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Abstract

This short paper proposes a simultaneous equations model formulation for time se-

ries of count data. Some of the basic moment properties of the model are obtained.

The inclusion of real valued exogenous variables is suggested to be through the pa-

rameters of the model. Some remarks on the application of the model to spatial data

are made. Instrumental variable and generalized method of moments estimators of

the structural form parameters are also discussed.
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1 Introduction

This paper introduces a simultaneous equations model for a vector of jointly determined

count (integer-valued) data endogenous variables. The model representation extends a

strand of literature originating from McKenzie (1985) and Al-Osh and Alzaid (1987) on

the univariate integer-valued autoregressive model of order one (INAR(1)) by allowing

for simultaneous effects in a way related to classical econometric treatments for continu-

ous variables. Simultaneity is here and elsewhere mostly taken to be a consequence of a

low sampling frequency. With a higher sampling frequency, the causal effects are taken

to be unidirectional, but at a lower frequency, say, at an annual frequency, the causal

directions may not empirically be separable.

Other previous extensions of the INAR(1) model are surveyed by McKenzie (2003)

and later contributors to the research field. The extensions include allowing for higher

order lags (e.g., Alzaid and Al-Osh, 1990), multivariate models (e.g., McKenzie, 1988),

and the inclusion of exogenous variables (Brännäs, 1995). The INAR models have also

been extended to include moving average terms. In the economics field we, e.g., find

applied INAR(1) works reported for the pharmaceutical market (Rudholm, 2001), own-

ership of shares (Brännäs, 2013), and the entry and exit behavior of firms in a regional

setting (Berglund and Brännäs, 2001).

So is there a real need for a model extension of this type? The answer is not surpris-

ingly yes, and it is here motivated by two areas of application – finance and regional

economics. In finance, integer-valued time series models have been found useful, at

least, in an interpretational sense for variables such as the number of share owners in

stocks, the number of traded stocks (trading volume) and the number of transactions.

It is quite clear that one can expect simultaneity at all but the highest (intra-day) sam-

pling frequencies simply by the fast information flows in the financial sector as well

as by portfolio arguments. Empirically it appears plausible to expect either positive or

negative effects between jointly determined variables within each of the sub-categories.

In a regional economics context, there are many examples of count data variables, such

as child births, accident frequencies, and the number of, say, crimes. Given annual data

there are bound to be simultaneous effects that by reduced form modelling approaches

are hidden in a covariance matrix for the error term vector, and where only total rather

than the direct and indirect effects, that a simultaneous equations model offers, can be
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estimated.

Section 2 defines the proposed simultaneous model for integer-valued or count data,

and Section 3 gives a few of its moment properties. In Section 4 we discuss some

particulars that appear relevant for regional econometric applications of the model type.

Section 5 gives some general comments on the estimation of unknown parameters.

2 The Model

The structural form of a simultaneous integer-valued autoregressive model of order one

(SINAR(1)) can be written as

yt = A ◦ yt + B ◦ yt−1 + εt, t = 1, . . . , T, (1)

where the M×M matrix A is of the general form

A =



0 α12 α13 · · · α1M

α21 0 α23 · · · α2M
...

. . . . . . . . .
...

...
. . . . . . αM−1,M

αM1 · · · · · · αM,M−1 0


.

The endogenous yt = (y1t, . . . , yMt)
′ vector and its lags are all integer-valued. The

model contains simultaneity or interdependence across these yit variables as reflected

by the non-zero off-diagonal elements in the A matrix. The symbol ◦ represents bino-

mial thinning which replaces standard multiplication in order for the model to generate

integer-valued outcomes. For instance, for a scalar integer-valued random y variable

the thinning operation is defined as α ◦ y = ∑
y
i=1 ui, where {ui}

y
i=1 is an iid sequence of

0− 1 random variables and Pr(ui) = α. It follows that the integer-valued α ◦ y ∈ [0, y]

and that for a given y, α ◦ y is binomially distributed. This motivates the label binomial

thinning.

The parameters in the A and B matrices are interpreted as probabilities, so that

αij ∈ [0, 1], βij ∈ [0, 1], for all relevant i, j. Thinning operations are performed element by

element, such that for the ith equation we have from (1) that

yit =
M

∑
j=1,j 6=i

αij ◦ yj,t +
M

∑
j=1

βij ◦ yj,t−1 + εit.
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The different thinning operations are assumed independent and independent of the

disturbance term εt, for all t.1 For the unobservable random εt vector we assume

E(εt) = λ ≥ 0 and E(εtε
′
s) = Σ, for t = s and equal to 0 when t 6= s. A few key

results for binomial thinning operations are given in the Appendix. Note that the model

in (1) does not yet contain exogenous variables, see more on this below.

By this specification there can only be contemporaneous positive effects between the

yit, i . . . , M variables for the given specification of A. This is beneficial in guaranteeing

that yit ≥ 0, for all i and t. Even if this condition is to hold true we may account

for smaller negative effects by using a minus sign for some of the αij in A. In such

cases thinnings are to be interpreted as −(αij ◦ yjt). Related to this, we may define

A∗ = IM −A, with IM the M×M identity matrix, and write the model as

A∗ ◦ yt = B ◦ yt−1 + εt.

This form reveals the closeness to structural VAR models.

With up to 2 · M2 − M potential parameters in the A and B matrices the general

model in (1) is likely to be too rich in parameters for many practical purposes unless

some additional restrictions are enforced, beyond the zeroes in the diagonal of A. These

zeroes correspond to the normalization convention (cf. the ones in the A∗ matrix).

Moreover, the standard assumptions E(εt) = λ ≥ 0 and E(εtε
′
s) = Σ, bring along

M+ M(M+ 1)/2 additional and potentially free parameters. Note that in the important

and parsimoniously parameterized special case of independently Poisson distributed

εit, i = 1, . . . , M, we have diag(Σ) = λ and zeroes elsewhere in Σ.

Various special cases of (1) have previously been considered in the literature. When

A = 0, the model in (1) simplifies to a multivariate INAR(1) (e.g., Berglund and Brännäs,

1996; Pedeli and Karlis, 2013). If in addition, B = βI, i.e. the matrix is diagonal with

a scalar parameter, and there is no dependence between the elements in the εt vector

and all elements have the same first two moments, so that, e.g., λ = λ01M, with λ0 an

unknown scalar parameter and 1M = (1, . . . , 1)′, and Σ = σ2IM, the model simplifies

to a replicated INAR(1) (e.g., Silva, 2005). With also B = 0 we then simply have M

independent variables.

1Brännäs and Hellström (2001) consider the consequences of relaxing such independence assumptions

in the INAR(1) model. Most often only higher order moments will change when such assumptions are

varied.
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The model in (1) may be extended in, at least, two important directions. It is obvi-

ously possible to incorporate higher order lags of yt. Importantly, exogenous variables,

that may vary over time and may be included in lagged form, can be incorporated

through the parameters of the model. For αij we may adopt, say, a logistic specification

(cf. Brännäs, 1995) to get

αij,t = 1/(1 + exp(x′ij,tθx)),

with θx a kx dimensional parameter vector, and for βij,t = 1/(1 + exp(w′ij,tθw)), there is

a kw × 1 parameter vector θw. The exogenous variables are collected into the vectors xij,t

and wij,t, respectively. For the λ vector we may let the elements be of an exponential

form, i.e. λit = exp(z′itθz), with θz a kz × 1 parameter vector. Such seemingly extending

specifications are likely to reduce the number of unknown parameters rather than to

increase the number, i.e. we expect that kx + kw + kz is much smaller than 2 ·M2 −M +

M. Other ways of incorporating exogenous variables cannot in a general way guarantee

that the endogenous yt variable vector comes out as integer-valued. While it is possible

to incorporate exogenous variables in the yt vector in terms of a linear VAR/reduced

form any such attempt comes at the cost of a non-interpretable corresponding structural

form, at least, when the exogenous variables are continuous ones. Obviously, there can

be mixed forms of continuous and integer-valued variables, but where the continuous

variables effect the integer-valued ones through nonlineary specified parameters.

The specification that comes closest to the classical, static simultaneous equations

model has B = 0, A time invariant, and with exogenous variables included only through

λt, i.e.

A∗ ◦ yt = λt + ε∗t

with ε∗t = εt − λt. If yt takes on large numbers λt can potentially be specified as linear

in z without violating the non negativity constraint in yt. The general simultaneous

equations model with time dependent parameters based on exogenous variables is writ-

ten

yt = At ◦ yt + Bt ◦ yt−1 + λt + ε∗t , t = 1, . . . , T.

In Section 5, we make some more specific remarks on how the simultaneous model

can be adapted for spatial econometrics applications.
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3 Model Properties

The structural form representation in (1) is not very useful when we wish to study

the moment properties of the yt vector and when we are interested in the dynamic

properties or in forecasting. For such purposes the reduced or the final forms are the

typical points of departure. Here, we focus on the reduced form as this also serves as

the basis for some widely employed estimators.

To illustrate the difficulties that emerge in attempting to find such a reduced form in

this setting, consider as an example the following simple structural form:

y1t = α1 ◦ y2t + β1 ◦ y1t−1 + ε1t

y2t = α2 ◦ y1t + β2 ◦ y2t−1 + ε2t.

By substitution we get

y1t − α1α2 ◦ y1t = α1β2 ◦ y2t−1 + β1 ◦ y1t−1 + ε1t + α1 ◦ ε2t

y2t − α1α2 ◦ y2t = α2β1 ◦ y1t−1 + β2 ◦ y2t−1 + ε2t + α2 ◦ ε1t,

but with the thinning operators rather than multiplications it is difficult to explicitly

solve for y1t and y2t, respectively, if we are to respect distributional rules.

Under the assumption of a Poisson distributed yit, the distribution of the left hand

side yit − α1α2 ◦ yit = 1 ◦ yit − α1α2 ◦ yit of either equation remains Poisson with pa-

rameter (1− α1α2)E(yit). The Poisson arises from Poisson assumptions for εit and yi0,

for i = 1, 2, and the right hand side will then be Poisson distributed, say, Poisson(ηit).

Assuming equality in distribution of the left and right hand sides we obtain that yit is

Poisson distributed with parameter (1− α1α2)−1ηit.

Unfortunately, there does not appear to be general results for the direct ’inversion’ of

thinning operations, and this makes giving general reduced form results complicated.

Hence, it appears difficult to obtain explicit distributional results and functional expres-

sions for the yt vector except perhaps in some special cases. While different, the current

specification then shares the property of a nonexplicit reduced form with general non-

linear simultaneous equation models.

Still, some moment results can be obtained. We start by conditioning the model in

(1) on past observations Yt−1 to get

E(yt|Yt−1) = AE(yt|Yt−1) + Byt−1 + λ.
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The matrix A∗ = I−A matrix is assumed invertible in this complete system, so that the

conditional expectation is

E(yt|Yt−1) = A−1
∗ Byt−1 + A−1

∗ λ = Cyt−1 + λ∗. (2)

This is the key part of the reduced form and the full reduced form can now be written

yt = E(yt|Yt−1) + ξt = Cyt−1 + λ∗ + ξt, (3)

where E(ξt|Yt−1) = 0. This way of writing the model is useful for model analysis,

though it is not useful as a description of the data generating process as there is no guar-

antee that integer-valued yt can be generated. For this the ξt needs to have an explicit

form. The structural form is mostly seen as the ideal description of the data generating

process with its explicit direct and indirect effect interpretations of the parameterization.

The reduced form only gives total effects. The model in (3) is of a VAR(1) form, which

makes model based analysis by analogy to the VAR literature straightforward.

For stationarity we require that the largest eigenvalue of C is smaller than one

in absolute value. Under stationarity the unconditional expected value is E(yt) =

(I− C)−1λ∗. Unfortunately, there does not seem to be a general result translating the

eigenvalue condition into conditions on the underlying A and B matrices. Likewise,

given the probability interpretations of the structural form parameters αij and βij there

is no general guarantee that the elements of the C matrix can be interpreted as probabil-

ities. Note also, that in a univariate setting c = 1 is to be rejected whenever an observed

change yt − yt−1 < 0 emerges.

To obtain the conditional variance V(yt|Yt−1) we rewrite the structural form in (1)

as:

yt = Ayt + Byt−1 + λ + ε∗ + (A ◦ yt −Ayt) + (B ◦ yt−1 − Byt−1)

= Ayt + Byt−1 + λ + ε∗∗t , (4)

where the composite disturbance terms ε∗t = εt − λ and ε∗∗t both have zero means,

but obviously the latter contains both current values and lags of yt. The corresponding

reduced form is identical to the one in (10) with ξt = (I − A)−1ε∗∗t = A−1
∗ ε∗∗t . The

important ingredient for the conditional variance is the one-step-ahead prediction error
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ỹt = yt − E(yt|Yt−1). We get

ỹt = Ayt + Byt−1 + λ + ε∗∗t −AE(yt|Yt−1)− Byt−1 − λ,

= Aỹt + ε∗∗t

= A−1
∗ ε∗∗t

and therefore we get the conditional variance expression

V(yt|Yt−1) = E(ỹtỹ′t|Yt−1) = A−1
∗ E(ε∗∗t ε′∗∗t )(A′∗)

−1 = A−1
∗ Σ(A′∗)−1

after some tedious calculations. This corresponds to the covariance matrix for the re-

duced form of conventional simultaneous equations models.

If the exogenous variables xt, wt and zt enter the A and B matrices as well as the λ

vector, the conditioning needs to be extended to include the set of exogenous variables

χτ = {xτ, wτ, zτ|τ ≤ t}. The only consequence for conditional moments is that the

structural form parameter matrices and the λ vector are then to be time-indexed.

4 Remarks on Spatial Modelling

In the spatial econometrics literature (e.g., Anselin, Florax and Rey, 2004) the spatial dis-

tance between observable units is an important ingredient. The simultaneous equation

model in (1) can be adapted to a spatial context by letting the elements of the yt vector

represent the same variable but measured in the different spatial units, such as munic-

ipalities or regions. Here, the spatial effects are perhaps best implicitly incorporated

through matrices A and B and the λ vector.

The spatial econometrics literature makes frequent use of a weight matrix W, that

may be time-varying, to reflect the spatial distance and it can, e.g., have elements in the

form of gravity models Wij = ω0Mi Mj/Dij, i 6= j and Wii = 0, for all i. Here, ω0 is an

unknown parameter, Mi represents a measure of mass for unit i, and Dij is a measure

of distance between units i and j. The Mi and Mj may be measured by wealth or some

other economic size variable and will therefore likely be time-varying, implying time-

dependence also in Wij,t. As the distance increases Wij will typically become smaller

and then implying a smaller spatial correlation.

Since, the A and B matrices in (1) contain probabilities a logistic specification may
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be usefully applied (Brännäs, 1995). Thus, thanks to symmetry

αij = 1/(1 + exp(α0 + Wij)) = αji, i 6= j,

which holds also in the presence of time-dependence. The M diagonal elements of A

are again all set equal to zero. The effect of this simple parametrization is to reduce

M2−M potentially unknown αij to two unknown parameters, α0 and ω0. When ω0 = 0

there is no spatial effect. If W contains no unknown parameter, as, e.g., when Wij is set

equal to 1/Dij we could use αij = 1/(1 + exp(α0 + αWij)) = αji, i 6= j. If we were to also

include explanatory variables in αij the symmetry is likely to be lost. The probabilities

of the B matrix may be specified in some analogous manner, and the λ vector as well as

the covariance matrix Σ in some related ways.

A direct use of the more conventional spatial econometrics analogues, such as, AW ◦
y or A ◦Wy are less suitable than the illustrated A(W) ◦ y specification if we wish to

adhere to the count data interpretation of yt.

For small numbers of spatial units or when the spatial dependence is limited to the

nearest neighbours it is not always necessary to include distance explicitly, but to instead

use the αij and βij parameters directly. Such studies have up till now assumed αij = 0.

For instance, Brännäs and Brännäs (1998) used a binomial INAR(1) model for fish visits

in a closed experimental tank system, and Ghodsi, Shitan and Bakouch (2012) studied

the moment properties of a space-time INAR model of order (1,1).

5 Notes on Estimation

The presence of yt variables in the right hand side of (1) implies a dependence with

the disturbance term εt. This dependence renders, e.g., the ordinary (conditional) least

squares estimator inconsistent. In addition, previous sections have indicated that ob-

taining a distributionally welldefined reduced form is nontrivial in general. For that

reason maximum likelihood estimation appears to be beyond reach in most cases.

Instead, we first focus on directly estimating the unknown parameters based on the

structural form in (1). We consider both single equation as well as joint estimation of the

full system. We later discuss estimating the parameters in terms of the reduced form.

The presence of the thinning operations in (1) complicates a direct use of consistent

estimation approaches such as conventional instrumental variable (IV) or generalized
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method of moments (GMM). Therefore, the rewritten simultaneous equation model in

(4), i.e. yt = Ayt + Byt−1 + λ + ε∗∗t , is a more convenient starting point.

Hence, whether instrumental variables yt−k, k ≥ 1, can or cannot be used to consis-

tently estimate the parameters needs to be studied. Since,

E[(A ◦ yt −Ayt)yt−k|Yt−k] = 0

E[(B ◦ yt−1 − Byt−1)yt−k|Yt−k] = 0

it follows that these instrumental variables are also unconditionally uncorrelated with

the composite disturbance term ε∗∗t . In addition, it follows from the model that the

instrumental variables are correlated with the right hand side variables. Therefore, IV or

GMM estimators based on a single equation or on all equations jointly will be consistent

and asymptotically, normally distributed. Since the number of instrumental variables

will typically be large in this setting, the GMM estimator will be quite efficient. In fact,

the current context is very close to the one treated in the literature on the estimation of

the first order dynamic panel data model.

When exogenous variables are nonlinearly included in the At and Bt matrices and

in the λt vector, the estimation of the parameter vector θ = (θ′x, θ′w, θ′z)
′ is to be made

by some nonlinear version of the IV or GMM estimators. In this case, the exogenous

variables and their lags can also be used as instrumental variables. Depending on the

parametrization, there may be cases where systemwide rather than single equation es-

timation should be pursued. This is the case when some parameters are viewed as

constant across equations as, e.g., in the spatial model.

Next, we consider estimation based on the prediction error or alternatively on the

reduced form. The ith equation of (1) is yit = ∑M
j=1,j 6=i αij ◦ yjt + ∑M

j=1,j βij ◦ yj,t−1 + εit and

simultaneity implies that the right hand side current yjt variables are correlated with

εit. The prediction error is ỹit = yit − E(yit|Yt−1), which by specialization of (2) can be

written

ỹit = yit −
M

∑
j=1

γijyj,t−1 − κi,

where γij is the jth element in the ith row of (I−A)−1B and κi is the ith element of the

M× 1 vector (I−A)−1λ. The prediction error has mean zero, but its variance is likely

to be heteroskedastic. For the full system, the prediction error is

ỹt = yt − (I−A)−1(Byt−1 − λ).
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Whether we consider limited or full information estimation methods, nonlinearity is a

key ingredient of any least squares estimator based on this prediction error. Obviously,

it will also be important to consider the identifiability of individual equations.
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Appendix: Some results for binomial thinning operators

The binomial thinning operator is defined as

α ◦ y =
y

∑
i=1

ui,

where y is an integer-valued random variable, and the {ui} sequence is made up of

0− 1 iid random variables. The probability Pr(ui = 1) = α is constant across i. Hence,

the integer-valued α ◦ y ∈ [0, y], and for a given y it follows a binomial distribution. If,

e.g., y is Poisson distributed the distribution of α ◦ y is Poisson distributed as well.

Results are most easily obtained using the probability generating function. For the

case of a given y we have E(tα◦y|y) = E(tu1+u2+...+uy |y) = E(tu) · y = [t0 · Pr(u =

0) + t1 · Pr(u = 1)]y = [1− α + αt]y. The conditional expectation is then E(α ◦ y|y) =

∂E(tα◦y|y)/∂t|t=1 = αy and unconditionally we get E(α ◦ y) = Ey[E(α ◦ y|y)] = αE(y).

The corresponding second order moments are E[(α ◦ y)2|y] = αy + α2y(y− 1) and

unconditionally E[(α ◦ y)2] = α2E(y2) + α(1− α)E(y). From these results it follows that

the conditional variance is V(α ◦ y|y) = α(1− α)y and that the unconditional variance

is V(α ◦ y) = α(1− α)E(y) + α2V(y). In addition, E[(α ◦ yi)(α ◦ yj)|yi, yj] = α2yiyj and

E(α ◦ yi)(α ◦ yj) = α2E(yiyj).

Among other useful results we mention the following equalities in distribution: α ◦
(β ◦ y) = (αβ) ◦ y; α ◦ β ◦ y = β ◦ α ◦ y and α ◦ (y + x) = α ◦ y + α ◦ x. Note that

α ◦ y + β ◦ y and (α + β) ◦ y are not equal in distribution.
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