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Abstract

In this thesis, we cover the dynamics of the macro magnetic transformations
(spin avalanches) in crystals of molecular nanomagnets, also known as magnetic
deflagration and detonation.

Taking a single-molecule Hamiltonian, we calculate the dependence of the Zee-
man energy and the activation energy as a function of an external magnetic field
at different angles relative to the easy axis of the crystal. Using quantum mechan-
ical calculations, we show that the energy levels of the molecule exhibit complex
behavior in the presence of a transverse component of the magnetic field. For
an arbitrarily aligned magnetic field, the energy levels do not arrange in a simple
“double well” manner. We extend existing theoretical models by generalizing the
Zeeman energy for a wide range of magnitude and orientation of the magnetic
field.

We obtain a new type of front instability in magnetization-switching media.
Due to the dipole-dipole interaction between the molecules, a magnetic instability
results in the front bending and a change in the front propagation velocity. The
magnetic instability has a universal physical nature similar to the Darrieus-Landau
instability. The instability growth rate and the cutoff length are calculated for spin
avalanches in crystals of nanomagnets.

Finally, we investigate the internal structure of the magnetic detonation front.
We calculate the continuous shock profile using the transport processes of the
crystal such as thermal conduction and volume viscosity. Such an approach can
be applied to any weak shock wave in solids. Zero-volume viscosity leads to an
isothermal jump, i.e., the temperature changes continuously while the pressure and
the density experience a discontinuity. The analysis has shown that the volume
viscosity plays a major role in the formation of the detonation front.
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Notation

A heat capacity constant
B magnetic field
B,C,D, F anisotropy coefficients
BA anisotropic magnetic field
Ch heat capacity
c0 speed of sound
Ea Activation energy
g gyromagnetic ratio
Ĥ Hamiltonian
k perturbation wave number
Lf characteristic front length
m mass per unit volume
M magnetization
n fraction of metastable molecules
P pressure
Q Zeeman energy
Ŝ spin operator
S classical spin
T temperature
u velocity of the detonation front
Uf stationary front velocity
α heat capacity power
β thermal diffusion power
Γ relaxation rate
E thermal energy
ε thermodynamic energy
η volume viscosity
ΘD Debye temperature
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κ thermal diffusivity
Λ stationary problem eigenvalue
λ perturbation wavelength
µB Bohr magneton
µ0 vacuum permeability
ρ density
σ instability growth rate
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Chapter 1

Introduction

A molecular magnet is a macrolecule complex with a large effective molecular
spin (e.g., S = 10 for Mn12-acetate) [1, 2]. Due to the high magnetic anisotropy, an
individual molecule behaves as a single magnet. Because of an energy barrier, the
process of spontaneous quantum tunneling from the metastable to stable state is
extremely slow at low temperatures [3–9], and the nanomagnet keeps its spin ori-
entation upon the reversal of an external magnetic field, unless spin flipping is ex-
ternally induced. Molecular nanomagnets exhibit many exotic physical properties
and related interesting phenomena such as quantum tunneling and spontaneous
magnetization. These unique, superparamagnetic properties make the nanomag-
nets promising candidates for quantum computing and memory storage [10–19].

The relatively small number of atoms (≈ 12) composing the nanomagnet’s
core results in the quantum nature of the system. One of the most bizarre quan-
tum properties of the nanomagnets is resonant tunneling, which occurs at certain
magnetic fields and can be seen at the macro level as a step-like magnetization
curve. Many of the studies on nanomagnets are dedicated to resonant tunneling
[3–8, 20–22]. However, in this thesis we will focus on other aspects of nanomagnets
and we will neglect resonant tunneling in most of the cases.

Single molecules of nanomagnets can be assembled into a crystal [15]. The
anisotropy implies a preferential orientation of the spin along the so-called easy
axis, leading to a considerable energy barrier between the spin-up and spin-down
states of a nanomagnet. This barrier may be described as a double-well struc-
ture for the potential energy as a function of the spin projection. When a crystal
of nanomagnets is placed in an external magnetic field directed along the easy
axis, the states with spin along the field and against the field become stable and
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metastable, respectively. In this thesis we will focus on phenomena known as
magnetic deflagration and detonation. The definition of the deflagration is a com-
bustion process that is driven by thermal diffusion. Combustion is an exothermic
process of conversion of matter from a state with higher potential energy to a state
with lower potential energy. Most of us are familiar with chemical deflagration,
such as the burning of wood, petrol, methane or gunpowder. Humanity has been
familiar with combustion for a very long time, thus chemical combustion has been
a subject of much study over many centuries. Proper theories, methods and tech-
niques have been developed during this long time [23, 24]. That is why we will
refer quite often to results in the theory of chemical combustion.

While in chemical combustion potential energy is stored in chemical bonds
(which is effectively electrostatic potential energy), in magnetic deflagration po-
tential energy is stored in the interaction of the spins and the external magnetic
field. This stored energy we will call the Zeeman energy. In Chapter 2, we will
have a much more detailed discussion of how exactly the Zeeman energy must
be defined. We show that current definition of the Zeeman energy can only be
used for small external fields, so we develop a new concept of so-called effective
Zeeman energy which reflects the total energy change in the reaction. The theory
of magnetic deflagration has been mainly developed by Garanin and Chudnovsky
in Refs. [21, 25].

Chapter 2 is devoted to the anisotropic properties of the crystals of nanomag-
nets and to a new approach for calculating the Zeeman energy. It also reveals
the complex behavior of the energy levels of the molecular magnets in a strong
transverse magnetic field. Chapter 2 is based on Papers I and V. In Chapter 3, we
present a new fundamental instability of the magnetization switching front, which
is the main result of Paper II. The theory is obtained in linear and nonlinear ap-
proaches. Numerical simulations have been used for investigating the instability
of the spin avalanches in crystals of nanomagnets. Within the linear instability,
the theoretical cutoff length and growth rate have been calculated in Paper IV.
Finally, in Chapter 4, we study magnetic detonation in nanomagnets using trans-
port processes. We show that the weak shock structure is mainly determined by
the volume viscosity, while heat thermal conductivity is responsible for the tem-
perature distribution in the pre-shock region. A more detailed analysis of the weak
detonation structure is given in Paper III.
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Chapter 2

Magnetic deflagration in
crystals of nanomagnets

2.1 Energy levels of nanomagnets at low and high
perpendicular magnetic fields

Most of the theoretical studies focused on magnetic deflagration when the
external magnetic field is parallel to the easy axis of the crystal or when the
perpendicular component of the field is comparatively small. In this chapter, we
will develop a new approach that allows to calculate the Zeeman energy regardless
of the positioning and magnitude of the external magnetic field.

The properties of the system on different scales can by understood by knowing
the properties of its smallest components. We consider a single molecule of a
nanomagnet as such a smallest component. The magnetic properties of a single
molecule can be described by the Hamiltonian [8]

Ĥ = −DŜ2
z −BŜ4

z − gµB
[
BzŜz +BxŜx +ByŜy

]
+ F

(
Ŝ2
x − Ŝ2

y

)
+ C

(
Ŝ4

+ + Ŝ4
−

)
+ Ĥ′, (2.1)

where coefficients g,D,B, F and C are given in Table 2.1 and the spin lowering
and raising operators are Ŝ± = Ŝx ± iŜy, and µB is the Bohr magneton. Energy
values are expressed in temperature units, i.e., in kelvins per molecule. The first
two terms in Eq. (2.1) correspond to the uniaxial magnetic anistropy, while the
third term is the interaction with a magnetic field B. The fourth and fifth terms
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of Eq. (2.1) are transverse anisotropy terms (property of the molecule), and Ĥ′
contains all other terms such as the intermolecular dipole interaction and the
hyperfine interaction with the spin of the nuclei.

Since the xy anisotropy is much weaker then the anisotropy in the z direction,
we will neglect the difference between the y and x axes. Instead, we will consider
any component orthogonal to the z axis as a perpendicular component, i.e., the
projection of the field on xy plane. The simplified Hamiltonian can be written as

Ĥ = −DŜ2
z −BŜ4

z − gµB
(
BzŜz +B⊥Ŝ⊥

)
(2.2)

In some studies [26], the uniaxial magnetic anistropy is described only by the
quadratic term, for this assumption the anisotropy parameters are D′ = 0.65 K
and B = 0,

Ĥ = −D′Ŝ2
z − gµB

(
BzŜz +B⊥Ŝ⊥

)
(2.3)

Such a Hamiltonian may not describe the energy as precisely as Hamiltonian 2.1
but it reproduces the main property of the nanomagnets — anisotropy in the z
direction. Energy levels for Hamiltonian (2.2) are presented in Fig. 2.1 in the
absence of a transverse field, B⊥ = 0. Figure 2.1 represents the general quality
of the molecular crystals on which we will focus in this thesis — the double well
structure. In the absence of an external magnetic field, the energy levels have a
symmetrical structure: there are two stable states, Sz = −10 and Sz = 10. In the
presence of an external magnetic field in the z direction, the double well structure
becomes asymmetrical, with the stable state Sz = 10 and the metastable state
Sz = −10.

From the Hamiltonian of the system, we calculate two essential parameters
of the deflagration — the activation energy Ea and the Zeeman energy Q. In
the absence of a transverse field, the system can have a determinate set of the

Table 2.1: Values of the different parameters of the spin Hamiltonian,
Eq. (2.1), for Mn12 acetate.

Parameter Value Ref.

g 1.93 [18]
D 0.548 K [8]
B 1.17× 10−3 K [8]
F 1.0× 10−2 K [8]
C 2.2× 10−5 K [8]
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Figure 2.1: (a) Schematic representation of the double-well structure of a
nanomagnet. (b) Energy levels for Mn12-acetate in the external magnetic
field Bz = 1 T. Axis z is parallel to the easy axis of the crystal. The energy
barrier (activation energy) Ea and the Zeeman energy Q are indicated.

spins Sz ≡ 〈Ŝz〉 = −S . . . S and Sy ≡ 〈Ŝy〉 = 0. For example, for Mn12-acetate
with S = 10, the metastable state has Sz = −10 and the stable Sz = 10, in an
external field in the +z direction. The energy of each state can be calculated by
substituting the corresponding spin values in Hamiltonian (2.1). In the absence
of a perpendicular field, the activation energy is defined as the difference between
the metastable state and the highest energy state,

Ea = DS2 − gµBBzS +
g2

4D
µ2
BB

2
z . (2.4)

The Zeeman energy is defined as the difference between the metastable and stable
states and can be written as

Q = 2gµBBzSz. (2.5)

In the presence of a perpendicular field, the energy eigenstates build up a much
more complicated pattern than the double-well structure, see Figs. 2.2 and 2.3. It
complicates the calculation of the Zeeman and activation energies. Most of the
studies use a weak field approximation [25] and/or a classical vector approximation
[27].
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Figure 2.2: Energy eigenstates of the Hamiltonian (2.1) in the presence
of an external transverse magnetic field By = B⊥, with Bz = 0.5 T, as a
function of the projection of the spin on the z-axis. The line corresponds
to the classical approximation to the energy given by Eq. (2.13).

In Paper I, we get new analytic expressions for Q and Ea for small perpendic-
ular fields and develop a new approach in Paper V for arbitrarily high perpendic-
ular fields. By small field we mean fields which are small compared to so-called
anisotropy field BA, defined from the properties of the nanomagnet as [21]

BA ≡ (2S − 1)
D +B [2S (S − 1) + 1]

gµB
. (2.6)

Using Hamiltonian (2.2) for Mn12-acetate, we get BA ≈ 11.1 T.
In Paper I, we use perturbation theory in order to get analytic expressions for

Q and Ea for low perpendicular fields. Let us define the unperturbed Hamiltonian
as

Ĥ0 = −DŜ2
z −BŜ4

z − gµBBzŜz, (2.7)

with the perturbation given by the perpendicular field term

Ĥ′ = −gµBB⊥Ŝ⊥. (2.8)

After a tedious but straightforward derivation and considering second-order cor-
rections of the perturbations, we find that Zeeman energy is

Q̃ = gµBBzS

{
2 +

(gµBB⊥)
2

(2S − 1)
2

[D +B (S2 − 2S + 1)]
2 − (gµBBz)

2

}
, (2.9)
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where tilde stands for the perturbation approach. The activation energy is given
by

Ẽa = D(S2 −M2
max) +B(S4 −M4

max)− gµBBz(Bz +Mmax)

+

(
gµBB⊥

2

)2{
S(S + 1)−Mmax(Mmax + 1)

(2Mmax + 1) [−D −B (2M2
max + 2Mmax + 1)]− gµBBz

+
S(S + 1)−Mz(Mmax − 1)

(2Mmax − 1) [D +B (2M2
max − 2Mmax + 1)] + gµBBz

}
− S (gµBB⊥)

2

2 (2S − 1) [D +B (S2 − 2S + 1)]− 2gµBBz
, (2.10)

where Mmax represents the magnetization for which the energy is maximum,

Mmax =
D

(3γ)
1/3
− (γ/9)

1/3

2B
, (2.11)

where we have defined

γ ≡ 9B2gµBHz +

√
3
[
8B3D3 + 27B4 (gµBHz)

2
]
. (2.12)

The results are quite good for small angles, but a strong deviation is observed
as B⊥ becomes non-negligible compared to Bz. A much better approximation is
obtained for Q̃, mostly because the levels close to the barrier top are more affected
than those at the bottom of the wells.

Another approach is the so-called classical approach [25]. By treating the spin
of the system as a classical vector S, we rewrite the Hamiltonian as the classical
energy of the system,

Eclass = −DS2
z −BS4

z − gµB (BzSz +B⊥Sy)

= −D (S cosα)
2 −B (S cosα)

4 − gµB (BzS cosα+B⊥S sinα) , (2.13)

where Sz and Sy are now the projections of S on the z and y axes, respectively,
and α is the angle between the spin vector and the z axis. The function given by
Eq. (2.13) changes continuously as shown in Fig. 2.2. For this particular approach,
the activation energy Ea is defined as the difference between the metastable state
and the maximum of energy Eclass. The Zeeman energy Q is defined as the dif-
ference between the ground state and the metastable state. The energy of the
metastable state is calculated as the minimum of energy (2.13) around α ≈ −π,
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Figure 2.3: Energy eigenvalues calculated for Hamiltonian (2.1) for a
transverse field By = B⊥ = 3 T and a longitudinal field Bz = 0.2 T. The
2S + 1 = 21 eigenstates are represented by (red) dots. Dashed (blue) lines
locate the eigenstates on the plane. Solid (red) lines correspond to the most
probable transition between states.

while the energy of the ground state is calculated as the minimum of energy (2.13)
around α ≈ 0. For arbitrarily high perpendicular and longitudinal fields, we use
numerical methods in order to find Ea and Q. For small perpendicular fields, we
develop an analytic solution within the classical approach in Paper I.

Most of the studies take into account populations of only two extreme levels
(metastable S and stable −S). We have shown that this assumption is valid
only for a narrow range of fields, in particular, we introduced and calculated the
so-called effective Zeeman energy for a nanomagnet, which takes into account all
2S+1 states and represents the actual energy release within magnetic deflagration,
which is presented below.

Knowing the energy level structure of the system, we designate the relative oc-
cupation (population) of each state as ni, where i = −S, . . . , S. The normalization
condition for the ni is

S∑
i=−S

ni = 1. (2.14)

We assume that at equilibrium the distribution of the level occupations is consis-
tent with the thermal Boltzman factor, neq

i ∝ e−Ei/T . This gives us the relative
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population of the ith level as

neq
i =

1

Z
e−Ei/T , (2.15)

where the partition function is

Z =

S∑
j=−S

e−Ej/T . (2.16)

According to Eq. (2.15), the total relative population of extreme levels is n−S+
nS = 0.66 at T = 15 K, which is far from unity, see Fig. 3 in Paper V. Therefore,
we must take into account all levels when calculating the energy balance. The total
magnetic energy of the system is defined as the sum of all energy states weighted
with the corresponding relative populations,

Emag ≡
S∑

i=−S
Eini. (2.17)

The relation between the thermal energy and the temperature is given by [28]

E (T ) = ChT
α+1, (2.18)

where the heat capacity is Ch ≈ 0.001 K−α , α = 3 is the physical dimension.
The total energy (thermal and magnetic) is conserved before and after the

deflagration front, the “cold” and “hot” regions, thus

ChT
4
0 + n0

−SE−S = ChT
4
f +

S∑
i=−S

Eini, (2.19)

where T0 is the initial temperature and Tf is the final temperature; all molecules in
the“cold”region are in the metastable state n0

−S = 1. The left-hand and right-hand
sides of Eq. (2.19) correspond to“cold”and“hot”regions of the crystal, respectively.
Using Eqs. (2.15) and (2.19), one can find the final equilibrium temperature of the
system Tf as function of the external magnetic field B and the initial temperature
T0.

The Zeeman energy, defined as the difference between the extreme levels, Q ≡
ES − E−S , is not equal to the energy released during deflagration. The relative
population of the levels is a complicated function of the temperature, thus we
introduce the effective Zeeman energy Qeff , which represents the energy release,

Qeff ≡ E−S − Emag(Tf ). (2.20)

This value also equals the thermal energy gain.
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2.2 Planar deflagration front

In this section, we will focus on the spatial aspect of magnetic deflagration.
The general concept of the magnetic deflagration is as follows [21, 29]. One places
a crystal of nanomagnets in an initial magnetic field B−. The external field brings
asymmetry to the system — the state aligned with the field, −S, becomes the
ground state. After sufficient time and for a high enough temperature, most of
the molecules relax to the ground state. The crystal is then placed in the cold
media at about 0.5 K, such that the thermal energy is now much smaller than the
activation energy and the relaxation rate is extremely small. When one reverses
the magnetic field from B− to the opposite field B = −B−, the system stays in
the state −S which is metastable but not a ground state anymore, see Fig. 2.1.
Due to the low temperature, the system stays “frozen” in this metastable state.

The thermal relaxation rate Γ over the energy threshold Ea is described by
the Arrhenius law ∼ e−Ea/T . An increase in the temperature leads to a drastic
increase of the relax rate. For example, a temperature increase from 0.5 K to 10 K
increases the thermal relaxation rate over a threshold with a height of Ea = 50 K
by a factor ≈ 1041. Initial heating is usually provided by an external heater, for
instance by applying a voltage pulse to a heater located on the one of the crystal’s
surfaces [25, 30–33].

During the relaxation, the molecules release a Zeeman energy Q which dissi-
pates to thermal energy. The released energy defuses to the neighboring “cold”
molecules and heats them up. The increase in temperature in the neighboring
region allows new molecules to relax and release more heat. Such a process, under
specific conditions, can be self-sustaining and propagate across the crystal in the
form of a front. This phenomenon is called magnetic deflagration or spin avalanche.

We start with the simplest case, when the front has a planar geometry, allowing
us to consider the problem as one-dimensional. Also, we will consider a stationary
front, i.e., the front velocity is constant.

Assuming that all the Zeeman energy released dissipates locally to phonon
energy, we start with the heat-governing equation. Thermal energy dynamics in a
crystal is described by

∂E
∂t

= ∇ · (κ∇E)− ∂Emag

∂t
, (2.21)

where κ is the thermal diffusivity. The thermal energy E and Emag are given
in units of kelvin per molecule. It is important to note that Emag in Eq. (2.21)
represents the total potential energy of the non-equilibrium system. In the case of
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Figure 2.4: Profile of the stationary deflagration front in a crystal of Mn12-
acetate. The front moves from right to left. The external magnetic field is
Bz = 0.5T. The final temperature is Tf = 9.9 K

the non-equilibrium system Emag is given by

Emag = n−SE−S +
1− n−S
1− neq

−S

S∑
i=−S+1

neq
i Ei. (2.22)

Eq. (2.22) simply means that relaxed molecules are distributed according (propor-
tionally) to the equilibrium occupancy Eq. (2.15). We adopt the usual assumption
[25, 34] that the thermal diffusivity κ is a function of temperature, κ = κ0T

−β ,
where κ0 and β are constants. Values of κ0 and β are usually estimated by fitting
theoretical results to experimental data. In the recent work [26] authors vary their
values in a wide range, β = −3, . . . , 13/3.

The second equation that we need is the one that describes the relaxation rate
from the metastable state to the ground state over the energy threshold, Ea. As
we mentioned before, such a thermal relaxation can be described by an Arrhenius
law [25],

∂n−S
∂t

= −Γ exp

(
−Ea
T

)
(n−S − neq

−S), (2.23)

where Γ is the relaxation constant and neq
−10 is the fraction of metastable molecules

at equilibrium.
Assuming that the front moves with constant velocity Uf in the z direction,

we rewrite Eq. (2.21) in the new reference frame of the moving front. It allows
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us to eliminate the time dependence as f(z, t) = f(z + Uf t) and Eqs. (2.21) and
(2.23) can be rewritten as

κ

Uf

dE
dz

= E − E0 + Emag − E−10, (2.24)

1

Uf

dn−10

dz
= −Γ0e

−Ea/T
(
n−10 − neq

−10

)
, (2.25)

where E0 = E(T0).
Equations (2.24) and (2.25) form a complete system which describes the inter-

nal spatial structure of the deflagration front. Knowing the boundary conditions
for temperature T and concentration n−S we use a numerical method similar that
of Ref. [29] to find the dimensionless eigenvalue Λ ≡ Γ0κ0T

−β
f /U2

f . Within this
problem, we cannot find the actual velocity of the stationary front, which is given

by Uf ≡
√

Γ0κ0T
−β
f /Λ, because parameters Γ0 and κ0 are unknown. Therefore,

we use Γ0κ0 as the adjustable parameter of the problem to fit the theoretical re-
sults with experimental data. The thermal diffusivity exponent β was also not
measured experimentally precisely, so we use it as a second fitting parameter.

Nevertheless, such flexibility of the theoretical model (two fitting parameters,
β and Γ0κ0) is not enough to describe experiments with a desirable accuracy
[26]. The multilevel model gives better agreement with experiments than the two-
level model, especially for low fields, Fig. 2.5. However, the multilevel model still
cannot give precise results for the front velocity for a wide range of longitudinal and
transverse fields, Fig. 2.5. We suggest that the theoretical model can be improved
by a generalization of the activation energy, or by using more general approaches
for the calculation. As we stated above, the behavior of the levels in presence
of the transverse field becomes very complex, thus the activation energy must be
redefined; more details can be found in Paper V.
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Figure 2.5: Magnetic deflagration velocity vs longitudinal (top panels)
and transverse (bottom panels) magnetic fields for two thermal diffusivity
exponents, β = 13/3 (left panels) and β = −3 (right panels). Other pa-
rameters are: initial temperature T0 = 0.4 K; By = 2.5 T (for the upper
panels) or Bz = 0.4 T (for the lower panels). The fitting coefficient for
the two-level model is Γ0κ0 = 2.6× 105 sK−13/3 and for the full model is
Γ0κ0 = 2.92× 105 sK−13/3. The experimental data is taken from Ref. [31].
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Chapter 3

Dimensional instability of
magnetic deflagration in
crystals of nanomagnets

3.1 Front instability in magnetic media

Most of the studies of magnetic deflagration have used simplified 1D models of
the front. Only recently, Garanin [35] studied the dynamics of the magnetic front
near a resonance using numerical simulation in 3D. Reference [35] reports that
the multidimensional front near the resonance becomes very unstable and chaotic.
We stress that the propagation mechanism studied in [35] is mainly driven by a
tunneling resonance and not by thermal conductivity, and thus cannot be used for
arbitrary fields.

In this section, we will investigate the dimensional instability of the transfor-
mation front which is driven by the magnetic field. While this thesis is concerned
with magnetic deflagration in crystal of nanomagnets, most of the theoretical re-
sults can be applied to any kind of transformation front in magnetic media, such as
propagation of domain walls and systems of quantum dots. We first develop linear
and second-order theories for the propagation of an infinitely thin front (Paper II).
Those theories are valid for materials when the magnetization M of the media is
comparable to or much larger than the external magnetic field B. We then extend
the model for finite front thickness, which allows us to investigate properties of
the instability, such as characteristic sizes of the instability and maximal growth
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Figure 3.1: The magnetic field (shown by colors and field lines) at a 2D
curved stationary transformation front obtained using numerical simula-
tions for µ0M = 0.05 T, B0 = 0.1 T and λ/Lf = 20.

rate (Paper IV). An analysis of the instability for finite front thickness is made
particularly for magnetic deflagration in nanomagnet crystals.

We consider the propagation of the planar transformation front in magnetic
media with speed Uf . The speed depends on the local value of the magnetic
field, Uf (B). By transformation of the media, we mean that the media changes
its magnetization from M1 to M2. The media’s properties define what kind of
magnetization can occur in it. The magnetization itself modifies the magnetic
field and changes its value along the front depending on the front’s geometry.
Nonuniform (perturbed) magnetic fields result in a varying front velocity along the
front. The magnetization has a preferable direction — the easy axis. Depending
on the relative orientation of the external magnetic field to the easy axis of the
media, such perturbations can be stable or unstable. By stable we mean that
such perturbations will vanish with time and the front will become planar again.
Meanwhile, unstable perturbations will grow with time up to a saturation point.

Due to the infinitely thin front, we do not have a continuous transition zone
between the two regions. As a result, we assume that the magnetization in the
nanomagnet takes only one of the two values M1 ≡ (Mx1;Mz1) = (0;−M0) or
M2 = (0;M0), Fig. 3.1. This assumption stays valid while the external field
is lower than the anisotropic field; for nanomagnets BA ≈ 10 T [36]. At fields
lower than BA, deviations of the magnetization vector form the easy axis can be
easily neglected (Paper I). We will consider the classical case when the external

16



Uf

M2 M1

B0

z

x
a)

Uf

M2 M1

B0

b)

Figure 3.2: (Color online) Possible orientations of the front propagation
vs the crystal easy axis: (a) Most common geometry used in experiments,
where the easy axis is parallel to the direction of the front propagation; (b)
Hypothetical orientation of the crystal, where the easy axis is perpendicular
to the direction of the front propagation. The external magnetic field B0

is oriented along the easy axis of the crystal.

magnetic field is parallel to the easy axis and the front moves along the easy axis.
The planar front moves with constant velocity Zf = Uf t, where Zf is the front
position in space. The initial magnetic field is uniform and normal to the front,
B0 = âzB0. The magnetization changes from M1 = (0;−M0) in the cold region
(label 1) to M2 = (0;M0) in the hot region (label 2), Fig. 3.2 (a). For investigating
a linear stage of instability we consider an infinitely small front perturbation as
the superposition of Fourier modes,

Zf (x, t) = Uf t+ Z̃f (x, t), (3.1)

where Z̃f (x, t) =
∑
k Z̃k exp(ikx + σt), with the perturbation wave number k =

2π/λ, the wavelength λ and the instability growth rate σ. The general goal of the
linear analysis is to find the dispersion relation σ(k). If Re(σ) > 0 then the front is
unstable, and if Re(σ) < 0 then front is stable. The perturbed magnetic field can
be presented as a superposition of the external magnetic field and Fourier modes,
B = B0 +

∑
B̃k(z) exp(ikx+σt). Considering that the field perturbation vanishes

far from the front, z → ±∞, we solve Maxwell’s equations

∇ ·B = 0, ∇×H = 0, B/µ0 = H + M, (3.2)
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where µ0 is the vacuum permeability. We get solutions for the field perturbation
B̃1,2(z) ∝ exp(∓kz). Boundary conditions for the field are

ân · [B] = 0, ân × [H] = 0, (3.3)

where the normal vector to the perturbed front is ân = âz − âx∂xZf , within
the linear problem, and [F ] ≡ F2 − F1 designates the difference of any value F
across the front. Matching the corresponding components of the field on the front
B1(z = 0) = B2(z = 0) and using the boundary conditions, we find the relation
between the front curvature and the field perturbations,

B̃z1 = B̃z2 = µ0M0kZ̃f . (3.4)

The curvature increase of the front is ∂tZ̃f = U ′f B̃z, where U ′f ≡ dUf/dB. This
gives us the dispersion relation

σ = kU ′fµ0M0. (3.5)

For a more detailed derivation of Eq. (3.5), see the Supplementary Material of
Paper II. Firstly, the dispersion relation (3.5) exhibits dimensional instability of the
thin magnetic front, since σ > 0 if U ′f > 0. Secondly, the dispersion relation (3.5)
has a similar structure, σ ∝ k, to the Darrieus-Landau instability of a flame front
in combustion, astrophysics, and laser fusion [23, 37–44], and to the instability of
doping fronts in organic semiconductors [45, 46].

It is also interesting to consider another geometry, where the easy axis of the
crystal is perpendicular to the direction of the front propagation, Fig. 3.2 (b). In
this case, the magnetization of the crystal will be M1,2 = (∓M ; 0) and

σ = −kU ′fµ0M0. (3.6)

Thus, within the geometry shown in Fig. 3.2 (b), the front will tend to propagate
as planar, any small perturbation of the front will vanish.

The characteristic dimensionless strength of the instability, σ/Ufk, depends
on the sensitivity of the front velocity to the change of magnetic field U ′f/Uf and
on the relative magnetization to external field, M/B0. Strong magnetization can
be found in Permalloy nanowires. Typical velocity sensitivity for the “viscous”
regime of domain-wall propagation corresponds to a factor about 1.1 m2/sA (see
Ref. [12]). The velocity of domain wall propagation is Uf ∼ 500 m/s and taking a
typical magnetization of µ0M0 = 1 T, we get an extraordinarily strong instability
growth rate of about σ/Ufk ∼ 103.

For nanomagnets there are two ways to increase σ: i) by decreasing the ex-
ternal magnetic field, which will impact the relative magnetization M0/B0; ii) by
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in Ref. [47].

approaching fields near to a resonance where the front velocity sensitivity U ′f/Uf
can be arbitrary high. Using data for the front velocity from [48], we calculate σ
according to Eq. (3.5), and show the result in Fig. 3.3. As was expected, we observe
a high characteristic growth rate at low field and near resonances (at B = 0.92 T
and B = 1.32 T).

The linear analysis used above gives us a prediction of how a planar or slightly
curved front will behave. As the front becomes more curved, the linear approach
stops working because perturbations are no longer infinitely small. Thus, we de-
veloped a nonlinear analytic theory for thin fronts. When perturbations of the
front reach the maximal amplitude, the propagation of the strongly curved front
becomes stationary again but propagates faster than a planar one [37]. We use
the Lazer model, which has been also used for investigations of the Rayleigh-
Taylor instability [37]. Nonlinear theory allows to predict how significantly the
front can curve and what the velocity of the curved front will be. We consider the
axisymmetric case of a curved front which moves with velocity Uf , as shown in
Fig. 3.4. Solving Maxwell’s equations together with the boundary conditions for
the perturbed field B ≡ B0 + B̃1,2, we get the relation for field perturbation

B̃z(0) ≡ B̃0 = 8M0µ0α/k, (3.7)

19



where α is a curvature coefficient, so the shape of the curved front is Z(r) = −αr2.
All points of the stationary curved front propagate along the z axis with a constant
velocity

Uf

[
B0 + B̃0(r)

]
= âz · ânUf

(
B0 + B̃0

)
, (3.8)

where the left-hand side is the velocity at an arbitrary point r and the right-hand
side is the velocity at the tip of the hump r = 0; the normal vector ân is taken at
point r. Expanding Eq. (3.8) close to the front tip kz � 1, kr � 1, we obtain the
equation for field perturbation as

B̃0 =
8µ2

0M
2
0U
′
f

Uf − 4µ0M0U ′f
, (3.9)

where Uf and U ′f ≡ dUf/dB are taken at B0 + B̃0. For a more detailed derivation
of Eq. (3.9) see Supplementary Material of Paper II. Effectively Eq. (3.9) gives us
the increase of the field on the top of the hump. Equation (3.9) has no stationary
solution when 4µ0M0U

′
f/Uf > 1, which can be treated as an even stronger insta-

bility growth which will be limited by the structure of the front and other physical
effects.

For validation of the instability theory we performed numerical simulations
of the problem, using finite element analysis in COMSOL Multiphysics. For the
evolution of the metastable molecules we have used Eq. (2.23), and for heat transfer
Eq. (2.21). An axially symmetric geometry, a cylinder in particular, was chosen.
Initial and boundary conditions are: the side and upper wall of the cylinder are
adiabatic; the initial temperature is uniform, T0 = 0.1 K; the cylinder is placed in
an external uniform magnetic field Bz > 0 and side walls satisfy ân · B = 0; the
initial state of the sample is n = 1 . Magnetization changes from −M0 in the cold
region n = 1 to M0 in the hot region n = 0, thus the local magnetization is related
to the metastable molecules ratio by the formula

Mz = M0(2n− 1), (3.10)

where M0 is the saturation magnetization; for a particular nanomagnet we take
M0µ0 = 0.05 T [49]. At some point in time, t = 0, a heat influx pulse was applied
to the bottom of the cylinder. As the local temperature grows, spin flipping starts,
accompanied by the release of the heat. If the igniting pulse is big enough, this
creates a steady deflagration front. For some time, the front propagates as planar.
Depending on the spatial distribution of the heat influx and the external magnetic
field, the front starts to bend, forming a cone. After the cone is fully developed the
front becomes steady again, but the velocity of the steady, curved front is higher
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Figure 3.4: A stationary curved magnetic deflagration front in the
axisymmetric geometry obtained numerically for external magnetic field
B0 = 0.1 T, magnetization µ0M = 0.05 T, and scaled channel radius
R/Lf = 21. (a) Fraction of molecules in the metastable state, n. (b)
Magnetic field magnitude.

than the velocity of the planar front see, Fig. 4 in Paper II. Numerical simulation
has confirmed the existence of the instability in magnetic deflagration fronts. The
strongest instability was observed at low magnetic fields (B0 = 0.1 T in Fig. 3.4)
and near the resonances, as it was predicted by the theory.

3.2 Growth rate and cutoff length of the mag-
netic instability of spin avalanches in crystals
of nanomagnets

In the previous section, we have shown that an infinitely thin magnetic defla-
gration front is unstable due to spatial bending. We have not taken into account
any front structure properties while deriving the dispersion relation (3.5). Thus
σ in Eq. (3.5) increases infinitely with increasing k, i.e., infinitely small pertur-
bations must grow infinitely fast. To avoid a such divergence, we must take into
consideration additional physical mechanisms that will damp the instability on
small scales. As we show below, the heat transfer does overcome the magnetic in-
stability on small scales. Moreover, the growth rate becomes negative past some k.
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The wavelength where the growth rate equals zero we call the cutoff wavelength,
σ(kcut) = 0. Using the heat transfer equation we introduce the front characteristic
length Lf . It allows us to consider a continuous front, i.e., all variables along the
front change continuously. At first, we will resolve a stationary front — when
the front moves as a whole with constant velocity Uf . The physical meaning of
the cutoff wavelength can be understood by introducing the cutoff wavelength
λcut = 2π/kcut. If the size of the perturbation λcut is smaller than the width of
the front then such a perturbation will be undetectable and will dissipate due to
the heat transfer. This section is based on Paper IV.

To start, we consider a spatial 1D stationary front. We solve Eq. (2.23)
and Eq. (2.21) as described in Section 2.2 for a given external magnetic field
B = (0;B0). For a finite front thickness, the magnetic field also changes contin-
uously. Magnetization along the front changes according to Eq. (3.10). We also
introduce the vector potential A defined by B = ∇×A, which satisfies ∇ ·B = 0
automatically. The second Maxwell equation ∇×H = 0 together with Eq. (3.10)
can be rewritten as

∇2A− 2µ0M0
dn

dx
= 0. (3.11)

To continue, we introduce a dimensionless magnetic potential a ≡ A/(Lfµ0M0)
and a related variable χ ≡ idadξ in order to reduce the order of the differential

equation (3.11). We introduce more dimensionless variables, like temperature
θ = T/Tf , heat flux ψ = dθ

dξ and coordinate ξ = x/Lf .
Five variables which change along the front are calculated within the planar

front propagation problem. The perturbation of each variable can be written in
the form

f(z, x, t) = f(z) + f̃(z) exp(ikx+ σt). (3.12)

After perturbing Eqs. (2.24), (2.25), (3.11), and keeping only linear terms, the
system can be written as

d

dξ
v = Gv, (3.13)

where v =
(
θ̃, ñ, ψ̃, ã, χ̃

)T
is the vector of dimensionless perturbations. G =

G (ξ, S,K) is a 5×5 matrix of the coefficients of the system of differential equations,

G =


(β − α)ψθβ−α−1 0 θβ−α 0 0

−Φ −S −W 0 G24 0
G31 −WJ θβ G34 0

0 0 0 0 1
0 −2K 0 K2 0

 , (3.14)
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where matrix components are

G24 =K

[
W
C1

θ
(n− neq)− C2

b0z

]
G31 =βψθβ−1 − JW Θ

θ2

(
n− neq − n2

eq

∆

Θ
e∆/θ

)
+ Sθα +K2θα−β

G31 =
K

bz

[
W (n− neq)

(
1 + b0z

C1

θ

)
− C2

]
(3.15)

with the designations

W ≡ Λe−Θ/θ, C1 ≡
gµBSz
Tfµ0M0

, C2 ≡Wn2
eq

∆

θ
, (3.16)

introduced for brevity; b0z ≡ µ0M0B0z is a dimensionless external magnetic field,
S ≡ σΓ0 and K ≡ kLf are the scaled instability growth rate and the perturbation
wave number, respectively.

The system (3.15) contains S and K as parameters. Our goal is to find the
dispersion relation S(K). For that we use the method which was used for the
Darrieus-Landau instability problem in laser ablation [38]. The method proceeds
as follows. The perturbations vanish exponentially far from the front, so

vξ→±∞ = vi exp (µiξ), (3.17)

where vi are initial perturbations and µi are so-called modes. Substituting Eq. (3.17)
in Eqs. (3.15), we obtain

Gv = µv. (3.18)

Solving the eigenvalue problem (3.18) at ξ → ±∞, we get eigenvalues µi with cor-
responding eigenvectors vi. Varying parameters S and K, we integrate the modes
along the front. If the integrated modes create a trivial matrix the dispersion
relation S = S(K) is obtained. For more details see Paper IV.

The dispersion relation S = S(K) for different magnetic fields is shown in
Fig. 3.5. The dispersion relation for the magnetic inability is similar to the dis-
persion relation of the Darrieus-Landau instability [38, 50]. For small K, we have
a linear dependence according to Eq. (3.5), i.e., on the large scale the instability
is driven by magnetic field perturbations and not affected by the heat transfer.
At some wavelength Kmax the growth rate reaches it maximum Smax, i.e., at a
given magnetic field the perturbations with wavelength Kmax will grow the fastest,
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Figure 3.5: Dimensionless instability growth rate versus the dimensionless
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are shown only for the dispersion relation for Bz = 0.1 T.

compared to perturbations with other wavelengths. Beyond Kmax the growth rate
decreases, meaning that heat transfer becomes more important on the small scales.
At the cutoff wavelength Kcut the growth rate equals zero, for higher K the growth
rate S becomes negative; perturbation with a negative S vanish exponentially.

The dispersion relation presented in Fig. 3.5 is dimensionless and has a general
representation. The results in Fig. 3.2 are presented in dimensional units. Param-
eters κo and Γ0 are used as characteristic values for scaling dimensionless values.
Thus, by knowing the real values of λmax and σmax from the experiment and com-
paring them to the theoretically predicted Kmax and Smax, one can calculate values
of κo and Γ0 .

We suggest two main experimental approaches for the detection and inves-
tigation of the magnetic front instabilities in nanomagnets. The first approach
uses the difference of the planar front velocity with respect to the curved front
velocity. By changing the easy axis orientation and sample width, one can change
the instability strength and the front velocity as a result. Another possible way of
spatially resolving the magnetic front is magneto-optical imaging [51], which my
give an actual image of the front.
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Chapter 4

Role of thermal conduction
and volume viscosity in
magnetic detonation

This section is dedicated to the results obtained in Paper III. Here we present
our investigation of the role of transport phenomena in magnetic detonation. Mag-
netic detonation has been described in [52] as an explanation of the ultrafast spin
avalanches observed in experiments performed by Decelle et al. [53]. Such ultrafast
fronts move with velocities close to the speed of sound in a crystal of nanomagnets,
Uf ≈ 2000 m/s. Typical speeds of the spin avalanches are around 1−10 m/s. The
speed of the magnetic detonation is slightly higher than the speed of sound by
a few percent. Unlike magnetic deflagration, in the case of magnetic detonation
energy is transferred by the shock wave. The passing shock wave compresses the
medium, which leads to its heating and magnetic relaxation as a result. Refer-
ence [52] considered the detonation front as infinitely thin, which can be a valid
assumption in the case of a weak detonation and it does not affect the velocity of
the front. It is important to note that detonations with weak shocks are rarely
considered. Most of the self-maintaining detonations in gases have a compression
factor around 10 [54], which makes the width of the shock region comparable to
the mean free path of the molecules. Therefore, for non-weak detonation fronts,
the shock wave can (and must) be considered as infinitely thin. However, due to
their unique properties, such as nonlinear heat capacity and low activation energy,
detonations in nanomagnets have the characteristics of a weak shock. A legitimate
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Figure 4.1: The pressure-volume diagram for different values of the scaled
viscosity η′ = 0.005; 0.05; 0.1 in the external magnetic field Bz = 4 T.

question arises: what is the internal structure of the detonation front? In particu-
lar, what is the typical width of the front and how does it depend on the external
parameters such as magnetic field? In order to answer these questions, we take
into account thermal conduction and volume viscosity.

Considering that the media does not interact with the external world, we
assume that mass, momentum and energy are conserved within the detonation
front [50],

ρu = const1 = ρ0u0, (4.1)

P + ρu2 = const2 = P0 + ρ0u
2
0 − η

du

dz
, (4.2)

ρu

(
ε+Qn+

P

ρ
+
u2

2

)
= const3 = ρ0u0

(
ε0 +Q+

P0

ρ0
+
u2

0

2

)
− κdT

dz
− ηudu

dz
,

(4.3)
where the label 0 designates the initial state, ε is the thermodynamic energy [55],
ρ is the density, T is the temperature, Q is the Zeeman energy, κ is the thermal
diffusivity, u is the flow velocity, P is the pressure and η is the volume viscosity.

The hydrodynamic equations (4.1)–(4.3) are complemented by the equation of
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state [52, 55]
P

ρ0
=
c20
n

(rn − 1) +
R

M
GChT

α+1r, (4.4)

where r ≡ ρ/ρ0 represents the relative compression of the crystal, c0 is the speed
of sound in the crystal, M = 1869 g/mol is the molecular mass for Mn12-acetate
[56], n = 2 and G = 4 are constants [55]. Conservation equations together with
the equation of state

ε =
c20
n

(
rn−1 − 1

n− 1
+

1

r
− 1

)
+
R

M
GChT

α+1 (4.5)

can be integrated numerically similar to the method in Ref. [52] It is convenient
to characterize the role of viscosity by the dimensionless parameter

η′ ≡ η

ρ0c20τ
. (4.6)

The dimensionless viscosity η′ plays the role of the inverse Reynolds number. Since
there have been no works on the volume viscosity in crystals of nanomagnets, we
take it as a free parameter and consider the cases η′ = 0.0005, 0.05, 0.1.
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Typically, the hydrodynamic processes are represented on Pressure-Volume
(PV) diagrams. Evolution of the pressure and the volume are presented for the
detonation front in crystals of nanomagnets in Fig. 4.1. The shock curve on the PV
diagram represents all possible states of the system given the initial energy, those
states are allowed by the conservation equations and can be achieved after passing
through the shock wave. The detonation cure corresponds to the all possible states
of the system after “burning” all the energy. The shock curve is determined by the
initial conditions, while the detonation curve is determined by the energy released
in the reaction. Thus, the initial point is always located on the shock curve, and
the final point on the detonation curve. We consider a self-propelling detonation
front or so called Chapman-Jouguet (CJ) regime [50], with the detonation products
moving away from the front with the local speed of sound. The CJ detonation
propagates with the slowest possible speed at a given energy release. Thus CJ
detonation lies on the tangent to the detonation curve (the tangent of the slope
on the PV diagram corresponds to the velocity of the front). If η = 0, then
Eqs. of mass (4.1) and momentum (4.2) conservation produce a linear relation
p = p0 + ρ0u

2
0(1 − V/V0). This restricts the evolution of the system to a straight

line on the PV diagram, see Fig. 7 in Paper III. Parameters P and V cannot
simultaneously satisfy Eqs. (4.1)–(4.3) because the shock curve does not coincide
with a straight line in this case. This overdetermination of the system leads to an
isothermal jump. Which allows continuous change of the temperature, while the
pressure and the density experience a discontinuity. However, the presence of an
arbitrarily small volume viscosity in the Eq. (4.2) results in a significant change
in the PV diagram. As we can see in Fig. 4.1, the compression phase lies close to
the shock curve, and continuously goes to the CJ point.

We also investigated how the transverse magnetic field B⊥ changes the det-
onation front thickness. The transverse magnetic field B⊥ changes the Zeeman
energy and the activation energy, while the hydrodynamic calculation remains the
same. For this purpose, we introduced the characteristic front length Lt scaled
by c0τ , defined as the distance between two reference points corresponding to a
pressure deviation 0.2(Pd − Pt) from the initial pressure P0 and the final pressure
Pt. As we can see from Fig. 4.3, the front length Lt decreases with an increase of
the transverse magnetic field B⊥.
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Chapter 5

Conclusions

In this thesis, we have studied different nonlinear aspects of the theory of
magnetic deflagration. We have considered the front instability, a complex energy
level model for magnetic deflagration and the internal structure of the magnetic
detonation. All those aspects can help in a better understanding of the spin
avalanches phenomenon by improving existing theoretical models and suggesting
new experimental setups for further investigation of the system.

In particular, the magnetic front instability must lead to an increase of the
front velocity similar to the Darrieus-Landau instability. Different orientations of
the easy axis relatively to the direction of the front propagation must influence
the instability and the front velocity as a result.

Currently, exact values of the heat diffusivity κ and the relaxation constant
of the crystal Γ remain unknown. The front velocity experimental data gives us
only one parameter — which is a product of those two, κ ·Γ. The front instability
can be used for indirectly measuring the heat conductivity and the relaxation
constant of the crystal. Knowing the cutoff wavelength of the instability and the
front velocity, we can calculate the heat conductivity and the relaxation constant
separately, which has not been done before. The front instability might also cause
fast front acceleration at resonant fields similarly to the deflagration to detonation
transition [24, 57, 58]. Beyond its application to nanomagnets, the obtained theory
of instability of magnetization-switching fronts can be generalized to other media,
such as ferromagnetic nanowires and systems of quantum dots.

We extended the existing theory of the magnetic deflagration by taking into
account all the energy levels of the system. The multilevel approach gives a better
agreement with experiments. Using quantum mechanical calculations, we have
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shown that in the presence of a transverse magnetic field, the energy levels of the
nanomagnets create a complex pattern. We point out that a common definition
of the activation energy cannot be used in this case and new approaches must be
developed.

We analyzed the continuous structure of the detonation front by including vol-
ume viscosity and heat conductivity in the hydrodynamic equations for magnetic
detonation. Calculations showed that the heat conductivity plays an insignificant
role in the front formation, and volume viscosity is responsible for the spatial struc-
ture of the detonation front. The methods developed can be used in the analysis
of weak detonations in other media.
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