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CHAPTER I INTRODUCTION AND OVERVIEW

1.1 On the interface between economics and demography

ParaUel _ a2L1£m

Given, in a plane, a line L and a point. P not on L.

"Through P there exists one and only one line parallel to L."
Euclid

"There are at least two lines through P parallel to L." 
Lobatschewsky

"There are no lines trough P parallel to L."
Riemann

Public opinion holds that the economist's main task is the analysis of 
price adjustment mechanisms, unemployment and balance of payments 
problems. Anything beyond these main professional areas may in the
eyes of the layman be interpreted in two different ways:

a economics has an imperialistic ambition in relation to different 
social sciences

b the diminishing returns to economic research

Even among economists, economics is considered an imperial science 
with a position among the social sciences analogous to that of mathe
matical physics or biology in the natural sciences, a view extensively 
supported among others by Samuelson (1985) and Stigler (1984).

The main examples include Coase's theorem (1960) and Becker's 'crime 
and punishment' approach (1974) in law; Becker's family theory (1981) 
in sociology; Becker's (1960), Leibenstein's (1957) and Easterlin's 
fertility analysis (1962) in demography; the 'public choice' school in 
politics; Fogel'8 (1974) slavery analysis in history; and H. Simon 
(1957) in psychology. The infiltration of economists into other
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disciplines has not always been appreciated by other scientists. Rut 
in the case of demography the outstanding demographer Nathan Keyfitz 
(1982) wrote:

"....demography, far from being imperialistic, has withdrawn 
even from its own frontiers and left a no-man's land which other 
disciplines have infiltrated. Economists turned their attention 
to marriage and fertility, with interesting results. The classi
cal question of population and food supplies is part of farm 
economics, world modellers have taken on the relation of popula
tion to its ecological setting.'

Diminishing returns to economic research has been identified by some 
economists, too.

In the last quarter of the century the 'structure of scientific revo
lutions' in pure economics exhibited a very poor performance. Many 
economists claim that the diminishing returns of economic analyses 
have brought about the need for economists to attain higher returns in 
neighbouring social sciences. The 'marginal' revolutions in economic 
theory have mainly taken place near the interfaces with neighbouring 
disciplines. Koopmans (1979) advocated that the gradual breakdown of 
barriers between disciplines will advance science. The established 
pattern of thinking in economics may restrict the analysis of social 
events. The way in which economists invade demography is vividly 
described by Samuelson (1985):

"Like lemmings oppressed by the workings out of the law of 
diminishing returns, economists will continue to swarm into the 
area of demography.'

What relation is there between these two disciplines?

An important concern of economists is the impact of a population 
change upon scarce resources. Demography once belonged to the sphere 
of political economy. In classical economics, population was a vari
able subject to equilibrium analysis. The interaction between demo
graphic and economic factors has been popularized by the Malthusian
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law. This law states the impossibility of long-run geometric popula
tion growth together with an arithmetic growth in the means of subsi
stence. Malthus wrote in the first edition of his well-known work 
(1798):

"...I say, that the power of population is infinitely greater 
than the power in the earth to produce subsistence for man. 
Population, when unchecked, increases in a geometrical ratio. 
Subsistence only increases in an arithmetical ratio. A slight 
acquaintance with numbers will show the immensity of the first 
power in comparison of the second."

Malthus posited this law under some initial boundary conditions im
posed by the economic structure, the social values, and the moral 
system of his time. In the neoclassical era, economics and demography 
drifted apart. There are, of course, examples of scientists who con
tinued to work in both disciplines. One such example is the Swedish 
economist Knut Wicksell (1880, 1910), the last important neoclassicist 
who wrote articles on population issues in a neo-Malthusian 
tradition. Nowadays, economists have once more invaded the area of 
demography.

Demography deals with the mathematical theories of population statics 
and dynamics; vital rates in relation to the age structure, dynamics, 
growth and their perturbations. A major part of demographic research 
has been directed to population analyses and projections through a 
high disaggregation of demographic components by age, sex, and region 
without paying any attention to the economic factors underlying popu
lation processes. Constancy over time in spatial populations flows is 
assumed. The aim of demography is the identification of the observed 
regularities and fitting them into a quantitative model. The search 
for regularities is concentrated on the age-structure of demographic 
components. Since Leslie (1943) published his work, demography has 
been preoccupied with grand scale esoteric modelling based on internal 
consistency and logic, lacking the initial boundary conditions imposed 
by social, economic, and moral systems. The age structure of a popu
lation will have obvious effects on consumption, demand for health and
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education and other public services. Accurate projections of the popu
lation age-structure will help the policy-makers to match the demand 
for public services.

Demographic models have as a rule not been able to predict the turnmq 
points in population development, or in highly turbulent environments.

As an example of the shortcomings in pure demographic modelling con
cerning turning points, let us take the demand for new Ph.D's m  the 
1980s in the U.S. During the 1960s universities increased their output 
of graduates, but a person with a Ph.D could easily get a job as a 
teacher in an institution of higher education (for simplicity no other 
employment alternatives are considered). It is also assumed that the 
number of staff is tied to the number of students. Projections of this 
employment situation using a standard demographic model could lead us 
to believe that every new Ph.D in the 1980s would also easily find 
employment. But m  the 1980s, real salaries of academics went up, the 
demand for new Ph.D's declined, and the numbers of students entering 
universities declined, i.e. the growth rate of students entering 
university determined the demand for the new Ph.D's. This turning 
point in the future demand could possibly have been predicted by a 
simple economic model. The insights gathered in economics and other 
social sciences could be advantageous for demography in substantive 
content.

The search for regularities is a central theme in the Newtonian model 
of science as well as our picture of the world. Frisch (1971) in his 
Nobel Prize lecture in economics stated, 'Indeed, science too has a 
constant craving for regularities. Science considers it. a triumph 
whenever it has been able by some partial transformations here and 
there, to discover new and stranger regularities.' Due to unpredict
ability at the individual level, combined with large numbers of indi
viduals, regularities may be observed in the aggregate behaviour of 
the human beings. In the social sciences this principle can be traced 
back to Quetelet's work "Social Physique" in the early nineteenth cen
tury. Scientists build models - 'theories in manipulable form'- to 
capture the regularities in population development.
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In economics up to the middle of 1950s, the growth and distribution 
aspects of population were almost always studied separately from each 
other. Exceptions to the rule were economists like Hotelling, and 
others, who belong to the spatial school of economics.

In growth theory (e.g. Solow's model) the population concept is used 
in a trivial way but the process of capital accumulation is explained 
in detail (see Pitchford, 1974). In the literature of growth theory 
two assumptions have been extensively used:

1 Population is homogeneous, and

2 There is a fixed ratio between the labour force and the total popu
lation

Concerning the topic of population distribution in space, there is a 
voluminous economic literature on the causal structure underlying 
migration flows. But once again, the demographic profile of the popu
lation is ignored.

Would it have been possible many years ago to predict the high youth 
unemployment that prevailed in Sweden during the 1970s on demographic 
grounds?

The post World War II baby-boom attained its maximum in the United 
States and in many other industrial countries in the mid 1950s. In the 
late 1970s the problem of unemployed youth was interpreted by the 
dogmatic economists only in the light of the main stream economic 
analysis of recession. When the members of the baby-boom cohort 
entered the labour market in the late 1970s, they drastically changed 
the magnitude and the demographic structure of unemployment. Easterlm 
(1968) maintained that the changed age structure of the labour force 
would increase unemployment ceteris paribus. In the 1970s the un
employment rate of the youth (aged 16-24) was almost 3 times higher 
than that rate of workers aged 25-54.
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What will be the consequences for the economy, when the baby-boom 
cohort reaches retirement age?

In the first quarter of the 21st century, when the baby-boom cohort 
reaches retirement age, the social security systems will face unpre
cedented fiscal challenges. The economic profession may try to explain 
this event with the same dogmatic orthodoxy as usual, proposmq a 
'monetary approach to the balance of payments' etc. At that time, the 
worker-to-pensioner ratio will decrease drastically, not only due to 
the retirement of the baby-boom cohorts, but also due to increased 
longevity. The post baby-boom cohorts will have to take on an extreme 
economic burden in financially supporting the social security system, 
and they have to trade off tax increases against pension benefit 
reductions.

The last two examples may be seen as illustrations of the shortcomings 
of isolated economic theories and the need for a synthesis of economic 
and demographic analysis. To be more specific, it seems necessary to 
try to incorporate the demographic approach, e.g. cohort dissagreqa- 
tion, into the general economic framework. On the other hand, demo
graphic events (births, migrations) may be determined endogeneously on 
the basis of economic theories.

Thus, interdisciplinary and multidisciplinary approaches may have a 
greater potential for contributing to knowledge advancement of demo- 
economic phenomena than monodisciplinary traditional approaches.

Although the integration of economics and demography into a holistic 
model has been proved feasible in the past two decades its usefulness 
has been limited to the pedagogical level. Sanderson in his 1980 sur
vey on economic-demographic models maintained that, 'The main conclu
sion of the review is that although none of these models in their 
present form can offer reliable advice to policy makers, they may be 
useful as aids in teaching government officials about the potential 
long-run consequences of their decisions'.
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The abjective of this thesis is to explore a framework for analysis of 
population growth and distibution in space and time, viewed from two 
complementary perspectives: mathematical demography and economics.

The growth and spatial distribution of population have been illuminat
ed in three ways usings

(I) a theoretical economic model in continuous space, and
(II) two discrete empirical models applied to Swedish data.

In the theoretical part of the thesis, the decision to properly de
scribe and use a continuous model for explanatory analysis was based 
not only on the structural limitations of discrete modeling, e.g. 
dependancy m  space and time scales and homogeneity assumptions within 
each scale. It is also based on the mathematical implication that 
simple-deterministic difference equations used in discrete modeling 
may generate random fluctuations more easily than differential 
equations in continuous modeling, despite their deterministic under
lying structures. Continuous models are thus a better vehicle for 
understanding even if they have turned out to be harder to apply for 
projection purposes and quantitative policy analysis. Those concerned 
about the "realistic relevance" of continuous models could be reminded 
of Marshall's old dictum (1910) based on Leibniz (1613) "Natura (in 
suis operatiombus) non facit saltum".

In the empirical part of the thesis, the philosophy underlying the 
decision to simulate two decomposed discrete models instead of one 
large-scale integrated (holistic) model (like ILO-Bachue, or GE-Tempo, 
or Ecesis), was based not only on Sanderson's aforementioned argument,
and the obvious high costs of running complex models, but also on
Theil's (1966, chaps. 6,7) argument and Lee's 'Requiem to large-scale
models' (1973) that simple models give better predictions for lonqer
periods than complex models. A further consideration, noted by May 
(1976), is that simple models can in some cases generate quite 
complex, behavioral patterns. This implies that we must understand the 
complexities inherent in simple model structures before we can hope to 
comprehend the complexities inherent in complex models.
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An outline of this research by chapters follows the order below:

A historical review of population theories is given m  the next 
section.

The models of Verhulst and Lotka-Volterra, well known to demographers 
(ecologists) but unknown to many economists, with great potentials of 
application in economics are presented in chapter II. In the same 
chapter neoclassical economic microanalytical theories applied to 
fertility behaviour are reviewed.

A short introduction to continuous spatio-temporal economic models is 
selectively given in chapter III.

The seminal model by Hotelling treating population growth and disper
sal in a continuous spatial context is revitalized, assuming a logis
tic growth combined with linear diffusion from a location of higher to 
a location of lower population density. Puu's generalization of 
Hotelling's model by introducing an explicit production function with 
mcreasing-decreasing returns is presented at the end of this chapter.

In chapter IV the theoretical foundations of demographic growth models 
i.e. the life table in both a discrete and continuous version are 
discussed m  some detail. The life table is a description of age- 
vanation in probabilities of survival. One-region and multiregional 
discrete growth models are presented as well as the difficulties 
related to the construction of two-sex models.

In chapter V the multiregional demographic model (or the spatial 
demographic accounting model) is applied. This is a Markov assumption 
based model with two intercommunicating living states. This type of 
modelling can be traced back to input-output modelling m  economics. 
The model is used to simulate population evolution in Sweden, dis
aggregated by age and region exposed to a given pattern of growth and 
interregional mobility.
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In chapter VI a model founded on synergetics is presented. From 
hereon, we shall refer to this analytical framework as the 'synergetic 
model', which is a reconciliation of Markov process-based models with 
gravity models. Put another way, the model incorporates a probabilis
tic framework with causal structure. A master equation formulation, 
well-known in statistical mechanics describing the spatio-temporal 
dynamics of a population, is introduced.

The quantitative description and evaluation of interregional miqration 
m  Sweden is treated in terms of utility and mobility parameters m  
chapter VII. The last parameters are regressed against demo-economic 
variables. The evolution of a population configuration in the future 
may be determined in terms of these parameters or in terms of their 
constituent variables.

1.2 Historical review of population theories

The rate of population growth of mankind has been a very controversial 
subject since early history.

The population thinkers, who were in favour of increased population 
growth, were called populationists and those who were against it, 
anti-populationists (much later, in the 19th century, the former were 
named Malthusians)J

Botero (1589) in "De la raison d'Etat" developed the first anti-popu- 
lationist theory, but at that time the populationist theory was widely 
accepted and his work did not have any effect.

He argued that population increases were due to the virtus generativa 
(human fecundity) but were limited by the virtus nutritiva (means of 
subsistance), or by voluntary celibacy, abstinence or by wars.

Malthus gave a mathematical expression to Botero's theory ca 200 years 
later, borrowing the population geometrical progress from Petty. In 
England, John Graunt (1662) in his treatise "Natural and political
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observation on the Bills of Mortatility" presented the first life 
table. Two other contributions were made by Petty in "Political 
Arithmetic" (1691) and "Essay Concerning the Multiplication of Man
kind" (1686).

Petty's point of view supported population increase by any means and 
he described the adjustment between population and labour demand 
through the minimum of existence wage.

At the same time, Gregory King estimated the population of England
with high precision. The notion of stable population distribution was 
first described by Euler in 1760. The Italian economist Beccarla, in 
his book "Elementi di economia publica" (1770) was neutral in the 
population debate. He supported the idea that population is a positive 
function of means of subsistence but that the population increase per 
se can be a positive or negative force for people's well being.

The father of economics, Smith, was unclear about the population 
guestion. I cite from his "Wealth" (1776, Book I, Ch. 8):

... "every species of animals naturally multiplies in proportion
to the means of their substmence, and no species can ever multi
ply beyond it ...

... the most decisive mark of the prosperity of any country is 
the increase of the number of its inhabitants".

But the man who started the greatest population debate was Thomas 
Malthus. He tried to explain the effects of Poor Laws, namely the 
growth of population (ca 1.5 millions between 1700 and 1780 in Eng
land) and the parallell growth of poverty. He wrote a little book, ad 
hoc:

"An essay on the principle of population as it affects the future 
improvement of society, with remarks, on the speculations of Mr. 
Godwin, M. Condorcet, and other writers". (1798) (It was to be 
published in 5 editions until the year 1817).
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His famous dictum was that population increases in a geometrical pro
gression while means of subsistence increase in an arithmetical one. 
The growth of food acts as negative feedback to population growth. 
Thus, in the long run, exponential growth is impossible, and the popu
lation asymptotically approaches a maximum.

Malthus also mentioned negative "checks" like vices, war and epide
mics, and late marriages, which decrease population. He proposed medi
cal care, education and late marriages for the poor people, but he was 
against preventive measures. His socialist critics considered his 
thesis "a blasphemy against man and nature". The main counter
arguments were that the potentialities of human knowledge could move 
the Malthusian population "trap" upwards, although Malthus considered 
the social structure and the income distribution as fair, and not to 
be changed. Does the Malthusian "trap" exist?

Let us consider the population history of Ireland. In 1700 Ireland had 
2 million people, who lived on barely and grain, while in 1840, 8 
million lived mainly on potatoes.

A few years later - because of potato blight - 2 million Irish died of 
starvation and 2 million emigrated to the U.S.A. Since then, the Irish 
population has been stable, at around 4 million people. Similar pat
terns have been observed even recently for some less developed count
ries.

The socialist thinkers: Owen, Fourier, Proudhon and Marx, wrote that 
overpopulation was a capitalistic phenomenon and that the transition 
to socialism would solve this problem.

The scientists who accepted Malthusianism but were in favour of con
traception were called neo-Malthusians. The Swedish economist 
Wicksell and the English economist John Stuart Mill were the most 
eminent among them.
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Mill argued that if "the law of diminishing returns" is valid in agri
culture and in food production, then by extension constant population 
growth is impossible. Wicksell wrote about the population optimum 
(1880):

"For my own part, I have gradually reached the conviction that 
this optimum population has already been considerably exceeded m  
our own country as m  all the countries of Europe, so that the 
road to increased prosperity does not lie in any further increase 
of population but. rather in an energetic reduction of the popula
tion, continued through decades".

He also advocated population control as an indispensable condition for 
world peace (1910):

"The stomach is a stern ruler, against its demands, all treaties 
are anulled ...

... If population increase and war form a circulus vitiosus, then 
population control and peace ought to form a circulus favora- 
bilis".

Marshall (1910) wrote that England avoided the population consequences 
of the "law of diminishing returns" through industrialization and 
international trade. Keynes (1920) put forward the trade-off relation 
between England's population and the terms of trade between England 
and North America. This thesis was rejected by Beveridge and the 
population controversy continued with their replies (1923-24).

Modern population theory - which is a part of production theory - ana
lyzes population size with respect to income per capita, consumption 
per capita, labour productivity, natural resources, age distribution, 
labour force participation, quality of life, pollution etc.

It focuses on population as a homogeneous input, but the role of popu
lation on effective demand is almost neglected.
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Up to the last quarter of the 19:th century, the population scholar's 
interest was mostly devoted to the growth question of population.
Since then uneven population growth distributions in space throuqh 
migrations have gained greater attention.

Ravenstein may be regarded as one of the founders of migration 
analysis with his paper in the Journal of the Royal Statistical 
Society (1885). Here he formulated a comprehensive theory of the 
determinants of migration. Since then many scientists from different 
disciplines have tried to theorize abour the complex interrelation
ships between migration and economic, social and psychological 
factors.

The next important theoretical approach was the gravity model. In this 
framework, the migration system is considered to be similar, concep
tually, to the celestial system. Population size in a migration field
acts like a mass in a gravitational field. Numerous studies of 
migration have been based on this Newtonian paradigm. It will suffice 
to mention the derivation of the potential model by Stouffer (1940)
and Zipf (1949). Later in the 1950s, the gravity model was generalized
by substituting economic variables, like vacancies, income etc, for 
demographic ones. In the 1960s simultaneous equation models have been 
extensively used to quantify migration determinants and for population 
forecasting purposes (see Greenwood, 1975).

At the end of the 1960s, some social scientists suggested that 
miqration might be studied as a stochastic phenomenon, based on the 
Markovian process. The first applications of the Markovian process 
were rather disappointing. But the extension of the process by inclu
ding duration of stay effects have proved to be more promising. The 
so-called semi-Markov process has since then been more widely 
accepted. This latter approach has been developed by Ginsberg (1971).

A more classical demographic approach to the study of migration is the 
multiregional demographic model, which is based both on Lotka's stable 
population theory, Markov's assumption, and Leslie's matrix model.
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In the middle of the 1970s the entropy approach became popular, based 
on Wilson's work (1970). The advantage of the entropy model is that 
changes in assumptions leading to a redirection of migration flows, 
are easily introduced. Under some assumptions, the entropy model leads 
to the same population distributions as the multiregional demographic 
model.

In the last quarter of the 20th century, the aging of the population 
is the most serious problem in the developed countries. The focus of 
the analysis is on the main socio-economic consequences, i.e. slower 
individual promotion, the expensive social security of the old, and 
slower technological adaptation.



-  15 -

Notes

1 The origins of population theories can be traced back to the books 
of Confucious or Kùng Fu-tzy (551-479 B.C.) in China. Confucious 
defined the population optimum as the natural balance between 
population and environment.

In classical Hellas, the legislator Lycurgus of Sparta (8th century 
B.C.) was interested in population levels.

Plato (427-347 B.C.) in his "Laws" developed the notion of optimum 
population of a city-state as a function of the necessary military 
defence (number of soldiers) under the constraint of carrying

4 2capacity. The optimum population, 5 040 = 2 * 3 » 5 » 7 ,  was chosen 
for administrative efficiency, i.e. food distribution and tax 
collection. Aristotle (384-322 B.C.) in his "Politics" accepted 
abortion and proposed eugenic rules (infanticide). Both writers 
were concerned with the optimum number of citizens and not with the 
other two classes, i.e. aliens or metoikoi and slaves. Their 
reasoning was that these other classes did not contribute to the 
state's defence and could be regulated by force. Polybious (200-120 
B.C.) examined the low fertility of Greeks and foresaw the decline 
of Hellenic civilization. In India, Kautilya (300 B.C.) in his book 
"Arthasastra" specified population as the source of the economic 
and military power of states.

In the Roman era, the thesis that population increase was necessary 
for imperialistic expansion and that monogamy was the best social 
institution - celibacy leads to vice - was written in Cicero's book 
"De Republica".

Other Roman writers, like Lucretius (1st century BC) and Cato the 
Censor (2nd century B.C.) have stressed the consequences of soil- 
exhaustion for the existence of the Empire.

Despite the motto "increase and multiply and fill the earth and 
make it His " in early Christian belief, virginity and the avoid
ance of sexual relations were propounded. But this ascetism could 
have led to depopulation. Augustine and Thomas Aquinas opposed this 
moral paralogism by arguing that no religious reason can make 
harmonious with nature that which is against nature.

In Arabia, Ibh Khaldun (14th century A.D.) was in favour of high 
population density for the survival of the Arabic empire. By the 
beginning of the 16th century, in some underpopulated European 
countries like Germany and Spam, the populationist attitude was 
strong but in overpopulated countries like England, Italy and 
France, the anti-population attitude was weak and the thinkers were 
rather neutral.

The main economic currents between the 16th and the 18th century, 
mercantilism and fysiocratism, supported population growth.
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CHAPTER II INTERACTION BETWEEN DEMOGRAPHY AND ECONOMICS

2.1 Introduction

In Malthusian theory population growth is restricted by food supplies 
or, generally, by available natural resources. Thus, in the long run 
population is stationary or fluctuates around a mean value. The 
Malthusian theory is a classical example that recognizes the 
interaction between demography and economics.

In this chapter two kinds of interactions between demography and 
economics will be discussed. The first kind of interaction is the 
mechanism relating the feed-forward and feed-back of population and 
food supplies, (natural resources) in a framework which may be 
considered as an extension of the Malthusian approach.

These and other authors have thus seen the interactions between man 
and his environment as an intraspecific and interspecific struggle 
for:

I existence 
Malthus and Darwin

II natural resources 
Georgescu-Roegen

III space 
T. Haxley

IV energy 
L. Boltzman

V other components of the biosphere 
3.3. Spengler

Such relations may be expressed mathematically either by a logistic 
equation or more generally, by the Lotka-Volterra system. Both 
formulations were originally applied to biological populations.
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The founder of the logistic equation was Verhulst (1838), who studied 
the growth of non-human populations given the quantity of food 
supplies. In the logistic equation population growth is assumed to 
follow a S-shaped curve approaching two asymptotes. The logistic curve 
illustrates the possible population development under the assumption 
that food supplies are given or they are exposed in a given growth 
regime exogenously determined. In the latter case of the variability 
of food supplies a set of logistic curves is generated.

Lotka (1923) and Volterra (1926) explained the wave-like evolution of 
two interacting sub-populations (prey-predator) in terms of a diffe
rential equation system. In economics the prey-predator model has been 
interpreted in terms of population and per capita food supplies. In 
the Lotka-Volterra system the growth rate of food supplies is endoge
nously determined as well as population growth. In this sense the 
logistic model may be seen as a special case of the Lotka-Volterra 
model.

The second interaction between economics and demography discussed in 
this chapter is that reflected in fertility theory. Demographic theory 
tries to improve measurements of fertility by making the measures used 
more and more specific, e.g. in terms of age-marital composition of 
the population, etc.

On the other hand, economic theory tries to relate fertility behaviour 
to socio-economic considerations like the value and costs of children, 
alternative costs for women, institutional factors etc, and disregards 
problems connected with the fertility heterogeneity of population 
sub-groups.

2.2 The logistic model

A population may exhibit a logistic growth pattern, under the 
assumption that food supplies are given. The logistic curve may be 
derived from the following differential equation:



-  18 -

HF = ap ‘ bp2

where the negative square factor is an expression for competition. 
When p is quite small the population grows exponentially. Rut when p 
becomes larger, population grows at a decreasing rate.

To solve the differential equations, we use the method of integration 
by fractions: (see later in chapter III).

The solutions are two symmetric logistic equations which are expressed 
by a S-shaped curve approaching two asymptotes (Figure 2.1).

From hereon, we consider only the lower logistic curve because, this 
has been most frequently used for empirical applications m  demography 
and economics. By ignoring the multiple parentage of the inteqrand for 
simplicity, the logistic curve is given by

p(t) = r ^b+e

We consider the limits, which are the asymptotes

lim p(t) = j- lim p(t) = 0
t-*® t-*-°°

In order to estimate the inflexion point, we equate the second deriva
tive to zero.

2

eft = a eft “ 2bp f̂t = (a*2bP)p(a~bP) = 0

3 1At p = 2 -̂, we get. t = - —  log b which are the cartesian coordinates of 
the inflexion point.

That is, the curve is asymptotic to p = 0 and p = -g- and has an 
inflexion point which lies half-way between the two asymptotes.
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Figure 2.1 The logistic curve.

T i m e

Some scholars argue that food supplies are related to technology, 
which evolves from time to time. Thus, a series of logistics could 
illustrate diagrammatically a population history where the upper 
asymptotes are functions of technological advancement.

The logistic curve was popular 60 years ago for population projec
tions. It has given some good predictions for the inter-war period, 
but in the post-war period the projections were far from the observed 
population growth.

Verhulst's forecast of the population of France (1845) and Pearl and 
Read's forecast (1920) for U.S.A. were very accurate. It. has been used 
also in other fields, economics, epidemics etc. Hägerstrand (1957) has 
analysed the innovation diffusion as a spatial process. The substi
tution pattern has been proved logistic between the steam locomotive 
and diesel locomotive (Mansfield, 1961), and between hybridcorn and 
corn (Gnliches, 1957), between primary energy inputs for the world as 
a whole (C. Marchetti-N. NakiCenovic, 1979).
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2.3 The Lotka-Volterra model

The logistic model which has been described in the previous section, 
may be seen as a special case of a more general model which was deve
loped independently by Lotka and Volterra. In the mathematical inves
tigation of the Lotka-Volterra model, I keep the original terminology 
of prey and predator sub-population interactions for simplicity but it 
can easily be interpreted as human population and food supply inter
actions.

Let X be the prey populations (e.g. moose) and Y the predator popu
lations (e.g. hunting man). When both populations' densities - living 
on an island, i.e. a closed ecological system - are very low, the 
moose population grows exponentially. But this increases the food 
supply for the hunters which leads to an explosion in their popu
lation, and in turn a diminishing of the moose population. The decline 
in food then decreases the density of hunters to the initial density, 
and so the cycle repeats itself.

a The linear model

The growth of such a system can be expressed by linear differential 
eguations as

X

Y

*11

*21

12

*22

X

Y

The signs of the diagonal coefficients depend on the autonomous rates 
of growth and the off-diagonal ones on the interaction of the popula
tions.

Keyfitz (1968) defines the following types of interactions of two 
sub-populations:



competition epicitic symbiosis

These siqn matrices are more frequent in reality. We solve the 
characteristic equation |A — XI| = D m  order to determine the eiqen- 
values X; and we qet

X - (an  + a22) X + a ^  a22 - a12 a21 = 0

The general solution is therefore:

X. t X_t X.t X?t
X = e + C12 e Y = C21 e 1 + C22 e Z

According to polynomial theory, the roots can be real, imaginary or
complex, which gives different stability properties, at (X, Y) for • •
which X = Y = 0. The necessary and sufficient conditions for the equi
librium vector to be in the three types of stability are:

1 asymptotical stability (see Fiqure 2.2.a), if the real parts of ail 
complex eiqenvalues are neqative,

2 marqinal stability (see Figure 2.2.b), if at least one real part is 
zero and the rest neqative,

3 instability (see Fiqure 2.2.c), if at least one real part is 
positive.

It is easy to see that for the trivial solution X = Y = 0 the system
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Piqûre 2.2 Types of stability using a phase trajectory diagram, 

a asymptotical stability

b marginal stability

c instability



b The nan>linear model

Let the system be:

X = K^X - K2XY

Y = K2XY - K3Y

The non-trivial solution is

X = k3/k 2

and

Y = K1/K2

In order to determine the neighborhood stability at (X 
tute ÔX = X - X and 6Y - Y - Y, where ÔX, ÔY are small 
the populations from the equilibrium, and we linearize 
using the Liapunov's indirect method. In this case,

— —- —

SX = F ÔX

1
o> -< 

•
1_
__
_

6Y

Y) we substi- 
vanations of 
the system by

where F is the Jacobian matrix**.



-  24 -

The eigenvalues of the F matrix determine the stability properties. 
Here, they are equal to ± 1/ (K K^). We need more information m  
order to say if this equilibrium point is stable or not.

By eliminating ÔY from the last two equations, we get

tf
ÔX + K1 K2 ÔX = 0

which is the undamped oscillation equation. Hence, the trajectory of 
the population is an elliptical curve. If we change the coefficients, 
we get a set of concentric elliptical trajectories with the non-tri- 
vial equilibrium point at the centre.

Next we use the Liapunov direct method, which is more explicit than 
the previous one. The stability properties of the non-tnvial equilib
rium are studied by using the Volterra function.

To derive the Volterra function (V̂ .), we do the following mani
pulations with the mital system.

• X(K1 - K.Y) • •
7  = Y (K?X - K,) <=> X (K2X " K3) = Ÿ  (K1 " K2Y)Y L J

. K,X K.Y 
<=> K2X "  T ~  + K2Y = 0

We integrate

V̂ . = K^X - log X - log Y + K^Y = Constant.

Because this function is positive definite and its derivative negative 
semifinite, it is a constant motion Liapunov function (V = 0). This 
function defines an elliptical curve, which is the trajectory of the 
populations as mentioned earlier and the system has marginal stabili
ty. If we include the second powers of X and Y in the model, the pro
cess can be described as a special trajectory of damped oscillation.
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c The general model

We can write the Lotka-Volterra system in general form

X = XF(X,Y)

Y = YG(X,Y)

where F, G are continuous functions with continuous first deriva
tives. This system has a stable equilibrium point or marginal stable 
elliptical curve if it satisfies the Kolmogorov's theorem (1936)

1) SF/ÔY < 0
2) X(ÔF/ÔX) + Y(ôF/ôY) < 0
3) ?>G/&Y < 0
4) X(ôG/ôX) + Y (ÔG/ÔY) > 0
5) F(0,0) > 0

In every displacement from the equilibrium point, on the curve, the 
populations tend to return to equilibrium.

d The time-lag model

Up to now, we have assumed that the interactions occur instantaneous
ly. In reality, there are time laqs, which might destabilize the 
system. We consider, the Frisch (1935) time-lagged logistic equation, 
where K is the carryinq capacity.

= rX(t) [1-X(t-T)/Kl

In this equation, if rT < it/2, then at the point X = K the system is 
stable, otherwise unstable.
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We substitute the Frisch equation in the non-linear model:

X = rX(t)[1 —X(t—T)/K] - k2X(t)Y(t)

Y = k X(t)Y(t) - k3Y(t)

We define = /rk^, i.e. the geometric mean of autonomous growth 
rates.

If T2 > T then the system is stable, otherwise unstable. In other 
words, the feedback of long time lags creates instability in the 
system.

e The stochastic model

If some parameters are stochastic, then the system of ordinary diffe
rential equations is substituted by stochastic differential equa
tions. For example, the introduction of a prey refuge creates a random 
process.

X(t) = X(t) [k1-X(t)] - k2Y(t)] where k,, = kQ + U(t)

Y(t) = Y(t)[k3-Y(t) + k2X(t)]

kg is the mean value of k̂  and U(t) is "white noise" random fluctua-
2

tions with parameters (0,a ).

The system has two opposite forces, the first is the stabilizing popu
lation interaction which is measured by the eigenvalues X, and the
second is the destabilizing random fluctuations which are measured by
2

a .
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There is no equilibrium point (X,Y), but a set of points like a cloud. 
This cloud is compact only if all the eigenvalues are smaller than

This cloud compactness means that the population fluctuations are 
small and the system is stable. To define the equilibrium state of the 
system, we have to define the probability distribution function, 
f(n,t), and to solve the Fokker-Planck equation.

where

M(n) = mean value 
V(n) = variance

The equilibrium probability distribution f*(n) is estimated by

a f (n , t )  n 
Ôf

f Applications

The importance of the Lotka-Volterra system is considerable because it 
has applications m  biology, epidemics, the theory of arms races, 
economics, ecology, thermodynamics etc. An interesting formulation of 
the Malthusian system was written by von Tunzelmann (1986). The 
prey-predator model is interpreted as a population-per capita food 
supplies model.

• •

= -b + cw < (£•) biological maximum

9 f ( n , t )  9
57—  = '  ai- ^  (M(n) + 1/2 (V(n)f(n,t))

òri

-  = d - fp w K
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where

b,c,d,f > 0 

P = population
w = per capita food supplies or real wage rate.

Von Tunzelmann distinguished two different cases in the study of popu
lation dynamics:

a The poor-country case exhibits population-food dynamics of the mar
ginal stable elliptical curve as depicted in Figure 2.2.b.

b The advanced-country case exhibits population-food dynamics as 
depicted in Figure 2.2.a showing the stable equilibrium point.

2.4 Economic fertility theories

"There is no more important prerequisite to clear thinking in re
gard to economics itself than its recognition of its limited 
place among human interests at large".

Frank H. Knight, 1933

A change in fertility over time is a highly inter-disciplinary 
question which reflects socio-economic as well as biomedical changes 
of human behaviour. In "home economics" children are viewed either as 
"durable consumer goods" or as "capital goods" (Becker 1960).

a durable consumer goods

Time-intensive goods with money and time boundaries which give plea
sure or psychic income to their parents.
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By using the common sense micro-economic framework, the family utility 
is a dichotomous choice between children and other commodities:

U = U(n,Q)

where

n = number of children
Q s aggregate commodity of all other commodities 

subject to the income constraint

where

I = family income
Pn = price of the child
Pß = price of aggregate commodity

Maximization yields, 

pôu / Ôu _n 
Ôn ' ÔQ = PQ

and the demand for children can be expressed as

D = f(Jü, I)
ß
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b capital goods

This notion is more applicable in L.D.Cs, where the child is a "secu
rity" m  old age for the parents and where a non-adult labour force is 
common. The heterogeneity of this stock is also worth mentioning. By 
assumption, the family is treated as a single decision-making unit 
with respect to household production, consumption and generally the 
time allocation between market activity and non-market, activities.

Children can be classified as consumption or capital goods if the dis
counted expected net costs are negative or positive.

The factors which influence fertility can be divided into three cate
gories:

a Socio-economic: income (husband, wife), occupation, education, ur
banization, job opportunities, religion, nuptiality rate.

b Bio-medical: contraceptive techniques, and infant mortality, due to
the fact that most parents are interested not only in the number of
children but also in surviving children (see T.P. Schultz1 work, 
(1973)).

c Political: free education, day-care centers, health care, child
and mother allowances, the liberation of law on abortion and
contraception.

The relation between fertility and income is rather dubious. 
Leibenstein (1937) put forward the fertility-income trade-off.

He assumed that the utility of the n:th child is less than that of the 
(n-1):th child. He considered the disutility or the opportunity cost 
of rearing children to be positive with income.



-  31 -

Figure 2.3 Utility gnd disutility of the n:th child as functions of 
per capita income.

u

n-1

y
'n-1

y2 p*r capitaInedia

Source: Leibenstem, 1957.

According to this theory, the intersection of utility and disutility 
curves for the n:th child determines the minimum income, beyond which 
the household would decide not to have the n:th child. His theory must 
be looked upon as "an explanatory vehicle rather than a predictive 
device".

Leibenstem used an income proportional cost function and disaggrega
ted the total utility function into three partial utilities. These 
are:

a consumption utility, which is independent of income, 
b security utility, which is inverse to income, 
c production utility, which is also inverse to income.

Thus, the total utility function has a negative slope.

Becker (1960) considered the cost of children to be independent of 
income, and his conclusion is guite the opposite of Leibenstem's, 
namely that income and fertility are positively related.
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Becker developed a theory of demand for children based on the durable 
goods consumption theory. According to his theory children are not 
inferior goods, and the price effect counteracts the income effect.
The explanation and puzzle is that the "quality" of children - is 
directly dependent on the amount of money spent on them and the 
"opportunity cost" of bearing and rearing them. In order to explain 
the fertility-income trade off, he stressed that the effect of: a) a
decline in child mortality b) an increase in contraceptive knowledge 
c) a rise in the cost of children, overcompensates the effect of a 
positive force like an income increase.

His empirical argument was the demand for cars in different income 
groups. The betteroffs want more and better cars than the poor. There 
is an interaction between quality and quantity. Furthermore, the qua
lity elasticity is larger than the quantity elasticity.

Becker himself wrote that "it may seem artificial and perhaps even 
immoral to classify children with cars, houses, and machinery". Many 
critics reject Becker's theory because he neglects the social context 
of reproduction. His assumption that tastes are given over time, is 
not realistic and "supply" of fertility (biological factors) and 
extramarital or premarital fertility are not taken into considera
tion. ̂

Important theoretical contributions have been made by Easterlin, who 
argued for a threshold value in income, where a transition phase takes 
place, i.e. the positiveness of the income-fertility relation changes 
to a negativeness. He also argued for the effects of social status, 
i.e. in any increase in income, the family will decrease their 
fertility in order to keep a material standard associated with the new 
income-class.

Demographic projections based on age-sex-marital composition of the 
population, failed to predict the baby boom in the 1950s. The core of 
Easterlm's (1961) baby-boom explanation in the U.S.A. was that post 
World War II economic prosperity in combination with the restrictive



Immigration Law, resulted in larger and younger families. By using 
simultaneous equation estimation methods (O.L.S., T.S.L.S., G.L.S.) 
the signs and the significance of different factors have been deter
mined. The conclusion which can be drawn from the empincial findings 
is that the coefficients mostly have spatio-temporal dependency.

In the U.S.A, the inverse relation of income and the cross-section 
fertility differential during the pre-war period has changed to an 
U-shaped relation in the post-war period. In Sweden fertility has been 
at a subreplacement level since the beginning of the 20th century. The 
income-fertility relation was found to be positive for low order 
births, U-shaped for third-order births, and negative for births of 
fourth and higher order, while U-shaped on the aggregate level.

Fiqure 2.4 Number of births of specified order per 1000 marriages by 
husband's income.

Births per 
10QQ 1000 marriages
900

Fourth +
higher
Third

First
Under 10000 15000-20000 Over 40000

10000-15000 20000-40000
Husband'’ s income

Source: Bernhardt, 1971.
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Kirk (1960) pointed out that cyclical fluctuations in births can be 
explained by cyclical fluctuations in income in Germany. Lendon 
(1976) advocated that fertility in post-war France (1949-70) has not. 
been influenced by indicators of economic climate such as industrial 
production etc. Schultz (1973) showed that the estimation of fertility 
models based on cross-sectional data differs a great, deal from those 
estimated from combined time-senes of cross-sectional data.

The negative coefficient of wife's education is widely accepted. The 
reasoning is that education minimizes the cost of contraception 
information; it increases the alternative cost of non-market time and 
it increases the demand for child quality.^ The mother's education 
influences fertility more than the father's education which is the 
proxy for the family income.

Another subject of interest is the relation of fertility to the level 
of national development. In developing countries children may be seen 
as investment goods, while in industrialized countries children may be 
seen as consumption goods.

The fertility target for developed countries is a long-run constant 
birth rate at or above the replacement level. In Western Europe, in 
the Soviet Union and in the U.S.A., the numbers of births are below 
replacement level.

In developing countries, where overpopulation is an acute problem, 
birth control is a necessity.

Economic reforms, like agriculture collectivization in China, may 
reduce the demand for children due to the privatization of child costs 
and the socialization of child work.
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Notes

1 We could draw the same conclusions by observinq that the matrix is 
anti-symmetric, which gives eigenvalues that are imaginary. In 
antisymmetric matrices must hold that n = 2k, otherwise the matrix 
is singular (real root zero).

2 See e.g. Judith Blake (1968) "Are Babies Consumer Durables?", Popu
lation Studies, 22. Samuelson (1976) has written "sterile verbali
zations by which economists have tended to describe fertility 
decisions in terms of the jargon of indifference curves, thereby 
tending to intimidate non-economists who have not. mis-spent their 
youth m  mastering the intricacies of modern utility theory".

3 Tobin (1973) moderated this deterministic enthusiasm by saying: 
"Human reproduction will continue, even if all woman are college 
educated".
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APPENDICES

1 Necessary conditions for neighborhood stability ((nxn) matrix A)

E X. = trace A < 0i

n
rt\ = (-1)n det A > 0

2 Routh-Hurwitz stability criterion

The necessary and sufficient conditions that the eigenvalues of a 
(nxn) matrix A have neqative real parts are the following restrictions 
for the coefficients of the characteristic polynomial

,n ,n-l X. + âi X.

n = 2 Bl >

n = 3 Bl >

+ . . . an

II 0

0 Csl
CO > 0

0 CO > 0 aia2

CO

0 K'N
CO > 0 a4 > 0 2 2 s. 3rt9. X a*. + a. a. 1 2 3 3 1 4

3 Quirk and Ruppert criterion for qualitative stability

The necessary and sufficient conditions for stability of (nxn) matrix 
A, in which the sign elements (+,-,0), are known, are:

1 a < 0 all iii

2 a * 0 for at least one iii

3 a .a. < 0 all i*jij Ji J
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4 na .aa. , ij jk kl = 0 with i*j*k#l (cyclical sequence for 3 or more
indices)

5 det. IAI * 0

The matrix A is qualitative stable

A = +

0 +

4 Liapunov function

Any scalar function V (X) that satisfies the followng requirements is a 
Liapunov function.

1 V(X) e C
2 V(X) > 0
3 V(X) = 0

, • „ ÖV dXi ft
4 V = Tl ÔX dt < 0i i

all X,
if and only if X=0

If a Liapunov function exists for a system, the system is stable.
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CHAPTER III A STUDY OF CONTINUOUS ECONOMIC SPATIO-TEMPORAL MODELS
FOR POPULATION ANALYSIS

3.1 An overview of selected models

"Every theory, whether in the physical or biological or 
social sciences, distorts reality in that it oversimpli
fies. But. if it is good theory, what is omitted is out
weighed by the beam of illumination and understanding 
thrown over the diverse empirical data".
P.A. Samuelson, 1976

The expression spatio-temporal has a latin origin, spatium and tempus, 
meaning space and time. The relation between demo-economic variables 
in space and time continua in a Newtonian framework, based on the 
works of Euler and Lagranqe in hydrodynamics, is the scope of conti
nuous spatio-temporal modelling.

Let us have a look at some phenomena of the inorganic world, like heat 
conduction, matter diffusion, and electromagnetic field. All these 
phenomena have at least one property in commons spatial heterogeneity 
with respect to temperature, concentration and field density. In the 
case of heat conduction, the spatial temperature difference causes 
flows of heat from regions of higher temperature ro regions of lower 
temperature. In the case of matter diffusion, the spatial heterogenei
ty concentration of matter causes equilibrating flows of matter, until 
a homogenous concentration of matter is attained.

All these spatial phenomena can be formalized through the "gradient 
rule" i.e. the directional derivative of the flows of heat or matter 
determines the spatial rate of chanqe of heat or matter.

Even though human migration processes are much different from the 
aforementioned processes in the inorganic world, as people mostly move 
from "worse off" places to "better off" places, one can apply mathema
tical techniques used in describing natural processes to model social 
processes.
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The assumption underlying continuous spatio-temporal modelling, is 
that migration takes place only between neighbouring places. This 
assumption was explicitly formulated by Ravenstein in 1885 when he 
said, ”... that the great body of our migrants only proceed a short, 
distance ..." Historical migrations, like tribal migrations (in German 
Völkerwanderung) may be classified as continuous migrations.

Is it realistic to use this assumption for human migration? An answer 
would be that it is realistic if the measurement of the time-period is 
rather short. For a more general answer one has to remember 
Samuelsson's "illumination criterion" for verifying theories.

The first empirical work on diffusion processes was done by a bota
nist, R. Brown, who in 1828, observed the irregular continuous move
ment of suspended microscopic particles in a fluid (Brownian molecular 
motion). Einstein theoretically formulated this motion and est.imat.ed 
the value of the diffusion coefficients under some specific assump
tions in a paper published 1905, the year of publication of the 
special relativity theory and the photon theory. Wiener, Langevin, 
Ornstein and Uhlenbeck further elaborated the Brownian motion for 
natural sciences.

In 1907, K. Pearson published a paper on mosquito growth and disper
sal, under the assumption that reproduction takes place at a randomly 
fixed distance. This paper inspired the young Hotelling, who, in 1921, 
wrote his M.A. thesis on human migration in the United States. He 
modelled migration from high density to low density areas by using the 
heat conduction or diffusion equation. This was the first, economic 
model of human population dispersal and growth. In 1937, the biologist 
R.A. Fisher studied the gradual changes in the proportion of genes in 
a population of a linear habitat, also by using the heat-conduction or 
diffusion equation.

Later, in 1951, following Fisher, the ecologist. Skellam wrote a clas
sic paper for the non-human population diffusionary process. He assu
med a logistic growth for reproduction combined with a random isotro
pic diffusion i.e. the square root of the dispersal area is a linear 
function of time.
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In economics the pioneering work of Hotelling was forgotten until the 
end of 1950's. Martin Beckmann's (1957) article on the equilibrium 
distribution of populations in space deserves special mentioning.

Spatial population distributions are normally modelled to depend on:

a the distribution of net spatial reproduction rate (logistic curve 
argument),

b the relationship between migratory flow and gradients of population 
density, which means population diffusion from a high density area 
to a lower density area (Hotelling argument),

c locational attractiveness. The location attractiveness was defined 
as the sum of monetary attractiveness (e.g. high real income level 
etc.) and non-monetary attractiveness (e.g. desirable area),

d potential population according to the gravity theory of population 
migration.

With his paper in 1985 Tönu Puu advanced the Hotelling's model, by 
considering that the growth function in the continuous model may 
include the following characteristics:

a dynamic saturation population depending on technology and attitu
des ,

b structural change.

To tackle these characteristics of logistic evolution, Puu elaborated 
the Hotelling model by substituting the saturation population in the 
logistic curve with an explicit third order polynomial production 
function of first increasing and then decreasing returns.

In the diffusionary process, he advocated the argument that the stan
dard of living instead of the population density should be used.
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The last author elaborated Hotelling's model even more in a second 
paper (1986), by including explicitly the accumulation of capital. He 
used a two-inputs-one-malleable-output production function of a third 
degree polynomial for the investigation of dynamics of capital stock 
and the labour force.

The geographers Dorigo and Tobler (1983) tried to verify Ravenstein's 
"pull-push" analysis, by using both discrete and continuous spatial 
modelling. They approximated the flows in the migration network (con
sidered as a limiting sguare mesh) by using a continuous migration 
model, and they applied a computational algorithm consisting of a 
system of partial differential eguations for numerical solutions. This 
model is not considered as a "Hotellingian" one like Beckmann's or 
Puu's, but it gives some interesting insights in continuous modelling.

In the next pages, a more detailed presentation of the continuous 
spatio-temporal modelling is given. This chapter is structured as fol
lows: In section 1, the important and "forgotten"^ Hotelling's model 
is analysed in detail. In section 2, the Puu model is presented in 
brief. Finally, in appendix, a mathematical exposition of Brownian 
motion and the derivation of the diffusion eguation is given.

3.2 Hotelling's model (1921)

3.2.1 A historical note

During the 19th century a tremendous westward migration took place in 
North America. This migration was not only a result of a deliberate 
policy to "enlarge the empire for liberty" and encouraged by an 
expansion of the railroads, but also of the search for unoccupied 
farmland and for better opportunities in general.

An economic explanation for this population movement given by Hotell
ing was that diminishing returns for labour and hence decreasing real 
wages should be expected once population density and hence production 
exceeded what Frisch later termed the 'technically optimal scale',



-  42 -

i.e. where averaqe and marginal productivity are equal. Furthermore, 
as land rents and the costs for housing increased, such interregional 
differences in living standard would cause migration from densely 
populated areas to more sparsely populated ones.

Hotelling combined such a migration, conditioned by interregional den
sity differences, with a logistic growth of population.

3.2.2 A primer on vector calculus

A short introduction of vector calculus will help us understand Hotel
ling's formulation of the diffusion process in space (see Kovach's 
textbook of advanced engineering mathematics, 1982, or Kreyszig, 1979, 
or Puu, 1979).

The concept of "field" is fundamental. It means that a quantity varies 
from point to point in space. There are two types of fields depending 
on whether the quantity is a scalar or vector.

Definition 1

A scalar field is a field in which some scalar quantity takes a given 
value at each point, e.g. temperature field or a pressure field. The 
physical fields are m  general three-dimensional. We are only 
concerned with two-dimensional ones.

A function f(x,y) defined in a domain D is such a scalar field. For
2

instance, f(x,y) = x + xy is a scalar field in two-dimensional space.
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Definition 2

A vector field is a field where a vector instead of a scalar varies 
from point to point. Physical examples of such fields are the gravita
tional force-field, or the velocity field of the water in a river, 
where velocity can vary both in size and direction.

A function F(x,y) = (F^(x,y),F2(x,y)) where F and F^ are functions is 
called a vector field. For instance, F(x,y) = (2x + y,x) is a vector
field, more specifically a gradient field to the scalar field 

2
f(x,y) = X + xy introduced above.

Definition 3

The gradient is simply the vector of first partial derivatives, as 
illustrated by the example. For the function f(x,y) the gradient is 
denoted

grad f = (fx,fy)

As we can see from the formulation the gradient of a scalar field is a 
vector field.

Definition 4

Vector fields can be separated in two categories, divergent and 
solenoidal, depending on the existence of sources (sinks) in the 
field.

Given the vector field V(x,y) = V^(x,y),V2(x,y) the divergence of V is 
defined as the scalar

div V = ÔV^ôx + ôV2/ôy
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where div V * 0 in a divergent field 
div V = 0 in a solenoidal field

For instance, consider the vector field

V(x,y) = (x2y,xy2)

2
The divergence being the sum of the partial derivatives ô(x y)/ôx 

2
and ô(xy )/ôy it becomes 

div V = 4xy

Definition 5

The divergence of the gradient of a function f(x,y) is called the 
Laplacian of f and it is denoted

V2f = div grad f = f + fy XX yy

2The equation V f = 0 is Laplace's equation, or the potential equation 
and the solutions form the important class of potential or harmonic 
functions.

Is there any relation between the Laplacian and the existence of 
extrema of f(x,y)? From mathematical analysis (e.g. see Chiang, 1971), 
one should remember that the necessary conditions for function f to 
have an optimum are,

moreover, if all the principal minors of the Hessian matrix H 

a are positive we have a minimum,

b if they duly alternate in sign beginning with a negative sign we 
have a maximum
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where

H =
f f XX xy

f f yx yy

2It is easy to observe that V f = tr H

Let us exemplify by letting f have the following forms

2 21 (x + y )/2 (see Figure 3.1.a)

f = f = 0 for x = y - 0 x y ’

2The function has a minimum at the origin. We note that 7 f = 2, 
i.e. the Laplacian is positive.

2 -(x2 + y2)/2 (see Figure 3.1 .b)

f s f = 0 for x = y = 0 x y 7

2The function has a maximum at the origin. We note that 7 f = 2, 
i.e. the Laplacian is negative.

3 (x2 - y2)/2 (see Figure 3.1.c)

f = f = 0 for x = y = 0 x y 1

The function has a saddle point at the origin. We note that 
27 f = 0, i.e. the Laplacian happens to be zero.

4 (x + y) (see Figure 3.1.d)

f = f = 1 x y

The function has no stationary point, and the Laplacian is zero as 
in the previous case.
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Figure 3.1 Graphs of functions.
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The conclusions which can be drawn are:

a at a maximum (minimum) the Laplacian is negative (positive). This
holds in general due to the relation of the Laplacian to the trace
of the Hessian matrix,

b at a symmetric saddle point, as well as for a linear function, the
Laplacian happens to be zero. Here we deal with two examples of the 
large family of harmonic functions.

3.2.3 Population dispersal in the two-dimensional space

2
The Laplacian V p of a population field p = g(x,y) in the two-
dimensional space is equal to

2V p = q + g K *xx ŷy
2Let us consider a bounded area in R and apply the Gauss's divergence 

theorem:

o
J/v p dx dy = /(gradp)nds

The integrand at each point of the boundary is the normal rate of 
change of population and the curve integral thus sums up to the net
change of population from the bounded area in all normal directions.
If the area is reduced to a single point, the Laplacian expresses the 
net. change of population from this particular point to all neighbou
ring points in all directions. The Laplacian degenerates into the 
second derivative in one-dimensional space.

The general conclusion of interest is that at a location of minimum 
(maximum) concentration of population the Laplacian is positive (nega
tive) whereas the cases of zero Laplacian in general imply that there 
are directions of increasing as well decreasing population.
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Hotelling formulated the migration process of human population ass 

Ôp/ôt. = kV2p

where k denotes the diffusion coefficient.

The sign of migration surplus (in-migration - out-migration) is depen
dent on the sign of the Laplacian. Its meaning is that population is 
conserved. Any net inflow results in an increase of population, any 
net outflow results in a decrease. There is also a built in assumption 
that population flows are induced by linear differences in population 
density going from more to less densely populated places,(and that 
this process is independent of direction).

This partial differential equation is isomorphic to the well known 
diffusion or heat-conduction equation. This equation can be traced 
back to Fourier's book.^

Hotelling mentions three simplifying idealizations of reality as a 
necessary basis for his model:

1 land is homogeneous (equally habitable and traversible),

2 production functions are spatially invariant with diminishing 
returns,

3 migration flows are steady (non-fluctuating) over time.

Are these assumptions very restrictive and unrealistic? I would like 
to comment on the first two assumptions.

The first assumption (land homogeneity) is the cornerstone of spatial 
economic analysis, and it can be traced back to von Thunen's path- 
breaking work. Hotelling interpreted spatial homogeneity, not as the 
absence of regional inequalities but rather taking such inequalities 
as more or less averaged out in large-scale migrations.
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Concerning the second assumption: Hotelling has never specified any 
explicit production function. One can suggest the following explicit 
production function for a closed agrarian economy:

Q = F(K, P, A)

This formulation of production function postulates the existance of 
three factors; capital K, labour P, and land A.

If one endows the production function with 1:st order homogeneity, 
simplifications can be derived:

£  _ F (Ü £  u  
A A’ A ’

By limiting the scope of our considerations, we are able to go more
deeply into the general problem.

If the capital-output ratio remains constant, for instance due to op
timal reinvestment, the initial production function can be reduced to 
a new production function with the population-land ratio as argument

Q n ,J\
A " g V

For simplicity, the production function g can be formulated with one
composite input i.e. the population density and one composite output

q = g(p)

It can be proved that this production function g exhibits diminishing 
returns to scale. A production function exhibits diminishing returns 
to scale if

g(\p) < \g(p) for all scalars \ > 1

Population density is considered to be as a population density 
(resource) ratio, i.e. the so called economic density or as the number 
of people per unit area, i.e. the so called geographic density.
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As depicted in Figure 3.2, the marginal product (MP = dg/dp) is posi-
2 2tive, but its slope is decreasing (d g/dp < 0). The average produc

tivity (AP = q/p) is also plotted in the same figure for comparative 
purposes.

Figure 3.2 Production function.
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i

HP 30

P

The purpose of diminishing returns to scale is to embody the essen
tials of a bounded environment.
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The existing land under cultivation is decreasing in quality and fixed 
in supply. Larger inputs of capital and labour combined to the same 
amount of land will result to a diminishing marginal productivity of
all factors of production.

The meaning of diminishing returns is that a small increase in the
quantity of the input will increase the output but the rate of in
crease itself declines.

In economics the law of diminishing returns has been a controversial 
issue for a long period. In general, economists have stressed the sta
tic or dynamic character of diminishing returns (DR) in two different 
ways:

a DR are applicable in agriculture as well as manufacturing, after a 
critical input ratio, other things being equal (social organiza
tion, production technology).

b DR prevails in the long run, i.e. they will offset any technologi
cal improvement.

Economists have also tried to prove the validity of DR either by a 
historical rétrogradation or by a logical deduction or even by a 
reduction ad absurdum (see Blaug, 1963, p. 72).

But one should remember the epistimological point of view of 
Schumpeter (1954, p. 1037):

"There is no economic axiom that would imply the proposition that 
physical marginal productivity after a point decreases monotoni- 
cally. And in any case we always have to postulate some pro
positions for which, within a deductive sector of our science, it 
is not possible to provide logical proof".
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3.2.4 Population growth

Hotelling used a quadratic function to express population growth m  a 
Malthusian framework:

dp/dt = ap(s-p)

where s is the saturation population density. The saturation popula
tion density should be regarded as a function of available natural 
resources, the technological know-how, and the existing contraceptive 
habits as a means of controlling average living standards. In this 
sense, the saturation density is a time dependent concept.

The term saturation population density does not exist in classical 
economics, but it can be related to Smith's subsistence wage or to 
Ricardo's natural wage rate. To my knowledge, Wicksell (1910) was the 
first economist who emphasized the importance of population density, 
and saturation population density in economics.

Ricardo in his "principles" gave the following definition for the 
natural wage rate: "which is necessary to enable the labourers one 
with another, to subsist and to perpetuate their race, without either 
increase or diminution".

Ricardo defined natural wage to be a function of the marginal produc
tivity of land (or the price of agricultural products) and a function 
of the social-cultural environment.

The closed form solution of the above differential equation can be 
derived by using the method of "integration by fractions" (see next 
section in this chapter).

p = (keast)/(1 + keast)

Population density p is approaching the line s of saturation popula
tion density asymptotically from above or below depending on the sign 
of k.



-  53 -

The solution m  terms of the logistic was well known in Hotelling's 
time, but as we shall see later, because of the difficulty of combi
ning quadratic growth with the diffusion equation, Hotellinq used two 
approximations of the logistic curve.

Let us look at the diagrammatic presentation of dp/dt = f(p) (See 
Figure 3.3).

Figure 3.3 Population growth function.

dp/dt

f(p) = ap(s-p)

By taking the first and second derivatives 

f'(p) = a(s-2p) 

f"(p) = -2a < 0
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We can see that the function f(p) has a maximum at p = s/2.

The derivatives of f(p) at the points p = 0 and p = s are f'(0) = as 
and f'(s) = a(s-2s) = -as.

The approximation of f(p) at p = 0 is the tangent line f'(0) = asp
âSand the solution is pge

In order to determine the intersection of f'(s) with the dp/dt axis, 
we extend the f'(s) and let x be the length of the intersection

2tan 0 = x/s = as which implies that x = as

The approximation of f(p) at p = s is the line f'(s), which is deter-
2mined because we know the intersection with the vertical axis as and 

the slope -as.

dp/dt = as^ - asp = as(s-p)

and the solution is p = s + kexp(-ast)

So far, we have assumed that the saturation population s is constant.
If s is a function of time, g(t), the solution was given by Hotelling
as:

p = exp(/ag(t)dt)//aexpf/ag(t)dt.)dt
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3.2.5 Derivation of the logistic equation

To solve the equation 

dp/dt = ap(s-p)

we separate the variables p and t 

dp/p(s-p) = adt 

By integration, one obtains 

Jdp/p(s-p) = /adt = at

Here, the method of integration by fraction must be used. Let 

1/(p(s-p)l = A/p + B/(s-p) 

which implies 

As + p(B-A) = 1.

The solution is 

B = A and A = 1/s.

By integrating the fractions instead,

/(dp/sp + dp/s(s-p)) = 1/s(ln(p/(s-p))) 

that is,

ln(p/(s-p)) = ast + k 

or
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p/(s - p) = k east 

or

äs fc  3St
p = (ke )/(1+ke ) which is the logistic equation

The initial value for p is given by,

p(0) = s/(1+k),

from which k = s/p(0) - 1

3.2.6 The basic model

The basic model is the following diffusion-growth equation:

2
ôp/ôt = kV p + ap(s-p)

Because of the difficulty in solving this differential equation, 
Hotelling divided the logistic curve into two parts. The logic is that 
the curve far from the saturation point has exponential form, and near
to that, the births are proportional to the difference between the
population density and the saturation point. This gives two particular 
and simpler cases:

9p/9t = kV^p + rp 9p/9t = kV^p + r(s-p)

where r = as.

The second right hand terms of the equations have solutions p = 
uexp(rt) and p = uexp(-rt) - d. Now, substituting these expressions 
for p in the two equations we can simplify these equations to the 
basic form of the diffusion equation.
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Let us take the first case:

2
ôp/ôt = kV p + rp

and replace the variable p by the new one u, denoted by 

rtp = ue

By differentiating the last formula with respect to time we get 

ôp/ôt = (ôu/ôt)er  ̂+ rue1̂

The left-hand-side of the last, equation is equal to the left-hand-side 
of the growth-diffusion equation. By equating the nght-hand-sides of 
these equations, one obtains

ôu/ôt er*" + ruer^ = kV2uer + rue*".

By eliminating equal factors, one obtains:

ôu/ôt = kV2u, (3.1)

i.e., the originally introduced growth-diffusion equation has been 
transformed to a simpler diffusion equation. Thus, by using this 
linear transformation, Hotelling could instead investigate the much 
simpler diffusion equation.

Under an additional assumption that migration takes place in parallel
lines we deal with the one-dimensional diffusion equation: For a
narrow rectangular region of length 1, let u(x,t) be the transformed 

rtpopulation pe at location x and time t. Then, due to (3.1), 

ôu/ôt = kô2u/ôx2,

where the boundary conditions are:
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u(0,t) = u(l,t) = 0,

and the initial conditions is:

u(x,0) = f(x)

By using Fourier's series we find the solution:

1 «>1
u(x,t) = (1/l)/f(x)dx + 2/1 z(/f(x)cos ((nnx)/l)dx)

0 n 0

, 2 2 2;i2 ,  ,
(  f  \  /■% \  \ * 3  n it / I  /  t  cos ((n*n;x)/lje

3.2.7 Later investigations of Hotelling's eguation

The steady state population density that the country finally 
approaches is:

1
(1/l)/f(x)dx

0

It would be interesting to investigate the stationary solution of 
Hotelling's model, i.e. how in every region the demographic increase 
(decrease) is balanced out through negative (positive) net migration:

f(p) = ap(s-p) + kV2p = 0 (3.2)

We know that a function of p has a local maximum (minimum) in space if
Vp = 0 and V2p < 0 (V2p > 0).

2
Suppose that V p is negative (positive). According to (3.2) we see
that this implies p < s;(p>s) m  the stationary case. Thus, provided s
is a spatially independent constant, we see that the maximum 
population concentration must be lower than any minimum rarefication. 
Thus minimum and maximum can not coexist.
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It is obvious that in the stationary case, the Hotelling model can 
have either a unique maximum or minimum. (See Figure 3.4).

Figure 3.4 Stationary case.

P

a

space

In 1954 the ecologist Skellam studying non-human population migration
2 2 2solved the Hotelling's equation by using polar coordinates r = x + y 

and assuming that all changes took place in radial direction only. In 
his model, diffusion is proportional to the Laplacian and results from 
a completely random movement where in-migration becomes more (less) 
likely than out-migration in local population rarefication (concen
tration) .

For the cases with linear approximation of the growth function Skellam 
transformed the equation:

ôp/ôt = kV p + cp(x,y,t) 

into

ôp/ôt = k(ô^p/ôr^+ (1/r)ôp/ôt) + cp(r,t) (3.3)
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He considered only the stationary solution, by putting (3.3) equal to 
zero which produces a Bessel's differential equation in the r co
ordinate. The solutions are known as Bessel's functions and can now
easily be computed in terms of their power series.

In 1964 Skellam once again solved the diffusion-growth equation this 
time by approximating it with an appropriate finite difference equa
tion in two-dimensional space for computer applications.

The following equation is a simplified Hotelling equation:

ôp/ôt = kô2p/ôx2+ sp(1-p)

which could be approximated by:

pt + 1 ^  = ( 1 /6) CPt (X-1 ) + 4pt(x) + pt(x+1)) + (1/10)pt (x) (l-pt(x) )

In general the linearized Hotelling equation can be solved by the 
separation of variables method.

Suppose that p(x,y) is a product of two separate functions, a spatial
function and a function of time;

p(x,y) = S(x,y)T(t)

Once again, the Hotelling equation near the origin is 

2
ôp/ôt = kV p + asp

By virtue of the hypothesis for p, the Hotelling's equation can be 
written

ST' = asST + kTV2S.
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Dividing by the product (ST), one gets 

T'/T = as + kV2S/S.

We observe that the variables T and S are separable, since the left- 
hand-side of the equation is a function of T, and the right-hand-side 
is a function os S alone. This equality is meaningful only if both 
functions of T and S variables are equal to a constant A. Hence, one 
gets two differential equations to solve:

T' = AT and as + kV2S/S = A.

The investigation of solutions depending on whether A = 0, A > 0, or 
A < f) can be studied in any advanced mathematical textbook (see e.g. 
Kreyszig, 1979).

3.2.8 Causes of migration

Hotelling argued that the main cause of migrations from higher to 
lower density areas lay is the law of diminishing returns in a spatial 
context.

Hotelling advocated that if the spatial production function has a 
negatively sloping marginal product curve (as for p > p* in figure 
3.2), and if wages are based on the marginal productivity, then a 
migration from places of higher population density to places of lower 
population density will raise the wages (standard of living) of the 
migrants. Let (wl,p1),(w2,p2), and w1 > w2, p1 < p2, be the wages and 
population densities in region 1 and region 2 respectively, determined 
as the intersection of the demand and the supply curves for population 
density (see Figure 3.5).
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Figure 3.5 Migration in a two-region case.
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The regional wage differential (w1-w2) causes migration, which in turn 
shifts the supply curve of region 1 upwards and the supply curve of 
region 2 downwards. In the above figure a migration flow eguivalent to 
p2p2* from region 2 to region 1, will increase the migrants wage with 
the amount (w1*w2) in region 1.

3.2.9 Concluding comments

Hotelling's article is a seminal contribution in the history of 
spatial-economic analysis. The spatial population development of the 
United States in the last two centuries is characterized by a conti
nual westward expansion, metropolitanization and suburbanization of 
the population. Hotelling's model covers only the first component in 
the spatial history of the American population.

The fact that migration takes place from higher to lower density 
areas is valid for particular areas at particular times. It is not 
a "global" truth. The urbanization and the "growth pool" effects of 
metropolitan areas could not be explained by the model. Hotelling did
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not consider the agglomeration processes which may arise from econo
mies of scale. A generalization of the model is needed where multimig
ration takes place in response to spatial technology and employment 
differences.

3.3 Puu's model

Puu's model is a generalized Hotelling's model in the time-plane con
tinuum, which emphasized theoretical analysis rather than computa
tion. He disaggregates total supply into natural supply and produced 
supply. The term natural supply means simply, what was available to 
man, the food gatherer. For the produced supply, he uses a production 
function

q = a (bp2-p3)

where a is a technological efficiency coefficient and b is a produc
tion scale coefficient and p is the population density.

This is a production function obeying the Fnschian "regular ultra 
passum law" (see Frisch, 1965, and Puu, 1974). In this class of pro
duction function there exists a region of increasing, as well as a 
region of decreasing, returns to 3cale. To be more explicit, the 
average product (AP) is less than the marginal product (HP) in the 
case of increasing returns and bigger in the case of decreasing 
returns.

The AP and HP are given by 

AP = jj. = ap(b-p)

MP = -gä = ap(2b-3p)
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while their difference is given by

< 0  if p < b/2
AP - MP s ap(-b+2p)

> 0  if p > b/2

Puu normalizes the natural supply to unity. It is constant and 
relatively small compared with the produced supply. Thus, the total 
supply is

1 + a (bp2-p3).

The population increase is given by 

= pfl + a(bp2-p3) - y p )

where y is the average demand of means of subsistence per capita in a
stationary population.

The last differential equation has up to four stationary solutions.
The first solution is p = 0, which is unstable. The other solutions
can be determined by the value of the discriminant D of the third- 
degree equation

3 , 3  y 1 nP - bp + -£ p - -  = 0

where D =b3/27a - b2y2/108a2 - by/6a2 + y / 21* + 1/4a2

1 If D > 0 there is only one real root.

2 If D < 0 there are three real roots (two unstable, one unstable in
between).

3 If D = 0 there are at least two equal real roots. These roots are
degenerate, i.e. bifurcations take place.



It may be of interest to investigate the critical values of a and y 
parameters which alternate the sign of the discriminant.

A continued increase of y leads to demographic transition. The popu
lation increase is due to the difference between total supply and the 
"collective" existence minimum, instead of the difference between the 
saturation population and the population, as in Hotelling's model. To 
analyze the stability properties of the last eguation, we linearize 
around the steady state solution

P = P(a*b,y) 

and we examine

p = ^(p-p) 

where

^  = 1 + a(3bp2-4p5) - 2yp

From the theory of differential eguations a stationary p is stable on
ly if is negative, which leads to the examination of the solutions 
of the third degree polynomial.

Puu considers two types of migration: deterministic migration and 
stochastic migration.

Hotelling assumed that migration only goes from densely to sparsely 
populated places. In Puu's model deterministic migration is a function 
of both per capita output and population density. The meaning is that 
the migration is proportionate both to the strength of the spatial 
difference per capita output and to population density, and it goes in 
the direction of increasing living standards, g/p.
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The deterministic migration is formulated by M = -6 div (p grad 
q/p). The negative sign is due to the position of the population den-

S
sity in the last expression. The stochastic miqration M which has a 
non-economic character, i.e. people migrate for better quality of 
life, education, marriage etc., and it has been formulated among 
others by Skellam (1951).

But Skellam considered the dispersal step of non-human populations to 
be constant.

Here, the dispersal step is variable, depending on transportation 
improvements, which in turn are influenced by higher standards of 
living.

The tendency of people to migrate longer distances for the betterment 
of living standards is formulated by the Laplacian of population 
weighted by per capita output.

MS = 0V2(-3 p)P

The above formula can be written analytically

5 2 Q QM = ÔV (q/p p) = 6 div (p grad ■“ + "T grad p)
r r

because of the gradient product rule 

V(xy) s xVy + yVx

2and the definition of Laplacian V f= div grad f. Total migration is 
the sum of the deterministic and stochastic migration

M = = 6 div(-^ grad p)P
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By using the identity

div (x grad y) = grad x • grad y + x div » grad y 

one obtains

6 ^  + 6 grad -3 grad p (3.4)

But

grad p = "5p (p̂  grad p = 

dq
P * dp - g =    grad p

P

= —  (̂ 3. £  _ 1 ) 3. grad p = —  ( e - l ) - 3  grad p
p 'dp q P P P

The expression |3- £  is by definition the elasticity e.

By substituting the last expression into (3.4), one obtains the 
formulation of the migration equation;

M = 6 a (,Vu -d laiïËl!.)
r r

Thus, the growth-diffusion equation has the following form:

II = p(1+q-yp) + 6 S (vV(1-e)

Puu investigated the stationary solutions of the last, equation in the 
following way;

a Spatially homogeneous solutions occur when the diffusion term is 
equal to zero, which implies that both the Laplacian and the 
gradient are zero.
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The roots of growth function are the spatially invariant, population 
densities

pO-q-yp) = 0

b Spatially inhomogeneous solutions occur when the migration surplus 
is compensated by negative population growth. As we have seen 
earlier, at density maxima (minima) in x,y-space the gradient is 
zero and the Laplacian (negative) positive, which implies that the 
growth function must be positive (negative). Thus the time evo
lution of the migratory process in a stationary population is de
scribed by local increases at density maxima and local decreases at 
density minima.

By writing the production function explicitly, the growth-diffusion 
equation takes the following form:

= p(l + a(bp2-p5 )-yp) + 6V2a(3bp2-2p3)/6

In a linear problem one would seek solutions to the eigenvalue problem 
27 S = - XS. The non-negativity of X can be proved by using Green's 
first, identity.

For the study of a marginal introduction of spatially inhomogeneous 
patterns in a linearized model the Laplacian operator can be replaced 
by -X in the demographic equation. We get a non-linear spaceless equa
tion

= G(p,a,b,y,6,X.)

Linearize the last equation

P = P2(p~P)
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where

^2 = 1 + a(3bp^-4p^) - 2yp - ÔXa(bp-p^)

obviously ^2 ^ ^  > which means that the stability of the spatio- 
temporal model implies stability of the temporal model.

“2 “1

... '......... ...—

stable STM unstable STM

stable TM unstable TM
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Notes

1 Thanks to Tobler's publication of Hotellinq's model in 1978, the 
model has since become familiar to regional scientists.

2 Fourier proved that the partial equations, dealing with heat con
duction from warmer to colder places, 7 u = 0, where u(x,y) is a 
steady state temperature function with the appropriate boundary 
and initial conditions (see earlier in the model) having analytical

n|/
solutions in the form of trigonometric series e sin nx, 
where n = 1,2,3...

The interested reader may consult Fourier's book "Theorie 
analytique de la chaleur" (1822).
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Af*PENDIX

1 The Brownian motion model and the derivation of
equation

Consider a fnctionless particle, which jumps with a oust ant velocity 
stochastically on a line, backwards and forwards with equal probabili
ties q and p.

Position - 2 - 1 0 1 2 3 4

Time <  x=0 ---->
q t=0 p

By definition, the backward steps have a negative sign. Let at time 
t = 0 the position be at 0.

The probability p(x;n) that the particle after n steps will be m  
position X, is binominal.

p(x;n) = (j)pjqn~j 

where

j = number of steps forward and the distance x is the sum of the for
ward and backward steps. Obviously, x = j - n(n-j) = 2j - n, j = 
(x+n)/2, and n-j = (x-n)/2.

Now, the p(x;n) can be expressed as

/ x , n . (n+x)/2 (n-x)/2
= ((™.x)/2)» q

2 2with mean m = (p-q)Ax and variance a = 4pq(Ax) . If the step lenqth 
is Ax-*» and n-*», the binominal probability can be approximated by 
normal probability (0,2Dt) for the particle to be at. x distance at 
time t.
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= TTÄnDtJ exp^4Dt^

The particle to be at time (t+At) at x must have a place of origin at. 
x-Ax or x+Ax at. time t.

$(x,t+At) = p$(x-Ax,t) + q$(x+Ax,t.)

By using Taylor's expansion theorem, and for simplicity $ = <f>(x,t) one 
can obtain

• ôt

By dividing by At, and cancelling the first term, we get

+

Let Ax,At, its powers and (Ax) /At tend to zero. If we insert the dif-
2

fusion coefficient k = (Ax) /2At, we obtain the diffusion equation in 
one dimension

Similarly, we can get the equation in the plane

All these diffusion equations are called Fokker-Planck equations in 
mathematics.
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% Demographic transition

Demographic transition is the phenomenon observed in developed 
countries, where the inital asymptotical high birth and death rates, 
before the industrial revolution, were reduced to asymptotical low 
levels. The birth rate trajectory had a time-lag from the death rate 
rate.

3 Green's first identity

As we have seen 

V2S = -XS

we multiply by S,

2 2 SV S = -XS

Consider the Green's first identity 

J/SV2S + (VS)2dxdy = JS(VS)ndS

when S = 0 on the boundary or when there is no boundary (as in the 
case of the sphere) the r.h.s. vanishes.

Thus

//(VS)2dxdy = X//S2dxdy

As both integrands are non-negative X is non-negative. It is zero 
only when VS = 0 in the region.
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CHAPTER IV PURE DEMOGRAPHIC MODELS

4.1 Introduction

"I will begin to believe in economics as a science when out. of 
Yale there comes an empirical Ph.D thesis demonstrating the 
supremacy of monetary policy m  some historical episode and out 
of Chicago, one demonstrating the supremacy of fiscal policy."

Don Patinkin, 1972

In the previous chapters, we have claimed that the assumption of popu
lation homogeneity in economic theory is trivial and misleading. The 
choice of unit for spatial population analysis depends not only on the
question to be solved, but also on the a priori information of the
degree of population heterogeneity. In cases like the prediction of 
the future labour force, or of the number of retired, it is necessary 
to utilize the information contained in a smaller unit representation, 
e.g. the age-profile of the population.

The age composition of the population is recognised to be of qreat. im
portance in some parts of economic theory, e.g. in development econo
mics, but it is completely ignored in economic models. Economic enti
ties like income per capita, consumption (see Andersson, 1985, p.
279), savings, and the functional distribution of income are influ
enced by changes in the age-structure of the population, while the 
impact on investment is less self-evident. On the macro-level, the 
population age-structure of a region may be seen as an index of the 
economic potential of this region. On the micro-level, by analogy, the 
aqe of an individual may be seen as a stage in his life cycle beha
viour toward schooling, consumption, employment etc. Life cycle 
approaches have also been utilized m  other social sciences.

The aggregation problem has occupied the model builders m  economics 
for a long time. To treat the heterogeneity of population in economic 
models requires a higher degree of population disaggregation, and all
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variables Telateti to population. However, the incorporation of such 
demographic characteristics into the spatio-temporal economic models 
will increase the complexity of the model considerably (see Holm et. 
al. 1987),

In order to avoid model complexity economists prefer to ignore popula
tion heterogeneity and to focus instead on the underlying causal 
structure of homogeneous populations with other economic variables. On 
the other hand, a central theme in demography is the recognition that 
heterogeneity effects in population modelling leads to disaggregation 
into age-subpopulation groups. Nevertheless, most demographers do not 
go further to explore the underlying causal structure with economic 
variables.

In this chapter the theoretical foundations of demographic growth 
models are outlined in some detail. The one-region and multiregional 
discrete growth models are presented as well as the difficulties rela
ted to the construction of two-sex models. The one-region discrete 
growth model, or Leslie matrix model, is a deterministic dynamic model 
which projects the future age-structure of the population from the 
present known age structure and rates of fertility and survival. A 
generalization of the previous model by including age-migration struc
ture between regions was developed by Rogers (1975) and others. This 
so-called multiregional demographic model or the spatial demographic 
accounting model .is described.

The matrix model sacrifices realism to some extent in order to get. 
more manageable mathematical difference equations. This may be seen as 
a starting point for the discussion of more complex demo-economic 
models.
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4.2 Models considering age and time

4.2.1 The Life Table

a The discrete case

A fundamental tool in mathematical demography is the life table which 
portrays the mortality history of an artificial population, called a 
synthetic cohort. It is based on two assumptions:

1 the deaths are distributed evenly over both time and age;
2 the age-specific mortality is constant and there is no migration.

The age specific mortality rate is 

MX
qx = 1 + 1/2 MX

where is the annual death rate of people aged x years on their last, 
birthday.

The number of cohort members who survive at age x is 1 and the number 
of deaths in age x is d^. The relationships between d^, 1 and are

d = 1 • qX X ^x

1 . = 1 - d = 1  ( 1—q )X+1 X X X X

So far we have examined the behavior of a cohort, i.e. mortality pat
tern without any births. But we need to examine the population profile 
(size, distribution) and questions as to the future lifetime of a 
group of people. This requires the hypothetical concept of a stationa
ry population. The stationary population of a life table has a con
stant age-specific mortality and a constant number of births, which 
equals the number of deaths; that is a constant profile.
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The number of people aged between x and x+1 in the stationary popula
tion is L , and those older than x is T 7 \/

L = 1/2(1 +1 J  x x x+1

or, where n is the time interval

L = n/2(l +1 )n x x x+n

w
T = Z L . 
x t=0 x+t

The mean expectation of life at age x is e^

T
e = *x 1x

The life table technique can be a useful tool in many areas, such as 
life insurance, studies of labor turnover, manpower planning, replace
ment. of patients in hospitals, replacements of stocks, etc.

In Table 4.1, the life table for Sweden 1981-1984 is exemplified.
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Table 4.1 Life table for Sweden 1981-1985 (Females).

Age (x) d 1 L en x X n x X

0 1 456 100 000 99 447 79.53
1- 4 229 99 363 397 214 79.04
5- 9 161 99 265 496 158 75.11

10-14 195 99 202 495 840 70.16
15-19 415 99 131 495 334 65.21
20-24 454 98 990 494 542 60.30
25-29 620 98 825 493 611 55.39
30-34 915 98 605 492 324 50.51
35-39 1 392 98 306 490 515 45.66
40-44 1 699 97 882 487 934 40.84
45-49 2 357 97 240 483 829 36.09
50-54 3 686 96 205 477 339 31.45
55-59 6 116 94 622 467 462 26.93
60-64 10 162 92 220 452 617 22.57
65-69 15 160 88 570 429 721 18.39
70-74 24 856 82 895 393 225 14.46
75-79 35 963 73 727 335 087 10.93
80-84 42 962 59 436 250 032 7.92
85-89 36 971 39 898 146 982 5.52
90-94 19 668 19 507 59 554 3.76
95-99 5 527 5 746 12 994 2.41
100-to 765 628 1 192 1.40

Note: w is the last age of life table.

b The continuous case

Consider a single-sex closed population and let B(t) be the number of 
births at time t, p(x) be the probability of survival at age x, and 
f(x) be the instantaneous birth rate.

The renewal equation or Lotka's expresses the linkages between births 
of different generations, given past mortality and fertility 
conditions, which make the rate of population change determined:

t
B(t) = G(t) + / B(t-x) p(x) f(x)dx 

0
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In this integral equation, G(t) is the number of births of the pre- 
ceeding generation (persons living at time tg) and the integral is the 
number of births of the current generation (persons born at time

Lotka proved that in the long run, the population will have steady- 
state growth and a stable age distribution.

If time t. is greater than the highest reproduction age, the equation 
can be written

t
B(t) = / B(t-x) $(x)dx 

0

where ®(x) = p(x)f(x) is called the net maternity function.

r ̂
By substituting B(t) = Q e in the last equation, we get. the charac
teristic equation

Y(r) = Q er  ̂= / Q e^ ~ x^  $(x)dx 
0

Thus

t
^(r) = / e~rx $(x)dx = 1 

0

The roots of the characteristic equation have the following proper
ties.

1 There is only one real root
2 Complex roots appear in conjugate pairs (u ± lv)
3 The real root is larger than the real component of any complex 

root



The general solution is

“  r i>.t 
B(t) = S Q . e  k 

k=1

I XBy using De Moivre's theorem e = cos x + i sin x,

r t ® u t  
B(t) = Q1e + E Q . e  [cos (v.t) + l sin (v.t)]

1 k=2 k

In order to determine Q^, we use Laplace transforms on Lotka's equa
tion and finally, we find that

ß, r t/ e " Tk L G(t)dt

Qk --------------
/ xe p (x) m(x) dx
a

where a and ß are the reproduction minimum and maximum ages.

But as time tends to infinity, the solution becomes, 

r 1 tB ( t ) = Q1 e 1

which simply means a steady-state population growth at a rate equal to 
the real solution, i.e. the "intrinsic rate of growth".

In practice, to solve the characteristic equation we use the method of 
functional iteration, for determination of r in the following 
equation.
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Thus, elements of a life table 1 and L combined with birth rates F7 X X
can give the solution to the renewal equation.

Let us now analyze the proportional age distribution of the popula
tion. Let C(x,t) be the proportional age composition and K(x,t) the 
survivors of the births at time t-x, B(t-x).

Then,

K(x,t) = B(t-x) p(x)

If we substitute the steady-state population growth equation we get

which means that C(x,t) is independent of time and initial age struc
ture. This type of population is called a stable population. The 
"intrinsic" birth rate is

K(x,t)________ B(t-x) p(x)

/ K(x,t)dx / B(t-x)p(x)dx
0 0

/ e-rx p(x) dx 
0

b 1
w
/ e_rxp(x) dx 
0

The moments of the net. maternity function are given by:

R(n) = / xn #(x) dx n = 0,1,2,...
a

Consider the first 3 moments.
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F
R(0) = / p(x) f(x) dx = net reproduction rate 

a

R( 1 )p = = mean age at childbearing of the population

2 R(2) 2
a - ~ P = variance of the population

4.2.2 The one-region discrete growth model

The one-region discrete growth model or Leslie matrix model predicts 
the age structure of a population in future, given both the structure 
at the present time and a matrix whose elements represent age-specific 
fertility and survival.

Consider a female population with given initial age-distnbution and 
constant age-specific rates of fertility and mortality.

If we follow the life time of a cohort, subdivided by one-year age 
groups, the growth in each one of these can be discribed by a differ
ence equation.

U (t+1) = S . U _(t) n n-1 n-1

where

IJn(t) = population in n:t.h age group at time t.

S .(t) = percentage of people in (n-1):th age group who survive to
the n:th age group after a year

For the first age group only the population is the sum of births of
different groups.

50
lUt+1) = S bi U.(t) 
1 i=15

15 < i < 50 i.e. the reproductive 
period for women



where tr = number of daughters who survive to the end of the year, per 
person in every group. Thus, if we present these equations in matrices

U j U + D bi b2 b

U2(t+1) si 0 0

U3(t+1) 0 S2 0
•

• • • •

•

•
• • •

U (t+1) n 0 0 0

b.«, . b  . b 10 n-1 n

0 0

0 0

S „ 0n-1

lyt)

u2( t )

u3(t)

un (t)

or shortly U(t+1) = A U(t)

where A is a square matrix called the growth or projection matrix and 
has all elements zero, except for the first row of fertility rates and 
the first sub-diagonal with survivorship proportions.

The formula for computing the is the same as in the life table

s = - jS ilX L..

Because the A matrix is non-singular, there is an inverse matrix, in 
which only the upper subdiaqonal and the last row have non-zero ele
ments.
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where z is a function of S and b.i

Given the initial distribution U(t) and the A matrix, we can calculate 
forward U(t+1), U(t+2) ... but also backward U(t-1), U(t-2) ... as 
long as U(t-n) > 0.

If the growth matrix satisfies the Perron-Frobemus (P-F) theorem, 
then in the long run the n:th power of this matrix becomes constant 
and the population increases at a stable growth rate, with a stable 
age distribution independent of the initial distribution (ergodic 
property). For a growth matrix A and distribution vector U, the growth 
process can be described as:

IJ(t+1) = AU(t)
• • •

• • •

U(t+n) = AU(t+n~1) = ...AnU(t)

The P-F theorem confirms that "any nonnegative, primitive^ sguare 
matrix has a unique, real positive characteristic root, which is abso
lutely larger than any other characteristic root, and the associated 
characteristic vector has only positive elements."

Pollard (1973) has proved that the growth matrix is primitive if two 
consecutive fertility elements in the first row are positive. We use a 
numerical matrix to show the convergence of matrix A to a stable 
matrix with proportional columns.

0.13 0.35
and =

10

0.85 0.65 10
__ — —
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Then

u2 = Al u, 5

15

U5 = A U2 = A U1 =

0.15 0.35

0.85 0.65 15

0.32 0.28

0.68 0.72

10

10 14

We repeat this matrix manipulation until the 8:th power of A

U8 = A U7 =
0.291667 0.291667 5.8336 5.8333

0.708333 0.708333 14.1664 14.1667

9 9 8and observe by calculating A that A = A and = Ug, which shows 
stationary stability (zero growth rate) and constant distribution.

We reach the same conclusion by using modal and spectral matrices. 
From matrix theory, it is known that

Ax = \x

where

X = characteristic vector 
X = characteristic root
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and

AM = MA

A = MAM"1
2 2-1 A = MA M

• •

• •
»nA = MA M

where the modal matrix M is a matrix of all M = x„,...,x charactens-1 n
tic vectors and the spectral matrix A is a diagonal matrix having ele
ments of all the characteristic roots.

By solving the characteristic eguation |A - XIj = 0  and (A-AI)x = 0, 
we find

1 0 1 1
A =

0 0.2
M =

2.A -1

We calculate now the successive powers of A, until An is a stable mat
rix.

0 0

We substitute

u8 = a8u7 = mn8m"1u ?
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where

0.294 0.294

0.705 -0.294

0.2 = 0 is due to computer roundings, but the point is forjxj < 1
Urn x" = 0 
n>®

and find the same distribution vector U . The growth rate is zero, be-8
cause it can be proved that r = X-1 where X is the P-F root. In this 
particular example, the sum of U elements is constant because the sum 
of columns in A is equal to 1. The demographic parameters of the popu
lation, such as life span, births per mother, etc. are unchanged.

In order to present a general framework of stability for linear 
difference equations, we distinguish three types of stability (see 
Figure 4.1).

a Marginally stable if the equilibrium point % has a time trajectory, 
which remains near ’R.

b Asymptotically stable, if % is marginally stable and the time 
trajectory tends to X.

c Unstable, if the trajectory move away from X.
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Figure 4.1 Types of stability using a time trajectory diagram.

Consider once again the identity

An = MAn M*1 = M

0 0

0 0 »Î

M-1

In case of asymptotical stability must hold lim An = [o]
n-*»

which means that jx^J < 1 for every l.

Thus we redefine the stability ass 

a if every | |  < 1s asymptotical stability

b if there is at least one X = 1 and the rest |X^| < 1s marginal 
stability

c if there is at least one X. > 1s unstable.k
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The population stability has great importance in mathematical popula
tion analysis and is attributed to Lotka, although some writers argue 
for Bortkiewicz's contribution (1911) (see Smith and Keyfitz, 1977).

In sum, if two or more countries, for example Sweden and Iraque, have 
identical one-sex age-specific mortality and fertility, they will have 
the same stable distribution and growth rate in the long run, but the 
rate of convergence will be unequal.

4.3 Modela considering age, tine and apace

4.3.1 The multiregional life table

a The discrete case

The multiregional life table portrays, not only the mortality history 
but the migration one of two or more cohorts; it introduces a spatial 
dimension. We consider the two-region case for simplicity.

Figure 4.2 States of the multiregional life table.

Dead

In region 1In region 2

Born in region 2 
and never in 
region 1

Born in region 1 
and never in 
region 2
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For every person born in region 1 there are three different choices, 
both in long run (life time) and in short run (within a time period) 
as it is illustrated m  Figure 4.2.

(AC) to be non-migrant
(ABC) to be one time-migrant
(ABEC) to migrate more than once

The fundamental assumption underlying the multiregional life table is 
the Markovian assumption: the fertility and migration behavior depends 
on the region of residence at the beginning of the period. The calcu
lation of the multiregional life table starts with the estimation of 
age-specific death and outmigration probabilities.

We use the following symbols (using for simplicity 5-year age groups)

p .(x) = probability that a person in l at age x will reside in j at
■̂J

age (x+5)

jol^(x) = number of people in i at age x, who were born in j, and who 
will survive at (x+5)

jolxg(x)= number of people alive in i at age x, born in j, who will
die before age (x+5)

g^(x) probability that a person in i at age x will die in time
interval (x, x+5)

iQdj(x) number of persons who were l-born and who live in j at age 
x, and who die m  the interval (x, x+5)

m .(x) age-specific migration rate from i to j at age x 
 ̂J

mdi(x) age-specific mortality rate in i at age x
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Under the assumption of no multiple transitions (people can not 
migrate and die during the same time-interval), the probabilities will 
be equal to: (see Rogers, 1975 or Willekens and Rogers, 1978)

P .(x) 
ij 1 +

5m. .(x)
________ Li_____________5 5y  md.(x) + y  E ITT .(x)

J j*i J

qi(x)
md (x)l

1 + y  md (x) + y  E m .(x)

P - . t x )  = 1 -  q ^ x )  -  Z PH ( X)
j*i XJ

If we take into consideration multiple transitions within a period, 
then the probability will be different.

P(x) = [ I. + |- m(x) ]~1 []_ - j  m(.x) ]

where m(x) in the case of a two-region population system is

m(x) =
md^(x) 

m,2(x)

m21(x)

md2(x)

We can define the age specific transition matrix P(x) and the matrix 
l(x),

P„(x) P21(x) 10A1 Zq Ì ^ x )
P(x) = l(x) =

P12(x) P22(x) 1 0 * 2 ^ 2012 ^

The number of people by place of residence and by place of birth for 
every age group is
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l(x+5) = P(x) l(x) (I)

Let . L (x) be the number of persons-years lived in i, by j-born per- 
sons at age (x, x+5), i.e. the duration of residence m  one region

L(x) = 10L1(X)

10L2(x )

20L1(x)

20L2(x)
= t [_1(x ) + l_(x+5) I (ID

where l(x) is the l(x) for a cohort of a single person (unit radix)
A

l(x) = P (x-5) P (x-10)...P(0).

In the multiregional life table the expectation of life is decomposed 
according to where that life is spent.

The spatial expectation of life at age x by place of residence is

e(x)x—
1xe1<x)

1xe2(x)

2xe1lx)

2xe2^x>
(III)

b The continuous case

By analogy, the multiregional renewal eguation for m regions is the 
vector B(t).

t
[B(t) ] = [G_( t) I + J M(x) o P(x) [§(t-x)l dx 

0 °

where M(x) is diagonal matrix with itk(x) elements of annual rate of 
childbearing and for the matrix P(x) with elements

[P(x)] . = . P (x)L-  Jlj JO 1
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We substitute [_G(t)] = 0 and (B(t)) = (Q) e1̂  in the equation 

b
[Q] = / e"rx M(x)o P(x) [qJ dx = (/ e"rx 4>(x) dx)[oJ = Y(r) [qJ 

a

where ¥(r) = multiregional characteristic matrix (MCM).

In order to determine r, we rewrite the equation 

(£(r) - I_)[q ] = [0]

Thus, the characteristic roots, must satisfy the equation J z ) —_I_| = 0 
where Y(z) is a non-negative matrix. The roots of MCM, have the same 
properties as in the one-region case.

The general solution of the equation is

r.t w r.t u t
[B( t) ] = [Qj e 1 + E (Q.) e k + ... + E (Q ) e 3

k=2 s=w+1

Tcos (v t + l sin (v t)lL s s J

When time tends to infinity, the general solution is

rit[B(t)] = [0,I e 1

The derivation of [Q^] requires the application of Laplace trans
forms, L' Hospital's rule and generalized inverse matrices. (A matrix 
A* is a generalized inverse of the (m x m) matrix A if AA*A = A). The 
numerical solution of MCM is

Y(r) = E e"r^x+2’5  ̂£( x )q L(x)
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where F(x) is diagonal matrix with regional birth rates and the ele
ments of the matrix L(x) is equal to

The multiregional demographic model simulates the population evolution 
disaggregated by age and region exposed to a given pattern of natural 
growth and interregional mobility. This model focuses on region-to- 
reqion flows (interregional streams) with their effect on regional 
population stocks.

The population growth can be described by the two equations

The growth rates r and the [Q^] are determined by using the method of 
functional iteration (Keyfitz, 1968).

4.3.2 The multiregional demographic model

b-5 m , v
£ £ b. (x) IT. (x)

x=a j=1 J1 J
a-5 < x < b-5

i,j = 1,2,.. .,m
y( t+1 )
i

m (11(x+5) = £ s..(x) U . (x)
j=1 1J J

x = 0,3,10 u>-5

b ^ x )  = number of children alive in j, born by (x, x+4) aged resi
dents of i at the beginning of period

s . = proportion of residents of i aged (x, x+4) who live in j at
 ̂J

time (t.+1) at age (x+5, x+9)

U ^ ( x )  = x, x+4 - year - old population in region i at time t.

The projection matrix in this case is a generalization of the Leslie 
matrix by including migration between different regions:
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G =

-1 1  -2 1  ' * *

—12 - 2 2

G -,—m1

G-,— 1m G—mm

where each element or growth submatrix G .is is a Leslie matrix
ij

-ij

b .(a-5) . . . b .(ß-5) 0 .ij iJ
s.jtn)

3 .(5) 
IJ

s  .((0-5) 0 
ij

Each element contains as before in the first row terms referring 
to fertility and m  the first subdiagonal terms representing survivor
ship. The difference is that those elements include internal migration 
from one region to another.

In matrix form, the multiregional population growth is expressed by!

r u(t+1)i = G|u(t)|



In the stable population, these distributions and growth rates are 
independent of the initial population "profile". They are dependent 
only on the fertility, survival, and out-migration rates (the ergodic 
property).

Briefly to demonstrate this ergodic property in a multiregional sys
tem, we once again use the Perron-Frobemus theorem for primitive, 
non-negative matrices to prove the existence of a unique, real, posi
tive, dominant, characteristic root, and the relevant vector.

It has ben shown earlier that the repeated projection of a smgle- 
region age distribution will generate, a constant age composition and 
a constant rate of growth. By adding a spatial dimension into the 
established single-region theorem, Rogers (1975) has proved that 
repeated projections of a population system dissagregated by age and 
region using a multiregional growth matrix will yield a multiregional 
stable population that will retain a constant age and region distri
bution and a constant rate of growth of each region.



-  97 -

4.4 Interacting populations: two-sex models

In the previous sections, the use of a one-sex model, was based on the 
assumption that the demographic patterns were identical for the two 
sexes. In this section, some problems related to the dissagregation of 
population by sex are reviewed.

The use of the female population is more common, because of the shor
ter reproduction period and the fact that illegitimate births are 
registered in the mother's name. In reality, the sexes have, as a 
rule, different growth rates and populations projections based on only 
one of the sexes might be misleading. The introduction of the non
linear two-sex reproduction function leads to an equation which is 
difficult to solve. On the other hand, the linear one is inconsis
tent. Let B = $(M+F) be the reproduction function and B,M,F the number 
of births, male births and female births respectively. If the number 
of male births or female births tends to zero, the total number of 
births does not tend to zero, as expected. At the end of the 1940s, 
many population analysts tried to solve this discrepancy in the 
Lotka-Volterra population interaction framework.

Kendall (1949) presented the first two-sex model

M' = -pM + 1/2 $(M,F)

F' = -pF + 1/2 ff>(M,F)

where

p = force of mortality

By eliminating the reproduction function from the system, we get.

■ĝ -(M-F) = -p(M-F)
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The solution of the last, equation is 

M(t) - F(t) = [M(0)-F(0)]e"^t

As t+® the term e which means that in the long-run the sex-ratio
will be always equal to one.

The $ functions are generally formulated in terms of the arithmetic 
mean, geometric mean, harmonic mean and $=min (M,F).

In the case of the geometric mean $> = <|>/(MF), we get.

M' = ~\i M + * /(MF) m m

F' = - v f  + 4>f/(MF)

2 2By substituting R = M and S = F and dividing the first by R and the 
second by S, we get:

2R ' =  - li R + <t> S m m

2S' = -H jjS + ((»j.R

This is a linear ordinary differential equation system, which can be 
solved by known methods. As t-*», M,F, tend

a to <*> if |i < <|> 
b to 0 if |i > <|>
c to the same constant limit, if m = <t> and R ± S is constant

Let the model with $ = <|> min(M,F) and M < F be

M ' = -|iM + 4>M 
F ' = -|iF + 4>M
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The solution is M (t) = and F (fc) = M (fc) - [M(0)-F(0) ]e_,it.
The last case is similar to the female dominance model, i.e. the 
births depend on number of females only.

M' = -|i M + <)> F m m

F' = - p ^  + d)fF

The solution is analogous. 

The sex ratio as t->-® is

. F 4>r-p_+p t-*-« f f “m

Finally, we consider the harmonic mean model, that is

MF
* = * Wi-F

It is difficult to solve the corresponding system and the trial solu
tion M = me^ and F = f e ^  - where X is the characteristic root. - is 
the appropriate method.

Kendall extended his two-sex model to a sex-marital model.

In this model, let M, F and C be the unmarried males, unmarried fe
males and the couples. The interaction of these groups can be ex
pressed as

M' = - u . M - m F + 4 > C  + p_C m m f

F' = -(pf+m)F + (<ty+pm)C

C' = mF - (pf+pm)C

where m = marriage rate.
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A female can belong to the F-group all her life or she can move to 
group C as married, and stay there or go back to the F-group as widow.

We apply once again the trial solution e ^  and we solve a 3:rd degree 
characteristic equation. The basic disadvantage of the models is the 
difficulty of age-structure extension.

Pollard (1948) developed a sex-age continuous model by the addition of 
two integral Lotka equations for every sex. In this way he derived the 
existence of a stable age/sex distribution.

It is obvious that there is a trade off between tackling heterogeneity 
and complexity in population models. The task of the modeller is to 
decide which aspects that should be given priority.



-  101 -

Notes

1 A square matrix A is primitive if there is no permutation matrix N 
such as (see Morishima, 1964):

NA N-1

12

k1 0 .

0 .
A,

. 0
23

0
k-l,k

. 0
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CHAPTER V APPLICATION OF THE MULTIREGIONAL OEMOGRAPHIC MODEL TO
SWEDEN

5.1 Regional subdivisions of Sweden

Sweden has one of the world's oldest and most comprehensive population 
statistics system dating back to the beginning of the mid-18th centu
ry. The basic unit in this statistical system is the parish, of which 
there are about 2.570. Usually, these are aggregated into much larger 
units for statistical purposes, such as the 280 municipalities, 70 
labor market regions or to 24 counties. In a more cursory analysis the 
counties may be aggregated into 8 or 9 county regions. It is also 
possible to distinguish between only three major regions, viz. the 
metropolitan region (consisting of the Greater Cities of Stockholm, 
Gothenburg and Malmö), the forest region (consisting of Upper North 
and Lower North county regions) and the rest of Sweden. The numbers 
and symbols used in the graphical representations of county regions 
are exhibited in Table 5.1. The boundaries of the counties and the 8 
county regions are all shown in Figure 5.1.

Table 5.1 The county regions of Sweden. Numbers and symbols used in 
the graphical representation of regional guantities.

Symbol Region Name

+ 1 Stockholm
0 2 East Middle
A 3 South Middle
a 4 South
0 5 West
• 6 North Middle
X 7 Lower North
* 8 Upper North

In the following discussion we will only use the last two classifica
tions because they are more comprehensive and will therefore give a 
better overview of demographic and economic development in Sweden.
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Figure 5.1 The map of Sweden and its subdivision into eight county 
regions.
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Moreover, we think that in this way we get. a manageable set of data, 
without losing too much interesting detail.

The m a m  purpose of this chapter is to apply a multiregional demo
graphic model, as described in chapter IV, for a projection of Swedish 
population development by region and by age for the period 1980 - 
2025.

In order to provide a deeper background to the study we will, however, 
start much further back in time, more precisely in the mid-18th centu
ry. The following section 5.2 gives an overview of regional population 
development since the beginning of Swedish population statistics.

5.2 A general outline of regional population growth in
Sweden

5.2.1 Historical trends in regional population development

The regional distributions of the Swedish population are available 
from the middle of the 18th century. Population data aggregated to the 
eight county regions are illustrated in Figure 5.2. The data suggest 
the following general remarks:

A long-term migration movement appears to be from inland to coastal 
areas, with a concentration in the metropolitan region of Stockholm.
In a historical perspective there has been no real increase in the 
relative population shares of the West and South county regions.

On a more detailed scale the following remarks can be made:

- the Stockholm region has been increasing its relative share of the 
population from 6 to 19 percent at a steady rate from 1850 to 1970. 
In the early 1970s there was a break in the general trend but after 
only a few years the population share increased again;
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Figure 5.2 Historical regional population development of Sweden.

_ P ercen t share

UEST
STOCKHOLM 
EAST MID

NORTH MID 
SOUTH MID

LOU NORTH 
UP NORTH

Source: Derived from Andersson and Holmberg (1975), and our calcula
tions for the period 1975-1982, using data from Statistics 
Sweden: 1750-1960 Historical Statistics I. Population; 1961- 
1982 Population Changes.

- the counties of the periphery (Upper and Lower North) have also 
shown a steady increase in their relative share of the total popula
tion. From a level around 5 percent in 1750, they increased to 8 
percent in the 1850s and arrived at a peak level of approximately 13 
percent in 1950. From then on the share of these two regions has 
been decreasing down to a level around 11 percent. In recent years 
there seems to have been a stabilization in the relative share close 
to this level;



-  106 -

- all the counties of the eastern and mid-inland parts of the country 
(South Middle, East Middle, and North Middle) have declined in rela
tive economic and demographic importance. These areas together had 
around 53 percent of the population in 1750, a figure that had de
creased to 44 percent by 1900 and to only 37 percent in 1970. In the 
last decade, however, the relative population share of the East 
Middle region seems to be increasing again, a fact that may be in
terpreted as an effect of the proximity to the Stockholm metropoli
tan region;

- the most stable parts of the country are the southern and western 
regions which have had approximately 14 and 19 percent of the popu
lation, respectively, for the time period studied here. When seen m  
this long term perspective, the relative increase in the population 
shares in the most recent years might be seen as just a reflection 
of the general wave-like movement in the shares during the whole pe
riod.

Thé general change m  settlement pattern illustrated in Figure 5.2 is 
accompanied by changes both in population densities and m  regional 
income distribution.

The Stockholm region stands out as an exception in this context. Being 
an almost, completely urbanized region, its population density has 
shown a very rapid increase which lies far above the increase rates of 
all other regions. Also, the two other metropolitan regions South 
(Malmö) and West. (Gothenburg) show an increase in density, whereas all 
other regions have an almost constant population density for a very 
long time. It is also remarkable, how the regional income shares con
verged to the population shares since 1920 (see Andersson, 1985).

A characteristic problem observed in most industrialized countries m  
recent decades is the great migration of people from rural to urban 
regions. Although statistics are scarce for earlier periods it is 
possible to study the development of the urban population from the 
beginning of the nineteenth century, and some rough estimates can be 
made back to the mid-eighteenth century.
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Even today large areas of Sweden are very sparsely populated, espe
cially in the northern parts of the country. From 1880 and onwards the 
population increases became more and more concentrated around certain 
growth poles.

The major reason for this locally concentrated growth was the emer
gence of cities. For the mid-eighteenth century urban population has 
been estimated as equalling approximately 9 percent of the total popu
lation. In 1880, when actual data are available for the first time, 
the urban share had not yet reached 10 percent.

From then on the urban population grew at an increasing rate. Today 
more than 80 percent of the total population lives m  localities which 
comprise both cities as well as smaller urban agglomerations. The main 
reason for this large share, is of course, the fact that a very 
liberal definition of a 'locality' is used in Sweden. By locality is 
meant an agglomeration with at least 200 people in a contiguous loca
tion.

5.2.2 Current trends in regional population growth

Detailed population statistics on all levels of aggregation with re
spect to spatial classifications are, in principle, available since 
1960. However, the statistics published in official reports by Statis
tics Sweden (or formerly SCB) are much less specified. This means that 
we cannot make comprehensive studies of regional population develop
ment at. any level of aggregation without making special tabulations 
from the original statistical sources. These are notifications of 
changes from the parishes that are sent via the County Boards to 
Statistics Sweden.

For the years prior to 1960 the availability of regional population 
data is very scarce. For the counties (and consequently for the county 
regions) we have information about births and deaths, while data on 
total migration can be obtained only as a residual when comparmq 
natural increases with total population growth.
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For the presentation in this chapter we will restrict the time-period 
to the years after 1968, but in a forthcoming study we will go as far 
back as 1950. The following diagrams (Figur 5.3) show the contribution 
of various demographic components to total population growth.

The total domination of the metropolitan regions with respect to popu
lation growth was broken in the early 1970s. Then, suddenly, the 
foreign migration surplus for the country as a whole became negative 
for the first time since long before World War II. The surplus towards 
other parts of the country was considerably reduced and even negative 
in some of the years during the 1970s.

In the Stockholm Metropolitan region this reduction in the regional 
migration surplus was soon compensated for by an increase in the 
foreign migration surplus, and the population of the region started to 
increase again by the year 1975. For the other two metropolitan re
gions (South and West) this was not the case and for some years the 
population even declined.

In the last few years there seems to have occurred a new change of the 
trend: The migration streams are once again directed more towards the 
metropolitan regions at the expense of more remote areas. The evolu
tionary pattern of migration thus seems to exhibit a cyclical trend of 
the type considered within the framework of the Core-Penphery 
approach. Three main stages can be identified: urbanization, deurbani
zation, and reurbanization. This type of evolution has been observed 
in many industrial countries (see e.g. Dickinson 1964).
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Figure 5.3 Population changes between 1968 and 1982 

a Region 1 Stockholm
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c Region 3 South Middle

Y E A R L Y  C H A N G E  C R A T E S  P E R  1 0 0 0 )
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d Region 4 South
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e Region 5 West

Y E A R L Y  C H A N G E  C R A T E S  P E R  1 0 0 0 )
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f Region 6 North Middle
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g Region 7 Lower North

Y E A R L Y  C H A N G E  ( R A T E S  P E R  1-000)

M A T  I N C R  
I M T  n i G R
E X T  N I G R

h Region 8 Upper North

Y E A R L Y  C H A N G E  ( R A T E S  P E R  1 0 0 0 )

3  Ì3

Source: Sweden Statistics; 1968-1982 Statistical Abstract of Sweden.



-  113 -

5.3 A test projection and conclusions

One must remember that, multiregional projections are intended to show 
what observed patterns of migration, mortality and fertility imply for 
future population growth and distribution.

The projection made by the multiregional model for Sweden for the pe
riod 1980-2025 is based on population data (by region and by age) for 
the year 1979, the migration matrix being an average for the 1976-1979 
period, and net immigration an average for the 1976-1979 period. Thus 
the model reflects the demographic behaviour that existed in Sweden 
during this particular period. This has to do with the fact that popu
lation projections are useful in economic planning in sparcely popula
ted countries like Sweden, because of the long distances involved, the 
costs of transportation, social services, communication and energy are 
considerable. Any regional differentiation in these costs per capita 
is related to the spatial profile of the population.

The projection reveals the following patterns of population growth and 
distribution. The national population will increase from 8 302 000 in 
1980, the first year of the projection, to a maximum of 8 334 000 in 
1985. After that, the population will begin to decline succesively, 
reaching 7 623 000 people in 2025, the last year of the projection pe
riod. At the regional level, the population of all regions expands in 
the first observation, while only Stockholm, East Middle, West and 
Upper North increase in the second observation. From then on up until 
the end of the projection period, all regions decline in population 
but at different rates.

From the economic point of view the projected demographic development 
of Sweden can be analysed more explicitly in terms of dependency ra
tios, i.e. the ratios of elderly or young people in the population (or 
even their sum) to the total population. It is obvious that an in
crease of the total dependency ratios over time, means a worse demo
graphic development because a larger number of non-working inhabitants 
must be supported per working inhabitant.
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Figure 5.4 Spatial-age distribution of population 1980.
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As can be observed in Figure 5.4, in 1980 Stockholm's age distribution 
exhibits the highest ratio 60 percent of working population or labour 
pool (people of between 20 and 64 years of age) while South Middle has 
the lowest ratio (55.2 percent). One finds the highest ratio of elder
ly or post-labour pool (over 65 years of age) m  the North Middle and 
Lower North regions and the lowest in the Stockholm and Upper North 
regions. Stockholm exhibits the smallest ratio of young people or 
pre-labour pool (children and youth under 19 years of age) in the 
country (25.5 percent) while the highest ratio for this category 
exists in the Upper North (28 percent).
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Figure 5.5 Spatial-age distribution of population 2025.
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Many age-distributional changes will take place during the projection 
period. As it is illustrated in Figure 5.5, in 2025 the Stockholm 
region will exhibit the highest ratio of working population, ca. 59.5 
percent, and the South will have the lowest with 57 percent, while we 
will find the highest ratio of elderly m  the Lower North region and 
the lowest ratio in the Upper North.

According to this projection, Stockholm still will have the smallest 
young population share, in the country (19.4 percent), while the maxi
mum share of young population will be found in the South Middle 
(ca. 21.5 percent).

According to the same projection the development of the age distribu
tion at the national level will have the following characteristics 
(Figure 5.6).
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a The working population will increase successively from 57 percent 
in 1980 to 60 percent in 2005, and will successively be reduced to
58 percent in the last year of the projection.

b The young population will decrease successively from 26 percent in
the first year of the projection to ca 20.3 percent in the last 
year.

c The elderly population will increase with small fluctuations from
16 percent at the beginning to 21.5 percent at the end of the pro
jection period.

Figure 5.6 Temporal-age distribution of population 1980-2025.
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Roqers (1975) has proved that repeated projections by a multiregional 
model will yield an analogous regionally stable population profile, a 
constant age and regional distribution and a constant rate of growth 
for each region. In Figure 5.7, this stable population development is 
illustrated.
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Fìguf e 5.7 Spatial-age distribution of stable population.
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One general conclusion with respect to the age-structure of the Swe
dish population, which can be drawn from our multiregional projection, 
is that the population will grow older. Aging populations is a common 
structural phenomenon in industrialized countries. In Sweden, the 
causes of population aging are low fertility (below the replacement 
level) and increased life expectancy. Another important idiosyncrasy 
is the marginally increasing working population, while the age-redis- 
tnbution among the population takes place mostly between the young 
and the elderly.

With this population differentiation one should remember that the 
private sector is primarily responible for the young dependents, while 
the elderly are mainly under the responsibility of the public sector. 
This type of change in the expenditure distribution from the private 
to the public sector is expected to put fiscal pressure on future
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Swedish budgets, especially between the years 2010-2025 when the post 
war baby boom will reach retirement-age. In order to keep the per 
capita income and social security benefits constant the share of the 
government budget devoted to the elderly must increase at the same 
rate as the growth rate of the elderly. The increased share of public 
spending on the elderly may be offset by the reduction in the share of 
public spending for the young, or by increased total taxes. But in 
Sweden many consider the taxation system to be too heavy for the 
economy already. Unpopular solutions like increased retirement-age by 
three to five years, or the gradual deterioration of social security 
have been proposed by some economists. The population age differen
tiation will lead to a redistribution of public resources, from educa
tion to health. The demolition of some schools and day-care centers 
will be followed by the building of special hospitals and service 
houses for the elderly. The associated shift in labour demand from 
teachers to nurses, is also worth noticing. The potential gradual 
deterioration of social security may however lead to other more posi
tive results, like higher fertility rates as people will have to 
finance the last part of their lives either by higher saving in money 
and capital goods or in the form of children.

The increased number of elderly during the projection period (approxi
mately 295 thousand people, of which 258 thousand are over 75 years of 
age), will create fiscal challenges for medical care, not. only due to 
the increased number of people who need medical care, but also due to 
the fact that the duration of care (number of days in hospital per in
habitant) will increase.

In the end, the long term economic performance of the Swedish economy, 
in terms of real wages, real GNP growth and inflation rates, will give 
the definite answer to the expected social security problems of the 
future. The welfare of the growing elderly segment of the Swedish 
population will be a controversial subject for future debates both in 
economic and political sciences.

Figures 5.8.a and 5.8.b exhibit m  a three-dimensional picture of the 
Swedish population structure by age and region in the years 1980 and 
2025.
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Figure 5.8.a Spatial-age distribution of population in 1980.
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Figure 5.8.b Spatial-age distribution of population in 2025.
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A comparison of oof multiregional projection with the population fore
casts of Statistics Sweden is also of interest. The single-region 
population forecasts done by Statistics Sweden are performed using 
three assumptions:

1 The total fertility rate is assumed to increase from 1.65 in 1979 
to 1.80 in 1985. After 1985 fertility remains constant.

2 Life expectancy for women is expected to rise marginally for 
females between 1980 and 1985, while the mean life expectation for 
men is assumed to remain constant.

3 An annual net immigration of 10 000 is assumed until 1985 aid 5 000 
thereafter.

The main alternative in the forecasts is based on these assumptions.

Figure 5.9 illustrates a comparison of Statistics Sweden's forecast 
with our results obtained from the multiregional projection.

Figure 5.9 Comparison of Statistics Sweden's forecast with multi
regional projection.

1980 1985 1995 2000 2005 2010 2015 2020 2025year
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There are three further alternatives in the forecasts of Statistics 
Sweden:

a lower fertility, 
b higher fertility, 
c lower net immigration.

Spatial interaction is not taken into consideration in the forecasts 
of Statistics Sweden. Our multiregional model incorporates spatial in
teraction, but it considers the current state as the most probable 
state of demographic development.

Our multiregional model may be considered as a step towards a better 
understanding of spatio-temporal dynamics. Although the empirical 
estimations for Sweden may be subject to dispute, two main conclusions 
emerge: the Swedish population will decline and grow older.

5.4 Critique of the multiregional demographic model

The multiregional demographic model or spatial demographic accounting 
model is a first order^ time non-homogeneous^ Markov assumption 
based model with two intercommunicating living states plus one absorb
ing state^ of death. The model was initiated by Andrei Rogers (1968, 
1975), and followed by Stone (1971) and Rees-Wilson (1977). This type 
of modelling can be traced back to input-output models in economics. 
Stolnitz (1964) suggested an extension of the labour inputs in the 
interregional input-output model, which would dissagregate labour 
inputs by attributes and region of residence. The main insight was 
that an increase in the industrial sector of a region will attract 
workers from all other regions and so forth. In an input-output sys
tem, the technical coefficients express the constant ratio of each 
input per unit of output for each sector. In the multiregional model 
there are more complex relations like constant out-migration propensi
ties for each age group and each region.
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This model simulates the population evolution disaggregated by age and 
region exposed to a given pattern of growth and interregional mobili
ty, The aims are to generate an accurate prediction for policy pur
poses through scientific insight. It depends on the assumptions that 
the survival and mobility pattern are stationary over time and that 
the individuals in each subpopulation are homogeneous with respect to 
mobility and survival. The basic advantage of this model is the inde
pendent focus from regional population outflows and inflows between 
two particular points in the spatial continuum (like in most economet
ric migration models), to region-to-region flows (interregional 
streams) with their effect on regional population stocks. It reflects 
an increasing desideratum from model builders to formulate the spatial 
interdependence more explicitly.

The demographic theoretical base of the multiregional demographic mo
del can be traced back to advances in the actuarial discipline; parti
cularly to studies of mortality. Mortality has been analysed as a 
stable probabilistic dichotomous process, i.e. with variable values 1, 
0 corresponding to alive or dead, and the most celebrated life tables 
were constructed on this basis. To confirm this, Keyfitz (1968) wrote 
m  the beginning of his book '...the life table has given its shape to 
the natural world; we are incapable of thinking of population change 
and mortality from any other starting point.' Fertility also has been 
analysed in the same framework, with two states (to have a child or 
not). But migration is a dichotomous choice at first (to migrate or 
not) and polytomous choice secondly (many places to which migration is 
possible). One must add the puzzle of return and repeat migration and 
the choice of regional boundaries formation to complicate the migrato
ry profiles. To this should be added that fertility and migration can 
be seen both as individual and collective choices.

The consequence of all these considerations is that migration is the 
most volatile demographic component, less appropriate for a probabi
listic treatment of Markov type than mortality or fertility. Thus, 
fixed migration rate projections are less realistic than those based 
on fixed mortality or fertility rates. The major conceptual drawback 
of the traditional Markov formulation of migration is that it diverts
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attention from the determinants of transition probabilities, i.e. to 
distinguish between structural changes of related economic variables 
and changes in population which results only from demographic shifts 
m  the population.

The demographic time series data may exhibit three types of effects: 
heterogeneity, non-stationanty and event history effects.

Hoem and Funck-Oensen (1982) pointed out that the demographic account
ing model has been formulated for homogeneous populations and disre
gards the problem of population heterogeneity. Heterogeneity is the 
phenomenon of variability or diversity in a demographic element of a 
population consisting of many homogeneous sub-populations. This means 
that the patterns of mortality, fertility, or migration in a hetero
geneous population can be different from the patterns in the consti
tuent sub-populations.

In other words, the level of aggregation plays a crucial role for the 
observed demographic behaviour of a population. For simplicity, assume 
that the total heterogeneous population n with m(x) the mortality rate 
at age x, consists of two homogeneous populations m^(x) and n^Cx), 
which are the respective mortality rates. And let m^x) > m2(x) be 
time independent. The proportion of surviving in sub-population 1 at 
age x is p(x). To reduce technicalities and emphasize essentials, 
total mortality is given by

m(x) = ptxîm^x) + (1-p(x))m2(x)

Vaupel and Yashin (1983) using the above formula, ran simulations with 
m^ = .06, m2 = .01, and p(x) = .8 and they found a surprising decline 
in total mortality despite the constant sub-population mortalities 
(see Figure 5.10).
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Figure 5.10 Heterogeneity effects.

a total mortality rate b cohort mortality rates

m

X

m

m-

m

age x

Source: Vaupel, 3. and 3ashm, A. (1983).

The explanation of this phenomenon lies in the fact that the pro
gressive elimination of high-risk individuals changes the population 
composition so that the total mortality approaches the more robust 
sub-population mortality. With regards to regional migration propensi
ty, heterogeneity can be analysed in terms of a pool of 'movers' and a 
pool of 'stayers', a distinction initiated by Blumen, Kogan and 
McCarthy (1955) in their insightful analysis of industrialmobility.

They proved that heterogeneity leads to an underestimation, with in
creasing duration, of the leading diagonal (e.g. when projecting for
ward in time to the k-step matrix) of the mobility matrix, the so 
called 'deficient diagonal' problem. To eliminate the effects of hete
rogeneity in populations projections, under the assumption of fixed 
population, they applied Markov's transition matrix to the movers and 
they added them to the stayers of each sector. In addition to the 
'mover-stayer continuum' method the 'deficient diagonal' may also be 
eliminated either by a more complex higher order Markov or by a semi- 
Markov model (see Ginsberg, 1972).
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Non-stationarity describes the variation of individual probabilities 
over time, e.g. due to maturation. Event history effects refers to the 
dependency of current individual probabilities on preceding individual 
history and can be divided in two forms:

a Renewal effects refer to the change of event probability with time 
since the last event. The notion of 'cumulative inertia' of 
McGinnis (1968) belongs to this category.

b Higher order Markovian process effects are also a form of event 
history.

The deviation of dynamics between the total population and constituent 
sub-populations due to the effects of heterogeneity, non-stationarity, 
and event histories mean that the conclusions drawn at a certain agg
regation level of a population can not always be translated to other 
levels of aggregation. The researchers must examine whether or not the 
effects of heterogeneity etc are substantial.

But Hoem and Funck-Jensen's main critical argument was that the start
ing point derived from the mathematical statistics is the specifica
tion of transition intensities and not the specification of transition 
probabilities. After the estimation of transition intensities, the 
computation of transition probabilities can be attained as the solu
tion of Kolmogorov equations.^

The spatial demographic accounting model is atheoretical with respect 
to the determination of demographic changes. It has no substantive 
content since it does not use any exogenous social, economic or 
demographic variables. It is based only on empirical observations at a 
very disaggregated level by age, sex, and region of demographic 
components. This type of disaggregation contributes to the higher 
accuracy of demographic predictions, without giving an explanation as 
to how the regional socioeconomic conditions influence the spatial 
demographic distribution. The spatial behavioral aspects on the basis 
of sound economic theory are ignored (Ginsberg 1972b, Isserman et al. 
1985). Observed demographic trends are projected mechanically into the
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future, and are assumed to remain stable over time. In that sense, the 
projections ignore the most probable rates in the future. In other 
words, they are not forecasts.

The transition probabilities are from the perspective of the origin 
region, depending on the migration flow from the region i to j, and 
the population of the origin region 1.

They consider only the supply side of the population at the region of 
origin and not the demand of the population at the region of destina
tion and this is a basic disadvantage as compared with the gravity 
models. Even Ravenstein in his seminal work (1885) asserted that the 
migration analysis, 'must take into account the number of natives of 
each county which furnishes the migrants, as also the population of 
the towns or districts which absorb them1.

There is not any empirical or theoretical background to advocate that 
out-migration rates are more preferable than the destination oriented 
in-migration rates. In an out-migration case the population at risk or 
potential migration population is the one of the region of origin like 
inmortality and fertility analysis. In an in-migration case the migra
tion population at risk is the difference between the total population 
and the destination region population, i.e. all the people who do not 
live m  the in-migration area. In order to be more explicit about the 
difference between the aformentioned approaches, let us consider a 
three-region migration matrix.

To Total

From x ^ x12 X13 X1.

X21 X22 X23 X2.

X31 X32 X33 X3.

Total X .  X n X  ,  X
• I • £m • J
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The out-migration rate is given by,

0M1 = (xi2+x13^100//x1 .
0M2 = (x21+x23)100/x2

OM^ = (x22+x52)100/x?

The number of out-migrants is in the next period equal to: OM^* x 
0M2* x 2 and OM^» x 3 for the regions 1, 2, 3 respectively.

By taking the in-migration rates, the alternative exposition of migra
tory process is

1Mi = ( x 21+x31) 1 0 0 / ( x 2 + * 3 ^)

IM2 = (x12+x32)100/(x1 +x3 )

IM3 = (x13+x23)100/(x1 +x2 )

The number of in-migrants is the sum of

<*.2+x.3>

1M2(X.1+X.3)

IM3(x .1+x .2)

m  the next period for the regions 1, 2, 3 respectively.

It is easy to observe that these two alternative methods give differ
ent. results concerning the future migrations flows.

Destination is entirely passive in the sense that it accepts all 
migrants, and has no attributes. The behaviour of migrants is un
affected by the shifting opportunities of origin or destination. In 
the model, the migrant competition of destination places does not 
influence the entrance possiblities of migrants. Pull-push directions
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are invariant. In short, the omission of opportunity and competition 
variables decreases the accuracy of the projection, but on the other 
hand, it is technically difficult to estimate them. A destination- 
population-weighted modified Markov model may be the right direction.

It is known that the longer the sojourn time of an individual 
migration the greater the accumulative inertia to remain in the same 
place, or more formally, the probability of remaining in any given 
state increases as a strict monotone function of duration of prior 
residence in that state.

Henry's model (1971) deals with this type of dissagregation due to the 
duration effects of Markov chains with variable transition probabili
ties. He decomposed the transition matrix P(t) into two matrices

P(t) = 0 + [I(t)—D(t)Inc t)

where M(t) is the matrix consisting of the off-diagonal elements of 
P(t) weighted to sum to one, and the diagonal elements be zero.

D(t) consists of the main diagonal elements of P(t) and has all other 
elements zero.

I(t) is the identity matrix.

Thus M(t) is constant while D(t) varies with sojourn time. Also,the 
introduction of the semi-Markov assumption^ could be a fruitful way 
to deal with the heterogeneity of the 'movers and stayers' (Ginsberg 
1971).

Another obvious limitation of the standard unisexual model is the loss 
of the possibility of considering interactions between sexes. The 
model is thus not capable of dealing with fertility of parents within 
different age-groups. The use of a two-sex model plus the study of the 
ergodicity which the model exhibits could be a desideratum of 
extension.
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A last major source of dissatisfaction is the application of Markov 
chains to aggregate tabulations instead of microdata (life histories 
etc.) as is well known methods based on microdata are laborious and 
expensive and the theoretical embeddability between these alterna
tives is not. well-founded.

Also, if the aggregate tabulations are used, the reconciliation of 
different data sources e.g. population registers (number of moves) or 
censuses (number of movers) is necessary. The linearity of each func
tion within a five-year period and within a five-year age group is 
rather restrictive. The choice of the five-years increment is proble
matic for the planners because they must mostly decide for periods of 
less than five years.
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Notes

1 In second snd higher order processes the dependency of event proba
bility on the currently occupied state is also extended to the 
immediately preceding states.

2 Absorbing states can not be left once they are entered, i.e. the 
transitions from this state to all others are zero.

3 The time non-homogeneous Markov assumption is defined by Cox and 
Miller (1965)

prob(x s k/x = j) = p(m,n)jk m+n m

It depends both on the time interval and on the time (here, time is 
synonymous with age)

On the other hand, the homogeneous Markov chain depends only on the 
time interval n but not on the time m. A further development of 
Markov chains are the interactive Markov chains (Conlisk, 1976) in 
which the transition of each individual depend on the distribution 
of the population among the various states, as well as on his own 
current state.

4 According to Cox and Miller (1965), a Markov process x(t) with 
state space (1,2,...,k) can be specified in terms of k»k transition 
probability matrices P(s,t) with 0<s<t

pij(s,t) = pr[x(t) = j/x(s) = i] i,j s 1,2,...,k

Ex definitio, the transition intensities are

qij(t) s Urn pij(t,t+ôt)/ôt i*j 
6t-»0

and they form the (k»k) transition intensity matrix Q(t) * (qxj).
If the process is time-homogeneous, qij(t) = gij, the forward 
Kolmogorov equations

dP(t)/dt = P(t)Q(t)

have a unique solution

00

P(t) = exp(Q(t)) s £ Qr tr/r;
rfO

subject to the boundary condition P(0) = I

Thus, P(t) can be determined from Q(t) by a simple computational 
algorithm.
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Semi-Markov process definition 

The probability to be m  k state at time tn+1 , given the previous
states and the time durations m  the previous states (sojourn time)

pr(x = k, t -t<t/x = .) n+1 n+1 n n

To illustrate the semi-Markov process to study the timing of migra
tion and the duration of residence effects, consider the followmq 
individual migration history.

X 

X
t = j-2’ tn < t < ln+1
t = j-3, fcn+1 < t. < fcn+2
t = j’ tn+2 < t < ln+3

The alternative places are on the vertical axis, and the durations 
of residence in each place are on the horisontal axis in Figure 
3.11.

Fiqure 5.11 

place

j+1 

j

xt j-1 

j-2 

j-3

Migration: Life history of an individual.

tn t.n+1 tn+2 t.n+3 time
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CHAPTER VI THE THEORETICAL STRUCTURE OF THE SYNERGETIC MODEL

6.1 Introduction

"While the individual man is an insoluble puzzle, in the aggre
gate he becomes a mathematical certainty. You can, for example, 
never foretell what any one mari will do, but you can say with 
precision what an average number will be up to. Individuals vary, 
but percentages remain constant."
Sir A.C. Doyle

The synergetic model is a stochastic model for population growth and 
migration which applies elements of synergetics to regional econo
mics. Synergetics comes from the Greek word synergo (act together). 
According to the founder, H. Haken, it is an interdisciplinary field 
of research which is concerned with the cooperative behaviour of a 
system that produces macroscopic spatial, temporal or functional 
structures. Whereas on the micro-level of the interacting elements 
each system has genuine properties of its own, there emerges a univer
sal structure of macro-dynamic behaviour, a part of the synergetic 
model, which was developed by Haag and Weidlich (1985). Work with the 
extension of the model to incorporate demographic and economic inter
relationships is presented in the present thesis. In addition to this 
a number of projections are presented.

In regional economics, migration can be viewed on both the micro-level 
and the macro-level, but with a special linkage between these two 
levels. In migration processes, the decisions of individuals to 
migrate (which are taken on the micro-level) are considered to be pro
babilistic, but the migration decision for a group of people (on the 
macro-level) may be deterministic and obey some equation of motion 
derived for the natural sciences.

In the model, individual decisions to migrate are expressed m  the 
form of transition probabilities, which are the driving forces of 
migratory dynamics. The transition probabilities depend on differences 
between regional utilities, which in their turn are governed by demo- 
economic variables.
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6.2 Assumptions

1 Homogeneity: Individuals are homogenous with respect to their mig
ration behaviour. This is a coarse-grained assumption. We disregard 
the effects on individual migration of age, sex, income, and ethni
city. We consider only the average migratory behaviour of existing 
subpopulations. Such a restrictive assumption simplifies the esti
mation process.

2 Statistical independence: The decisions of individuals to migrate 
are statistically independent. Household migration, in which the 
family is the migratory decision unit, is not considered.

3 Markov^ process: Given the present migratory state, no additional 
data concerning states of the system in the past can alter the con
ditional probability of the future state, in other words the migra
tory system has no memory or history.

This is a very strong assumption. One must bear in mind that no system 
can be ever classified absolutely as either Markovian or non- 
Markovian.

The non-Markovian aspects of migration include return migration, 
migrant, aging, and the length of residence in a previous location. We 
shall return later to an assessment of their importance.

The conditional probability which is fundamental for the time-evolu- 
tion of stochastic processes can be formulated as a Markovian assump
tion: the probability of finding a person at state j at time t+r, 
given that he was found at state i at time t,

p(j,t+r/i,t)

If the given state is unigue, this is called a first-order Markov pro
cess. In the case that two or more given states exist, the Markov 
process is called second,... n:th order by analogy.
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Non-Markovian assumption: the probability of finding a person at state 
j at time t+r, given that he was found at state l at time t and all 
the previous states, as well as their duration, or previous history.

p(j,t+r/i,t, p.h) p.h s previous history

6.3 The model

Let population N migrate between L regions, where each region has sub- 
population n^. The population distribution row r» = (n^,0^,...,n^) is 
called population configuration. A birth (death) process leads to a 
new configuration n-1 = (n,j , ^ ,... ,(^±1 )+...) and the migration of 
one individual from region i to region j, leads to a configurational 
change, n^1 = (n^ ,(^-1 ),... ,(n^+1 ),... ,n^).

The normalization conditions are:

L
0 < n^ < N and E n^ = N 

i

The population size N is too restrictive because it does not change 
over time. In order to include migrations from the closed system to 
the rest of the world and demographic effects, we have to adjust N at 
the beginning of each time period. Besides the population configura- 
tion, the empirical migration (transition) matrix is also given
for each time period.

By definition, every change in subpopulation i over time is given by 
the expression below, i.e. the difference of the sums of the column i 
from the row i of the migration matrix or the sum of the people mig
rating into i minus the sum of the people migrating out of i m  the 
interval fit.

(ni(t+6t)-ni(t))/6t = E WiJt - E Wjit
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The introduction of a conditional probability of the Markov type for 
the migration decisions of individuals, is necessary for the system 
dynamics

p(j,t+r/i,t)

The probability normalization condition has to be fulfilled.

L
£ p(j,t+r/i,t) = 1
j

because a person must choose to be in one of L region j at time t.

The construction of transition probabilities

The time derivative ôp(j,t+r/i,t)/ôt is the individual transition pro
bability per unit of time. The individual transition probability Pji 
is assumed to be a function of a mobility function v ^  and the utili
ties u^ of the origin and u^ of destination area.

p . = v . exp(u .-u )Kji ji j i

The utilities are cardinal quantities, which are not maximized but 
serve to define the transition probabilities. The mobility factors v ^  
include geographical (expressed in km), economic (transport costs and 
facilities), and informational distance (decreased information of a 
far-distant region).

In the model, the mobility factors are assumed to be symmetric with 
respect to regions i and j by putting

v . = v .
Ji

for i,j : 1,2,...,L
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Furthermore it is plausible, that the mobility factor has a reduced 
form

v . = vnf . . with f . = f .ij 0 iJ ij Ji

Here, Vg is a global time dependent mobility, which reflects effects
of the mobility evolution and the deterrence factor f . contains the

ij
interregional distance effects. Defining Vg as the mean value of all 
interregional mobilities,

vn. = Z v ../L(L-1) Ot . . ijt'
» J

An effective distance D . = D.. may now be introduced by writing f .ij Ji ij
in the form

f . /L(L—1) = exp(-D .) ij ij

In this case the mobility reads

viJt = L(L-1)v0 exptDjj)

The requirement for p.. are:

a to be positive semidefinite

b to be a monotonously increasing function of (u^-u^), because an in
creasing difference between regional utilities will cause a higher 
transition rate

c if u . > u then p .. > p . 
J i Ji iJ

The formulation of transition probabilities is of vital importance for 
the behaviour of the master equation. The transition probabilities can
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be classified into four types, depending on whether or not they are 
stationary in space and time. We shall discuss only non-stationary 
transition probabilities in space and time.

Models used in psychology, like the "elimination by aspects" (ERA) of 
Tversky (1972) and the choice model of Luce (1939), are of a similar 
type, i.e. the transition probabilities between two locations are de
pendent on a set of characteristics of the destination and choice cri
terion.

By analogy, the configurational conditional probability on the macro 
level

P(jV ;t+r/n;t) where = (n^,n£,..., n^)

which is the probability of finding configuration _n' at time t+r, 
given the configuration n was realized at time t.

With the normalization condition

E P(n';t+r/n;t) = 1 
rt'

We define W^X,n(t) or W^^ (jn;t) as configurational probability transi
tion, the probability changes per unit of time for the transition from 
ji to neighbouring n^1 in a L region model.

W. (£1?t) = lim P(r^*;t+ô/n;t)
J1 Ôt+0

The probability transitions must be positive, without any requirement 
to fulfill the normalization condition.

One question arises here. How is the macro-level linked with the 
micro-level in migration? Or to put it more specifically. Is there any 
relation between the configurational probability and the individual
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condition probability? The derivation is rather technical. The result 
is:

W . (n;t) = n p . . ji i Kjit

The W. (jn;t ) from the configuration ji to the neighbouring configura
glition nJ is n^ times the individual probability transition rate Pj.^» 

because of the independency of individual migrations. Anyone from n.̂  
persons in region i can be an out-migrant to region j with a probabi
lity transition rate p ..

ij

Inserting the formula of as a function of mobilities and utili
ties into the last formula, we obtain the theoretical transition 
matrix

W. (n:t ) = v. n exp(u.-u) 
Ji -  Ji i J i

The utility function for each region is assumed to have the polynomial 
form of scaled regional population numbers

“it = '’l + 12 6nl t ♦ ■’j 8nlt

where

= preference parameter

= agqlomeration parameter for growth pool effects 

q^ = saturation parameter

The utilities are not maximized, but they help to define the change in 
transition probabilities over time, which in turn define the equations 
of motion.
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The individual transition rates take a multiplicative form speci
fied by two factors, namely the mobility factor v and a push-pull fac
tor G

pjit " Vjit Gjit

If the transition rates can be determined from exogenous and endo
genous variables, the dynamics of the migratory system can be derived.

The master equation

The dynamics of a population configuration can be described on a sto
chastic basis, and this is consistent with the micro-level, where the 
decision-making is probabilistic. The mathematical expression which 
describes population evolution is the master equation.

A general form of master equation with continuous variables is the 
following

ôn(a,z,q,t)/ôt = /J/n(a,z,q,t)po(a,a',z,z',q,q',t)da'dz'dq'

Ro

- J7Jn(a',z',q',t)pl(a',a,z',z,q',q,t)da'dz'dq'

Ri

where n(a,z,q,t) is a function describing the configuration of indivi
duals in the system over a set of classes a, a set of states z, a set 
of locations q, at the time t. The probability pl(a',a,z',z,q',q,t) 
describes the transitions from the (a',z',q') configuration to the 
(a,z,q) configuration.

Stages to be followed for a master equation application are:

1 Variable choice specification: continuous or discrete
2 Formulation of transition probabilities
3 Initial and boundary problems
4 Steady state solutions
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Haag and Weidlich used the discrete form of the master equation, but 
due to the homogeneity assumption classes and states are eliminated, 
giving

dP L LTr-(ri;t) = E W (n';t)P(n';t) - £ W (n;t)P(n;t)
i,j J1 i,j J1

The temporal change of the probability of configuration is due to 
two counteractive effects, firstly the probability flow from all 
neighboring configurations ji1 into n̂ and secondly the probability flow 
from to all neighboring configurations ji '. The stationary solution 
Pgj.(n) of the master equation corresponds to a migratory equilibrium, 
where P(njt) is constant over time. Migratory equilibrium does not
mean absence of migration flows, but equality of counter migration
flows. It. satisfies the condition of detailed balance.

The master equation can be derived either from the differential 
Chapman-Kolmogorov equation^ (see Gardiner, 1983) where it is a 
special case or from the Chapman-Kolmogorov equation (see Weidlich and 
Haag, 1983).

Here, the second aproach has been chosen. Because of the invariance of 
the last observed configuration, on which the present one depends, the 
Markov probability can be written:

P(jn* ;t+r) = E P(n_' ;t+r/ji;t)P(ji;t) 
n 1

namely, the Chapman-Kolmogorov equation.

The probability to find configuration n' at time t+r is composed of a 
sum of the probabilities a) to find at the time t one of the configu
rations n and b) to proceed to state n' at time t+r starting from 
state n at time t. The final state is dependent both on initial and 
intermediate states.
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One can derive the master equation from the Chapman-Kolmoqorov equa
tion by using the approximation for the conditional probability when 
the time interval r is quite small

P(n';t+r/n;t) = r W.- (n;t) + W , (t)(r2)
— — J — l i  *

One can expand the master equation to include birth and death pro
cesses with only one additional assumption, namely that the number of 
fecund women is proportional to the population. But the master equa
tion is very abstract that is, macroscopic and general (all possible 
states). It contains much information in comparison with the available 
statistical data. It consists of (N+L-1/L-1) coupled equations, for 
all possible states.

It is worth noting the property, that all time dependent solutions of 
the master equation must finally evolve into the stationary 
solution.-*

Because of the difficulty in solving stochastic diffferential equa
tions, it is usual to approximate them with the associated determinis
tic system.

6.4 Continuous and discrete approximation approaches

It is quite useful, to derive from the master equation a set of diffe
rential equations or difference equations which are easier to handle. 
But at the same time, we obtain from a stochastic process the associ
ated deterministic system, by omitting the stochastic deviations from 
the mean path. There are several approaches for dealing with the 
approximation of Markovian processes, like Van Kampen (1961), Kurtz 
(1978), Karmeshu and Pathria (1980) etc.

The usual approaches are the Fokker-Planck and Langevin equations (for 
their equivalency see Stratonovich (1963 and 1967)), and then deriving 
the mean value equation.
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But here we shall use the mean value equation derived directly from 
the master equation. Under the assumption that the distribution P(ji;t) 
is a well behaved sharply peaked unimodal distribution, the mean value 
n(t) is the best approximation of the realized configuration. By 
definition the mean value of the subpopulation n^ is the average of 
all possible ji weighted by the probability of their appearance.

"kt = Z nk p (JI*1 ) n̂

By taking the derivative and inserting into the master equation, we 
get

dn^/dt = E n^dPCnjtVdt
J2

In that form the mean value equations are not self-contained equa
tions, because the P(jn;t) is unknown. Under the assumption of well- 
behaved, sharp-peaked unimodality of P(n;t), then the mean value of a 
function jn is approximately equal to that function of the mean value 
of ru

f(n,t) = f(nt,t)

By substituting the last relation into the mean value equation, we get 
a self-contained set of coupled ordinary differential equations.

L L
dn^/dt = E Wki(ni;t) - E W^Oijt)

The explanation is that the change of the mean value per unit, of 
time is due to the mean in-migration rate from all regions into k 
minus the mean out-migration rate from k into all regions.

But if at least one of these assumptions is violated the use of the 
mean value state is not appropriate. In the case of bimodality, one of
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the local maxima is the most probable state. The mean value equations 
can be generalized by including natural population change through 
births and deaths.

A very simple application of the master equation in discrete form has 
been studied by Smith (1981). He assumed that a closed system consists 
of two regions and one class of individuals.

The population growth in region 1 is given by

n.. . = n„. - n.,p„0 + (N-n„. )p„.1t+1 1t 1t 12 1t K21

Let the transition probabilities be

P12 = a(N-n1t) and p ^  = bn1fc

By substituting the probabilities in the population growth and using 
the transformations

c = 1+(b-a)N and x̂. = ((b-a)/c)nj.

one obtains the discrete version of the logistic equation 

F(x) = = cxt(1-xt)

The discrete logistic equation is a deterministic equation, but for 
some parameter values the solutions are chaotic or unpredictable. The 
phenomenon of generating uncertainty from a deterministic system is 
called deterministic chaos. The theory of chaos, originated by the 
French mathematician Poincaré (1903), was formulated among others by 
Lorenz (1963). Chaotic solutions can be observed also in the con
tinuous version of the master equation, but with at least three re
gions. The solutions of the difference equation have been investigated 
e.g. by May (1976) and Feigenbaum (1983).
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Let's investigate the solution of the logistic-difference equation. At 
first the boundaries of x are 0 < x < 1, otherwise the population will
be extincted. The maximum will be attained for x = .5 and with maximum
value F(x) = c/4, which means 0 < c < 4 for x being at the initial 
boundaries. The equilibrium values of x can be estimated by the inter
section of F(x) with 45° line. There are two intersection points at 
x = 0 and the non-trivial fixed point x* = 1-1/c. The slope k of the 
curve F(x) at the non-trivial point is equal to k = c(1-2x*) and must, 
be in absolute value be less than one, in order for the stability con
dition to be fulfilled.

[(dF/dx) *] = k = (2-c)<1, which implies 1 < c < 3.

For the trivial fixed point, the slope is 

(dF/dx)x_g = k' = c, which implies 0 < c < 1

It will be fruitful to analyse fixed point behaviour through the rela
tion between the populations of two succesive periods, or as it is 
called, through functional iteration.

xt+2 = r(F(xt »  = r2(xt>

To start with, let consider the parameter c = 2.7, a value which ful
fills both boundary conditions. By observing Figure 6.1, the following 
remarks can be made:
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Figure 6.1 The basic fixed point is stable for c r 2.7.

_ i. __ — r*-̂

x-i

Source: Feigenbaum, 1983.
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2
Botti F(x) and F (x) are symmetrical to the maximum point x = .5. For 

2
the slope of F (x), the chain rule is valid.

d(F2(x))/dx = (dF(x)/dx)2

2
which implies 0 < F' (x) < 1, for x = x*

2 2 The minimum of F (x) is also at x = .5. The maxima of F (x) are of the
same value of x as the inverses of F(x). Inverses are the intersection
points of F(x) with x ^  = .5. One should ask, for the behaviour of
the system, if c belongs to (3,4) interval which is justified from the
first boundary condition for the parameter c. As c approaching 3, the
slope of the tangent at F(x*) tends to -1, and the slope of the tan- 

2gent at F (x*) tends to 1. As soon as c becomes bigger than 3, the 
2
F (x) intersects the 45° line into two new points x1*, and x2*, which
are stable, while the basic fixed point is unstable. Also, note that 

2
the slopes of F (x) at x1* and x2* are parallel. Going back to F(x), 
we observe that point, x* is also unstable and a sguare orbit or 
attractor is observed around x*, which has side length, the difference 
(x2*-x1*), as can be observed in Figure 6.2.

To sum up, the F(x) has a phase transition from stability to instabi
lity at c = 3, and the new closed orbit of stability or the steady

2
cycle of period 2 depends on the slope of the curve F (x) at the new
fixed points. A steady cycle of period 2 means that there are values
of xt, called attractors x and x which are the limits for x,, t + t

lim x. = x if t = even and lim x. = x if t = odd.. t + . tt->«> t**00

Again, there is a critical value of c = 1 + /6, in which the slope of 
F (x) approaching -1, and the fixed point bifurcates into two closed 
orbits or a new cycle of period 4. One, now, has to study F^(x) to
analyse the stability of the new fixed points. This period doubling of
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Figure 6.2 The basic fixed point, is unstable for c = 3.2.

Source: Feigenbaum, 1983.
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closed orbits can be continued ad infinitum leading to chaotic 
behaviour beyond c = 3.57. Bifurcation was originated by Poincare for 
the description of splitting of equilibrium solutions in differential 
equations. This succesion of pitchfork bifurcations can be observed in 
Figure 6.3.

Figure 6.3 Fixed points stability and instability.

Source: May, 1976.

Generally, the transition from stable to unstable fixed points of 
various periods, creates bifurcation to a new and ìnitialy stable 
orbit. The conclusions drawn from the example of the discrete logistic 
equation are not only that some known deterministic processes may 
generate randomness, but that it is also possible some random pro
cesses may be generated by unknown deterministic processes. A further 
conclusion is that the bizarre behaviour exhibited by the discrete 
logistic equation - stable points, stable cycles, chaos - should make 
economists and other social scientists to be more cautious when using 
nonlinear discrete systems.
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6.5 The estimation of parameters

If the observation period is T years, and the mobility matrix is sym
metrical v . = v. , we have: 

ij Ji

2
q = T(L -L) matrix elements 
T.L utilities,

T(L^-L)/2 mobilities,

T(2*"+L^-L)/2 = T(L^+L)/2 fitting parameters.

We compare the theoretical migration with the empirical one
i.e. the mean configurational transition rate matrix is compared with 
the empiric migration matrix.

W. . = v. . exp(u.. -u , )n . = W jit jit jt it' it jit

Because the number of observed quantities is larger than the number of 
fitted parameters, we minimize the sum of square of the deviations 
(OLS).

The assumption to be fullfilled here is that the random deviations of 
the value of the empiric migration matrix around their mean value must, 
be Poisson-distributed. This assumption is confirmed by empirical 
tests.

The application of the ordinary least square method leads to a rather 
complex exponential formula:

L L.
F(v .. u . ) = E Z'(W® W. ,)Z ijt, it t jit jit

But, the simplest way to handle exponential functions is the use of 
logarithmic transformations. The log-linear estimation procedure con
sists of minimizing the least-square expression, and leads to almost 
equally qoods results.
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L L * o
F( v ,u .) = T. Z'(ln W® lnW... J *  

i j t ’ xt' t  i , j  J l t  J l t

by appropriate choice of the mobility matrix V and It (t). It is 
allowed to impose the additional constraint without restriction of 
generality:

Z u = 0
i=1

The procedure leads to the estimated utilities

L
u(t) = 1/L E C

for j,i = and t = 1,2,3,...,T,

where

Cijt - 1/2 ln( P1Jt/pJlt), pijt = W iJt/nJt

The utilities are independent of the value of mobility parameters. For 
the mobility parameters one obtains

1/2
vijt = ^pijt pjit^

The global mobility parameter is obtained from as a spatial
average.

Matrix smoothing is necessary if some elements in the migration matrix 
are zero. Smoothing is the elimination of zero elements by taking the 
temporal average of three or more neighbouring years matrix elements. 
If the trend parameters are time-dependent, the phenomena of phase 
transitions can be observed (for certain critical values of trend 
parameters a stable stationary point can become unstable and vice 
versa).
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The dependence of utilities and nobilities on demo-economic variables

In the preceding section we have found by a minimization process, the 
parameters, utilities and mobilities determining the dynamics of the 
migratory system.

The last step is to regress the estimated utilities and mobilities 
with demo-economic variables like income per capita, vacancies, popu
lation densities etc. The purpose of embedding demo-economic variables 
into migration is that these variables influence the regional utili
ties which in their turn influence the individual migration probabili
ties. The mobilities and utilities can completely determine the evolu
tion of the migratory system, independently of the demo-economic vari
ables. But it is possible that population distribution forecasts, 
which are conditional upon the forecast of the demo-economic variab
les can be closer to the observed distributions.

By incorporating causal structure into a probabilistic model, the re
conciliation of gravity type models with Markovian models is plau
sible.
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Notes

1 A. A. Markov (1907), Extension of the limit theorems of probability 
theory to a sum of variables connected in chain. Physio- 
Mathematical College, Vol XXII, No. 9, Academy of Science of St. 
Petersburg.

2 The Chapman-Kolmogorov equation was first written by Louis 
Bachelier (1900) in "Theory of Speculation". Ann. Sci. Ecole Norm 
Sup (3) No. 1018.

3 This is reminiscent of the H-theorem, which Boltzman had derived 
for closed thermodynamic systems.
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CHAPTER VII APPLICATION OF THE SYNERGETIC MODEL TO SWEDEN

7.1 Causal factors in migration

"Nessuna humana investigazione si può dimandare vera scienzia s' 
essa non passa per le matematiche dimostrazione."
Leonardo da Vinci

7.1.1 Labour Market

The m a m  purpose of this chapter is to apply the synergetic model, as 
described in chapter VI, to Swedish population development during the 
period 1968-1982, and to project the population during the period 
1983-1992.

Before formulating our hypotheses regarding the specific factors which 
may be associated with this development and consequently with measures 
of regional utility and of mobility, it might, be appropriate to give a 
description of relevant background factors.

This section starts, however, with a brief review of labour and hous
ing markets and causal factors in migration in a more general and 
qualitative manner. In the present application we consider only one 
homogeneous population and we instead concentrate on the spatial dif
ferences of socio-economic factors. Our basic hypothesis is that hous
ing and labour market performance is the most important factor in this 
context, both on the micro and macro level. Other economic entities 
such as investment (level and distribution) do affect migration as 
well but we considered their effect as reflected through these two 
markets. This is the main reason for the rather comprehensive presen
tation in the second part of this section. In section 7.2, the traces 
of the reqional utility profiles, their variance, the regional prefe
rences, and the migratory stress are exhibited. In section 7.3 those 
socio-economic variables are identified which potentially could be 
relevant for the explanation of interregional migration of a homo
geneous population (thus not taking into account its divisions into
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subgroups). In section 7.4, finally, we present the result of the 
selection of key-causal factors in the representation of mobilities 
and utilities. Some projections of population development using hypo
thetical future values of the parameters or variables of the syner
getic model are discussed in section 7.5. In section 7.6 a critigue of 
the synergetic model is presented as well as a brief comparison with 
related models.

In analysing labour market performance it is common to consider labour 
supply and demand, labour diseguilibria, labour policy and, finally, 
the adjustment process through mobility.

Labour supply

Labour supply can be measured either by the total number of workers or 
by the total number of working hours. It is necessary to use and 
decompose both indices in order to have a true picture of the labour 
supply growth.

Labour supply, as measured by the number of workers, has increased 
marginally during the whole period. This increase has two components: 
the economic one, changes in the labour force participation rates, and 
the demographic one, the population change.

As can be seen from the following diagram (Figure 7.1) the yearly 
changes in labour supply due to demographic causes were on the average 
less than 1 percent, while the effects of changes in the participation 
rates were more significant.
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Figure 7.1 Labor supply changes.
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Source: Derived from SOU:1984:6 using data from Statistics Sweden,
1968-1982 Labour Force Surveys, Basic Tables, Yearly Averages.

Total labour supply, as measured by the number of working hours, shows 
a negative growth rate up to the year 1978 (Table 7.1). This is due to 
the fact that the absolute value of the decrease in the average 
working time and in the time of absence was larger than the increased 
working time contributed by the number of new workers entering the 
labour market.
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Table 7.1 The total labour force age 16-65, 1976-1982. Percent
change from previous year.

Year 1976 1977 1978 1979 1980 1981 1982

1 Labour force measured 
by number of persons

0.4 0.6 0.8 1.3 1.1 0.7 0.4

2 Average working hours 
per week

-0.6 -1.2 -1.9 -0.1 -0.3 -0.3 0.4

3 Absence -0.3 -0.7 -0.2 -0.5 -0.6 0.2 0.1

4 Labour force measured 
by numbers of hours

-0.5 -1.3 -1.3 0.7 0.2 0.6 0.9

Source: Derived from S0U:1984:74 using data from Statistics Sweden,
1976-1982 Labour Force Surveys, Basic Tables, Yearly Averages.

Later in the model application we will use the labour supply measured 
m  terms of the number of persons, although this might, not be the best, 
measure of labour supply. But in order to be consistent with other 
variables like migration, unemployment and vacancies, we have chosen 
to measure labour supply in terms of number of people.

During the same period, the labour force participation rate classified 
by sex and by region had the following characteristics: The male 
participation rates decreased proportionally less than the increase in 
female participation rates, and the regional distribution of the 
female labour force participation rates became greater even than the 
male participation rates.

There are two types of unemployed workers, those covered by unemploy
ment insurance and those who are uninsured. The two groups do not have 
equal bargaining power against the employers concerning the acceptance 
of the existing vacancies (reservation wage level and location). 
Workers who are eligible for unemployment compensation have lower 
search costs and therefore their unemployment duration can be expected 
to be longer, and thus they are less mobile. The unemployment compen
sation in 1982 was about 80 percent of the average wage of an industry
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worker, and the maximum compensation period was 300 working days (450 
days for older workers). During the period of interest, the proportion 
of workers covered by insurance has increased from 50 to 75 percent. 
The number of insured unemployed mainly increased because of the 
increase m  the proportion of older unemployed persons. Heterogeneous 
behaviour in the mobility of unemployed workers is to be expected, 
depending on the relative share of these groups and their relation to 
vacancies. The scaled regional unemployment of Sweden by region is 
shown in Figure 7.2.

Figure 7.2 Scaled regional unemployment of Sweden.
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Source: Statistics Sweden, 1968-1982 Labour Force Surveys, Basic 
Tables, Yearly Averages.
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Labour demand

Industrial employment increased by 38 000 during the 1970-1975 period 
but decreased by 112 000 in the 1975-1982 period. This decrease was 
most apparent m  textile, shipbuilding and iron-ore mining indus
tries. In the period 1980-1982 metal industry, non-metal l ie mineral 
products manufacture, wood products and rubber and plastic products 
manufacture have reduced their employment. In this context, we can 
observe that government supported areas (South Middle, North Middle 
and Upper North) have had constant or increased emloyment in industry.

Industrial employment declined not only because of the decline in 
industrial sales on the world market, but. also because of the increas
ing use of capital intensive technologies. A more detailed description 
of employment growth by region and by sector can be seen m  Table 7.2.

The number of employed in the agriculture/forest sector declined 
during the period 1970-1982 by 25 percent on the average; except in 
the Upper North and Lower North regions where the numbers show a 
decrease by 35 percent. The smallest decline was observed in the 
Stockholm region - a 15 percent decrease. The growth of the private 
service sector was above the national average of 25 percent in the 
Upper North. The Lower North and West regions showed an increase of 
approximately 35 percent in the same period, while the South region 
had a slow increase of only 12 percent. In the public sector a 
regional employment redistribution from more dense to less dense 
regions was deliberately pursued. The public sector employment in the 
Stockholm region was reduced from 22.3 to 20.9 percent of the total 
public sector employment in Sweden in the above period while the 
primary centers increased their share with 1.1 percent. The growth of 
scaled public sector employment (see Figure 7.3) was guite high, 1.6 
percent yearly m  the 1970s, while it decreased by 0.8 percent in 
1982.
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Figure 7.3 Scaled public sector employment distribution of Sweden.
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In Figure 7.3 the scaled public sector employment distribution of 
Sweden is shown. The county regions of Upper North, Lower North, South 
Middle, North Middle, and South were relatively constant and at a low 
level during the whole period. East Middle was also constant but at a 
relatively high level of public sector employment, while the Stockholm 
county region lost relative employment in the second half of the 
period. The West county region is the only region which increased its 
regional share.
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Table 7.2 Trends in employment distribution by region and by sector 
in the period 1972-1979.

Region W N M s M s L H U N E M S
e o i 0 i 0 0 0 p 0 a i t

+ s r d u d u w r P r s d 0
+ t t d t d t e t. e t t d c

4- h 1 h 1 h r h r h 1 k
Sector e e e h

Public administration 4- 4- 4- 4- - 4- 4* -

Whole sale 4- 4- 4- - 4- 4- - -
Transport 4- 4- 4- 4- - - 4- -
Iron and steel industries - - 4- - 4- 4-4-4- 4- -
Manufacture of fabricated 
metal products

- 4- 4- 4- 4- - - 4*

Retail trade 4- 4- - 4- 4- 4- - -

Forestry + 4- 4-4-4- - 4- 4- - 4-4-

Agriculture 4- 4- - 4- - - ¥ -
Manufacture of wood products - + 4- - 4- - - *-
Public health 4- - 4- 4- 4- - - --
Manufacture of chemicals - - - -- f- 4- 4- -
Social service 4- - 4- - 4- - - -
Textile industries - 4- 4-4- 4- 4* - - -
Paper industries 4- - - 4-4- - - ¥ -
Other manufacturing 
industries

- + - 4- - ¥ 4-

Manufacture of food products 4- • 4* 4* - - - --
Education 4- - - - - 4-4- -

Private service 4- - - - - - 4-4- -
Housing construction - - - 4- « 4- 4- 4-

Other public services - - - - - - ¥ 4-4-4-

Notes: +++ = growth > 15»  = decline
++ = growth from 0.5 to 1 % —  = decline
+ = growth from 0 to 0.5 Ï - = decline

Source: Derived from Snickars' calculations (1981) using Labour Force 
Survey data of Statistics Sweden.
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In the model application we measure labour demand in terms of vacan
cies because the demand can be expressed as the sum of the number of 
people employed and the number of vacancies. On the other hand, the 
labour supply is the sum of the number of people employed and the 
number of people unemployed, which means that the labour supply can be 
expressed in the number of people unemployed for the study of labour 
market disequilibria.2

Labour market disequilibria

In traditional economic analysis (see Richardson, 1969), mter-county 
migration reflects the differences in regional labour markets, in 
terms of wages, vacancies and unemployment. In Sweden, the regional 
wage differential for the same work has been reduced by the so called 
solidarity wage policy: The same wages should be paid for the same 
work regardless of sector, region etc. The solidarity wage policy 
would lead to a long-run equilibrium wage structure in the labour 
market.-^ Of course, there are still differences in fnnge-benefits, 
but. such benefits could not be accounted for, due to the lack of sta
tistical data. Consequently, interregional migration is probably more 
associate with work changes in labour markets, unemployment and vacan
cy levels rather than small regional income differentials illustrated 
m  Figure 7.4.

Economic theories emphasize two labour market states: employed and 
unemployed. A third state, not in the labour force, has mostly been 
neglected. The transition rates between these three states are highly 
dependent on the age-sex structure of the population. Women do not 
stay as long as men in unemployment, they rather leave the labour 
force (see Persson-Tammura, 1980). Possible relationships between the 
transition probabilities of the labour market states, and migration 
processes need to be established.

The unmatched demand for labour is expressed as vacancies. We have 
plotted the regional variations m  scaled vacancy rates during the 
1968-1982 period for comparative purposes (see Figure 7.5).
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Figure 7.4 Regional income per capita of Sweden.
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Figure 7.5 Scaled regional vacancy rate of Sweden.
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It is evident that there is a relation between unemployment and vacan
cies. This relation has been investigated econometrically by Holinlund 
(1975). The difference between unemployment and vacancies can be seen 
as an index of regional labour market efficiency of the search pro
cess. Cyclical variations and tendencies in these differences can be 
studied (see Figure 7.6). The upswings and downswings of the curves 
almost coincide and the length of the fluctuations are fairly equal, 
but. they differ in the amplitude of the fluctuations.
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Figure 7.6 Sealed difference between unemployment, and vacancies by 
region in Sweden.
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Tables, Yearly Averages and AMS, Arbetsmarknadsstatistik 
(Labour Market Statistics).

Not only can the unemployment and vacancy rates give an indication of 
the efficiency of the labour market but their time spells may as 
well. The limitation is that the uneployment. and vacancies are con
sidered as a stock, which is a static measure. A dynamic stock-flow 
analysis of unemployment could be more preferable theoretically, 
because it. explains both the distribution of unemployment and the 
unemployment spells.^

In less densely populated areas, and especially in Northern Sweden, 
the unemployment and vacancy spells are much longer than in the rest 
of the country.
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Despite the distortions caused by labour market regulations and inter
ventions unemployment and vacancy rates can be seen to be highly 
dependent on variations in the growth of GNP.

The most interesting question in the study of labour market disequili- 
b n a  concerns the extent to which migration eliminates the regional 
unemployment and wage differentials, under the assumption of a perfect 
and a free information system. The consensus is that in the long-run 
equilibrium state, the expected wages (i.e. employment share times 
wages) will be equalized in all regions. But in reality, the long-run 
regional labour market disequilibrium, which creates migration flows, 
does not necessarily lead to a general equilibrium. There are quite a 
few arguments to advocate such a statement.

The main micro-economic argument lies in the dichotomy of migrants as 
producers arid consumers. The large out-migration from a high unemploy
ment region does not only reduce the demand and supply for local goods 
and services and threatens the existense of the old enterprises but. it 
also leads to negative market signals that might deter new enterprises 
from locating in the region.

The regional market consists of sub-markets of different professions, 
in which mobility is limited by the time-money costs of on-the-job 
training or education. The number of these sub-markets, or the degree 
of heterogeneity of the labour market, is negatively correlated with 
the propensity to migrate.

The main macro-economic argument (in a narrow sense), is based on the 
existence of an unequal distribution of location-specific public goods 
e.g. the existence of cultural and educational institutions and ameni
ties e.g. a favourable climate which may cause regional differences in 
attraction. As has been pointed out by Andersson (1980), public goods 
enter in the production function of private firms as environmental 
accessibility factors which are important for increasing productivi
ty. High technology industries, for instance, seem to locate close to 
education centers. In the literature, geographic movement to express 
one's preferences for public goods is referred to as "voting with 
one's feet" and it was originally developed by Tiebout in 1956.^
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Labour market policy

Sweden has an active labour market policy in the form of programs for 
labour market training, relief work, sheltered workshops^, reloca
tion subsidies etc. Approximately 3 percent of the Swedish GNP was the 
cost of labour market policy by the end of 1970s. In Statistics Sweden 
these workers are classified as employed. In reality, this is a kind 
of institutionalized unemployment. If the figures of institutionalized 
unemployment are added to the open unemployment the unemployment rate 
would be at least doubled. In Figure 7.7, the counter-cyclical charac
ter and the growing importance of unemployment policy measures can be 
observed. The aforementioned labour market measures mostly influenced 
the labour supply, and they are therefore classified as labour supply 
oriented policies.

Figure 7.7 Employment creation measures in Sweden.
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Source: Sheltered workers, labour market training, and relief workers 
are from AMS, Arbetsmarknadsstatistik (Labour Market Statis
tics) . Open unemployment is from Statistics Sweden, Labour 
Force Surveys: Basic Tables, Yearly Averages.
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In the 1960s Swedish labour market policy was labour supply oriented, 
in order to promote an optimal resource allocation. But in the 1970s 
it changed and became labour demand oriented, the main goal bemq to 
minimize lay-offs m  the private sector by financial support to 
firms. The main measures were stock-piling support, industrial orders, 
wage and hiring subsidies. The aim of this policy was to protect the 
existing labour force but it. did little to facilitate new entrants 
e.g. youth and married women with long labour absences.

To sum up, the labour supply oriented policy increased labour mobili
ty, but enlarged the regional attract!vity differentiations, while the 
opposite is true for demand oriented policies. Because of the simul
taneous existence of these labour policies, the effects on labour 
mobility and regional attractivity differentiations are not clear.

Generally, a regional employment policy might be able to catalyse the 
equilibnzation process by encouraging firms to move to high unemploy
ment regions at first, and by encouraging people to migrate later.

Labour mobility and global mobility of Sweden

Labour mobility can be measured in three different ways; viz. job 
mobility, labour turnover and migration. Job mobility i.e the number 
of employees changing jobs, divided by the total number of employees, 
is a measure of employment changes. Labour turnover consists of quits,
layoffs and new recruitments. Migration is an index for spatial
changes of the labour force.

There are two well-known theoretical approaches to the study of labour 
mobility. The first one is the search theory, according to which a 
worker can increase his earnings only by changing jobs, even at the 
cost of unemployment. According to this theory unemployment gives a 
person the possibility to search full-time in the labour market for a 
new job. Distinction has been made between stepping-stone jobs and 
permanent jobs, and how they affect mobility under the assumption that 
human capital is ignored and the search and moving costs are given. A
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worker is mobile only if the discounted expected income of a new job 
is larger than the sum of his search costs and the discounted income 
of his present work.

The second approach is the human capital theory, according to which a 
worker can increase the earnings through human capital accumulation. 
Education may be considered as either a general or a firm specific 
investment, depending on whether or not the worker's productivity in
crease is general or firm specific. The basic hypothesis is that job 
changes and thus mobility are increasing functions of a worker's 
general level of human capital, but decreasing functions of his level 
of firm-specific experience.^

One may, however, consider labour mobility as a function of both the 
search process and the level of human investment. It is also worth 
mentioning the so-called contractarian approach, i.e. employers and 
employees agree on a contract, which guarantees higher wages at the 
cost of uncertain employment. Such contracts are motivated by reduced 
information and transaction costs. This type of contractual arrange
ment. may become more common in the near future and the contractual 
approach therefore becomes a more representative framework for analys
ing labour mobility.

As we have seen earlier, global mobility is the mean value of all 
interregional mobilities. It is a measure of labour mobility in 
space. In the period 1968-1982, global mobility was going down with an 
average rate of 1.7 percent per year, as can be seen in Figure 7.8.
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Fiqure 7.8 The qlobal mobility of Sweden.

o

The reasons for a declininq mobility of population may be attributed 
to chanqes in distribution between casual and ordinary workers, in the 
aqe distribution of the labour force, in vacancy trends, in production 
technoloqy, in social norms and institutions, and in commutinq and 
miqration propensities.

It is a well-known fact that casual workers are more mobile than ordi
nary workers. During the 1968-1982 period the number of casual workers 
decreased (from about 1 to 0.8 million), and so had their mobility 
index. The number of ordinary workers increased, and on the other 
hand, their mobility index remained constant.

The mobility index is a declining function of age. In 1974 the mobili
ty index for ages 20-24 was 6.5 times higher than the index for the 
55-65 age group in 1974. The number of employed m  the oldest working 
age-group (55-65) declined because of changes in retirement age. The 
decrease in the youngest working age group (16-19 years) could be
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attributed to better educational opportunities and for institutional 
reasons (e.g. youths under 18 years old can not be employed m  two- 
shift jobs).

The demand for labour as expressed by the number of vacancies, and job 
mobility are mutually dependent. An increase of the vacancy rate will 
lead to an increase of work changes and vice versa. There is a stable 
relationship between job vacancies and work changes, and a multi
plier® of 3.5 has been observed. In other words, for every 100 
vacancies, 350 job changes were generated up to the end of the 1970s 
(see SOU 1980:52). Labour demand has decreased in urban but increased 
in rural areas as a consequence of labour market support programs like 
early pensions, public works etc.

There may be a relation between global mobility and the rate of growth 
of GNP. Generally, a positive relation has been observed in pooled 
cross-section and time series data for different countries.

It has been shown by Saaski (1980), and Nilsson (1985) that the elas
ticity of global mobility with respect to GNP is around 0.5. However, 
the direction of causality in this observation has also been ques
tioned. The reduced mobility may be the consequence rather than the 
cause of the slower growth of GNP in the 1970's, resulting in a less 
efficient allocation of the labour force.

The technological advancement of industry has eliminated simple and 
monotonous jobs, and on-the-job-training, internal recruitments and 
internal education have become even more important as costs connected 
with new recruitments increased. As a consequence, employers screen 
the labour force closer than previously, searching for long-time- 
employments and avoiding the earlier prevalence of unskilled workers. 
The marginal workers (teenagers, students, housewives seeking gainful 
employment) have experienced increasing difficulties when entering the 
labour market.

Among unemployed workers a gradual change in the social norms can be 
observed. The unemployed (especially the young) nowadays prefer tempo
rary relief work in home communities rather than a permanent job m
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far away industries.^ The employment security laws (the Ahman laws 
of 1974) drastically decreased the new recruitments.^

The transition from one-bread winner families, to two-bread winner 
families will reduce family migration probabilities, calculated as the 
product of the husband's migration probability and the wife's migra
tion probability. Finally, the growing ownership of single family 
houses increases mobility transaction costs.

Especially a person moving from a village to the city faces the 
following two problems:

a housing demand in his home region is very low,

b housing price at his destination region is much higher. The inter
regional price differentiation for housing can be seen in Figure 
7.9.

Figure 7.9 Purchase price coefficients of sold detached and dwelling 
buildings in 1979.
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Commuting will also be taken into consideration as an equilibrium 
creating mechanism similar to migration. But in the Labour Force 
Investigation (AKU), however, the labour force is classified according 
to place of residence rather than place of work. To quantify the 
interaction of migration with commuting is impossible with direct 
data, because commuting data are only collected in connection with the 
censuses (at 5 year periods) while migration data are collected in 
connection with labour force surveys (every month). It may be fruitful 
to use an indirect method for transformation of the commuting data to 
yearly data, and then to compare those data with the data on yearly 
migration. Taking commuting into account will increase the mobility 
index, because the increase in commuting overcompensat.es the decrease 
in migration (see Figure 7.10). This means that relations between

Figure 7.10 Commuting and migrating.
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migration and various explanatory variables found in other countries 
may not be possible to confirm in the case of Sweden.

Long distance commuting exists in Sweden, for instance between 
Uppsala-Stockholm and Skaraborg-Gothenburg. This is very important for 
regional analysis because the development of Uppsala and Skaraborg 
areas depends primarily on the labour markets of neighbouring 
metropolitan areas.

In the 1970s the total number of intra-municipality migrants and com
muters has increased from 800 000 to 1 000 000.

The propensity to migrate between counties is independent of fluctua
tions in the economy and has declined during this period. The migra
tion propensity by age and sex is shown in Figure 7.11.

Rather than utilizing economic factors as a distinguishing variable m  
migration analysis, studies by Graves and Linneman (1979) have re
vealed that a more appropriate variable may be the stage of the life 
cycles for each household as a descriptor of the migratory process.
(By stages m  household life cycles is meant, for instance, the times 
when basic education is finished, a job has been found, one is married 
or divorced, has children at home, or away from home, is retired, 
etc.). Age, fertility and marital situation are together usually taken 
as 'proxies' for 'stages' in the household life cycle.

The 'life cycle' approach is portrayed in Figure 7.11. The age group
18-24 is the most mobile group for both sexes and the propensity is 
gradually reduced for older age groups. Women show a higher tendency 
to migrate than men of the same age-group. But the most important 
observation is that the declining propensity to migrate during 1972- 
1982 period is independent of disaggregation level by age and sex.
This invariance of aggregation level for population mobility gives us 
the basis to consider the population homogeneity assumption as more
real istic as it. seems to be at first, sight.
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Figure 7.11 Migration propensity by age and sex.
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'•'•2 The Housing Market of Sweden

Two types of housing demand can be distinguished: a) Revealed demand 
is the number of people who have a dwelling plus the number of people 
who are m  a queue for a dwelling, b) Potential demand is the revealed 
demand plus the additional hidden demand attributable to those who 
have not joined or have withdrawn from the housing queue. Housing
vacancy rates and housing quality are probably the most important 
housing-induced determinants of migration.

By observing the next Figures 7.12.a and 7.12.b, the following remarks 
can be made regarding housing construction:

- the downward trend for all regions m  absolute numbers,

- the scaled regional dispersion (Figure 7.12.b) vanes considerably,

the relatively large reduction in the Stockholm region 
(approximately 65 percent).

From a microeconomic point of view people primarily migrate m  order 
to find a job and the availability of dwellings acts as a constraint 
on mobility. On the other hand, housing construction is of real 
importance for mtra-regional migration on its own merits, since 
changes in household composition and income take place. But because 
of the difficulties involved m  the collection of the relevant statis
tical data, we have used housing construction as a 'proxy' for both 
vacancies and higher quality housing.
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Figure 7*12 Housing construction by region, 

a per 1000 inhabitants
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7.2 Regional utilities, variance of regional utilities,
regional preferences and migratory stress

7.2.1 Regional utilities

The traces of the statistical estimations of regional utility profiles 
are exhibited in Figure 7.13. The following comments seem warranted in 
the context of regional utilities.

Figure 7.13 Regional utilities of Sweden.
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The utility of the Stockholm region increased until the year 1972, 
then remained stationary until 1980, and then finally decreased again.

The two regions West, and East Middle had a common growth path until 
they seperated in the year 1974. After this they had stationary fluc
tuations around an average level. The region South showed the highest 
increase in utility among all regions until the year 1976 but after 
that year there were fluctuations around an almost constant level. The
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two northern regions, North Middle and Upper North, had a development 
in regional utility which was U-shaped with a minimum in 1975. The up
ward trend in utility after this year can be explained by the govern
ment location support to these regions after 1975. The two remaining 
reqions, South Middle and Lower North, had regional utilities at 
almost the same level at the beginning of the period, but. after 1971 
the development diverged and we can observe fluctuations.

The variance of regional utility and regional preferences can also be 
computed from the above estimation, see Figures 7.14.a and 7.14.b. It 
had an upward trend for utilities (Figure 7.14.a), but a downward 
trend for regional preferences (Figure 7,14.b). However, the reference 
period is too small to allow deeper analysis of the relation between 
this variance and possible business cycles during the period.

In summary, the utility order reflects population size order with the 
only exception in the West, which during most of the period lay higher 
m  rank than warranted by population size.
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Figure 7.14.a Variance of regional utilities of Sweden.

Figure 7.14.b Variance of regional preferences of Sweden.
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7.2.2 fteqional preferences

We have seen in Chapter 6 that the population size independent part of 
the utilities is denoted as regional preferences. The results of the 
estimation of the regional preferences are shown in Figure 7.15.

Figure 7.15 Regional preferences of Sweden.
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Regional preferences share a development which is almost parallel to 
the development of regional utilities. The main difference lies m  the 
relation between the regions with respect to absolute levels.

The regions of high utility like Stockholm, West and East Middle had 
the lowest level of preferences, while regions with medium sized uti
lity like regions North Middle, South Middle, and South obtained pre
ferences that are among the highest. It is worthwile to mention that 
changes m  regional preferences ô^(t) are mainly due to changes of the 
socio-economic conditions of the countries, since the population 
dependent part of the utilities (kn^+n^) is only slowly varying with 
time.
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7.2.3 Migratory stress

Migratory stress is a formulation of the deviation between the actual 
and the equilibrium population distribution (see Figure 7.16).

Figure 7.16 Migratory stress of Sweden.

The migratory stress in Sweden tends to zero (in other words, the 
correlation between N(t) and N ^ tends to one), which means that the 
system is approaching equilibrium. In contrast to other countries 
under investigation, Sweden is very close to its equilibrium state. 
This is a main conclusion of the case study of Swedish migration 
dynamics.
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7.3 Choice of socio-economic variables

The master equation and the mean-value equations defined m  chapter 
six of this work include two important parameters of migration, namely 
regional dynamic utilities as a measure of regional attractivity and 
mobility factors. In this section we will introduce a set of socio
economic variables used in the application of the model to the study 
case of 5weden. The purpose of the next section 7.4 is to investigate 
to what extent these parameters may be functions of the selected demo
graphic and economic variables.

To begin with, the basic hypothesis is that population is homogeneous, 
i.e. the same migration propensity exists for all subpopulations.

The variables that have been chosen below to portray the development 
in population distribution, are considered to be the main determinants 
of regional attractivity and mobility.

All data are spatially disaggregated and available on a yearly base 
for the period 1968-1982.

Size-effect variables

n (t) = population numbers *

2
nx(t) = square of population number *
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Labour market

E(t) = employment (in 100s)
U(t) = unemployment (in 100s)
L(t) = E(t) + U(t) = total labour force (in 100s)
V(t) = vacancies (in 100s)
LM(t) = V(t)-U(t.) = labour market variable (in 100s) *
F.PC(t) = E(t.)*100/N(t) = employment per capita (in 55)
UR(t) = rate of unemployment (in 55) *
LPC(t) = labour participation rate (in %)

VR(t) = rate of vacancies (in %) *
LMR(t) = LM(t)*100/L(t) = labour market index

Public sector

PSE(t) = public sector employment (in 100s) *

Housing market

C(t) = new house constructions
CPC(t) = new house construction per 1000 inhabitants *

Living standard

I(t) = total income (in 1000 Swedish Kronor)
IPC(t) = income per capita (in 1000 Swedish Kronor)

The variables with a (*) turn out (see Section 7.4) to be the most 
important key-factors in the evaluation procedure leading to the 
representation of mobility and utilities in terms of a few sequential
ly selected key-factors.
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As we have seen earlier, m  Sweden there are two types of unemploy
ment: the official one and the unofficial one. The latter is an esti
mate ,0if the total unemployment, being the official level plus institu
tionalized unemployement (relief work +• labour market training + 
sheltered employment).

Early retirement incentive schemes may have the effect that the insti
tutionalized component would gradually rise relative to the other 
forms of unemployment. In the application we have only used the offi
cial unemployment figures because:

a they are available and more statistically detailed,

b they quite well portrays the cyclical variations which are sensi
tive to aggregate demand (short run unemployment),

c they are reasonable to use because of our ignorance of the degree
of substitutability between ordinary workers and relief workers.

The quality of socio-economic data is not the same for all variables 
during the whole period. For instance, vacancy registration became 
gradually compulsory by law after 1976.

7.4 Representation of global mobility and regional utili
ties of key causal factors

7.4.1 Representation of global mobility

Global mobility is an indication of interregional mobility. As 
mentioned in the theoretical discussion earlier, global mobility vQ(t) 
can be seen as the mean value of the interregional mobility matrix
V. .(t). We assume that global mobility may depend on the above

\J
described set of socio-economic variables as well as a linear time 
trend which might appear lagged. The discussion above leads to the 
definition of the following function for global mobility v^(t).
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v (t) = a0 + CPCi(t-T1 ) + a2 V R ^ t - T ^  + a? UR^t-Tj) +

(7.1)

a4 Ii(t*T4) + a5 PSEi(t-T5) + a6 t

Of course, not all variables taken into account in (7.1) are appro
priate to describe the time path of global mobility. In order to find 
out the key-causal factors with their appropriate time-lags, the 
procedure described m  detail in Haag-Weidlich (1987, ch. 15) is 
applied. The analysis is exemplified for the case of Sweden. Therefore 
we will only present the final results of the estimation.

From the Tables 7.3 and 7.4, the following conclusions can be drawn. 
The housing commencements, CPC, are positively related to global mobi
lity because they generate housing vacancies and generally raise the 
quality of existing housing stock.

The rate of work vacancies, VR, measured as the ratio between vacan
cies and labour force, influences positively global mobility. It is to 
be regarded as a "pull" factor. On the other hand, the rate of un
employment is positively related to mobility. This "push" factor is 
represented by the ratio of unemployment, UR, to the labour force. The 
income I, is negatively related to global mobility, and so is also 
public sector employment. That entity is represented by the abbrevia
tion PSE m  the above formula.

The estimated parameters of the mobility function are listed in Tables 
7.3 and 7.4 below.
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a using two variables

Table 7.3 Mobility function parameters.

Variable Time- lag Coefficient. T-value

CPC 2 7.48*10-5 20.6
VR 0 4.47*10-4 10.7
Constant 1.04*10-3

R2 = 0.989 ; adjd R2 = 0.987; F = 451; D.W = 2.2

b using three variables

Table 7.4 Mobility function parameters.

Variable Time-lag Coefficient T-value

CPC 2 7.33*10-5 23.1
VR 0 4.18*10-5 11.4
UR 2 5.78*10-5 1.9
Constant 9.63*10-5

R2 = 0.993 , adjd R2 = 0.990, F = 407, D.W = 2.4

If we compare Table 7.3 with Table 7.4, the following remarks can be 
made:

i all t-statistics for coefficients are significant, except UR which 
is marginally significant (significant at 0.05 level but insignifi
cant at 0.023 level)

ii the F statistics are much larger than the tabulated values of F.
The representation b) gives only slightly better results than the
representation a), because of the low t-value 1.9 of the last van-

2able UR, and the extremely marginal improvement of adjusted R .
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In other words, both the separate contributions of all variables to 
the explanation of the variation of global mobility and their joint 
contributions are rather strong, whereas the existence of multi- 
collmeanty is obvious.

Is this degree of multicollineanty detrimental for the estimation of 
parameters? A criterion to test, this is the following (see «menta, 
1971): If the F statistics are significant, while all t. statistics are 
not significant, then the estimates are imprecise (very large vari
ances and covariances) because round off errors are likely to occur 
due to multicollineanty. But according to this criterion, multicolli- 
neanty is not harmful for our estimation. A possible explanation for
the time-lags found m  some of the coefficients could be the increase
in commuting flows over time. People may move away from the neighbour
hood of the work place because of housing scarcity. On the other hand,
the time-lag found in the rate of unemployment can not be explained as
an information lag, because Sweden has a very effective labour market 
information system. One reason for this time-lag could be a corres
ponding lag m  the decision to move. It could also be the effect of
unemployment compensations. The time-lag in housing construction could 
be explained by administrative lags on the part of the housing autho
rities.

Figure 7.17 shows the development of the global mobility in Sweden 
between 1968 and 1982. In the same figure the estimated time path via
Table 7.4 is depicted. The fit for the estimation period is very
close.
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Figure 7.17 Actual (solid line) and estimated (dashed line) change of 
the global mobility of Sweden.

« 2.50io

7.4.2 Representation of regional utility

The measure of regional utility (u) may be assumed to be sensitive to 
a subset of the introduced socio-economic variables in Section 7.5. 
The motivation for this specification has been given earlier.

The estimated parameters of the utility function are given m  Table 
7.5.
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Table 7.5 Estimated utility function parameters

Variable Time-lag Coefficient T-value

n 0 1.071 105.3
2n 0 -0.355 -10.6

LM 0 -0.014 - 7.8
PSE 1 0.166 5.5
VR 2 0.093 3.2

R2 = 0.971 , adjd R2 = 0.969, F = 653.3

The table shows that there is a strong correlation between utility and 
population size. However, the population exponent term was also found 
to be significant.

The population is often assumed to be positively related to regional 
utility as, for instance, in the gravity theory, where population size 
is often taken as a "proxy" for general economic opportunity.

The second power of population is here an indication of saturation 
effects, for instance traffic congestion, high transport costs, as 
well as costs of living.

The difference between unemployment and vacancies i.e. LM = (U-V) is a 
push factor and shows the efficiency of the search process in the la
bour market. It is negatively related to regional utility. The vacancy 
rate - which is a pull factor - is positively related to regional uti
lity.

In Sweden, the public sector was the fastest growing sector during the 
1970's in terms of new employment opportunities. Here it. is positively 
related to regional utility.

It is also logical that the stock variables PSE and VR would exhibit a 
lagged influence on the regional utility distribution.
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The fact, that regional income per capita was not found significant 
confirms the hypothesis that migration is more sensitive to regional 
labour market differences than to differences in regional income. The 
most probable explanation is that the variation in income between the 
county-regions is very small. Only the Stockholm region deviates to 
any large extent. The regional incomes would become even more equal if 
they are deflated by the cost of living index. Unfortunately this 
hypothesis could not be tested for lack of data.

The actual and estimated trajectories of regional utilities are de
picted in Figure 7.18.

Figure 7.18 Actual (symbols) and estimated (solid lines) change of 
the regional utilities of Sweden.
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It is interesting to see that the spatial ranking of the utilities as 
well as their temporal evolution is satisfactory described. Fspenally 
the divergence of the trajectories u (t) at the beginning of the 
period under investigation is correctly traced by the chosen set. of 
socio-economic variables.

7.5 Test projections

Once again, I do not. attempt to identify the most probable future 
values of the parameters or variables of the synergetic model but 
their hypothetical future values. In this sense, the word projection 
or prediction is preferable to forecasting (see Keyfitz, 1972).

Starting with the initial population spatial distribution of the year 
1982, it is relatively straightforward to project the population by 
region using the synergetic model for different parameter value. The 
projection has been made under the assumption that the sum of natural 
population growth (deaths - births) and net immigration will be the 
average of the population growth in the period 1980-1982.

It is difficult to draw a histogram of the spatial population develop
ment each year, because the forecasted population changes are very 
small compared with the population stocks. But the relative population 
growth rates may solve this plotting problem.

The relative population growth rate of a region l is a comparison of 
the growth rate of this particular region with the overall growth rate 
of the Sweden:

q. = (dP /P )/(dP /P )
L 1 1  S S

The meaning of this growth rate index is if:

a g^ > 1 the regional population increases faster than the national 
population
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b 0 < g^ < 1 the regional population increases less than the national 
population

c g^ < 0 the regional population decreases

Figure 7.19 illustrates the projected relative growth rates of the 
courity-regions m  the period 1983-1992, under the assumption that the 
parameters utilities and mobilities are constant and equal to the 
level of the year 1982 throughout the period.

Figure 7.19 A test projection of the population using constant 
utilities and mobilities.
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The regions of Stockholm, Upper North, South, South Middle exhibit 
higher growth rates than the average national growth rate, while the 
rest of the regions increase at a lower growth rate than the average 
rate.



- 194 -

In the previous case, if one considers only the population independent 
component of utilities, a new profile of growth rates will be 
created. As illustrated in Figure 7.20, the county regions of 
Stockholm, Upper North, South, South Middle in the projection, 
register higher growth rates than the national rate, while the 
county-region West decreases, arid the rest of the county-regions 
increase at a lower or equal growth rate than the national rate.

Figure 7.20 A test projection of the population using constant 
preferences and mobilities.

Sensitivity analysis is the perturbation of a key parameter or vari
able away from its initialized value and an assessment of the effect 
of that change on the outcome of the projection.

It has been shown earlier that regional utilities are functions of 
population size, the labour market index, public sector employment, 
and vacancy rate, while the mobilities are functions of housing con
struction and vacancy rates. It may be of interest to simulate the
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model with different values for utilities and mobilities as well as 
their components.

Figure 7.21 reveals the population growth rates under the assumption 
that the utilities of all regions are equal, while the mobilities are 
unchanged.

Figure 7.21 A test projection of the population using equal 
utilities.

-A A-

The metropolitan regions (South, Stockholm, West) and East Middle 
register a growth rate of negative or zero, while the sparcely popu
lated regions register a positive growth rate. The effects on regional 
population growth rates of an equalization of public sector employment 
distribution, while the mobilities are constant, is provided in Figure 
7.22.
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Fiqure 7.22 A teat projection of the population using equal public 
sector employment.

The regions of Stockholm, West, and East Middle show negative or zero 
population growth rates, while the other regions show positive rates.

Figure 7.23 sets out the projected regional growth rates under the 
assumption of equal regional vacancy rates. The regions of South 
Middle, East Middle, North Middle increase at a growth rate less than 
the national growth rate, West decreases, while the rest of the 
regions increase at a higher rate than the national growth rate.
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Figure 7.23 A test projection of the population using egual regional 
vacancy rates.

1 4—  
I960

7.6 A critique of the synergetic model and a brief
comparison with related models

My starting point is that one should divide the criticism of the syn
ergetic model into two parts: the theoretical part rooted m  the tra
dition of synergetics which Haag and Weidlich made the social scien
tists aware of and also explained in detail the use of the master 
equation for the evolution of migratory systems, and the empirical 
part where the model is applied for substantive explanation of the 
underlying structure of migration systems. In the first part, related 
to foundations of synergetics the aggregation question of a migratory 
system is of great importance, i.e. to what extent in closed migratory
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systems the aggregated migration flows (macrolevel) represent the 
individual migration histories (microlevel), or give information about 
the system as a whole.

To emphasize this point I quote Haken (1977) concerning the meaning of 
synergetics, 'we are not. going to draw superficial analogies between 
physical systems and, say social phenomena. Rather, the examples from 
physics are merely an illustration of certain mathematical structures 
which are valid irrespective of their material realization. Therefore, 
we are interested in general laws valid for any self organizing 
system, irrespective of the nature of its individual components.' I 
will focus on the last sentence, because it seems to me that the 
presence and significance of heterogeneity in migratory systems is 
ignored in Haag and Weidlich's application of the principles of syner
getics.

In the second part of the model, a reconciliation is attempted of 
Markov's process models with gravity models, or to put it in another 
way, an incorporation of a probabilistic framework with causal struc
ture. One should remember that the 'rational criterion for modelling' 
must be fulfilled, i.e. a balance should be obtained between theory, 
objectivity, and intuition.

Before I start criticizing the empirical part of the synergetic model, 
I will present the model in brief. Migration is formulated as a first 
order Markovian process. Three quadratic minimization processes 
(method of ordinary least squares, 0.L.5) are applied in the model. 
They specify the spatial utility, a concept that has received much 
attention in migration literature in operational terms using a non
linear minimization framework. The first, equation states that the 
utilities and mobilities should be such as to minimize the sum of the 
squared deviations between the theoretical and empirical migration 
matrices.



where the theoretical migration matrix W is a non-linear function of 
mobilities and utilities.

A similar derivation of spatial utilities e.g. by using a programming 
formulation has been used more often in geographical papers than in 
economic ones, see for instance the Brown-Horton-Wittick model (1970).

The mobilities and utilities already completely determine the dynamics 
of the migratory system, whatever the composition of socio-economic 
variables might be. At this stage, it is possible to have a projection 
of the migratory system through the setting up of the transition rates 
m  terms of mobilities and utilities.

At the next step, the derived utilities and mobilities from this non
linear regression method are regressed with demo-economic variables, 
by once again using O.L.S.

Lastly, to forecast the future population configurations one must 
estimate migration through the most probable states of economic vari
ables. The potential forecasting capability of this model is crucially 
dependent on the availability of forecasts of regional economic data.

In a few words, they try to combine Markovian processes through para
meters derived in a non-linear minimization framework with gravity 
type models; to state the spatial interactions between economic and 
demographic variables.
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The following remarks can be forwarded:

a The probability transition rates are dependent only on the popula
tion of the origin, i.e. the 'supply side' of the population. The 
connection between the macroscopic level and the microscopic level 
is very simple.

W . = n p . 
ij i Ji

or

W . = n v . exp(u -u.) 
ij * iJ i J

where

n^ = population in region l
p . = probability to migrate from region i to region j 
 ̂J

VTj = migration from region i to region j 
û  ̂= utility level of region l

This calculation method is identical to the multiregional demo
graphic model (see Rogers, 1975), but with a higher degree of agg
regation. Here, the same criticism as in the multiregional model is 
applied.

b In the synergetic model the utilities are formulated only as a
function of regional population stocks and flows and they are esti
mated through a non linear minimization method. Thus the estimated 
utilities are regressed against demographic and economic variables 
to explain substantively a posteriori what has already been ex
plained demographically. There is no simultaneity between economic 
and demographic variables. The utilities in a spatial context may 
be related not only to the aforementioned demographic variables, 
but to the economic, social, environmental characteristics of the 
regions at the same time. In the light of these considerations, the
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Haag-Weidlich definition seems to me as an alleged operationaliza
tion of the concept of spatial utility, and this two-step approach 
of estimation and explanation of utilities has a major drawback: 
the lack of simultaneity in the model.

c Another argument is that explanation of migration flows on the
basis of demo-economic variables, via utilities and mobilities, 
ignores the interdependences between migration flows due to compe
tition between migrants for regions, and vice versa.

d For the role of heterogeneity in the model, the same comments which
pertain to the multiregional model are valid again.

In this context, it is useful to compare different formulations of 
spatial utilities with a more direct economic content, like the formu
lation of the ECESIS model, which has been developed by Isserman, 
et. al. (1985).

The utility index A^(t) is related to regional labour market condi
tions as a probability of gaining employment

A (t) = ((E .(t)-E.(t-O) + sE (t-1))/(U (t-1) + sE.(t-1 ))
Ü J J J J

where E is employment, sE is the number of separations excluding lay
offs and U is the number of unemployed. The numerator represents a
measure of opportunity (jobs available) while the denominator is a
measure of competition (the number of people seeking employment). The
estimated migration from region .i to region j is based on the follow
ing eguations

W (t) = P-(t-1)(W. . (b)/P.(b-1))*
1 -*-J J-

((Aj(t-1)/An(t-1))/(Aj(b-1)/An(b-1)))

and
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E W , (t) = P (t-1) 
k lk

where P refers to the surviving population in reqion 1, and the term 
in brackets is the migration rate observed in the base year. The last 
term represents the relative utility of the destination region to the 
national one.

In economics, the notion of utility maximization of individuals - as 
consumers of a number of commodities - given the budget constraint, is 
well established. It can be traced back to Bentham's (1789) famous 
book, 'The Principles of Morals and Legislation'. His definition was: 
'By utility is meant that property in any object, whereby it tends to 
produce benefit, advantage, pleasure, good, happiness... to the party 
whose interest is considered.'

In a spatial context the notion of spatial utility is more complicated 
and less unifying among regional scientists. Every individual weighs 
the attributes of each potential region of in-migration, accessibility 
of work, availability of public services, culture, education institu
tions etc. It may be formulated by analogy to traditional economics 
(see Kanaroglou et al., 1986).

maximize U(z^;e^) subject to P . ^  < i = 1,2,...,L

where z^ is a vector of commodities, and e^ variables of economic pro
sperity of a region, environmental factors etc. They are given exoge
nously. The other variables, p^ and y^, are the price vector and the 
income per capita.

Ginsberg was the forerunner of reconciliation of Markovian processes 
and gravity models. Ginsberg's formulation of migration transition 
(1972 b) was based on Luce's choice theory in psychophysics (1959).
The probability of moving from .i to j, can be formulated as:

p . = a .b ./I a .b. 
ij iJ iJ j 1J J i,j - 1»2,...,n



- 203 -

where b. is the intrinsic attractiveness of destination area and a .
J ij

is the place of origin modifying element to the friction of distance,
a Markovian probabilistic formulation for the individual's migration 
choice among mutually exclusive alternative destinations. The a ^  are 
stimulus parameters, characterizing the relationship between the 
response and the stimulus applied in the attractivmess of the desti
nation location. It is determined also by the location from which the 
choice is made. It can be formulated simply as a function of distance
d . between the two locations 
ij

a . = f(d .) with f'(d .) < 0 ij ij iJ

Thus, the attractiviness v . of j considered from i, is b. the abso- 
’ iJ J J

lute intrinsic attractiveness of j weighted by the function of the
distance between i and j.

V . = b . f ( d .) ij iJ iJ

By substituting a . in the initial probability of moving, one gets 
1J

p . = f(d .)b ./£ f(d ,)b. i ,j = 1,2,...,n*ij ij' i / j  ij J ,J ’ ’ *

with partial derivatives

Ôp ,/ôb. > 0, ôp ./9b, < 0, k * i ij J ij k

In other words, any increase in the attractiveness of j increases the 
probabilty of choosing j, and any increase in attractiveness of alter
natives (as a whole) decreases the probability of chosing j. The model 
explicitly includes competition between locations to attract în- 
migrants, but not the opposite. The probability of choosing destina
tion location distinguishes intrinsic attractiveness from 'distance 
effects'. In addition, Ginsberg defined the distance function either
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as an exponential of the form f(dxj) = expC-pd^) or a Gamma function 
which approaches the exponential form asymptotically f(d .) = 
d^expC-pd^), with v to be positive. To determine the vector 0 =
(p,b ,b , ...,b ) of the unknown parameter of distance p and the re-Z j s
gional attractiveness b^ (b^ is arbritranly equal to 1) the maximum 
likelihood method is used

max L* = EE n .log p .(0) 
ij 1J 1J

and equate all the partial derivatives of L to zero (s is number of 
equations).

ôL/9p = 9L/ôb = öL/9b, = ... = ÔL/9b = 0
L ? S

The derived equations are non-linear and difficult to solve explicit
ly. Thus, numerical methods like Newton-Raphson's method are required
to specify the vector 0 = (p,b„,b,,...,b ). The last method determinesZ j s
the roots of a non-linear equation through successive approximations
around a guessed value. This model can be extended by incorporating
exogenous information concerning the regional attractiviness forma
tion. Let. b^ be a function of exogenous variables b^ = gCxl^xZ^,..., 
xq^) with (c^»c^,...,c ) as a parameter vector. The probability of 
moving from i to j, can be written

p . = f(d ,)g(x1.,x2.,...,xq.)/E f(d . )q(x1 . ,x2 .....,xq .) 
ij ij J J J j J J J

where i,j = 1,2,...,n

Substituting the last, formula into the log-likelihood equation and
differentiating with respect to the parameters (p,c^»c^,...>c ) of the
g(x1.,x2.,...,xq.), we get q+1 equations 

J J J

9L/9p = 9L/ôc2 = 5L/9c 3 = ... = 9L/öcs = 0
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Here again, the derived equation is non-linear, and a numerical method 
along the principles of Newton-Raphson is needed to obtain the vector 
(p,c^,c^,...,Cq). Thus, Ginsberg proved theoretically that probabilis
tic models can have substantive content, but the usefulness of his 
method has not. been established empirically yet!

An extension of Luce's discrete choice model is the Multinomial Logit 
Model (MLM). Here, following the definition of MLM of de Palma and 
Lefevre (1985), an individual 1^ chooses between c^, j = 1,2,3,...,J 
mutually exclusive alternatives, given the attributes a ^  of each 
alternative and his tastes s^. His utility u ^  is composed of a deter
ministic and a stochastic component

ukj= V W  - Vkj
where m^ measures the importance of error terms. His probability to 
choose c isi

pkj = p(''kj(akj-sk) * Vkj> * Vkj(ak1>3k)+V k i- 1 * j
This formulation is quite similar to McFadden's (1978) MLM.

pkj = (exp vkj(akJ-sk))/̂  exp vkj(akJ’sk)

under the assumption that the stochastic components are independently 
distributed with a Weibull distribution. The assumption of indepen
dence of irrelevant alternatives can result in false predictions if 
the alternatives are substitutes for each other (see Fischer-Nijkamp, 
1985). The well-known red bus/blue bus paradox exemplifies this pheno
menon where the colour of the bus seems to be important. To accomodate 
substitutability between alternatives by assuminq that the random 
terms may be correlated between choice alternatives, two types of mo
dels have been introduced:
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a the multinomial probit model
b the generalized extreme value model

To clarify subsets of choices within a composite choice model, the
nested or hierachical multinomial logit model has been introduced. An
application of the last type of model in a spatial context is the 
residential mobility decision disaggregated in the neighbourhood, 
dwelling, and communication preferences etc.
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Notes

1 Because of problems with the computer tapes it is practically im
possible to get migration data for the years 1961-1967 as well.

2 Labour supply is given by L = E + U, where:

E = number of people employed 
II r number of unemployed

Labour demand is defined by LD = E + V, where:

V = number of vacancies

By elimination of E from the two identities, we get

LM = L - LD = U - V, i.e. the labour market diseguilibnum can be 
expressed as the unemployment-vacancy difference.

3 The solidarity wage policy was first discussed at the Swedish 
labour union (L0) congress in 1936. The main effect besides wage 
equalization is to force out of the market less efficient, indu
stries. Thus, structural changes take place m  the economy.

4 The length of these spells may be measured as 

U = F • D

where F is the freguency (percent of labour force per week) and D 
is the duration (in weeks). Since D has increased while F has been 
rather steady, this means that more people have suffered from un
employment for longer periods.

5 Tiebout in his article argued that the Samuelson and Musgrave 
thesis was not right, i.e. the impossibility of right allocation of 
the expenditures on public goods.

"Policies that promote residential mobility and increase the know
ledge of the migrant-voter will improve the allocation of govern
ment. expenditures on public goods."

6 Employment, m  sheltered workshops can be arranged for persons with 
occupational handicaps who cannot obtain a job m  the open market..

7 For a deeper analysis of labour mobility in Sweden see Holmlund B.
( 19B4).

8 A multiplier is a coefficient showing how great, an increase in 
mobility results from each increase in vacancies.
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9 This statement is from an attitude investigation made by Studieför
bundet Näringsliv och Samhälle (SNS) and published in SNS Konjuk- 
turrådets rapport 1979-80. "Mot nya förlorade år?"

10 The employment security legislation reduced the employers' nqht lo 
dismiss, and increased the compensation period up to six months.
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Epilogue and directions for future research

Population models are very often used and considered useful in the 
policy-making process and for planning purposes. In this research I 
have tried to illuminate the problem of analysing population dynamics 
in space and in time by using three models which cover a wide spectrum 
of complementary methodologies:

a The Hotellmg-Puu model 
b A multiregional demographic model 
c A synergetic model

Hotelling's work and Puu's later generalization have produced theore
tical continuous models treating population growth and dispersal in a 
combined logistic growth and diffusion eguation. Their analyses are 
based on the foundations of classical economic theories, primarily 
production theory, applied to population dynamics, but they use the 
mathematical technigues that Euler and Lagrange derived in their work 
on hydrodynamics.

The multiregional model is a discrete model based on the Markovian 
assumption which simulates the population evolution disaggregated by 
age and region. It is further assumed that this population is governed 
by a given pattern of growth and interregional mobility. The multi- 
regional model was used for a long term projection of the Swedish 
population with a surprising result in terms of the forecasted size 
and composition of the elderly age-groups.

The synergetic model is also a discrete model based on the Markovian 
assumption incorporating a probabilistic framework with causal struc
ture. The quantitative description of the population dynamics is 
treated in terms of trend parameters, which are correlated in turn 
with demo-economic factors. The future evolution of the population 
configuration is computed either in terms of these parameters or in 
terms of their constituent factors. The synergetic model is used for a 
projection and an impact analysis of the Swedish population.
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These models have not. been cross-evaluated in terms of assumption 
plausibility, technical correctness of the equations, and sensitivity 
analysis of their parameters because of their high construction hete
rogeneity. The population predictive accuracy of the empirical models 
has not be tested either, because of their time-scale asynchrom- 
zation, and the lack of data for replicability.

Throughout this research I have asked myself the following rhetoric 
question: What is the ultimate goal of modelling m  social sciences?

The answer may be found in the following two desiderata:

1 an empirical desideratum is to systematically confront the theory 
with concrete facts in order to find explanations for impact, ana
lysis, and to produce forecasts for planning.

and

2 a theoretical desideratum would be to develop abstract models in 
order to generate some deeper insights into the logic of the 
theories but with less hope of achieving practical implications.

The empirically oriented Leontief (19 71) maintained that most 
economists working with theoretical models were continuously pre
occupied "with imaginary, hypothetic, rather than with observable 
reality (which) has gradually led to a distortion of the informal 
valuation scale used in our academic community...". Friedman claimed 
that models should not be criticised for containing unrealistic 
assumptions but for not producing realistic predictions. This is 
reflected in Friedman’s famous dictum 'the more significant the theory 
the more unrealistic the assumptions' (Samuelsson has called this 
dictum F-twist).

Mathematically oriented economists maintain that the future is un
predictable both on the micro- and macro-level and that, the usefulness
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of models is measured by the power to explain the underlying mecha
nisms in population dynamics with analytical elegance, simplicity, and 
"Olympian detachment". Von Neumann (1956) advocated an increasing use 
of mathematics m  empirical sciences not as "purely l'art pour 1'art" 
but rather because: "Mathematical ideas originate in empirics, 
although the geneology is sometimes long and obscure".

On the other hand, the rejection of both desiderata is advocated by 
the evolutionary economist Mayer (1980) "we should be open minded 
enough to accept that the truth does not always wear the garb of egua- 
tions, and is not always born inside a computer". Science does not 
begin and end with modelling. We are all familiar with Keynes' 
apologia for literary expositions and his criticism of mathematical 
and guantative methods.

Despite the voluminous work devoted to population dynamics, migration 
still remains a poorly understood spatial-temporal process.

The results achieved by the models discussed here are encouraging.
They accentuate the richness of population dynamics in space and m  
time, but there is almost always room for improvement.

Possible directions for future research in population dynamics would 
be

a to develop the continuous spatio-temporal models sufficiently for 
their use in applications. One obvious necessity m  future model 
building of demographic economic interactions is to develop the 
Hotelling-Puu theory into an applied model. It has not been 
possible for me to fulfil this important task at this stage of my 
research.

b to investigate how "the economic possibilities for our grand
children" can secure our social security using an integrated 
economic-demographic approach,
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c to explore the possibilities of developing integrated (holistic) 
economic-demographic models without making them too complex and 
difficult to apply. The link between economic submodels in their 
necessary complexity and demographic submodels has yet to be 
attained.
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