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Abstract

Mathematical theorems and their proofs are often described as be-
ing beautyful, natural or explanatory. This paper treats the last case
and discusses explanatory versus non–explanatory proofs using a con-
vergence theorem for positive series by Kummer, called Kummer’s test.
This example was studied by Pringsheim already in the beginning of
the last century and has recently been discussed by Hafner and Man-
cosu in relation to Steiner’s criteria for an explanatory proof. We
provide a mathematical analysis of Kummer’s test and give a proof
that we claim is explanatory in this sense. Besides this, we answer a
number of other questions that are frequently asked about the test.
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1 Introduction.

The philosophical analysis of mathematical explanations appears in many
different forms and is often divided in two classes. The first class asks if
mathematics can play an explanatory role in the natural and social sci-
ences, while the second class is about mathematiacl explanations within
mathematics itself. The first class is analysed at length in (Lange [2013])
and will not be considered here. We are concerned with the second class and
in particular with the question of explanatory proofs versus non–explanatory
proofs in mathematics. We are going to use Steiner’s account in (Steiner,
[1978]) of an explanatory proof and take Kummer’s test (Kummer [1835])
for convergence of positive series as our example.
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Kummer’s original proof was complicated and not readily accepted by his
comtemporaries. Fifty years later, Stoltz gave another proof, see (Knopp
[1990]), p. 311) and (Hafner, Mancosu, [2005]), which is the proof seen to-
day. Although this proof clearly establishes the result, it does not explain
Kummer’s test in any resonable sense. There are at least two reasons for
this. One reason is that the statement of Kummer’s test is very different
from other convergence test from its time and contains a seemingly arbi-
trary quantity. A second reason is that the test is actually booth sufficient
and necessary for convergence. The challenge to explain the test was taken
by Pringsheim ([1916]), who gave a proof which he considered to be ex-
planatory. The general question of mathematical explanation was adressed
by Steiner ([1978]), where he gave two criteria that an explanatory proof
should satisfy. Hafner and Mancouso ([2005]) studied Prinngheim’s proof
from this viewpoint and found that Steiner’s requirements for an explana-
tory proof were not satisfied.

It is the purpose of this paper to give new insights into Kummer’s test and
answer some of the questions around the test considered in (Hafner, Man-
cuso, [2005]) and elsewhere. In particular, we give a version of Kummer’s
test with a proof that we claim is explanatory in the sense of Steiner. Besides
this, we try to answer questions about the nature of the seemingly arbitrary
sequence {Bn}∞1 in (1), if there is a first order test associated to Kummer’s
test, why Kummer’s test appears to be isolated from other concergence tests
and if Kummer’s test is obsolete and almost forgotten.

The plan of this paper is to first describe our approach to Kummer’s test
(Section 2) and prove our version of the test (Theorem 1). Then in Section
3, we show that our proof of Kummer’s test is explanatory in the sense of
Steiner and answer some of the other questions usually asked about the test.
We conclude the paper in Section 4 with some historical remarks and two
examples to show that Kummer’s test still attracts interest for its purely
mathematical content.
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2 Kummer’s test.

Eduard Kummer1 stated and proved his test in 1833. It appeared in the
famous Crelles Journal in 1835 (Kummer [1835]) and is reprinted in his
Collected Works (Weil [1975], p. 47). In modern terms it can be stated as

follows. A positive series
∞∑
1
an is convergent if and only there is a sequence

{Bn}∞1 of positive numbers, an integer N ≥ 1 and ρ > 0 such that

Bn ·
an

an+1
−Bn+1 ≥ ρ, for all n ≥ N. (1)

As stated above, Kummer’s original proof was complicated and not easy
to understand. The later proof by Stoltz is reproduced in many places
and is clear and easy to follow, c.f. (Hafner, Mancuso [2005], p. 227).
However, it leaves many questions around the test unanswered. Our analysis
of Kummers test is in two steps and starts with the observation that it is no
loss of generality to assume that (1) holds with equality. Then we find an
explicit formula for the numbers Bn, n ≥ N , that allows us to give an exact
analysis and a very short proof of Kummer’s test. We begin our analysis by
putting n = N in (1), which gives

BN ·
aN

aN+1
−BN+1 ≥ ρ. (2)

Here we note that we can increase BN+1 to BN+1 such that (1) becomes an
equality

BN ·
aN

aN+1
−BN+1 = ρ, for some BN+1 ≥ BN+1. (3)

It is easy to see that we can continue this procedure and get a sequence
{Bn}∞N , with BN = BN and Bn ≥ Bn > 0, n ≥ N. For the sake of simplicity
we denote also this sequence by {Bn}∞N . Then, after rearranging the terms,
we get

Bn+1 =
an

an+1
·Bn − ρ, for all n ≥ N. (4)

This new sequuence {Bn}∞N now satisfies (1) with equality, which completes
the first step. In the second step we leave the positivity of Bn aside and

1Eduard Kummer was born in Sorau, Brandenburg, Prussia (now Germany) in 1810.
He became a professor in Breslau in 1842 and was appointed to a chair in Berlin along-
side with Weierstrass and Kronecker in 1855. Kummer is best remembered for his ideal
numbers and ideals, paving the way for modern ring theory.
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solve the recursion formula (4) in the standard way. Multiplying (4) by an+1

gives
aN+1 ·BN+1 − aN ·BN = ρ · aN+1

aN+2 ·BN+2 − aN+1 ·BN+1 = ρ · aN+2

· · ·

am ·Bm − am−1 ·Bm−1 = ρ · am

am+1 ·Bm+1 − am ·Bm = ρ · am+1.

Adding these equation by telescoping and rearranging the terms we get

Bn+1 =
1

an+1
·
(
B · aN − ρ · (aN+1 + · · ·+ an+1)

)
, n ≥ N. (5)

Fix any positive series
∞∑

n=1
an, any positive integer N and BN > 0, ρ > 0,

let K(an) denote the class of all sequences {Bn}∞N , not necessarily positive,
that can be obtained from (5) and depending on the parameters N,BN and
ρ. We are now ready to formulate our version of Kummer’s test: A positive

series
∞∑
1
an is convergent if and only it there is a natural N , BN > 0 and

ρ > 0 such that all Bn constructed from (4) are positive. We state the result
in terms of the class K(an).

Theorem 1 The positive series
∞∑
1
an is convergent if and only if the class

K(an) contains a positive sequence.

Proof of Theorem 1. First assume that the series is convergent, then
∞∑
1
an

is a finite nonnegative number. Choose N = 1, ρ = 1 and any B >
∞∑
1
an,

then the sequence {Bn}∞N constructed by (4) is positive by (5). Conversely,
if there is a positive sequence {Bn}∞N in K(an) the series is convergent by
(5), since B · aN/ρ is an upper bound for the partial sums. 4

One of the question that have puzzled several authors on Kummer’s test is
the nature of the sequence {Bn}∞1 in (1). This seemingly arbitrary sequence
is in fact almost completely determined by the terms an of the series. More
exactly, by Theorem 1 it is sufficient to look for such sequences in the class
K(an) (depending on the positive parameters N,B and ρ). In other words,
the possible sequences in (1) can be obtained from (5) and the three numbers
N,BN and ρ.
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3 An explanatory proof.

The goal of this section is to discuss a number of questions related to Kum-
mer’s test. In particular, we show that our proof of Theorem 1 is explana-
tory. According to Steiner, a proof is explanatory if the following two con-
ditions are satisfied: (i) The proof makes use of a characterizing property of
an entity or structure mentioned in the theorem, such that from the proof
it is evident that the result depends on this property, (ii) Varying the char-
acterizing property gives rise to a family of theorems that are proved by
deforming the proof of the original theorem, see (Steiner, [1978], p. 147])
and (Hafner, Mancuso [2005], p. 222).

We choose the positivity of the sequence {Bn}∞N in K(an) as a characterizing
property in the proof of Theorem 1. Then (5) shows that positivity of all
Bn, n ≥ N , is equivalent to the statement that B · aN/ρ is an upper bound

for the partial sums of
∞∑

N+1

an. This implies that (i) holds. Now we vary the

charaterizing property by assuming that BM ≥ 0 and BM+1 < 0, for some
M > N , then (5) gives the following estimate of partial sums

B · aN/ρ− aM+1 < aN+1 + · · ·+ aM < B · aN/ρ.

This is a family of theorems obtained by deforming the proof of the original
theorem and proves that (ii) holds. Hence our proof of Theorem 1 is an
explanary proof of Theorem 1 in the sense of Steiner.

A convergence test is said to be a test of the first kind if it arises directly
from the terms of the series, while it is a test of the second kind if it involves
for example quotients of terms, see (Hafner, Mancuso, [2005], p. 225). Then
Kummer’s test is a test of the second kind. Many standard tests of the
second kind have an associated test of the first kind. Pringsheim gives such
a test for Kummer’s test in a very complicated form, see (Hafner, Mancuso
[2005], p. 244). In view of formula (5), we propose that bounded partial
sums is a test of the first kind associated with Kummer’s test.

Kummer’s test is considered to be isolated from other test, because of its
surprising generality (Hafner, Mancuso [2005], p. 229). This is in part true
since Kummer’s test is equivalent to convergens of the series, while most
other tests only give sufficient conditions. The suffiency part of Kummer’s
test (1) can be rewritten as

an+1

an
≤ Bn

ρ+Bn+1
, for alln ≥ N. (6)
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If we consider (6) as a rate of decrease for the terms in
∞∑
1
an, we are not very

far away from other convergence tests, as for example Quotient test, Root
test and Gauss test (Duris, [2009]). Gauss test assumes that an+1/an ∼
1 − p/n + Bn/n

r, as n → ∞, for some r > 1 and some bounded sequence
{Bn}∞1 . Then the series converges if and only if p > 1. We conclude that
Kummer’s test is not as isolated in the class of convergence tests for positive
series as it seems to be at a first sight.

One might think that the more than 150 years old Kummer’s test today
would be considered obsolete and almost forgotten. This is however not the
case. Recently two papers appeared, one that applies the test and one that
extends the test to Banach spaces. In (Györi, Horwath [2011]), Kummers
test is used, with (1) replaced by (6), to prove the existence of lp−solutions
of linear difference equations. The paper Slyusarchuk ([2011]) states and
proves a Kummer test for a series of positive linear operators in a Banach
space generated by a positive cone. The same author has also proved Banach
space analogues of d’Alembert’s test, Cauchy’s test and Bertrand’s test, see
Slyusarchuk ([2011]) and the references contained there.

4 Conclusions and discussion.

It is not unusual in the history of mathematics that problems stated long
time ago find their way into modern mathematics. Kummer’s test is maybe
not a very typical example, but the fact that it is still debated among mathe-
matical philosophers indicates some of its relevans even today. The purpose
of this paper is to explain the test and its proof in philosophical terms but
with mathematical methods. We think that such an analysis has been miss-
ing in the present litterature. Our conclusion is that Kummer’s test has an
explanatory proof in Steiner’s sense, that the test has an associated test of
first order, that the test is not isolated from other convergence tests and
that the test is not forgotten.
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