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Abstract 

In Sweden, all banks must report their regulatory capital in their reports to the market 
and their models for calculating this capital must be approved by the financial 
authority, Finansinspektionen. The regulatory capital is the capital that a bank has to 
hold as a security for credit risk and this capital should serve as a buffer if they would 
loose unexpected amounts of money in their lending business. Loss-Given-Default 
(LGD) is one of the main drivers of the regulatory capital and the minimum required 
capital is highly sensitive to the reported LGD.  
 Workout LGD is based on the discounted future cash flows obtained from 
defaulted customers. The main issue with workout LGD is the incomplete workouts, 
which in turn results in two problems for banks when they calculate their workout 
LGD. A bank either has to wait for the workout period to end, in which some cases 
take several years, or to exclude or make rough assumptions about those incomplete 
workouts in their calculations. 
 In this study the idea from Survival analysis (SA) methods has been used to 
solve these problems. The mostly used SA model, the Cox proportional hazards model 
(Cox model), has been applied to investigate the effect of covariates on the length of 
survival for a monetary unit. The considered covariates are Country of booking, 
Secured/Unsecured, Collateral code, Loan-To-Value, Industry code, Exposure-At-
Default and Multi-collateral. The data sample was first split into 80 % training sample 
and 20 % test sample. The applied Cox model was based on the training sample and 
then validated with the test sample through interpretation of the Kaplan-Meier survival 
curves for risk groups created from the prognostic index (PI). The results show that the 
model correctly rank the expected LGD for new customers but is not always able to 
distinguish the difference between risk groups. 
 With the results presented in the study, Nordea can get an expected LGD for 
newly defaulted customers, given the customers’ information on the considered 
covariates in this study. They can also get a clear picture of what factors that drive a 
low respectively high LGD. 
 

Key words: Survival analysis, Cox proportional hazards model, Loss-Given-Default, 
workout LGD, Recovery data. 
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Sammanfattning 

I Sverige måste alla banker rapportera sitt lagstadgade kapital i deras rapporter till 
marknaden och modellerna för att beräkna detta kapital måste vara godkända av den 
finansiella myndigheten, Finansinspektionen. Det lagstadgade kapitalet är det kapital 
som en bank måste hålla som en säkerhet för kreditrisk och den agerar som en buffert 
om banken skulle förlora oväntade summor pengar i deras utlåningsverksamhet. Loss-
Given-Default (LGD) är en av de främsta faktorerna i det lagstadgade kapitalet och 
kravet på det minimala kapitalet är mycket känsligt för det rapporterade LGD.  
 Workout LGD är baserat på diskonteringen av framtida kassaflöden från kunder 
som gått i default. Det huvudsakliga problemet med workout LGD är ofullständiga 
workouts, vilket i sin tur resulterar i två problem för banker när de ska beräkna 
workout LGD. Banken måste antingen vänta på att workout-perioden ska ta slut, vilket 
i vissa fall kan ta upp till flera år, eller så får banken exkludera eller göra grova 
antaganden om dessa ofullständiga workouts i sina beräkningar. 
 I den här studien har idén från Survival analysis (SA) metoder använts för att 
lösa dessa problem. Den mest använda SA modellen, Cox proportional hazards model 
(Cox model), har applicerats för att undersöka effekten av kovariat på livslängden hos 
en monetär enhet. De undersökta kovariaten var Land, Säkrat/Osäkrat, Kollateral-kod, 
Loan-To-Value, Industri-kod Exposure-At-Default och Multipla-kollateral. 
Dataurvalet uppdelades först i 80 % träningsurval och 20 % testurval. Den applicerade 
Cox modellen baserades på träningsurvalet och validerades på testurvalet genom 
tolkning av Kaplan-Meier överlevnadskurvor för riskgrupperna skapade från 
prognosindexet (PI).  
 Med de presenterade resultaten kan Nordea beräkna ett förväntat LGD för nya 
kunder i default, givet informationen i den här studiens undersökta kovariat. Nordea 
kan också få en klar bild över vilka faktorer som driver ett lågt respektive högt LGD. 
 
Nyckelord: Överlevnadsanalys, Cox proportional hazards model, Loss-Given-
Default, workout LGD, Återhämtningsdata. 
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Abbreviations and explanations 

 
PD Probability of Default.  

 
EAD Exposure-At-Default. EAD is the exposure (amount of funds) that is 

still left unpaid at the start of the default. 
 

LGD Loss-Given-Default. LGD is the experienced loss, as a percentage of EAD, 
for a bank or financial institution when a borrower defaults on its loans.  
 

CF Cash flow.  
 
DCF Discounted Cash flow.  

 
SA Survival analysis. Survival analysis methods are a class of methods 

studying the time to a specific event. 
 
PI Prognostic index.  

 
Cox model 
Cox proportional hazards model. A Survival analysis model that is often used in 
medical research. 

 
Discount rate 
The rate that is used to calculate the present value of future cash flows.
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1. Introduction 
 

 
The introductory chapter will start with the introduction to the problem background to 
Loss-Given-Default estimation and Survival analysis methods. This is followed by a 
summary of the investigated factors. Addressed lastly is the purpose, problem 
formulation and delimitation.  
 
 

1.1 Background 
 

In Sweden, all banks must report their regulatory capital in their reports to the market. 
Their models for calculating this capital must be approved by the financial authority, 
Finansinspektionen, since Sweden is one of many countries that follow the banking 
regulations of the Basel accords. The Basel regulations are a regulatory framework 
concerning banks capital adequacy and were formed by a committee consisting of the 
G10 countries’ central bank governors in 1974. The frameworks are designed to 
improve the supervision, regulation and risk management within the banking sector 
and since the first accord was formed there have been additional frameworks that 
refine, update, complement and add additions to the first. As for today the 
implementation of the Basel ΙΙΙ framework is in progress (Basel Committee on 
Banking Supervision [BCBS], 2015). 

The regulatory capital is the capital that a bank has to hold as a security for 
credit risk and if they would loose unexpected amounts of money in their lending 
business, this capital should serve as a buffer. The regulatory capital is determined by 
a number of key drivers of credit risk, where the main drivers are Probability of 
Default (PD), Loss-Given-Default (LGD), Exposure-at-Default (EAD) and the 
underlying risk ratings. The bank has to use specific models predetermined by the 
financial authorities for calculating its regulatory capital. All Swedish banks have to 
follow the “Internal rating-based approach” referred to as the IRB approach. In the 
latest Basel regulations each bank can choose to follow one of three different 
approaches in the IRB approach: 

• Standardised approach, 
• Foundation approach or  
• Advanced approach. 

Banks that use the standardised approach are provided with fixed risk weights, while 
banks using the foundation approach, are allowed to model and calculate PD estimates 
themselves while provided with prescribed measures for the other risk drivers. The 
advanced approach, however, allows banks to model and calculate all drivers by 
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themselves but with a restriction of some minimum requirements described in the 
Basel ΙΙ framework. The minimum required capital is highly sensitive to the reported 
LGD. For this reason, LGD is a particularly important component of the IRB approach 
and correct definitions and measurements come to be of great importance (BCBS, 
2005, s.60).  

Nordea is approved, by the financial authorities, to use the advanced approach 
and are thereby using their own models when calculating the drivers of regulatory 
capital. 

1.2 Loss-Given-Default estimation methods 
 
There are in general four methods available for estimation of LGD. First, the market 
LGD that is derived from the reflection of market prices on marketable loans or 
defaulted bonds soon after default. Second, the implied LGD that is derived from non-
defaulted risky bond prices by processes of an asset-pricing model. Third, the implied 
historical LGD that is constructed for retail portfolios only and that can be deduced 
from the experience of total losses and PD estimates. At last, the most important 
method for this study is the workout LGD. The workout LGD is based on the 
discounted future cash flows obtained from defaulted customers, where default is 
when a borrower is unable to pay its obligations to the lender. The cash flows are a 
result of a workout process where observations of a customer’s recovery process are 
made. The workout process can be described as the process from the date of default to 
the end of the recovery process. The recovery process is simply the observed cash 
flows that the customer is able to pay back to the lender during the default period.  

The workout process consists of three main components: the recoveries (cash or 
non-cash, i.e. collaterals), the costs (direct or indirect) arising from the collection of 
recoveries and the discount factor applied to the cash flows in order to express the 
cash flows in terms of monetary units at the date of default (BCBS, 2005, s.60, s.66). 
The recoveries can sometimes be hard to obtain since non-cash recoveries, like 
repossessions, are difficult to track. Cash recoveries are relatively easy to incorporate 
into the LGD but non-cash recoveries are typically treated on a case-by-case basis. 
The costs should in theory include both direct and indirect costs. How to assign direct 
costs to defaulted facilities and how to allocate indirect costs are very difficult. The 
discount rate of which to discount the recoveries and costs is particularly important. 
There are two broad groups to classify the discount rate: historical and current rates 
(BCBS, 2005, s. 67-68).  
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1.3 Problem with workout Loss-Given-Default 
 
To be able to calculate the workout LGD, the workout process has to be completed for 
each loan. As a consequence, the bank either has to wait for the workout period to end 
for all loans, in which some cases take several years, or to exclude or make rough 
assumptions about those incomplete workouts in their calculations. There are two 
obvious problems that arise in this method of estimating the LGD. The first issue is 
regarding the time; more specifically how long a bank actually can wait for the 
workouts to be completed. Time is restricted since the regulatory capital is quarterly 
reported. Hence, a bank cannot wait for all workouts to be completed. The other issue 
is closely related to the first and regards the removal or handling of these incomplete 
workouts. Even though the information obtained by the workouts process is 
incomplete, it still contains valuable information to some extent. As stated by BCBS 
(2005,s.65): “Banks may find it useful to include incomplete workouts in certain cases 
if they can associate some loss estimates with those facilities”. To assure that all the 
information has been used it is thereby important to find a method that handles these 
issues. 

1.4 Survival analysis methods 
 

In this project, a Survival analysis (SA) method is applied to address these problems. 
SA is a class of statistical methods for analysing the expected duration of time until 
one or several events of interest occur. The event can for example be death or divorce 
and the duration of time to the event, the survival time, can be measured in any time 
measure appropriate for the analysis, for example in days or in months. In recovery 
data, the portfolio of defaulted customers’ total loan amounts, outstanding exposures, 
can be seen as the subjects in the study. Therefore, can the repayment of each single 
monetary unit be seen as the event and the survival time can be seen as the time to 
repayment of each unit. 

The strength of SA methods is that they can handle incomplete observations, 
i.e. the incomplete workouts, which are classified as censored observations. Censored 
observations are subjects that have survived until a point in time to where they have 
no further information. This strength can thereby handle the problem of incomplete 
workouts in the LGD data and thereby also solve the time issue. This means that all 
the available information can be considered in the calculations of the LGD estimate 
and that there is no need to wait for incomplete workouts to be completed. SA 
methods are also recognized methods in medical research and should thereby be seen 
as appropriate methods for this kind of problem.  
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1.5 Available data 
 
In LGD modelling it is interesting to investigate the driving factors of the LGD 
estimate. In order to find reasonable explanations to the final estimate, we collected a 
lot of information concerning customers’ characteristics, provided by Nordea. Given 
their information, customers can be divided into groups and each group can be further 
investigated in order to find indications and explanations to what factors that drive the 
LGD estimate. The potential features of costumers that will be applied and considered 
in the final model are listed as follows: 

• Country of booking - where the loan was booked. 
• Secured/Unsecured – the customer has some security (collateral) connected to 

the loan or not, for example a warehouse. 
• Collateral code – the collateral is assigned to a group, for example real estate 

properties, and thereby given a group code. Unsecured loans are grouped 
together under a common group code. 

• Loan-To-Value – this applies to how much of the loan that was covered by 
collaterals.  

• Industry code – a code for the industry in which the company does its main 
business in. 

• Exposure-At-Default – how much exposure the loan account had at default. 
• Multi-collateral – how many different collateral categories (collateral codes) 

that were connected to the loan.  
 
These are the covariates that were investigated as possible explanatory variables to the 
LGD estimate. These were set to the information they had at default and did not vary 
over time. Other information about each customer, such as information about the loan 
and recovery process, in particular, was used in the modelling of the LGD estimate.  

1.6 Purpose 
 
The purpose of this master’s thesis project is to implement a Survival analysis method 
on recovery data in order to estimate Loss-Given-Default, investigate what drives the 
estimate and to compare the estimate between different groups among the covariates 
of interest.  
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1.7 Problem formulation 
 
Based on the purpose and the interests of Nordea, the following questions are to be 
answered in this report: 
 

• Is Survival analysis applicable in estimation of workout LGD? 
• How well does the model performs in terms of distinguishing between risk 

groups and estimating LGD for new customers? 

1.8 Delimitations 
 
The content of this thesis has been limited due to secrecy agreements and some parts, 
mostly concerning the data and the results, are not presented to its full extent. 

This study was limited to Nordea’s corporate customers only, leaving out for 
example retail customers. The data set of customers contained only those customers 
that went in default in the period between 2005-05 and 2014-12.  

There are several SA methods, but this study is restricted to apply the Cox 
proportional hazards model (Cox model) and to validate the model’s predictive ability 
with the Kaplan-Meier survival curves for risk groups. The choice of model is 
motivated by the fact that the Cox model is not restricted to any assumptions on an 
underlying distribution of the survival times and the choice of method to investigate 
predictive ability is motivated by the fact that the Kaplan-Meier curves are easy to 
interpret.  

The investigation of drivers of the LGD estimate was chosen in discussion with 
Nordea and was limited to those presented in section 1.5. 

1.9 Disposition 
 
The first chapter introduces the problem background and the idea with survival 
analysis in recovery data. It also states the purpose of the study and the limitation that 
were imposed on the study. The summarization of SA methodology and a more in-
depth going through of the applied methods are presented in Chapter 2. The 
interpretation of survival analysis’ general idea and notations in recovery data as well 
as a summary of the recovery process is presented in Chapter 3. In Chapter 4 the 
study’s results is presented as well as illustrations in graphs and tables. At last, 
Chapter 5 contain discussion on the study’s results as well as a connection to the 
purpose and recommendations for further research.  
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2. Theory	
	
 
In the theory chapter the reader will be provided with a more in-depth going through 
of Survival analysis terminology and features. The Survival analysis methods, Life 
table (actuarial method) and Cox proportional hazards model will be presented in the 
last sections of this chapter. 
 

 

2.1 Survival analysis 
 
Section 1.4 presented a short description of SA methods and the connection to the 
problems with workout LGD. This section will present SA more in depth.  

2.1.1 Notations 
 
The goal in SA, as mentioned in section 1.5, is to predict the duration to an event. SA 
is often regarded in medical research and the subjects of a study are selected on some 
common distinguishing factor, for example patients with lung cancer. These subjects 
are studied over the period of their decease and the follow-up of a subject are finished 
either; when they experience the event, in cancer patients it is often death, or when the 
study has ended. The end of the study can be selected in different ways, for example 
when a percentage of the subjects has experienced the event or when all have. The 
most common way of selection is to set a pre-determined date of closure and ignore 
how many subjects that are still alive at that time.  
 If the study is time-restricted, some subjects may not have experienced the event 
when the study ends. The survival for those subjects is thereby unknown after the end 
of the study. Their survival history is thereby incomplete and they have no further 
information beyond the scope of the study. 

2.1.2 Properties 
 
The basic notations and the general idea in SA were described in section 2.1, but there 
are some properties in SA data and models that are particularly of interest when 
analysing data of this kind. The first property concerns the survival times, which are 
typically positive numbers. Intuitively, the time variable, describing the time to the 
occurrence of a specific event, starts counting time when the study starts. Events 
before the start of the study have not been observed and usually not of interest; 
nevertheless, their survival time cannot be negative. 

The second property concerns the handling of incomplete observations and is a 
very important property when it comes to the motivation of SA methods in recovery 
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data. In general, ordinary linear regression methods cannot handle these observations, 
but in SA the information in these observations can be used together with the complete 
observations to estimate the survival rate. These incomplete observations are treated as 
censored observation, which means that they contribute to the estimation of the 
survival rate up until the extent to where they are no longer a part of the study.  

The outcome variable is a time variable measuring time to the event. This time 
variable together with the event status variable, which indicates the experience of 
event or not, are the two dependent variables in SA. With help of those variables two 
key concepts can be obtained; the survival function and the hazard function, which are 
functions describing the distribution of event times. These and other important 
concepts in SA will be addressed further in section 2.2. 

2.1.3 Censored observations 
 

Censored data is a type of missing data and can be classified depending on what 
information that is missing from the censored observation. An observation can be 
incomplete and thereby censored due to three reasons; the subject dropped out, was 
lost to follow-up or did not experience the event before the end of the study. The first 
two reasons will occur before the end of the study, which mean that the subjects 
contribute to the study until they have no further observations on their survival status. 
The latter case means that the subjects contribute with information until the end of the 
study but has not been observed to experience the event yet and are thereby censored 
since no further observations will be made and that the subject survived the whole 
study.   
  There are three types of censoring in SA (Clark et al., 2003, s.232): 

• Right-censoring, 
• Left censoring and 
• Interval-censoring. 

Right censoring occurs when observations are lost to follow-up, they drop out of the 
study for other reasons or the study is terminated before every subject has experienced 
the event. Left censoring is when some of the observations have already experienced 
the event before the study started. Interval-censoring arises when the event cannot be 
observed but can be determined to lie in a certain time interval.  
 The censoring has to be “non-informative”, i.e. “independent”, in order for 
validity to apply in the standard models of SA (Clark et al, 2003, s.236). This implies 
that there should not be a dependency between the censoring of a subject that is lost to 
follow-up and the time of event. An example of informative censoring is when a study 
follow cancer patient and a patient is lost to follow-up due to health reason caused by 
the cancer. This implies a dependency between the reason that the subject is lost to 
follow-up and the subject’s time to event, in this case death. Informative censoring 
would in this case overestimate the survival since this patient would probably have a 
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higher risk of experiencing the event earlier than those that do not have decreasing 
health issues.  

2.1.4 Illustration of Survival Analysis data 
 
The information about survival for subjects in a study can be depicted in a figure. 
Figure 1 illustrates a study of eight subjects with information about their survival 
times. The study starts at a date where four of the subjects enter the study. During the 
time of the study, additionally four subjects enter the study. There are four subjects 
that experience the event during the study, three that are lost to follow-up or that 
withdrew from the study and one subject that are part of the study until the end date. 
The subject that are observed at the end of the study has not yet experienced the event 
and, are together with the lost or withdrawn subjects, censored since the event time for 
these subjects are not observed.  
 The dependent time variable measure time from when the subject is “at-risk” to 
when the subject experience the event or being censored. “At-risk” is when the subject 
is actually at risk of experiencing the event. For example, if the study is to measure the 
expected time to divorce, then the subjects “at-risk” can only be those subjects that are 
in a marriage. This means that people cannot be subjects if they do not live in a 
marriage, but they may enter during the study if they do get married. When subjects 
enter at later stages of the study, they start to be at-risk and their time to event variable 
starts counting the time from at-risk to event. The subjects are all therefore 
transformed to the time at when they are at-risk and how the transformation looks like 
is illustrated in Figure 2. The subjects still have the same observed information about 
their survival but since the time axis now is determined by the dependent time 
variable, all subjects starts at zero.  
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Figure 1. Example of a study with eight subjects and their survival information. 

 
Figure 2. The transformed example from Figure 1. 
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2.2 Survival Analysis concepts 
 
Section 2.1 introduced the most important concepts of SA, survival and hazard 
function. These concepts together with some basic statistical concepts will be 
addressed in this section. 

As described earlier throughout chapter 2, the most important variable is the 
random time variable, T. The reason this variable T is a random variable is because all 
standard approaches to SA are stochastic or probabilistic (Allison, 2010 s.15). This 
means that T, which is the time of the occurrence of an event, are assumed to follow 
some random process and by that having a probability distribution. This distribution is 
usually the distinguishing factor in different SA models. The basic concepts of these 
probability distributions will be covered in this section as well. 

2.2.1  Statistical concepts 
 
Let the random time variable, T, have the following properties: 

• 𝑇 ≥ 0, as discussed in section 2.1, 
• 𝑇 is either continuous defined on 0,∞  or discrete (taking a finite set of 

values, e.g. 𝑎!,𝑎!,… ,𝑎!). 
In order to be able to define this variable, the following conditions have to be stated: 

• A start date where something explicit occurs, like entering a marriage, 
• A time scale on the follow-ups, like days or months and  
• A clear definition of the event, like death or divorce. 

 
After this is done, some statistical concepts may be introduced. The cumulative 
distribution function (CDF) describes the probability that the random variable T will 
be less than or equal to any preferably chosen variable t. This concept works for all 
random variables and can be used to get the probability of experiencing the event up 
until a given point in time t. The CDF of a random variable T, denoted 𝐹! 𝑡 , is 
defined by (Smith & Smith, 2000 s.2) 

 𝐹! 𝑡 = 𝑃! 𝑇 < 𝑡 . 

The probability density function (PDF) is the derivative of the CDF and hence also the 
slope. The PDF will give the probability of experiencing the event at a specific point 
in time t. For a random variable T, the PDF is denoted f!(𝑡) and defined by (Smith & 
Smith, 2000 s.2) 

 𝑓! 𝑡 = !!! !
!"

. 

For a discrete random variable T that takes values in 𝑎!,𝑎!,… ,𝑎! the density function 
is instead given by (Ibrahim, 2005, s.17)  
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𝑓! 𝑡 = 𝑃 𝑇 = 𝑡 =
𝑓!     𝑖𝑓 𝑡 = 𝑎! , 𝑗 = 1,2,… ,𝑛 
0    𝑖𝑓 𝑡 ≠ 𝑎! , 𝑗 = 1,2,… ,𝑛  

 

2.2.2 The Survival Function 
 
Remember that 𝑇 ≥ 0 and let T have a PDF 𝑓 𝑡  and CDF 𝐹 𝑡 . Then the survival 
function, 𝑆! 𝑡 , for a continuous random variable is expressed as (Smith & Smith, 
2000 s.2) 

  𝑆! 𝑡 = 𝑃 𝑇 > 𝑡 = 1− 𝐹 𝑡 = 𝑓 𝑢 𝑑𝑢!
!  

or for a discrete random variable (Ibrahim, 2005, s.18) 

  𝑆! 𝑡 = 𝑃 𝑇 > 𝑡 = 𝑓!!!!! . 

This means that the survival function presents the probability of surviving beyond time 
t or equivalently not experiencing the event before or at time t. As 𝐹 𝑡  is ranging 
between 0 and 1 the survival function also ranges between 0 and 1. It is defined as 
𝑆 0 = 1 and as t approaches ∞, 𝑆 𝑡  approaches 0. 

2.2.3 The Hazard Function 
 
The hazard function, 𝜆 𝑡 , for a continuous random variable can be described as the 
probability that an observation will experience the event somewhere between time t 
and t+𝛥, given that the observation survived beyond time t. Hence it describes the 
concept of the risk of experiencing the event in a given time interval after time t, 
conditional on the observation having survived to time t. It is given by (Smith & 
Smith, 2000 s.2-3) 

  𝜆 𝑡 = 𝑃 𝑡 < 𝑇 < 𝑡 + ∆ | 𝑇 > 𝑡 . 

It can also be expressed in terms of the PDF, CDF and the survival function as 

  𝜆 𝑡 = 𝑃 𝑡 < 𝑇 < 𝑡 + ∆ | 𝑇 > 𝑡 = ! !
!!! !

= ! !
! !

. 

 
In the discrete setting 𝜆 𝑡  can be described as the probability that an observation 
experience the event at time 𝑎! conditional on the fact that it survived until time 𝑎!. It 
is given by (Ibrahim, 2005, s.19) 

  𝜆 𝑎! = 𝜆! = 𝑃 𝑇 = 𝑎! 𝑇 ≥ 𝑎!). 

In terms of the PDF and the survival function this can be expressed as 

  𝜆 𝑎! = 𝜆! = 𝑃 𝑇 = 𝑎! 𝑇 ≥ 𝑎!) =
! !!
! !!

. 
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In SA, this hazard function seems more intuitive to use than the PDF because it 
attempts to quantify the instantaneous risk that an event will take place at time t given 
that the observation survived to time t (Smith & Smith, 2000 s.3). 

2.2.4 The Cumulative Hazard Function 
 
The cumulative hazard function, Λ 𝑡 , is the cumulated function of the hazard rates 
given in the hazard function. As the hazard function describes the risk of experiencing 
the event in a given time period, the cumulative hazard function is the accumulated 
hazard rates up to a given point in time. In the continuous case it can be described as 
(Ibrahim, 2005, s.22; Nelson, 2000, s.13) 

𝛬 𝑡 = 𝜆 𝑢 𝑑𝑢
!

!
= − ln 1− 𝐹 𝑡  

and in the discrete case as 

𝛬 𝑡 = 𝜆!
!:!!!!

. 

2.2.5 Relationship between the Survival Function and The 
Cumulative Hazard Function 

 
In the continuous case, the relationship between the survival function and the 
cumulative hazard function can be expressed as (Ibrahim, 2005, s.22) 

 𝛬 𝑡 = 𝜆 𝑢 𝑑𝑢 = ! !
!(!)

𝑑𝑢 = − !
!"
log 𝑆 𝑢 𝑑𝑢 =!

!
!
!

!
!

− log 𝑆 𝑡 + log 𝑆(0) ⇒ 𝑆 𝑡 = 𝑒!!(!). 

In the discrete case we assume that 𝑎! < 𝑡 < 𝑎!!! and we get the relationship between 
the Survival function and the cumulative hazard function by 

  𝑆 𝑡 = 𝑃 𝑇 ≥ 𝑎!,𝑇 ≥ 𝑎!,… ,𝑇 ≥ 𝑎!!! = 𝑃 𝑇 ≥ 𝑎! ∗

𝑃 𝑇 ≥ 𝑎! 𝑇 ≥ 𝑎! ∗… ∗ 𝑃 𝑇 ≥ 𝑎!!!|𝑇 ≥ 𝑎! = 1− 𝜆! ∗… ∗ 1− 𝜆!  

= 1− 𝜆!
!:!!!!

 ⇒ 𝑆 𝑡 = 1− 𝜆!
!:!!!!

. 

2.3 Non-parametric- versus parametric methods 
 
In SA there are mainly two different directions in which method to use, either a non-
parametric- or a parametric method. Today, the most frequently used method is in fact 
neither of the two and is in fact called as a semi-parametric method (Allison, 2010 
s.38). This method is the Cox proportional hazards model (Cox model) that uses the 
Cox regression method and will be covered later in this chapter.  
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The parametric methods are methods where the underlying distribution of the 
survival times is assumed to be following a specific distribution, for example 
exponential or Weibull distribution. An important feature of the parametric methods is 
that they can use regression to estimate the effect of covariates. Non-parametric 
methods are instead free of assumptions regarding the underlying distribution and do 
not estimate any covariate effects but are simple and practical for standard tests, like 
comparing different survivor functions between groups. 

Another feature that separates these methods, apart from the distribution of the 
survival times and covariate estimates, is that non-parametric methods typically 
studies the survival function and regression methods examine the hazard function 
(UCLA: Statistical Consulting Group [UCLA], 2007). 

Since the parametric methods needs the assumption of an underlying distribution of 
the survival times, this following section will only cover a non-parametric method 
used to estimate the survivor function and as well as the Cox model for the regression. 
The Cox model does, like the parametric methods, handle regression to estimate 
covariate effects and because of that the parametric methods will not be needed in 
order to fulfil the purpose of the thesis and hence not discussed further. 

2.4 Non-parametric methods 
 
When it comes to SA and non-parametric methods, there are two mainly used methods 
to estimate the survivor function. The Kaplan-Meier method and the life-table, also 
called actuarial method, both estimate the survivor function but suits for different 
types of event times. If the number of observations is small and the event times are 
measured with precision the Kaplan-Meier method is more suitable. The life-table or 
actuarial method suits better when the data set is large or when the measurement of 
event times is crude (UCLA, 2007). Life-table method will be discussed further in the 
next section since the data in this thesis project are extensive and the recorded event 
times are not measured with precision.  

2.4.1 Life-table (actuarial method) 
 
This method divides the time between the start and end of the study into smaller 
intervals for which several events can occur in one interval. The length of each 
interval can vary but is often of equal length. Let [𝑡, 𝑡 + 1) be the length of the interval 
starting at time 𝑡. Then the following notations can be introduced (Cutler & Ederer, 
1958, s.703): 

• 𝑙! are the objects still alive at the beginning of the interval, 
• 𝑑! are the objects experiencing the event during the interval, 
• 𝑢! are the objects that are lost to follow up during the interval, 
• 𝑤! are the objects withdrawn from the study during the interval, 



 14 

• 𝑙!!  are the effective number of objects exposed to risk of dying during the 
interval, 

• 𝑞! proportion of objects dying during the interval, 
• 𝑠! proportion of objects surviving the interval, 
• 𝑆! cumulative proportion surviving from the start of the study to the end of 

the interval. 

2.4.2 Computation of survival rates 
 
The objects alive at the beginning of the first time interval are just the number of 
objects that enter the study. For the computation of the successive entries the 
experienced events, losses to follow up and the withdrawn objects have to be 
considered as follows (Cutler & Ederer, 1958, s.704) 

  𝑙! | ! = 𝑙! − 𝑑! + 𝑢! + 𝑤! . 

The objects alive at the start of the 𝑙! | ! interval can be expressed as the objects alive at 
the previous interval subtracted by number of objects that experienced the event, 
objects loss to follow up and objects withdrawn from the study.  
 The objects lost or withdrawn, during an interval, are in this method assumed to 
be exposed to the risk of experiencing an event for only half of the interval. This is 
since the model assumes that the losses and withdrawals of objects are equally 
distributed during the interval. The effective number of objects exposed to risk of 
dying during an interval is thus expressed as (Cutler & Ederer, 1958, s.704) 

  𝑙!! = 𝑙! − 𝑢! + 𝑤! /2. 

The proportion of objects dying during the interval, also expressed as the probability 
of dying in that interval, will then be obtained by 

  𝑞! = 𝑑!/𝑙!!   

and subsequently the proportion of objects surviving the interval, i.e. the survival rate, 
is    

  𝑠! = 1− 𝑞!. 

Finally, the cumulative proportion of objects surviving from the start of the study to 
the end of the interval is obtained by (Cutler & Ederer, 1958, s.705) 

 𝑆! = 𝑠! ∗ 𝑠! ∗… ∗ 𝑠! . 

2.5 Cox proportional hazards model 
 
Cox first introduced the Cox proportional hazards model in 1972. One of the features 
that separate the life-table method with the Cox model is that the Cox model estimates 
the relationship of covariates to survival (Therneau & Grambsch, 2000 s.39).  
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 Let 𝑋!" 𝑡  be the 𝑗: 𝑡ℎ covariate of the 𝑖: 𝑡ℎ object, where 𝑖 = 1,… ,𝑛 and 
𝑗 = 1,… ,𝑝. This can also be formulated as an 𝑛×𝑝 matrix on the set of covariates and 
where 𝑋! denotes the covariate vector for object 𝑖, that is, the 𝑖: 𝑡ℎ row of the matrix. 
In the case of fixed, i.e. not time dependent, covariates over time 𝑋! is a vector of 
covariate values. In the case of time dependent covariates, i.e. covariates that vary 
over the time of the study, one can employ 𝑋! 𝑡 . Given 𝑋! the Cox model specifies 
the hazard for object 𝑖 as 

  𝜆! 𝑡 = 𝜆! 𝑡 𝑒!! ! ! 

where 𝜆! 𝑡  is an unspecified non-negative function of time called the baseline hazard 
and 𝛽 is a 𝑝×1 column vector of coefficients. A valuable property of the exponential 
function, and the reason to why it is used in the Cox model, is that it cannot be 
negative. This is also a key characteristic of the defined event in SA. This event can 
never be negative; a death of a patient in a study cannot for example be undone. This 
will in the end ensure that the final estimates are possible (Therneau & Grambsch, 
2000 s.39). One important assumption of the Cox model, and actually why it is called 
proportional hazards model, is that the hazard ratio for two objects with fixed 
covariate vector 𝑋! and 𝑋! is constant over time. This primary assumption is expressed 
as 
 

  !! !
!! !

= !! ! !!!!

!! ! !
!!!

= !!!!

!!!!
. 

 

2.5.1 Partial likelihood 
 
In order to estimate the 𝛽 coefficients of the proportional hazards model, i.e. what 
effect the given covariates have on the hazard functions, one can introduce the partial 
likelihood function. The purpose of only using a partial likelihood is that you do not 
have to specify the baseline hazard function 𝜆! 𝑡  (Allison, 2010 s. 128). The model 
𝜆! 𝑡 = 𝜆! 𝑡 𝑒!! ! ! can be factored into two parts: 

• 𝜆! 𝑡  and 𝜷 = [𝛽!,𝛽!,… ,𝛽!]′ as the first part and, 
• 𝜷 alone as the other part. 

The partial likelihood discard the first part and treat the second part, in this case the 
partial likelihood function, as though it were an ordinary likelihood function (Allison, 
2010 s.128). The values of 𝜷 that maximize the partial likelihood are then the 
estimates. But what about the part that is discarded, that part also contains information 
about the 𝜷 estimates? These estimates will not be fully efficient and as a result their 
standard errors are larger than the estimates for an entire likelihood. Efron (1977) 
however points out that, in most cases, the loss of efficiency is quite small. What you 
instead get from the partial likelihood is robustness in the form of good properties of 
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the estimates. They will still have the properties that they are consistent and 
asymptotically normal which for large samples mean that they are approximately 
unbiased and their sampling distribution is approximately normal (Allison, 2010 
s.129). 
 A final interesting property of these partial likelihood estimates is that they do 
not depend on the event time’s numerical values, but only on their ranks. This 
indicates that any monotonic transformation of the event times will not affect the 
coefficient estimates.  
 Let 𝑖 = 1,… ,𝑛 represent the 𝑛 independent objects. For each object 𝑖, we have 
the following notations: 

• 𝑡!, the time of the event or the time of censoring, 
• 𝛿!, the indicator variable with a value of 1 if 𝑡! is uncensored or a value of 0 if 

𝑡! is censored, 
• 𝑥! = [𝑥!!,… , 𝑥!"], the vector of k covariate values. 

In contrast to the ordinary likelihood, where the likelihood function is a product of all 
the individuals in the sample, the partial likelihood can be expressed as a product of 
the likelihoods for all the events that are observed. Let 𝐽 be the number of events, then 
the partial likelihood function is expressed as 

𝑃𝐿 = 𝐿!

!

!!!

 

where 𝐿! is the likelihood for the 𝑗: 𝑡ℎ event. The likelihood 𝐿! for each of the 
individual objects can be expressed, given that the individual object 𝑖 experienced the 
event in a specific month 𝑚, as the hazard for object 𝑖 divided by the sum of hazards 
for all the objects that were at risk of the event at the same month 𝑚, i.e. 

  𝐿! =
!! !

!!!:!!!!! (!)
. 

Substituting this expression with the individual hazards the expression will be 
expressed as  

  𝐿! =
!! ! !𝜷𝒙𝒊

!!!:!!!!! ! !𝜷𝒙𝒋
. 

By cancelling out the 𝜆! 𝑚  term, the final term looks like 

  𝐿! =
!𝜷𝒙𝒊

!𝜷𝒙𝒋!:!!!!!  
 . 
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2.5.2 Tied data 
 
The previously stated partial likelihood equation is only valid when there are no ties in 
the data. Ties occur when two or more objects experience the event at the same point 
in time. In SA tied observations is quite common, hence four different methods tries to 
handle those situations. Two of these methods give exact values of the 𝛽 coefficients 
while two methods try to approximate these values. Allison (2010, s.153-154) points 
out which method to use accordingly: 

• When there are no ties, it does not matter since all methods give the same 
results. 

• When the ties are few, it makes little difference between the methods. The 
computing time for each method makes not much different as well and 
therefore an exact method would be preferable. 

• When the number of ties are large, relative to the at risk, the computing time 
for the exact methods can be quite extensive and the approximate methods tend 
to yield coefficients that are biased toward 0. 

• If the exact methods are too time-consuming, use Efron approximation since it 
is almost always better than the Breslow approximation. 

2.5.3 Efron approximation 
 
Let 𝑡! < ⋯ < 𝑡! be the ordered failure times. Let 𝐷! be the set of objects failing at 
time 𝑡!, and where 𝑑! is the size of set 𝐷!, and 𝑅! the number at risk at time 𝑡!. The 
partial likelihood approximation given by Efron (1977, s.563) is expressed as  

𝐿! =
𝑒𝜷𝒙𝒊

[ 𝑒𝜷𝒙𝒊 − 𝑖 − 1𝑑!!∈!!
!!
!!! 𝑒𝜷𝒙𝒊!∈!! ] 

!

!!!

 

2.5.4 Estimating the survivor function in Cox 
 
As stated earlier, the proportional hazards model does not specify the hazard 
dependence on time. Neither does the partial likelihood method account for the 
likelihood function that contained the information about the dependence of the hazard 
on time. Still, despite of that, it is possible to estimate the survivor function in a 
nonparametric setting based on a fitted proportional hazards model (Allison, 2010 
s.186). The Cox model survivor function can be expressed as  

  𝑆! 𝑡 = 𝑆! 𝑡 !"# (𝜷𝒙𝒊) 

where 𝑆! 𝑡  is the probability that object 𝑖 with covariates 𝒙𝒊, survives to time 𝑡. The 
baseline survivor function, 𝑆! 𝑡  in this case, can be seen as the survivor function for 
an object whose covariate values are all 0. After obtaining the 𝜷 estimates from the 
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partial likelihood, a nonparametric maximum likelihood method can be used to 
estimate 𝑆! 𝑡 . Thereafter the survivor function can be estimated for any set of 
covariate values.  

2.5.5 Schoenfeld residuals 
 
The Schoenfeld residuals can be used to check the Cox model assumption of 
proportional hazards between two objects with fixed covariates (Schoenfeld, 1982). 
Given the Cox model defined in section 2.5, let D be the indices of the individuals 
who failed and let 𝑅! be the indices of those under observation when the i:th 
individual fails. Using the findings of partial likelihood arguments estimates of 𝛽 can 
be obtained by maximizing the likelihood function of the model: for 𝑖 ∈ 𝐷, and index 
𝑚 ∈ 𝑅! is selected with probability (Schoenfeld, 1982, s.239-240) 
   
  𝑒 !!!! / 𝑒 !!!!!∈!! . 
 
In this model 𝑋! is a random variable with 
 
  𝐸 𝑋!" 𝑅! = 𝑋!"𝑒 !!!! / 𝑒 !!!!!∈!!!∈!! , 
 
and the maximum likelihood estimate of 𝛽 is a solution to 
 
  𝑋!" − 𝐸 𝑋!" 𝑅! = 0!∈! . 
 
Denoting the solution by 𝛽 and letting 𝐸 𝑋!" 𝑅!  be 𝐸 𝑋!" 𝑅!  with 𝛽 substituted for 

𝛽, the partial residual at 𝑡! can be defined as the vector 𝑟! = 𝑟!!,… 𝑟!" , where 
𝑟!" = 𝑋!" − 𝐸 𝑋!" 𝑅! . This residual is thereby defined as the difference between the 
observed value 𝑋! and its conditional expectation given 𝑅! (Schoenfeld, 1982). If the 
proportional hazards assumption holds 𝐸 𝑟! ≏ 0 and a plot of 𝑟!" versus 𝑡! will be 
centred about 0 (Schoenfeld, 1982, s.240).  

Grambsch and Therneau (1994) later suggested a scaled residual with greater 
diagnostic power than the un-scaled residual suggested by Schoenfeld. This scaled 
residual would scale the Schoenfeld residual by an estimator of its variance. The 
scaled version of the Schoenfeld residual at time 𝑘 for a particular covariate 𝑝 will 
approximate the change in the regression coefficient at time 𝑘 as 
 
  𝐸 𝑠!"∗ + 𝛽! ≈ 𝛽! 𝑡!  
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where 𝑠!"∗  is the scaled Schoenfeld residual for covariate 𝑝 at time 𝑘, 𝛽 is the time-
invariant coefficient, and 𝛽! 𝑡!  is the time-variant coefficient. This means that the 
average of the Schoenfeld residuals estimates the change in coefficient 𝑝 at time 𝑘. If 
the average is 0 across time, then the proportional hazards assumption holds for 
covariate 𝑝 (Therneau & Grambsch, 2000; UCLA, 2007). Sometimes the relationship 
with time is not linear (UCLA, 2007) so it can be useful to check across the logarithm 
of time as well. 
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3. Method	
	
 
In the method chapter the recovery process will be addressed followed by the 
interpretation of recovery data in terms of Survival analysis terminology. Lastly, this 
chapter will explain how the model is built and how to validate the model. 
 
 

3.1 The recovery process 
 
The recovery process was described in section 1.2 as the observed cash flows that the 
customer is able to pay back to the lender during the default period. This section 
describes how to obtain the cash flows and how to handle those with regard to the 
other main components of the workout process; the costs and the discount factor. 

3.1.1 Cash flows 
 

Observations about the recovery process of customers are made on a monthly basis, 
which means that the repayments of cash flows are observed at the end of each month 
during the recovery process. The cash flows in each month can be expressed as: 
 
  𝑐𝑓! 𝑡 = 𝑒𝑥𝑝𝑜𝑠𝑢𝑟𝑒! 𝑡 − 1 − 𝑒𝑥𝑝𝑜𝑠𝑢𝑟𝑒! 𝑡  
 
where 𝑒𝑥𝑝𝑜𝑠𝑢𝑟𝑒! represents the total loans for the i:th customer and t the current 
month of the recovery process. This means that the units that were paid back at the end 
of month t are the difference in outstanding exposure (loan amount) on a customer’s 
loans between two consecutive months. This is intuitive, if you have a loan of 100 and 
the next month the loan is down to 80, then you have paid back 20 and hence a cash 
flow of 20 units. If you however have 120 in the next month, then you have borrowed 
additional 20, which leads to a negative cash flow of 20 units.  

3.1.2 Negative cash flows 
 
Negative cash flows arise when the borrower lend additional money in the next month. 
This means that banks lend money to the customer even though the customer is 
already in default. The banks do this since they believe that the probability for the 
customer to exit the default would increase with additional borrowing. Negative cash 
flow can also arise from implication of high costs in retrieving the cash flows. This 
was discussed in section 1.2 and is mostly connected to the retrieval of cash flows 
from collateral. In Witzany et al. (2010) they set all negative cash flows to zero. 
Witzany et al. (2010), however, point out that their negative cash flows are only 
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incurred with high costs. In this study, however, the negative cash flows arose mainly 
from the additional borrowing from the customers and could thereby not be set to zero. 
Instead, they were treated as new subjects. 

3.1.3 Discounted cash flows 
 
An amount of money is not as valuable in the future as it is today due to inflation and 
the opportunity to invest the money today and get returns in the future. Seen from this 
perspective, future recovered cash flows in the recovery process need to be expressed 
in today’s value of getting that amount in the future. The future recovered cash flows 
is therefore in need of discounting. The discounted cash flows (DCF) will be 
calculated as: 
 

  𝐷𝐶𝐹! =
!!! !
!!! !  

 
where t is the month of the recovery process for which the cash flow is being paid, r is 
the discount rate and 𝐶𝐹! is the cash flow from the i:th customer on its loans. 

3.2 Recovery data in Survival analysis 
 
Section 1.5 described that the portfolio of defaulted customers’ total loan amounts, i.e. 
the total outstanding exposure, can be seen as the subjects in the study, which implies 
that the event is the repayment of a monetary unit. This section will further describe 
these interpretations from recovery data into SA notations.  

3.2.1 General interpretation 
 

The goal in SA is to predict the duration to an event. The goal in recovery data and 
LGD estimation through SA are thereby to predict the duration to the repayment of a 
monetary unit. As mentioned in section 2.1.1 the subjects in a study are selected to 
join the study on some common characteristic, which in the case of recovery data is 
that the customer is set in default. When a customer is set in default, its total exposure 
on loans are thereby entered into the study. These subjects, i.e. the monetary units of 
the total exposure, are studied throughout the recovery process and observed until they 
either experience the payback or to the end of the study. The time variable is in the 
case of recovery data measured in months since the cash flows are observed at the end 
of each month.  
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3.2.2 Data properties 
 

The first observed default among the customers in the original data set (the data set 
with all customers in the portfolio) was at 2005-05. This means that these customers’ 
exposures were entered in the study as subjects. This means that the subjects were 
entering the study at this point or later. The end of the observations was at 2014-12 
since this was the last observation date in the data set. Hence, customers defaulting 
between 2005-05 and 2014-12 had their exposures entered in the study as subjects. 
The end of the study is not the same as the last date of observation. When the subjects 
enter the study is not of importance, the important factor, in regard to time, is when 
they experience the event from the time when they were “at-risk” of the event. The 
subjects are set as at-risk of the event when they enter the study and their survival time 
will be the time from at-risk to the experience of the event. Therefore, the end of the 
study is a pre-determined length of observation of the subjects in the study and was in 
this study set to 120 months. 

3.2.3 Censoring of incomplete workouts 
 
Some of the loans did not have a complete workout process, which means that they 
were in need of censoring. These loans could have an incomplete workout process due 
to two reasons; if the study reached its end, i.e. 120 months after entering, but there 
were still some units of the exposure left unpaid, or if there were no further 
observations made on the recovery process of the loan. The second reason could arise 
when a loan was entered within 120 months from the last observation date 2014-12 
and there were still unpaid exposure left at 2014-12. Since 2014-12 was the last 
observation date for the recovery processes no more information about the recovery 
process for a loan could be made.  

The issue of censoring due to lost to follow-up or when the study has reached its 
end are as mentioned in section 2.1.1 a right censoring issue. The censoring is also of 
the type non-informative since the censoring of exposures is independent from the 
event. 

3.2.4 Tied data 
 
Usually, a customer does not pay only one unit of the debt but instead a cash flow with 
several units. Several customers can also pay cash flows in the same month; hence 
there are several subjects that are experiencing the event in the same month. This 
means that the data contains a lot of ties. As stated in section 2.5.2 there are four main 
methods in the Cox model that can handle ties. Since recovery data contains a lot of 
ties, the exact methods can be very time-consuming. According to Allison (2010, 
s.153-154) the Efron approximation should be better than the Breslow approximation 
in the handling of ties when the exact methods are to time-consuming. Therefore, the 
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Efron approximation has been selected as method to handle ties in this Cox model and 
to estimate the values of the coefficients of the explanatory variables. 

3.2.5 Loss-Given-Default in Survival analysis 
 
With all notions and interpretation of SA variables to recovery data in place, the LGD 
estimate can be interpreted. The LGD estimate for the portfolio of defaulted 
customers’ loans will in these settings be the overall survival rate at the end of the 
study. The intuition behind that is that the exposures that have not yet experienced the 
event of being paid back are the money that will be lost for Nordea and hence the 
LGD of the portfolio.  

SA methods are normally applied in medical research and in medical research, the 
researcher would like to present a high expected survival rate and a long predicted 
survival since it means that the subjects in the study live longer. In recovery data, 
however, a bank want a low survival rate since it means that they will get a larger 
amount of the debt paid back and a short predicted survival since it means that the debt 
will be paid of earlier. 

3.3 Modelling 
 
This section will explain how the covariates of interest were obtained and how the 
model was created and validated. 

3.3.1 Variable selection 
 

The covariates of interest for investigating the LGD for different groups were 
presented in section 1.5. These covariates were chosen in discussion with Nordea. 
Harell et al. (1996, s.361) state that there are many important reasons to investigate 
prognostic factors in a disease and that doctors can act on the knowledge of the impact 
of these factors. They state this as an argument to investigate factors in clinical trials 
but this certainly applies for LGD as well. Banks will be able to act on the knowledge 
on what drives a high LGD estimate and thereby take actions in their lending business. 
The selection of covariates is therefore an important part of this project. 

3.3.2 Stepwise selection 
 
According to Steyerberg et al. (2000, s.1060) the stepwise selection method is the 
most popular selection methods among many different ones. The stepwise selection 
can be forward selection, backward selection or a combination. The forward selection 
starts with no covariates and from there add the most significant one and doing that 
same procedure until there are no covariates left to investigate. The backward start in 
the other end with all covariates and remove the least significant one. If they are 
combined, the forward selection will add and the backward selection will remove 
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covariates. The adding and removal of a covariate depends on the criteria for inclusion 
or exclusion and are usually applied the standard significance level of 𝛼 = 0.05 
(Steyerberg et al., 2000, s.1060). 

3.3.3 Significant covariates from the selection process 
 
In the stepwise selection procedure the variables Secured, Country, Coll_pool, 
Industry, Multicoll, EADratio and LTVvalue were tested as explanatory variables to 
the dependent variable time to event. The different variables represent and classifies 
accordingly: 

• Secured; represents if the loans were secured. 
• Country; represents which country the loan were addressed. 
• Coll_pool; represents the collateral code of the collateral connected to a loan. 
• Multicoll; represents how many different collateral categories that were 

connected to the customer’s total loans. 
• Industry; represents the industry in which the customer does its main business.  
• EADratio; represents the Exposure-At-Default and that is how much the loan 

was worth at default. 
• LTVvalue; represents Loan-To-Value and that is how big of a percentage of the 

customer’s total loan amount that is covered by collateral.  
These variables were, due to secrecy agreement, randomly assigned a number between 
1-7 and named as to variable x, where x was the assigned number. 

3.4 Model evaluation 
 
The application of validating a model has two fundamental aspects: discrimination and 
calibration. Discrimination is the degree of which risk estimates characterise different 
subjects prognosis and means that subjects with a higher predicted risk should also 
display event rates, in the validation sample, higher than those of low predicted risk. 
Calibration reflects the accuracy of prediction and a well-calibrated prediction rule 
assigns correct event probability at all levels of predicted risk. Successful validation is 
therefore achieved when these goals are satisfied in the validation sample (Royston & 
Altman, 2013).   

Building a prognostic model should accurately reflect the patterns existing in 
the underlying data and the accuracy of the model needs to be carefully evaluated and 
validated before put into practice (Harell et al., 1996, s.362; Royston & Altman, 
2013). Harell et al. (1996, s.371) however state that analytical investigations of the 
accuracy of a model are extremely difficult and that the best way of validating a model 
is to test the model’s performance through external data from a group with similar 
characteristics. They also state that if external data is not available an alternative 
method is data splitting. 
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3.4.1 Method of data splitting 
 
In the method of data splitting the data is divided into one training sample and one test 
sample, which is also called validation sample. The training sample is used to build the 
model while the test sample is used to evaluate the predictive accuracy of the model 
built on the training sample. A negative side of splitting the data in this way is that the 
sample of creating the model is reduced and the information of the observations in the 
test sample are not contributing to the actual model, just to validate the prediction 
accuracy (Harell et al, 1996, s.371-372).  
 In this study, the data set with customers comes from Nordea’s own set of 
customer data. Since this data set is the only set available, the method of validation 
with external data is not possible. However, since the data set provided by Nordea 
contains a large set of observations, the method of data splitting provides a good 
method to evaluate the model. 

In this study, the data set with customers comes from Nordea’s own set of 
customer data. Since this data set is the only set available, the method of validation 
with external data is not possible. However, since the data set provided by Nordea 
contains a large number of observations, the method of data splitting provides a good 
method to evaluate the model. 

3.4.2 Data splitting 
 
In this study the data was divided into 80 % training sample and 20% test sample and 
the observations, i.e. customers, were split randomly into the two samples. There were 
two reasons to partition 80/20; the first was that there would be to much information 
lost in building the model and the second reason was that this is how Nordea does this 
in their current validation of their models.  

3.4.3 Validation 
 
Royston & Altman (2013) investigate several techniques to validate a published Cox 
model and state that the choice of statistical approach depends on the level of 
published information. They provide three alternatives of the level of information; (1) 
the prognostic index, (2) the prognostic index together with Kaplan-Meier curves for 
risk groups, and (3) the first two plus the baseline survival curve.  
 The main product of a Cox model is a prognostic index (PI). The PI can be 
constructed by taking the linear predictor from a Cox model. The linear predictor is 
the weighted sum of the regression coefficient of the selected variables from for 
example a stepwise selection technique. In other words, the Cox model can be 
expressed in terms of the PI instead of the regression coefficients as (Royston & 
Altman, 2013): 
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  𝜆! 𝑡 = 𝜆! 𝑡 𝑒(!"). 
 
Risk groups can be created from the PI and are mainly for clinical and statistical 
reasons. The statistical reason is that it simplifies the comparison of the actual 
probabilities of survival with model-based estimates. How many groups that are 
preferably to use are discussed in the literature but there exist no consensus on neither 
how many groups that should be created or where and why to position the cut points 
for the separation of groups (Royston & Altman, 2013). However, Royston & Altman 
(2013) state that statistical common sense should provide between three and five 
groups. Royston & Altman (2013) use four risk groups in their paper to validate the 
Cox model they investigate and the number of risk groups in this study will therefore 
be the same.  

They first centred the PI on “average risk” by subtracting the mean in the 
training sample on both the training sample PI and the test sample PI. The cut points 
for the risk groups formed from the demeaned PI were determined at the 16:th, 50:th 
and 84:th centiles in their data set. They called the risk groups Good, Fairly good, 
Fairly poor and Poor. 
 Having created the risk groups based on the PI, variation in prognosis can be 
depicted with help from Kaplan-Meier curves for each risk group. These curves will 
provide informal evidence of discrimination and the more widely separated the curves 
are, the better is the discrimination in the model. Royston & Altman (2013) strongly 
recommend to produce these curves and to visually compare those between the two 
data sets. The curves will also provide interpretation on how accurately the predictions 
of survival, from the model, reflect the actual survival in the validation set. 
Comparison made from the Kaplan-Meier curves will also roughly assess the model’s 
calibration (Royston & Altman, 2013). In this study, the Kaplan-Meier curves based 
on the risk groups obtained by grouping of the PI will be created in order to assess the 
discrimination and calibration of the model.  
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4. Results	
	

 
The results chapter presents the given results of the study. It starts with the results 
from the Life table (actuarial method) presenting the overall survival in the data and 
the results from the Cox proportional hazards model and its assumptions. Lastly, the 
chapter presents the results on the validation of the model. 
 

 
The results presented in this section are not the results presented to Nordea. Numbers 
and figures do not reflect the actual results, due to secrecy agreement, but they are still 
representable for a SA study on recovery data. The ordering and survival probabilities 
on each covariate in the survival plots are not presented but a discussion on different 
outcomes will be handled in the thesis’ final chapter. 

4.1 Life-table (actuarial method) 
 

Proc lifetest in SAS will execute the life-table method and produce a table of the 
failures and censoring as well as an overall survival in each time interval. It will also 
produce a survival plot based on the accumulated failure rates in each time period. 

4.1.1 Survival table and summary 
 

The survival table’s initial rows and final rows produced by SAS for the life-table 
method are presented in Table 1. In each period (“Interval” in Table 1) there is 
information about how many that failed and how many that were censored. “Survival” 
in Table 1 is the LGD estimate in each time period and the final LGD estimate will be 
the survival in the last period and is in Table 4 estimated to 10.94%. 

 
Table 1. Life table resulting from SAS output. 

Interval Number 
Failed 

Number 
Censored 

Effective 
sample 
size 

Prob. of 
Failure 

Survival 
[Lower, Upper) 

0 1 0 500000 43383113 0   1.0000 
1 2 3989309 361849 42947339 0.0951 1.0000 
2 3 2361563 293271 38621679 0.0628 0.9049 
3 4 1915320 403910 35897905 0.0548 0.8481 
. . . . . . . 
117 118 371 0 1422886 0.000261 0.1107 
118 119 460 0 1422515 0.000323 0.1106 
119 120 15122 0 1422055 0.0106 0.1106 
120 . 0 1406388 703739 0.0000 0.1094 
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SAS produce a summary table for the total number of failed, i.e. paid back cash flows, 
and total number of censored cash flows. This table is presented in Table 2 and does 
also contain the total amount of monetary units as well as the ratio between censored 
and failed units.  

 
Table 2. Summary of the total, failed and censored units of cash flows and the ratio of 
censored observations. 

Summary of the Number of Censored and Uncensored Values 
Total Failed Censored Percent Censored 

42629558 30556648 12072910 28.32 
 

4.1.2 Survival curve 
 

The estimated survival over time is presented in Figure 3. The x-axis represent time 
and the y-axis represent the survival probability. 

 
Figure 3. Life-table method’s estimated survival probability over time. The end value of 
this plot is the LGD estimate. 

4.2 Cox model 
 

Proc phreg in SAS will execute the Cox model and can produce a stepwise selection 
process on covariates, survival curves for different groups, parameter estimates on 
significant explanatory variables and the Schoenfeld residuals for interpretation of the 
proportional hazards assumption. 
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4.2.1 Stepwise selection 
 

The results from the stepwise selection process are presented in Table 3. The first 
variable to be selected in the model was Variable 5 followed by Variable 1, Variable 
4, Variable 7, Variable 2 and lastly Variable 6. As also seen in Table 3, no variable 
was removed once entered in the selection. The covariates were both entered and 
removed on a significance level of 0.05. Degrees of freedom for the covariate, number 
selected and the p-value is also presented in Table 3. 

 
Table 3. The stepwise selection process for the significance level 0.05. 

Summary of Stepwise Selection 
Step Effect Degrees of 

freedom 
Number 
In 

Pr > ChiSq 
Entered Removed 

1 Variable 5  3 1 <.0001 
2 Variable 1  4 2 <.0001 
3 Variable 4  7 3 0.0010 
4 Variable 7  3 4 0.0013 
5 Variable 2  4 5 0.0025 
6 Variable 6  2 6 0.0041 

 

4.2.2 Comparing survival curves within groups 
 
The estimated survival curves for each level of Variable 1 are presented in Figure 4. 
The corresponding figures for the other explanatory variables are presented in 
Appendix A. 

 
 

Figure 4. Estimated survival curves for each level of Variable 1. 	

	

	

Survivor	functions	for	Country	
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4.2.3 Coefficient parameter estimates 
 
Parts of the table with parameter estimates for the coefficients are presented in Table 
4. Each level of the covariate has an estimate and a hazard ratio. Standard error for the 
estimate and p-value are also presented in Table 4. 

 
Table 4. Parameter estimates, standard error, p-value and hazard ratio for the levels of 
covariates. 

Analysis of Maximum Likelihood Estimates 
Parameter Parameter 

estimate 
Standard 
Error 

Pr > ChiSq Hazard ratio 

Variable 5 0 0.05003 0.0009 <.0001 1.050 
Variable 5 1 -0.20971 0.002 <.0001 0.790 
Variable 5 2 0.49822 0.01 <.0001 1.498 
Variable 2 0 0.02511 0.0007 0.0036 1.025 

 

4.2.4 Proportional hazards assumption 
 

The scaled Schoenfeld residuals for the Variable 5 covariate across time and the 
logarithm of time are presented in Figure 5 and Figure 6 respectively. The 
corresponding plots for the other explanatory variables are presented in Appendix B.  

 
 

Figure 5. Scaled Schoenfeld residuals for covariate Variable 5 across time. 

Fits with Specified Smooths for Variable 5 
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Figure 6. Scaled Schoenfeld residuals for covariate Variable 5 across the logarithm of 
time. 

4.3 Model evaluation 
 
The evaluation of the model performance was based on the risk groups obtained from 
the PI. The distribution of the demeaned PI in the training sample and the test sample 
are presented in Figure 7 and Figure 8 respectively.  
 

Fits with Soecified Smooths for Variable 5 
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Figure 7. Histogram of the PI distribution in the training sample centered around its 
mean. 

 
Figure 8. Histrogram of  distribution of the PI distribution in the test sample centered 
around the training sample mean. 
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The Kaplan-Meier curves based on the risk groups provided by the demeaned PI are 
presented in Figure 9 for the training sample and in Figure 10 for the test sample. Each 
line represents one risk group obtained from the PI. 

 

 
Figure 9. Kaplan-Meier curves for the risk groups formed from the PI in the training 
sample. 

 
Figure 10. Kaplan-Meier curves for the risk groups formed from the PI in the test sample. 
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5. Discussion	
	

 
This final chapter, Discussion, contain discussion on the results presented in the 
previous chapter. It ends with a final conclusion that reconnects to the purpose and 
the problem formulation.  
 
 

5.1 Loss-Given-Default estimated in Life-table method 
 

Table 1 and Figure 3 present an overview of survival over time. It is a strong 
indication that the failure rate is higher in the beginning and that it converges towards 
the end. In Table 1 this is seen by the “Survival” in each month as it determines much 
faster in the beginning than in the end. Since Figure 3 is just an illustration of the 
complete survival table this presents the same conclusion. This seems intuitive; the 
more time that passes, the less is the probability of the customer being able to have the 
money to pay off the loans. Another thing affecting the convergence is that the cash 
flows, received in the recovery process of a loan, is discounted to present value. This 
means that cash flows received in later time periods are less valuable than those 
received earlier.  
 This model does not explain what factors that have an effect on the LGD 
estimate, it only consider the paid back cash flows in each month and the cash flows 
that are censored. The overall survival and hence also the LGD estimate was in this 
study 10.94 %, which then means that if a customer and its loans defaults, Nordea can 
expect an average loss of 10.94 % of the loan amount at default (EAD). 

5.2 Explanatory variables 
 

Compared to the Life-table method the Cox model use a regression method in order 
estimate the effect of explanatory variables on the dependent variable time to failure. 
Table 3 presented the stepwise selection process. Out of the possible covariates: 
Secured, Country, Coll_pool, Multicoll, Industry, EADratio and LTVvalue, all 
covariates but the covariate assigned value Variable 3 were significant enough to be in 
the Cox model. The reason Variable 3 was not significant may have been that the 
information in this variable was covered in the other variables and thereby not adding 
any further explanation to the dependent variable.  
 The parameter estimates partially presented in Table 4 explain how much effect 
a change from baseline value to this covariate value would have on the hazard rate, 
leaving all other covariate values unchanged. The baseline for the Variable 5 variable 
was in this case the 3:rd level and leaving all other covariate values equal, a change 
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from the 3:rd level to the 2:nd level would in this case result in an almost 50 % higher 
hazard rate. This means that the risk of experience the event in a given time interval, 
conditional that the monetary unit survived up until the start of the interval, is 
increased with almost 50 % if the customer is in the 2:nd level Variable 5 group than 
in the 3:rd level. In the case of recovery data the levels with the highest hazard rates 
are the preferable groups since they seem to pay off their loans in bigger extent than 
those with lower hazard rates. From Table 4 we can thereby draw the conclusion that, 
given all other covariate values equal, the customers that are more likely to pay back 
their loan are the customers that belong to the 2:nd level group of the Variable 5 
variable followed by the 0 level, 4:th level (baseline) and the group that are less likely 
to make repayments are the 1:st level group. 

5.3 Comparing survival curves within groups 
 
By comparing different survival curves within each group one can get a clear picture 
of how they differ and which customer characteristics result in a lower LGD. Figure 4 
show the different survival curves for the levels of the covariate with assigned name 
Variable 1. The level with lowest survival, the red line in Figure 4, is the covariate 
value (customer information on this variable) where Nordea can expect to get a higher 
repayment on average and thereby a lower LGD. In Appendix A the survival curves 
for the other covariates are presented. The survival curves in Figure A1 do not 
necessarily reflect the conclusion in section 5.3 about the hazard rates. This means that 
the 2:nd group does not necessarily represent the red line in Figure A1. This is since 
the parameter estimates explain how much the total hazard rate would change for one 
level of change in that variable leaving all other covariate values unchanged. 
Therefore, changing from the baseline, 3:rd level of Variable 5, to 2:nd level only 
explain the change in hazard rate between customers that has the baseline covariates, 
say level 1 (Variable 1), 4:th level (Variable 7), 5:th level (Variable 4), 4:th level 
(Variable 2) and 3:rd level (Variable 5), and customers that has the covariates level 1, 
4:th level, 5:th level, 4:th level and 2:nd level of the Variable 5 covariate.  

5.4 Proportional hazards assumption 
 

The Cox model relies on the assumption of proportional hazards between groups with 
fixed covariates. This means that the covariate effect on the hazard rate should be 
constant over time. As an example, if men have twice the hazard ratio compared to 
women day 1, then they should have twice the hazard ratio on day 500 as well and any 
other day. To check this assumption the scaled Schoenfeld residuals were produced. In 
order for the assumption to hold the average residuals should be 0 across time. In 
Figure 5 and Figure 6 the scaled Schoenfeld residuals across time and the logarithm of 
time, respectively, for Variable 5 are presented. The assumption seem to hold for this 
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covariate since the average, the blue line, is centred around 0 across time and the same 
goes across the logarithm of time. In Appendix B the scaled Schoenfeld residuals are 
presented for the other covariates. The assumption seems to hold for all covariates, 
maybe with an exception for the covariate Variable 4. In Figure B5 and Figure B6 
there is a slight indication that the average scaled residuals deviate from 0 across time 
and across the logarithm of time. This may cause bias in the estimated coefficients but 
since this is such a small deviation we assume that the assumption holds for this 
covariate as well. 

5.5 Prognostic index and Kaplan-Meier curves 
 

The PI was the weighted sum of the estimated coefficients. The distribution of the PI 
for the training sample centred on its mean is presented in Figure 7. The PI for the 
training set ranged approximately between -1.3 and 1.4 from its mean. The same mean 
was subtracted from the PI for the test sample resulting in the distribution presented in 
Figure 8. The PI for the test sample ranged approximately between -2.2 and 1.5 from 
the training sample mean. Based on the PI four groups were categorized; Group1: 
Poor, Group2: Fairly poor, Group3: Fairly good, Group4: Good. In this study, as 
pointed out numerous of times, the aim is to have as low survival as possible since it 
results in a low LGD. Therefore will the ”Poor” group be the observation with the 
highest survival and the ”Good” group the observation with the lowest survival. The 
Kaplan-Meier curves for the risk groups formed in the training sample and the test 
sample are presented in Figure 9 and Figure 10 respectively. Inspection of Figure 9 
and Figure 10 indicate that the model seems less able to distinguish between the 
groups “Good” and “Fairly good” in the test sample, which suggest some worries 
regarding the model’s ability to discriminate between risk groups. However, in both 
figures the risk groups are showing the correct rank of the risk groups, which is 
positive. Comparing the survival curves for the different risk groups between both 
samples there are some deviations, mostly in the “Fairly good” risk groups. This 
indicates a degree of miss-calibration in the model. 

5.6 Final conclusions  
 

SA modelling on recovery data and especially to estimate workout LGD is applicable. 
It handles the issues with incomplete workouts and thereby also the time issue. The 
model presented in this study does not provide the best discrimination and calibration 
for the created risk groups but it does however rank the survival in the risk groups 
correctly. This implies that Nordea could consider newly defaulted customers’ 
characteristics in order to estimate the LGD for these customers. Based on the 
parameter estimates and the survival curves within the groups of covariates, Nordea 
can get a clear picture of what levels of each covariate that drives a low respectively 
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high LGD estimate. Hereby, are the two questions, provided in the problem 
formulation, answered and the purpose of the thesis fulfilled.  

To improve the model, meaning that it can make more precise predictions of the 
LGD for newly defaulted customers, more covariates can be considered in the variable 
selection. Covariates that possibly vary over time, time-dependent covariates, can be 
investigated and possibly give more explanation to the LGD estimate. 

Due to the lack of research on LGD estimation through SA, there was only one 
solution considered in research regarding the handling of negative cash flows. In this 
study, however, the offered solution in previous research was not possible since the 
cause of negative cash flows was not the same. How these negative cash flows were 
handled in this study was not fully covered due to a secrecy agreement, but we suggest 
that the problem with the interpretation of negative cash flows in SA should be 
investigated in further research.  

As suggestion to further research, several other SA methods can be taken into 
consideration. This would be to compare the performance of the Cox model and other 
SA methods in recovery data to get the model with the best performance. The Cox 
model is the preferred SA method in today’s medical research due to its simplicity 
regarding the hazard rate’s dependence on time, but this does not mean that it is the 
best performing model to be applied on recovery data.  
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Appendix	A	
 

The survival curves for the other explanatory variables are presented here. The 
estimated survival curves for each of the Variable 5 groups are presented in Figure 
A1. 

 
Figure A 1. Estimated survival curves for each Variable 5 group. 

The estimated survival curves for each of the Variable 2 groups are presented in Figure A2. 

 

 
Figure A 2. Estimated survival curves for each Variable 2 group. 

 

	

	

	

	

Survivor	functions	for	LTVvalue	

	

	

	

Survivor	functions	for	EADratio	

Survivor function for Variable 5 

Survivor funciton for Variable 2 



 ii 

The estimated survival curves for each of the Variable 7 groups are presented in 
Figure A3.  

 

 
Figure A 3. Estimated survival curves for each Variable 7 group. 

The estimated survival curves for each of the Variable 4 groups are presented in 
Figure A4. 

 

 
Figure A 4. Estimated survival curves for each Variable 4 group. 

The estimated suvival curves for each of the Variable 6 groups are presented in Figure 
A5. 
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Figure A 5. Estimated survival curves for each Variable 6 group. 
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Appendix	B	
 

The scaled Schoenfeld residuals for the other explanatory variables across time and the 
logarithm of time are presented here. The scaled Schoenfeld residuals for the Variable 
1 variable across time and the logarithm of time are presented in Figure B1 and Figure 
B2 respectively. 

 

 
Figure B 1. Scaled Schoenfeld residuals for covariate Variable 1 across time. 

 

Fits with Specified Smoots for Variable 1 
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Figure B 2. Scaled Schoenfeld residuals for covariate Variable 1 across the logarithm of 
time. 

The scaled Schoenfeld residuals for the Variable 2 variable across time and the 
logarithm of time are presented in Figure B3 and Figure B4 respectively. 

 

 
Figure B 3. Scaled Schoenfeld residuals for covariate Variable 2 across time. 

Fits with Specified Smoots for Variable 1 

Fits with Specified Smoots for Variable 2 
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Figure B 4. Scaled Schoenfeld residuals for covariate Variable 2 across the logarithm of 
time. 

The scaled Schoenfeld residuals for the Variable 4 variable across time and the 
logarithm of time are presented in Figure B5 and Figure B6 respectively. 

 

Fits with Specified Smoots for Variable 2 
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Figure B 5. Scaled Schoenfeld residuals for covariate Variable 4 across time. 

 
Figure B 6. Scaled Schoenfeld residuals for covariate Variable 4 across the logarithm of 
time. 
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The scaled Schoenfeld residuals for the Variable 7 variable across time and the 
logarithm of time are presented in Figure B7 and Figure B8 respectively. 

 
Figure B 7. Scaled Schoenfeld residuals for covariate Variable 7 across time. 

 
Figure B 8. Scaled Schoenfeld residuals for covariate Variable 7 across the logarithm of 
time. 

Fits with Specified Smoots for Variable 7 

Fits with Specified Smoots for Variable 7 



 ix 

 

The scaled Schoenfeld residuals for the Variable 6 variable across time and the 
logarithm of time are presented in Figure B9 and Figure B10 respectively. 
 

 
Figure B 9. Scaled Schoenfeld residuals for covariate Variable 6 across time. 
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Figure B 10. Scaled Schoenfeld residuals for covariate Variable 6 across the logarithm of 
time. 
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