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Abstract 

 

The aim of this study is to get some approach which can help in improving the predictions of daily 

temperature of Umeå. Weather forecasts are available through various sources nowadays. There are 

various software and methods available for time series forecasting. Our aim is to investigate the daily 

maximum temperatures of Umeå, and compare the performance of some methods in forecasting these 

temperatures. Here we analyse the data of daily maximum temperatures and find the predictions for 

some local period using methods of autoregressive integrated moving average (ARIMA), exponential 

smoothing (ETS), and cubic splines.  The forecast package in R is used for this purpose and automatic 

forecasting methods available in the package are applied for modelling with ARIMA, ETS, and cubic 

splines. The thesis begins with some initial modelling on univariate time series of daily maximum 

temperatures. The data of daily maximum temperatures of Umeå from 2008 to 2013 are used to 

compare the methods using various lengths of training period. On the basis of accuracy measures we 

try to choose the best method. Keeping in mind the fact that there are various factors which can cause 

the variability in daily temperature, we try to improve the forecasts in the next part of thesis by using 

multivariate time series forecasting method on the time series of maximum temperatures together with 

some other variables. Vector auto regressive (VAR) model from the vars package in R is used to 

analyse the multivariate time series. 

Results: ARIMA is selected as the best method in comparison with ETS and cubic smoothing splines 

to forecast one-step-ahead daily maximum temperature of Umeå, with the training period of one year. 

It is observed that ARIMA also provides better forecasts of daily temperatures for the next two or 

three days. On the basis of this study, VAR (for multivariate time series) does not help to improve the 

forecasts significantly. The proposed ARIMA with one year training period is compatible with the 

forecasts of daily maximum temperature of Umeå obtained from Swedish Meteorological and 

Hydrological Institute (SMHI). 

Key Words: ARIMA models, exponential smoothing, cubic spline, state-space model, vector 

autoregression. 
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Sammanfattning 

 

Syftet med denna studie är att försöka hitta en metod som kan hjälpa förbättra prognoser för den 

dagliga temperaturen i Umeå. Väderprognoser i dagsläget finns tillgängliga via flera källor, det 

finns flera mjukvaror och metoder för att göra prediktioner av tidsserier. Vårt syfte är att 

undersöka den maximala temperaturen i Umeå och utvärdera de olika prognosmetoderna av dessa 

temperaturer. Vi analyserar data av dagliga maximala temperaturer och utför prediktioner av vissa 

lokala perioder där vi använder metoder som autoregressive integrated moving average (ARIMA), 

exponential smoothing (ETS), and kubiska splines. Paketet forecast i R används för detta syfte och 

automatiska prognosmetoder som finns tillgängligt i paketet är applicerade för att modulera med 

metoder som ARIMA, ETS och kubiska splines. Denna uppsats börjar med några initiala 

moduleringar på endimensionella tidserier av dagliga maximala temperaturer. Data av de dagliga 

maximala temperaturerna i Umeå är från 2008 till 2013, vilket används för att jämföra de olika 

metoderna där olika längder av träningsdata tillämpas för att göra predikteringar. Beroende på 

prediktionsförmågan, försöker vi avgöra den bästa metoden. Med tanke på det faktum att det finns 

varierande faktorer som kan orsaka variabilitet i den dagliga temperaturen, försöker vi förbättra 

prediktionerna i den andra delen av denna uppsats. Där vi använder oss av flerdimensionella 

tidsserier av maximala temperaturer tillsammans med andra variabler. Vektor autoregressive 

(VAR) modellen från paketet vars i R används för att analysera de flerdimensionella tidserierna 

Resultat: ARIMA är vald som den bästa metoden i jämförelse med ETS och kubiska smoothing 

splines för att använda sig av enstegs prognoser av den dagliga maximala temperaturen i Umeå, 

med en träningsperiod på ett år. Det kommer även fram i uppsatsen att ARIMA producerar bättre 

prognoser av dagliga temperaturer för the nästkommande två eller tre dagarna. Denna studie 

kommer också fram till att VAR (för flerdimensionella tidsserier) inte alls hjälper till att 

signifikant förbättra prognoserna. Den förslagna ARIMA modellen med ett års träningsperiod ger 

liknande prognosresultat som de dagliga maximala temperaturerna i Umeå taget från den svenska 

meteorologiska och hydrologiska institut (SMHI). 

Nyckelord: ARIMA modeller, exponential smoothing, kubiska splines, state-space modell, vektor 

autoregression. 
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1   Introduction 

 

1.1 Objective 

The main objective of this study is to investigate a method that improves the prediction of daily 

maximum temperature of Umeå. We want to compare the performance of automatic forecasting 

methods in forecasting the maximum temperature of Umeå. We compare exponential smoothing, auto 

ARIMA, and cubic smoothing splines. We try to improve the forecasts by analysing multivariate time 

series of maximum temperature together with some other variables, which might affect the 

temperature. 

 

This thesis compares the three automatic forecasting methods ETS, ARIMA, and cubic splines using 

the data of daily maximum temperatures of Umeå. For convenience, the thesis starts with some basic 

definitions and background that explain the methods followed by the complete analysis of Umeå data 

by estimation and verification with various forecasting methods. The accuracy of various methods are 

compared by Mean Absolute Scaled Error (MASE) and Mean Absolute Error (MAE). The method 

which gives the best forecasts is then used for prediction and compared with forecasts available on the 

website of Swedish Meteorological and Hydrological Institute (SMHI). We also try to find 

dependency of maximum temperature with other variables, e.g., humidity, pressure, wind speed, 

maximum wind, rain, maximum solar radiation, and wind direction. The multivariate time series of 

related variables is then analysed in order to see some improvement in forecasting daily maximum 

temperature of Umeå. Automatic forecasting by ETS, ARIMA, and cubic splines are performed by 

using the forecast package in R, whereas vars and urca packages are used for multivariate time series 

analysis. 

 

1.2 Outline 

The thesis is organized as follows. Section 2 presents some theory and concepts of time series 

modelling and forecasting, that is used to analyse the univariate and multivariate time series of Umeå 

weather data in Sections 3 and 4. Section 3 provides the detailed analysis of univariate time series of 

daily maximum temperatures of Umeå and the comparison of proposed models with the forecasts of 

SMHI. Section 4 explains the multivariate analysis and comparisons of proposed multivariate time 

series forecasting methods with ETS and SMHI. Finally, summary and discussion of results are given 

in Section 5 together with some suggestions for further research and areas of interests. 

 

1.3 The weather data of Umeå 

The data are taken from TFE's weather station (TFE: tillämpad fysik och elektronik), Umeå University 

[25]. The station is located on the roof of Teknikhuset. The data are available from 1998 with some 

interruptions but from June 1999 onwards the data for each hour are available. The values of available 

hourly data are maximum temperature, minimum temperature, average temperature, humidity, air 

pressure, average wind speed, wind direction, maximum wind speed, rainfall, and solar radiation. The 

hourly data are converted to daily data in order to analyse the daily maximum temperatures. Daily 

values for maximum temperature, maximum wind speed, and maximum solar radiation are obtained 

by taking the maximum of 24 hours of the corresponding variables, whereas average of 24 hours are 

taken for daily humidity, pressure, and average wind speed. Daily rainfall is the total rainfall in 24 

hours. Wind direction for each day is obtained by taking the circular mean of wind directions for 24 

hours. 
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For the comparison of the proposed methods / models with SMHI, one-step-ahead forecasts for daily 

maximum temperatures are observed on particular days from the website of SMHI [24].  

The maximum temperatures of Umeå for each month from Jan 1998 to Oct 2014 are plotted in Figure 

1.3.1. Top most is time series of monthly maximum temperatures from Jan 1998 to Oct 2014. The 

graph in the middle represents monthly maximum temperatures for each year plotted on top of each 

other just to see the behaviour of time series for each season (year). The bottom one is the monthly 

plot of monthly maximum temperatures.  

 

Figure 1.3.1: Monthly data of maximum temperatures from Jan 1998 to Oct 2014. From top, first plot is the time 

series of monthly maximum temperatures, second is the yearly plot, i.e., monthly maximum temperatures for 

each year plotted on top of each other, and third is monthly plot, i.e., monthly maximum temperature from 1998 

to 2014 are plotted corresponding to each month. 

Since anyone looking for the forecasts is usually interested to know the forecast for next day, so the 

same is focused in this thesis. The data of daily maximum temperatures of Umeå are used to get some 

daily forecasts for the future. The time series of daily maximum temperatures from 2008 to 2013 is 

shown in Figure 1.3.2. The usual yearly seasonality can be seen. 

Time series of monthly maximum temperatures of Umeå from Jan 1998 to Oct 2014

Months

M
a
x
im

u
m

 t
e
m

p
e
ra

tu
re

2000 2005 2010 2015

0
1
0

2
0

3
0

0
1
0

2
0

3
0

Yearly plot of monthly maximum temperatures of Umeå

Months

M
a
x
im

u
m

 t
e
m

p
e
ra

tu
re

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec

Monthly plot of maximum temperatures of Umeå

Months

M
a
x
im

u
m

 t
e
m

p
e
ra

tu
re

J F M A M J J A S O N D

0
1
0

2
0

3
0



3 

 

Figure 1.3.2: Daily data of maximum temperatures from Jan 1, 2008 to Dec 31, 2013. Time series of daily 

maximum temperatures and yearly plot, i.e., the daily maximum temperature for the years 2008 to 2013 are 

plotted on top of each other. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Time series of daily maximum temperatures of Umeå from 01-01-2008 to 31-12-2013
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2   Background and definitions 
 

2.1 Univariate time series analysis  

A time series is a set of observations on a quantitative data collected over a period of time, e.g., 

historical data on sales, inventory, costs, number of customers, weather data, etc. The main steps for 

analysing the time series are 

 Modelling 

 Estimation 

 Model validation 

 Forecasting 

The aim of forecasting is to estimate how the sequence of observations will continue into the future. 

Univariate time series forecasting uses only information on the variable to be forecasted, and makes no 

attempt to discover the factors which can be a cause of change. Therefore, it will extrapolate trend and 

seasonal patterns and ignores all other information. The model to be used in forecasting depends upon 

the available data and the accuracy of the competing models. The mostly used univariate forecasting 

models include ARIMA models and exponential smoothing.  

 

2.1.1 Mean, variance and autocovariance 

Let {𝑌𝑡 , 𝑡 ∈ ℤ} be a stochastic process observed at discrete time point 𝑡 ∈ ℤ. The mean function of a 

time series {𝑌𝑡 , 𝑡 ∈ ℤ} is  

 

𝜇𝑌(𝑡) = 𝐸(𝑌𝑡), 𝑡 ∈  ℤ. 

 

The autocovariance function (ACVF) of {𝑌𝑡 , 𝑡 ∈ ℤ} is 

 

𝛾𝑌(𝑡, 𝑠) = 𝐶𝑜𝑣(𝑌𝑡 , 𝑌𝑠),    𝑡, 𝑠 ∈  ℤ 

                            = 𝐸[(𝑌𝑡 − 𝜇𝑌(𝑡))(𝑌𝑠 − 𝜇𝑌(𝑠))] 

                = 𝐸(𝑌𝑡𝑌𝑠) −  𝜇𝑌(𝑡)𝜇𝑌(𝑠)  

𝐶𝑜𝑣(𝑌𝑡 , 𝑌𝑡) = 𝑉𝑎𝑟(𝑌𝑡) = 𝜎𝑡
2 

 

The autocorrelation function (ACF) is the standardized version of the ACVF, given by  

 

𝜌𝑌(𝑡, 𝑠) = 𝐶𝑜𝑟𝑟(𝑌𝑡 , 𝑌𝑠),         𝑡, 𝑠 ∈  ℤ 

     =
𝐶𝑜𝑣(𝑌𝑡 , 𝑌𝑠)

√𝑉𝑎𝑟(𝑌𝑡). 𝑉𝑎𝑟(𝑌𝑠)
  

                   =
𝛾𝑌(𝑡, 𝑠)

√𝛾𝑌(𝑡, 𝑡). 𝛾𝑌(𝑠, 𝑠)
 .                

 

where −1 ≤ 𝜌𝑌(𝑡, 𝑠) ≤ 1, and 𝜌𝑌(𝑡, 𝑠) = 0 means that there is no linear dependence between 𝑌𝑡 and 

𝑌𝑠 [2]. 

 

2.1.2 Stationarity 

Stationarity is an important concept in time series analysis. Two types of stationarity exist, weak and 

strict stationarity. A time series 𝑌𝑡  is strictly stationary if (𝑌1, … , 𝑌𝑛) and (𝑌1+ℎ, … , 𝑌𝑛+ℎ) have the 

same joint distributions for all integers ℎ and 𝑛 >  0. 𝑌𝑡  is weakly stationary if its mean function 
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𝜇𝑌(𝑡) = 𝐸(𝑌𝑡),  is independent of 𝑡, and its autocovariance function  𝛾𝑌(𝑡 + ℎ, 𝑡) = 𝐸(𝑌𝑡+ℎ −

 𝜇𝑌(𝑡+ℎ))(𝑌𝑡 − 𝜇𝑌(𝑡)) is independent of 𝑡 for each ℎ [2]. 

 

2.1.3 White noise 

A time series {𝑌𝑡 𝑡 ∈ ℤ} is said to be a white noise with mean 𝜇 and variance 𝜎2, {𝑌𝑡}~𝑊𝑁(𝜇, 𝜎2), if 

 

𝐸(𝑌𝑡) = 𝜇,  

and  

𝛾𝑌(ℎ) = {
𝜎2, ℎ = 0

0, ℎ ≠ 0.
 

 

2.1.4 Classical decomposition 

A time series 𝑌𝑡, for any time 𝑡 is usually modelled by decomposing it into three components as 

 

𝑌𝑡 =  𝑇𝑡 +  𝑆𝑡 +  𝑍𝑡 , 

 

where 𝑇𝑡 is the trend, a long term movement in the mean, 𝑆𝑡 is the seasonal variation, cyclic 

fluctuations, for example due to calendar or daily variations, and 𝑍𝑡 are the residuals, a stochastic 

noise component which is a weakly stationary process [2]. 

 

2.2 ARIMA models 

ARIMA stands for Autoregressive Integrated Moving Average. ARIMA models aim to describe the 

autocorrelation in the data and can be applied to stationary and non-stationary time series. The model 

is written as ARIMA(𝑝, 𝑑, 𝑞), where 𝑝, 𝑑, 𝑞 ≥ 0. An ARIMA model corresponds to ARMA after 

differencing finitely many times. The components 𝑝 and 𝑞 are the order for autoregressive (AR) and 

moving average (MA) parts, whereas 𝑑 is the degree of differencing. Differencing is commonly used 

to eliminate the trend (linear or exponential) in a time series. The differencing order 𝑑 relates to how 

many times the process 𝑌𝑡 needs to be differenced to become stationary. Various transformation 

techniques can be used for variance stabilization, e.g., Box-Cox transformations, log transformations. 

ACF (Autocorrelation function) can also help to see if the time series is stationary or not. The details 

can be read in [2], [11].  

 

Autoregression indicates the regression of a variable on itself.  In autoregressive (AR) models the 

forecasting variable is a linear combination of its own previous observations.  

An AR(𝑝) model can be described as: 

 

𝑌𝑡 = 𝑐 + 𝜑1 𝑌𝑡−1 + 𝜑2 𝑌𝑡−2 + ⋯ + 𝜑𝑝𝑌𝑡−𝑝 + 𝑍𝑡 ,   

where 𝑍𝑡  ∼  𝑊𝑁(0, 𝜎2), 𝑐 is an unknown constant term, and 𝜑𝑖 , 𝑖 = 1, … , 𝑝, are the parameters of the 

AR model.  

 

A moving average model of order q is represented as MA(𝑞). A moving average process of order q is 

q-correlated. A stationary time series 𝑌𝑡 is q-correlated if 𝛾𝑌(ℎ) = 0 whenever |ℎ| > 𝑞. 

A MA(𝑞) model can be described as: 

 

𝑌𝑡 = 𝑐 + 𝑍𝑡 + 𝜃1 𝑍𝑡−1 + ⋯ + 𝜃𝑞𝑍𝑡−𝑞 ,    



6 

 

where  𝑍𝑡 ∼  𝑊𝑁(0, 𝜎2), 𝑐 is an unknown constant term, and 𝜃1 , … , 𝜃𝑞 are parameters of the MA 

model. 

 

A stationary time series 𝑌𝑡  is called autoregressive moving average of order (𝑝, 𝑞), ARMA(𝑝, 𝑞), if for 

every t: 

 

𝑌𝑡 − 𝜑1 𝑌𝑡−1 + 𝜑2 𝑌𝑡−2 + ⋯ + 𝜑𝑝𝑌𝑡−𝑝 =  𝑐 + 𝑍𝑡 + 𝜃1 𝑍𝑡−1 + ⋯ + 𝜃𝑞𝑍𝑡−𝑞 ,  𝑍𝑡  ~ 𝑊𝑁(0, 𝜎2). 

 

The generating polynomials 𝜑(𝑧) = 1 − 𝜑1𝑧 − ⋯ − 𝜑𝑝𝑧𝑝  and  𝜃(𝑧) = 1 +  𝜃1 𝑧 + ⋯ + 𝜃𝑞𝑧𝑞 have 

no common roots. We can also write the ARMA model in more concise form as  

 

𝜑(𝐵)𝑌𝑡 =  𝜃(𝐵) 𝑍𝑡 ,  𝑍𝑡 ∼  𝑊𝑁(0, 𝜎2), 

 

where 𝐵 is the backshift operator (𝐵𝑗𝑌𝑡 =  𝑌𝑡−𝑗, 𝐵𝑗𝑍𝑡 =  𝑍𝑡−𝑗, 𝑗 = 0, ±1, …).  

 

If we combine the differencing with ARMA model, we get the autoregressive integrated moving 

average model i.e., the ARIMA (𝑝, 𝑑, 𝑞), where 𝑑 is the order of differencing. So, an ARIMA model 

corresponds to an ARMA after differencing 𝑌𝑡, 𝑑 times. This means that 𝑌𝑡 satisfies the difference 

equation 

 

                       (1 − 𝜑1𝐵 − ⋯ 𝜑𝑝𝐵𝑝)(1 − 𝐵)𝑑𝑌𝑡 = 𝑐 + (1 + 𝜃1𝐵 + ⋯ 𝜃𝑞𝐵𝑞) 𝑍𝑡                               (2.2.1) 

𝜑(𝐵)(1 − 𝐵)𝑑𝑌𝑡 =  𝑐 +  𝜃(𝐵) 𝑍𝑡 ,  𝑍𝑡 ∼  𝑊𝑁(0, 𝜎2).                  

 

2.2.1 Estimation and order selection 

The autocorrelation function ACF and partial autocorrelation function (PACF) can be used for the 

selection of 𝑝, 𝑑, and 𝑞. The ACF of an ARMA process {𝑌𝑡} at lag h can be defined as  

 

𝜌𝑌(ℎ) =  
𝛾𝑌(ℎ)

𝛾𝑌(0)
 , 

 

where 𝛾𝑌(ℎ) = 𝐶𝑜𝑣(𝑌𝑡 , 𝑌𝑡−ℎ) and 𝛾𝑌(0) = 𝑉𝑎𝑟(𝑌𝑡). For any set of observations {𝑦1, … , 𝑦𝑛}, the 

sample ACF �̂�𝑌(. ) is computed as 

 

�̂�𝑌(ℎ) =  
𝛾𝑌(ℎ)

𝛾𝑌(0)
 , 

 

where 𝛾𝑌(ℎ) is the sample ACVF and 𝛾𝑌(0) is the sample variance. 𝛾𝑌(ℎ) can be defined as  

 

                  𝛾𝑌(ℎ) =  
1

𝑛
 ∑ (𝑌𝑡+ |ℎ| −  �̅�)(𝑌𝑡 −  �̅�)

𝑛− |ℎ|

𝑡=1

,         ℎ = 0, ±1, ±2, … , ±(𝑛 − 1),                   (2.2.2) 

 

and �̅� is the mean value of 𝑌1, 𝑌2, … , 𝑌𝑛. 

 

The PACF at lag h is defined as the autocorrelation between 𝑌𝑡 and 𝑌𝑡−ℎ provided that the linear 

dependence of 𝑌𝑡−1, … , 𝑌𝑡−ℎ+1, for ℎ >  1 are removed. The PACF of an ARMA process {𝑌𝑡} is the 

function 𝛼(. ) defined by the equations 
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𝛼(0) =   1 

and 

𝛼(ℎ) =  𝜑ℎℎ,      ℎ ≥ 1, 

 

where 𝜑ℎℎ is the last component of 𝝋ℎ =  Γℎ
−1𝛾ℎ. Γℎ

−1 is the inverted autocovariance matrix which can 

be defined as Γℎ =  [𝛾(𝑖 − 𝑗)]𝑖,𝑗=1
ℎ  and 𝛾ℎ =  [𝛾(1), 𝛾(2), … , 𝛾(ℎ)]´. For any set of 

observations {𝑦1, … , 𝑦𝑛} with 𝑦𝑖  ≠  𝑦𝑗 for some 𝑖 and 𝑗, the sample PACF �̂�(ℎ) is given as 

 

�̂�(0) = 1, 

and 

�̂�(ℎ) =  �̂�ℎℎ,    ℎ ≥ 1, 

 

where �̂�ℎℎ is the last component of �̂�ℎ =  Γ̂ℎ
−1�̂�ℎ, where Γ̂ℎ

−1and 𝛾ℎ had their corresponding values 

estimated by the equation (2.2.2). 

 

The plots of sample ACF and PACF are helpful diagnostics when selecting the order of an ARMA 

model specifically when data are generated by an ARMA (𝑝, 0) model or from an ARMA (0, 𝑞)  

model. Table 2.2.1 shows the general criteria about the plots that can be used in identifying the 

specific model. 

 

Table 2.2.1: Behaviour of plots of ACF and PACF for ARMA models. 

 

 AR(𝑝) MA(𝑞) ARMA(𝑝, 𝑞) 

ACF Tail off Cut off, 𝑞-lag Tail off 

PACF Cut off, 𝑝-lag Tail off Tail off 

 

If the ACF and PACF have large values (positive) that decrease very slowly with time, this indicates 

that 𝑑 is greater than zero, i.e., differencing should be done. Another way is to use a unit root tests to 

determine 𝑑. Unit root tests are statistical hypothesis tests of stationarity that are designed for 

determining whether differencing is required. A number of unit root tests are available to determine 

more objectively if differencing is required, e.g., Augmented Dickey-Fuller (ADF) test and 

the Kwiatkowski-Phillips-Schmidt-Shin (KPSS) test. In this thesis we used the auto.arima function in 

R which automatically selects the ARIMA model. This function uses the KPSS test with the null-

hypothesis that the data are stationary (small p-values e.g., less than 0.05 suggest that differencing is 

required) [11].  

 

Once the order of the model is identified, the next task is to determine the parameters of the ARIMA 

model, i.e., 𝑐, 𝜑1, 𝜑2, … 𝜑𝑝, 𝜃1, 𝜃2, … 𝜃𝑞. Using the auto.arima function in R, this is done by the method 

of maximum likelihood estimation assuming that time series {𝑌𝑡} is Gaussian. This technique finds the 

values of the parameters which maximize the probability of obtaining the data that we have observed.  

 

For models with 𝑝 > 0 and 𝑞 > 0, the sample ACF and PACF are difficult to recognize and are of far 

less value in order selection than in the special cases where 𝑝 = 0 or 𝑞 = 0. A systematic approach, 

however, is still available through minimization of the corrected Akaike’s information criteria (𝐴𝐼𝐶𝐶) 

statistic [2].The corrected 𝐴𝐼𝐶 is defined as 

 

𝐴𝐼𝐶𝐶 = 𝐴𝐼𝐶 + (2(𝑝 + 𝑞 + 𝑘 + 1)(𝑝 + 𝑞 + 𝑘 + 2))/(𝑛 − 𝑝 − 𝑞 − 𝑘 − 2), 
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where 𝑛 is the number of observations in the data, 𝑘 = 1 if 𝑐 ≠ 0 and 𝑘 = 0 if 𝑐 = 0, and 𝐴𝐼𝐶 is 

known as the Akaike’s information criteria (𝐴𝐼𝐶) [1] for the selection of an ARMA model, which is 

defined as in equation (2.2.3), assuming that the time series has normally distributed 𝑍𝑡. 

 

                                                    𝐴𝐼𝐶 = −2 𝑙𝑛(𝐿) + 2(𝑝 + 𝑞 + 𝑘 + 1).                                                 (2.2.3) 

 

Here 𝐿 is the likelihood of the data, and 𝑘 = 1 𝑖𝑓 𝑐 ≠ 0 and 𝑘 = 0 𝑖𝑓 𝑐 = 0. 𝐿, the likelihood function 

of the data is used to find the maximum likelihood estimates of the parameters of an ARMA process 

including the variance of the residuals (𝑌𝑡 −  �̂�𝑡). For fixed 𝑝 and 𝑞, the 𝐴𝐼𝐶𝐶 value is minimized by 

the estimated parameter values that maximize the likelihood. Hence, the final decision regarding the 

orders 𝑝 and 𝑞 that minimize 𝐴𝐼𝐶𝐶 must be based on maximum likelihood estimation [2]. 

 

It is important to analyse the residuals of the selected model for white noise. This can be done by 

looking at the ACF of the residuals and formally by using some test with the null hypothesis that 

residuals are white noise or the residuals are not autocorrelated. One such test is e.g., the Portmanteau 

test of residuals [2], [11]. If the test rejects that the residuals are white noise then modify the model. 

Once the residuals look like white noise, then forecasting can be done. 

 

Forecasts from ARIMA model can be obtained by expanding the ARIMA equation of the form (2.2.1) 

in such a way that all the terms except 𝑌𝑡 are on the right side of the equation. Rewrite the equation by 

replacing 𝑡 → 𝑛 + ℎ, where h is the number of steps for which prediction is required. Replace all 

future values on the right side by their forecasts, errors for the future ( 𝑍𝑡+ℎ) are replaced by zero and 

past errors replaced by their corresponding observed residuals [11]. For example, the one-step ahead 

forecast (ℎ =  1) and 𝑑 =  1, the forecasting equation is of the form  

 

�̂�𝑛+1|𝑛 =  (1 + 𝜑1)𝑌𝑛 −  (𝜑1 −  𝜑2)𝑌𝑛−1 − ⋯ − (𝜑𝑝 −  𝜑𝑝−1)𝑌𝑛+1−𝑝 −  𝜑𝑝𝑌𝑛−𝑝 + 

                                                                                                           𝜃1�̂�𝑛 + ⋯ + 𝜃𝑞�̂�𝑛+1−𝑞 . 

 

2.2.2 Automatic forecasting algorithm 

The following is the algorithm which is applied to perform forecasting using auto.arima function in 

the forecast package in R. 

1. The number of differences 𝑑 is determined using repeated KPSS tests, i.e., use KPSS test to 

determine the existence of unit root. Difference the time series if the null hypothesis of 

stationarity is rejected. Repeat KPSS test on the differenced time series until the condition of 

stationarity is obtained. 

2. The values of 𝑝 and 𝑞 are then chosen by minimizing the AICC after differencing the 

data 𝑑 times. Rather than considering every possible combination of 𝑝 and 𝑞, the algorithm 

uses a stepwise search to traverse the model space. 

Step A: Try four possible models to start with. 

 ARIMA (2, 𝑑, 2);  

 ARIMA (0, 𝑑, 0); 

 ARIMA (1, 𝑑, 0);  

 ARIMA(0, 𝑑, 1).  



9 

 

If 𝑑 = 0, these models are fitted with 𝑐 ≠ 0. Otherwise, we set c = 0. Of these four models, we select 

the one with the smallest 𝐴𝐼𝐶𝐶 value. This is called the “current” model and is denoted by 

ARIMA (𝑝, 𝑑, 𝑞). 

Step B: We consider variations on the current model: 

 where one of 𝑝, 𝑞 is allowed to vary by ±1 from the current model; 

 where 𝑝 and 𝑞 both vary by ±1 from the current model; 

 where the constant c is included if the current model has 𝑐 = 0 or excluded if the current 

model has 𝑐 ≠ 0. 

Whenever a model with lower 𝐴𝐼𝐶𝐶 is found, it becomes the new “current” model and the procedure 

(Step B) is repeated. This process finishes when we cannot find a model close to the current model 

with lower 𝐴𝐼𝐶𝐶. 

 

2.2.3 Seasonal ARIMA models 

ARIMA models are also very useful in modelling a vast range of seasonal time series data. The 

seasonal ARIMA model can be obtained by adding seasonal terms to the model. The notation for 

Seasonal ARIMA is 𝑆𝐴𝑅𝐼𝑀𝐴(𝑝, 𝑑, 𝑞)(𝑃, 𝐷, 𝑄)_𝑚, where 𝑚 is the period, e.g., for monthly data 𝑚 =

 12 and for quarterly data 𝑚 =  4. The lower case (𝑝, 𝑑, 𝑞) represents the non-seasonal part of the 

model whereas the upper case (𝑃, 𝐷, 𝑄) represents the seasonal part of the model.  

For 𝑑 and 𝐷 nonnegative integers, the time series is a seasonal ARIMA,  

𝑆𝐴𝑅𝐼𝑀𝐴((𝑝, 𝑑, 𝑞), (𝑃, 𝐷, 𝑄)𝑚) process with period 𝑚 if the differenced time series 𝑋𝑡 ≔

(1 − 𝐵)𝑑(1 − 𝐵𝑚)𝐷𝑌𝑡 is a causal ARMA process. {𝑋𝑡}  is causal, if there exist constants {𝜓𝑗} such 

that ∑ |𝜓𝑗| <  ∞∞
𝑗=0  and 𝑋𝑡 =  ∑ |𝜓𝑗| 𝑍𝑡−𝑗

∞
𝑗=0 . 

 

𝜑(𝐵)Φ(𝐵𝑚)𝑋𝑡 =  𝜃(𝐵)Θ(𝐵𝑚)𝑍𝑡 ,    𝑍𝑡~𝑊𝑁(0, 𝜎2), 

 

where 

 

𝜑(𝑧) = 1 − 𝜑1𝑧 − ⋯ − 𝜑𝑝𝑧𝑝,           Φ(𝑧) = 1 − Φ1𝑧 − ⋯ − Φ𝑃𝑧𝑃 , 

 𝜃(𝑧) = 1 + 𝜃1𝑧 + ⋯ + 𝜃𝑞𝑧𝑞 ,           Θ(𝑧) = 1 + Θ1𝑧 − ⋯ − Θ𝑄𝑧𝑄. 

 

{𝑋𝑡}  is causal, which is equivalent to the condition that 𝜑(𝑧)  ≠ 0, Φ(𝑧)  ≠ 0  for |𝑧| ≤ 1 for 

complex 𝑧. In applications, 𝐷 is rarely more than 1 and 𝑃 , 𝑄 are typically less than three [2]. 

The main steps in modelling seasonal models are the same as in non-seasonal. The forecasting method 

for ARIMA models can also be applied to seasonal models. 

 

2.3 Exponential smoothing 

Exponential smoothing was initially proposed in the 1950’s by Brown [3] and Holt [6]. The idea 

behind the exponential smoothing is that the forecasts by this approach are the weighted average of 

past observations and the weights decay exponentially with time, i.e., recent observations have larger 

weights as compare to the old ones, so produces somehow good forecasts as compared to the naïve 

and average methods. In the naïve method, the forecasts for the current period are equal to the last 

observed value of the series, i.e., �̂�𝑛+ℎ|𝑛 =  𝑦𝑛, for ℎ = 1, 2, …, while in the average method, the 

forecasts for the future are equal to the simple average of the observed time series, hence giving equal 

weights to all the values of observed time series, i.e., �̂�𝑛+ℎ|𝑛 =  
1

𝑛
∑ 𝑦𝑡

𝑛
𝑡=1 , for ℎ = 1, 2, … . 

There are various exponential smoothing methods. The simplest of all is simple exponential smoothing 

used to forecast the time series with no trend and seasonal pattern. In this thesis it is mostly simple 
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exponential smoothing which is fitted automatically to the data, so we discuss this in more detail than 

other methods. 

 

2.3.1 Simple exponential smoothing 

The idea behind the simple exponential smoothing is something between the two extremes (naïve and 

average method). Simple exponential smoothing is the simplest method of all exponential smoothing 

methods, used to forecast the data with no trend and seasonal pattern. The forecasts by this approach 

are weighted averages where the weights decrease exponentially as observations come from further in 

the past, i.e., the smallest weights are associated with the oldest observations, 

�̂�𝑛+1|𝑛 =  𝛼𝑦𝑛 +  𝛼(1 − 𝛼)𝑦𝑛−1 +  𝛼(1 − 𝛼)2𝑦𝑛−2 + ⋯,                    (2.3.1) 

where  𝛼, 0 ≤  𝛼 ≤ 1, is the smoothing parameter. The one-step-ahead forecast for time 𝑛 + 1 is a 

weighted average of all the observations in the series 𝑦1, … , 𝑦𝑛. The rate at which the weights decrease 

is controlled by the parameter 𝛼. If 𝛼 is small, more weight is given to more distant observations. If 𝛼 

is large, more weight is given to the more recent observations. The sum of the weights is 

approximately one for any reasonable sample size. An extreme case is, where 𝛼 = 1, then �̂�𝑛+1|𝑛 =

 𝑦𝑛, i.e., the forecasts are equal to the naïve forecasts. The three equivalent forms of simple 

exponential smoothing are weighted average form, component form, and error correction form [11]. 

 

2.3.1.1 Weighted average form 

The forecast at time 𝑡 + 1 is equal to a weighted average between the most recent observation 𝑦𝑡  and 

the most recent forecast �̂�𝑡|𝑡−1, 

 

�̂�𝑡+1|𝑡 =  𝛼𝑦𝑡 +  (1 −  𝛼)�̂�𝑡|𝑡−1,   𝑡 =  1, … , 𝑛. 

 

The process has to start somewhere, so we let the first forecast of 𝑦1 be denoted by ℓ0. Then 

 

�̂�2|1 =  𝛼𝑦1 + (1 −  𝛼) ℓ0 

 �̂�3|2 =  𝛼𝑦2 +  (1 −  𝛼)�̂�2|1 

 �̂�4|3 =  𝛼𝑦3 + (1 −  𝛼)�̂�3|2 

                                                                 . 

                                                                 . 

                                                                          . 

�̂�𝑛+1|𝑛 =  𝛼𝑦𝑛 + (1 −  𝛼)�̂�𝑛|𝑛−1 

 

Then substituting each equation into the following equation, we obtain 

 

�̂�3|2 =  𝛼𝑦2 + (1 −  𝛼)[𝛼𝑦1 + (1 −  𝛼) ℓ0] 

        =  𝛼𝑦2 +  𝛼(1 −  𝛼)𝑦1 + (1 −  𝛼)2 ℓ0, 

                                �̂�4|3 =  𝛼𝑦3 +  (1 −  𝛼)[𝛼𝑦2 +  𝛼(1 −  𝛼)𝑦1 +  (1 −  𝛼)2 ℓ0] 

                                       =  𝛼𝑦3 +  𝛼(1 −  𝛼)𝑦2 + 𝛼(1 −  𝛼)2𝑦1 + (1 −  𝛼)3 ℓ0, 

                                                       . 

                                                       . 

                                                       . 

�̂�𝑛+1|𝑛 =  ∑ 𝛼(1 −  𝛼)𝑗

𝑛−1

𝑗=0

𝑦𝑛 − 𝑗 +  (1 −  𝛼)𝑛 ℓ0, 
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which leads to the forecast equation (2.3.1) [11]. 

 

2.3.1.2 Component form 

In simple exponential smoothing the only component included is the level, ℓ𝑡 (other methods may 

include a trend  𝑏𝑡 and seasonal component 𝑠𝑡). The component form consists of a forecast equation 

and a smoothing equation for each of the components included in the method. The component form of 

simple exponential smoothing is given by: 

 

                                           Forecast equation:  �̂�𝑡+1|𝑡 =  ℓ𝑡 

Smoothing equation: ℓ𝑡 =  𝛼𝑦𝑡 +  (1 −  𝛼) ℓ𝑡−1, 

 

where ℓ𝑡 is the level (or the smoothed value) of the series at time 𝑡. The forecast equation shows that 

the forecasted value at time 𝑡 + 1 is the estimated level at time 𝑡. The smoothing / level equation for 

the level gives the estimated level of the series at each period 𝑡. Applying the forecast equation for 

time 𝑛 gives, �̂�𝑛+1|𝑛 =  ℓ𝑛, the most recent estimated level. If we replace  ℓ𝑡  by  �̂�𝑡+1|𝑡 and 

 ℓ𝑡−1 by  �̂�𝑡|𝑡−1 in the smoothing equation, we will have the weighted average form of simple 

exponential smoothing [11]. 

 

2.3.1.3 Error correction form 

Re-arrange the level equation in the component form to get the error correction form 

 

 ℓ𝑡 =   ℓ𝑡−1 +  𝛼(𝑦𝑡 −  ℓ𝑡−1) 

                                                                =  ℓ𝑡−1 +  𝛼𝑒𝑡 

 

where 𝑒𝑡 = 𝑦𝑡 − ℓ𝑡−1 = 𝑦𝑡 − �̂�𝑡|𝑡−1 for 𝑡 = 1, … , 𝑛. That is, 𝑒𝑡 is the one-step within-sample forecast 

error at time 𝑡. The within-sample forecast errors lead to the adjustment/correction of the estimated 

level throughout the smoothing process for 𝑡 = 1, … , 𝑛. For example, if the error at time 𝑡 is negative, 

then �̂�𝑡|𝑡−1 >  𝑦𝑡 and so the level at time 𝑡 − 1 has been over-estimated. The new level ℓ𝑡 is then the 

previous level ℓ𝑡−1 adjusted downwards. The closer 𝛼 is to one the “rougher” the estimate of the level 

(large adjustments take place). The smaller the 𝛼 the “smoother” the level (small adjustments take 

place). 

 

We need to specify an initial value for the level, ℓ0. In general, the weight attached to ℓ0 is small. 

However, in the case that α is small and/or the time series is relatively short, the weight may be large 

enough to have a noticeable effect on the resulting forecasts. Therefore, selecting suitable initial values 

can be quite important. A common approach is to set ℓ0 =  𝑦1. An alternative approach is to use 

optimization to estimate the value of ℓ0. Even if optimization is used, selecting appropriate initial 

value may increase the speed and precision of the optimization process.  

Smoothing parameter 𝛼 may be chosen in a subjective manner, i.e., to specify a value based on 

previous experience, and an objective way is to estimate the smoothing parameter from the observed 

data [11], see Section 2.3.7 for details. 

 

2.3.2 Holt's linear trend method 

Holt [6] extended simple exponential smoothing to allow forecasting of data with a trend. This method 

involves a forecast equation and two smoothing equations (one for the level and one for the trend): 
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                   Forecast equation:            �̂�𝑡+ℎ|𝑡 = ℓ𝑡 + ℎ𝑏𝑡 

                       Level equation:                   ℓ𝑡 =  𝛼𝑦𝑡 + (1 −  𝛼)(ℓ𝑡−1 + 𝑏𝑡−1) 

                      Trend equation:                    𝑏𝑡 =  𝛽∗(ℓ𝑡 − ℓ𝑡−1) + (1 − 𝛽∗)𝑏𝑡−1 

 

where ℓ𝑡 denotes an estimate of the level of the series at time 𝑡, 𝑏𝑡 denotes an estimate of the trend 

(slope) of the series at time 𝑡, 𝛼 is the smoothing parameter for the level, 0 ≤ 𝛼 ≤ 1 and 𝛽∗ is the 

smoothing parameter for the trend, 0 ≤  𝛽∗ ≤ 1. As with simple exponential smoothing, the level 

equation here shows that ℓ𝑡 is a weighted average of observation 𝑦𝑡 and the within-sample one-step-

ahead forecast for time 𝑡, here given by ℓ𝑡−1 + 𝑏𝑡−1. The trend equation shows that 𝑏𝑡 is a weighted 

average of the estimated trend at time t based on ℓ𝑡 − ℓ𝑡−1 and 𝑏𝑡−1, the previous estimate of the 

trend. 

 

The ℎ-step-ahead forecast is equal to the last estimated level plus ℎ times the last estimated trend 

value. Hence the forecasts are a linear function of ℎ. 

The error correction form of the level and the trend equations show the adjustments in terms of the 

within-sample one-step forecast errors: 

 

ℓ𝑡 =  ℓ𝑡−1 +  𝑏𝑡−1 +  𝛼𝑒𝑡 

𝑏𝑡 =  𝑏𝑡−1 +  𝛼𝛽∗𝑒𝑡 

 

where 𝑒𝑡 =  𝑦𝑡 −  (ℓ𝑡−1 +  𝑏𝑡−1) =  𝑦𝑡 −  �̂�𝑡|𝑡−1, see [11]. 

 

2.3.3 Exponential trend method 

A variation from Holt’s linear trend method is achieved by allowing the level and the slope to be 

multiplied rather than added: 

 

 

�̂�𝑡+ℎ|𝑡 = ℓ𝑡𝑏𝑡
ℎ  

ℓ𝑡 =  𝛼𝑦𝑡 + (1 −  𝛼)(ℓ𝑡−1𝑏𝑡−1) 

𝑏𝑡 =  𝛽∗
ℓ𝑡

ℓ𝑡−1
+ (1 −  𝛽∗)𝑏𝑡−1 

 

where 𝑏𝑡 now represents an estimated growth rate which is multiplied rather than added to the 

estimated level. The trend in the forecast function is now exponential rather than linear, so that the 

forecasts project a constant growth rate rather than a constant slope. The error correction form is 

 

ℓ𝑡 =  ℓ𝑡−1𝑏𝑡−1 +  𝛼𝑒𝑡 

𝑏𝑡 =  𝑏𝑡−1 +  𝛼𝛽∗
𝑒𝑡

ℓ𝑡−1
 

 

where 𝑒𝑡 =  𝑦𝑡 −  (ℓ𝑡−1𝑏𝑡−1) =  𝑦𝑡 − �̂�𝑡|𝑡−1, see [11]. 

 

2.3.4 Damped trend methods 

The forecasts generated by Holt’s linear method display a constant trend (increasing or decreasing) 

indefinitely into the future. Even more extreme are the forecasts generated by the exponential trend 

method which include exponential growth or decline. These methods tend to over-forecast, especially 

for longer forecast horizons. A parameter introduced by Gardner and McKenzie [4], which “dampens” 

the trend to a flat line sometime in the future. Methods that include a damped trend have proven to be 
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very successful and are arguably the most popular individual methods when forecasts are required 

automatically for many series [11]. 

 

2.3.4.1 Additive damped trend 

This method includes a damping parameter 0 < 𝜙 < 1 : 

 

�̂�𝑡+ℎ|𝑡 = ℓ𝑡 +  (𝜙 +  𝜙2 + ⋯ +  𝜙ℎ)𝑏𝑡 

ℓ𝑡 =  𝛼𝑦𝑡 + (1 −  𝛼)(ℓ𝑡−1 +  𝜙𝑏𝑡−1) 

𝑏𝑡 =  𝛽∗ (ℓ𝑡 − ℓ𝑡−1) + (1 − 𝛽∗)𝜙𝑏𝑡−1. 

 

If 𝜙 = 1 the method is identical to Holt’s linear method. For values between 0 and 1, 𝜙 dampens the 

trend so that it approaches a constant sometime in the future. In fact the forecasts converge to ℓ𝑛 +

 𝜙𝑏𝑛/(1 − 𝜙) as ℎ → ∞ for any value 0 < 𝜙 < 1. The effect of this is that short-run forecasts are 

trended while long-run forecasts are constant [11]. The error correction form of the smoothing 

equations is 

 

ℓ𝑡 =  ℓ𝑡−1 +  𝜙𝑏𝑡−1 +  𝛼𝑒𝑡 

𝑏𝑡 =  𝜙𝑏𝑡−1 +  𝛼𝛽∗𝑒𝑡. 

 

2.2.4.2 Multiplicative damped trend 

The damping parameter to the exponential trend method was introduced by Taylor [19], resulting in a 

multiplicative damped trend method: 

 

  �̂�𝑡+ℎ|𝑡 = ℓ𝑡𝑏𝑡

(𝜙+ 𝜙2+⋯+ 𝜙ℎ)
,   0 < 𝜙 < 1 

ℓ𝑡 =  𝛼𝑦𝑡 +  (1 −  𝛼)ℓ𝑡−1𝑏𝑡−1
𝜙

 

 𝑏𝑡 =  𝛽∗
ℓ𝑡

ℓ𝑡−1
+  (1 − 𝛽∗)𝑏𝑡−1

𝜙
. 

 

This method will produce less conservative forecasts than the additive damped trend method when 

compared to Holt’s linear method [11]. The error correction form of the smoothing equations is 

 

ℓ𝑡 =  ℓ𝑡−1𝑏𝑡−1
𝜙

+  𝛼𝑒𝑡 

𝑏𝑡 = 𝑏𝑡−1
𝜙

+  𝛼𝛽∗
𝑒𝑡

ℓ𝑡−1
 . 

 

2.3.5 Holt-Winters seasonal method 

Holt [6] and Winters [21] extended Holt’s method to capture seasonality. This method consists of a 

forecasting equation and three smoothing equations (for level ℓ𝑡, trend 𝑏𝑡 , and seasonal component 𝑠𝑡), 

with smoothing parameters 𝛼,  𝛽∗ and 𝛾. The number of seasons in a year is denoted by 𝑚. For 

example, for quarterly data 𝑚 = 4, and for monthly data 𝑚 = 12. There are two variations to this 

method that differ in the nature of the seasonal component. The additive method is preferred when the 

seasonal variations are roughly constant through the series, while the multiplicative method is 

preferred when the seasonal variations are changing proportional to the level of the series. With the 

additive method, the seasonal component is expressed in absolute terms in the scale of the observed 

series, and in the level equation the series is seasonally adjusted by subtracting the seasonal 

component. Within each year the seasonal component will add up to approximately zero. With the 

multiplicative method, the seasonal component is expressed in relative terms (percentages) and the 
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series is seasonally adjusted by dividing through by the seasonal component. Within each year, the 

seasonal component will sum up to approximately 𝑚 [11]. 

 

2.3.5.1 Holt-Winters additive method 

The component form for the additive method is: 

 

�̂�𝑡+ℎ|𝑡 = ℓ𝑡 + ℎ𝑏𝑡 + 𝑠𝑡−𝑚+ℎ𝑚
+  

ℓ𝑡 = 𝛼(𝑦𝑡 − 𝑠𝑡−𝑚) + (1 − 𝛼)(ℓ𝑡−1 + 𝑏𝑡−1) 

𝑏𝑡 = 𝛽∗(ℓ𝑡 − ℓ𝑡−1) + (1 − 𝛽∗)𝑏𝑡−1 

𝑠𝑡 = 𝛾(𝑦𝑡 − ℓ𝑡−1 − 𝑏𝑡−1)(1 − 𝛾)𝑠𝑡−𝑚, 

 

where ℎ𝑚
+ = ⌊(ℎ − 1)  mod 𝑚⌋ + 1, which ensures that the estimates of the seasonal indices used for 

forecasting come from the final year of the sample. The notation ⌊𝑢⌋ means the largest integer not 

greater than 𝑢, and 𝑎 mod 𝑏 is the remainder after dividing 𝑎 by 𝑏. The level equation shows a 

weighted average between the seasonally adjusted observation (𝑦𝑡 − 𝑠𝑡−𝑚) and the non-seasonal 

forecast (ℓ𝑡−1 + 𝑏𝑡−1) for time 𝑡. The trend equation is identical to Holt’s linear method. The seasonal 

equation shows a weighted average between the current seasonal index, (𝑦𝑡 − ℓ𝑡−1 − 𝑏𝑡−1) and the 

seasonal index of the same season last year (i.e., 𝑚 time periods ago). The equation for the seasonal 

component is often expressed as 

 

𝑠𝑡 = γ∗(𝑦𝑡 − ℓ𝑡) + (1 − γ∗)𝑠𝑡−𝑚. 

 

If we substitute ℓ𝑡 from the smoothing equation for the level of the component form above, we get 

 

𝑠𝑡 = γ∗(1 − 𝛼)(𝑦𝑡 − ℓ𝑡−1 − 𝑏𝑡−1) + [1 − γ∗(1 − 𝛼)]𝑠𝑡−𝑚 

 

which is identical to the smoothing equation for the seasonal component we specify here with 𝛾 =

𝛾∗ (1 − 𝛼). The usual parameter restriction is 0 ≤ γ∗ ≤ 1, which translates to 0 ≤ 𝛾 ≤ 1 − 𝛼.  

The error correction form of the smoothing equations is: 

 

ℓ𝑡 = ℓ𝑡−1 + 𝑏𝑡−1 + 𝛼𝑒𝑡 

𝑏𝑡 = 𝑏𝑡−1 + 𝛼β∗𝑒𝑡 

𝑠𝑡 = 𝑠𝑡−𝑚 + γ𝑒𝑡 . 

 

where 𝑒𝑡 = 𝑦𝑡 − (ℓ𝑡−1 + 𝑏𝑡−1 + 𝑠𝑡−𝑚) = 𝑦𝑡 − �̂�𝑡|𝑡−1 are the one-step training forecast errors [11]. 

 

2.3.5.2 Holt-Winters multiplicative method 

The component form for the multiplicative method is: 

 

�̂�𝑡+ℎ|𝑡 = (ℓ𝑡 + ℎ𝑏𝑡)𝑠𝑡−𝑚+ℎ𝑚
+ . 

ℓ𝑡 =  𝛼
𝑦𝑡

𝑠𝑡−𝑚
+ (1 −  𝛼)(ℓ𝑡−1 +  𝑏𝑡−1) 

𝑏𝑡 =  𝛽∗(ℓ𝑡 −  ℓ𝑡−1) +  (1 −  𝛽∗)𝑏𝑡−1 

𝑠𝑡 =  𝛾
𝑦𝑡

(ℓ𝑡−1 +  𝑏𝑡−1)
+  (1 −  𝛾)𝑠𝑡−𝑚 

 

and the error correction representation is: 
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ℓ𝑡 =  ℓ𝑡−1 +  𝑏𝑡−1 +  𝛼
𝑒𝑡

𝑠𝑡−𝑚
 

𝑏𝑡 =  𝑏𝑡−1 +  𝛼𝛽∗
𝑒𝑡

𝑠𝑡−𝑚
 

𝑠𝑡 =  𝑠𝑡 +  𝛾
𝑒𝑡

(ℓ𝑡−1 +  𝑏𝑡−1)
 

 

where 𝑒𝑡 =  𝑦𝑡 −  (ℓ𝑡−1 +  𝑏𝑡−1)𝑠𝑡−𝑚, see [11]. 

 

2.3.6 Innovations state-space models for exponential smoothing 

The taxonomy of exponential smoothing methods gives a total of 15 different methods with respect to 

trend and seasonal component [8], [11]. These methods are explained in Table 2.3.1. Each method is 

labelled by a pairs of letters (T, S) defining the type of ‘Trend’ and ‘Seasonal’ components. 

Table 2.3.1: The exponential smoothing methods 

 

Trend Component 

Seasonal Component 

N (None) A (Additive) M (Multiplicative) 

N(None) N, N N, A N, M 

A(Additive) A, N A, A A, M 

Ad(Additive damped) Ad, N Ad, A Ad, M 

M(Multiplicative) M, N M, A M, M 

Md(Multiplicative damped) Md, N Md, A Md, M 

  

There are two possible innovations state-space models corresponding to each of 15 different 

exponential smoothing methods in Table 2.3.1, one with additive error and one with multiplicative 

error. Each model consists of a measurement equation that describes the observed data and some 

transition equations that describe how the unobserved components or states (level, trend, seasonal) 

change over time. Hence these are referred to as “state-space models”. A total of 30 models are 

described in this classification. An extra letter for error is added in the representation of the model. 

Each state-space model is labelled as ETS (. , . , . ) for (Error, Trend, Seasonal). So, ETS (A, N, A) is 

referred to a model with additive error, no trend and additive seasonality [11]. All 30 methods of 

exponential smoothing can be written in the form of state-space models, specifically described in [16]. 

To illustrate the idea, simple exponential smoothing with additive and multiplicative errors is used 

here, followed by the general form for all exponential smoothing methods.   

 

ETS (A, N, N): Simple exponential smoothing with additive errors 

The error correction form of simple exponential smoothing is ℓ𝑡 =  ℓ𝑡−1 +  𝛼𝑒𝑡 , where 𝑒𝑡 = 𝑦𝑡 −

ℓ𝑡−1 and �̂�𝑡|𝑡−𝟏 = ℓ𝑡−1. Thus, 𝑒𝑡 = 𝑦𝑡 − �̂�𝑡|𝑡−1 represents a one-step forecast error and we can 

write 𝑦𝑡 = ℓ𝑡−1 +  𝑒𝑡. To make this into an innovations state space model, all we need to do is specify 

the probability distribution for 𝑒𝑡. For a model with additive errors, we assume that one-step forecast 

errors 𝑒𝑡 are normally distributed white noise with mean 0 and variance 𝜎2. A short-hand notation for 

this is 𝑒𝑡 =  𝑍𝑡  ∼ 𝑊𝑁(0,  𝜎2). The equations of the model can be written 

 

                                                                         𝑦𝑡 = ℓ𝑡−1 +  𝑍𝑡 ,                                                                      (2.3.2) 

                                                                         ℓ𝑡 =  ℓ𝑡−1 +  𝛼𝑍𝑡                                                                    (2.3.3) 
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 The equations (2.3.2) and (2.3.3) are referred as the measurement (or observation) equation and the 

state (or transition) equation respectively. These two equations, together with the statistical 

distribution of the errors, constitute an innovations state space model underlying simple exponential 

smoothing. The measurement equation shows the relationship between the observations and the 

unobserved states. In this case observation 𝑦𝑡 is a linear function of the level ℓ𝑡−1, the predictable part 

of 𝑦𝑡, and the random error 𝑍𝑡, the unpredictable part of 𝑦𝑡. For other innovations state space models, 

this relationship may be nonlinear. The transition equation shows the evolution of the state through 

time. The influence of the smoothing parameter 𝛼 is the same as for the methods discussed earlier. For 

example 𝛼 governs the degree of change in successive levels. The higher the value of 𝛼, the more 

rapid the changes in the level; the lower the value of 𝛼, the smoother the changes. At the lowest 

extreme, where 𝛼 = 0, the level of the series does not change over time. At the other extreme, 

where α=1, the model reduces to a random walk model, 𝑦𝑡 = 𝑦𝑡−1 + 𝑍𝑡 , see [11]. 

 

ETS (M, N, N): Simple exponential smoothing with multiplicative error 

The models with multiplicative errors can be specified by writing the one-step random errors as 

relative errors: 

 

𝑍𝑡 =
𝑦𝑡 − �̂�𝑡|𝑡−1

�̂�𝑡|𝑡−1
 

 

Substituting �̂�
𝑡|𝑡−1

=  ℓ𝑡−1 gives 𝑦𝑡 =  ℓ𝑡−1 +  ℓ𝑡−1𝑍𝑡 and 𝑒𝑡 = 𝑦𝑡 − �̂�
𝑡|𝑡−1

=  ℓ𝑡−1𝑍𝑡. Therefore the 

multiplicative form of the state space model can be written as 

 

𝑦𝑡 = ℓ𝑡−1(1 + 𝑍𝑡) 

ℓ𝑡 = ℓ𝑡−1(1 + 𝛼𝑍𝑡). 

 

The general form 

There are similar state-space model for all 30 exponential smoothing methods. The general form of the 

model consists of a state vector: 𝑥𝑡 = (𝑙𝑡 , 𝑏𝑡 , 𝑠𝑡, 𝑠𝑡−1, … , 𝑠𝑡−𝑚+1)′ and the state-space equations: 

 

𝑦𝑡 = 𝑤(𝑥𝑡−1) + 𝑟(𝑥𝑡−1)𝑍𝑡 

𝑥𝑡 = 𝑓(𝑥𝑡−1) + 𝑔(𝑥𝑡−1)𝑍𝑡 

 

where 𝑍𝑡 is a Gaussian white noise process with mean 0 and variance 𝜎2. We have that 𝐸(𝑦𝑡) =  𝜇𝑡 =

𝑤(𝑥𝑡−1), 𝑟(𝑥𝑡−1) = 1 for the models with additive errors, and 𝑟(𝑥𝑡−1) = 𝜇𝑡   for the models with 

multiplicative errors. 

Hence the state-space equation becomes, for the model with additive errors: 𝑦𝑡 = 𝜇𝑡 + 𝑍𝑡 , and for 

those with multiplicative errors: 𝑦𝑡 = 𝜇𝑡(1 + 𝑍𝑡), thus 𝑍𝑡 = (𝑦𝑡 − 𝜇𝑡)/𝜇𝑡 is the relative error for such 

models. All the methods of exponential smoothing can be written in the above form.  

 

Some combinations should be avoided as they lead to some numerical difficulties. Multiplicative 

errors are not numerically stable when time series contain zeroes or negative values, so when time 

series is not strictly positive (as in our case of temperature data), only six fully additive models may be 

applied [8]. 

 

2.3.7 Estimation, validation, and forecasting 

Simple exponential smoothing has only one smoothing parameter and requires only an initial value for 

the level, ℓ0. Other exponential smoothing methods that involve a trend or seasonal components, 
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require initial values for those components as well. The unknown parameters and the initial values for 

any exponential smoothing method can be estimated by minimizing the sum of squared errors (SSE 

= ∑ (𝑦𝑡 −  �̂�𝑡|𝑡−1
𝑛
𝑡=1 ) 2) as in regression analysis, but unlike the regression case, this involves a non-

linear minimization problem and hence we need to use an optimization tool to perform this.  

 

An alternative to estimating the parameters by minimizing the SSE, is to use the method of maximum 

likelihood estimate under the assumption that time series is Gaussian. The likelihood function of the 

innovations state-space model is computed and maximum likelihood estimate is obtained. The ets 

function in the forecast package in R is used to select the suitable model automatically on the basis of 

maximum likelihood method and to find the point forecasts for as many steps ahead as needed [13].  

 

Information criteria 𝐴𝐼𝐶, 𝐴𝐼𝐶𝐶, and 𝐵𝐼𝐶 can be used for selecting the best among 30 ETS models. In 

ets, the default is 𝐴𝐼𝐶𝐶. The model which minimizes the criteria is selected as appropriate for the data 

[8], [11]. For ETS models,  

 

𝐴𝐼𝐶 = −2𝑙𝑛(𝐿) + 2𝑘, 

 

where 𝐿 is the likelihood of the model and 𝑘 is the total number of parameters and initial states that 

have been estimated. The 𝐴𝐼𝐶𝐶 is defined as 

 

𝐴𝐼𝐶𝐶 = 𝐴𝐼𝐶 + 2(𝑘 + 1)(𝑘 + 2)𝑛 − 𝑘, 

 

and the Bayesian Information Criterion (𝐵𝐼𝐶) is 

 

𝐵𝐼𝐶 = 𝐴𝐼𝐶 + 𝑘[𝑙𝑛(𝑛) − 2]. 

 

2.3.8 Automatic forecasting algorithm 

Automatic forecasting method is applied to perform forecasting using ets function in forecast package 

in R [10]. To obtain a robust and widely applicable automatic forecasting algorithm for ETS models 

[8], the steps followed are: 

1. For each series, apply all methods that are appropriate, optimizing the parameters (both 

smoothing parameters and the initial state variable) of the model in each case. 

2. Select the best of the models according to the information criteria AICC. 

3. Produce point forecast using the best model with optimized parameters.   

4. To obtain prediction intervals for the best model, analytical results suggested by Hyndman [9] 

or simulating future sample paths for {𝑦𝑛+1, … , 𝑦𝑛+ℎ} and finding 𝛼 2⁄  and 1 − 𝛼 2⁄  

percentiles of the simulated data at each forecasting horizon. If simulation is used, the sample 

paths may be generated using the normal distribution for errors (parametric bootstrap) or using 

the resampled errors (ordinary bootstrap). 

 

2.4 Cubic smoothing splines 

Consider a univariate time series {𝑦𝑡}, 𝑡 = 1, … , 𝑛, with non-linear trend. A cubic smoothing spline for 

equally spaced time series can be defined as the function 𝑓(𝑡) which minimizes 

                                                            ∑(𝑦𝑡 − 𝑓(𝑡))2

𝑛

𝑡=1

+ 𝜆 ∫𝑆(𝑓′′(𝑡))2𝑑𝑡                                                 (2.4.1) 
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over all twice differentiable function 𝑓 on 𝑆 where [1, 𝑛] ⊆ 𝑆 ⊆ ℝ. The smoothing parameter 𝜆 is 

controlling the “rate of exchange” between the residual error described by the sum of squared 

residuals and local variation represented by the square integral of the second derivative of f. For a 

given 𝜆, fast algorithms for computing 𝑓(𝑡) are described by Green and Silverman [5]. Large values of 

𝜆 give 𝑓(𝑡) close to linear while small values of 𝜆 give a very wiggly function 𝑓(𝑡). The solution to 

(2.4.1) consists of piecewise cubic polynomials joined at the times of observation, 𝑡 = 1,2, … , 𝑛. 

Furthermore, the solution has zero second derivative at 𝑡 = 𝑛. Therefore, an extrapolation of 𝑓(𝑡) for 

𝑡 > 𝑛 is linear. This linear extrapolation of 𝑓(𝑡) provides our point of forecasts [12]. 

 

In practice, 𝜆 is not generally known. The selection of smoothing parameter 𝜆 can be done by    

generalized cross validation method or maximum likelihood method [12], [20]. The generalized cross 

validation can be referred to as the weighted form of cross validation which is a primarily a way 

of measuring the predictive performance of a statistical model. Choose the value of 𝜆  which increases 

the performance by minimizing the prediction errors. In this thesis, the splinef function in the forecast 

package in R is used which automatically choses the value of 𝜆 either by generalized cross validation 

or maximum likelihood and provides the point forecasts using the method of cubic smoothing splines 

[13]. 

 

2.5 Vector autoregressive (VAR) model 

The vector autoregression (VAR) model is one of the most successful, flexible, and easy to use models 

for the analysis of multivariate time series. A VAR model can be used for forecasting a collection of 

variables in a multivariate time series. A VAR model is a generalization of the univariate 

autoregressive model to dynamic multivariate time series. It consists of one equation per variable 

considered in the system. The right hand side of the equation includes a constant and lag of all the 

variables in the system. It often provides superior forecasts to those from univariate time series models 

and elaborate theory-based simultaneous equations models. Forecasts from VAR models are quite 

flexible because they can be made conditional on the potential future paths of specified variables in the 

model [11], [22]. 

 

2.5.1 VAR model with p lags (VAR (𝒑)) 

In general, for a VAR (𝑝) model, the first 𝑝 lags of each variable in the system would be used as 

regressions for each variable. Let 𝐘t =  (𝑌1𝑡 , 𝑌2𝑡, … , 𝑌𝑚𝑡)′ denote the (𝑚 × 1) vector of the 𝑚 time 

series variables at time 𝑡. A vector autoregressive model with 𝑝 lags is of the form  

𝐘t = 𝒄 +   𝚽1 𝐘t−1 +  𝚽2 𝐘t−2 + ⋯ +  𝚽𝑝 𝐘t−p + 𝚭𝑡 . 

Here  𝚽𝑖 , 𝑖 = 1, … , 𝑝 are (𝑚 × 𝑚) coefficient matrices and 𝚭𝑡 is a (𝑚 × 1) vector with   

𝚭𝑡  ~ 𝑊𝑁(0, 𝚺), where 𝚺 is time invariant covariance matrix [22]. For example, a two dimensional 

VAR model with one lag, VAR (1) is represented as 

 

𝑌1,𝑡 = 𝑐1 + ∅11,1𝑌1,𝑡−1 + ∅12,1𝑌2,𝑡−1 + 𝑍1,𝑡 , 

𝑌2,𝑡 = 𝑐2 + ∅21,1𝑌1,𝑡−1 + ∅22,1𝑌2,𝑡−1 + 𝑍2,𝑡, 

 

where 𝑍1,𝑡 and 𝑍2,𝑡 are white noise processes that may be contemporaneously correlated. The 

coefficient ∅𝑖𝑖,𝑙 captures the influence of the ℓ-th lag of variable  𝑌𝑖 on itself, while coefficient ∅𝑖𝑗,𝑙 

captures the influence of the ℓ-th lag of variable 𝑌𝑗 on 𝑌𝑖 , 𝑖 ≠ 𝑗, [11]. 
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2.5.2 Selection of 𝒎 and 𝒑 

Two decisions have to be made when forecasting with a VAR model. They are how many variables 

(𝑚) and how many lags (p) should be included in the system. The number of coefficients to be 

estimated in a VAR model is equal to 𝑚 + 𝑝𝑚2 (or 1 + 𝑝𝑚 per equation). For example, for a VAR 

model with m = 5 variables and p = 3 lags, there are 16 coefficients per equation resulting in a total of 

80 coefficients to be estimated. In practice, it is usual to keep m small and include only those variables 

that are correlated to each other and therefore useful in forecasting each other. Information criteria are 

commonly used to select the number of lags to be included. In this thesis, the vars package in R is 

used to estimate and predict using VAR models [17], [18]. In this package, four different information 

criteria are used to select 𝑝. These are 𝐴𝐼𝐶, 𝐻𝑄, 𝑆𝐶, and 𝐹𝑃𝐸. 𝐴𝐼𝐶 is Akaike’s information criteria, 

and 𝑆𝐶 is simply another name for the 𝐵𝐼𝐶 (𝑆𝐶 stands for Schwarz Criterion after Gideon Schwarz 

who proposed it). 𝐻𝑄 is the Hannan-Quinn criterion and 𝐹𝑃𝐸 is the “Final Prediction Error” criterion.  

The VAR models of orders 𝑘 = 0, 1, . . . , 𝐾 are estimated and the corresponding values for 

𝐴𝐼𝐶(𝑘), 𝑆𝐶(𝑘), 𝐻𝑄(𝑘), and 𝐹𝑃𝐸(𝑘) are computed. The order for which the value of the criterion is 

minimum is then chosen as the estimate for 𝑝. Based on the same sample size 𝑛 the following 

information criteria and the final prediction error are computed:  

 

𝐴𝐼𝐶(𝑘)  =  𝑙𝑛 |�̃� (𝑘))|  + 
2 

𝑛
 𝑘𝑚2,  

𝐻𝑄(𝑘)  =  𝑙𝑛| �̃� (𝑘)|  +  
2 𝑙𝑛(𝑙𝑛(𝑛))

𝑛
 𝑘𝑚2 , 

𝑆𝐶(𝑘)  =  𝑙𝑛 |�̃� (𝑘)|  +  
𝑙𝑛(𝑛)𝑘𝑚2

𝑛
 , 

𝐹𝑃𝐸(𝑘) = |(�̃� (𝑘)|  +  (
𝑛 +  𝑚𝑘 +  1

𝑛 −  𝑚𝑘 +  1
)

𝑚

  , 

where �̃� (𝑘) is the maximum likelihood estimator of the white noise covariance matrix and |�̃� (𝑘)| is 

the determinant of the estimated noise covariance matrix (prediction error) obtained by fitting a VAR 

model of order 𝑘 to the 𝑚 variable data. Here the constants in the VAR model may be ignored because 

counting them would just add a constant to the criterion which does not change the minimizing order. 

This is why the number of estimated parameters are reduced to 𝑘𝑚2 in 𝐴𝐼𝐶, 𝐻𝑄, and 𝑆𝐶 criteria. For a 

detailed comparison of these criteria, see [14]. Care should be taken using the 𝐴𝐼𝐶 as it tends to 

choose large numbers of lags. Instead, for VAR models, we prefer to use the 𝐵𝐼𝐶 or 𝑆𝐶 [11]. The 

function varselect in the vars package returns the value of 𝑝 by the above mentioned four methods. 

We used the function each time to check the value of 𝑝 on the basis of 𝑆𝐶. 

 

2.5.3 Order of integration and VAR model 

If the order of integration of a time series is zero (𝐼(0)), i.e., the time series modelled are stationary, 

then forecasts are found by directly fitting a VAR model to the data which is also known as a “VAR in 

levels”. If the series are non-stationary (𝐼(𝑑), 𝑑 > 0), take the differences to make them stationary and 

then fit a VAR model, known as “VAR in differences”. In both cases, the models are estimated 

equation by equation using the principle of least squares. For each equation, the parameters are 

estimated by minimizing the sum of squared 𝑍𝑖,𝑡 values. 

 

Another case is that the series may not be stationary. Whenever the multivariate time series are non-

stationary, one should always think in terms of cointegration, i.e., they may be cointegrated, which 
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means that there exists a linear combination of them that is stationary. In this case the error correction 

term has to be included in the VAR model, then the model is called a vector error correction model 

(VECM) and alternative estimation methods to least squares estimation should be used [11]. For 

detail, see [15]. 

 

2.6 Accuracy measures 

The forecasting error is 𝑒𝑡 = 𝑌𝑡 − 𝐹𝑡, where 𝑌𝑡 and 𝐹𝑡 represent actual and forecasted values, 

respectively. We discuss four methods of measuring the accuracy of forecasts. These are based on 

scale-dependent errors, percentage errors, relative errors, and scale-free errors. A detailed explanation 

is given below. 

 

2.6.1 Scale-dependent errors 

The scaled-dependent accuracy measurements are based solely on forecasting errors, 𝑒𝑡′𝑠, and thus 

change when the scale changes. These are used for assessing the accuracy on single series. Commonly 

used scale-dependent methods are mean absolute error MAE =  
1

𝑛
 ∑ |𝑒𝑡|𝑛

𝑡=1 , geometric mean absolute 

error GMAE = (∏ |𝑒𝑡|)𝑛
𝑡=1

1
𝑛, and mean square error MSqE =  

1

𝑛
 ∑ 𝑒𝑡

2𝑛
𝑡=1 , see [7]. 

 

 2.6.2 Percentage errors 

The percentage error presents the errors in terms of percentage of the observed true values. It is given 

by the formula 𝑝𝑡 = 100𝑒𝑡 𝑌𝑡⁄ . This method is scale-independent and can be used for comparing 

forecast performance between different data sets. The most commonly used percentage error is the 

mean absolute percentage error MAPE =  
1

𝑛
 ∑ |𝑝𝑡|𝑛

𝑡=1 . 

 

The percentage error becomes undefined when there are zero values in a series. The percentage errors 

may have an extremely skewed distribution when actual values are close to zero.  A further 

disadvantage of methods based on percentage errors is that they assume a meaningful zero. For 

example, they make no sense in measuring forecast error for temperatures on the Fahrenheit or Celsius 

scales [7], [10]. This is the reason to use mean absolute error and scale free error (see below) in this 

thesis, in order to have an idea about the accuracy of the forecasts.  

 

2.6.3 Relative errors 

There are also some relative measures which can be used to compare the efficiency of the forecasts, 

e.g., relative mean absolute error and relative root mean square error. It is an alternative to percentages 

for the calculation of scale-independent measurements involves dividing each error by the error 

obtained using some benchmark method of forecasting. Usually the benchmark method is the naïve 

method. However, when the errors are small, use of the naïve method as a benchmark is no longer 

possible because it would involve division by zero. 

 

2.6.4 Scale-free errors 

There are some limitations in using various accuracy measures. An idea that is suitable in all situations 

is by scaling the error based on the in-sample MAE from the naïve (random walk) forecast method. 

Using the naïve method, we generate one-period-ahead forecasts from each data point in the sample. 

Thus, a scaled error is defined as 

 

𝑞𝑡 =
𝑒𝑡

1
𝑛−1

∑ |𝑌𝑖−𝑌𝑖−1|𝑛
𝑖=2

 , 
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where 𝑛 is the length of the training data set. This is independent of scale of the data. An absolute 

scaled error (ASE) is less than one if it arises from a better forecast than the average one-step naïve 

forecast computed in-sample. Conversely, it is greater than one if the forecast is worse than the 

average one-step naive forecast computed in-sample. Mean absolute scaled error is simply  

 

MASE = mean (|𝑞𝑡|). 

 

When MASE <  1, the proposed method gives, on average, smaller errors than the one-step-ahead 

forecast errors from the naïve method. This is quite standard approach in comparing forecast accuracy 

across series on different scales. The only circumstance under which these measures would be infinite 

or undefined is when all historical observations are equal [7], [10]. 

 

In this thesis we calculate MASE in the following way. For one-step-ahead forecasts (in Table 3.1.1 

and Table 3.1.3), we have ASE corresponding to each forecast. We calculate MASE as 

 

MASE =  
1

𝑚
 ∑ |𝑞𝑡|𝑚

𝑡=1  

 

where 𝑚 is the number of one-step-ahead forecasts. For more than one-step-ahead forecasts (say ℎ 

step), we have ASE corresponding to forecasts at each time horizon ℎ. We calculate MASE as  

 

                                                               MASE =  
1

ℎ
 ∑ |𝑞𝑡|ℎ

𝑡=1                                                             (2.6.1) 

 

The results of percentages recorded in Table 3.2.1 are based on MASE calculated using 

equation (2.6.1). For more detail about the calculation of MASE see [23]. 
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3.   Analysis from univariate time series models 

 

In this Section, the local forecasts of daily maximum temperature in Umeå using univariate time series 

models are found. The purpose is to identify some model which can best forecast the daily maximum 

temperature of Umeå for one or more than one-step-ahead. It is of course important to see, if there 

exists some relation of the variables recorded from TFE’s weather station, which can help in 

forecasting the daily temperature (see Section 4). 

 

3.1 One-step-ahead forecasts for daily maximum temperatures 

In this Section we are going to compare the automatic forecasting methods ETS, ARIMA and cubic 

smoothing splines. The automatic forecasting methods are available in the forecast package in R. We 

will see the behaviour of the three methods by varying the length of the training period. We have daily 

maximum temperatures of Umeå from Jan 1, 2008 to Dec 31, 2013. By using each method, calculate 

the one-step-ahead forecast for each day by taking the various length of training period, e.g., take the 

training period of 3 weeks (Jan 1, 2008 to jan21, 2008) and find the one-step-ahead forecast for Jan 22 

using ETS, ARIMA, and cubic spline. Move the training window by skipping one value (Jan 1) and 

adding the next value (Jan 22), find the forecast for Jan 23 and so on (the ARIMA model, ETS model, 

and the value of 𝜆 is selected automatically each time). Calculate the ASE (out of sample) for each 

one-step-ahead forecast from Jan 22, 2008 to Dec 31, 2013. A less than one ASE represents a better 

than average naïve forecast computed in sample. In order to have an idea about the accuracy, the 

average of all ASE’s are found for various lengths of training period and recorded in Table 3.1.1. For 

detailed comparison, the number of forecasts for which ASE is less than one are counted and results 

are recorded in form of percentage in Table 3.1.2. 

Table 3.1.1: Mean of ASE’s of all one-step-ahead daily forecasts from 2008 to 2013 calculated from ETS, 

ARIMA, and cubic spline for various lengths of training period.  

Training 

period 

MASE 

ETS ARIMA Spline 

3 weeks 1.106601 1.109953 1.533628 

6 weeks 1.039525 1.042789 1.478656 

9 weeks 1.041858 1.045483 1.37365 

12 weeks 1.035889 1.026966 1.344148 

15 weeks 1.030478 1.039257 1.328577 

18 weeks 1.025901 1.022413 1.310463 

21 weeks 1.022561 1.016054 1.303064 

24 weeks 1.015198 1.009212 1.275142 

1 year 1.001639 0.980868  

 

Table 3.1.1 shows the average of all ASE’s of one-step-ahead forecasts from 2008 to 2013 with 

various length of training periods using ETS, ARIMA, and cubic spline. Each cell value is the average 

of many ASE’s including those ASE which are much greater than one. This makes this average greater 

than one. Table 3.1.2, therefore shows the percentage of less than one absolute scaled errors, e.g., there 

are 2169 one-step-ahead forecasts which are found using various automatic methods and by moving 

the 3 weeks training window one-step each time. For each window of 3 weeks, the ASE corresponding 

to each one-step-ahead forecast are found by the three methods ETS, ARIMA, and cubic smoothing 

splines. There are 1221 out of 2169 (56.29322%) are less than one using the method of ETS. In the 
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same manner the percentage of (ASE < 1) are recorded in Table 3.1.2. The high percentages 

corresponding to each length of training data set are in bold. It is difficult to decide between ETS and 

ARIMA on the basis of the recorded MASE in Table 3.1.1, but it can be seen that cubic smoothing 

spline is not good in comparison with ETS and ARIMA. 

Table 3.1.2: Percentage of days for which ASE is less than one calculated using ETS, ARIMA, and cubic spline 

for various lengths of training period. 

Training 

period 

% age of (ASE < 1) 

ETS ARIMA Spline 

3 weeks 56.29322% 55.83218% 44.90549% 

6 weeks 58.24022% 58.10056% 45.62384% 

9 weeks 58.90926% 58.34509% 48.66008% 

12 weeks 58.49953% 58.21462% 50.23742% 

15 weeks 59.23261% 58.32134% 49.8801% 

18 weeks 59.78682% 60.07752% 50.67829% 

21 weeks 59.86295% 60.744% 50.465% 

24 weeks 60.08902% 61.07814% 50.84075% 

1 year 60.27397% 61.09589%  

 

This can be seen in Table 3.1.2, that the percentage of (ASE < 1) increases with the increase in the 

length of training period. Furthermore, ETS gives the greater percentage of (ASE < 1) in comparison 

with ARIMA and cubic splines when the training period varies from 3 weeks to 15 weeks, and when 

training period is increased from 15 weeks the results are reversed from ETS to ARIMA, i.e., for a 

training period of more than 15 weeks ARIMA produces more forecasts which are better than the 

average naïve forecast. For short lengths of training periods the ARIMA models does not prove good, 

since it is good to have at least 100 observations in order to find the parameters of the model in case of 

ARIMA. 

 

Since naïve method to find the forecasts is always a competitor, so it is meaningful to compare the 

results from ARIMA and ETS with that of naïve method. Table 3.1.3 shows the results of absolute 

scaled errors found by using the naïve method. 

Table 3.1.3: Mean of ASE’s of all one-step-ahead forecasts from 2008 to 2013 and the percentage of ‘ASE < 1’ 

using naïve method for various lengths of training period. 

Training period Naïve method 

MASE % age of (ASE < 1) 

3 weeks 1.050139 58.78285% 

6 weeks 1.024033 59.68343% 

9 weeks 1.01714 59.89657% 

12 weeks 1.02001 59.73409% 

15 weeks 1.019101 60.19185% 

18 weeks 1.013944 61.19186% 

21 weeks 1.012558 61.18453% 

24 weeks 1.005343 61.47379% 

1 year 1.000249 61.20548% 
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Comparing the results in Table 3.1.3 with the results from ARIMA, ETS, and cubic splines in Table 

3.1.1, it is clear that the forecasts from all the three methods are not better in comparison with the 

naïve forecasts. Comparing the percentages of (ASE < 1) from Table 3.1.2 and 3.1.3, it can be seen 

that this percentage from naïve method is always slight higher than the percentages from ARIMA, 

ETS, and cubic splines. But the difference between the results of ARIMA and naïve decreases as the 

length of training period increases. So one can say that these automated forecasting methods are not 

very good in predicting the daily temperatures of Umeå, specifically, when predicted on the basis of 

short training dataset. Since for long training data set, the results from naïve and ARIMA methods are 

almost same (see Table 3.1.2 and 3.1.3), we will use ARIMA with one year training period for further 

comparison. However, we try to improve the forecasts by taking multivariate time series of related 

variables in Section 4.  

 

Before moving towards multivariate analysis, we will check the behaviour of the three methods ETS, 

ARIMA, and cubic splines for more than one-step-ahead forecasts. We will also compare the more 

than one-step-ahead forecasts found by using the three methods with that of naïve forecast. 

 

3.2 More than one day future forecast 

Next step is to check, whether these methods gives some reasonable forecasts for next few days 

instead of one-step-ahead forecasts. For this purpose, the forecasts for one, two, and three steps ahead 

are found using ETS, ARIMA, and naïve methods. The method of cubic splines is not used since it not 

so good even for one-step-ahead forecasts. MASE at each time horizon for various length of training 

periods are found by using each method and the percentage of MASE being less than one are recorded 

in Table 3.2.1. Comparing the results in the Tables 3.1.2 and 3.1.3 this can be said that one-step-ahead 

(ℎ =  1) naïve forecasts are better in comparison with ARIMA and ETS but for long training data set 

the results from naïve and ARIMA methods are almost same. Looking at the percentages of less than 

one MASE in Table 3.2.1, this can be seen that ARIMA seems better than naïve method with training 

period 18 weeks and above for ℎ =  2. For three days ahead forecasts (ℎ = 3), ARIMA gives results 

better than ETS and naïve methods.  

 

Table 3.2.1: Percentage of less than one MASE for two-step-ahead (ℎ =  2) and three-step-ahead (ℎ =  3) 

forecasts using ETS, ARIMA, and naïve methods for various lengths of training period. 

 

Training 

period 

% age of (MASE < 1) 

ℎ = 2 ℎ = 3 

ETS ARIMA Naive ETS ARIMA Naive 

3 weeks 48.13106% 47.06968% 50.25381% 42.82418% 40.51684% 43.28565% 

6 weeks 50.37279% 50.60578% 50.55918% 45.29357% 45.34017% 44.5014% 

9 weeks 50.25882% 50.77647% 51.67059% 45.83529% 46.68235% 45.69412% 

12 weeks 50.61787% 50.90304% 51.09316% 45.53232% 46.19772% 45.43726% 

15 weeks 51.41623% 50.88814% 51.80029% 46.2314% 46.32741% 45.6073% 

18 weeks 52.27934% 52.37633% 51.89137% 46.99321% 47.81765% 46.50824% 

21 weeks 52.71926% 52.76825% 52.13131% 47.23175% 47.42773% 46.34983% 

24 weeks 52.77228% 53.06931% 52.87129% 47.92079% 49.35644% 46.83168% 

1 year 52.27647% 53.8124% 51.89248% 46.90071% 48.93033% 46.02304% 
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3.3 Comparison of forecasts from ARIMA and SMHI 

We recorded the forecasts from SMHI website [24], for 42 days from various months mentioned in 

Table A.1 in Appendix A. The comparison of these values are made with actual values of maximum 

temperature and with the forecasts using proposed auto ARIMA, i.e., with one year training period. 

The results are recorded in Table A.1 together with the absolute scaled error (ASE) and absolute error 

(AE) of each forecast. The minimum ASE and AE for each day are bold in Table A.1. It can be seen 

that sometimes ARIMA provides good results in comparison with SMHI and sometimes vice versa. 

Before the detailed analysis of ASE of each day, first we look at the MASE of each month that is 

obtained by taking the average of ASE recorded in Table A.1 for the days from the same month. These 

MASE are recorded in Table 3.4.1. 

Table 3.4.1: MASE from ARIMA and SMHI corresponding to each month, calculated on the basis of days 

recorded in Table A.1 (Appendix A).  

 

Month 

No. of 

days 

MASE 

ARIMA SMHI 

Jan 2014 3 0.5549471 0.7025592 

Nov 2014 13 0.614341 0.4934242 

Dec 2014 10 0.7976658 0.778905 

Jan/Feb 2015 7 0.7704368 0.5439593 

May 2015 9 1.067465 1.13897 

 

The minimum MASE in Table 3.4.1 is recorded in bold. The results from ARIMA are good enough to 

compete with SHMI. It is May 15 only which has MASE greater than one, but this is also the case 

with SMHI for May 15. It seems that we have quite good forecasts using our proposed ARIMA 

technique. For the detailed analysis of individual forecasts, see Table A.1 (Appendix A). 

 

The data of maximum temperatures of 42 various days are shown in the Table A.1. The ASE from 

ARIMA (ASE ARIMA) is less than one in 64.3% of the cases while the ASE from SMHI (ASE SMHI) is 

less than one in 71.4% cases. But the ASE and AE from ARIMA are less than the ASE and AE from 

SMHI for 23 out of 42 days which is 54.8%. So we can say that ARIMA can give better forecasts than 

SMHI for more than 50% of the times. 

 

The ASE and AE for the forecasts of 42 chosen days (Table A.1) can be seen in Figure 3.4.1. The 

actual values of maximum temperatures for the days mentioned in Table A.1 are plotted in Figure 

3.4.2 together with the forecasted values for the same days obtained from SMHI and using ARIMA 

with one year training period.    
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Figure 3.4.1: Absolute Scaled Error and Absolute Error for the forecasts from SMHI and auto ARIMA for 

various days recorded in Table A.1 found with one year training period. 

 

Figure 3.4.2: Actual values of daily maximum temperatures together with the forecasted values of various days 

recorded from SMHI and found using auto ARIMA with one year training period. 

 

Figure 3.4.3 shows the percentages of ASE ARIMA. It can be seen in Figure 3.4.3 (a), that the 

percentage of the ASE ARIMA being less than one is 64.3, i.e., 64% of the times the forecasts using 

ARIMA are better than the average naïve forecast.  
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Figure 3.4.3: Percentages of a, b, and c represent percentages of ASE ARIMA being less than one, less 

than ASE SMHI, and both less than one and ASE SMHI. ASE represents ASE ARIMA and ASE* represents ASE SMHI.  

Comparing the result from proposed ARIMA with SMHI, it is shown in Figure 3.4.3 (b), that about 

55% forecasts using ARIMA are better than the forecasts from SMHI as the ASE ARIMA is less than 

ASE SMHI. Among those ASE ARIMA which are less than one, there are 70.4% which are better than the 

forecasts from SMHI (see Figure 3.4.3 (c)). 

 

3.4 Conclusion from the analysis of univariate time series  

The three automised methods ARIMA, ETS, and cubic smoothing spline are used to find one-step 

ahead forecasts using various lengths of training period in the moving window from 2008 to 2013. The 

forecasts using the naïve method are also compared with the results of three methods. Daily maximum 

temperatures are used to predict one-step-ahead forecasts and more than one day ahead forecasts. The 

methods are compared on the basis of the accuracy measure MASE. MAE is also used for comparison 

where it is needed. ARIMA with one year training period is proposed as the best automised 

forecasting method among three for Umeå daily maximum temperatures, in case of predicting one or 

more than one day future forecasts. On the basis of the analysis of the selected time series, it can be 

concluded that maximum temperatures of Umeå for the next 3 days can be predicted reasonably well 

using auto ARIMA and one year training period.   

 

It is further concluded, that one-step-ahead forecasts using the proposed auto ARIMA are comparable 

with the forecasts of SMHI, as ARIMA gives 54% forecasts which are better than the forecasts from 

SMHI (checked for the days recorded in Table A.1).  
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4.   Analysis from multivariate time series 

 

It is of course important to see, if there exists some relation between the eight variables recorded from 

TFE’s weather station? If such relation exists it can help in forecasting and it may help in improving 

the current forecasts obtained from univariate time series models.  

So, the multivariate time series of various combinations of maximum temperature, humidity, pressure, 

rain, wind speed, maximum wind, wind direction, and maximum solar radiation are analysed in order 

to see which variables may possibly be related. For multivariate analysis, vars package in R is used 

[18]. 

 

4.1 Forecasts using a combination of multivariate time series 
Some basic regression analysis is performed to see the dependence of maximum temperature on 

lagged values of its own and other available variables. The variables which are not significantly 

important in finding the maximum temperature are dropped. We are left with maximum solar 

radiation, humidity, pressure, and average wind. The idea is to analyse the multivariate time series of 

maximum solar radiation, humidity, pressure, average wind, and maximum temperature but we decide 

to examine all possible combinations of these four variables together with maximum temperature. 

There are 15 possible combinations using these variables marked as C1 to C15. The complete list of 

combinations is given in Table 4.1.1. 

Assuming the stationarity of multivariate time series, vector autoregressive (VAR) model is fitted to 

15 different combinations of multivariate time series. One-step-ahead forecasts are found from 2008 to 

2013 with various lengths of training period and moving the window of training data set in the same 

manner as is done in univariate analysis. 

The varselect function in vars package is used to determine the value of lag parameter 𝑝 on the basis 

of information criteria mentioned in Section 2.5.2. It suggests VAR (1) in most of the cases. So, the 

validity of VAR (1) is checked by fitting it on each combination of multivariate time series (mentioned 

in Table 4.1.1) for various lengths of training period, and maximum temperature for next day is 

forecasted.  

The absolute scaled error (ASE) for each day is found and average of all ASE’s are calculated. No 

conclusion about the best combination can be drawn on the basis of MASE, as all values are nearly 

equal. So, the results are once again summarized on the basis of percentages of (ASE < 1).  
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Table 4.1.1: List of all possible combinations of multivariate time series for the four variables (maximum solar 

radiation, humidity, pressure, and average wind) together with maximum temperature. 

Combination # Multivariate Time Series 

C1 Maximum temperature, maximum solar radiation 

C2 Maximum temperature, humidity 

C3 Maximum temperature, pressure 

C4 Maximum temperature, average wind 

C5 Maximum temperature, maximum solar radiation, humidity 

C6 Maximum temperature, maximum solar radiation, pressure 

C7 Maximum temperature, maximum solar radiation, average wind 

C8 Maximum temperature, humidity, pressure 

C9 Maximum temperature, humidity, average wind 

C10 Maximum temperature, pressure, average wind 

C11 Maximum temperature, maximum solar radiation, humidity, pressure 

C12 Maximum temperature, maximum solar radiation, humidity, average wind 

C13 Maximum temperature, maximum solar radiation, pressure, average wind 

C14 Maximum temperature, humidity, pressure, average wind 

C15 Maximum temperature, maximum solar radiation, humidity, pressure, average wind 

 

4.2 Comparison of multivariate time series with ARIMA 
The one-step-ahead forecasts are found from each combination using various lengths of the training 

period and with moving the training window one-step each time as we did in case of univariate 

analysis. The MASE, MAE, and the percentages of less than one ASE are recorded in Table A.2. It 

can be seen in case of each combination, that the results improved when length of training period has 

been increased. Before deciding about the best combination on the basis of results in Table A.2, it is 

necessary to look upon the residuals. After making residual analysis for all combinations using 

portmanteau test, C4 is selected as the best multivariate combination among all 15. Since for all other 

combinations residuals are auto correlated for almost all or maximum number of models. So we 

compare the results from C4 with that of ARIMA (see Table 4.2.1). 

 

Table 4.2.1: MASE and MAE from ARIMA and VAR (1), ARIMA is used for univariate time series of 

maximum temperatures where VAR (1) is used for multivariate time series of maximum temperatures and 

average wind (C4). 

Method Training period MASE MAE % age of (ASE < 1) 

ARIMA 1 year 0.980868 2.299752 61.09589% 

VAR (C4) 1 year 0.9937972  2.327918 61.39102% 

 

The percentage of less than one ASE from C4 using VAR (1) is more than the same percentage from 

ARIMA, which may reflect that use of multivariate time series improved the chances of better than 

average naïve forecast. But MASE and MAE in Table 4.2.1 does not support this statement, since 

MASE and MAE from ARIMA are less than the MASE and MAE from VAR (1) for C4. Figure 4.2.1 

represents the percentages of ASE using mutivariate time series (C4) compared with the percentages 

of ASE using ARIMA. The percentage of ASEC4 being less than one is 61.39102 (see Figure 4.2.1 

(a)), while there are 48.77% ASEC4 which are less than ASEARIMA (see Figure 4.2.1 (b)). Among those 

ASEC4 which are less than one, there are 59.2% which are less than  ASEARIMA (see Figure 4.2.1 (c)).  
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Figure 4.2.1: Percentages of a, b, and c represent percentages of ASE C4 being less than one, less than ARIMA, 

and both less than one and ARIMA. ASE represents ASE C4 and ASE* represents ASE ARIMA.  

Looking at the results of Table 4.2.1, and Figure 4.2.1, it is difficult to say whether or not the 

multivariate time series provides some support to improve the forecasts. Although the percentage of 

ASE being less than one from multivariate time series is slightly higher than the percentage from 

univariate time series, but comparing each ASE form C4 with the corresponding ASE from ARIMA, it 

is observed that ARIMA provides better forecasts as ASEARIMA <  ASEC4 in more than 50% of the 

cases. But when we check the less than one ASEC4, there are about 60% forecasts which are better than 

the forecasts which are found using ARIMA. 

 

So, we cannot surely say on the basis of available evidence that the accuracy of forecasts has been 

improved using multivariate time series. But still Figure 4.2.1 (c) shows, when forecasts are better 

than average naïve forecast (ASE < 1), there are more chances to have a forecast which is better in 

comparison of the forecast using ARIMA. 

 

4.3 Comparison of Forecasts from MTS and SMHI 

The forecasts from SMHI and ARIMA have already been compared in Section 3.4. It is also explained 

in Section 4.2 that there is a chance of improved forecasts using MTS combination C4 in comparison 

with ARIMA. Now, we check whether there is some improvement in comparing with the forecasts 

from SMHI. The combination of MTS which is found best on the basis of analysis in Section 4.2 i.e., 

C4 is used for forecasting the same days which were recorded in Table A.1. The days are from Jan, 

Nov, Dec, and May. The results are summarized in Tables 4.3.1 and A.3. The minimum MASE is 

recorded in bold in Table 4.3.1. It can be said that results from proposed MTS combination C4 can be 

compared with SMHI, but we cannot say that these are better than ARIMA.  
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Table 4.3.1: MASE from MTS (C4) and SMHI corresponding to each month, calculated on the basis of days 

recorded in Table A.3.  

Month No. of 

days 

MASE 

MTS(C4) SMHI 

Jan 2014 3 0.4684922 0.7025592 

Nov 2014 13 0.742819 0.4934242 

Dec 2014 10 0.8983122 0.778905 

Jan/Feb 2015 7 0.7909626 0.5439593 

May 2015 9 1.156559 1.13897 

 

The data of maximum temperatures of 42 various days from the years 2014 and 2015 are shown in the 

Table A.3. The ASE C4  is less than one in 64.3% cases while the ASE SMHI is less than one in 71.43% 

cases. But the ASE and AE from MTS combination C4 are less than the ASE and AE from SMHI for 

22 out of 42 days which is 52.38%. So, we can say that multivariate time series can give better 

forecasts than SMHI for more than 50% of the times. (This percentage is 54.7 while using ARIMA). 

The ASE and AE for each chosen day mentioned in Table A.3, can also be seen in Figure 4.3.1. The 

actual values of maximum temperatures for the days mentioned in Table A.3 are plotted in Figure 

4.3.2 together with the forecasted values for the same days obtained from SMHI and using MTS 

combination C4. 

 

Figure 4.3.1: Absolute Scaled Error and Absolute Error for the forecasts from SMHI and MTS combination C4 

for various days recorded in Table A.3 found with one year training period. 
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Figure 4.3.2: Actual values of daily maximum temperatures together with the forecasted values of various days 

recorded from SMHI and found using MTS combination C4 with one year training period. 

Figure 4.3.3 shows the percentages of ASE using multivariate time series combination C4. It can be 

seen in Figure 4.3.3 (a), that the percentage of the ASE C4 being less than one is 64.3 (same as using 

auto ARIMA), i.e., 64% of the times the forecasts using MTS combination C4 are better than the 

average naïve forecast. 

 

Figure 4.3.3: Percentages of a, b, and c represent percentages of ASE MTS being less than one, less than ASE SMHI, 

and both less than one and ASE SMHI. ASE represents ASE MTS and ASE* represents ASE SMHI. 

 

Comparing the result from MTS combination C4 with SMHI, it is shown in Figure 4.3.3 (b) that, 

about 52% forecasts are better than the forecasts from SMHI, as the ASE C4 are less than ASE SMHI. 
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Among those ASE which are less than one using multivariate time series combination C4, there are 

about 67% which are better than the forecasts from SMHI (see Figure 4.3.3 (c)). 

 

Figure 4.3.4: Univariate time series of maximum temperatures and multivariate time series of maximum 

temperatures and average wind (C4) with SMHI on the basis of percentages where ASE is less than ASE SMHI. 

Using multivariate time series (C4), the forecasts are quite comparable with SMHI but using ARIMA 

they are even more comparable. See Figure 4.3.4 for quick comparison between the results of 

multivariate time series combination C4 (VAR (1)) and univariate time series (ARIMA) when 

compared with the ASE from SMHI.  
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5.   Discussion and conclusion 

 

This is proposed from the analysis of univariate time series that ARIMA gives better one-step-ahead 

and more than one-step-ahead forecasts in comparison with ETS and cubic spline using one year 

training period. So, the one-step-ahead forecasts from ARIMA are compared with those of SMHI, and 

observed that the results from ARIMA are quite comparable with SMHI, as ARIMA provides better 

forecasts than SMHI in 55% cases which can clearly be seen in Figures 3.4.3(b) and 4.3.4.  

The one-step-ahead forecasts from ARIMA (univariate time series) are also compared with those of 

VAR (1) (multivariate time series of maximum temperatures and average wind), and not much 

improvement is found using VAR. Therefore it is a bit specific to say something about the chances of 

improved forecasts when compared with SMHI. The comparison of ARIMA and VAR (1) with SMHI 

can be seen in Figure 4.3.4. ARIMA gives 55% forecasts which are better than the forecasts from 

SMHI, while this percentage has been decreased to 52% using multivariate time series. The forecasts 

which are better than average naïve forecasts using ARIMA, there are 70% which are better than the 

forecasts from SMHI and this percentage has also been decreased up to 67% while using multivariate 

time series. These percentages are shown in Figures 3.4.3(c) and 4.3.3(c).  

Finally this is proposed from the analysis of selected time series and the comparison with SMHI, that 

daily maximum temperature of Umeå can be predicted using auto ARIMA with at least one year 

training period. In this way, one can have comparable or even better results than SMHI in more than 

50% of the days. Since VAR(1) using the multivariate time series of maximum temperature and 

average wind also gave better than SMHI forecasts in more than 50 % of days, so the use of 

multivariate time series cannot be neglected. In fact, this needs more detailed analysis. 

For further improvement in forecasting the daily temperatures of Umeå, more combinations or may be 

some new variables can be analysed. Vector error correction models (VECM) can also be used and 

comparison can be done with the forecasts obtained using the proposed model. The forecasts using the 

proposed model are comparable with SMHI. Two or more methods can be combined in order to have 

more comparable / better forecasts than SMHI. It would be of great interest to explore a way to 

combine the proposed technique with SMHI in order to decrease the absolute errors and have more 

accurate forecasts for Umeå daily maximum temperature. 
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Appendix A 

Tables 

Table A.1: Actual and forecasted values of daily maximum temperatures from auto ARIMA and SMHI, together 

with the absolute scaled errors and absolute errors predicted on the basis of one year training period. 

Day 

No. 

Date Actual 

max 

temp 

Forecasts from ASE (|𝑞𝑡|) from AE from 

ARIMA SMHI ARIMA SMHI ARIMA SMHI 

1 21-01-2014 -5.598 -5.470804   -8 0.0576663  1.0889883  0.1271955   2.402 

2 22-01-2014 -5.438 -6.565009 -4 0.5123510  0.6537311  1.1270088   1.438 

3 23-01-2014 -3.799 -6.195888 -3 1.0948240 0.3649583 2.3968885 0.799 

4 10-11-2014 6.938 5.76871464  6 0.50639613  0.40623067  1.16928536  0.938 

5 11-11-2014 6.616 6.29098123  5 0.14099858  0.70104783  0.32501877  1.616 

6 12-11-2014 1.918 6.13372118  2 1.82912941  0.03557840  4.21572118  0.082 

7 13-11-2014 -1.116 2.55184497  -1 1.58470010  0.05011804  3.66784497 0.116 

8 14-11-2014 0.034 0.09519718  1 0.02639347  0.41662204  0.06119718 0.966 

9 15-11-2014 0.927 0.86129031  1 0.02835578  0.03150178  0.06570969 0.073 

10 16-11-2014 3.828 1.32796005 2 1.08366930 0.79236633 2.50003995 1.828 

11 17-11-2014 3.966 3.58717150  2 0.16369638  0.84953239  0.37882850  1.966 

12 18-11-2014 3.880 3.72226202  1 0.06844210  1.24962451  0.15773798  2.880 

13 19-11-2014 2.311 3.78069673  2 0.63839770  0.13509024  1.46969673  0.311 

14 20-11-2014 2.217 2.49962303  1 0.12319935  0.53050740  0.28262303  1.217 

15 21-11-2014 0.565 2.39875444  1 0.80004053  0.18978421  1.83375444  0.435 

16 22-11-2014 -1.357 0.92308803 1 0.99301385 1.02651022 2.28008803 2.357 

17 03-12-2014 4.979 2.494837  5 1.09766752  0.009279188  2.48416333  0.021 

18 04-12-2014 5.724 4.277199  3 0.64326849   1.211129528  1.44680096  2.724 

19 05-12-2014 4.285 4.970141  3 0.30558181  0.573126501  0.68514128  1.285 

20 06-12-2014 2.039 3.960753  2 0.85613937  0.017374468  1.92175300  0.039 

21 07-12-2014 4.953 2.060907  2 1.28790034  1.315023110  2.89209343  2.953 

22 08-12-2014 5.096 4.547387  3 0.24433051  0.933476077 0.54861261  2.096 

23 09-12-2014 -0.043 4.668947  -4 2.10312459 1.766162614  4.71194663 3.957 

24 10-12-2014 3.646 1.170013  2 1.11088709  0.738501437  2.47598726  1.646 

25 11-12-2014 3.978 3.279328 2 0.31493288  0.891602252  0.69867167  1.978 

26 12-12-2014 3.739 3.767431 3 0.01282588 0.333374644 0.02843144 0.739 

27 20-01-2015 -6.799 -3.70756656  -6 1.3341290  0.3448138  3.0914334  0.799 

28 21-01-2015 -4.384 -5.43993435  -7 0.4548743  1.1269176  1.0559343  2.616 

29 22-01-2015 -8.620 -3.82340102  -10 2.0607741  0.5928927  4.7965990  1.380 

30 29-01-2015 1.989 0.59960753   1 0.5968279  0.4248352  1.3893925  0.989 

31 30-01-2015 0.536 1.09977372   1 0.2424446  0.1995381  0.5637737  0.464 

32 31-01-2015 -0.314 0.09296501 1 0.1747253  0.5641494  0.4069650  1.314 

33 01-02-2015 -1.714 -0.48663578 -3 0.5292826 0.5545684 1.2273642 1.286 

34 04-05-2015 11.29 11.205488  9 0.03468461  0.9398346  0.08451248  2.29 

35 05-05-2015 9.70 10.877462   10 0.48335438  0.1231516  1.17746189  0.30 

36 06-05-2015 12.55 9.759426  8 1.14428075  1.8657372  2.79057382  4.55 

37 07-05-2015 15.52 11.848611  11 1.50185723  1.8489990  3.67138902  4.52 

38 08-05-2015 9.69 14.521705  7 1.97624175  1.1002515  4.83170478  2.69 

39 09-05-2015 14.46 10.011327  9 1.82076265  2.2346806  4.44867338  5.46 

40 10-05-2015 10.63 13.150379  11 1.02835809 0.1509664  2.52037854 0.37 

41 11-05-2015 12.48 10.793361 12 0.68562882  0.1951228 1.68663937  0.48 

42 12-05-2015 14.40 12.111548 10 0.93201796 1.7919880 2.28845233 4.40 
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Table A.2: MASE, MAE, and percentage of less than one ASE for the forecasts from 15 combinations of 

multivariate time series with various lengths of training period. 

Combination No. Training period MASE MAE % age of (ASE < 1) 

C1 3 weeks 1.099895 2.458556 1218/2171=56.10318% 

6 weeks 1.05696  2.413565 1231/2150=57.2558% 

9 weeks 1.050947  2.40712 1242/2129=58.33725% 

12 weeks 1.055396 2.419741 1221/2108=57.9222% 

15 weeks 1.058916  2.433234 1211/2087=58.02587% 

18 weeks 1.04915 2.418899 1219/2066=59.0029% 

21 weeks 1.052452  2.43389 1202/2045=58.77751% 

24 weeks 1.047692 2.429946 1205/2024=59.53557% 

1 year 1.098409  2.452522 1109/1826=60.73384% 

C2 3 weeks 1.098409  2.452522 1221/2171=56.24136% 

6 weeks 1.047674 2.39261 1236/2150=57.4883% 

9 weeks 1.039537 2.377768 1259/2129=59.13574% 

12 weeks 1.042494  2.387301 1250/2108=59.29791% 

15 weeks 1.04728 2.403748 1228/2087=58.84044% 

18 weeks 1.045996 2.411315 1213/2066=58.71249% 

21 weeks 1.046359  2.419314 1217/2045=59.511% 

24 weeks 1.037808  2.406123 1217/2024=60.12846% 

1 year 0.998442 2.339097 1115/1826=61.06243% 

C3 3 weeks 1.109906  2.48798 1223/2171=56.33349% 

6 weeks 1.055307 2.41082 1229/2150=57.16279% 

9 weeks 1.055053 2.421659 1228/2129=57.67966% 

12 weeks 1.060752 2.439104 1201/2108=56.97343% 

15 weeks 1.060371  2.43859 1195/2087=57.25922% 

18 weeks 1.054111 2.433369 1202/2066=58.18006% 

21 weeks 1.054673 2.441708 1202/2045=58.77751% 

24 weeks 1.040956 2.415505 1213/2024=59.93083% 

1 year 1.001591 2.345936 1117/1826=61.17196% 

C4 3 weeks 1.09236  2.440526 1233/2171=56.7941% 

6 weeks 1.045861 2.388063 1234/2150=57.39535% 

9 weeks 1.043386 2.391131 1231/2129=57.82057% 

12 weeks 1.055483  2.422803 1220/2108=57.87476% 

15 weeks 1.056249 2.429257 1209/2087=57.93004% 

18 weeks 1.05143  2.427605 1205/2066=58.32527% 

21 weeks 1.05114 2.433572 1190/2045=58.19071% 

24 weeks 1.04002 2.413539 1201/2024=59.33794% 

1 year 0.9937972  2.327918 1121/1826=61.39102% 

C5 3 weeks 1.127563  2.525029 1207/2171=55.5965% 

6 weeks 1.064627 2.436761 1220/2150=56.74419% 

9 weeks 1.04972 2.405259 1239/2129=58.19634% 

12 weeks 1.04939 2.405633 1232/2108=58.44402% 

15 weeks 1.050743 2.413804 1226/2087=58.74461% 

18 weeks 1.042887 2.403918 1225/2066=59.29332% 

21 weeks 1.043112 2.411237 1220/2045=59.6577% 

24 weeks 1.034403  2.397852 1214/2024=59.98024% 

1 year 0.991341  2.322178 1122/1826=61.44578% 
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Combination No. Training period MASE MAE % age of (ASE < 1) 

C6 3 weeks 1.142571  2.562717 1182/2171=54.44496% 

6 weeks 1.07295  2.453276 1214/2150=56.46512% 

9 weeks 1.062981 2.441984 1244/2129=58.43119% 

12 weeks 1.067097 2.453559 1206/2108=57.21063% 

15 weeks 1.067513 2.455224 1208/2087=57.88213% 

18 weeks 1.05779 2.439513 1206/2066=58.37367% 

21 weeks 1.060996  2.454247 1190/2045=58.19071% 

24 weeks 1.051915 2.439359 1194/2024=58.99209% 

1 year 1.003109  2.349412 1117/1826=61.17196% 

C7 3 weeks 1.129784  2.530474 1185/2171=54.58314% 

6 weeks 1.064354 2.433513 1216/2150=56.55814% 

9 weeks 1.052517 2.413208 1232/2129=57.86754% 

12 weeks 1.060347  2.434101 1228/2108=58.25427% 

15 weeks 1.060278 2.439052 1214/2087=58.16962% 

18 weeks 1.054181 2.432691 1213/2066=58.71249% 

21 weeks 1.055286 2.441472 1186/2045=57.99511% 

24 weeks 1.04935 2.433632 1194/2024=58.99209% 

1 year 0.9958529 2.332712 1124/1826=61.55531% 

C8 3 weeks 1.131252 2.532202 1214/2171=55.91893% 

6 weeks 1.062463 2.429031 1216/2150=56.55814% 

9 weeks 1.051115 2.411502 1234/2129=57.96148% 

12 weeks 1.052778 2.417658 1228/2108=58.25427% 

15 weeks 1.052251 2.418197 1218/2087=58.36128% 

18 weeks 1.051986 2.426499 1210/2066=58.56728% 

21 weeks 1.05312 2.435553 1203/2045=58.82641% 

24 weeks 1.039893 2.410331 1216/2024=60.07905% 

1 year 0.9976691 2.336883 1114/1826=61.00767% 

C9 3 weeks 1.124728 2.516157 1212/2171=55.82681% 

6 weeks 1.057418 2.417487 1219/2150=56.69767% 

9 weeks 1.044911 2.392662 1249/2129=58.66604% 

12 weeks 1.050403 2.408721 1224/2108=58.06452% 

15 weeks 1.050215 2.411767 1232/2087=59.0321% 

18 weeks 1.052127 2.426265 1213/2066=58.71249% 

21 weeks 1.053163 2.435518 1205/2045=58.92421% 

24 weeks 1.045081 2.423122 1208/2024=59.68379% 

1 year 0.9928166  2.32578 1117/1826=61.17196% 

C10 3 weeks 1.133139 2.542714 1209/2171=55.68862% 

6 weeks 1.059236 2.423993 1223/2150=56.88372% 

9 weeks 1.05547 2.424994 1226/2129=57.58572% 

12 weeks 1.064698 2.449719 1207/2108=57.25806% 

15 weeks 1.060962 2.442239 1203/2087=57.64255% 

18 weeks 1.057786 2.44304 1203/2066=58.22846% 

21 weeks 1.058496 2.450774 1185/2045=57.94621% 

24 weeks 1.044122 2.422666 1202/2024=59.38735% 

1 year 0.9967476  2.335075 1119/1826=61.28149% 
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Combination No. Training period MASE MAE % age of (ASE < 1) 

C11 3 weeks 1.165659 2.615375 1191/2171=54.85951% 

6 weeks 1.080643 2.474658 1199/2150=55.76744% 

9 weeks 1.063451 2.444791 1226/2129=57.58572% 

12 weeks 1.061009 2.439208 1218/2108=57.77989% 

15 weeks 1.05865 2.435104 1202/2087=57.59463% 

18 weeks 1.050434 2.423014 1198/2066=57.98645% 

21 weeks 1.050909 2.43025 1204/2045=58.87531% 

24 weeks 1.03932 2.408621 1206/2024=59.58498% 

1 year 0.9932293 2.326445 1122/1826=61.44578% 

C12 3 weeks 1.164069 2.612361 1180/2171=54.35283% 

6 weeks 1.077568 2.467798 1205/2150=56.04651% 

9 weeks 1.05609 2.421309 1226/2129=57.58572% 

12 weeks 1.059318 2.431376 1214/2108=57.59013% 

15 weeks 1.056562 2.429146 1212/2087=58.07379% 

18 weeks 1.051912 2.427113 1223/2066=59.19652% 

21 weeks 1.052273 2.433961 1200/2045=58.67971% 

24 weeks 1.044276 2.421206 1203/2024=59.43676% 

1 year 0.9902974 2.319749 1132/1826=61.99343% 

C13 3 weeks 1.171583 2.630613 1155/2171=53.20129% 

6 weeks 1.078205 2.469939 1214/2150=56.46512% 

9 weeks 1.062535 2.443297 1218/2129=57.20996% 

12 weeks 1.070343 2.463858 1211/2108=57.44782% 

15 weeks 1.068539 2.460934 1213/2087=58.12171% 

18 weeks 1.062993 2.453919 1207/2066=58.42207% 

21 weeks 1.064614 2.463467 1178/2045=57.60391% 

24 weeks 1.055557 2.447663 1197/2024=59.14032% 

1 year 0.9984398 2.338954 1119/1826=61.28149% 

C14 3 weeks 1.15805 2.598818 1168/2171=53.80009% 

6 weeks 1.068544 2.445747 1203/2150=55.95349% 

9 weeks 1.055515 2.424844 1232/2129=57.86754% 

12 weeks 1.058459 2.433022 1214/2108=57.59013% 

15 weeks 1.055287 2.426957 1217/2087=58.31337% 

18 weeks 1.058894 2.443803 1207/2066=58.42207% 

21 weeks 1.060108 2.452424 1187/2045=58.04401% 

24 weeks 1.048257 2.429955 1194/2024=58.99209% 

1 year 0.9953719 2.331938 1114/1826=61.00767% 

C15 3 weeks 1.200299 2.702387 1154/2171=53.15523% 

6 weeks 1.089858 2.500487 1198/2150=55.72093% 

9 weeks 1.067806 2.456962 1219/2129=57.25693% 

12 weeks 1.067256 2.456229 1205/2108=57.16319% 

15 weeks 1.063006 2.447121 1200/2087=57.4988% 

18 weeks 1.059232 2.4456 1212/2066=58.66409% 

21 weeks 1.059051 2.450639 1198/2045=58.58191% 

24 weeks 1.048745 2.431055 1194/2024=58.99209% 

1 year 0.994359 2.329444 1130/1826=61.8839% 
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Table A.3: Actual and forecasted values of daily maximum temperatures from MTS combination C4 and SMHI, 

together with the absolute scaled errors and absolute errors predicted on the basis of one year training period. 

Day 

No. 

Date Actual 

max 

temp 

Forecasts from ASE (|𝑞𝑡|) from AE from 

MTS SMHI MTS SMHI MTS SMHI 

1 21-01-2014 -5.598 -3.822291  -8 0.8050484  1.0889883  1.7757089  2.402 

2 22-01-2014 -5.438 -4.680039  -4 0.3445775  0.6537311  0.7579607  1.438 

3 23-01-2014 -3.799 -4.359132 -3 0.2558508 0.3649583 0.5601320 0.799 

4 10-11-2014 6.938 6.7964153   6 0.06131777  0.40623067  0.1415847  0.938 

5 11-11-2014 6.616 6.7768370   5 0.06977376  0.70104783  0.1608370  1.616 

6 12-11-2014 1.918 7.3277161   2 2.34718339  0.03557840  5.4097161  0.082 

7 13-11-2014 -1.116 2.4334798  -1 1.53356016  0.05011804  3.5494798  0.116 

8 14-11-2014 0.034 -0.6391564   1 0.29032277  0.41662204  0.6731564  0.966 

9 15-11-2014 0.927 1.2600040   1 0.14370159  0.03150178  0.3330040  0.073 

10 16-11-2014 3.828 2.3404290 2 0.64480370 0.79236633 1.4875710  1.828 

11 17-11-2014 3.966 5.1638095   2 0.51758799  0.84953239  1.1978095 1.966 

12 18-11-2014 3.880 4.3177134   1 0.18992269  1.24962451  0.4377134  2.880 

13 19-11-2014 2.311 4.0981094   2 0.77627341  0.13509024  1.7871094  0.311 

14 20-11-2014 2.217 3.6260728   1 0.61423461  0.53050740  1.4090728  1.217 

15 21-11-2014 0.565 3.2020429   1 1.15050367  0.18978421  2.6370429  0.435 

16 22-11-2014 -1.357 1.6680626 1 1.31746187 1.02651022 3.0250626 2.357 

17 03-12-2014 4.979 2.5425966  5 1.07656405  0.009279188  2.43640345  0.021 

18 04-12-2014 5.724 4.9411720  3 0.34805657   1.211129528  0.78282799  2.724 

19 05-12-2014 4.285 6.3851396  3 0.93668924  0.573126501  2.10013963  1.285 

20 06-12-2014 2.039 4.5861106  2 1.13473566  0.017374468  2.54711059  0.039 

21 07-12-2014 4.953 2.4726650  2 1.10453704  1.315023110  2.48033502  2.953 

22 08-12-2014 5.096 5.1948969  3 0.04404479  0.933476077 0.09889689  2.096 

23 09-12-2014 -0.043 5.7922986  -4 2.60452017 1.766162614  5.83529864 3.957 

24 10-12-2014 3.646 0.9614455 2 1.20446375  0.738501437  2.68455448  1.646 

25 11-12-2014 3.978   3.1178366  2 0.38772679  0.891602252  0.86016336  1.978 

26 12-12-2014 3.739 4.0532966 3 0.14178418 0.333374644 0.31429658 0.739 

27 20-01-2015 -6.799 -4.65969827  -6 0.92323012  0.3448138  2.13930173  0.799 

28 21-01-2015 -4.384 -5.82654793  -7 0.62141924  1.1269176  1.44254793  2.616 

29 22-01-2015 -8.620 -3.47359002  -10 2.21106425  0.5928927  5.14640998  1.380 

30 29-01-2015 1.989 2.14226040   1 0.06583459  0.4248352  0.15326040  0.989 

31 30-01-2015 0.536 1.83429027   1 0.55831536  0.1995381  1.29829027  0.464 

32 31-01-2015 -0.314 0.80748312 1 0.48149468  0.5641494  1.12148312  1.314 

33 01-02-2015 -1.714 -0.14784829 -3 0.67537970 0.5545684 1.56615171 1.286 

34 04-05-2015 11.29 11.809509  9 0.2132107  0.9398346  0.5195089  2.29 

35 05-05-2015 9.70 11.369209   10 0.6852191  0.1231516  1.6692088  0.30 

36 06-05-2015 12.55 9.923892  8 1.0768412  1.8657372  2.6261081  4.55 

37 07-05-2015 15.52 12.282149  11 1.3245095  1.8489990  3.2378507  4.52 

38 08-05-2015 9.69 15.268970   7 2.2818848  1.1002515  5.5789701  2.69 

39 09-05-2015 14.46 9.922150  9 1.8572610  2.2346806  4.5378498  5.46 

40 10-05-2015 10.63 14.194462  11 1.4543624  0.1509664  3.5644624  0.37 

41 11-05-2015 12.48 10.834757 12 0.6688010 0.1951228 1.6452432 0.48 

42 12-05-2015 14.40 12.320445 10 0.8469405 1.7919880 2.0795554 4.40 
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