchanging 2H2O for
H2O. This is supported by Horch et al. (2010) who found 20 % of the bone
water in the pore space and 80 % bound to collagen. Also, the relatively
short mean T1 of cortical bone suggest that the majority component is not
free pore-water (Reichert et al. 2005; Wehrli 2013).

Within the mineralized bone matrix water forms a shell around the
hydroxyapatite crystals and collagen �brils and will not behave as bulk
water (Timmins et al. 1977).These water protons will have short T ∗

2 due
to their immobile molecules (Robson et al. 2003). On the other hand, wa-
ter in the center of the bone pores will behave more like free water with
longer T ∗

2 (Robson et al. 2003; Ong et al. 2012; Horch et al. 2010). Thus two
dominant compartments can be found in cortical bone – free pore water
and collagen bound water (Wu et al. 2003). The �rst component has T ∗

2 >
1 ms whereas the second has a T ∗

2 around 400 µs (Ong et al. 2012).
However short T ∗

2 components could be present in the pore water due
to intracellular macromolecules and the bone matrix could contain micro-
pores between collagen �bers yielding long T ∗

2 (Ong et al. 2012).
Earlier measurements of the T ∗

2 of cortical bone were in the interval
0.2–2 ms with T1 between 140 and 260 ms. (Bydder et al. 2009; Robson
et al. 2006; Reichert et al. 2005). Reichert et al. (2005) also found evidence
that T ∗

2 is independent of age whereas T1 increases with increasing age.

3.1.4 Trabecular bone tissue

Instead of the tightly packed ostea in cortical bone, trabecular bone have
a meshwork of trabeculae, see �gure 3.4. The trabeculae have a lamellar
structure with in�ltrating osteocytes. However, there is no central Haver-
sian canal and the trabecular mesh is surrounded by red bone marrow.
(Standring et al. 2008)

The trabeculae can be argued to have a T ∗
2 close to that of cortical bone

due to the similar composition. Red bone marrow, on the other hand, has a
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Figure 3.4: Trabeculae and a cross-section of a trabecula.

T2 of several tens of milliseconds (Wu et al. 2003; Wehrli 2013). However,
the bone phase has a larger concentrations of elements with high atomic
numbers and is therefore more diamagnetic, leading to local magnetic �eld
inhomogeneity and spin dephasing (Wehrli 2013). Therefore, despite the
long T2 of red bone marrow, the compound trabecular bone tissue exhibits
rapid T ∗

2 relaxation due to the di�erence in susceptibility of the bone an
marrow phase. The compound T ∗

2 of trabecular bone is in the order of a
few milliseconds (Wurnig et al. 2014; De Santis et al. 2010).

3.1.5 Periosteum, cartilage and other tissues

Periosteum, menisci and ligaments are tissues found close to cortical and
trabecular bone. They have T ∗

2 in the range 4–11 ms (Robson et al. 2006).
Other tissues, such as dentine and enamel, have T2 around 100 µs, shorter
than the T ∗

2 of cortical bone. The T ∗
2 of cartilage can range from 0.5 ms

close to the subchondral bone to 40 ms for super�cial layers (Robson et al.
2006; Bydder et al. 2009; Chang et al. 2014).

Yellow bone marrow has a much longer T ∗
2 of 250–290 ms. Therefore,

it is possible to use T2-selective suppression techniques when imaging the
cortical bone of e.g. the diaphysis (Wu et al. 2003).

Tendons have a majority component with T ∗
2 < 1 ms and a minority

component with a transverse relaxation of 8–20 ms (Chang et al. 2014).
They are also subject to the magic angle e�ect, i.e. the T2 depends on the
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angle between the tendon and the main magnetic �eld (Gatehouse et al.
2003).

3.1.6 Lung

From the main bronchi a tree structure of smaller bronchi and bronchioles
transports inhaled air to the alveoli (small air pockets). There are about
300 million alveoli with a mean total surface area of 143 m2 in the lungs of
an adult human (Standring et al. 2008). The average diameter of a single
alveolus is about 200 µm (Ochs et al. 2004).

Because the susceptibility of the alveolar air and the surrounding tis-
sue di�er and because of the intricate folding of the alveolar air–tissue
interface the T ∗

2 in lung parenchyma is short. The large air volume also
results in a low proton density. (Bergin et al. 1991)

In addition to a low proton density and short T ∗
2 , lung imaging is com-

plicated by artifacts caused by breathing and cardiac motion. (Bergin et al.
1991)

3.1.7 Imaging obstacles

An excitation pulse used on an MR camera has a maximum amplitude of
about 5 rad/ms. Thus, a 90◦ pulse requires a minimum duration of around
300 µs. For conventional sequences, most RF pulse durations are 1 ms or
longer. Since the duration of the pulse is of the same order of magnitude
as the T ∗

2 of cortical bone, the relaxation during excitation is considerable
(Robson et al. 2003).

Figure 3.5 shows the path to and �nal magnetization of tissues with dif-
ferent T2 for a 3-ms-long rectangular pulse. The excitation path can be di-
vided into two segments. For the �rst segment the �ip angle increases lin-
early with time. For the second segment, continued excitation only leads
to saturation and a reduced transverse magnetization due to dephasing.
Thus the largest achievable �ip angle depends on the T ∗

2 of the tissue and
the RF-pulse amplitude (Robson et al. 2003).

After the excitation pulse, some sort of spatial encoding of the magne-
tization �eld is accomplished using the magnetic �eld gradients. Typically,
for conventional SE and GE sequences the relaxation during sampling is
neglected and the samples of k-space are treated as if they were all ac-
quired at the given echo time. While this is a valid approximation for
tissues with T2 > 20 ms and a conventional sampling window of about
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Figure 3.5: Magnetization path (gray line) and end point (black dot) dur-
ing a 3-ms-long 90◦ excitation pulse for tissues with di�erent T2. Mz and
Mx y are the longitudinal and transverse magnetization components re-
spectively.
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1 ms, it does not hold for tissues such as cortical bone with T ∗
2 < 1 ms. In

this case the short T ∗
2 tissues will be blurred in the reconstructed image

(Rahmer et al. 2006).

3.2 UTE sequences

UTE sequences are designed to tackle the di�culties of imaging short T ∗
2

tissues. They have short and hard excitation pulses, short echo times and
short sampling windows.

Two main types of UTE sequences exist. The �rst uses slice excita-
tion and two-dimensional, 2D, k-space sampling, and the second volume
excitation and three-dimensional, 3D, sampling.

3.2.1 The two-dimensional sequence

For conventional ideal 2D sequences a sinc shaped slice excitation pulse is
used. The Fourier transform, and thus the slice pro�les, of a sinc is a rect
function. Unfortunately a sinc is in�nite in extent. Even with a windowed
sinc the excitation pulse would be to long for imaging of short T ∗

2 tissues.
Instead, two half-sinc pulses are used with reversed gradients for each line
in k-space as seen in �gure 3.6. The two lines are then combined to a signal
corresponding to what would have been produced with an ordinary sinc.

To eliminate phase encoding, center-out radial sampling is used. This
allows the echo time to be kept as short as it takes to switch from transmit
to receive mode on the camera. Because the gradient has to be ramped up
during the beginning of each line the �rst samples will not be equispaced.
Therefore, an adjusted ρ-�lter is needed during reconstruction with grid-
ding. (Bergin et al. 1991; Bergin et al. 1992; Robson et al. 2003)

3.2.2 The three-dimensional sequence

For 3D sequences a block pulse is used that excites the entire imaged vol-
ume. Because no slice selection is used only one excitation is needed per
sampled line in k-space as seen in �gure 3.7. Three-dimensional center-
out radial sampling of k-space is used with an isotropic distribution of
radial lines. A common method to distribute the lines is along a 3D spiral
as seen in �gure 3.8. Reconstruction is performed with 3D gridding. (Wu
et al. 1998; Rahmer et al. 2006; Sa� et al. 1997)
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one k-space line

Figure 3.6: Pulse sequence diagram for a 2D UTE sequence. Slice selection
is performed along the z-axis and frequency encoding along the x- and
y-axes.
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Figure 3.7: Pulse sequence diagram for a 3D UTE sequence. Frequency
encoding is performed along all three axes. Unlike the 2D sequence in
�gure 3.6, only one excitation is needed per sampled line in k-space.
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Figure 3.8: A common isotropic radial sampling scheme for 3D UTE se-
quences. Samples (gray dots) are collected along a number of radial lines.
For each line, the last sample (black dot) lies on a 3D spiral (black curve).
N is the number of pixels along one direction of the image array.
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3.2.3 Techniques for T ∗
2 contrast

Even with UTE sequences the signal from short-T ∗
2 components will be

weak compared to other tissues. Positive short-T ∗
2 contrast to the sur-

rounding can be generated using a number of di�erent techniques, in-
volving additional echoes, preparation pulses and post-processing steps.
(Du et al. 2013)

The most common technique for positive contrast is dual echo UTE
with echo subtraction. The �rst “echo” is then the free induction decay,
FID, which is sampled center-out. The second echo is a conventional gra-
dient echo collected from the same excitation. The FIDs are reconstructed
to an ordinary UTE image and the GEs to an image that resembles the UTE
image but where the short-T ∗

2 components have relaxed. Subtracting the
GE image from the UTE image will cancel the signal from the long-T ∗

2
components and highlight those with short T ∗

2 . The intensity of the GE
image may need to be rescaled to match the intensity in the UTE image.
Also, to avoid signal cancellation due to chemical shift artifacts the di�er-
ence between the UTE and GE TE needs to be a multiple of the beat period
of the water and fat resonance frequencies. (Robson et al. 2003)

Figure 3.9 shows a joint histogram for the voxel intensities in a UTE
and GE image. Voxels with long T ∗

2 have similar intensities in both images
and will thus lie along the diagonal. Voxels with short T ∗

2 have a lower
intensity in the GE than in the UTE image. Therefore they will lie below
the diagonal. The joint intensity distribution for the UTE and GE image is
seen to be multimodal with peaks corresponding to di�erent voxel classes,
such as air, fat, white and gray matter etc.

Instead of collecting a gradient echo another UTE image can be col-
lected with the short-T ∗

2 components saturated. This is achieved by short
hard o�-resonance saturation pulses. Because of the rapid relaxation, the
short-T ∗

2 components will have a broad excitation line width an will be
a�ected by the o�-resonance pulse while the long-T ∗

2 components are not
(Du et al. 2013; Du et al. 2009).

It is also possible to saturate the long T ∗
2 components by �ipping them

into the transverse plane and applying spoiler gradients. If the 90◦ pulse
is of su�cient duration the short-T ∗

2 components will maintain most of
their longitudinal magnetization as seen in �gure 3.5. No di�erence image
is then needed. (Robson et al. 2003; Larson et al. 2006)
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Figure 3.9: A joint histogram of the voxel intensities from a UTE and GE
a image. The UTE and GE a images were acquired with echo times of 70
µs and 3.76 ms respectively. Voxel intensities are given in arbitrary units.
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Figure 3.10: A joint histogram of the voxel intensities from a two UTE
images acquired with two di�erent �ip angles. Voxel intensities are given
in arbitrary units.

Another way of nulling long-T ∗
2 components is to use single or double

inversion recovery (IR). Adiabatic inversion pulses can be used for robust-
ness. (Du et al. 2013; Du et al. 2010b; Du et al. 2010a)

3.2.4 Techniques for T1 contrast

The combined e�ect of coherent and incoherent dephasing may be di�cult
to distinguish for some combinations of tissue even when UTE sequences
are used. E.g. cortical bone and interfaces between air and soft tissues can
have similar T ∗

2 due to the inhomogeneous magnetic �eld at the interface
(Robson et al. 2003). Therefore, in addition to T ∗

2 contrast, T1 contrast can
help to tell tissues apart (Paper I).

T1 contrast can be generated with conventional techniques such as
altered TR or �ip angle. It is also possible to use saturation recovery with
di�erent saturation recovery delays (Reichert et al. 2005).

Figure 3.10 shows a joint histogram for two UTE images with di�erent
�ip angles. In this case tissues with short T1, such as cortical bone, will be
located above the sloped line below which most other tissues are located.
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distortedundistorted

Figure 3.11: The left image shows an undistorted image in two dimen-
sions. The curved vertical and horizontal lines are magnetic �eld strength
isolines for the x and y gradient respectively. Since the gradient �elds are
assumed to be linear the isolines will appear straight in the reconstructed
image (right). To undo the distortion caused by the non-linear gradients,
the image must be morphed to recreate the left image from the right. This
procedure is called distortion correction.

3.2.5 Gradient imperfections

The three gradients in the MR camera de�ne a coordinate system in which
the image is reconstructed. If the gradients are linear then the object in the
reconstructed image will have the same shape as in real space. If the gradi-
ents are not linear the reconstructed image will show a warped version of
the object, see �gure 3.11. Close to the center of the camera the gradients
are close to linear but further out the apparent position of an image detail
may deviate as much as a centimeter from its true position. These distor-
tions in the reconstructed image can be corrected for if the shape of the
gradient �elds are known. The shape of the gradients can be measured by
magnetic �eld probes and described by a spherical harmonics expansion.
(Janke et al. 2004)

The distortion correction in the previous paragraph only takes into
account non-linearities with respect to spatial position, i.e. the strength
of the gradient �eld is assumed to only depend on the position and the
reference amplitude. Due to eddy currents the gradient �eld depends not
only on the current reference amplitude but on its history as well. The
behavior is corrected for by using gradient pre-emphasis. However, con-
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ventional sequences usually sample k-space while the gradient strength
is constant and the pre-emphasis is optimized for this case. For UTE se-
quences sampling starts as soon as the gradient is switched on and sam-
ples are therefore collected on the gradient ramp. Therefore, the nominal
k-space trajectory can deviate from the true trajectory. By using mag-
netic �eld probes this deviation can be measured an taken into account
during gridding reconstruction. This procedure can improve the accuracy
of the reconstructed signal close to air–tissue and bone–tissue interfaces.
(Aitken et al. 2014)

If magnetic �eld probes are not available ramp sampling is still taken
into account in the gridding process. However, for UTE images, a calibra-
tion of the gradient delay is usually needed. This calibration can be based
on the image quality of the UTE image.

3.2.6 Magnetic field inhomogeneities

The main magnetic �eld is only homogeneous inside a limited volume.
Rapid dephasing outside this volume can cause image artifacts such as
those seen in �gure 3.12. Commonly the artifacts are avoided by only
exciting a region contained within the homogeneous volume. However,
for 3D UTE imaging the excited region is only limited by the spatial pro�le
of the transmit �eld of the RF coil.
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Figure 3.12: The complex image reconstructed from a coil element close to
a region with rapid dephasing. The amount of ink indicates the magnitude
of the magnetization and the hue of the color re�ect the spatially varying
phase. The streaks seen far from the phantom are reconstruction artifacts
resulting from the rapid change of phase w.r.t. time in the phantom. The
region were the phase is changing rapidly w.r.t. time has arc-shaped spatial
phase variations.
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Chapter 4

Gaussian mixtures

In chapter 3 we discussed the UTE sequence and the di�erent image con-
trast techniques that can be used to accentuate or suppress tissues of in-
terest. Once a set of images with di�erent contrasts has been collected
their voxels can be analyzed and, e.g., be assigned to a tissue class or
have a physical quantity calculated for them. For this dissertation the per-
voxel quantity we would like to calculate is the CT number expressed in
Houns�eld units (HU).

Figures 3.9 and 3.10 gave examples of bivariate intensity distributions.
If more than two images are involved their joint distribution will be mul-
tivariate. Because MR images typically show a great number of tissues
with di�erent appearances, the resulting intensity distributions will often
be multimodal.

An example of a univariate multimodal distribution from a set of CT
images is shown in �gure 4.1. The peak at −1000 HU corresponds to air
inside and surrounding the imaged body part. Soft tissue voxels belong to
the peak at 0 HU and bone tissue to the plateau above 500 HU. The CT
number distribution is an example of a distribution that can be approxi-
mated by a Gaussian mixture as shown by the orange line.

Throughout this chapter we will denote stochastic variables with up-
percase letters, e.g. X, Y, Z, and their observations with lower case letters,
e.g. x, y, z.
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Figure 4.1: Distribution of CT numbers in a set of CT images. The black
line shows the actual distribution and the solid gray an approximation
built using a Gaussian mixture model. The dashed gray lines indicate the
contributions from individual Gaussians in the mixture.

36



4.1 The Gaussian mixture model

The multivariate normal – or Gaussian – distribution with k dimensions
is given by

G(z;µ,Σ) = 1√
(2π)k |Σ|

exp
(−(z−µ)TΣ−1(z−µ)

)
(4.1)

where µ is the expectation value and Σ the covariance matrix. A Gaussian
mixture distribution, for a stochastic variable Z, is then a weighted sum of
Gaussian distributions

f mix
Z (z) =

n∑
i=1

αi G(z;µi ,Σi ) (4.2)

where n is the number of Gaussians, µi and Σi are the parameters of the
i th Gaussian and αi is the weight for the i th Gaussian. The weights are
normalized such that

n∑
i=1

αi = 1 (4.3)

and thus the distribution is also normalized. (Frühwirth-Schnatter 2006;
Sung 2004) ∫

Rk
f (z)d k z = 1 (4.4)

The parameters of the Gaussian mixture model (GMM) are the αi ’s,
µi ’s and Σi ’s of all the n Gaussians. These parameters can be estimated
using the EM algorithm. Often, the k-means algorithm is used a prelimi-
nary step to the EM algorithm. (Frühwirth-Schnatter 2006; Sung 2004)

4.2 Conditional distribution

If some of the elements in Z are observed it is possible to derive a condi-
tional distribution for the unknown elements from the observations and
the GMM parameters of the unconditional distribution.

For this purpose, we can partition Z into two new stochastic variables
X and Y such that

Z =
(

X
Y

)
. (4.5)
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Furthermore, we can partition all µi ’s and Σi ’s such that

µi =
(
µi ,X
µi ,Y

)
(4.6)

and
Σi =

(
Σi ,XX Σi ,XY

Σi ,YX Σi ,YY

)
. (4.7)

In this case the conditional distribution for Y given X = x is also a GMM
distribution.

f mix
Y|X (y|x) =

n∑
i=1

α̃i (x)G(y; µ̃i (x), Σ̃i ) (4.8)

However, the values of the new parameters α̃i , µ̃i and Σ̃i now depend on
the observation of X and take the form (Frühwirth-Schnatter 2006; Sung
2004; Paper II)

µ̃i = µi ,Y +Σi ,XYΣ
−1
i ,XX(x−µX), (4.9)

Σ̃i =Σi ,YY −ΣT
i ,XYΣ

−1
i ,XXΣi ,XY (4.10)

and
α̃i =

αi G(x;µi ,X,Σi ,XX)∑n
j=1 G(x;µ j ,X,Σ j ,XX)

. (4.11)

4.3 Regression function

In Gaussian mixture regression (GMR) a regression function for Y is de-
�ned as the conditional expectation of Y given X = x for a GMM. This
conditional expectation is easily derived from the conditional distribution
in 4.8 and take the form

ŷ(x) = E(Y|X = x) =
n∑

i=1
α̃i µ̃i (x). (4.12)

Thus, it is possible to predict a value of Y using ŷ(x) if X = x has been
observed and the full GMM parameters have been previously estimated
using a training set of observations of Z. (Frühwirth-Schnatter 2006; Sung
2004; Paper II)
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4.4 Conditional variance

Similarly to the conditional expectation, it is also possible to derive the
conditional variance of Y. (Frühwirth-Schnatter 2006; Sung 2004; Paper
II)

Var(Y|X = x) =
n∑

i=1
α̃i (x)(Σ̃i + µ̃i µ̃

T
i )− ŷ(x)ŷT(x) (4.13)

It should be pointed out that E(Y|X = x) and Var(Y|X = x) do not fully
describe the conditional distribution of Y as this distribution is itself a
GMM and may be multimodal. Therefore a large determinant of Var(Y|X = x)
may be an indication of a multimodal distribution with a large separation
between its peaks or a wide unimodal distribution.
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Chapter 5

Substitutes for computed
tomography images

A CT substitute is a radiodensity map derived from MRI that can be used
as a replacement for the information contained in a CT image. The radio-
density in the CT substitute may be expressed in Houns�eld units (HU) as
in a regular CT image acquired with kilovoltage X-rays. In this case, the
radiodensity – or CT number, n – is given by

n = 1000 · µ−µwater
µwater

(5.1)

where µ is the attenuation coe�cient for some voxel and µwater is the
attenuation coe�cient for water. For attenuation correction in PET, where
the relevant radiation quality consists of 511-keV photons, and for dose
calculations in radiotherapy with megavoltage X-rays, the radiodensity is
instead commonly given in cm−1.

Regardless of unit, the radiodensity describes how a particular radia-
tion quality is attenuated in a tissue. All tissues with the same radiodensity
for one radiation quality need not necessarily have the same radiodensity
for another quality, i.e. the mapping between attenuation coe�cients for
two radiation qualities is not necessarily one-to-one. However, for atten-
uation correction and dose calculations the one-to-one mapping is usually
assumed as an approximation. This allows the CT number of a CT image
to be converted into attenuation coe�cients for 511-keV photons or mega-
voltage X-rays using univariate mapping functions. These functions may
or may not use electron density as an intermediate quantity depending on
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the expected fraction of atoms with high atomic numbers in the materi-
als or the atomic-number-sensitivity of the radiation quality. (Knöös et al.
1986; Kinahan et al. 1998; Kinahan et al. 2003)

5.1 Overview of CT substitute methods

The principal areas of application for CT substitute images derived from
MRI are attenuation correction for PET/MR and dose calculations for an
MRI based radiotherapy work�ow. Methods for CT substitute generation
have been review by Nyholm et al. (2014) for radiotherapy and by Zaidi
(2007), Zaidi et al. (2007), Hofmann et al. (2009), and Bezrukov et al. (2013)
for PET/MR attenuation correction.

The �eld of application is one of the traits that distinguish di�erent
CT substitute methods from each other. Other traits that can help to char-
acterize the methods are the processing algorithm, the type of source MRI
data and the body region to which the method is applicable.

The processing algorithms can be grouped into three categories: voxel-
wise methods, atlas based methods and methods that use PET data. The
voxel-wise methods can further be split into those that use segmentation
and those that use direct conversion.

With the voxel intensities as basis, the segmentation based methods
divides the voxels in the source MR images into a discrete set of classes.
These classes are then assigned bulk attenuation coe�cients. For direct
conversion, voxel intensities are mapped into attenuation coe�cients us-
ing some piecewise smooth function.

Atlases used for substitute generation are typically derived from a
number of co-registered MR and CT images. By registering a new MR
image to an MR image in the reference set a deformation �eld can be gen-
erated. This deformation �eld can then be used to morph the reference CT
image into a CT substitute for the new patient.

The algorithms of the last category use PET data to reconstruct atten-
uation maps. These methods are by nature limited to PET applications and
their main bene�t is that they can be used to augment attenuation maps
outside of the MRI FOV.

UTE is one kind of MRI sequence that can be used to generate input
for the above mentioned algorithms. The bene�t of UTE is that it can
detect signal from bone. To perform fat-water separation Dixon sequences
can be used. UTE and Dixon sequences can also be combined. If pattern
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recognition or an atlas is used the bone contrast provided by UTE may
not be necessary. Conventional MRI sequences can then be used as input,
usually with a reduced scan time as a result.

Most methods that have been developed focus on the head and neck
region. The rigid geometry resulting from the skull and the comparatively
small FOV simpli�es the analysis of MRI images. At other anatomical sites,
such as the pelvis or thorax, the larger FOV and motion artifacts can de-
teriorate image quality or prolong scan time.

5.2 Voxel-wise conversion

The simplest form of segmentation is that into only two classes – air and
non-air. Ramsey et al. (1998) performed radiotherapy dose planning for the
head with homogeneous attenuation inside the patient external contour.
For treatment �elds passing through the skull MR-based treatment plan-
ning caused a decrease of absorbed dose of 0–2 percent compared to treat-
ment plans with heterogeneous CT-based attenuation. However, when the
treatment �eld passed through large air cavities the absorbed dose was in-
creased by 2–4 percent, which was deemed clinically unacceptable.

5.2.1 Manual delineation

Lee et al. (2003) performed radiotherapy dose planning for prostate using
segmented MR images with two classes inside the patient external contour
– water and bone. Bone was delineated manually. Bulk densities were then
assigned to the classes. For all resulting treatment plans all of the planning
target volume received between 93 and 107 percent of prescribed dose,
which was considered acceptable.

Jonsson et al. (2010) created synthetic CT images by manually delineat-
ing relevant structures in T2-weighted MRI images. The structures where
then assigned electron densities for dose calculations. The method was
applied to patients with prostate or thorax cancer. Head and neck cancer
patients were also imaged with MRI but these images could not be used
for synthetic CT generation as the patient position during imaging did not
agree with that during treatment. Instead, synthetic CT images were sim-
ulated by segmenting CT images. Structures that were delineated included
the femur, the femoral head, hip bone, lungs, skull bone and air cavities
in the head. The dose planning performed on synthetic CT images was
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evaluated by comparing dose–volume histograms (DVH) and accelerator
monitor units (MU) to those obtained when planning on real CT images.
The changes to the DVHs were small and the largest change to MUs was
1.6 percent.

Lambert et al. (2011) performed a similar study for prostate treatment
planning, also with manual delineation of bone on MR images. They con-
cluded that the largest source of di�erences between the MRI and CT based
planes were the external contour and that if patient positioning during
MRI could be made to better match that during treatment MRI based treat-
ment planning would be feasible.

5.2.2 Automatic a�enuation assignment

Thus, synthetic CT images generated by manual delineation of relevant
structures and bulk density assignment are of good enough quality to re-
place CT in radiotherapy. However, as all of the authors above pointed out,
manual delineation is a time consuming task and is not clinically feasible
for the large number of patients passing through a radiotherapy clinic.
Therefore, an automatic synthetic CT algorithm is needed to push MRI
based radiotherapy and attenuation correction into clinical practice.

Zaidi et al. (2003) used fuzzy c-means clustering to segment 3D T1-
weighted spin echo MR images into air, brain tissue, bone, nasal sinuses
and extracranial tissue. These tissues were then assigned attenuation co-
e�cients and the resulting attenuation maps were used for attenuation
correction of PET images. The PET images reconstructed with MRI based
attenuation maps demonstrated a visual improvement over those recon-
structed with Cs137 transmission scan based attenuation correction and
no signi�cant di�erence on regional cerebral glucose metabolism (rCGM)
could be detected. However, manual intervention was needed to compen-
sate for the di�culty of segmenting the skull.

Wagenknecht et al. (2009) segmented T1-weighted images into struc-
tures relevant for PET attenuation correction. However, because some
structures, such as air cavities and bone, are equally bright in T1-weighted
images they cannot be identi�ed from intensity alone. Therefore, prior
knowledge about the shape and relative positions of the structures was
included in the segmentation process. In a later study the method was
extended to account for the fat shift artifact and intensity inhomogeneity
at a magnetic �eld strength of 3 T (Wagenknecht et al. 2010). Rota Kops
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et al. (2009) evaluated the �rst version of the method by quantifying the
relative di�erence in regions of interest for PET images reconstructed with
attenuation correction based on MRI or transmission scans. The relative
di�erences varied between -7.33 and 5.64 percent.

Martinez-Möller et al. (2009) devised an attenuation correction method
for whole-body imaging. A Dixon MRI sequence was used to identify
soft tissues and fat. Lungs were identi�ed as air inside the body using
connected component analysis. Because bone imaging was considered
challenging due to the weak bone signal, and because a robust method
was sought, no segmentation of bone was attempted. The authors noted
that this would make the method invalid for neurologic imaging. Conse-
quently, some bone was initially classi�ed as air but this was solved by
applying a morphologic closing �lter to remove small air pockets in the �-
nal segmentation. The e�ect of neglecting bone was investigated by recon-
structing PET images with attenuation maps where bone was present, and
with attenuation maps where bone was treated as soft tissue. For this part
of the study the attenuation maps were derived from CT images. It was
found that neglecting bone caused the standardized uptake value, SUV,
for lesions to be lowered, especially for osseous lesions that had an aver-
age decrease of 8 percent. However, no change in clinical interpretation
resulted from this decrease. For the PET images reconstructed with MRI
based attenuation maps a decrease of the SUV in lymph node metastases
was found to be 4.6 percent for one patient and 2.3 percent for another.

Keereman et al. (2010) used a UTE MRI sequence to acquire images
with a visible signal from cortical bone. Because the sequence sampled
not only the FID but also a gradient echo it was possible to calculated T ∗

2
maps which could then be thresholded to segment bone and soft tissues.
Air cavities were segmented by intensity thresholding of the UTE image
and the surrounding air was segmented by a region growing algorithm.
The segmented images were converted to attenuation maps by assigning
attenuation coe�cients to the three classes – air, soft tissues and bone. The
method was evaluated by imaging a biological phantom with both CT and
UTE MRI. A ground truth segmentation was created by thresholding the
CT image. The segmentation derived from the MR images agreed with the
ground truth in 90 percent of the voxels. The method was also evaluated by
reconstructing PET images of the head for �ve patients with both CT and
MRI based attenuation maps. An average di�erence of 5 percent was found
between the CT and MRI based PET images. The largest di�erence, 34
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percent, was found near the eye sockets. Also, errors in the reconstructed
images were primarily found near the skull and were attributed to the
di�culty of segmentation.

Catana et al. (2010) also segmented dual echo UTE images of the head
to create PET attenuation maps but with a di�erent algorithm. A mask
for the external contour of the patient was created from the second echo
image using morphological operations. Then, a number spatial �lters and
contrast enhancing intensity transforms were applied along with thresh-
olding and morphological operations to create a segmentation of air, soft
tissues and bone. The segmentation was converted into an attenuation
map which also included the MRI RF coil. The method was evaluated by
comparing PET images reconstructed for four subjects with MRI and CT
derived attenuation maps. The authors suggested that visual interpreta-
tion of the PET images was not impaired by the MRI-based attenuation
correction. However, they also noted that relative changes of up to 20
percent were observed in the reconstructed PET images.

Johansson et al. (Paper I) imaged �ve subjects with two dual echo
UTE sequences. The sequences di�ered in the nominal �ip angle – 10◦
and 60◦. The subjects were also imaged with a T2-weighted SE sequence
and CT. A Gaussian mixture model for the intensity distribution of the
six images was then created using expectation maximization. From the
model a regression function was derived that mapped the �ve MR intensi-
ties to radiodensity in a CT substitute. The method was evaluated through
a leave-one-out cross-validation (LOOCV) procedure by comparing the ra-
diodensity in the CT and CT substitute images and the mean absolute devi-
ation was found to be 137 HU. In a later study (Paper II) the T2-weighted
SE sequence was found to be redundant and a voxel-wise uncertainty es-
timate for the radiodensity in the CT substitute was developed. Larsson
et al. (2013) applied the method to attenuation correction of 18F-FLT PET
images and found that the average relative di�erences between CT substi-
tute corrected and CT corrected images was 1.6 percent for the head and
1.9 percent for the brain. However, large di�erences were found in the
nasal septa region. These di�erences were attributed to erroneous radio-
density estimates in the CT substitute for the same region. Jonsson et al.
(2013) applied the method to radiotherapy dose calculations in the head
for �ve patients. The treatment plans based on CT substitutes were found
to be equivalent in quality to plans based on segmented CT images. When
spatial information was introduced into the method (Paper III) improve-

46



ments to radiodensity prediction was achieved in the air cavities next to
the nose and ears.

Berker et al. (2012) used a combined UTE and Dixon sequence to cre-
ate PET attenuation maps with four classes – air, soft tissues, adipose tis-
sues and bone. Segmentation was achieved by a combination of intensity
transforms, thresholding and morphologic operations. Linear attenuation
coe�cients were assigned to the classes. The method was evaluated on six
patients by comparing the MRI segmentation to a CT segmentation and by
comparing PET reconstructions with MRI and CT based attenuation cor-
rection. The two segmentations agreed to 81 percent. PET and MRI based
PET reconstructions showed a high correlation.

Rank et al. (2013b) used high dimensional discriminant analysis (HDDA)
based on a Gaussian mixture model framework to segment MRI images
into 128 classes representing tissues with di�erent CT numbers. A large
number of MR images – including UTE – were acquired and from these an
optimal subset with two images was selected. The optimal subset included
a UTE and a proton density weighted turbo spin-echo image. Additional
features, such as local intensity standard deviation and voxel coordinates
were included in the HDDA model. The model was evaluated on three bio-
logical phantoms and the MRI based pseudo CT images were compared to
matching real CT images. The mean absolute error (MAE) varied between
81 HU and 95 HU. The method was further evaluated by converting the
pseudo CTs into water equivalent path length which were then used for
ion radiotherapy treatment planning. Doses to the planning target volume
(PTV) were found to be 1.4–3.1 percent larger in pseudo CT based plans
compared to those based on real CT images. In a later study, Rank et al.
(2013a) evaluated the method for radiotherapy in the brain region for three
patients. The MAE was found to vary between 141 and 165 HU and the
mean dose to PTV was found to be 0.4–2.0 percent lower for the MRI based
ion radiotherapy plans. For photon radiotherapy plans the mean dose to
PTV did not di�er by more than 0.2 percent compared to CT based plans.

Hsu et al. (2013) developed a method for segmenting MRI images into
bone, fat, �uid, white matter, gray matter and air based on fuzzy c-means
clustering. A retrospective study was �rst used to investigate tissue con-
trasts in T1-weighted, T2-weighted and Dixon images generated from a
set of common imaging sequences. None of these sequences were able
discriminate air from bone. However, MR image intensities in bone were
found to correlate negatively with the CT number in CT images of the
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same patients. Second, in a prospective study, a patient was scanned with
the same sequences as above as well as UTE and a sequence that gener-
ated vessel images. The UTE sequence was used to discriminate air from
other tissues, including bone, by thresholding. Synthetic CT – or MRCT –
images were created from the c-means segmentation by assigning relative
electron densities to the segmented classes. The MRCT intensity showed
a high correlation with the CT intensity.

Kapanen et al. (2013) used a Dixon sequence and CT to image twenty
prostate cancer patients. Bone was segmented manually and a linear re-
gression model was derived for the in-phase image signal intensity and
the CT radiodensity. The model was then applied to the remaining ten
patients to estimate the radiodensity in bone. Other tissues were assigned
the radiodensity of water. The resulting synthetic CT images were used
to perform radiotherapy dose calculations and to generate digitally recon-
structed radiographs, DRRs. A negative correlation was found between
the in-phase MRI intensity and the CT radiodensity. The method increased
the calculations accuracy as compared to if bone was treated as water. The
DRRs showed bone structures needed for treatment localization.

5.3 Atlases and a�enuation templates

Voxel-wise CT substitute methods could in theory be used for any body
part or for whole-body examinations. However, due to limitations in scan
time, FOV or contrast to noise ratio, these methods may fail. Registra-
tion or template based methods instead attempt to match similarly shaped
structures in MR images and are therefore less sensitive to weak intensities
and noise. Typically they can also be applied to a conventional MR or PET
image, which may be faster to acquire than specialized sequences such as
UTE. A downside to atlas based methods is that they cannot compensate
for atypical patient anatomy, such as tumors or operation scars.

Montandon et al. (2005) created matching attenuation maps and 18F-
FDG emission templates by averaging transmission and PET scans for
eleven patients. The emission template was standardized to new, not yet
attenuation corrected, PET images using non-rigid registration from the
software package Statistical Parametric Mapping (SPM). The transform
parameters from the standardization were then applied to the attenuation
map template to generate a patient speci�c attenuation map. The method
only required PET emission and transmission images so no MRI was in-
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volved. The method was evaluated on data from twelve cerebral scans.
No di�erence between template and transmission based attenuation cor-
rection could be noted visually. However, quantitatively signi�cant di�er-
ences to tracer uptake could be noted in several regions of the brain.

Rota Kops et al. (2007) created a matched pair of attenuation and T1-
weighted MR image templates by standardizing MRI and PET transmission
scans from ten volunteers using the SPM package. The T1-weighted tem-
plate was then non-rigidly registered to MR images of new patients. The
resulting transform parameters were used to warp the attenuation tem-
plate into a patient speci�c attenuation map. The resulting PET images
showed deviations between –10 and 9 percent as compared to PET images
reconstructed with transmission based attenuation correction. Later, the
method was extended to included gender speci�c templates (Rota Kops
et al. 2008) to account for morphological di�erences between women and
men.

Stanescu et al. (2008) used the FSL library (Smith et al. 2004) to seg-
ment T1-weighted images into a number of tissue classes. These were
then assigned bulk densities to generate synthetic CT images. Radiother-
apy treatment plans based on real CTs and synthetic CTs di�ered by less
than one percent in a number of dose measures and no clinically relevant
change to dose–volume histograms was observed.

Hofmann et al. (2008) extended the atlas approach by incorporating lo-
cal pattern recognition. An atlas containing co-registered T1-weighted SE
and CT images from 17 patients was constructed. Continuous valued ra-
diodensities were predicted in synthetic CT images that were then used for
attenuation correction of PET images. An average absolute LOOCV error
of 100.7 HU was found between CT and pseudo CT. PET images recon-
structed with pseudo CT demonstrated very high correlations to PET im-
ages reconstructed with CT based attenuation correction. In a later study
Hofmann et al. (2011) compared the performance of a pure segmentation
based synthetic CT method to the combined atlas and pattern recognition
method. The latter, was found to produce more accurate results. It was
also argued that the usual weakness of atlas based methods – the inability
to handle atypical anatomies – does not apply when pattern recognition
is added.

Schreibmann et al. (2010) used an optical �ow deformable registra-
tion algorithm in an atlas approach to generate synthetic CT images. The
method was evaluated on data from 17 brain tumor patients. Less than
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0.1 percent of the voxels in the synthetic CT showed di�erence of 100
HU or more compared to real CT images. The intensities in PET images
reconstructed with MRI and CT based attenuation correction were pro-
portional with proportionality constant that deviated less than 0.2 percent
from unity.

Malone et al. (2011) compared two di�erent atlas based methods for
attenuation correction of brain PET images. One used the BrainWeb and
Zubal digital phantoms as templates, the other a set of matched CT and
MR images of ten subjects. Deformable registration was performed using
a combination of SPM, vtkCISG and ITK B-spline. The resulting synthetic
CT images were used for attenuation correction of PET images. PET im-
age reconstructed with attenuation correction based on the ten template
subjects demonstrated the best agreement of radioactivity concentration
as compared to images reconstructed with transmission based attenuation
correction. The average errors were –1.2% ± 1.2% for B-spline and –1.5%
± 1.9% for SPM.

Dowling et al. (2012) performed radiotherapy dose planning for prostate
patients using an atlas based synthetic CT method. An atlas was created
from matched CT and MRI images of 39 patients and was then used to
create synthetic CT images for each patient in a LOOCV validation proce-
dure. Deformable registration was achieved by the di�emorphic demons
algorithm. In evaluation, dose di�erences were found to be less than 2
percent. Most of this was attributed to di�erences in the external contour
of the MRI and CT scans.
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Chapter 6

Parallel imaging

For a combined PET/MR scanner a short scan time is needed for the se-
quences used to generate the attenuation map. If the scan times for these
sequences are too long, less time will be available for functional imaging
and the power of combining PET and MRI will be reduced or lost. A num-
ber of techniques have been developed to reduce scan time for MRI. One
of the most common is parallel imaging which makes use of the spatial
di�erences in sensitivity of the coil elements in a receive coil matrix. As
noted in (2.27) the signal s j (k(t )) from an individual coil element j may be
seen as the Fourier transform of a spatial signal S j (r). This spatial signal
is the product of the complex transverse magnetization �eld M0(r) and a
coil sensitivity pro�le C j (r) as seen in (2.25). Thus, for each point in time
for which we ask the analog-to-digital converter, ADC, to collect a sample
we actually get n samples, were n is the number of active coil elements.
These samples each corresponds to a point in the Fourier transform of
their respective spatial coil element signal. The set of spatial signals forms
a system of equations.

S1(r) =C1(r)M0(r)

S2(r) =C2(r)M0(r)

... (6.1)

One method to reduce the scan time is to reduce the number of ac-
quired k-space lines, e.g. by omitting every second line. By (2.34) it is
seen that the e�ect of omitting every second line is a halved FOV since
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the aliasing lattice basis in r-space in given by R0 = K −T. This is illus-
trated in �gures 6.1. If we neglect the blurring in r-space that occurs due
to the windowing of k-space by w(k) in (2.30) we can write a new system
of equations that combines the e�ect of aliasing and the coil sensitivities
as

Z1(r) = {{C1(·)M0(·)}∗ IIIR0 }(r)

Z2(r) = {{C2(·)M0(·)}∗ IIIR0 }(r)

... (6.2)

This is illustrated in �gure 6.2. For sampling on a lattice aliasing is mani-
fested as the repetition of the image at regular intervals. If other sampling
schemes are used the aliasing pattern may be less coherent and can appear
as streaks or noise-like details.

6.1 Cartesian parallel imaging

Cartesian parallel imaging can be applied to lattice sampling. Each pixel in
the aliased image may then be seen as a weighted sum of a discrete �nite
and usually small number of samples of M0(r). Unwrapping of the aliased
images can be performed in either r-space or k-space.

6.1.1 SENSE

Sensitivity encoding – SENSE (Pruessmann et al. 1999) – reconstructs one
image from each coil element with a reduced FOV. These images corre-
sponds to the parts between the dashed lines in �gure 6.2. Also, SENSE
uses a pre-scan to determine what the coil sensitivity pro�les look like.
For each position in the aliased image a system of equations is solved for
two or more values of M0(r). For example, to determine M0(r1) and M0(r2)
in �gure 6.2 the system

Z1(r1) = Z1(r2) =C1(r1)M0(r1)+C1(r2)M0(r2)

Z2(r1) = Z2(r2) =C2(r1)M0(r1)+C2(r2)M0(r2) (6.3)

must be solved. Usually, this system, which can be overdetermined, is
solved using the Moore–Penrose pseudoinverse. Determining accurate
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Figure 6.1: The upper two images show a fullt sampled k-space and the
corresponding reconstructed image. The lower two images show an un-
dersampled k-space and the resulting image with wrap-around aliasing.
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Figure 6.2: The coils sensitivity pro�les C1 and C2 combine with the mag-
netization �eld M0 to form the spatial signals S1 and S2. If k-space is
undersampled the reconstructed images Z1 and Z2 exhibit aliasing in the
form of wrap around. The bounds of the reduced FOV caused by omitting
every second line in k-space is indicted in Z1 and Z2 by white dashed lines.
The intensity at the points r1 and r2 are superimposed on each other due
to aliasing. Thus Z1(r1) = Z1(r2) and Z2(r1) = Z2(r2).

54



coil sensitivity pro�les can be di�cult, and errors can cause artifacts in
the reconstructed images. Therefore other methods have been developed
that bypass the sensitivity pro�le estimation step.

6.1.2 GRAPPA

Generalized autocalibrating partially parallel acquisition – GRAPPA (Gris-
wold et al. 2002) – performs unwrapping in k-space. A fully sampled cal-
ibration region is acquired around the center of k-space. Because multi-
plication with a coil-sensitivity in r-space corresponds to a convolution
with a sensitivity kernel i k-space, see (2.27), each k-space value will be
smeared out in a local neighborhood. Therefore, it is possible to create a
regression model that synthesizes the missing point from the surround-
ing k-space samples, see �gure 6.3. The regression model parameters are
derived from the calibration region where both target and source samples
(gray and black in �gure 6.3) have known values. Because the regression
model is assumed to be invariant under translation, all target points in the
calibration region with a su�cient amount of acquired neighbors are in-
cluded in the parameter estimation for the model. Prediction is performed
for the missing samples in the undersampled region outside the calibration
region. Unlike SENSE, which reconstructs a single image M0(r), GRAPPA
reconstructs an image with a full FOV for each coil element. The param-
eters (on per source sample) in the GRAPPA synthesis linear regression
model are, as a whole, referred to as a GRAPPA kernel. The shape of the
GRAPPA kernel can vary depending on the sampling lattice and the pre-
dicted extent of the coil sensitivity kernels.

6.2 Non-Cartesian parallel imaging

For SENSE the unwrapping problem is separable such that only a few vox-
els are involved for each system of equations. For GRAPPA, the periodic
regularity of the sampling pattern makes it possible to synthesize all of
the missing k-space from only a small set of regression models. Thus,
both Cartesian methods can be implemented as fast non-iterative algo-
rithms. For the general case of non-Cartesian sampling, every pixel in the
unaliased images may depend on every pixel in the aliased image. There-
fore, reconstruction in r-space with SENSE would require the solution to
a gigantic system of coupled equations. Similarly, in k-space, a local sam-

55



Figure 6.3: The gray boxes represent collected samples and the black a
missing sample. For GRAPPA, samples at neighboring k-space points, k+
∆k1, ...,k+δk6, are used to synthesize a missing sample at k. Since three
coils are used samples from the three corresponding k-space signals, s1, s2

and s3, are used in the synthesis.

pling pattern may be unique or only occur a few times, thereby requir-
ing almost as many synthesis regression models as there are uncollected
samples. However, both the r- and k-space problems can be solved using
iterative methods.

6.2.1 CG-SENSE

The encoding matrix, E , transforms the complex magnetization in r-space,
M0(r), into the sample k-space values s j (k). For and image with 1923 vox-
els scanned with 4 channels the encoding matrix has 4 · 1926 elements.
Calculating the pseudo inverse of this matrix is not feasible. Instead, in
conjugate gradient SENSE – CG-SENSE (Pruessmann et al. 2001) – E is ex-
pressed as a multiplication with the coil sensitivity pro�les and a Fourier
transform. Both of these operations can be implemented e�ciently with-
out resorting to gigantic matrices. The conjugate of E can also be eval-
uated e�ciently as the combination of an inverse Fourier transform and
the multiplication with the conjugate of the coil sensitivity pro�les. If the
k-space samples do not fall on a lattice, gridding convolution can be used
to implement the Fourier transform operator. The system

Ex = y, (6.4)

where x are all the voxel values in the r-space image and y are all the
acquired samples, can then be solved in a least squares sense with the
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conjugate gradient method. The actual system solved is then

E †Ex = E †y (6.5)

where the dagger indicates the Hermitian transpose. The output, as for
SENSE, is the reconstructed x, i.e. M0(r).

6.2.2 SPIRiT

Iterative self-consistent parallel imaging reconstruction from arbitrary k-
space – or SPIRiT (Lustig et al. 2010) – borrows several concepts from
Cartesian GRAPPA. It requires a fully sampled calibration region of k-
space and derives a GRAPPA kernel from this region. However, instead
of directly synthesizing missing parts of k-space, the GRAPPA kernel is
used to formulate a constraint which enforces consistency between the
reconstructed k-space and the synthesis performed by the GRAPPA ker-
nel. Also, the SPIRiT GRAPPA kernel uses all neighboring sample points
as source, whether they have been acquired or not, see �gure 6.4. The idea
is that if a fully samples k-space is convolved with the GRAPPA kernel it
will leave the samples una�ected. The reconstruction problem can now
be posed as a minimization problem

argmin
x

{‖Ex−y‖2 +λ‖(G − I )x‖2} (6.6)

where E , I , G and λ are the encoding matrix, the identity matrix, the
GRAPPA operator and a selectable constant, respectively. The GRAPPA
operator, G , convolves the whole of k-space, with the GRAPPA kernel.
Unlike CG-SENSE where the encoding operator acted on an image, here
it acts on the Fourier transform of the image, which is denoted by x. The
right term enforces consistency between the reconstructed image k-space
and the acquired samples y. The second term enforces consistency with
the GRAPPA kernel. This minimization problem can be solved by using
the conjugate gradient method.

6.3 Application to CT substitutes

Aitken et al. (2014) used dynamic magnetic �eld probes to measure and
correct the k-space trajectories during UTE imaging. These UTE images
were then used to generate attenuation maps for PET reconstruction. Im-
provements to the segmentation of air, soft tissues and bone were reported,
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Figure 6.4: The SPIRiT GRAPPA kernel synthesizes a k-space sample at k
from all neighboring points. From the other coil signals even the samples
at k is included as a source.

especially close to air–soft tissue interfaces. CG-SENSE was used to reduce
the scan time when imaging volunteers. In an earlier study, Aitken et al.
(2013) used a combination of compressed sensing and parallel imaging to
accelerate UTE imaging for PET attenuation correction. Reductions in ac-
quisition times were achieved compared to full sampling.

Paper IV evaluated the improvement of using CG-SENSE and SPIRiT
as compared to convolution gridding for UTE reconstruction. The re-
constructed images were used to generate synthetic CT images. Only
marginal improvements to CT substitute quality were achieved with paral-
lel imaging. However the CT substitute generation was largely insensitive
to severe undersampling.

The lack of improvement from parallel imaging can be explained by
the diverging radial lines used in UTE imaging. The blurring of k-space
caused by the coil sensitivity kernels means that information about s j (k)
is stored in a region surrounding k. The size of this region depends on
the size of the sensitivity kernels. If samples are collected in this region
it might be possible to reconstruct s j (k). However, for radial imaging, the
region in which the distance between the radial lines is of the same size
size as the sensitivity kernels is limited. This is illustrated in �gure 6.5 for a
2D radial sequence. For a 3D sequence, the region where parallel imaging
is applicable would be smaller due to the quadratic growth of the surface
that the radial lines have to pass through.
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Figure 6.5: Sampling pattern for a 2D radial sequence. Black dots show
the location of collected samples. The gray discs indicate the extent of
the smearing caused by the coil sensitivity kernels. The inner black circle
indicates the edge of the fully sampled domain. The outer black circle
shows the end of the region where parallel imaging can �ll in the gaps
between samples.
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Chapter 7

Summary of papers

7.1 Paper I

A. Johansson, M. Karlsson, T. Nyholm (2011).

“CT substitute derived from MRI sequences with ultrashort echo time”.

Med Phys 38(5), pp. 2708-2714.

Purpose: Radiotherapy dose calculations and PET attenuation correction
require attenuation maps for ionizing radiation. These maps can be de-
rived from CT images but deriving them from MRI is not straightforward.
In particular, bone and air, which have vary di�erent radiodensities, are
di�cult to distinguish from one another in an MR image. This is a result
of the low proton density and rapid transverse relaxation of bone. UTE
MRI sequences minimize the delay between excitation and sampling. Us-
ing these sequences, it is possible to acquire a signal from bone. Thus UTE
can be used to generate attenuation maps with MRI.

Methods: Five patients were imaged with CT, UTE and a conventional T2-
weighted sequence. The parameters of a Gaussian mixture model for the
joint distribution of intensities from the di�erent images were estimated
from four subjects. From this model, a regression function was derived
as the expectation value for the CT radiodensity conditional on the MRI
intensities. This model was applied to the MR images of the remaining
patient to create a CT substitute. The CT substitute was compared to the
patients real CT. The estimation and prediction steps were repeated in a
leave-one-out cross-validation procedure.
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Results: The mean absolute deviation between the CT and CT substitute
was 137 HU. Faulty radiodensities were found in bone and at air–soft tissue
and bone–soft tissue interfaces.

Conclusions: The described CT substitutes could potentially be used for
PET attenuation correction and radiotherapy dose calculations. Because
the method converts MRI intensity to radiodensity voxel-wise, it preserves
the geometrical shape of imaged structures.

7.2 Paper II

A. Johansson, M. Karlsson, J. Yu, T. Asklund, T. Nyholm (2012).

“Voxel-wise uncertainty in CT substitute derived from MRI”.

Med Phys 39(6), pp. 3283-3290.

Purpose: The CT substitute method relies a parametric description of the
joint intensity distribution of CT and MR image intensities. Aside from the
expectation value for the CT radiodensity, the GMM distribution can be
used to calculate uncertainty measures, such as the conditional variance or
the conditional absolute deviation. Thus, along with the CT substitute, an
uncertainty map for the CT substitute radiodensity can be calculated. The
reliability of these uncertainty maps was evaluated. Also, the e�ect of the
individual input MR images on the CT substitute quality was investigated.

Methods: Uncertainty maps showing the expected absolute deviation
(EAD) were calculated along with CT substitutes for 14 patients. These
maps were then compared to the observed mean absolute prediction de-
viation (MAPD) between CT and CT substitute. The change to the MAPD
caused by removing one or more MR images was also calculated.

Results: The EAD and MAPD were proportional with a constant of pro-
portionality of 0.78. The UTE sequences could not be removed without de-
teriorating the CT substitute quality. However, removing the T2-weighted
SE sequence only caused a minor deterioration.

Conclusions: The uncertainty maps produced were reliable. Also, the T2-
weighted SE sequence could be removed from the set of imaging sequences
with maintained CT substitute quality.
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7.3 Paper III

A. Johansson, A. Garpebring, M. Karlsson, T. Asklund, T. Nyholm (2013).

"Improved quality of computed tomography substitute derived from mag-
netic resonance (MR) data by incorporation of spatial information – po-
tential application for MR-only radiotherapy and attenuation correction
in positron emission tomography".

Acta Oncol 52, pp. 1369-1373.

Purpose: Synthetic CT images can be generated using atlases of co-regis-
tered CT and MR images in combination with deformable image registra-
tion. They can also be generated by algorithms that combine voxel-wise
conversion with atlas registration. The Gaussian mixture model used to
create CT substitutes was modi�ed to take into account the spatial posi-
tion of the voxels.

Methods: Three coordinates – x, y and z – were included as variables in
the GMM distribution. Also, the distance to the patient external contour
was used as a variable. CT substitutes for nine patients were created using
GMMs with and without spatial variables.

Results: The MAPD was reduced with 10 HU when spatial variables were
included. Particular improvements were seen in the nose and ear cavities.

Conclusions: Including spatial variables in the GMM allows spatial in-
formation to bee combined with image intensities when creating CT sub-
stitutes. The could permit the CT substitute method to be generalized to
the whole body.

7.4 Paper IV

A. Johansson, A. Garpebring, T. Asklund, T. Nyholm (2014).

“CT substitutes derived from MR images reconstructed with parallel imaging”.

Med Phys 41(8), pp. 082302.

Purpose: The UTE MR images used to created CT substitutes use radial
sampling in k-space. Thus, Cartesian parallel imaging methods cannot be
used to accelerate the image acquisition. However, non-Cartesian parallel
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imaging methods, such as SPIRiT and CG-SENSE, can be used for the UTE
sampling pattern. The e�ect of undersampling on the CT substitute qual-
ity was investigated for ordinary gridding as well as for parallel imaging
reconstruction.

Methods: The MAPD was calculated for CT substitutes reconstructed
with gridding, SPIRiT and CG-SENSE from moderately to severely under-
sampled k-spaces.

Results: The MAPD only showed a weak dependence on sampling den-
sity for moderate undersampling. No improvement was seen when using
SPIRiT or CG-SENSE as compared to when using gridding. For more sever
undersampling SPIRiT provided a modest improvement over gridding.

Conclusions: Parallel imaging does not cause any improvements to CT
substitute quality. However, with ordinary gridding reconstruction, scan
times down to a minute can be achieved without adverse e�ects to the CT
substitute.
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Chapter 8

Discussion

Electron density and the magnetization of hydrogen nuclei are two quan-
tities which cannot easily be converted into one another. Nonetheless, for
a radiotherapy work�ow based on MRI only, or for attenuation corrected
reconstruction of images from the new imaging modality PET/MR, this
conversion needs to be accomplished. The possible bene�ts of these two
applications include reduced patient exposure to ionizing radiation, elim-
inated registration uncertainties, reduce target volume margins, possible
adaptive treatment forms, combined functional, morphologic and molec-
ular imaging as well as fewer patient examinations.

This dissertation investigates a number of aspects of the magnetiza-
tion to electron density conversion process. In Paper I, UTE was used to
gain contrast between air and cortical bone. To gain T1 contrast two dif-
ferent �ip angles were used for the UTE sequences. Also, a T2-weighted
SE sequence was included in the image set. Synthetic CT images were de-
rived from these images and demonstrated image contrast similar to that
generated by CT.

However, accurate radiodensity estimation was di�cult at air–soft tis-
sue and bone–soft tissue interfaces. This was attributed to the similar T ∗

2
caused by susceptibility induced magnetic �eld inhomogeneities at these
interfaces. Also, streak artifacts were present in the MR images and were
caused by rapid dephasing in regions outside the FOV. These artifacts were
considered an obstacle for imaging larger body parts, such as the pelvis.

The conversion model consisted of a Gaussian mixture. This type of re-
gression model was selected as a result of the multimodal image intensity
distribution, and the interpretation of modes as tissue types. A strength
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of GMM models is their ability to approximate a disparate set of distri-
butions. A weakness, is the large number of parameters that need to be
estimated in the multivariate case.

In Paper II the Gaussian mixture model was used to generate a per-
voxel measure of uncertainty for the estimation of radiodensity in the CT
substitute. This was possible because the model described the whole in-
tensity distribution rather than just a regression function. Thus, for each
voxel, a conditional radiodensity distribution could be derived from mea-
sured MRI intensities, and from this distribution a measure of expected
dispersion – the expected absolute deviation (EAD).

In order for this measure to be reliable the patients and equipment con-
�gurations must re�ect the dispersion found in the whole population of
imaging scenarios. As our population was limited to older patients imaged
with a speci�c camera, the uncertainty model could not be directly trans-
ferred to another patient group. However, misregistration errors, inter-
patient tissue intensity variability, image artifacts and other sources of
variation are all encapsulated by the joint intensity distribution and there-
fore propagate into the EAD.

Paper II also evaluated the contribution from the di�erent images in-
cluded in the model to the accuracy and precision of the radiodensity pre-
diction. As a result of this analysis the T2-weighted sequence was elimi-
nated, leading to a reduced acquisition time. Thus the method was simpli-
�ed to only include dual echo UTE sequences, thereby demonstrating that
these sequences are indeed those most relevant for voxel-wise discrimina-
tion of bone and air.

Because the voxel-wise approach in Papers I and II resulted in in-
accurate radiodensity predictions at air–soft tissue and bone–soft tissue
interfaces, and because other authors had successfully applied atlas and
template registration based methods to the problem of generating syn-
thetic CT images, an attempt was made in Paper III to include spatial
information in the GMM. Some spatial information had already been in-
cluded in the GMM for Papers I and II in the form of local texture analysis
using spatial �lters. However now the x, y and z coordinates with respect
to the center of the head were included as variables in a joint distribution
for intensity and position. Thus a local pure intensity distribution can be
derived from the full distribution for each location in the image. In this
way, prior information about the frequency of a tissue in di�erent parts of
the head could help to reject unrealistic predictions. The radiodensity pre-
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diction improved for the whole head but particular improvements where
seen at interfaces in the nose and ear cavities.

A larger number of Gaussians where included in the model to com-
pensate for their spatial localization. Thus the number of parameters in-
creased to make the parameter estimation problem ill-conditioned. This
obstacle was solved by regularizing the EM algorithm by only allowing
a minimum size of the singular values of the covariance matrices of the
Gaussians. The e�ect of the regularization was to limit the spatial stan-
dard deviation for each axis to 2 cm and the standard deviation of the
image intensities to an estimation of the noise level for each image type.
As a result of this the pure intensity distribution derived from the full dis-
tribution varied slowly in space. Thus, if the intensities were ignored and
the radiodensity predicted based on position only, the resulting CT sub-
stitute was very blurry. While this may seem like a drawback at �rst, it
actually avoids some of the problems with atlas registration. Because the
spatial prior information is smooth with respect to position, details in the
MR images will propagate into the CT substitute without being shifted or
distorted as may be the case for atlas or template based methods.

A weakness of MRI as a whole is that the image intensity for a particu-
lar tissue type is not reproducible across body parts, coil con�gurations or
vendors. Thus an intensity distribution estimated from one examination
need not match that from another. This problem was dealt with in Paper
I by only imaging the head, with one particular coil matrix on one MRI
machine. While the volume and anatomy of the head do vary between
patients, the variation is smaller than that for the thorax or pelvis. Thus,
tissue intensities were approximately reproducible across patients.

However, for Paper III, histogram normalization was introduced to
the method as a new processing step. For this paper the patients were not
all imaged with the same coil and therefore the tissue intensity was not
consistent across patients. This was corrected for by scaling the intensity
of each MR image until the univariate histogram matched a reference in-
tensity distribution. This step was necessary as naive prediction from im-
ages with uncorrected intensities produced CT substitutes of poor quality.
The correction could help to make the GMM model transferable from one
equipment con�guration to another. However, the correction relies on an
assumption about the similar appearance of intensity histograms for dif-
ferent patients. This assumption may not hold when comparing di�erent
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patient groups, such as young and old, or male and female, and it certainly
does not hold for di�erent parts of the body.

The scan time for the sequences used in Paper III was six minutes.
This time eats from the total MRI examination time available for a given
patient. Especially for PET/MR, for which multiple bed positions may
be scanned, the sequences needed for attenuation correction reduces the
number of functional and morphologic images that can be gathered with
MRI. In Paper IV, non-Cartesian parallel imaging was applied to the re-
construction of UTE images from undersampled k-space data. No sub-
stantial improvements to the quality of the CT substitutes were observed
when deriving the CT substitutes from images reconstructed with parallel
imaging as compared to when deriving them from images reconstructed
with gridding. However, the undersampled UTE images produced CT sub-
stitutes of only slightly lower quality then those produced from fully sam-
pled data. Thus, resolution does not appear to be crucial for discriminating
bone from air in UTE images. Of course, lower resolution UTE images will
produce lower resolution CT substitutes. Therefore, a reduced scan time is
only possible for applications where a lower resolution is acceptable, such
as for attenuation correction.

Electron density maps can be derived from MR images. However, UTE
images produced from a moderate scan time may not provide an su�cient
contrast-to-noise ratio for discriminating bone from air in a pure voxel-
wise conversion. The conversion can be made more reliable by taking the
position of the voxel inside the patient into account and by applying a
number of preprocessing steps to provide reproducible image intensities.
For a clinical setting, a robust conversion of MR images into CT substitutes
may need to employ a combination of intensity discrimination, pattern
recognition and spatial prior information.
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