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Abstract

In the case where a causal structure between variables is known and can be

represented by a directed acyclic graph, this thesis examines the procedure

of conducting a control plan. A control plan is an operation where a

treatment variable is set according to some function of other variables,

with the goal of bringing the response variable close to a speci�c value, as

well as to reduce its variance. Evaluating such control plans through trial

and error however, can be a costly and time consuming task. Fortunately,

it is possible to estimate the e�ects of conducting such a control plan

prior to actually implementing it, through the use of observational data.

Besides the variables used in the control plan, it is often necessary to

account for other variables as well in order to achieve unbiased estimations.

Focusing mainly on these variables, simulations will show how di�erent

sets of variables will a�ect the variance of the estimations, in terms of the

e�ect of the control plan, both on the mean and on the variance of the

response. Besides using normally distributed variables, an attempt will

also be made to evaluate binary treatment variables. However, lacking

theoretical results, no �rm conclusions can be drawn.

Sammanfattning

Titel: Selektion av kovariater för identi�kation vid utförande av kon-

trollplaner

Den här uppsatsen ämnar att undersöka utförandet av kontrollplaner i

fall då bakomliggande kausala strukturer mellan variabler är kända och

kan återges med hjälp av en riktad acyklisk graf. En kontrollplan är för-

farandet då en behandlingsvariabel sätts till ett visst värde beroende på

någon funktion av andra variabler i en modell. Kontrollplanen har främst

två syften: Dels att föra responsvariabeln mot ett visst värde, och dels att

minimera responsvariabelns varians. Att utvärdera sådana kontrollplaner

genom experiment kan dock vara en kostsam och tidskrävande historia

som om möjligt helst skulle undvikas. Lyckligtvis går det att skatta ef-

fekterna av en kontrollplan före implementering genom att använda sig av

observerat data. Utöver variablerna som ingår i kontrollplanen är det dock

ofta nödvändigt att nyttja andra variabler för att erhålla väntevärdesrik-

tiga skattningar. Med fokus på just dessa övriga variabler kommer simu-

leringar att visa hur olika kombinationer av variabler påverkar variansen

av skattningarna, vad gäller kontrollplanens e�ekt på både medelvärde

och varians hos responsvariabeln. Utöver normalfördelade variabler körs

även simuleringar på binära variabler, men i brist på teoretiska resultat

går det inte att uttala sig särskilt starkt.
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Populärvetenskaplig sammanfattning

När en e�ekt av en behandling ska undersökas är det viktigt att kontrollera

för de variabler som påverkar både behandlingen och det utfall som ska

mätas. Även i de fall då det är känt hur olika variabler påverkar varandra

�nns det ofta �era alternativ som alla resulterar i rättvisande skattningar.

I den här uppsatsen undersöks just olika val av variabler att kontrollera för

då det �nns �era alternativ tillgängliga. Resultaten visar att det kan vara

en god idé att välja det alternativ som leder till minsta möjliga variation

från skattning till skattning.
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1 Introduction

In most �elds of science there exists a need to make conclusions of a causal

nature, often the causal e�ect of a treatment on an outcome. It could be the

causal e�ect of a medicine on a condition, the e�ect of a policy on some human

behavior, or the e�ect of some demographic variable, for instance the e�ect

of income on health. In order to estimate such causal e�ects, scientists have

often resorted to randomized experiments, where the treatment assignment is

simply decided by chance. Because of this randomization there should be no

di�erence in the two groups being compared i.e., the treatment group and the

control group should be very alike. In practice however, it is often not possible to

construct such a randomized experiment, either for �nancial, ethical or practical

reasons. In such cases, one often relies on so called observational studies, where

the researchers have no control on treatment assignment mechanism; they are

simply observing, hence the name. The problem with such studies is the fact

that often the people who have chosen a treatment can be vastly di�erent from

the people who haven't. This is not necessarily a problem in itself, but as soon

as the qualities that make people more likely to choose a treatment also starts

a�ecting the outcome, it becomes a big problem. This phenomenon is known

as confounding, and can lead to immensely wrong conclusions because of the so

called confounder bias. This is usually corrected for by controlling for a number

of background variables. The goal is to control for all confounders, i.e. every

variable that a�ects both the treatment and the outcome that one would like

to measure (e.g. Rubin, 1974).

In this thesis it is assumed that the treatment variable can be adjusted

and set to a certain value based on the value of some of the covariates. This

procedure will be referred to as a control plan which has the purpose of bringing

the response variable close to a speci�c value, and also to reduce its variance.

The main application for this would be quality control in industrial processes,

see for example Kuroki (2012) for detailed examples and applications, though

it might be applicable to other �elds as well. However, in order to be able to

properly construct a control plan in the �rst place, one must assume that there

exists a vast knowledge about the underlying process a�ecting the end result,

which is not unthinkable in an industrial process. It is then assumed that this

subject matter knowledge can be formed into a graph, where for instance the

back-door criterion, �rst suggested by Pearl (1993), can be used to determine

su�cient sets of variables to be used.
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When it comes to evaluating a control plan, the general drawbacks of evaluat-

ing treatments applies as well: while one could conduct randomized experiments

testing di�erent control plans versus each other and evaluate the properties from

these experiments, this can be a costly, time consuming and impractical proce-

dure. It has however been shown, for example in Kuroki and Miyakawa (2003),

that the e�ect the control plan has on the response can be estimated in advance

by using observational data.

Besides the variables included in the control plan, called variables used for

control in this thesis, one generally needs to take other variables into consid-

eration in order to get unbiased results. These are called variables used for

identi�cation, because they are needed in order to properly identify the correct

e�ect on the response (Kuroki and Miyakawa, 2003). Often, there are many

di�erent sets of the variables used for identi�cation that satis�es the back-door

criterion, a�ecting the end result of the control plan. This thesis will not focus

on the actual construction of the control plan, but rather evaluating the choices

of these variables used for identi�cation, in terms of the di�erence they impose

on the response variable.

The �rst aim of this thesis is to replicate the simulations done by Kuroki

and Miyakawa (2003), and then to try to extend upon that, using di�erent

distributions. The work that has been done on this subject has mainly focused

on the use of normally distributed treatments, and it could be of interest to

also evaluate the e�ect when transposing to a non-continuous treatment, for

example a binary one, which will be used here.

1.1 Outline of this thesis

The disposition of this thesis is as follows: starting with an overview of the

basic graph theory that everything in this thesis is based on, it will move on to

summarize the main points of the previous research on the subject. It will then

touch on some of the basic statistical concepts to be used later on in a simulation

study. This simulations study will consist of three parts: one part attempting

to replicate previous results, one part investigating a binary treatment variable,

and one part examining if the results change when an additional variable is

added to the mix. Lastly there will be a discussion summarizing the main

points from the simulations.
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2 Theory

This thesis will consider the case where the causal structure between variables

can be represented by a graph, which is what this section will begin with.

2.1 Graph theory

The graphs used here is said to consists of a set of vertices, each representing a

variable, and a set of edges, each representing a certain link between two vari-

ables. This link could be either directed, illustrated by an arrow, or undirected,

illustrated simply by a line. An arrow would imply that one of the variables

causes the other to some extent, and is the case that will be considered here. If

for example there is an arrow pointing from X to Y, it means that X a�ects Y,

and not vice versa.

The following terminology is taken from Pearl (2009, s. 13). First, let A,

B, ..., E be vertices in a graph. If there is an arrow from A to B, as in Figure

1, A is said to be a parent of B. Likewise, B is said to be a child of A. Any

sequence of edges connecting two variables is called a path, for instance A to

B to C. An ancestor is any variable that appears before another variable in a

directed path, for instance A, B are both ancestors of C, whereas B, C and E

are all descendants of A. If all the edges connecting the variables in a graph are

arrows, it is said to be directed. If there are no loops in a graph (a loop would

be for example if there existed a path from B → D → E → B), then the graph

is said to be acyclic. If a graph is both of these things, it is said to be a directed

acyclic graphs (DAG), which is what will be used in this thesis.
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Figure 1: A directed acyclic graph

A DAG can be very useful for determining whether variables are dependent

or independent. For example, in Figure 1 A a�ects B, which in turn a�ects C.

This would imply that

C ⊥6⊥A

where ⊥6⊥ is read as �is not independent of�. Also, since A only a�ects C through

it's e�ect on B, if we control for B we would have

C ⊥⊥A|B

or C is independent of A given B. In other words, dependence in a DAG can

be thought of as the �ow of a path. As long as the path isn't interfered with,

information gets through from all ancestors downwards in the structure. This

�ow can however be blocked by controlling for variables. For example, if infor-

mation from A can't get to C without �rst passing through B, then controlling

for B would block A from C.

In order to check for independencies in a DAG, Pearl (1988, s. 117) de�ned

the d-separation criterion to de�ne when a path is blocked. It states:

De�nition 1. (d-separation criterion) A path is said to be d-separated (or

blocked) by a set of nodes Z if:

• The path's structure is either A → B → C, or A ← B → C, and B is a

part of Z, or
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• The path's structure is of A→ B ← C, and B is NOT a part of Z, nor is

any descendants of B in Z.

In the second part of the d-separation criterion, B is known as a collider. A

collider is a variable in a DAG which has at least two arrows going into i.e., it

has more than one parent. In Figure 1 the variable E is a collider of B and D.

In this case the following would hold

B ⊥⊥D

B ⊥6⊥D|E.

In order to exemplify the d-separation criterion, consider Figure 2. Here

A = {a1, a2, a3, a4}, B = {b1, b2, b3}, C = {c1, c2, c3}, D = {d1, d2, d3}. In

order for a subset Z of these variables to d-separate A from C, Z must contain

all nodes of B but may not contain any di.

Figure 2: DAG exemplifying the d-separation criterion. In order for Z to d-
separate A from C, Z must contain B and no variable from D
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When it comes to identifying the causal e�ect of X on Y, Pearl (1993) sug-

gested the so called back-door criterion as a graphical aid for selecting subsets

to control for. It states the following:

De�nition 2. (back-door criterion) A subset Z meets the back-door criterion

relative to the variables (X, Y ) in a DAG if:

1. No node in Z is a descendant of X, and

2. Z d-separates X from Y along every path that contains an arrow pointing

towards X.

In order for the back-door criterion to make sense it should be stressed that

in a DAG, a path is not solely the connection between variables in the direction

of the arrows, a path also exists in the opposite direction.

2.2 Concepts and de�nitions

Throughout this thesis it is assumed that the underlying structure between

variables can be represented by a DAG. Z andW denote sets of covariates, where

Z are called covariates used for identi�cation, and W are called covariates used

for control. X denotes a treatment or intervention, and Y denotes the response

to be measured. For example, X could be a rustproo�ng treatment to be applied

to a car, Y could be how thick of a layer that is obtained by said treatment,

and Z and W could be the surrounding temperature and the concentration of

anti-rust solution used in the process.

It is further assumed that Z and W can be determined before the treatment,

and that it is possible to intervene and adjust the treatment according to some

function of the covariates. This is called a conditional control plan (Kuroki and

Miyakawa, 2003) and is denoted

set(X = h(W)),

where the notation set() is equivalent to the do()-notation as introduced by

Pearl (1995), and h(W) is simply a function of W. The reason for why W is

being referred to as covariates used for control is because it is used to control

X in a desirable manner.

For identifying causal e�ects on the conditional control plan Kuroki and

Miyakawa (2003) formulated the following theorem
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Theorem 3. If both X and Y are observed variables and a set T of observed

variables satis�es the back-door criterion relative to (X, Y) in a causal diagram,

then the causal e�ect of the control plan set(X = h(W)) (W ⊂ T) on Y is

identi�able and given by the formula

f(y|set(X = h(W))) =

ˆ
t

f(y|t, h(w)x)f(t)dt.

From this distribution there are two parameters of interest in this thesis,

namely the causal e�ect of the control plan on the mean of Y

E[Y |set(X = h(W))] =

ˆ
y

y f(y|set(X = h(W)))dy

and the causal e�ect of the control plan on the variance of Y

V ar[Y |set(X = h(W))] =

ˆ
y

(y − E[Y |set(X = h(W))])
2
f(y|set(X = h(W)))dy.

In Kuroki and Miyakawa (2003) they assume a linear data generating mech-

anism, so the control plan they use is naturally a linear one, simply put

set(X = x0 + a
′
W),

where x0 is a constant and a is a constant vector. x0 could for example be used

to set the mean of Y to a desired value y0 by selecting x0 = y0/βyx.zw (Kuroki

and Miyakawa, 2003), where βyx.zw is the coe�cient of X in a regression of Y

on X, Z and W.

For this type of control plan, Kuroki and Miyakawa (2003) proved the fol-

lowing:

E[Y |set(X = x0 + a
′
W)] = βyx.zwx0 (1)

and

V ar[Y |set(X = x0 + a
′
W)] = σyy.xzw + β

′

yz.xΣzz.wβyz.x +

(βyx.zwa + βyw.xz + Bzwβyz.xw)
′
Σww(βyx.zwa + βyw.xz + Bzwβyz.xw),

where the notation is as follows:
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• σyy.xzw = V ar[Y |X, Z, W] is the conditional variance of Y given X, Z

and W

• βyz.x is the coe�cient vector of Z in a regression of Y on Z and X

• βyw.xz is the coe�cient vector of W in a regression of Y on W, Z and X

• Σzz.w is the covariance matrix of Z given W

• Bzw is the regression coe�cient matrix of W on Z, where the element (i,

j) is βzjwi in the same fashion as above

• Σww is the covariance matrix of W

As far as selecting the optimal values for a, Kuroki and Miyakawa (2003) sug-

gested the following theorem:

Theorem 4. Suppose that a set of T variables satis�es the back-door criterion

relative to (X, Y) in a causal diagram. When f(x, y, t) is a multivariate normal

distribution, the causal e�ect of the control plan set(X = x0 + a
′
W) (W ⊂ T)

on the variance of Y is minimized when

a∗ = − 1

βyx.zw
(βyw.xz + Bzwβyz.xw) .

When a = a∗ the causal e�ect of the control plan on the variance of Y is

given by

V ar[Y |set(X = x0 + a∗
′
W)] = σyy.xzw + β

′

yz.xΣzz.wβyz.x, (2)

where Z is the part of T that is not in W.

To exemplify, consider Figure 3. Here the control plan would be set(X =

x0−
βyw.zix
βyx.ziw

W ) since the partial correlation between W and Zi is zero. Further-

more the variance is given by

V ar[Y |set(X = x0 −
βyw.zix
βyx.ziw

W )] = σyy.zixw + β2
yzi.wxσzizi.w.

11



Figure 3: DAG with example of when a control plan can be constructed.

It should be noted that this is theoretically independent of which subset Z

that is used uniquely for the speci�c control plan, which is shown in Kuroki and

Miyakawa (1999)1. However, the variance of the estimated causal e�ect may

di�er. To deal with this, Kuroki and Miyakawa (2003) derived the asymptotic

variance of the estimated causal e�ect on the variance, denoted Avar.

First, let k(βyz.wx, σyy.zxw, σzz.w) = V ar[Y |set(X = x0 + a∗W )]

Avar(k(β̂yz.wx, σ̂yy.zxw, σ̂zz.w)) =
2

n

[
(σyy.xzw + β

′

yz.xΣzz.wβyz.x)2 + 2σyy.xzwβ
2
yz.xw

(
σ2
zz.w

σzz.xw
− σ2

zz.w

)]
,

(3)

which is used for comparison with the estimated causal e�ects on the variance of

Y. Using this result, Kuroki and Miyakawa (2003) suggested a covariate selection

based on the asymptotic variances of the control plans. It states the following:

1Stated in Kuroki and Miyakawa (2003), the original paper is in Japanese
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Theorem 5. Suppose that the sets {W, Z1} and {W, Z2} both satisfy the back-

door criterion relative to (X, Y ). Let f(x, y, z1, z2, w) be a multivariate normal

distribution. If {W, Z1} d-separate X from Z2, and {X, Z2, W} d-separate Y
from Z1, then the following inequality holds:

Avar(k(β̂yz2.wx, σ̂yy.z2xw, σ̂z2z2.w)) ≤ Avar(k(β̂yz1.wx, σ̂yy.z1xw, σ̂z1z1.w)).

An example of when this criterion can be applied can be seen in Figure 4.

In this particular �gure, W is empty and Z1 and Z2 satisfy the requirements

stated. Here, the theorem states that controlling for the variable closest to the

outcome in the DAG, in this case Z2, will result in lower asymptotic variance.

Figure 4: A case where the criterion from Kuroki and Miyakawa (2003) based
on asymptotic variance can be applied, where W is empty.

In another paper by Miyakawa and Kuroki (1999), they compared the dif-

ference between the two di�erent control plans with regard to the causal e�ect

on the mean. They concluded there that the variance of the estimated causal
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e�ect on the mean β̂yx.zi was lower in all cases2 when controlling for Z2
3. Fur-

thermore, their simulations showed that controlling for both Zi resulted in a

higher variance than just controlling for Z2.

2.3 Properties of the OLS estimate

As was previously stated, the actual causal e�ect of the control plan on the

variance of Y is independent of which Zi is used for identi�cation. The same

thing goes for the causal e�ect of the control plan on the mean of Y, because as

long as the back-door criterion is ful�lled, the estimate of the treatment e�ect

would be unbiased (Pearl, 1995). What this means is that, as in the case of the

causal e�ect of the control plan on the variance of Y, it is rather the variance

of the estimates that could be used to decide between the variables to use for

identi�cation.

Because the causal e�ect of the control plan on the mean of Y as given by

Equation (1), choosing x0 = 1 would allow us to easily calculate the true, or

rather asymptotic variance of the estimated causal e�ect on the mean of Y.

Since having x0 = 1 would reduce Equation (1) to just the beta coe�cient, we

could use the variance of OLS beta estimates. This can be found in virtually

any statistics book on inference, see for example Shao (2003, s. 187), and is

given by

V ar[β̂] = σyy.v

(
V

′
V
)−1

,

where V =


1 v11 v21 · · · vp1

1 v12 v22 · · · vp2
...

...
...

. . .
...

1 v1n v2n · · · vpn

, where n is the number of observations

and p is the number of Vi explanatory variables in the model. The variance of

β̂i is obtained from this formula by multiplying the conditional variance with

the i:th diagonal element in the
(
V

′
V
)−1

matrix.

Let's consider the case where E[Vi] = 0, ∀ i and p = 2.4 In this case, one

2The exact path coe�cient used di�ers slightly in that paper, but the conclusions remain
the same.

3It should be noted that in their paper from 1999, the notation is actually reversed: Z1

in their paper corresponds to Z2 in this thesis, and vice versa. It is the variable Z2 from the
de�nition in this thesis that is being referred to when that paper is mentioned.

4This is simply for exemplifying purposes, and also the case in the simulation study in
section 3
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would not have to include the intercept and the V
′
V matrix would consist of:

V
′
V = n×

[
V 2
1 V1V2

V2V1 V 2
2

]
,

which, taking the expectation, using the de�nition of variance and covariance

as well as the fact that E[Vi] = 0, is equivalent to

E[V
′
V] = n×

[
V ar[V1] Cov[V1, V2]

Cov[V2, V1] V ar[V2]

]
.

For the inverse5, we simply apply elementary linear algebra

(
V

′
V
)−1

=
n−1

V ar[V1]V ar[V2]− Cov[V1, V2]

[
V ar[V2] −Cov[V1, V2]

−Cov[V2, V1] V ar[V1]

]
,

leaving us with

V ar[β̂] =
σyy.vn

−1

V ar[V1]V ar[V2]− Cov[V1, V2]2

[
V ar[V2] −Cov[V1, V2]

−Cov[V2, V1] V ar[V1]

]
,

(4)

which can be calculated to obtain a similar benchmark for the estimated causal

e�ect on the mean of Y as Equation (3) is to the estimation of the variance.

5In the case were E[Vi] 6= 0, including the intercept would yield the same inverse matrix,
except of course with one higher dimension
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3 Simulation

The �rst goal of this simulations was to replicate the results from the simulation

in Kuroki and Miyakawa (2003). This was unfortunately not possible and it

remains unclear exactly how they got the results they did. Sadly, the description

of the procedure they followed in the simulation part of the article could have

been described in greater detail. With that said, we move on to the simulation.

The structure that the data is simulated from in Section 3.1 and 3.2 comes

from Figure 4. Since in this DAG, both Z1 and Z2 satisfy the back-door criterion

on their own it is su�cient to control for either one of them. The question that

this simulation will attempt to answer is which one of the variables that are

optimal to control for in terms of the e�ect of the control plan on the response.

As stated in Section 2.2, the causal e�ect of the control plan on the variance

and the mean of Y are theoretically independent on which variable that is used

for identi�cation. Therefore, the goal at hand is to estimate the variance of the

estimated causal e�ects. Since both variables satisfy the back-door criterion bias

is somewhat redundant to check and will be left out. This is because controlling

for either would remove any confounder bias, leaving the estimation unbiased

(Pearl, 1995).

In order to continue we �rst de�ne the notation used for the path coe�cients

in this section. Consider again Figure 4. In this DAG the notation of the path

coe�cients are as follows: αz1.z2 represents the path coe�cient from Z1 to Z2,

αz1.x the path coe�cient from Z1 to X, αz2.y denote the path coe�cient from

Z2 to Y and lastly αx.y is the path coe�cient from X to Y.

In all parts in this simulation, the causal e�ect in question has been estimated

through OLS regression with either Z1 or Z2 as part of the model. This has

been repeated for 10 000 replicates 6 each for n = 10, 20, 30, 40, 50, after which

the variance of the obtained estimates has been calculated. There are a total

of four di�erent cases that will be consider throughout this simulation. These

cases are:

• Case 1: αz1.z2 = 0.2, αz1.x = 0.2

• Case 2: αz1.z2 = 0.6, αz1.x = 0.2

• Case 3: αz1.z2 = 0.2, αz1.x = 0.6

61000 replicates have been used for example in the simulation in Kuroki and Miyakawa
(2003), but for such a small value, the estimations were found to vary greatly between runs,
especially for small numbers of n
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• Case 4: αz1.z2 = 0.6, αz1.x = 0.6

For all four cases αz2.y = 0.6, αx.y = 0.4 remain �xed.

All normally distributed variables in this simulation are created with mean

zero and variance one. The reasons for this are twofold: �rst, it was the pro-

cedure stated in Kuroki and Miyakawa (2003), and second, since estimations of

the variance will be conducted in several scenarios, it could be considered unfair

to compare them if the theoretical variance of Y di�ers between them.

3.1 Normally distributed treatment variable

In this section all variables are created as normally distributed variables with

the path coe�cients speci�ed by the four di�erent cases. Let let εz1 be the

independent normally distributed part belonging to Z1, εz2 the independent

normally distributed part belonging to Z2, and so on. Then the data has been

generated as follows:

Z1 = εz1

Z2 = αz1.z2Z1 + εz2

X = αz1.xZ1 + εx

Y = αz2.yZ2 + αx.yX + εy,

where

• εz1 ∼ N(0, 1)

• εz2 ∼ N(0, 1− α2
z1.z2)

• εx ∼ N(0, 1− α2
z1.x)

• εy ∼ N(0, 1 − α2
x.y − α2

z2.y − 2Cov(X, Z2)αz2.yαx.y = 1 − α2
x.y − α2

z2.y −
2αz1.z2αz1.xαz2.yαx.y),

resulting in all variables distributed N(0, 1)

Data was generated as described in Section 3 from the data generating mech-

anism described above, and the causal e�ect of the control plan on the mean of

Y was estimated for each time. The variance of those estimations can be found

in Table 1. What's apparent from looking at the table is that in all four cases,

relying on Z2 for identi�cation resulted in more stable estimates compared to
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relying on Z1. Also, using both Z1 and Z2 resulted in variance in between that

when using either Z1 or Z2, which is consistent with the previous results by

Miyakawa and Kuroki (1999). The asymptotic variance for the OLS estimate,

obtained from Equation (4), can be found in Table 2. From comparing these two

tables it becomes clear that the variance of the estimates quickly approaches

the asymptotic variance as the number of observations increases.

Table 1: Variances of the estimates of the causal e�ect of the control plan on
the mean of Y for a normally distributed X.

n = 10 n = 20 n = 30 n = 40 n = 50

Z1 0.136 0.052 0.032 0.023 0.018
Case 1 Z1 & Z2 0.097 0.032 0.019 0.014 0.011

Z2 0.078 0.029 0.017 0.013 0.010

Z1 0.112 0.042 0.026 0.019 0.015
Case 2 Z1 & Z2 0.088 0.029 0.017 0.012 0.009

Z2 0.072 0.027 0.016 0.012 0.009

Z1 0.198 0.074 0.046 0.033 0.027
Case 3 Z1 & Z2 0.130 0.044 0.026 0.019 0.015

Z2 0.070 0.027 0.016 0.012 0.009

Z1 0.138 0.052 0.031 0.024 0.019
Case 4 Z1 & Z2 0.097 0.032 0.019 0.014 0.011

Z2 0.059 0.022 0.014 0.010 0.008

Table 2: Asymptotic variance for the OLS estimator when X is normally dis-
tributed.

n = 10 n = 20 n = 30 n = 40 n = 50

Z1 0.084 0.042 0.028 0.021 0.017
Case 1 Z1 & Z2 0.048 0.024 0.016 0.012 0.010

Z2 0.046 0.023 0.015 0.012 0.009

Z1 0.068 0.034 0.023 0.017 0.014
Case 2 Z1 & Z2 0.044 0.022 0.015 0.011 0.009

Z2 0.043 0.021 0.014 0.011 0.009

Z1 0.120 0.060 0.040 0.030 0.024
Case 3 Z1 & Z2 0.066 0.033 0.022 0.016 0.013

Z2 0.043 0.021 0.014 0.011 0.009

Z1 0.084 0.042 0.028 0.021 0.017
Case 4 Z1 & Z2 0.048 0.024 0.016 0.012 0.010

Z2 0.035 0.018 0.012 0.009 0.007
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The causal e�ect of the control plan on the variance of Y has been evaluated

by estimation of Equation (2). The variances of these estimates can be found in

Table 3. In some speci�c cases, particularly in case 3 for n = 10, there is some

di�erence in variance when using Z1 as compared to Z2, but using both never

resulted in the lowest variance. However, the di�erence between the choices of

variables quickly disappears as the sample size increases. This can be compared

to the asymptotic variance which is given in Table 4. As one can see from

these tables, the estimated variance quickly approaches the asymptotic one as

the number of observations grows larger. Also noteworthy is the fact that the

asymptotic variance is virtually the same regardless of Zi. Both of these results

di�er greatly from the results in Kuroki and Miyakawa (2003), where a much

larger di�erence between Z1 and Z2 was obtained. The reasons for this are very

unclear.

Table 3: Variances of the estimates of the causal e�ect of the control plan on
the variance of Y for a normally distributed X.

n = 10 n = 20 n = 30 n = 40 n = 50

Z1 0.151 0.067 0.045 0.034 0.027
Case 1 Z1 & Z2 0.178 0.071 0.047 0.035 0.028

Z2 0.159 0.071 0.047 0.035 0.028

Z1 0.144 0.065 0.044 0.033 0.026
Case 2 Z1 & Z2 0.157 0.067 0.044 0.033 0.026

Z2 0.151 0.067 0.044 0.033 0.026

Z1 0.225 0.071 0.044 0.032 0.026
Case 3 Z1 & Z2 0.189 0.071 0.044 0.032 0.026

Z2 0.142 0.066 0.042 0.031 0.026

Z1 0.170 0.058 0.039 0.028 0.022
Case 4 Z1 & Z2 0.153 0.054 0.036 0.026 0.021

Z2 0.125 0.050 0.035 0.025 0.020
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Table 4: Asymptotic variance of the estimated causal e�ect of the control plan
on the variance of Y for a normally distributed X.

n = 10 n = 20 n = 30 n = 40 n = 50

Z1 0.135 0.067 0.045 0.034 0.027
Case 1 Z1 & Z2 0.135 0.067 0.045 0.034 0.027

Z2 0.135 0.067 0.045 0.034 0.027

Z1 0.124 0.062 0.041 0.031 0.025
Case 2 Z1 & Z2 0.123 0.062 0.041 0.031 0.025

Z2 0.123 0.062 0.041 0.031 0.025

Z1 0.125 0.062 0.042 0.031 0.025
Case 3 Z1 & Z2 0.124 0.062 0.041 0.031 0.025

Z2 0.123 0.062 0.041 0.031 0.025

Z1 0.105 0.052 0.035 0.026 0.021
Case 4 Z1 & Z2 0.098 0.049 0.033 0.024 0.020

Z2 0.096 0.048 0.032 0.024 0.019

3.2 Binary treatment variable

In this section, the variables have been generated using the same structure as in

Section 3.1, with the di�erence that after X has been generated as a standard

normal variable, we set X∗ =

1 if X > 0

0 otherwise
, resulting in E[X∗] = 1

2 and

V ar[X∗] = 1
4 . There are really no theoretical results for a binary variable,

but since W is empty here, the control plan would simply hold the treatment

constant, which might mean that its actual distribution wont a�ect the causal

e�ect of the control plan except for how it a�ects the calculation of Equation

(2).

In the cases where all X∗ were either 0 or 1 the data was simply regenerated,

because it wouldn't be possible to conduct the estimations for a stationary X∗.

Generating Y for the binary case is far more complicated considering that

the objective is to have Y ∼ N(0, 1). This is because the covariance between a

normally distributed variable and an indicator variable is not trivial. It can be

shown that for the structure used here Cov[Z2, X
∗] =

αz1.xαz1.z2√
2π

, see Appendix

A for the calculations used to obtain this.

So, to summarize, the data has been generated according to:
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Z1 = εz1

Z2 = αz1.z2Z1 + εz2

X = αz1.xZ1 + εx

X∗ =

1 if X > 0

0 otherwise

Y = αz2.yZ2 + αx.yX
∗ + εy.

After this, the same properties have been estimated as in Section 3.1. For the

variance of estimate of the causal e�ect on the mean of Y, see Table 5, this is

again comparable to the asymptotic variances of the OLS estimate, seen in Table

6. As in the normally distributed example, the variances on the mean when

choosing Z2 is always smaller than when controlling for Z1 and the variance

when using both variables lies in between. Furthermore, the variance of the

estimate is approaching the asymptotic one as the number of observations grows

larger.

Table 5: Variances of the estimates of the causal e�ect of the control plan on
the mean of Y for a binary X.

n = 10 n = 20 n = 30 n = 40 n = 50

Z1 0.512 0.216 0.138 0.102 0.080
Case 1 Z1 & Z2 0.391 0.144 0.092 0.067 0.052

Z2 0.322 0.131 0.085 0.064 0.049

Z1 0.431 0.185 0.119 0.089 0.071
Case 2 Z1 & Z2 0.369 0.145 0.086 0.066 0.051

Z2 0.306 0.134 0.081 0.063 0.049

Z1 0.689 0.276 0.174 0.131 0.101
Case 3 Z1 & Z2 0.502 0.192 0.114 0.085 0.065

Z2 0.311 0.136 0.085 0.064 0.049

Z1 0.548 0.224 0.145 0.104 0.085
Case 4 Z1 & Z2 0.454 0.167 0.107 0.073 0.061

Z2 0.313 0.131 0.086 0.061 0.050
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Table 6: Asymptotic variance for the OLS estimator when X is binary.

n = 10 n = 20 n = 30 n = 40 n = 50

Z1 0.385 0.192 0.128 0.096 0.077
Case 1 Z1 & Z2 0.243 0.122 0.081 0.061 0.049

Z2 0.237 0.119 0.079 0.059 0.047

Z1 0.331 0.166 0.110 0.083 0.066
Case 2 Z1 & Z2 0.237 0.118 0.079 0.059 0.047

Z2 0.233 0.116 0.078 0.058 0.047

Z1 0.479 0.239 0.160 0.120 0.096
Case 3 Z1 & Z2 0.299 0.150 0.100 0.075 0.060

Z2 0.233 0.116 0.078 0.058 0.047

Z1 0.395 0.198 0.132 0.099 0.079
Case 4 Z1 & Z2 0.276 0.138 0.092 0.069 0.055

Z2 0.232 0.116 0.077 0.058 0.046

The variance of the estimate for the causal e�ect on the variance and the

asymptotic variance can be found in Table 7 and Table 8, respectively. Once

again there is some di�erence between the variance depending on which variable

you control for in case 3, but as the number of observations increases beyond

10, the di�erence disappears. The variance obtained when using both variables

is the highest in all cases. Also, for the higher number of observations used in

this simulation, the estimated e�ect on the variance approaches the asymptotic

variance.
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Table 7: Variances of the estimates of the causal e�ect of the control plan on
the variance of Y for a binary X.

n = 10 n = 20 n = 30 n = 40 n = 50

Z1 0.197 0.093 0.060 0.047 0.036
Case 1 Z1 & Z2 0.227 0.098 0.062 0.048 0.037

Z2 0.216 0.098 0.062 0.048 0.037

Z1 0.199 0.093 0.059 0.044 0.035
Case 2 Z1 & Z2 0.227 0.096 0.061 0.045 0.036

Z2 0.212 0.095 0.060 0.045 0.036

Z1 0.243 0.093 0.061 0.046 0.036
Case 3 Z1 & Z2 0.251 0.096 0.062 0.046 0.037

Z2 0.206 0.092 0.061 0.046 0.036

Z1 0.227 0.093 0.059 0.044 0.035
Case 4 Z1 & Z2 0.238 0.093 0.058 0.044 0.035

Z2 0.203 0.089 0.057 0.043 0.035

Table 8: Asymptotic variance of the estimated causal e�ect of the control plan
on the variance of Y for a binary X.

n = 10 n = 20 n = 30 n = 40 n = 50

Z1 0.182 0.091 0.061 0.045 0.036
Case 1 Z1 & Z2 0.182 0.091 0.061 0.045 0.036

Z2 0.181 0.091 0.060 0.045 0.036

Z1 0.177 0.088 0.059 0.044 0.035
Case 2 Z1 & Z2 0.177 0.088 0.059 0.044 0.035

Z2 0.176 0.088 0.059 0.044 0.035

Z1 0.177 0.089 0.059 0.044 0.035
Case 3 Z1 & Z2 0.177 0.089 0.059 0.044 0.035

Z2 0.176 0.088 0.059 0.044 0.035

Z1 0.171 0.085 0.057 0.043 0.034
Case 4 Z1 & Z2 0.174 0.087 0.058 0.044 0.035

Z2 0.160 0.080 0.053 0.040 0.032

3.3 Added confounders to the model

Here another confounder,W, is added to the structure, implying that in addition

to either Z1 or Z2, W also need to be controlled for. If not, bias would be

induced to the estimations. The simulated structure is the same as can be
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seen in Figure 3. Here, the path coe�cients from W are αw.x = αw.y = 0.3.

Apart from the aspect of the additional covariate, which has been generated

as a standard normal variable, the simulation is constructed in the same way

as in previous parts. Regarding the e�ect on the mean when X is normally

distributed, see Table 9, the variance of the estimates has decreased for all cases

when Z2 is used for identi�cation compared to the results in Table 1. For Z1

however, the results aren't as clear, and we even see an increase in variance

for some of the cases when n = 10. Once again, the variance when using both

variables are in between the variance obtained by using any of the other two.

As for the the e�ect on the variance when X is normally distributed, see Table

10, introducing another confounder simply lowers the variance of the estimates

for all cases, the di�erence between the control plans remain about the same.

Table 9: Variances of the estimates of the causal e�ect of the control plan on
the mean of Y for a normally distributed X when W is not empty.

n = 10 n = 20 n = 30 n = 40 n = 50

Z1 0.145 0.050 0.029 0.021 0.016
Case 1 Z1 & Z2 0.086 0.024 0.014 0.010 0.008

Z2 0.065 0.022 0.013 0.009 0.007

Z1 0.112 0.038 0.022 0.016 0.013
Case 2 Z1 & Z2 0.074 0.021 0.012 0.009 0.007

Z2 0.057 0.020 0.012 0.008 0.007

Z1 0.219 0.073 0.044 0.031 0.024
Case 3 Z1 & Z2 0.121 0.034 0.020 0.014 0.011

Z2 0.060 0.020 0.012 0.008 0.006

Z1 0.135 0.045 0.027 0.020 0.015
Case 4 Z1 & Z2 0.067 0.019 0.011 0.008 0.006

Z2 0.038 0.013 0.007 0.005 0.004
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Table 10: Variances of the estimates of the causal e�ect of the control plan on
the variance of Y for a normally distributed X when W is not empty.

n = 10 n = 20 n = 30 n = 40 n = 50

Z1 0.086 0.043 0.028 0.021 0.017
Case 1 Z1 & Z2 0.098 0.046 0.029 0.022 0.018

Z2 0.092 0.046 0.029 0.022 0.017

Z1 0.081 0.040 0.026 0.019 0.016
Case 2 Z1 & Z2 0.089 0.041 0.026 0.019 0.016

Z2 0.083 0.041 0.026 0.019 0.016

Z1 0.132 0.044 0.028 0.021 0.016
Case 3 Z1 & Z2 0.107 0.042 0.027 0.020 0.016

Z2 0.081 0.040 0.026 0.020 0.015

Z1 0.103 0.036 0.024 0.017 0.014
Case 4 Z1 & Z2 0.080 0.030 0.020 0.014 0.012

Z2 0.062 0.029 0.019 0.014 0.011

For the binary case it must be stated that conducting the control plan when

W is not empty is problematic to say the least. Clearly it is not possible

to set a binary variable to a linear function of a continuous variable, but one

could however assume a data generating mechanism as in this thesis, where the

control plan is applied to the underlying continuous variable which is later used

to generate the binary variable. In spite of this problem, the simulation was

carried out in the same way as before.

For a binary X the e�ect on the mean is not as clear. While the vari-

ance of the estimates in Table 11 is lower for all cases when n = 50, it is also

higher in all cases when n = 10, compared to Table 5. The variance obtained

when using both Z1 and Z2 lies in between the variance obtained when using

them separately. The variance of the estimates of the variance (Table 12) has

decreased across-the-board compared to Table 7, and the variance from using

both variables are always highest.
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Table 11: Variances of the estimates of the causal e�ect of the control plan on
the mean of Y for a binary X when W is not empty.

n = 10 n = 20 n = 30 n = 40 n = 50

Z1 0.583 0.217 0.136 0.098 0.079
Case 1 Z1 & Z2 0.421 0.133 0.081 0.057 0.046

Z2 0.322 0.120 0.076 0.054 0.044

Z1 0.502 0.184 0.112 0.082 0.065
Case 2 Z1 & Z2 0.412 0.130 0.077 0.056 0.045

Z2 0.319 0.120 0.072 0.054 0.043

Z1 0.767 0.284 0.172 0.123 0.099
Case 3 Z1 & Z2 0.542 0.174 0.101 0.072 0.057

Z2 0.322 0.117 0.073 0.054 0.042

Z1 0.632 0.221 0.136 0.098 0.080
Case 4 Z1 & Z2 0.493 0.154 0.090 0.065 0.052

Z2 0.318 0.117 0.071 0.052 0.042

Table 12: Variances of the estimates of the causal e�ect of the control plan on
the variance of Y for a binary X when W is not empty.

n = 10 n = 20 n = 30 n = 40 n = 50

Z1 0.134 0.066 0.044 0.034 0.028
Case 1 Z1 & Z2 0.157 0.070 0.046 0.035 0.028

Z2 0.146 0.070 0.046 0.035 0.028

Z1 0.140 0.065 0.044 0.033 0.027
Case 2 Z1 & Z2 0.162 0.067 0.045 0.034 0.027

Z2 0.149 0.067 0.045 0.034 0.027

Z1 0.176 0.068 0.047 0.033 0.027
Case 3 Z1 & Z2 0.189 0.072 0.048 0.034 0.027

Z2 0.145 0.068 0.047 0.033 0.027

Z1 0.180 0.068 0.044 0.033 0.026
Case 4 Z1 & Z2 0.184 0.066 0.043 0.032 0.026

Z2 0.146 0.063 0.042 0.032 0.025

4 Discussion

The results obtained from the simulations in Section 3 were somewhat as ex-

pected. For a normally distributed treatment, using the variable closer to the

response in a DAG yields estimates of the causal e�ect of the control plan on the
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mean of the response which vary less than if the variable closer to the treatment

would have been used. Regarding the estimated causal e�ect of the control plan

on the variance of the response, it was less satisfactory in the sense that the sim-

ulation wasn't able to replicate the results from Kuroki and Miyakawa (2003),

where a much larger discrepancy between the variables used for identi�cation

was obtained. There was still some di�erence between the two choices when

the number of observations was very small, so in these cases it might be worth

taken into consideration. In general though, if one has access to more than 20

observations, the only di�erence between the variables used for control seem to

be regarding the variance of the estimated causal e�ect on the mean of the re-

sponse. An interesting result was that in all cases, using both variables resulted

in higher or equal variances when compared to using just the one variable with

the lowest variance. Therefore, it generally seems like a bad idea to use more

variables than necessary when estimating the causal e�ects of the control plan.

When moving to the case with a binary treatment, the results were generally

the same. Of course the actual numbers di�ered quite a bit when compared to

the normally distributed case, but the important thing is that the relations

between the di�erent variables used for identi�cations were mostly in favor of

the one closer to the response. The variance of the estimated causal e�ect on

the mean of the response was lower in all cases when using that variable for

identi�cation, and the di�erence between the two in terms of the variance of the

estimated causal e�ect on the variance of the response were mostly negligible,

especially when there are more than ten observations available.

As stated earlier, it is certainly debatable if it is reasonable to even consider a

linear control plan for a binary treatment because of the fact that the treatment

can only take on two values. It is however possible to assume a data generating

mechanism as in this thesis, where the value of an underlying continuous variable

decides the state of the binary one. Even in that case it obviously cannot

be said that the control plan would have the same characteristics as if the

treatment would have been continuous. More probable is that it almost certainly

wouldn't, as a binary variable can't possibly contain as much information as a

continuous one. It is not totally unreasonable though, to assume that the e�ect

of a dichotomisation would a�ect the di�erent variables used for identi�cation

in the same way. If that is in fact the case, it would imply that the results here

regarding the choice of variables used for identi�cation would still be valid for

a binary treatment. Nevertheless, theoretical results are clearly needed in order

to draw any �rm conclusions.
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Appendix A: Covariance between normally dis-

tributed and binary variable

Cov[Z2, X] =Cov[αz1.z2Z1 + εz2, I(αz1.xZ1 + εx > 0)]

=E[αz1.z2Z1 ∗ I(αz1.xZ1 + εx > 0)]

=

ˆ ∞
−∞

ˆ ∞
−∞
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