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Abstract 
This study examines which of the implied volatilities from options and covered warrants with 

exactly the same terms and cash flows that deviates least from the subsequent week’s realized 

volatility levels. Their suitability as methods for forecasting is also examined by comparing 

their predictive abilities with the forecasts of ARCH models. The study was performed on 

options and covered warrants traded in Sweden between February and May 2016. The results 

indicate that volatility levels implied by covered warrants generally overestimates realized 

volatility and that neither instrument outperforms the forecasts of ARCH models.1 

  

                                                           
*I wish to express my gratitude towards Carl Lönnbark for much appreciated guidance during the work of this study. 
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1 Background and purpose 
Understanding the nature of the fluctuation that financial securities exhibit has become a large 

field of research for both academics and market participants. Fluctuation is usually measured 

as the degree of the variation of a financial time series for a specific time period and often 

expressed as its ‘volatility’. We start out this section with a short recap of the development of 

volatility models.  

1.2 Earlier research 
Mandelbrot (1963) was the first to provide evidence of so-called volatility clustering, meaning 

that large (or small) moves, in a financial time series, tend to be followed by other large (or 

small) moves. A popular family of models that accounts for this is the autoregressive 

conditional heteroscedasticity, or ARCH models, originally developed by Engle (1982), in 

which the GARCH (1,1) model is one of the more widely used today. These models assume a 

conditional volatility level that is a function of the size of the volatility levels in previous time 

periods. Later, many researchers (Black 1976; Christie 1982; Nelson 1991, to name a few) 

found evidence of volatility levels being negatively correlated with stock returns, i.e. negative 

shocks tend to cause higher volatility than positive. One explanation behind this phenomenon 

is that the, generally risk averse, market participants’ demand for a particular asset falls when 

faced with news of increased volatility. The decline in the assets value then causes the volatility 

to additionally increase. Since the traditional ARCH models does not impose this asymmetry, 

models that do so were developed. One of the more popular models is the exponential GARCH, 

or EGARCH model, developed by Nelson (1991). 

The most common reason to model volatility is that the models can, with varying accuracy, be 

used to forecast volatility for future time periods. A great number of case studies have been 

performed in the last 30 years which test the forecasting ability of the different models 

belonging to the ARCH type family, which today have become quite copious in number. In 

2005 a study was performed by Hansen and Lunde, in which 330 ARCH-type models was 

examined. The models predictive ability of the one-day ahead conditional variance of the daily 

DM–$ exchange rate and the daily IBM returns was tested in an out-of-sample procedure. The 

findings showed no evidence of the GARCH (1,1) model being outperformed in the analysis of 

the exchange rate data. It was however clearly outperformed in the analysis of the stock returns. 

Another way to acquire estimates of future volatility levels is to look at the implied volatility 

from various derivative pricing formulas. In the Black-Scholes option pricing model, which 

will be described thoroughly in the theory section, the only not directly observable factor 
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determining the price of the option is the volatility level of the underlying asset. Hence, the 

volatility level implied by the market can be derived from an option contract that has been 

priced. Plenty of case-studies have tested the implied volatility’s ability to forecast actual 

volatility. Latane and Rendleman (1976) were among the first to derive an implied volatility 

level from the Black-Scholes model. They performed their study on 39 weekly returns from 24 

different companies. They found that generally the implied volatility forecast does correlate 

with actual volatility to a great extent (0.827). However, they also found that the predictive 

ability was superior for at-the-money options and that deep in-the-money options close to 

maturity were almost completely insensitive to volatility movements and hence priced in such 

a way that their implied volatility had very little ability to forecast correctly. This phenomenon 

is discussed further in the theory section below. To account for this the researchers suggested 

creating a weighted implied volatility by combining options with the same underlying asset but 

with different strikes and times to maturity. 

Beckers (1981) did perform such a study where different types of weights were used. All 

weights were based on the particular options’ sensitivity to volatility movements, i.e. weighted 

on the first derivative of the option w.r.t. the volatility level (Vega). The research showed that 

most weighted implied volatilities outperformed a simple historical variance measure’s ability 

to forecast. However, all the weighted approaches were outperformed by the unweighted 

implied volatility for at-the-money options. Years later though, Bartunek and Chowdhury 

(1995) performed a case study on the same companies as Becker over 480 trading days and 

found no superiority of either forecasting method. Their study actually suggested ARCH 

modelling to be superior. As has most of the performed case studies thereafter. 

Aside from option contracts, implied volatility could also be derived from a derivative security 

called covered warrant. Few studies have been performed however that examines whether 

implied volatility from these instruments are suitable as forecasts. The purpose of this study 

will be, in part, to do just that and hence a description of the characteristics of covered warrants 

is motivated. 
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1.3 Characteristics of a covered warrant 
The terms within a covered warrant security are very similar to those within an option contract. 

The owner is given the right, but not the obligation, to buy or sell an underlying asset to a pre-

determined strike price. This right can be exercised during, or at the end of, a pre-determined 

time period. The main difference between options and covered warrants is that the former are 

agreements between two parties (an issuing party and a buying party) and settlements are 

usually governed by a clearing house. For covered warrants a financial institution is instead 

responsible for the issuance and the instruments can be traded as securities on a stock exchange. 

To guarantee market liquidity the issuer offers daily bid and ask prices.  

The covered warrant is a development of the corporate warrant contract in which the owner is 

given the right to buy newly issued shares to a predetermined price. Issuance of corporate 

warrants was a popular method of financing in the 1980s but today these contracts are rare since 

companies choose other financing methods (Swedish Shareholders’ Association 2007). Unlike 

the corporate warrant, the covered warrant does not dilute the ownership of the company by 

creation of new shares.  

The name ‘covered’ warrant stems from a time when, in order to guarantee the investor delivery 

of the underlying asset, the issuer typically held that asset during the life span of the warrant. 

The warrant was then considered ‘covered’. Today, more sophisticated hedging techniques are 

normally used (Mchattie 2002).  

Henceforth, ‘covered warrants’ will be referred to as just ‘warrants’ throughout the thesis. 

Table 1.1 below summarizes the most important differences between options and warrants. 

Table 1.1 Differences in characteristics between options and warrants 

Characteristics Options Warrants 

Issuer 
Any person that fulfils the 

collateral requirements 
Authorized financial 

institutions 

Time to maturity 
Typically three to nine 

months 
Typically three months to 

three years 

Parity (no. of instruments 
per underlying asset) 

One option per unit of 
underlying asset 

Typically ten per unit of 
underlying asset 

Underlying asset Less wide range of assets More wide range of assets 

Covered Generally no Generally yes 
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Aside from the differences stated above, the warrant, does to a great extent work just like an 

option. They can be categorized either as a ‘call’ warrant, which gives the owner the right to 

buy, or as a ‘put’ warrant which gives the owner the right to sell and both instruments have the 

characteristic of being either of European style or American style. The European style can only 

be exercised on the predetermined exercise date while the American style gives the owner the 

right to exercise during the entire life span of the instrument. 

An interesting thing about warrants is that they can coexist in the market along with option 

contracts despite identical cash flows and different prices, which contradicts the law of one 

price. Warrants are in general priced higher than options. An example of this is shown in Figure 

1 below. This phenomenon was to a great extent explained in a study examining the Hong Kong 

market by Li and Zhang (2009). Their results strongly indicate that the reasons behind market 

participant’s willingness to pay more for warrants are different transaction costs and what they 

call the liquidity premium. Newly issued warrants are much more liquid than options and they 

are hence preferred by high-frequency traders since, according to the same study, short-term 

profits in the warrant market are at least as high as the hypothetical short-term profits in the 

option market. 

Figure 1. Example of the differences in premiums between the BOL6D130 covered warrant and 

option. 

 

1.4 Problem 
As mentioned earlier, the issuers of warrants quotes bid and ask prices at all times on the 

warrants they have issued. They buy at the (slightly lower) bid price and sell at the (slightly 

higher) ask price in order to always guarantee liquidity in the market. This differs a great deal 

from the way a deal goes through in the options market, where supply and demand needs to 

match. Another difference is that investors are not allowed to issue themselves. The sole 

supplier of the instruments are the issuing financial institutions. Since market participants are 
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willing to pay the issuer a premium for this liquidity they are in fact assigning the underlying 

asset a higher volatility level than option traders. If we know, generally at least, that warrants 

are priced higher than options, does it necessarily mean that warrant issuers are overestimating 

volatility when they quote prices? Or could volatility implied by options be underestimating 

true volatility due to the lack of liquidity? The aim of this study is to answer these questions 

while also examining if any of them are suitable for forecasting by comparing their forecasting 

ability with that of a suitable ARCH-type model. 
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1.5 Purpose and limitations 
To repeat, the aim of this study is to answer the questions stated in the preceding section while 

also examining if any of the two instruments are suitable tools for forecasting volatility. This 

study will derive the implied volatility of the underlying assets of warrants and option contracts 

using the Black-Scholes-Merton option pricing formula. These implied volatility levels will 

then be compared with an estimated proxy of the subsequent week’s realized volatility level. 

Regressions will be carried out on nine classes for each instrument; separating them into groups 

of long, middle and short-term with respect to their time to maturity and groups of in-the-

money, at-the-money and out-of-the-money with respect to the underlying asset’s spot price 

compared to the strike price. The implied volatilities forecasting ability of the subsequent 

week’s realized volatility will be compared to the forecasting ability of a, for each underlying 

stock, suitable ARCH-type model. 

The study is limited to nineteen different options and warrants for each group with an individual 

underlying Swedish stock for each observation. The ARCH modelling and forecasts will be 

carried out on the same underlying stocks. 
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2 Theory 
This chapter will provide a thorough description of the widely used Black-Scholes-Merton 

option pricing model. The principal aim is to show how an implied volatility level can be 

derived from the model and subsequently be used in this study as an estimation of the future 

realized volatility. The chapter also contain a short demonstration of other ways the model can 

be useful and ends with a discussion regarding the volatility skew phenomenon. 

2.1 Black-Scholes-Merton model for pricing European options 
The price of an option depends on several factors with the volatility of the underlying stock 

being one of them. A number of pricing models, depending on these factors, have been 

developed during the years and the, by far, most popular model was developed in the early 

1970s by Fischer Black, Myron Scholes and Robert Merton. No other model has had greater 

influence on the way market participants price and subsequently hedge derivatives (Hull 

2012). The factors included in the model’s pricing formula are: the strike price, the time to 

maturity, the risk-free interest rate, the spot-price of the underlying asset and the volatility of 

the underlying asset. Since the only unknown factor is volatility it can be implicitly derived 

from the model, given that the option has been priced by the market. Because the volatility 

level is the variable that indicates how much we can expect the price of the underlying asset 

to fluctuate during the remaining life of the option, it can be argued to be markets’ aggregate 

estimation of the future realized volatility. In this study the issuers’ bid prices will be used to 

derive the implied volatility in the case of the warrant.  

2.1.1 Black-Scholes-Merton differential equation 

The Black-Scholes-Merton model rely upon the following assumptions: 

1) The price of the underlying stock follows the process dS = μ · S · dt + σ · S · dz. 

2) Short selling of securities is allowed. 

3) There are no transaction costs or taxes. All securities are perfectly divisible (it is for 

example possible to buy 1/10th of a share) 

4) There are no dividends during the life of the option. 

5) There are no arbitrage possibilities. 

6) Security trading is continuous. 

7) The risk-free interest rate, at which money can be lent or borrowed, is constant for all 

maturities. 
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Assumption 1) states that the behavior of the stock price follows a geometric Brownian motion. 

We will use this as the outset for the derivation of the Black-Scholes-Merton differential 

equation and hence a detailed description of the process is motivated. In the expression  

dS = μ · S · dt + σ · S · dz 

S is the spot-price of the stock, the variable μ is the expected rate of return of the underlying 

stock and σ is the volatility of the stock price. The variable z is a Wiener process which means 

it carries the following two properties: 

Property 1. During a small period of time, 𝛥𝑡, the change, 𝛥𝑧, is described to be 

𝛥𝑧 =  𝜀√𝛥𝑡 

where ε has a standardized normal distribution 𝛷(0, 1). 

Property 2. The values of 𝛥𝑧 for any short intervals of time are independent. 

Before we move on it should be mentioned what this type of assumption about stock price 

behavior means for the distribution of the stock price. Itô’s Lemma states that if S follows the 

process above, a function G of S and t will follow the process 

𝑑𝐺 = (
𝜕𝐺

𝜕𝑆
∙ µ ∙ 𝑆 +

𝜕𝐺

𝜕𝑡
+

1

2
∙

𝜕2𝐺

𝜕𝑆2
∙ 𝜎2 ∙ 𝑆2) ∙ 𝑑𝑡 +

𝜕𝐺

𝜕𝑆
∙ 𝜎 ∙ 𝑆 ∙ 𝑑𝑧 

If we let G = ln S, it follows that 

𝑑𝐺 = (𝜇 −
𝜎2

2
) 𝑑𝑡 + 𝜎𝑑𝑧 

The natural log of S has a constant drift rate of 𝜇 −
𝜎2

2
 and constant variance rate 𝜎2. This means 

that the change in ln S within some time period is normally distributed. We get 

𝑙𝑛 𝑆𝑇 − 𝑙𝑛 𝑆0 ~𝛷[(𝜇 −
𝜎2

2
) ∙ 𝑇, 𝜎2 ∙ 𝑇]  

or 

𝑙𝑛 𝑆𝑇 ~𝛷[𝑙𝑛 𝑆0 + (𝜇 −
𝜎2

2
) ∙ 𝑇, 𝜎2 ∙ 𝑇]  

Any variable whose natural logarithm is normally distributed has a log-normal distribution. 

Hence, it is shown that the Black-Scholes-Merton model assume that stock prices are log-
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normally distributed and will have a probability density function resembling what is shown in 

Figure 2.1 below. 

Figure 2.1 Probability density function for a lognormal distribution with µ = 2 and σ = 1 

 

One of the arguments for using a geometric Brownian motion to model stock prices is that the 

expected percentage returns are independent of the value of the process (the stock price). Which 

is in line with what is usually assumed about a stocks’ return in reality. Another argument is 

that, like real stock prices, the process is nonnegative and can vary between 0 and infinity 

(Rupert 2006). 

If we now let C denote a call option that is dependent on S, Itô’s Lemma states that a function 

C(S, t) will follow the process 

𝑑𝐶 = (
𝜕𝐶

𝜕𝑆
∙ µ ∙ 𝑆 +

𝜕𝐶

𝜕𝑡
+

1

2
∙

𝜕2𝐶

𝜕𝑆2
∙ 𝜎2 ∙ 𝑆2) ∙ 𝑑𝑡 +

𝜕𝐶

𝜕𝑆
∙ 𝜎 ∙ 𝑆 ∙ 𝑑𝑧 

In discrete form we get the equations 

𝛥S = μ · S · 𝛥t + σ · S · 𝛥z 

and 

𝛥𝐶 = (
𝜕𝐶

𝜕𝑆
∙ µ ∙ 𝑆 +

𝜕𝐶

𝜕𝑡
+

1

2
∙

𝜕2𝐶

𝜕𝑆2
∙ 𝜎2 ∙ 𝑆2) ∙ 𝛥𝑡 +

𝜕𝐶

𝜕𝑆
∙ 𝜎 ∙ 𝑆 ∙ 𝛥𝑧 

where 𝛥𝑧 = 𝜀√𝛥𝑡 for both equations. 𝛥𝐶 and 𝛥𝑆 represent changes in C and S for a small time 

interval. 

A riskless portfolio is created by entering a long position in 
∂C

∂S
 shares and a short position in 

one call option. Π is defined as the value of the portfolio 
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𝛱 = −𝐶 +  
𝜕𝐶

𝜕𝑆
∙ 𝑆 

The change in the value of the portfolio during 𝛥t is expressed as 

𝛥𝛱 =  −𝛥𝐶 + +
𝜕𝐶

𝜕𝑆
∙ 𝛥𝑆 

It should be pointed out that it is only during small time intervals that we are able to treat 
𝜕𝐶

𝜕𝑆
 

fixed. For longer time intervals S changes, and so will 
𝜕𝐶

 𝜕𝑆
. In order to keep the portfolio riskless 

for a longer time period, the portfolio needs to be rebalanced frequently. Next, we substitute 

the expressions above for 𝛥𝑆 and 𝛥𝐶 into the equation for 𝛥𝛱 

𝛥𝛱 =  
𝜕𝐶

𝜕𝑆
∙ (𝜇 ∙ 𝑆 ∙  𝛥𝑡 + 𝜎 ∙ 𝑆 ∙ 𝛥𝑧) 

− (
𝜕𝐶

𝜕𝑆
∙ 𝜇 ∙ 𝑆 +

𝜕𝐶

𝜕𝑡
+

1

2
∙

𝜕2𝐶

𝜕𝑆2 ∙ 𝜎2 ∙ 𝑆2) ∙ 𝛥𝑡 −
𝜕𝐶

𝜕𝑆
∙ 𝜎 ∙ 𝑆 ∙ 𝛥𝑧 ⇒  

𝛥𝛱 =  −(
𝜕𝐶

𝜕𝑡
+

1

2
∙

𝜕2𝐶

𝜕𝑆2
∙ 𝜎2 ∙ 𝑆2) ∙ 𝛥𝑡 

The stochastic Wiener process does not appear in this equation. Meaning the portfolio is riskless 

during the small time period 𝛥𝑡. A riskless portfolio must, according to the assumption of no 

arbitrage, earn the risk-free rate of return, 𝑟. Hence, we get 

𝛥𝛱

𝛱
= 𝑟 ∙  𝛥𝑡 ⇒ 

𝛥𝛱∗ = 𝑟 ∙ 𝛱 ∙ 𝛥𝑡 

Using both the equations for 𝛱 and 𝛥𝛱∗ respectively in equation 𝛥𝛱 produces 

𝑟 ∙ (
𝜕𝐶

𝜕𝑆
∙ 𝑆 − 𝐶) ∙ ∆𝑡 = − (

𝜕𝐶

𝜕𝑡
+

1

2
∙

𝜕2𝐶

𝜕𝑆2
∙ 𝜎2 ∙ 𝑆2) ∙ ∆𝑡 ⇒ 

𝜕𝐶

𝜕𝑡
+ 𝑟 ∙ 𝑆 ∙

𝜕𝐶

𝜕𝑆
+

1

2
∙ 𝜎2 ∙ 𝑆2 ∙

𝜕2𝐶

𝜕𝑆2
= 𝑟 ∙ 𝐶 

 

The equation above is the Black-Scholes-Merton differential equation. The solutions to the 

equation are the pricing formulas for European call (C) and put (P) options 

𝐶 = 𝑆0𝑁(𝑑1) − 𝐾𝑒−𝑟𝑇𝑁(−𝑑2) 
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and 

𝑃 = 𝐾𝑒−𝑟𝑇𝑁(−𝑑2) − 𝑆0𝑁(−𝑑1) 

 

 

where 

𝑑1 =
𝑙𝑛(

𝑆0

𝐾 ) + (𝑟 +
𝜎2

2 ) ∙ 𝑇

𝜎√𝑇
 

and 

𝑑2 =
𝑙𝑛(

𝑆0

𝐾 ) + (𝑟 −
𝜎2

2 ) ∙ 𝑇

𝜎√𝑇
= 𝑑1 − 𝜎√𝑇 

The complete derivation of the formulas is not necessary for the purpose of this study. 

 

2.1.2 Dividends 

The original model assume that the underlying stock does not pay any dividends during the life 

of the option contract. The formula can however be modified in such a way that the pricing 

formula remain valid even when the underlying stock pays a dividend given a certain 

assumption. The assumption is that the so-called dividend yield (D), measured as the ratio 

between the dividend and the spot price of the stock, is deterministic. Meaning that during the 

remaining life of the option, the dividend yield is a function depending on no other variables 

than time and the value of the underlying asset (Cízek, Härdle & Weron 2005). The pricing 

formula for a call option could then be expressed as: 

𝐶 = 𝑆0𝑒−𝐷𝑇𝑁(𝑑1) − 𝐾𝑒−𝑟𝑇𝑁(−𝑑2) 

The price is simply discounted with the continuous dividend yield. The option pricing formula 

now assumes an option with an underlying asset of value 𝑆0𝑒−𝐷𝑇 that pays no dividend. Since 

most of the underlying stocks used in this study pay dividends, the pricing formula above will 

be used when deriving the implied volatility levels. 
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2.1.2 Usefulness 

One of the areas where the Black-Scholes-Merton model is most useful is measuring a trader’s 

exposure to risk. It’s so-called “Greek letters” or simply “Greeks” each measures a different 

dimension of risk for an option position. Some of the “Greeks” for call options are: 

Delta, ∆ =  
𝜕𝐶

𝜕𝑆
= 𝑁(𝑑1), which measures the option’s sensitivity to price movements in the 

underlying asset. 

Theta, 𝜃 = −
∂𝐶

∂T
= −

𝑆0𝑁′(𝑑1)𝜎

2√𝑇
− 𝑟𝐾𝑒−𝑟𝑇𝑁(𝑑2), which measures the option’s sensitivity to 

changes in time to maturity.  

Gamma, Γ =  
∂2𝐶

∂𝑆2 =
𝑁′(𝑑1)

𝑆𝜎√𝑇
, the second partial derivative of the option with respect to the spot 

price. Gamma, basically, measures the curvature of the relationship between the option price 

and the spot price of the stock. 

Vega, ν =  
∂C

∂σ
= 𝑆√𝑇𝑁′(𝑑1), which measures the option’s sensitivity to volatility changes. 

The “Greeks” can both measure risk exposure and indicate what position to undertake in order 

to hedge against the specific risk. However, since the subject of this study is volatility 

forecasting, we will not focus any further on the “Greeks”. 

2.1.3 Volatility smile and term structure 

When plotting the implied volatilities from options whose terms only differ in regard to the 

strike price, it is usual that a form of “smile” appear as in Figure 2.2. The implied volatility 

seems to be higher for options with low strike prices and then successively declining (at a 

decreasing rate) when the strike price increases. 

Figure 2.2 Volatility smile 
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This phenomenon suggests that traders assign the underlying stock a different distribution than 

the lognormal of the Black-Scholes-model. This implied distribution would have a heavier left 

tail and a less heavy right tail, meaning that large negative movements are more likely to occur 

and large positive movements less likely to occur under the implied distribution. As an example, 

options with high strike prices that might need a large positive move to end up in-the-money 

are priced lower under the implied distribution than it would under the lognormal distribution 

(Hull 2012). 

A similar phenomenon occurs when the term structure – the implied volatility levels as a 

function of time to maturity - is compared. Traders typically assign a higher volatility level 

when the recent short-term volatility is historically low, which creates expectations of 

increasing volatility. Similarly, they assign lower volatility levels when the recent short-term 

volatility is historically high as they now expect it to decrease. A convenient way to study 

volatility is to create a so-called volatility surface which combines the volatility smile and the 

term structure in a three-dimensional plane. A demonstration of this will not be necessary for 

this research. However, the fact that the implied volatility levels differ between options (and 

warrants) despite of them having the same underlying stock will have consequences for 

someone trying to use implied volatility levels as a tool for forecasting and therefore the options 

and warrants chosen to use in this study will be assigned a particular class that could, 

potentially, identify where on the volatility surface one can find warrants or options suitable for 

forecasting. The procedure for this is thoroughly explained in the next chapter.  
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3 Data and Methodology 
There are in total four variables of interest in this study; the volatility implied by warrants and 

options, volatility forecasted by an ARCH-type-model and a measure of the realized volatility 

levels. Neither of them are directly retrievable but they can, without too much difficulty, be 

calculated from available data. This chapter will describe this procedure and end with a 

specification of the hypotheses tested. All data handling and econometric calculations were 

performed with Rstudio. 

3.1 Data collection 
The data necessary to perform this research was retrieved from primarily three sources; 

Thomson Reuters, Yahoo Finance and Commerzbank. The data needed for the calculation of a 

proxy for the risk-free interest rate was retrievable via the Swedish National Bank. The time 

period of the study was determined by the availability of the data necessary for the warrant 

securities, which needed to be retrieved through securities traded during the time span of the 

research since no historical prices could be found. The implied volatility levels were therefore 

derived from securities traded between February and May 2016.  

Whether a particular warrant or option belonged to a particular class or not was determined by 

the following criterions. The instrument was labeled “short-term” (ST) if time to maturity  

< 90 days, “medium-term” (MT) if time to maturity ∈ [90, 180] days and “long-term” (LT) if 

time to maturity > 180 days. Regarding “moneyness”, the instruments, which are all calls, were 

labeled “out-of-the-money” (OTM) if the spot price (S) to strike (K) ratio, i.e. S/K < 0.97, “at-

the-money” (ATM) if S/K ∈ [0.97, 1.03] and “in-the-money” (ITM) if S/K > 1.03. Implied 

volatilities for the following eighteen classes were to be evaluated: 

 LTOTMW 

 LTATMW 

 LTITMW 

 MTOTMW 

 MTATMW 

 MTITMW 

 STOTMW 

 STATMW 

 STITMW 

 LTOTMO 

 LTATMO 

 LTITMO 

 MTOTMO 

 MTATMO 

 MTITMO 

 STOTMO 

 STATMO 

 STITMO 
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The “W” or “O” at the end of the class label indicates whether the class contains implied 

volatility levels from warrants or options. 

Initially, twenty observations were intended for each class of warrants and options. However, 

after data was collected, in-the-money warrants carrying one particular underlying stock were 

found to often carry negative time value, meaning that the value of the warrants were less than 

the difference between the spot price and the strike price. This violates the assumption of no 

arbitrage which the Black-Scholes model relies upon and hence an implied volatility could not 

be derived. Because of this, those particular securities were removed and each class contains 

implied volatility levels for the following nineteen underlying stocks: 

 ABB 

 Alfa Laval B 

 Assa Abloy B 

 AstraZeneca 

 Atlas Copco A 

 Boliden 

 Elekta B 

 Ericsson B 

 Getinge B 

 Hennes &Mauritz B 

 Investor B 

 Lundin Petroleum 

 Nordea Bank 

 Sandvik 

 SCA B 

 SEB A 

 Swedbank A 

 Volvo B 

 Tele2 B 

 

The following sections contain detailed descriptions of the data collection for warrants, options 

and the time series of returns necessary for the ARCH modelling. 

3.1.1 Collection of the data of warrants 

For a number of reasons, the process of retrieving data of warrants turned out to be quite 

demanding. One reason being that, in order to derive the implied volatility through the Black-

Scholes-Merton model, it is necessary that the securities are so-called ‘plain vanilla’ warrants. 

That is, warrants without any particular features. However, most issuers of covered warrants on 

the Swedish market issue warrants with the so-called Asian tail property. The Asian tail gives 

the warrant the feature that a reference price is used to determine the value of the security on 

the expiration date. The reference price is calculated using the average closing price of the last 

ten days before expiration. A warrant with an Asian tail property cannot be priced by the Black-

Scholes model since it is no longer the actual spot price at maturity determining the value and 
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hence, no implied volatility level can be derived. The only issuer of plain vanilla warrants with 

available historical price data was Commerzbank.  

When collecting the prices of the warrants the issuer’s bid prices, for not yet matured call 

warrants, were used. Optimally, a mean of the bid and the ask price would be used. The reason 

why this was not used being simply because no historical ask prices were available and the 

reason for that is most likely because it is not unusual that the issuer runs out of warrants to sell. 

Another alternative would have been to try and retrieve data from warrants traded on an 

exchange. The problem with that approach is that the trading of warrants is higher in the early 

stages of the warrants life and it is not unusual that the market for a particular warrant ‘dies’, 

that is trading more or less ceases before maturity, which would have been problematic, 

especially for the data collection of short-term warrants. 

When storing the prices of the warrants they were multiplied by the specific warrant’s so-called 

parity, which is the number of instruments per underlying asset. This is done because the Black-

Scholes model is constructed to price options, in which there is only one contract per underlying 

asset. 

In total, data for 171 warrants were collected from Commerzbank. 

3.1.2 Collection of the data of option contracts 

The data necessary to calculate the implied volatilities from option contracts were retrieved 

from the Thomson Reuters database Datastream. When collecting the data for the option 

contracts, hopes were that all the contracts would have the same terms as the warrants regarding 

strike prices and time to maturity. To some extent this was possible but for some of the strike 

prices of the warrants it did not exist an identical counterpart in the option market. However, 

choosing the closest possible strike price usually did not cause the option to not fulfil the criteria 

for the particular class. In the cases it did, a price quoted from a different date was collected 

instead which to some degree caused both the moneyness ratio and time to maturity to differ. 

But again, not to the extent that it violated the particular class’s criteria. It should be mentioned 

here that the options collected were of the American style, meaning that the owner of such an 

option has the right to exercise at any time during the life of the option. While the Black-

Scholes-Merton model is in fact only designed to price European options, it can be argued that 

it can be used to price American call options if the underlying stock does not pay any dividends. 

The argument is that the value of an in-the-money call (C) must be: 

𝑐 ≥  𝑆0 − 𝐾𝑒−𝑟𝑇 
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that is, it cannot be lower than the option’s intrinsic value, the difference between the spot price 

and the discounted strike price (Hull 2012). Because of this, the owner of such an option will 

always prefer to sell the option rather than exercising it and the option will be treated as if it 

were European. Many of the underlying stocks for the options collected does however pay 

dividends. Some of them during the life of the option. Despite this, hopes are that the Black-

Scholes-Merton model can be used to retrieve somewhat accurate implied volatility levels. 

3.1.3 Collection of the data of the underlying stocks 

The collection of stock price data was done not only to retrieve the spot prices of the underlying 

assets within the warrant securities and option contracts but also for the ARCH modelling of 

the time series of the stock returns. The data was retrieved from Yahoo Finance via the 

‘quantmod’ package for R. Historical closing prices from January 2007 until May 2016 were 

retrieved. The data had been adjusted for previous dividends and potential corporate actions 

such as splits of the outstanding stocks. For the ARCH modelling, the logarithmic weekly 

returns were chosen and calculated as: 

𝑅𝑤𝑡 =  ln (
𝑃𝑤𝑡

𝑃𝑤𝑡−𝑡
), 

where 𝑃𝑤𝑡 is the closing price on Friday for the particular week and 𝑃𝑤𝑡−𝑡 the previous Friday’s 

closing price. The reason why weekly returns were used instead of daily returns was to allow 

the ARCH models to make only a one-step ahead forecast that would be used to compare with 

the implied volatilities. Had daily returns been chosen, repeated multi-step ahead forecasts 

would have been used for the subsequent week and chances are that those forecasts would have 

been too weighted towards the value in the most recent period, being Friday of the previous 

week. 

3.1.4 Risk-free interest rate and dividend yield 

In order to calculate the implied volatility, the specific stocks’ dividend yield is necessary along 

with a suitable proxy for the risk-free interest rate. Dividend yields were collected from the 

Thomson Reuters database Datastream and the chosen proxy for the risk-free interest rate is the 

daily 6-month Swedish STIBOR rate, retrieved from the Swedish National Bank.  

3.2 Deriving the implied volatility 
In order to illustrate how an implied volatility can be derived from the Black-Scholes model 

recall that the pricing formula for a call option is: 

𝐶 = 𝑆0𝑁(𝑑1) − 𝐾𝑒−𝑟𝑇𝑁(−𝑑2) 
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Where 

𝑑1 =
𝑙𝑛(

𝑆0

𝐾 ) + (𝑟 +
𝜎2

2 ) ∙ 𝑇

𝜎√𝑇
 

and 

𝑑2 =
𝑙𝑛(

𝑆0

𝐾 ) + (𝑟 −
𝜎2

2 ) ∙ 𝑇

𝜎√𝑇
= 𝑑1 − 𝜎√𝑇 

 

As can be seen, the equation above cannot be inverted in such a way that volatility, labeled 𝜎, 

is expressed as a simple function of 𝑆0, K, r, T, and C. It can be derived however in an iterative 

procedure by initially inserting an arbitrary volatility level into the model and then go higher or 

lower whether or not the initial value resulted in a price of the option too low or too high 

compared to the observed market price. The procedure goes on until the model produces a price 

equal to the one observed in the market. 

The volatility levels implied by the warrants and options within the different classes were 

calculated using this iterative procedure but because we had in total 342 instruments it was not 

done manually. The necessary data was put into data frames and the implied volatility levels 

were calculated using the procedure above via commands within the open source package 

‘RQuantLib’ for R. 

3.3 ARCH-modelling and forecasting 
The data that are to be modeled with ARCH-type models are time series of the closing prices 

for the nineteen underlying stocks during the period 2007-01-05 to 2016-05-06. Before we are 

able to model the data with ARCH models we need to determine whether the data is suitable 

for such modelling by checking for stationarity - that is, the mean, variance and autocorrelation 

being constant over time - and specify the appropriate ARMA, autoregressive (AR) and moving 

average (MA) process. We begin by examining the original price series data. Figure 3.1 below 

shows an example of the Volvo B adjusted closing prices. 
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Figure 3.1 Volvo B closing prices in SEK 

 

It can easily be seen that a time series such as this will be difficult to model. The data is far 

from stationary. The conventional approach is to model the logarithmic returns. In this case, the 

logarithmic weekly returns, 𝑅𝑤𝑡 =  ln (
𝑃𝑤𝑡

𝑃𝑤𝑡−𝑡
), will be used. The logarithmic weekly returns for 

the Volvo B stock are plotted in Figure 3.2.  

Figure 3.2 Logarithmic weekly returns for Volvo B 

 

The data appear to be more stationary. At least in regard to the mean which seem to be close to 

zero. To confirm stationarity, the augmented Dickey-Fuller, or unit root test is performed on 

the weekly logged returns for each stock. The principle of the test can be demonstrated by 

considering an autoregressive process. The test makes use of the following regression: 

∆𝑃𝑡 = 𝐶0 + 𝛽𝑃𝑡−1 + ∑ ᶲ𝑖∆𝑃𝑡−𝑖

𝑝−1

𝑖=1

+ 𝑒𝑡  
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Where 𝑃𝑡 is the variable examined, 𝐶0 is the potential drift rate, 𝑃𝑡−1 is the value in the previous 

time period and 𝑒𝑡 is assumed to be a white noise, that is, iid random variables with finite mean 

and variance, in this case mean zero and variance 𝜎𝛼
2. The hypothesis tested are 𝐻0 : 𝛽 = 0 and 

𝐻1: 𝛽 < 0. The intuition is that with 𝛽 = 0, the lagged level, 𝑃𝑡−1, will provide no information 

for predicting the change in 𝑃𝑡 except for the information in the lagged changes and we have 

non-stationarity (Tsay 2014). The results of the tests (stored in the appendix) show that we can 

reject the null hypotheses in the case of each stock. 

3.3.1 ARMA modelling 
To model a time series its conditional mean needs to be considered through ARMA-modelling 

and its conditional variance needs to be considered by an ARCH type model. The ARMA model 

consists of both an autoregressive (AR) part and a moving average (MA) part. The general 

autoregressive model with 𝜌 lagged variables have the form: 

𝑃𝑡 =  φ0 +  φ𝑡−1𝑃𝑡−1 + ⋯ +  φ𝜌𝑃𝑡−𝜌 + 𝑎𝑡 

The model, which is in the same form as a linear regression with lagged variables as explanatory 

variables, states that, given past information, the first 𝜌 lagged variables, 

𝑃𝑡−𝜌 (i = 1,..., 𝜌) determine the conditional expectation of 𝑃𝑡 (Tsay 2013). This provides a 

dependency structure throughout the time series that successively decreases. 

The general moving average or MA(q) model have the form: 

𝑃𝑡 = 𝑐0 + 𝑎𝑡 − θ1𝑎𝑡−1 − ⋯ − θ𝑞𝑎𝑡−𝑞 

Here, except for the constant term, 𝑃𝑡 is a weighted average of the earlier shocks. Unlike the 

autoregressive model, the dependency structure ceases entirely after lag q. 

The two models can be combined into an ARMA model that takes the form: 

𝑃𝑡 =  φ0 + ∑ φ𝑖𝑃𝑡−𝑖

𝜌

𝑖=1

+ 𝑎𝑡 − ∑ 𝜃𝑖𝑎𝑡−𝑖

𝑞

𝑖=1

 

where 𝑎𝑡 is a white noise and 𝜌 and q are non-negative integers  

When identifying the ARMA process, that is the number of 𝜌 and q for the underlying stock 

returns, one approach would be to look at the so-called autocorrelation and partial 

autocorrelation functions. However, this approach is usually not informative enough to identify 

the best suitable process (Tsay 2013). Instead, the approach of choosing the model that 
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generates the lowest Akaike information criterion (AIC) is used. The AIC provides a relative 

measure of the information lost when a certain model is used and defined as 

𝐴𝐼𝐶 = 2𝑘 − 2 ln(𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑) 

where the number of parameters are represented by k. The AIC rewards goodness of fit 

(estimated by the maximum likelihood function) and penalizes overfitting as the AIC value 

increases with k. The most suitable ARMA processes, indicated by the AIC, for the underlying 

stock returns are stored in the Appendix. 

3.3.2 ARCH modelling 

When modelling volatility it is generally assumed that the returns can be expressed as  

𝑟𝑡 = 𝜇𝑡 +  𝑎𝑡, where 𝜇𝑡 is the ARMA process (Tsay 2013). The nature of the shocks 𝑎𝑡 will be 

modelled with some type of autoregressive conditional heteroscedasticity (ARCH) model. In 

this research we will fit two types of ARCH models for each underlying stock and choose to 

forecast with whichever fits the data best according to the Akaike criterion. The two models 

used are the GARCH(1,1) and the exponential GARCH or EGARCH(1,1). The latter taking 

the, before mentioned, asymmetry effect into account. Table 3.1 and Table 3.2 display 

descriptive statistics of the weekly stock returns. 

Table 3.1 Descriptive statistics underlying stocks 1 

 ABB ALFA ASSA AZN ATCO-A BOL EKTA-B ERIC-B GETI-B 

Mean 0.000793 0.001278 0.003735 0.000623 0.001729 -0.000005 0.001607 -0.001068 0.000542 

Kurtosis 5.684395 3.421556 3.489124 7.664429 3.85926 1.822272 143.2229 8.861503 4.430664 

Skewness -0.483065 -0.111236 0.299211 -0.417479 0.128367 -0.015188 -0.116424 -1.134603 -0.955263 

Jarque-
Bera 

676 
*** 

239.05 
*** 

255.86 
*** 

1208.6 
*** 

304.18 
*** 

67.539 
*** 

417090 
*** 

1701.4 
*** 

473.38 
*** 

ARCH-LM 145.31 
*** 

77.275 
*** 

83.254 
*** 

84.364 
*** 

104.38 
*** 

69.913 
*** 

219.04 
*** 

35.078 
*** 

7.9671 
 

(*) Significant with 95% confidence  
(**) Significant with 99% confidence 
(***) Significant with 99.9% confidence 

Table 3.2 Descriptive statistics underlying stocks 2 

 HM-B INVE-B LUPE NDA SAND SCA-B SEB-A SWED-A VOLV-B TEL-2 

Mean 0.001928 0.001666 0.001279 -0.000007 0.000217 0.002132 -0.001512 0.000006 0.000403 0.000008 

Kurtosis 2.047481 8.552646 7.062913 9.157961 2.315753 5.840727 12.18208 6.435623 3.807512 12.44214 

Skewness -0.097152 -1.067777 -0.054960 -0.50047 -0.186712 -0.29317 -1.519362 -0.587393 -0.215456 -0.59593 

Jarque-
Bera 

86.009 
*** 

1580.1 
*** 

1014.6 
*** 

1725.7 
*** 

111.88 
*** 

700.64 
*** 

3205.3 
*** 

870.21 
*** 

298.55 
*** 

3176.6 
*** 

ARCH-LM 
57.655 

*** 
27.43 

** 
71.646 

*** 
84.427 
*** 

85.947 
*** 

48.566 
*** 

124.72 
*** 

126.46 
*** 

61.597 
*** 

65.522 
*** 

(*) Significant with 95% confidence  
(**) Significant with 99% confidence 
(***) Significant with 99.9% confidence 

We can see that the levels of kurtosis and skewness are not compatible with a normal 

distribution which assume a kurtosis level of three and zero skewness. The Jarque-Bera 
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statistics also strongly indicate non-normality. When fitting the volatility models, we will try 

fitting models assuming either the student t-distribution or the skewed student t-distribution. 

Further, for almost every stock return, the ARCH-LM statistic strongly indicate ARCH effects 

in the data. 

We observe in table 3.1 and table 3.2 that the stock data is not compatible with what the Black-

Scholes-Merton model assume about stock returns. The model assumes that stock returns have 

a normal distribution and chances are that this will have a negative impact on the implied 

volatilities predictive ability for stocks that does not behave in accordance with the normal 

distribution. Still, the model is widely used and since the predictive ability of ARCH models 

depend on more than just assuming the most suitable distribution, this is not considered to be a 

problem for the analysis in this study. 

3.3.2.1 Generalized autoregressive conditional heteroscedasticity model (GARCH) 

The GARCH(1,1) model, constructed by Bollerslev in 1986 and designed to account for 

volatility clustering effects has the form: 

𝜎𝑡
2 = 𝜔 + 𝛽𝜎𝑡−1

2 + 𝛼𝑎𝑡−1
2  

The parameters (1,1) indicate that the conditional variance, 𝜎𝑡
2,  depend on one lagged value of 

the conditional variance, 𝜎𝑡−1
2  and one lagged value of the squared error, 𝑎𝑡−1

2 . The 𝜔 represent 

the weight that the model assigns to the long-term average (Ruppert 2004). 

3.3.2.1 The exponential GARCH model (EGARCH) 

To capture the potential asymmetric effects between positive and negative shocks, we also try 

fitting the data with the EGARCH model which was constructed by Nelson in 1991. The model 

can be expressed as: 

ln 𝜎𝑡
2 = 𝜔 + 𝛼(|𝑧𝑡−1| − 𝐸(|𝑧𝑡−1|)) +  𝛾𝑧𝑡−1 + 𝛽 ln 𝜎𝑡−1

2  

with 𝑧𝑡−1 = 𝑎𝑡𝜎𝑡
−1, {𝑎𝑡}~IID(0,1), denoting standardized innovations. It can be seen that for 𝛾 

< 0, negative shocks will have larger impact on future volatility levels than positive shocks of 

the same absolute value. Hence, 𝛾, represents the asymmetry effect while 𝛼 represents the 

symmetric effects. Typically 𝛾 < 0 and 0 ≤ 𝛼 < 1 (Bollerslev 2009). 

The two models were fitted assuming either a student t-distribution or a skewed student t-

distribution. The choice of model to be used for forecasting was based on the Akaike 

information criterion.  
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Tables containing the chosen models and estimated coefficients are stored in the Appendix of 

this thesis. 
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3.3.3 Forecasting 
For a one-step ahead forecast using the GARCH(1,1) model with h as the forecast origin we 

have 

𝜎ℎ+1
2 = 𝜔0 + 𝛼𝑎ℎ

2 + 𝛽𝜎ℎ
2 

Where 𝑎ℎ
2 and 𝜎ℎ

2 are known at time h. 

An expression for multi-step ahead forecasts can also be constructed from the model. However, 

this study will only make use of one-step ahead forecasts. 

For a one-step ahead forecast using the EGARCH model we get the following expression with 

h as the forecast origin 

ln 𝜎ℎ+1
2 = 𝜔 + 𝛼(|𝑧ℎ| − 𝐸(|𝑧ℎ|)) +  𝛾𝑧ℎ + 𝛽 ln 𝜎ℎ

2 

Where 𝑧ℎ and 𝜎ℎ
2 are known at time h. 

3.4 Realized volatility 
The purpose of this study is to compare the implied and forecasted volatility levels with the 

actual volatility level the coming week. This actual or, or realized, volatility level needs to be 

measured in some way. Volatility, 𝜎, is usually measured as the standard deviation of a specific 

time period and in discrete form expressed as 

𝜎 = √
1

𝑁
∑(𝑋𝑖 − 𝜇)2

𝑁

𝑖=1

 

where 𝜇 is the mean value during the time period. The time period of interest for this research 

is the week or five subsequent trading days after the implied volatilities were observed or 

forecasted. Obviously, the best measure would consist of as many observations as possible of 

the underlying security’s price during the time period. The optimal approach would have been 

to use what is called intraday data. That is, basically, using a time series of the price quote from 

within a trading day. Usually one quote per minute. Unfortunately, there are no publicly 

available databases that provide historical intraday data. Another approach would have been to 

simply calculate the daily returns based on the closing prices for each day. Normally the squared 

returns are suitable proxies since stock returns are assumed to have a mean close to zero. The 

drawback with this approach is that the measure might not be very accurate for shorter time 

periods. In the case of a week it would be based on only five observations. Another, arguably 

more efficient approach, is to use the Parkinson (1980) estimator, or range realized volatility, 
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which is based on the trading days high and low prices. The reason why it is argued to be more 

efficient is that it gives us the intraday range which can reasonably be assumed to carry more 

information about the true fluctuation than two “arbitrary” points (the closing prices). During a 

day with considerable fluctuation but wherein - by chance - the value of the closing price is 

similar to the previous closing price, the squared return approach would indicate low volatility. 

A range based volatility would however reflect the intraday fluctuations and indicate high 

volatility. For these reasons, the range based volatility will be used in this study to proxy the 

realized volatility. It is calculated using the natural logarithm of the ratio of the daily high to 

low stock price: 

𝑅𝑡
𝐻𝐿 =  ln

𝑆𝐻𝑡

𝑆𝐿𝑡
 

And the volatility during the period is calculated as 

𝑅𝑅𝑉 =  
√∑

1
4 ln 2

(𝑅𝑖
𝐻𝐿)2𝑁

𝑖=1

𝑁
 

The volatility model assumes a driftless Brownian motion of the stock price and the factor ¼ln 2 

is the reciprocal of the second moment of the range of a continuous price series. It has been 

shown however, that the original Parkinson estimator does to some extent underestimate 

volatility. To adjust for this Molnár (2012) suggests extending the model to also account for so-

called opening jumps, that is the difference between the previous days’ closing price and the 

current days’ opening price. The adjusted model can be expressed as: 

𝑅𝑅𝑉𝑎𝑑𝑗𝑢𝑠𝑡𝑒𝑑 =  
√∑

1
4 ln 2

(𝑅𝑖
𝐻𝐿)2 + 𝑗𝑖

2𝑁
𝑖=1

𝑁
 

where 𝑗𝑖 = ln 𝑂𝑡 − ln 𝐶𝑡−1, is the opening jump. 
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3.5 Hypotheses 
This study will test the following hypotheses for the volatility levels implied by the options and 

warrants classes: 

1) Volatility implied by the particular class does have informational content 

2) Volatility implied by the particular class is unbiased and efficient. 

The hypotheses are tested by estimating the following ordinary least squares regression on each 

class: 

 𝑅𝑅𝑉𝑡 =  𝛽0 + 𝛽1𝐼𝑉𝑡−1 + 𝑒𝑡 Regression (1) 

 

In order for a particular class to be unbiased and efficient we should have 𝛽0 = 0 and 𝛽1 = 1 

and the error term should resemble a white noise. To test hypothesis 1) we simply check 

whether 𝛽1 is significantly different from zero. The same hypotheses and regression is used 

when testing the arch models ability.  

To test if any of the best performing classes for each instrument could potentially be deviating 

less than the ARCH forecasts from the realized volatility levels the following regression will 

be estimated: 

 ln 𝐷𝑒𝑣2 = 𝛽0 + 𝛽1𝐷𝑡−1 + 𝑒𝑡 Regression (2) 

 

where ln 𝐷𝑒𝑣2 are the logarithmic squared deviations between the implied volatility levels and 

the realized volatility. The variable 𝐷𝑡−1 is a dummy variable capturing the effect of the 

particular class. Because we are using a logarithmic dependent variable, robust standard errors 

will be used to correct for the potential impact of heteroscedasticity as suggested by Manning 

(1998). 
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4 Results 
The results of the regressions described at the end of the preceding chapter are stored in tables 

4.1 to 4.7 below.  

Regarding the performance of the classes containing implied volatility levels of warrants, the 

long-term and in-the-money warrants appear to be performing best judging by its intercept 

which is close to zero and its 𝛽1which is, relatively at least, close to one. It is also the class with 

the highest 𝑅2, indicating that it is the class containing the most information about the 

subsequent week’s realized volatility. To check if OLS is an efficient estimator, a Breusch-

Pagan test for heteroscedasticity was performed. The results of the tests (stored in the appendix) 

are such that the null hypothesis of homoscedasticity is not rejected. 

Regarding the options’ performance, it is again the classes containing long-term instruments 

that seem to be performing best at a first look. The one standing out the most is the class for 

long-term and at-the-money options with an intercept, though not significant, close to zero,  𝛽1 

relatively close to one and an 𝑅2 higher than any other class. The results for heteroscedasticity 

are for this class also such that the hypothesis of homoscedasticity cannot be rejected.2 

Table 4.1 Results for volatility implied by covered warrants 
Class LTOOMW LTATMW LTITMW MTOOMW MTATMW MTITMW STOOMW STATMW STITMW 

𝜷𝟎 
0.1801 

(*) 
0.22022 

* 
0.07338 

0.20744 
* 

0.19776** 
0.20574 

** 
0.2610    

** 
0.13821 

(*) 
0.21915 

** 

𝜷𝟏 
0.5900 

(*) 
0.45920 

(*) 
0.85312 

** 
0.45034 

0.45830 
* 

0.43402 
(*) 

0.3288 
0.72717 

** 
0.42777 

(*) 

𝑹𝟐 0.1816 0.1541 0.4004 0.1103 0.2300 0.1916 0.09294 0.3360 0.1854 

 

Table 4.2 Results for volatility implied by options 
Class LTOOMO LTATMO LTITMO MTOOMO MTATMO MTITMO STOOMO STATMO STITMO 

𝜷𝟎 
0.18718 

* 
0.05992 0.1386 

0.2460 
** 

0.21437 
** 

0.22234 

* 

0.2601 
** 

0.20122 
* 

0.14795 
(*) 

𝜷𝟏 
0.64627 

** 

1.08122 

** 

0.8022 

(*) 
0.3662 

0.48292 
(*) 

0.44206 0.3680 
0.54749 

* 
0.69426 

* 

𝑹𝟐 0.334 0.394 0.2038 0.1187 0.1818 0.1235 0.05949 0.2149 0.2843 

 

Table 4.3 Results for ARCH-type models 

𝜷𝟎 0.02557 

𝜷𝟏 
0.92664 

*** 

𝑹𝟐 0.5415 

 

                                                           
‘(*)’ Significant with 90% confidence 
‘*’ Significant with 95% confidence  
‘**’ Significant with 99% confidence 
‘***’ Significant with 99.9% confidence 
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The ARCH models seem to outperform all of the classes for both options and warrants. 

However, the results of the heteroscedasticity test were such that the hypothesis of 

homoscedasticity were rejected. Because of this, a regression using heteroscedasticity robust 

standard errors were estimated and the results are stored in table 4.4 below. 

Table 4.4 Results for ARCH-type models using robust standard errors 

𝜷𝟎 0.02557 

𝜷𝟏 
0.92664 

* 

𝑹𝟐 0.5415 

 

When using the robust standard errors we get a result with a lower level of significance for the 

𝛽1 coefficient. The indication of the result does however seem to be that generally the ARCH 

forecasts contain more information about future realized volatility than the implied volatilities. 

To test if it could possibly be expected for any of the two best performing classes - long-term 

and in-the-money warrants or long-term and at the money options – to deviate less from realized 

volatility than the ARCH forecasts, regression (2) two was carried out. Both regressions use the 

performance of ARCH models as reference and robust standard errors. 

Table 4.5 Results for comparisons between ARCH and the LTITM warrants 

𝜷𝟎 
-2.3651 

*** 

𝜷𝟏 
0.5059 

* 

 

 

Table 4.6 Results for comparisons between ARCH and LTATM options 

𝜷𝟎 -2.8710 
*** 

𝜷𝟏 0.7541 
** 

 

The results above indicate that one can expect higher deviations when forecasting using any of 

the two classes than one can expect when using a suitable ARCH type model.  

To answer the question regarding whether or not the volatility implied by warrants are 

overestimates of true volatility, the same regression as above was carried out on all the 

deviations for both options and warrants. The regression uses warrants as reference and the 

results are stored in Table 4.7 below. 
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Table 4.7 Results for comparing deviations between options and warrants 

𝜷𝟎 -4.8725 
*** 

𝜷𝟏 -0.9836 
*** 

 

The results strongly indicate that the deviations are lower for the volatility levels implied by 

options and because we know that warrants with the same terms as options are, as good as 

always, priced higher and therefore implying greater volatility, they are in fact overestimating 

volatility.   
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5 Conclusions 
The purpose of this study was to examine whether volatility levels implied by warrants were 

overestimating realized volatility or if the volatility levels implied by the generally lower priced 

options with equal terms were underestimating realized volatility. Further, it was to be 

examined if any of the instruments were suitable tools for forecasting volatility by comparing 

their predictive performance with the performance of ARCH models. The results show that 

there are some classes for both instruments that carry informational content about future 

realized volatility. However, few classes showed signs of being both unbiased and efficient. 

The results further showed that neither of the best performing classes outperformed the 

forecasts made with ARCH models and that in general lower deviations can be expected when 

using options than what can be expected when using warrants. The latter result allows us to 

arrive at the conclusion that volatility implied by warrants are in fact overestimating volatility 

because, as stated earlier, warrants are as good as always priced higher and therefore imply 

higher volatility than an option contract with equal terms. Since deviations are generally lower 

when using options, the higher deviations from warrants will generally be due to 

overestimation. To conclude, the study indicates that when choosing a suitable forecasting 

method, ARCH modelling is likely to be the better approach.  

Regarding the warrants and the indication of them to overestimate volatility, it should be 

mentioned that for the majority of them it does not exist a counterpart in the option market with 

equal terms. Particularly the range of underlying assets in the options market is more narrow. 

If trying to obtain an implied volatility for an asset for which there are no options, the findings 

of this study indicate that if warrants are chosen, heed should be taken of their tendency to, to 

some degree, overestimate. It should be mentioned also that when collecting the issuer’s bid 

prices for the warrants, the liquidity in the market for that particular warrant was not considered. 

If the market is liquid, it is reasonable to expect the liquidity premium to be smaller and chances 

are that the warrants would have performed better had the data been collected only from markets 

with high liquidity. 

This study was limited to only nineteen stocks per class and the time period studied was quite 

narrow, which means that it does not tell us anything about how the implied volatility levels 

perform during time periods of low or high volatility. Further, the biggest issue regarding the 

validity of this research is the proxy used to measure realized volatility. Measurement errors 

are possible because the subsequent week’s realized volatility is measured on only a handful of 

observations.  
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Because of these limitations, the natural suggestion for further research would be to collect data 

from periods of both high and low volatility and, if at all possible, use intraday data as the 

measure of realized volatility. 
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Appendix 

 

Econometric tests 

Augmented Dickey-Fuller tests 

Stock Dickey-Fuller-
statistic 

P-value 

ABB -12.663 <0.01 

ALFA -14.16 <0.01 

ASSA -17.828 <0.01 

AZN -15.653 <0.01 

ATCO-A -14.758 <0.01 

BOL -11.704 <0.01 

EKTA-B -16.964 <0.01 

ERIC-B -13.662 <0.01 

GETI-B -14.016 <0.01 

HM-B -13.688 <0.01 

INVE-B -13.556 <0.01 

LUPE -12.622 <0.01 

NDA -12.989 <0.01 

SAND -12.578 <0.01 

SCA-B -13.335 <0.01 

SEB-A -13.39 <0.01 

SWEDA -11.671 <0.01 

VOLV-B -12.165 <0.01 

TEL-2 -14.487 <0.01 

 
Breusch-Pagan test for heteroscedasticity of the OLS estimation for the LTITMW class 

Breusch-Pagan Statistic P-value 
2.0071 0.1566 

 

Breusch-Pagan test for heteroscedasticity of the OLS estimation for the LTATMO class 

Breusch-Pagan Statistic P-value 
0.046102 0.83 

 

Breusch-Pagan test for heteroscedasticity of the OLS estimation for the ARCH forecasts 

Breusch-Pagan Statistic P-value 
9.2274 0.002384 
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ARCH modelling 

Autoregressive and moving average order respectively 
ABB (1,1) 
ALFA (0,2) 
ASSA (0,1) 
AZN (1,1) 
ATCO-A (1,0) 
BOL (2,2) 
EKTA-B (0,1) 
ERIC-B (0,0) 
GETI-B (0,0) 
HM-B (0,0) 
INVE-B (2,2) 
LUPE (0,0) 
NDA (0,0) 
SAND (2,2) 
SCA-B (0,0) 
SEB-A (0,1) 
SWEDA (5,4) 
VOLV-B (2,3) 
TEL-2 (0,1) 

 

 
Table 3.3 GARCH(1,1) modelling for logged weekly returns. Chosen models highlighted. 

 

  

STOCK Student T-Distribution Skewed Student T-distribution 
Parameter β α ω 𝑸𝟐(20) AIC β α ω 𝑸𝟐(20) AIC 

ABB 
0.892650 

*** 
0.085182 

** 
0.000047 0.4075 -3.4598 

0.907498 
*** 

0.075614 
* 

0.000035 0.6010 -3.4658 

ALFA 
0.890563 

*** 
0.074875 

** 
0.000067 0.1622 -3.5078 

0.891538 
*** 

0.074383 
** 

0.000066 0.1344 -3.5037 

ASSA 
0.81385 

*** 
0.131448 

** 
0.00086 0.9161 -3.7844 

0.813117 
*** 

0.132134 
** 

0.000086 08839 3.7803 

AZN 
0.913407 

*** 
0.054219 

* 
0.000032 0.8436 -4.1860 

0.913394 
*** 

0.054249 
* 

0.000032 0.7808 -4.1819 

ATCO-A 
0.896305 

*** 
0.083394 

*** 
0.000043 0.7153 -3.5071 

0.897637 
*** 

0.08153 
*** 

0.000042 0.9683 -3.5467 

BOL 
0.873078 

*** 
0.112302 

*** 
0.000080 0.4642 -2.9039 

0.873465 
*** 

0.11231 
*** 

0.000078 0.8309 -2.9004 

EKTA-B 0.000000 0.141663 
0.002739 

* 
0.2925 -3.2467 0.000000 

0.140631 
** 

0.002745 0.25664 -3.2429 

ERIC-B 
0.946479 

*** 
0.032438 

* 
0.000044 0.3496 -3.5456 

0.948975 
*** 

0.030292 
** 

0.000042
** 

0.6725 -3.5467 

GETI-B 
0.967277 

*** 
0.024497 

*** 
0.000015 0.21368 -3.6831 

0.969198 
*** 

0.024675 
** 

0.000012 0.7412 -3.7029 

HM-B 
0.925686 

*** 
0.056574 

** 
0.000023 0.6176 -4.0131 

0.926462 
*** 

0.055965 
** 

0.000023 0.3828 -4.0116 

INVE-B 
0.881267 

*** 
0.068272 

* 
0.000058 

* 
0.9521 -4.0283 

0.882412 
*** 

0.067490* 
0.000056

* 
0.7047 -4.0284 

LUPE 
0.883845 

*** 
0.108917 

* 
0.000151 0.9024 -3.1748 

0.885007 
*** 

0.113967* 0.000143 0.9616 -3.1722 

NDA 
0.845868 

*** 
0.111217 

*** 
0.000074 

* 
0.01293 -3.7846 0.847109*** 

0.111409 
*** 

0.000072
* 

0.01658 -3.7895 

SAND 
0.833250 

*** 
0.130811 

** 
0.000090 

* 
0.5017 -3.3333 

0.844424 
*** 

0.125356 
** 

0.000075 0.6616 -3.3348 

SCA-B 
0.903435 

*** 
0.062834 

** 
0.000043 0.683346 -4.0149 

0.903444 
*** 

0.062606 
* 

0.000043 0.617611 -4.0108 

SEB-A 
0.837449 

*** 
0.135343 

*** 
0.000075 

* 
0.36365 -3.4082 

0.850677 
*** 

0.119986 
*** 

0.000067
* 

0.4642 -3.4140 

SWED-A 
0.862830 

*** 
0.125419 0.000047 0.3051 -3.3532 

0.865756 
*** 

0.121722 0.000045 0.5017 -3.3695 

VOLV-B 
0.908290 

*** 
0.070192 

** 
0.000059 0.2925 -3.2732 

0.9061798 
*** 

0.07202 
*** 

0.000061 0.5677 3.2694 

TEL-2 
0.542839 

** 
0.169557 

* 
0.000650 0.1209 -3.6149 

0.529703 
* 

0.160857 
* 

0.000679 0.5899 -3.6236 
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Table 3.4 EGARCH modelling for logged weekly returns. Chosen models highlighted. 

 

STOCK Student T-distribution Skewed Student T-distribution 

Parameter α β γ 𝑸𝟐(20) AIC α β γ 𝑸𝟐(20) AIC 

ABB 0.133633 
0.976795 

*** 
-0.101299 

*** 
0.4589 -3.4828 

0.115173 
*** 

0.983292 
*** 

-0.09386 
** 

0.6397 -3.4918 

ALFA 
0.089727 

*** 
0.976349 

*** 
-0.110835 

*** 
0.4329 -3.5356 

0.089522 
*** 

0.976760 
*** 

-0.11028 
*** 

0.6121 -3.5317 

ASSA 
0.175522 

*** 
0.964229 

*** 
-0.081578 

*** 
0.4687 -3.7927 

0.174863 
*** 

0.964347 
*** 

-0.081852 
*** 

0.4322 -3.7886 

AZN 0.131492 
0.974245 

*** 
-0.015283 0.9287 -4.1811 0.131657 

0.974456 
*** 

-0.01455 0.9501 -4.1771 

ATCO-A 
0.109992 

*** 
0.965450 

*** 
-0.113715 

*** 
0.5072 -3.5237 

0.108834 
*** 

0.964330 
*** 

-0.113574 
*** 

0.9412 -3.5236 

BOL 
0.168028 

*** 
0.981668 

*** 
-0.128830 

*** 
0.7711 -2.9335 

0.169641 
*** 

0.981883 
*** 

-0.129309 
*** 

0.7760 -2.9299 

EKTA-B 
0.210725 

* 
0.461596 

** 
-0.056631 0.26434 -3.2546 

0.202574 
* 

0.466033 
*** 

-0.063317 0.35894 -3.2513 

ERIC-B 
0.057208 

*** 
0.981856 

*** 
-0.058106 

* 
0.2605 -3.5451 

0.034204 
*** 

0.982311 
*** 

-0.072458 
*** 

0.5455 -3.5501 

GETI-B 0.240632 
0.499210 

* 
-0.184748 

* 
0.09546 -3.6801 

0.263893 
* 

0.567454 
*** 

-0.202459 
* 

0.4642 -3.7036 

HM-B 0.037442 
0.988463 

*** 
-0.097736 

*** 
0.67795 -4.0272 

0.029344 
*** 

0.989021 
*** 

-0.103655 
*** 

0.33139 -4.0314 

INVE-B 
0.058928 

** 
0.920618 

*** 
-0.202140 

*** 
0.81783 -4.0589 

0.064231 
* 

0.896485 
*** 

-0.252472 
*** 

0.9698 -4.0985 

LUPE 
0.188996 

*** 
0.974776 

*** 
-0.122600 

** 
0.6065 -3.1897 

0.195582 
*** 

0.977247 
*** 

-0.130309 
** 

0.7100 -3.1894 

NDA 
0.115957 

*** 
0.975595 

*** 
-0.148875 

*** 
0.13910 -3.8074 

0.118941 
*** 

0.975119 
*** 

-0.147187 
*** 

0.08696 -3.8141 

SAND 0.140304 
0.979427 

*** 
-0.112447 

*** 
0.8477 -3.3489 

0.139438 
* 

0.981816 
*** 

-0.111762 
*** 

0.8992 -3.3538 

SCA-B 
0.089466 

*** 
0.973376 

*** 
-0.117142 

*** 
0.77599 -4.0500 

0.088481 
*** 

0.973566 
*** 

-0.117220 
*** 

0.54553 -4.0461 

SEB-A 
0.102567 

*** 
0.970624 

*** 
-0.156301 

*** 
0.8959 -3.4419 

0.093227 
*** 

0.969905 
*** 

-0.150842 
*** 

0.8517 -3.4504 

SWEDA 
0.157260 

** 
0.982822 

*** 
-0.143451 

*** 
0.5400 -3.3685 

0.167222 
** 

0.982548 
*** 

-0.131705 
*** 

0.1791 -3.3777 

VOLV-B 
0.110035 

*** 
0.978107 

*** 
-0.08269 

*** 
0.8309 -3.2811 

0.112376 
 

0.977673 
*** 

-0.082898 
 

0.7047 3.2771 

TEL-2 
0.156430 

** 
0.945820 

*** 
-0.020843 0.3732 -3.6214 

0.132633 
* 

0.945874 
*** 

-0.035541 0.4855 -3.6315 


