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Abstract

It is well-known that atmospheric turbulence will adversely affect the per-
formance of electro-optical systems. The physical mechanism behind this
is that atmospheric turbulence causes random fluctuations in the refractive
index, a phenomenon called optical turbulence. Examples of negative effects
originating from the refractive index fluctuations are laser beam wander and
image blurring. Therefore, in any electro-optical system, information about
the random fluctuations in the propagation medium is necessary. The typical
way of characterizing the strength of optical turbulence is by the refractive
index structure parameter C2

n.
The focus of this thesis work was to investigate the time variation and

smallest time scales of C2
n. A secondary objective was to find any relationship

between the time variations of C2
n and the time variations of meteorological

parameters.
Two methods were used; (i) time-correlated single-photon counting scin-

tillation measurements, and (ii) differential motion. In (i) intensity fluctu-
ations (scintillations) were measured by using a pulsed laser and a photon-
counting detector and from which the scintillation index was calculated. In
(ii) an array of light emitting diodes (LEDs) was used and the differential
motion of the different LED spots in the image plan was monitored by a cam-
era. This motion could then be connected to the angle of arrival fluctuations
(phase fluctuations).

The experiments were made at ground level, approximately 1 m over
grass, and time series of C2

n were established from the collected data. The
two different methods agree well in shape but there is a systematic error
in amplitude between them. A quantitative prediction of the smallest time
scale could not be made out of the data. At time resolutions higher than
250 ms it was impossible to distinguish real fluctuations in C2

n out of noise.
This was true for both methods. Time scales below 1 s could however be
seen. A decrease in solar insolation was accompanied by a decrease in C2

n

and typically also the smaller time scales (higher frequencies) of C2
n became

less apparent or were entirely lost.
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Sammanfattning

Det är välkänt att turbulens i atmosfären påverkar prestandan hos elektro-
optiska system negativt. Den bakomliggande fysikaliska mekanismen är att
turbulens i atmosfären skapar slumpmässiga fluktuationer i brytningsindex,
ett fenomen som kallas optisk turbulens. Exempel på negativa effekter av
optisk turbulens är strålvandring hos en laserstråle och oskärpa i bilder. Där-
för är information om de slumpmässiga fluktuationerna i mediet som ljuset
fortplantar sig i nödvändig för varje elektro-optiskt system. Typiskt används
strukturparametern för brytningsindex, C2

n, för att karakterisera styrkan av
optisk turbulens.

I detta examensarbete låg fokus på att undersöka tidsvariationerna av C2
n

och de minsta tidsskalorna i dessa variationer. Ett sekundärt mål var att
finna samband mellan tidsvariationer av C2

n och tidsvariationer av meteorol-
ogiska parametrar.

Två metoder användes; (i) scintillationsmätningar med tidskorrelerad fo-
tonräkning, och (ii) differentiell rörelse. en matris bestående av lysdioder som
övervakades av en kamera. I (i) uppmättes intensitetsfluktuationer (scintil-
lationer) med hjälp av en pulsad laser och en fotonräknande detektor. Från
scintillationerna kunde scintillationsindex beräknas. I (ii) användes en ma-
tris bestående av lysdioder och den differentiella rörelsen från lysdiodernas
prickar i bildplanet fångades av en kamera. Denna rörelse kunde kopplas till
fluktuationer i infallsvinkeln (fasfluktuationerna) för det inkommande ljuset.

Experimenten utfördes på marknivå, över gräs, och tidsserier för C2
n

erhölls från den insamlade datan. Kurvorna från de båda metoderna öv-
erensstämmer bra beträffande form, dock med ett systematiskt fel i ampli-
tud. En kvantitativ uppskattning av den minsta tidsskalan kunde inte göras
utifrån data. I tidsupplösningar högre än 250 ms var det omöjligt att skilja
verkliga variationer i C2

n från brus. Detta gällde båda metoderna. Tidsskalor
under 1 s kunde åtminstone urskiljas. Ett avtagande i solinstrålning följdes
av en minskning av C2

n och vanligtvis försvann de mindre tidsskalorna (högre
frekvenserna) i C2

n delvis eller helt.
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Nomenclature

〈·〉 Ensemble average
∂/∂x Partial derivative with respect to x
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k Wavenumber of electromagnetic radiation
K Vector spatial frequency of turbulence eddy
K Spatial frequency of turbulence eddy
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L Path length of propagation
n Index of refraction
P Pressure
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R Phase front radius of curvature
S Phase of electromagnetic radiation
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Chapter 1

Introduction

1.1 Background

Optical turbulence refers to the variations in the index of refraction having at-
mospheric turbulence as its origin. A classical example of an effect of optical
turbulence is the twinkling of stars originating from the intensity fluctuations
of the light as it passes through the atmosphere. Other effects in for example
laser systems are beam broadening and beam wander. Optical turbulence is
also responsible for blurred images in the case of imaging processes through
the atmosphere. The degradation of resolution in ground-based telescopes is
an example of that [1]. As optical systems are continuously being refined the
negative effects of a random propagation medium become more apparent [2].

To quantify the strength of optical turbulence the refractive index struc-
ture parameter C2

n is used, measured in units m−2/3. This quantity can be
thought of as how strong the refractive index fluctuations are and is physi-
cally defined at every instant and every position. C2

n is typically on the order
of 10−17 to 10−11 m−2/3 near ground level [1].

Optical turbulence in general has been extensively studied using various
kinds of techniques to measure the refractive index structure parameter C2

n.
These techniques include measuring the beam wandering of laser beams [3],
the differential motion of distant stars [4] and intensity fluctuations using
scintillometers [5]. Other methods used are wavefront sensors reproducing
the phase of incoming waves [6, 7], sonic anemometers [5] and imaging of
passive objects [8]. Also, time-correlated single-photon counting (TCSPC)
has in later years been adapted to measure intensity fluctuations [9, 10] and
another promising method is to monitor the differential motion of an array
of light emitting diodes (LEDs) [11]. A large number of books have been
written about the optical turbulence, some examples are: Electro-Optical
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Introduction Objectives

systems handbook. Atmospheric propagation of radiation, Vol. 2 by Smith et
al. [2], Wave propagation and scattering in random media by Ishimaru [12],
Imaging through turbulence by Roggemann and Welsh [13], and Laser beam
scintillation with applications by Andrews et al. [14]

The more specific subject of investigating the time constants (time scales)
of optical turbulence and how they varies during a long time interval are not
equally well examined. Therefore the time constants and their variations
will be the focus of this thesis. The approach is to use measuring methods
that provide high temporal resolution of C2

n during a long time interval.
Diurnal and even seasonal variations of C2

n have been measured [5, 15, 16],
but without investigating how the time constants varies and without focusing
on temporal resolution on sub-second scale.

1.2 Objectives

The primary objective of this thesis work is to use and adapt existing meth-
ods, and/or develop new methods, to study time variations and time scales
of optical turbulence. This requires calculating the refractive index structure
parameter C2

n with high temporal resolution for a relatively long time using
the chosen method(s).

A secondary objective is to correlate the time variations of C2
n with time

variations of meteorological parameters like temperature and solar insolation.
This opens up for the possibility to understand how quickly C2

n responds to
changes in meteorological conditions.

1.3 Scope

This thesis work focuses on measurements of C2
n in an outside environment,

preferably during a day of varying solar insolation. Common to the different
measurement methods used is that the path averaged values of C2

n are calcu-
lated, i.e. the path is not resolved. The measurements are made over grass
at approximately 1 m above ground level. Furthermore, the experimental
data are not compared with any simulated data.

2
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1.4 Thesis outline

Chapter 1: Introduction

The introduction gives a brief background to the problem and similar work
done by others. The primary and secondary objectives are stated and the
scope is defined.

Chapter 2: Theory

The theory begins with some necessary basic concepts. Then Kolmogorov’s
statistical description of atmospheric turbulence is presented and the exten-
sion to optical turbulence is made. Electromagnetic propagation through
turbulent media is modeled with assumptions about the medium. Finally
some measurable physical quantities are linked to C2

n.

Chapter 3: Evaluation of methods

First the requirements each method should meet are stated. Then the cho-
sen methods are presented. Also, the reasons why other methods were not
implemented are given.

Chapter 4: Time-correlated single-photon counting

The first of the two chosen methods is time-correlated single-photon counting
(TCSPC). In this chapter everything from the working principles of the TC-
SPC system, via the experiment to the data processing and C2

n calculations
for this method is covered.

Chapter 5: LED-array

The other method chosen is a LED-array captured using a camera. Like the
previous chapter, everything from the working principles of the method, via
the experiment to the data processing and C2

n calculations is covered.

Chapter 6: Results & discussion

Here the time series of C2
n are plotted for both methods. Spectrograms are

used to give information about the time scales. Different sampling times are
compared and the two methods are compared with each other.
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Chapter 7: Summary & conclusions

The objectives and results are summarized, and conclusions are made from
the results. Also some improvements are suggested.

4



Chapter 2

Theory

2.1 Basic concepts

2.1.1 Index of refraction

As electromagnetic radiation propagates through the atmosphere it will inter-
act with the medium (air) by being absorbed, refracted and scattered. The
gas particles that constitutes the air will therefore affect the propagation
path, the intensity and the phase of electromagnetic radiation. A quantity
that captures how electromagnetic radiation, as light, propagates through a
certain medium is the index of refraction n, which by definition is the ratio
between the speed of light in vacuum and the phase velocity of light in that
specific medium. In the troposphere the wavelength dependent refractive
index of dry air n is given by the Cauchy formula [1]

n− 1 =
P

T

(
7.76× 10−5 +

0.584

λ2

)
, (2.1)

where T is the temperature (in kelvins), P the pressure (in millibars) and
λ the wavelength (in nanometers). The pressure of water vapour e is here
neglected, since we are dealing with optical wavelengths. The importance
of Eq. (2.1) comes from the P and T dependence in n. The wavelength
dependence is often ignored yielding a modified version of Eq. (2.1) using
λ = 550 nm. This simplified formula for n is given by [2]

n− 1 =
P

T
7.9× 10−5. (2.2)

5



Theory Statistical approach of optical turbulence

2.1.2 Conserved passive scalars

The quantities T and P in Eq. (2.1) and also e fluctuate randomly in turbu-
lence and generally not in a way that resembles the turbulent motion itself.
As such they are not conserved in a parcel of air in a turbulent flow. Quanti-
ties that approximately conserve themselves are: the potential temperature
θ and the specific humidity q, under the assumption that turbulence is an
adiabatic process meaning no heat is added or lost from the volume of air in
the turbulent motion. The so called conservative passive scalars θ and q are
defined as

θ(z) = T (z)

(
P0

P (z)

)α
, (2.3)

q = 0.622
e

P
, (2.4)

where P is the pressure, P0 the standard reference pressure, α the adiabatic
lapse rate and z the height of the volume of air. α = 0.286 in the case of
air. As long as the adiabatic assumption holds a volume of air will have its
potential temperature conserved even though the volume is displaced. This
would not be the case for T which would normally changed depending on
how the volume of air would expand, or be compressed [2].

2.2 Statistical approach of optical turbulence
The theory in this section is mainly based on Electro-Optical systems hand-
book. Atmospheric propagation of radiation, Vol. 2 by Smith et al. [2].

Fluctuations in a random process ξ are often measured by the covariance
function Bξ given by

Bξ(x1, x2) = 〈[ξ(x1)− 〈ξ(x1)〉][ξ(x2)− 〈ξ(x2)〉]〉, (2.5)

where x can be time and/or any spatial coordinate(s) r. A process for which
the mean 〈ξ〉 is independent of time is said to be stationary. Similarly,
the random process ξ is said to be homogeneous if Bξ is independent of
absolute positions and only dependent on relative position r. If it also is
independent on the direction r/r, where r is the magnitude of r, the process
is also isotropic. For example, homogeneity and isotropy implies that the
covariance can be simplified to

Bξ(r1, r2) = 〈ξ(r1)ξ(r1 + r)〉 − 〈ξ〉2 = Bξ(r) = Bξ(r), (2.6)

where r2 = r1 + r. A similar expression exists for a stationary random
process. As Eq. (2.6) shows, the covariance function only depends on the
separation distance r when the medium is homogeneous and isotropic [12].

6
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Power spectrum

It is common to use another representation of the covariance. By a Fourier
transform of the covariance function its power spectrum is achieved. By
definition, the Fourier transform of the covariance function of a homogeneous
and isotropic random process ξ(r) is

Φξ(K) =

(
1

2π

)3 ∫∫∫ ∞
−∞

Bξ(r)e
iK·rdr. (2.7)

in three dimensions with K = 2π/r being the spatial frequency and the
magnitude of the vector spatial frequency K. A similar expression can be
deduced for a stationary random process.

The spectral representation of the fluctuation of ξ can be useful from a
measuring and signal processing point of view since it tells which spatial and
temporal frequencies that constitute the fluctuations.

2.2.1 The structure function

Assumptions of a stationary or a homogeneous and isotropic random process
are strict assumptions and can definitely not be made in the case of turbu-
lence which exhibits chaotic behaviour. The mean of say, the wind speed or
temperature, is not constant in time and space in a turbulent environment.
Fortunately the framework of stationarity and homogeneity can be used by
introducing the so called structure function Dξ of ξ(x), where x as before can
be either time or a space coordinate. Examples of relevant quantities ξ can
be is the index of refraction n or the potential temperature θ. The structure
function Dξ is defined as

Dξ(x1, x2) = 〈[ξ(x1)− ξ(x2)]2〉. (2.8)

Even if ξ is non-homogeneous (or non-stationary) the structure function Dξ

can be homogeneous (or stationary). If so, ξ(x) is said to be locally ho-
mogeneous if x is a spatial coordinate or a random process with stationary
increments if x is time [2, 12]. In this approach it is assumed that the mean
of ξ(x) is slowly varying and the fluctuations about the mean are stationary.
This implicates that ξ(x) can be written as

ξ(x) = 〈ξ(x)〉+ δξ(x), (2.9)

where δξ(x) is the fluctuating part with the property 〈δξ(x)〉 = 0.

7



Theory Statistical approach of optical turbulence

Power spectrum of the structure function

The structure function can be represented in the form of a power spectrum,
like the covariance function, even though the former case is a bit more com-
plex. For a locally homogeneous and isotropic random field ξ(~r) the rela-
tionship between the structure function Dξ(r) and the spectrum of ξ, Φξ(K),
is

Dξ(r) = 8π

∫ ∞
0

Φξ(K)

(
1− sin(Kr)

Kr

)
K2dK. (2.10)

The inverse relation is

Φξ(K) =
1

4π2K2

∫ ∞
0

sin(Kr)

Kr

d

dr

(
r2
d

dr
Dξ(r)

)
dr. (2.11)

Notes on the structure function

Both the covariance function and the structure function are measures of the
fluctuations of a random variable or field. Both can be treated in a spec-
tral formulation and both are also second order moments from a statistical
point of view. The reason why the structure function was introduced is that
the covariance function cannot be used when the assumption of stationarity
or homogeneity and isotropy is not fulfilled for the random process under
consideration.

2.2.2 Kolmogorov’s theory of turbulence

In his pioneering work of turbulence (1941), Kolmogorov described the wind
velocity field. He introduced two length scales; an inner scale l0 and an outer
scale L0 of the eddies. Energy enters the system at the large scale L0 and
there is an energy cascade, energy transfer, from L0 to l0. The inner and
outer scales give rise to three regions. Denoting the size of the eddies by r,
these three regions are [12]:

i. r > L0 is the input range. The source of energy maintaining the tur-
bulence enters the system through eddies larger than the outer scale.
Examples of sources are wind shear, wind friction with the ground and
convection. This region is considered anisotropic.

ii. l0 < r < L0 is the inertial range. Turbulence is assumed to be locally
homogeneous and isotropic in this intermediate region. Inertial forces
dominates viscous forces and energy is transferred from L0, via sub-
sequently smaller scales and finally, to l0 by the process called energy
cascade.

8



Theory Statistical approach of optical turbulence

iii. r < l0 is the dissipation range. For these small eddies sizes viscosity is
strong relative to inertial forces and turbulent energy is dissipated into
heat.

One remarkable result of Kolmogorov’s theory of turbulence was the uni-
versal r2/3 dependence in the structure functions, valid in the rather broad
inertial range. Originally, Kolmogorov proposed a tensor form of the wind
velocity structure function Dij where i and j can be either a longitudinal or
transverse component along r connecting two points. Normally the longi-
tudinal component is of interest, which gives the famous two-thirds scaling
behaviour

Drr(r) = C2
vr

2/3, (2.12)

where rr denotes that it is along the longitudinal component [17] and C2
v is

the wind velocity structure parameter defined by Kolmogorov as

C2
v = 2ε2/3. (2.13)

This result is valid in the locally homogeneous and isotropic inertial range. In
studying velocity fluctuations l0 is typically expected to be the Kolmogorov
microscale

l0 =

(
ν3

ε

)1/4

, (2.14)

where ν the kinematic viscosity and ε is the energy dissipation rate.
The outer scale L0 is taken to be either: the largest scale for which the

assumption of homogeneity and isotropy holds; the energy input scale, or; the
scale of the flow. As it can be shown that L0 ∝ ε1/2 the range defined by l0
and L0 will be increased in both directions as energy dissipation ε increases,
i.e. when turbulence increases in strength. Typical values for l0 are on the
millimeter and centimeter scale, and for L0 on the tens or hundreds of meters
scale [2].

2.2.3 Extension of Kolmogorov’s theory

The theory of Kolmogorov can be extended to other random fields than the
wind velocity field. The key assumption is again that the random field can be
regarded as locally homogeneous and isotropic. For example, the potential
temperature θ is assumed to be locally homogeneous and isotropic in the
inertial range and its structure function is given by

Dθ(r) = C2
θ r

2/3, (2.15)

for l0 < r < L0. C2
θ is the potential temperature structure parameter.

9



Theory Statistical approach of optical turbulence

Refractive index structure function

The fluctuations of the refractive index are critical when describing optical
turbulence. The quantity that quantifies the fluctuations are the refractive
index structure parameter C2

n. Our objective is to relate the refractive index
to at least one conservative passive scalar [17]. Now, still assuming local
homogeneity and isotropy, let

∆θ = θ(r1)− θ(r1 + r), (2.16)
∆n = n(r1)− n(r1 + r), (2.17)

and construct the differential of n as defined in Eq. (2.2)

∆n = 79
P

T

(
∆P

P
− ∆T

T

)
× 10−6. (2.18)

As pressure fluctuations even out rapidly the term ∆P/P are disregarded
and Eq. 2.18 simplifies into

∆n = −79P
∂T

∂θ

∆θ

T 2
× 10−6 = −79P

∆θ

θ2

(
P

P0

)α
× 10−6, (2.19)

where the definition of the potential temperature in Eq. (2.3) was used. The
variations in refractive index thus only depend on potential temperature
[2, 1, 17]. From Eq. (2.17) and (2.19) the refractive index structure function
can be found by squaring dn and then taking the ensemble averages. By
using that 〈∆θ2〉 = Dθ(r) and the formula for Dθ as given in Eq. (2.15), the
result is

Dn(r) =

[
79× 10−6

P

θ2

(
P

P0

)α]2
Dθ(r) = C2

nr
2/3. (2.20)

Eq. (2.20) is valid in the inertial range. There is clearly a relationship
between C2

n and C2
θ , namely

C2
n =

[
79× 10−6

P

θ2

(
P

P0

)α]2
C2
θ , (2.21)

Even though the physical significant quantity is θ and not T it is of common
practice to relate C2

n and C2
T instead [2, 17]. They are related through

C2
n =

[
79× 10−6

P

T 2

]2
C2
T . (2.22)

Using Eq. (2.22) implies the approximation that only temperature fluctu-
ations account for fluctuations in refractive index. Under normal dry air
conditions this approximation works. It should also be noted that P and T
considered in the equations above are the mean pressure and mean temper-
ature, respectively.
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Kolmogorov spectrum and von Karman spectrum

In the input range there is no general formula describing the power spectrum
Φn(K). In the inertial range the Kolmogorov spectrum is given by

Φn(K) = 0.033C2
nK
−11/3, (2.23)

where K = 2π/r and C2
n is the structure parameter for n. The Kolmogorov

spectrum follows from solving the integral in Eq. (2.11) after replacing the
random field ξ by the refractive index n [17]. In the dissipation range

Φn(K) = 0. (2.24)

Often Eq. (2.23) and (2.24) are combined using a Gaussian factor. The
result is the von Karman spectrum

Φn(K) = 0.033C2
nK
−11/3e−K

2/K2
m , (2.25)

with Km = 5.91/l0 [12]. Eq. (2.25) result is sometimes modified even further
to circumvent the singularity at K = 0. The modified von Karman spectrum
is

Φn(K) = 0.033C2
n(K2 +K2

0)−11/6e−K
2/K2

m , (2.26)

where K0 = 2π/L0.
The modified von Karman spectrum and the different regions defined by

the inner and outer scales are shown in Fig. 2.1.

Φn

K2π/L0 2π/l0

i

ii

iii

∼ K−
11
3

Figure 2.1: The modified von Karman spectrum and the three regions of tur-
bulence where i. is the input range, ii. the inertial range and iii. the dissipation
range. In the intermediate region the curve approximately follows K−11/3 from the
Kolmogorov spectrum.
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2.3 Optical propagation through turbulence
On its propagation through a random medium the optical wave will be dis-
torted with observed effects like fluctuations in the intensity, beam wander
and image dancing. In this section some of these effects are studied and re-
lated to the refractive index structure parameter. But first two assumptions
about the turbulent medium.

2.3.1 Taylor’s frozen turbulence hypothesis

Two references frames are interesting when describing turbulence. The first is
the spatially fixed Eulerian frame and involves the flow as whole. The second
is the Lagrangian frame moving along the mean velocity field V, where the
individual eddies are described. The time scale associated with the Eulerian
frame is estimated as L0/V⊥ where V⊥ is the magnitude of the component of
V transverse to the observation direction. It is on the order of 1 s. The time
scale of the Lagrangian frame is typically on the order of 10 s [2].

An assumption often made is Taylor’s frozen turbulence hypothesis. It
can quantitatively be formulated as

δξ(r, t+ τ) = δξ(r−Vτ, t), (2.27)

where δξ is the fluctuation of the random variable ξ. In this assumption
the time dependence of ξ is removed in the Lagrangian frame. Another
implication is that the eddies are spatially frozen in the same frame. This
follows from the difference in time scales between the two reference frames
[2].

2.3.2 Weak fluctuation theory

Approximations in complex formulas can be made when the fluctuations in
the velocity field are assumed to be small. In the weak fluctuation theory it
is therefore assumed that the fluctuations in refractive index are small [18],
i.e. δn� 1.

Under the assumption of weak turbulence (together with other necessary
assumptions not considered here) the Rytov method can be used to solve the
governing wave equation, approximated as

∇2U(r, t) + k2n2U(r, t) = 0, (2.28)

and valid for monochromatic light of wavenumber k. The approach is to
write the solution U(r, t) to the wave equation as

U(r, t) = eϕ = eχ+iS, (2.29)

12
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where χ is the log-amplitude and S is the phase. Using perturbation theory
approximative solutions to of fluctuations in χ and S can be found. But these
are complicated even when only a first order perturbation is being applied
[2, 12, 17]. Therefore only solutions in some special cases will be considered.

2.3.3 Scintillation

Scintillation is the fluctuation in intensity. From the amplitude A = eχ in
the Rytov method the intensity I can be calculated as I = A2 = e2χ. A con-
sequence of the central limit theorem is that both χ and S are normally dis-
tributed implying that both A and I are log-normally distributed. It should
be noted that also measurements of the intensity supports the log-normal
distribution [2, 17]. The scintillation index σ2

I is defined as the normalized
variance of the intensity I, namely

σ2
I =
〈(I − 〈I〉)2〉
〈I〉2

. (2.30)

From the log-normal distribution of I this can also be written as

σ2
I = e4σ

2
χ − 1, (2.31)

where σ2
χ is the variance of the log-amplitude. In the case of weak turbulence,

meaning small 4σχ, a Taylor expansion can be made which yields

σ2
I ≈ 4σ2

χ = σ2
ln I . (2.32)

For a plane wave and a spherical wave, respectively, it can be shown that

σ2
I = 1.228k7/6L11/6C2

n, plane wave (2.33)

σ2
I = 0.496k7/6L11/6C2

n, spherical wave (2.34)

where k is the wavenumber and L the propagation path length [2, 12].

Scintillation of a beam wave

When the beam size and the intensity distribution of the beam have to be
taken into account, the formulas above get more complicated. Fortunately a
beam wave can be approximated by a spherical wave under certain circum-
stances. The criterion is that the propagation length L should be larger than
the so called Rayleigh zone z0 by at least one order of magnitude. z0 = πw2

0/λ

13
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is defined as the distance from the beam waist w0 to where the beam width
w = w0

√
2 [1]. In other words the criterion is

L� z0 =
πw2

0

λ
. (2.35)

In case the criterion in Eq. (2.35) is not met, formulas for the scintillation of
a beam wave must be used. Such formulas are given by Andrews et al. [14]
and Ishimaru [18], among others.

Aperture averaging

The intensity fluctuations given above are valid for a receiver of infinitesimal
aperture, a point receiver. For an aperture of finite size the effect of aperture
averaging has to be taken into account [2, 12, 14]. In weak fluctuations, the
criterion for when a receiver of aperture D can be considered being a point
receiver is

D <
√
λL, (2.36)

where
√
λL is the Fresnel zone. When this criterion is not met, the fluctua-

tions will be reduced.

2.3.4 Angle of arrival

Not only the intensity (amplitude) of a wave propagating in a randommedium
will fluctuate. As mentioned, the fluctuations in n will also involve fluctua-
tions in the phase S. This will lead to a distortion of the wavefront of the
propagating wave. At a certain fixed z along the direction of propagation
different points of the wave will generally have different phases. This phase
difference ∆S between two points separated by ρ in the fixed plane at z is

∆S = (kρ)φ, (2.37)

where φ is the angle of arrival, the tilt of the wavefront measured relative
to the z direction. From this the variance of the fluctuation of the angle of
arrival σ2

φ can be calculated as [12]

σ2
φ = 〈(φ− 〈φ〉)2〉 = lim

ρ→0

DS(ρ, L)

k2ρ2
, (2.38)

where the phase structure function DS(ρ, L) is given by

DS(ρ, L) = 〈∆S2〉 = 〈(S1 − S2)
2〉. (2.39)
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In the case of a plane wave incidental on a focusing lens, see Fig. 2.2 with
aperture D and focal length f the variance σ2

φ can be calculated from

σ2
φ = 2.91D−1/3

∫ L

0

C2
n(z)dz, (2.40)

where L is the propagation length. The image displacement δi in the focal
plane of the lens can be calculated as

δi = fφ, (2.41)

for small angles φ. This combined with Eq. (2.40) gives the mean-square
displacement

〈δ2i 〉 = 2.91f 2D−1/3
∫ L

0

C2
n(z)dz. (2.42)

The fluctuations in the angle of arrival is responsible for the phenomenon
called image dancing [19].

z

Φ
Φ′

φ

Lens Focal plane

f

δi

Figure 2.2: The undistorted wavefront Φ arrives along the lens axis z and is
focused into the the focal point. The distorted wavefront Φ′, tilted by φ, is focused
to a point displaced by δi = fφ in the focal plane.

Tilt anisoplanatism

Atmospheric turbulence will affect different propagation paths differently.
For example, two separated points in the image plane will be displaced dif-
ferently with respect to each other. This is because the angle of arrival is not
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constant over the aperture as in Fig. 2.2. Tilt anisoplanatism refers to the
difference in tilt (angle of arrival) between two sources [20].

Considering two point sources A and B separated by distance d, the
differential tilt variance is defined as

σ2
‖ = 〈(φ‖(r)− φ‖(r + d))2〉, (2.43)

σ2
⊥ = 〈(φ⊥(r)− φ⊥(r + d))2〉, (2.44)

where σ2
‖ denotes the variance along the separation vector d between A and

B, and σ2
⊥ denotes the variance perpendicular to the same vector. φ‖ is the

tilt parallel to d, and φ⊥ is the tilt perpendicular to d.
How wavefront tilt is defined can differ. One way is to fit so called Zernike

polynomials to the wavefront from which the Zernike tilt, Z -tilt, is deduced.
Here the gradient tilt, G-tilt, is used to determine the tilt, and it can be
thought of as an average gradient of the wavefront. The G-tilt is closely re-
lated to the centre of gravity, the centroids [4], of the sources when projected
into an image plane. Finding the G-tilt involves finding filter functions but
only the results for the variances σ2

‖ and σ2
⊥ of the G-tilt will be presented

here. Assuming constant C2
n along the path, the expressions for σ2

‖ and σ2
⊥

are

σ2
‖ =

41.7

D2
C2
n

∫ L

0

(IT − I1)dz, (2.45)

σ2
⊥ =

41.7

D2
C2
n

∫ L

0

I1dz, (2.46)

with the integrals I1 and IT given by

I1 =

∫ ∞
0

κ−8/3J2
1

(
zκD

2L

)(
1

2
− J1(κd)

κd

)
dκ, (2.47)

IT =

∫ ∞
0

κ−8/3J2
1

(
zκD

2L

)
(1− J0(κd)) dκ, (2.48)

and where κ is the 2-D spatial frequency, and, J0 and J1 are Bessel functions
[11, 20]. Note that spherical waves have been assumed in the formulas above.

Tilt on an annulus

The equations above holds for the case of no central obscuration in the optics.
If, for example, a Cassegrain reflector is used there will be central obscuration
in the optics and in this case the formulas above are not valid and must be

16



Theory Optical propagation through turbulence

modified as follows. By using Sasiela’s formulas for tilt on an annulus [20],
Eq. (2.45)–(2.48) become

σ2
‖ =

41.7

D[1− (Di/D)2]2
C2
n

∫ L

0

(IT − I1)dz, (2.49)

σ2
⊥ =

41.7

D[1− (Di/D)2]2
C2
n

∫ L

0

I1dz, (2.50)

where Di is the inner diameter of the annulus and the integrals I1 and IT are
now given by

I1 =

∫ ∞
0

κ−8/3
[
J1

(
zκD

2L

)
− Di

D
J1

(
zκDi

2L

)]2 [
1

2
− J1(κd)

κd

]
dκ, (2.51)

IT =

∫ ∞
0

κ−8/3
[
J1

(
zκD

2L

)
− Di

D
J1

(
zκDi

2L

)]2
[1− J0(κd)] dκ. (2.52)
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Chapter 3

Evaluation of methods

Measuring C2
n can be made in several ways but C2

n is only indirectly measured.
The physical quantities that are actually measured and then related to C2

n

can be for example: the scintillation, angle of arrival, beam wander or a
direct measurement of the refractive index.

As the objective was to measure the time variation of C2
n the chosen

methods should to meet the following requirements:

i. High temporal resolution of the C2
n calculations. In practice this means

temporal resolutions at least on the order of 1-10 s.

ii. Allowing for long continuous measurements to be made and the produced
raw data set should not be too large.

iii. The signal-to-noise ratio has to be good enough to resolve the time vari-
ations of C2

n.

With the requirements above in mind the chosen methods were: (1) scintil-
lation measurements using time-correlated single-photon counting, and (2)
differential motion measurements using a LED-array and a camera. Both
methods fulfilled the requirements (i) and (ii) even though (2) can produce
rather large sets of raw data. (1) yields a high temporal resolution since a
relatively high pulse repetition rate could be used. In the case of (2) high
temporal resolution was achieved using a camera at 100 Hz, and was further
improved since many measurements were made in each frame.

A Shack-Hartmann wavefront sensor was tested using a laser, a micro-
lens array and a high-speed camera. Unfortunately this method had to be
abandoned mainly due to very low contrast in the images. Commercial scin-
tillometers that can calculate C2

n directly have rather low temporal resolution
but the ones available at FOI could not even be used as a reference because
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they require a minimum measurement distance longer than the one used in
this field trial. Also an anemometer could be supplied but these typically
have very low temporal resolution, which was true for the available at FOI,
and was therefore not used in the experiment. The main reason of using the
relatively complex photon counting system instead of simply implementing
a system consisting of a continuous laser together with a photo diode is the
ability to simultaneously measure the signal and background, and effectively
subtract the background when using the photon counting system.
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Chapter 4

Time-correlated single-photon
counting

Time-correlated single-photon counting (TCSPC) is an active measuring
technique working on the principle of detecting single photons and relat-
ing their arrival times to a synchronization (reference) signal. The process
is then repeated many times to produce a histogram over the time-of-flight
(TOF) times using a repetitive trigger. The three main parts of a TCSPC
system are:

i. The pulsed laser

ii. The single-photon detector

iii. The electronics

The relevant quantity calculated from the TCSPC raw data is the scintil-
lation index (see Eq. (2.30)) which can be connected to C2

n using the formulas
from the theory chapter. In Fig. 4.1 a simplified and schematic view of the
TCSPC system can be seen. The light pulses from the laser are detected by
the single-photon detector. The information from the detector are correlated
with a synchronization signal directly from the laser in the TCSPC electron-
ics. A computer is used to gather the data from the TCSPC electronics. In
this chapter the TCSPC working principle and data processing are explained.

4.1 Working principle

The laser used should be able to maintain a stable and high pulse repetition
frequency PRF, which of course varies depending on the situation. Here
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Pulsed laser Detector

Electronics

Computer

Figure 4.1: Simplified schematics of the TCSPC system.

PRF= 5 MHz, giving a 200 ns interval between the pulses. In TCSPC it
is important to keep the detection rate low compared to the PRF, in order
to avoid pile-up effects and to maintain single-photon counting. In practice,
the probability of detecting a photon for each laser pulse should be no higher
than 1–5 %. For a pulse rate of 5 MHz the average photon count rate should
be at maximum 250 kHz [21].

A more restricting factor on the detection count rate is the detector dead
time τDT . After each photon detection the system is not able to detect any
photon for a duration of τDT . A dead time of 100 ns would itself restrict
the maximum instantaneous count rate to 10 MHz. But to maintain a linear
detection process the count rate has to be reduced significantly. Because of
a finite dead time the measured count rate cmeas will be different from the
expected c and the distortion can be approximated as

cmeas =
c

1 + cτDT
. (4.1)

Depending on how much distortion is acceptable this limits the count rate c.
Allowing for 1 % distortion the maximum count rate is 100 kHz [10].

An ideal photon counting detector would give an electrical signal for every
photon that arrives at the detector, without any time delay. Also the ideal
detector should not give a signal when no photon arrives at the detector.
In the non-ideal real world not every photon will be detected, because of
the quantum efficiency being less than 100 %. Furthermore, mainly due to
thermal effects, there will be counts even if there is no light incidental on the
detector, referred to as dark counts.

Another problem is that the detector will not only detect the signal pho-
tons but also unwanted background photons and they are indistinguishable
from each other. Backgrounds photon came from scattered light, direct sun-
light and background light in the field of view of the receiver. How to define
the signal and a background reference will be explained in the coming section.
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In the TCSPC electronics the detected signal is synchronized with its
reference signal to extract timing information. The timing information is
converted to a digital signal which is fed to a histogrammer, which increases
the count value in the relevant time bin [21].

4.2 Experiment

PDL 800-B

Laser Head

SM Fiber

TA RA

GI Fiber

Detector

PicoHarp 300

Computer

RG-58
SR445A

DG645

Figure 4.2: Experimental setup of the TCSPC system. TA and RA are the
transmitting and receiving aperture, respectively.

The experiment was performed on the 24th of May with temperatures around
24◦C. The propagation distance was 171 m, slightly above 1 m over grass.
Fig. 4.2 illustrates the experimental setup. At the transmitter side a pulsed
diode laser was used (FWHM 55 ps). It consisted of a PDL 800-B laser driver
(PicoQuant GmbH) and a LDH series laser head, lasing at 830 nm. The
laser was connected via a single-mode fiber to the transmitting collimator.
Light was collected using a collimator of focal length 4.6 mm and numerical
aperture 0.47, which was connected using a graded-index multi-mode fiber
of numerical aperture 0.275 to the detector. A 3 nm bandpass filter was
used to filter the background before reaching the detector. The detector of
the system was a single-photon avalanche diode (Micro Photon Devices SrI).
A PicoHarp 300 (PicoQuant GmbH) was used to collect the data from the
detector. From the laser the trigger signal was sent through a long coaxial
cable of type RG-58. The trigger signal was amplified in a preamplifier of
model SR445A (Stanford Research Systems) and because the shape of the
trigger pulses was distorted by dispersion in the coaxial cable the trigger
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signal had to be reshaped using a digital delay generator, model DG645
(Stanford Research Systems), to achieve the desired voltage and pulse width.
A USB cable was connected from the PicoHarp 300 to a computer and the
data was accumulated with the PicoHarp software from PicoQuant GmbH.
To get the desired signal strength neutral-density filters were used. Count
rates at least above 10 kHz but throughout the experiment below 100 kHz
were considered acceptable.

(a) TCSPC transmitter (b) TCSPC receiver

Figure 4.3: TCSPC experimental setup.

4.3 Data processing

In case of the TCSPC the collected raw data first had to be analyzed using
a Matlab script for further processing. The binary output from the Pico-
Harp 300 electronics was a file with one 32-bit entry for each count. From
the binary file the script basically generated a Matlab struct. The resulting
struct contained all necessary information about all counts registered by the
TCSPC system. Information like the number of trigger pulses since measure-
ment start, time elapsed since the measurement start and the time elapsed
since the latest trigger pulse was stored in the struct. Some of the fields of
the struct are summarized in table 4.1.
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Figure 4.4: Histogram of the counts per time bin of size 64 ps. The time is
measured from the last synchronization pulse. The sharp peak defines the signal.

Table 4.1: Description of some of the struct fields.

Field name Description

dtime Time since last synhcronization pulse for
each count

hist_chan1 Histogram of dtime
truensync Number of pulses since measurement start

for each count
truetime Time since measurement start for each count

4.3.1 Scintillation index

The signal had to be distinguished from the background. The histogram
hist_chan1 was used for this. Fig. 4.4 illustrates such a histogram. The
signal counts NS were defined as all counts within an interval that comprised
the sharp peak, i.e. the counts within the two dotted lines to the left at 40.5
and 46.5 ns in Fig. 4.4. The reference background counts NR were defined
as those counts in an equally long interval that did not contain anything of
the peak, here chosen to be those counts between the two dashed lines at 54
and 60 ns in the right part of Fig. 4.4.

With all signal and background photon counts defined, histograms over
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the signal and background could be made. Both the signal and background
photons were divided into time segments of T = 10 µs with Ns(t) being the
number of signal counts in such a T long interval between t and t+ T . The
segment T was chosen short enough so that a constant intensity could be
assumed. The measured signal NS was then modeled using

NS(t) =

∫ t+T

t

(ηI(t′) + λBG(t′)) dt′ +NNS(t), (4.2)

where I is the intensity, η the overall system detection efficiency, λBG the
background and NNS represents the Poisson-distributed shot-noise. In other
words, the integration time T had to be chosen such that it was shorter than
the correlation time of the intensity scintillation as this would simplify Eq.
(4.2) into

NS(t) ≈ ηI(t)T + λBG(t)T +NNS(t), (4.3)

with the corresponding expression for the background reference signal given
by [10]

NR(t) ≈ λBG(t)T +NNR(t). (4.4)

where NNR represents the shot-noise as before. A 50 ms long sample of NS

and the low-pass filtered signal NFS divided by the mean signal count 〈NS〉
are given in Fig. 4.5 with T = 10 µs. A corresponding plot for NR is given
in Fig. 4.6.
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Figure 4.5: The time variation of the signal in a 50 ms long sample. Also the
filter signal NFS is plotted.
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The mean signal count 〈NS〉 per 10 µs segment in this 50 ms sample
was 0.0742 and the corresponding mean background count 〈NR〉 was 0.0043.
Even though the mean signal count was low the intensity variations caused
by both scintillation and Poisson shot-noise can be seen in the unfiltered
signal in Fig. 4.5. The intensity variations on the small scale are caused by
shot-noise and those on a larger time scale come from scintillation effects.
The scintillations are easier to distinguish in the low-pass filtered signal.
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Figure 4.6: The time variation of the background reference in a 50 ms long
sample.

The appearance of intensity in Eq. (4.3) above suggests that the scin-
tillation index σ2

I could be calculated from the signal from which C2
n could

be deduced. The covariance method was used for this purpose. Assuming
the time dependence of the background could be neglected, i.e. assuming a
constant background, σ2

I could then be calculated as

σ2
I =

BS

〈NS〉2 − 2〈NS〉〈NR〉+ 〈NR〉2
. (4.5)

where BS = BS(τ) = BS(NS−〈NS〉, τ) is the autocovariance of the detected
signal and 〈·〉 denotes time averages [10]. Derivations of Eq. (4.5) and
the more general case where the time dependence of the background is not
neglected are given in Appendix A.

The data were arranged into ns number of samples, each of sample size
n meaning each sample spanned over n number of 10 µs segments. His-
tograms were calculated in each of these samples and one at a time to avoid
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memory overflow. From this σ2
I (t) could be calculated by the covariance

method described above at sample time t. Algorithm 1 shows the function
used for calculating σ2

I in each sample. After the averages of the signal and
background counts had been calculated the autocovariance of the signal was
calculated. To the autocovariance a Gaussian curve was fitted. This fitting
was necessary because in case of low scintillations the autocovariance func-
tion became less well-defined which could result in a negative scintillation
index, an unphysical result. Using the fitted autocovariance at a time lag of
T , equal to the histogram bin size, the scintillation index could be calculated
as in Eq. (4.5). Fig. 4.7 shows the normalized autocovariance and the Gaus-
sian fit for an arbitrary chosen sample. The plot is truncated such that the
whole peak of the normalized autocovariance is not shown. The peak value
was 65.96, originating from Poisson shot noise.

−5 −4 −3 −2 −1 0 1 2 3 4 5
0

0.5

1

1.5

2

Time delay [ms]

N
or
m
al
iz
ed

au
to
co
va
ri
an

ce

Measured data
Gaussian fit

Figure 4.7: The normalized autocovariance from an arbitrary sample. A Gaussian
function is fitted to the measured data. The sharp peak in the middle comes from
Poisson shot noise and only the relevant part of the peak is shown.
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Algorithm 1 σ2
I calculations using the covariance method

function SI2Covar(NS, NR)
mS ← 〈NS〉
mR ← 〈NR〉
BS ← AutoCovar(NS) . Autocovariance
Bfit ← GaussFit(BS) . Fit Gaussian
σ2
I ← Bfit(T )/(mS −mR)2

return σ2
I

end function

4.3.2 C2
n calculation

σ2
I (t) allowed for C2

n(t) to be calculated in each sample. Aperture averaging
was neglected as

√
λL ≈ 11 mm was more than twice as large as the receiving

aperture. See Eq. (2.36) for the criterion of when a receiver can be considered
as a point receiver. Because the propagation distance L was far greater than
the Rayleigh zone the propagation was assumed to be spherical and C2

n was
calculated as

C2
n(t) =

1

0.496k7/6L11/6
σ2
I (t). (4.6)

where k is the wavenumber as before. Pseudocode for the algorithm used in
calculating C2

n from the TCSPC data is shown in Algorithm 2.

Algorithm 2 C2
n from TCSPC data

procedure Cn2TCSPC(n)
T ← 0.00001 . 10 µs
Calculate the total number of T long segments nT
ns ← nT div n . Integer division
Define signal and background counts
for is ← 1, ns do

NS, NR ← Hist(is, T ) . Signal/background histograms
σ2
I (is)← SI2Covar(NS, NR)

end for
b← 0.496k7/6L11/6 . Spherical propagation
for is ← 1, ns do

C2
n(is)← σ2

I (is)/b
end for

end procedure
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Chapter 5

LED-array

The second method used to study optical turbulence consisted of an array
of light emitting diodes (LEDs) and a high-speed camera. The method was
developed by Gladysz et al. [11], and has here been modified for the usage
of a cassegrain reflector.

Briefly, the idea of the method is to relate the differential motion (DM)
of the LED spots in the image plane with the variance of angle of arrival.
The experimental setup for this method is very simple and the main parts
(except for a computer) are simply:

i. LED-array

ii. Camera

The LED-array is monitored with the camera over a certain distance. Be-
tween two subsequent frames the spots from LEDs will move in the image
plane. Absolute motion refers to the motion of the individual spots between
subsequent frames. This absolute motion is sensitive to vibrations and drift
of the equipment. Therefore instead the differential motion of the spots is
monitored. Differential motion is the relative motion of pairs of spots be-
tween subsequent frames. Using differential motion gives the desired feature
of robustness to any vibrations, optical drift and/or thermal effects taking
place between the subsequent frames, since these are eliminated as they affect
the motion of the two spots constituting each pair equally [11].

5.1 Working principle

In differential image motion a point source, like a star, is monitored through
two subapertures and the spots are detected at some image sensor. By
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measuring the differential motion (DM) of the two spots, i.e. their rela-
tive motion, the variance of angle of arrival fluctuations can be calculated
[4]. Inspired by this, two (or more) point sources and their differential mo-
tion can be monitored. Fig. 5.1 shows two spots A and B at the five time
points t1, ..., t5, projected in the image plane, such that Ai and Bi are the
instant positions of A and B, respectively, at time ti. 〈∆AB〉 is the mean of
the separation distance ∆AB between the two spots. The difference in posi-
tion between A and B at each instant can be divided into two components,
one parallel and one perpendicular to their separation vector, ∆i‖ and ∆i⊥,
respectively. These are calculated as

∆i‖ = Bi‖ − Ai‖, (5.1)
∆i⊥ = Bi⊥ − Ai⊥, (5.2)

where Ai‖ and Ai⊥ are measured from the equilibrium position of A, 〈A〉.
Likewise, Bi‖ and Bi⊥ are measured from 〈B〉. The positions of Ai and Bi

are not measured from the same reference point because its the variance of
the difference in positions we are interested in. And having the same reference
for both spots will not change the relative motion. It should also be noted
that the positions considered in the image plane here are measured in units
of length and not in number of pixels.

〈∆AB〉

〈A〉

A1

A2

A3
A4

A5

A1‖

A1⊥

〈B〉
B1

B2

B3

B4

B5

Figure 5.1: Two sources A and B projected in the image plane at two different
times.

The positions of A and B together with the difference in position ∆‖ at
t1, ..., t5 are shown in Fig. 5.2. If this motion happens in the focal plane, after
passing a lens of focal length f , Eq. (2.41) relates this DM to differential tilt
as

δ‖ =
∆‖
f
, δ⊥ =

∆⊥
f
. (5.3)
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where δ‖ and δ⊥ are the differential tilt (i.e. difference in angle of arrival φ)
parallel and perpendicular to the separation vector, respectively. From many
such differential tilt measurements the differential tilt variances σ2

‖ and σ2
⊥

can be calculated. Knowing σ2
‖ and σ

2
⊥ enables C2

n to be computed.

tt1 t2 t3 t4 t5

A‖

B‖

∆‖

Figure 5.2: Time series of the parallel differential motion ∆‖ together with the
parallel absolute motion of the individual spots A and B.

The approach is to use an array of light emitting diodes (LEDs) with
a regular pattern, which all will move randomly in the focal plane due to
optical turbulence. Fig. 5.3 illustrates a 4 × 4 array where some separation
distances are shown. The DM is not only separated into the parallel and
perpendicular components mentioned, but also into a x and y component.
No motion along any other direction than the x and y direction is considered
to simplify calculations and because a camera having a rolling shutter was
used.

The DM is then calculated for all pairs of spots either separated only
along x or only along y and from this the differential tilt is calculated. After
the differential tilt has been calculated for the pairs of spots the variances σ2

‖
and σ2

⊥ can be calculated simultaneously for different values of d in both x
and y direction at each time step. Having σ2

‖ and σ
2
⊥ at different values of d,

C2
n can be estimated by fitting it to the model described in section 2.3.4, i.e.

Eq. (2.49) and Eq. (2.50), [11].
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y

x

d

3d

2d

d

d

Figure 5.3: A 4×4 LED-array in the image plan. Some of the pairs of spots have
their separation vector drawn with the magnitude as an integer multiplication of
d. The spots will appear to move parallel and perpendicular to their separation
vector in both directions, x and y.

5.2 Experiment

PSU

LED-array

Mirror lens
Flea3

Computer

Figure 5.4: Schematics of the experimental setup of the LED-array.

The experiment was performed simultaneously as the TCSPC experiment,
on the 24th of May. The propagation distance was 171 m, slightly above 1
m over grass and the propagation path was around 1 m from the TCSPC
laser beam. The LED-array was constructed from 10× 10 white LEDs each
of a typical luminous intensity of 14 cd at 20 mA. The LEDs were separated
by 5 cm and powered using a EA-PS 3150-04 B laboratory power supply.
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A sketch of the LED-array is shown in Appendix B. The LED-array was
captured by a Rubinar 500 mm f5.6 mirror lens (cassegrain reflector, i.e. an-
nular shaped optics having a central obscuration) mounted on a Flea3 1.3
MP Mono camera (Sony IMX035 CMOS sensor) from Point Grey having a
rolling shutter, 3.63 µm pixels, running at 100 Hz and at 8-bit. The camera
was connected to a computer via USB3 and the data was collected using the
FlyCapture2 software from Point Grey. A band-pass filter was placed be-
tween the lens and the camera to avoid pixel saturation. Also the exposure
time was set relatively low for the same reason (around 0.5 ms). Only sub-
frames of approximately 500×500 pixels, but covering the whole LED-array,
of the whole images were collected to avoid too large data sets. Fig. 5.6 is an
example of what such a frame looked like. The LED spots typically did not
have their intensity concentrated into the centers, due to turbulence. Also
all spots were scintillating.

(a) LED-array (b) Camera and mirror lens

Figure 5.5: The experimental setup of the LED-array.
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Figure 5.6: One of many captured images of the LED-array, but with inverted
color scale to improve visibility. Because of turbulence the intensity is not always
concentrated into the centers and the brightness (darkness) of the spots also are
not the same because of scintillation effects.

5.3 Data processing
The data sets from the camera capturing the LED-array were large sets of
uncompressed images. These were first processed using a Matlab script to
calculate the DM of the LEDs in the image plane.

When the image files had been listed and sorted into file list fileList the
initial image was read into the frame variable frame containing the intensities
in all pixels. From frame a reference grid grid for the peaks was created.
This grid was measured from the moving total midpoint of all peaks. The
peaks of the initial frame were found. When all variables and output files
had been initialized the peak motion calculations could start. In Algorithm
3 the pseudocode of the algorithm is given.
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Algorithm 3 Peak motion
procedure PeakMotion(fileList) . fileList is the sorted file list

frame← ReadImage(fileList(1)) . Read initial image
Create reference peak grid and store in grid
for if ← 1, nf do . Number of frames nf

frame← ReadImage(fileList(if ))
XP ← FindPeaks(frame, grid)
Append XP to output files

end for
end procedure

By looping over all the nf frames, starting at the first frame and reading
one frame at a time, the positions of all peaks in all frames could be calcu-
lated. The positions of all peaks were stored in the variable XP which then
was appended to a file.

5.3.1 Peak tracking

To calculate the peak motion an algorithm for detecting the light spots in
the images was required. This was done by calculating the centroids of the
projected peaks. The background was subtracted from each pixel, given by
indices ij, as

I ′ij = Iij − γIBg, (5.4)

where Iij is the measured intensity in pixel ij, IBg is the background intensity
and γ > 1 a factor to remove all background. The coordinates of the centroid
could be calculated from

xc =

∑
I′>0

xijI
′
ij∑

I′>0

I ′ij
, yc =

∑
I′>0

yijI
′
ij∑

I′>0

I ′ij
, (5.5)

where the summations were only over positive I ′ij [4].
Algorithm 4 gives a more detailed look at the peak finding function used.

The variable frame was basically a matrix where each entry was the intensity
of a pixel. From frame a intensity γIBg was subtracted to remove noise. All
pixels were checked and negative values were assigned zeros. The loop over
all peaks of index iP with regard to grid was made. In each iteration of the
loop a small subframe s around the reference grid point was created with the
coordinates of s stored in x and y. The coordinates of the peak, xc and yc,
were calculated as the centroid and stored in XP .
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Algorithm 4 Peak finding routine
function FindPeaks(frame, grid)

Calculate background intensity IBg
frame ← frame−γIBg
for all p ∈ frame do . Pixel p

if p < 0 then
p← 0

end if
end for
for all iP ∈ grid do . Peak index iP

Create subframe s around grid(iP ) from frame
Store coordinates of s in x and y
Itot ← Sum(s)
xc ← Sum(s · x)/Itot . Centroid x-coordinate xc
yc ← Sum(s · y)/Itot . Centroid y-coordinate yc
XP (iP )← xc, yc

end for
return XP . Return the peak locations

end function

5.3.2 C2
n calculations

The algorithm used for calculating the DM and C2
n is given as pseudocode in

Algorithm 5. The collected frames (in total nf frames) were divided into T
long time samples, where T was the number of frames per sample n divided
by the frame rate (100 Hz). From this the number of samples ns could
be found from integer division of nf and n. For each sample is the peak
coordinates from n frames were buffered into XP,buff . The DM of all pairs
either positioned at the same row or the same column of the LED-array
were then calculated as described above and saved in ∆XP together with
information about the separation distances d. By dividing the DM (the
matrix ∆XP ) with the focal length f , the differential tilt was calculated.
The variances σ2

‖(d) and σ2
⊥(d) could then be calculated for each d. For the

LED-array with 10 rows and 10 columns of LEDs each frame generated 450
data points for each of σ2

‖ and σ2
⊥ in each direction x and y, giving total

of 1800 data points from each frame. The double integrals I‖(d) and I⊥(d)
were solved numerically and C2

n was finally found by fitting.
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Algorithm 5 DM and C2
n calculations from LED-array data

procedure Cn2LED(n) . Sample size n
ns ← nf div n . Integer division
for is ← 1, ns do . Sample index is

Read peak coordinates for sample is into XP,buff from file
Calculate DM from XP,buff and store in ∆XP

for all d do
σ2
‖(d, is), σ

2
⊥(d, is)← Var(∆XP (d)/f) . Calculate variances

end for
end for
for all d do

Solve I‖(d), I⊥(d) numerically
end for
for is ← 1, ns do

C2
n(‖, is)← Fit(I‖, σ2

‖) . Find C2
n as the fitting parameter

C2
n(⊥, is)← Fit(I⊥, σ2

⊥)
end for

end procedure

In Algorithm 5 two calculations of C2
n can be seen as a consequence of the

parallel and perpendicular variances. In fact there should be four calculations
of C2

n in each sample because σ2
‖ and σ2

⊥ both have x and y components.
However, since the readout method of the camera used was a rolling shutter,
only the x-component of σ2

‖ and σ
2
⊥ could be trusted. This left us with 900

data points per frame.
The model used for fitting C2

n here was the formulas in Eq. (2.49) and
(2.50) i.e.

σ2
‖(d) = C2

nI‖(d), (5.6)

σ2
⊥(d) = C2

nI⊥(d), (5.7)

where the two double integrals including the 41.7/D[1 − (Di/D)2]2 factors
have been absorbed into I‖ and I⊥, both dependent on d. I‖ and I⊥ were
then, as mentioned, solved numerically for the different values of d. C2

n

could be found by treating it as a fitting parameter for I‖ and I⊥ and their
corresponding σ2

‖ and σ
2
⊥. Theoretically predicted values from the model and

corresponding measured values for an arbitrary chosen sample are illustrated
in Fig. 5.8. The slope of the measured data are steeper than the slope of the
model.
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Figure 5.8: Agreement between experimental values and the theoretical model.
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Chapter 6

Results & discussion

6.1 TCSPC

Fig. 6.1 shows the roughly 4 h long time series of C2
n and Fig. 6.2 shows the

same time series along with an adjusted time series of the solar insolation.
A drop in the solar insolation is accompanied by an obvious decrease in the
magnitude of C2

n. In Fig. 6.3 a spectrogram of the time series is shown. The
spectrogram is a bit unclear but it is at least possible to see that the higher
frequencies (smaller time scales) of C2

n are lost when there is a decrease in
the solar insolation.

13:00 14:00 15:00 16:0010−15

10−14

10−13

10−12

Time of day

C
2 n
[m

-2
/3
]

Figure 6.1: TCSPC: time series of C2
n with log-scale on y-axis.
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Figure 6.2: TCSPC: time series of C2
n with solar insolation adjusted to the same

order of magnitude as C2
n.

Figure 6.3: TCSPC: spectrogram of C2
n with 1 s sampling time. The time on the

x-axis is the time since the measurement start. Also the solar insolation is given
above the spectrogram.

42



Results & discussion TCSPC

In Fig. 6.4 a 2 s long interval with different sampling times of C2
n is shown.

C2
n can change by a factor of 2 in less than 1 s. A 16 s long interval with

different sampling times for C2
n is shown in Fig. 6.5. When decreasing the

sampling time (increasing the time resolution) to somewhere around 250 ms
it becomes impossible to distinguish real fluctuations in C2

n from noise. The
correlation coefficients plotted in Fig. 6.6 also reflects this. Below sampling
times of 250 ms the autocorrelation of the time series drops rapidly for small
time lags.
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Figure 6.4: TCSPC: 2 s long interval with different sampling times of C2
n.
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Figure 6.5: TCSPC: different sampling times for a 16 s long sample.
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Figure 6.6: TCSPC: the autocorrelation coefficient of C2
n for different sampling

times.
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6.2 LED-array
Fig. 6.7 shows the approximately 2 h long time series of C2

n and Fig. 6.8
shows the same time series along with an adjusted time series of the solar
insolation. As was the case with the TCSPC, a drop in the solar insolation
is accompanied by an obvious decrease in the magnitude of C2

n. The spec-
trogram in Fig. 6.9 shows that the smaller time scales (higher frequencies)
are lost when the solar insolation decreases.
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Figure 6.7: LED-array: time series of C2
n.
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Figure 6.8: LED-array: time series of C2
n with solar insolation adjusted to the

same order of magnitude as C2
n.

Figure 6.9: LED-array: spectrogram of C2
n with 1 s sampling time. The time

on the x-axis is the time since the measurement start. Also the solar insolation is
given above the spectrogram.
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In Fig. 6.10 a 2 s long interval with different sampling times of C2
n is shown.

C2
n change by a factor of 2 in less than 1 s which suggests that time scales

of less than 1 s are present. A 16 s long interval with different sampling
times for C2

n is shown in Fig. 6.11. When decreasing the sampling time
(increasing the time resolution) it becomes more difficult to distinguish real
fluctuations in C2

n from noise, but this method seem to be less sensitive to
noise. Fig. 6.12 verifies this, since decreasing the sampling time will not
affect the autocorrelation as negative as for TCSPC.
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Figure 6.10: LED-array: 2 s long interval with different sampling times of C2
n.
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Figure 6.11: LED-array: different sampling times for a 16 s long sample.
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Figure 6.12: LED-array: the autocorrelation coefficient of C2
n for different sam-

pling times.

As mentioned in section 5.1, C2
n was calculated both for parallel and per-

pendicular variances of the differential tilt, yielding C2
n(‖) and C2

n(⊥), re-
spectively. The time series of C2

n above was calculated as the mean of C2
n(‖)

and C2
n(⊥) in each point. These, of course, differ in magnitude but also
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depend differently on the sampling time. Fig. 6.13 shows the mean of the
ratio C2

n(‖)/C2
n(⊥) vs sampling time, and Fig. 6.14 shows the corresponding

standard deviation of C2
n(‖)/C2

n(⊥) vs sampling time.
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Figure 6.13: LED-array: mean of the ratio C2
n(‖)/C2

n(⊥) for different sampling
times. Also C2

n(‖) and C2
n(⊥), for different sampling times but normalized for

comparison are plotted.
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Figure 6.14: LED-array: standard deviation of the ratio C2
n(‖)/C2

n(⊥) for differ-
ent sampling times.
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Taylor’s hypothesis of frozen turbulence was also tested. In Fig. 6.15 the
correlation coefficients for the DM of different pairs of LEDs are plotted. All
pairs were along the same row and the DM was parallel to this row. Pair 1
consists of the first and second LED, pair 2 consists of the second and fourth
LED, and so on. The correlation coefficient curves do not peak at a time
lag of zero but rather at some time point which increases with increasing
distance between the pairs. This gives an indication that turbulence eddies
can be thought of as spatially frozen in a frame moving with the mean wind,
as suggested by the frozen turbulence hypothesis.
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Figure 6.15: LED-array: correlation coefficient for the parallel DM of different
pairs of LEDs along the same row of the LED-array.

6.3 Comparison of methods
Time series of C2

n from both methods used are shown in Fig. 6.16 and 6.17.
In the latter figure each time series has been normalized, by dividing by the
mean of C2

n. In Fig. 6.18 an arbitrary and 120 s long interval is shown for
the two normalized time series of C2

n. The two time series agree well in their
shape, both locally and globally.
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Figure 6.16: Time series of C2
n for TCSPC and LED-array.
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Figure 6.17: Time series of normalized C2
n for TCSPC and LED-array.
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Figure 6.18: A 120 s long interval of the time series of normalized C2
n for both

methods.

52



Chapter 7

Summary & conclusions

The two methods used; the TCSPC and the LED-array agree well in shape,
but with a systematic error in amplitude. The error of approximately 2.47,
close to

√
2π ≈ 2.51, could not be identified. It should be noted that path-

averaged C2
n was assumed in the formulas for calculations of C2

n. Scintillations
and angle of arrival are in general affected in different ways by assuming a
path-averaged C2

n and this is one probable source of error. Another source
of error could be the mismatch between the experimental data and theo-
retical model in case of the LED-array (see Fig. 5.8). Anyway, the good
agreement in shape of the time series of C2

n from two independent measuring
systems/methods ensures us that physical variations were measured.

Both methods were capable of achieving temporal resolution of at least
1000 ms. In Fig. 6.18 the local agreement between the two methods at a
sampling times of 1000 ms verifies this. Looking at the correlation coefficient
plot for each method it seems that the LED-array is more stable against
increasing time resolution. For the TCSPC at sampling times below 250 ms
there is a considerable drop in the autocorrelation function at small time lags
originating in a poor signal-to-noise ratio at these sampling times. A more
gentle decrease in the autocorrelation function is seen in the corresponding
plot for the LED-array when lowering the sampling time.

The main objective of this thesis work was to investigate the time scales
and time variations of C2

n with the secondary objective of correlating these
time variations with the time variations of meteorological parameters. Only
the solar insolation was of interest here.

It was impossible to make any quantitative conclusions about the smallest
time scales. Time series analysis was made both in the time and frequency
domain. The autocovariance could not be used as the mean of C2

n is not
stationary. Results from rise-time/fall-time analysis could not be trusted
as time scales smaller than the sampling times were found. Furthermore,
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from Fourier analysis no clear quantitative information about the smallest
time scales could be acquired. Meanwhile, as the spectrogram plots (which
are based on Fourier transforms) suggests, higher frequencies (smaller time
scales) will be lost when there is a decrease in solar insolation. Also the
magnitude of C2

n decreases with a decreasing insolation. Referring to the
theory in section 2.2.3 this can be explained as follows. C2

n depends on
the temperature gradient ∆T . As the driving force behind a temperature
gradient is the sun, a drop in insolation would cause a decrease in this gradient
implying a reduced C2

n.
Although no quantitative conclusion about the smallest time scales could

be made there are indications that time scales smaller than 1 s are present.
Evidence for this were found more or less manually by looking at the short
time series of C2

n in Fig. 6.4 and 6.10 of the previous chapter.

7.1 Conclusions
To summarize the conclusions:

• The two methods used agree well in shape, both on the global and the
local scale, proving that physical fluctuations were measured. Unfor-
tunately there is systematic error in amplitude of approximately 2.47
between them, which could not be identified.

• Significant changes in C2
n can be found on time scales smaller than 1 s.

• A decrease in solar insolation is accompanied by a decrease in the mag-
nitude of C2

n.

• The high frequency variations in C2
n are lost partly or entirely when

the solar insolation decreases.

7.2 Improvements
Improvements can of course be made and some improvements to achieve a
higher temporal resolution will be formulated here.

The signal-to-noise ratio (SNR) in the TCSPC system can be increased
by increasing the laser power or by increasing the laser pulse repetition rate.
Both alternatives will increase the effective laser power received and thus
more signal photons detected. Also the laser and receiving aperture, and
also the detector itself, could be more accurately aligned to optimize the
SNR.
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In case of the LED-array, it is not obvious that increasing the frame
rate towards infinity will improve the time resolution. The angle of arrival
fluctuations can be resolved using a camera at 100 Hz. Instead increasing
the number of LEDs would increase the number of data points in each frame
yielding better statistics. Using a camera with a global shutter would also
increase the number of data points. The LED spots would be better resolved
in the images by using a higher dynamic range, i.e. more bits per pixel, or
by using more pixels for each spot, i.e. higher resolution. To summarize the
improvements mentioned:

• TCSPC: increase laser power and/or laser pulse repetition rate.

• TCSPC: more precise linear alignment of the system.

• LED-array: using more LEDs in the LED-array.

• LED-array: using a global shutter.

• LED-array: higher dynamic range and/or higher resolution
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Appendix A

Derivation of the scintillation
index for the TCSPC

Starting from the detected signal NS and the reference signal NR modeled as

NS(t) = ηI(t)T + λBG(t)T +NNS(t), (A.1)
NR(t) = λBG(t)T +NNR(t), (A.2)

and assuming 〈NNS(t)〉 = 〈NNR(t)〉 = 0 it can be shown that

BS(τ) =η2T 2B(I, τ) + T 2B(λBG, τ) +B(NNS, τ)

+ ηT 2B(I, λBG, τ) + ηT 2B(λBG, I, τ)

− η2T 2〈I〉2 − T 2〈λBG〉2 − 2ηT 2〈I〉〈λBG〉, (A.3)
BR(τ) =T 2B(λBG, τ) +B(NNR, τ)− T 2〈λBG〉2, (A.4)

where BS(τ) = BS(NS − 〈NS〉, τ) and BR(τ) = BS(NR − 〈NR〉, τ) are the
autocovariance functions for the detected and reference signal, respectively.
The signal-reference cross-covariance GSR is

BSR(τ) =T 2B(λBG, τ) + ηT 2B(I, λBG, τ)

− T 2〈λBG〉2 − ηT 2〈I〉〈λBG〉2 = BRS(−τ). (A.5)

Using the following values for the averages

〈NS〉2 = η2T 2〈I〉2 + T 2〈λBG〉2 + 2ηT 2〈I〉〈λBG〉, (A.6)
〈NR〉2 = T 2〈λBG〉2, (A.7)

〈NS〉〈NR〉 = T 2〈λBG〉2 + ηT 2〈I〉〈λBG〉, (A.8)
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Derivation of the scintillation index for the TCSPC

we get

BS −BSR −BRS +BR

〈NS〉2 − 2〈NS〉〈NR〉+ 〈NR〉2

=
η2T 2B(I, τ) +B(NNS, τ) +B(NNR, τ)− η2T 2〈I〉2

η2T 2〈I〉2
. (A.9)

Since the intensity I is assumed to be constant over small τ we have that
B(I, τ) ≈ B(I, 0) = 〈I2〉 and since the correlation time for the shot-noise is
assumed to be zero we have B(NNS, τ) ≈ 0 and B(NNR, τ) ≈ 0. Thus Eq.
(A.9) can be reduced, in case of sufficiently small but finite τ , to the desired
expression for the scintillation index

BS −BSR −BRS +BR

〈NS〉2 − 2〈NS〉〈NR〉+ 〈NR〉2
=
〈I(t)2〉 − 〈I(t)〉2

〈I(t)〉2
= σ2

I . (A.10)

The variables in Eq. (A.10) can all be obtained directly from the measure-
ment data [10].

An approximate formula to Eq. (A.10) can be used when the background
can be assumed to be constant, i.e. have no time dependence. Using λBG(t) =
λBG(t + τ) = constant = 〈λBG〉, and that B(NNS, τ) ≈ 0 and B(I, τ) ≈
B(I, 0) = 〈I2〉 as above, Eq. (A.3) can be written as

BS(τ) =η2T 2〈I2〉+ T 2〈λBG〉2 +B(NNS, τ)

+ ηT 2〈I〉〈λBG〉+ ηT 2〈I〉〈λBG〉
− η2T 2〈I〉2 − T 2〈λBG〉2 − 2ηT 2〈I〉〈λBG〉

=η2T 2〈I2〉 − η2T 2〈I〉2, (A.11)

where it has also been used that B(I, λBG, τ) = B(λBG, I, τ) = 〈λBG〉〈I〉 and
B(λBG, τ) = 〈λBG〉2. Thus, in case of the background being time invariant,
the scintillation index can be calculated as

σ2
I =

BS

〈NS〉2 − 2〈NS〉〈NR〉 − 〈NR〉
. (A.12)
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Appendix B

Sketch of LED-array
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Figure B.1: Sketch of the LED-array constructed.
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