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A bstract
Assume that h(x) is a function from R n to R m and that m > n. In general, 
it is not possible to find a solution of the overdetermined system of equations 
h(x) =  0. Instead we solve the minimization problem minx ||/i(a;)||, where || • || 
is a vector norm on R m. In this thesis algorithms are developed and analyzed 
for different choices of h(x) and different norms.

The simplest, nontrivial, problem we have considered is the constrained and 
weighted linear least squares problem. It is important to treat the problem as 
a member in the class of weighted problems and to construct algorithms that 
reflect this property. We have developed such an algorithm that uses, what we 
call, the weighted (or modified) QR  decomposition. The weighted QR  decom
position is formed by applying weighted (and M-invariant) Householder reflec
tions. In a way our framework allows us to see the ordinary QR  decomposition, 
the Powell-Reid method for weighted linear least squares and the Björck-Golub 
method for constrained linear least squares as the same method applied to differ
ent problems. We have done a complete rounding error analysis of the algorithm 
that uses the weighted QR  decomposition formed by weighted Householder re
flections for solving the constrained and weighted linear least squares problem. 
This analysis shows that the method is essentially backward stable. We have 
also performed an analysis on mixed precision iterative refinement when the 
weighted QR  decomposition is used to solve, and improve the solution to the 
constrained and weighted least squares problem.

As for h(x) nonlinear, we have considered the constrained and weighted 
nonlinear least squares problem. Just as in the linear problem we consider the 
weights as part of the problem and we have developed and analyzed a Gauss- 
Newton method in this spirit. We have also derived a second order method that 
can handle nonlinear equality constraints and arbitrary large weights. As a 
real life application, we have worked with surface fitting problems. These prob
lems define a general class of problems that includes the error-in-variables prob
lems and orthogonal regression. Our algorithm is, in large, the Gauss-Newton 
method mentioned above for general weighted nonlinear least squares but sev
eral technical, nontrivial, details must be considered. We have emphasized the 
close connection between the explicitly and implicitly formulated surface fitting 
problem both in the algorithms and theoretically.

A related problem to the linear least squares problem is the problem of 
overdetermined linear system of equations in lp norm where 1 < p < oo. We 
discuss a new approach for solving the /^-problem by using, what we call, the 
duality curves, obtained from the function that relates the residual and the dual 
vector.
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Preface
The dissertation consists of the following six papers.

I. M. E. Gulliksson and P.-Å. Wedin, Modifying the QR Decomposition to 
Weighted and Constrained Linear Least Squares, SIAM J. Mat. Anal. 
Appi., vol. 29, pp. 268-296, 1992. For an extended version see [8].

II. M. E. Gulliksson, Rounding Error Analysis of the Modified QR Decompo
sition. Submitted to SIAM J. Mat. Anal. Appi.. For an extended version 
see [4].

III . M. E. Gulliksson, Iterative Refinement for Weighted Linear Least Squares 
using the Modified QR Decomposition. Submitted to BIT. For an extended 
version see [5].

IV . M. E. Gulliksson, I. Söderkvist and P.-Å. Wedin, Algorithms for Weighted 
and Constrained Nonlinear Least Squares. Submitted to SIAM J. Opti
mization. See also [7].

V. M. E. Gulliksson and I. Söderkvist, Surface Fitting and Parameter Estima
tion with Nonlinear Least Squares. Submitted to Optimization Methods 
and Software. For an extended version see [6].

V I. M. E. Gulliksson and P.-Å. Wedin, Numerical Aspects on Algorithms for 
Overdetermined Linear Systems in lp Norm. Technical Report UMINF 
93-11, Inst, of Info. Proc., Univ. of Umeå, Umeå, Sweden, 1993. To be 
submitted to SIAM J. Optimization.

The constrained and weighted linear least squares problem is the subject of 
papers I-III. These papers are summarized in Section 1. The intention of paper 
I is to give a thorough background to algorithms for constrained and weighted 
linear least squares problems and then construct an algorithm that takes the 
special properties of this problem into account. The numerical stability of the 
new algorithm is analyzed in detail in paper II. The rounding error analysis in 
paper II and a special perturbation analysis are used in paper III to analyze the 
effect of mixed precision iterative refinement.

In Section 2 the papers IV and V, treating the constrained and weighted 
nonlinear least squares problem, are summarized. In paper IV algorithms for 
the general problem are analyzed and in paper V these algorithms are specialized 
to handle the highly structured surface fitting problem.

The last paper, VI, treats the problem of overdetermined linear systems in 
lp norm, where 1 < p < oo. The paper is summarized in Section 3.
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Constrained and weighted linear least squares 1

1 Constrained and weighted linear least squares
Assume that A  G R mXn, b G R m and VF is a positive semidefinite diagonal 
matrix. Then the weighted linear least squares problem is formulated as

min h | W ^ { b - A x ) \ \ \ .  (1.1)
xgK ^

If W  is invertible (this can be achieved by first removing the zero weighted 
equations) and we define M  — W ~ l then the problem (1.1) is equivalently 
stated as the following linear system of equations

M A ' ' A ' ‘ b '
A t 0 X 0

The equations in (1.2) is sometimes called the augmented system of equations 
or the equilibrium system, but we call them the system equations. The sys
tem equations play an essential role in our way of looking at constrained and 
weighted linear least squares. The reason is that (1.2) actually defines the whole 
class of constrained and weighted linear least squares problems. The constraints 
are manifested simply by zero elements in M. Consequently, if a weight tends 
to infinity the corresponding element in M  tends to zero. However, the theoret
ically proper way of working with constrained and weighted linear least squares 
is by using the system equations in (1.2). Indeed, as seen in papers I-III, the 
system equations can be used to invent and analyse new algorithms, derive 
perturbation bounds and to perform iterative refinement.

1.1 A lgorithm s for constrained and weighted linear least 
squares

Our algorithm for solving (1.1) is partly motivated by the important fact that, 
for large weights, the condition number for problem (1.1) is very often completely 
different from the condition of the unconstrained problem

min h |6  — Ax\\l, (1.3)X Z

where b = W x!2b and A  =  W ^ 2A (we multiply A  and b with the weights 
explicitly). Hence, it is important to treat the problem (1.1) as a member in the 
class of weighted linear least squares and to construct algorithms that reflect 
this property. We have developed such an algorithm that uses what we call the 
weighted (or modified) QR  decomposition. The weighted QR  decomposition is 
based on the fact that when A has full rank there exist a matrix Q and an upper 
triangular matrix R  such that

A = Q R
0 , Qt WQ  = W. (1.4)
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The condition QTWQ = W  is equivalent to QM QT = M and any matrix 
satisfying these conditions is called M-invariant.

Inserting the weighted QR  decomposition of A  in (1.1) gives the new problem

and consequently x = [R_1, 0]Q_1ò. The inversion of Q is not done explicitly 
as we shall see below.

Our method is similar to the Powell-Reid method [9] where the unweighted 
problem minæ ||6 — A x ||2 is solved. The main advantage with our approach is 
that arbitrary large weights can be handled. Indeed, letting the weights tend 
to infinity, we can solve any problem in the class of constrained and weighted 
linear least squares problems.

In a way we have developed a framework that allows us to see the ordinary 
QR  decomposition, the Powell-Reid method for weighted linear least squares 
and the Björck-Golub method for constrained least squares as the same method 
applied to different problems.

The weighted QR  decomposition is formed by applying weighted, M-invariant, 
Householder reflections on the matrix A. We have also generalized orthogonal 
Givens rotations to weighted Givens rotations [8].

1.2 Rounding error analysis
Most rounding error analysis has been done on either Gauss transformations or 
orthogonal transformations, see [1] for an excellent overview. This is no coinci
dence since the Gauss transformations have a nice structure and the orthogonal 
transformations, such as the Householder reflection and Givens rotation, has 
the 2-norm and the Frobenius norm equal to one.

Our nonorthogonal weighted Householder reflections do not have any of these 
two properties. However, in a special weighted norm M-invariant transforma
tions, such as the weighted Householder reflection and the weighted Givens 
rotation, have the norm equal to one. Furthermore, vectors with a structure 
related in a special way to this weighted norm will not be amplified when trans
formed by an M-invariant transformation. The norm invariance and the struc
tural property of M-invariant transformations enable us to perform a rounding 
error analysis on the weighted QR  decomposition and the algorithm that uses 
this decomposition to solve the constrained and weighted linear least squares 
problem.

In paper II we prove that the weighted QR  decomposition is backward stable 
and that our algorithm for the constrained and weighted linear least squares 
problem is backward stable if the right hand side is properly scaled. Specializing 
the results imply that our algorithm is backward stable for constrained but 
unweighted linear least squares problems. These results are consistent with

. 1
mm -x 2 (1.5)
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other rounding error analysis done on the weighted linear least squares problem 
[9],

1.3 Iterative refinement

It is common knowledge among numerical analysists that iterative refinement of 
the linear least squares problem can be done by using the system equations [2]. 
The solution, x , of (1.2) is identical to the solution of (1.1). However, and this 
is our innovation, the analysis of the iterative refinement has not been done for 
weighted problems. In paper III we have performed such an analysis when the 
weighted QR  decomposition has been used to solve and update the solution to 
(1.1). The analysis is done by combining existent perturbation analysis for the 
constrained and weighted linear least squares problem and a special roundoff 
error analysis of the iterative refinement algorithm.

2 Solving constrained and weighted nonlinear 
least squares

In paper IV we consider the constrained and weighted nonlinear least squares 
problem

min h | W ^ f ( x ) \ \ l  (2.6)

where /  : R n —> R m is a twice continuously differentiable function. Just as in 
the linear problem (1.1) we should consider the weights as part of the problem 
and treat them accordingly. We have developed and analyzed a Gauss-Newton 
method for solving (2.6). Again, as in the linear case, we are able to treat non
linear constraints simply by letting the weights tend to infinity. In practice this 
is done by using the weighted QR  decomposition described in paper I. Espe
cially, we give a thorough treatment of the local behaviour of the Gauss-Newton 
method and its geometrical properties. In order to get a globally convergent 
method we use a merit function (quadratic in / ) . A big advantage of our merit 
function is that the weights do not get unnecessarily large close to a saddle 
point. Unfortunately the Gauss-Newton method may have slow convergence 
close to the solution and therefore we have derived a second order method that 
also can handle nonlinear equality constraints and arbitrary large weights. This 
second order method is attained by looking at the system equations with the 
second order information included and therefore we are able to use the weighted 
QR  decomposition even here. The local properties of the method is analyzed 
and it is shown that it is the only method with local quadratic convergence that 
is independent, in R m, of the parametrization in R n.
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2.1 Surface fitting

The surface fitting problem, treated in paper V, represents a general problem 
class including the error-in-variables problem and orthogonal regression. To be 
more specific, assume that we have a set of measured points ÿi G R s, i =  1,. . . ,  q. 
A point on the surface is explicitly defined as y(0, z), where y : R p x R t —► R s 
is assumed to be twice continuously differentiable. We include nonnegative 
weights for every element in the residual and we put these weights in the positive 
semidefinite weight matrices W{ =diag(cj^\ . . .  i =  1, . . . ,  q. The explicit
formulation of the minimization problem is

a mi? \ ^ \ \ w i l2(y(ei ' z ) -ÿ i ) \ \ l -  (2-7)
O l  , . . . ,C7g ,2 Z

The surface can also be defined implicitly by c(y ,̂ z) =  0 where yx G R 5 is a 
point on the surface and c : R s x R t —> H k is assumed to be twice continuously 
differentiable. The implicitly formulated minimization problem is defined as

min J :  Y l  IIW -/2(yl -  5̂ )111 (2.8)
y1,...,yq,z L i=1

s.t. c (y i,z)=  0, i =

Note that the vectors z and 2, that are the unknown parameters of our 
problem, need not be the same in the two problem formulations. Note also 
that, at the solution, we have yi = y(0i,z).

Our algorithm is, in large, the Gauss-Newton method mentioned above for 
general weighted nonlinear least squares but several technical, nontrivial, details 
must be considered. We also develop a heuristic algorithm for choosing second 
order information locally. This is important in order to get a fast and cheap al
gorithm even for locally very nonlinear problems. The main differences between
our method and earlier algorithms are that we can use arbitrary large weights
without getting ill-conditioned linear subproblems and that our quadratic merit 
function avoids large weights when the iterates are far from the solution. There 
is also a principal difference in our exposition since we emphasize the close con
nection between the explicit and implicit algorithms both theoretically and in 
the algorithm. Indeed, if the explicitly and implicitly formulated problem has 
the same model parameters and if the constraints in (2.8) are satisfied , then 
the search direction for the model parameters are identical in the explicit and 
implicit case.
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3 O verdeterm ined linear system  of equations 
in lp norm

The problem (3.9) is difficult to solve in an efficient and robust way and espe-

In paper VI we first review some of the existing algorithms for solving (3.9). 
We then generalize some of these ideas and present a new approach for solving
(3.9). The new approach is to use, what we call, the duality curves and we will 
now describe the main ideas. If we assume that 1 < p < oo then (3.9) can be 
reformulated as

where 1 / p +  l /q  = 1. The duality curves are the relation between the primal 
variable, the residual r = b — A x , and the dual vector A in (3.11). One way of 
describing the duality curves is by the equations

Formally we write (r^, Ai) £ Cp when the point (r*, A*,) is on the curve connecting 
the primal and dual variable for a specific p.

If q = 1 or p = 1 we cannot use (3.9) or (3.11). Instead we have modified 
the following system of linear and nonlinear equations

A problem related to (1.1) is the problem of overdetermined linear system of 
equations in lp norm1 [3]

mm (3.9)

daily the cases p = 1 and p = oo have been the subject of much research.

mm -
xeR n P

(3.10)

The dual problem to (3.10) is

mk im - iia h<î - bTx (3.11)

s.t. A t A = 0,

r =  sign(A) \X\q x, (3.12)

or, equivalently,
À = sign(r) |r |p 1. (3.13)

r — b + Ax 0
1IIAII,

XTr
a t  a

IIAII

0
I M I v

. (3.14)

xT h e  Ip n o rm  is also ca lled  th e  H o lder n o rm  or th e  p -n o rm
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The equations in (3.14) can be rewritten using the duality curves as

rp — b -f Ax  =  0 
A T p =  1 ^
(Pi, Ai) S Cp, i = 1, . . .  ,m ’
A T A =  0

(3.15)

where r — Tp and thus ||p||p = 1 and ||A||g = 1 at the solution.
We have experimented with different ways of solving (3.15) when Newton’s 

method is used and the duality curves are represented in different ways.
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