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Abstract

Simulating deformable continious objects such as wires requires some
discretization method. In this project we look at how to render simulated
multiresolution lumped element wires in real time and the challenges that
come with it. First we look how to create a 3D wire geometry on the
fly from a set of constantly changing points. By utilising the idea of
extrusion, the geometry can be built from a 2D shape. Special care must
be taken to avoid twisting artifacts. To get a smooth curvature, we look
at cubic spline methods to integrate the wire elements. We illustrate
that the Catmull-Rom curve with Chordal parameterization produces well
behaved curves for lower curvatures and for non-equidistant control points.
Sharp curvatures proves to be a challenging task, we use the Catmull-Rom
curve with Centripetal parameterization together with Cardinal spline and
show its limitations. Finally we look at how to render wires with more
realism by adding texture to it. Many wires have a symmetric pattern, we
illustrate how to make use of this by repeating a symmetric pattern image
along the wire. The physical stretching of the wire is also considered when
applying texture.
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1 Introduction

This project will focus on realistic real time rendering of physically simulated
wires. Simulation is becoming a more important part of our society every day.
The use of simulations ranges from computer games, movies, engineering prob-
lems to training and educational purposes. In figure 1 we see an example of a
training simulator for ship operators.

Figure 1: Training simulator for ship operators. A product from Kongsberg
Maritime using Algoryx physics simulation AGX Dynamics. (Copyright Kongs-
berg Digital)

When dealing with visual simulations, apart from having good physical sim-
ulation the style of rendering is also important for conveying a realistic and
professional feeling. This can be especially true for training simulators. Having
realistic and appealing looking rendering can have effect on the performance of
the trainee. Immersion and presence are key concepts that have been studied
to gain knowledge about the effects on users [11].

1.1 Background

The project will be done in cooperation with Algoryx Simulation AB. Algoryx
develops and sells the product AGX Dynamics, which consists of libraries for
simulating multibody systems including wire simulations. The customers inte-
grate these libraries into their own products and develop simulators and other
tools for an end-customer market. AGX Dynamics comes with an integrated
rendering pipeline and Python scripting capabilities. The demonstration scenes
are all using the integrated pipeline. Having efficient and professional looking
rendering is important for the overall feeling of the product.

Algoryx wire simulation is based on a method developed by Servin et al. [16].
This wire representation will serve as the model for which the methods studied in
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this work are evaluated on. Although the methods should be easily generalised
to work on similar wire representations. There are two key components in this
wire representation that are of interest when working with rendering. These
are lumped elements and multiresolution. Lumped elements means that
the wire is discretized into a finite number of elements. These elements can be
thought of as representing different segments of the wire. External and internal
forces acting on the wire will be computed on these elements. Methods like
lumped elements are needed to perform simulations of deformable objects. The
number of elements used will affect the accuracy of the simulation but also the
amount of computation needed. In figure 2 we can see the individual elements
of a wire. Multiresolution means that the density of elements can vary along
the wire. Elements can come and go due to local stability criteria and contacts
as described in [16]. It is a useful method to dynamically add elements on the
wire where more calculations are needed or remove elements where it adds little
accuracy and thus save computation resources. Figure 2 shows that the density
of elements vary along the wire.

Figure 2: Simulation of a wire in AGX Dynamics. Some of the wire elements
are marked with arrows. It can be seen that the density of elements vary along
the wire.

1.2 Problem formulation

Rendering multiresolution lumped element based wires has a few challenges.
One is to produce a smooth curve that interpolates each element. Simply draw-
ing a straight line between the elements gives a very unnatural look if the el-
ements are far apart as can be seen in figure 3. One solution to this is to
increase the density of elements until the wire looks smooth. However this is
often not reasonable in real time simulations due to the increased computation
required. Another challenge is that wire elements can come and go. This could
potentially give rise to sudden shape changes and popping effects which gives a
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very unnatural look. Because of multiresolution and the deformable property of
wires adding texture to the wire can be a challenging task. Classical approaches
as precomputing texture coordinates does not apply because the wire geometry
is constantly changing and must therefore be done in run-time. Finally, given
a list of wire elements a 3D geometry model must be generated to be able to
render the wire.

Figure 3: Using linear interpolation between the elements of a wire. The wire
looks very unnatural and lacks the smooth curvature of a real wire.

1.3 Project goal

This thesis aims to find techniques for rendering multiresolution lumped element
based wires. The following three problems will be addressed

1. Smooth interpolation of wire elements

2. Representing the wire as a 3D object

3. Applying texture to the wire

The interpolation of wire elements should result in a smooth curve that
resembles the behaviour and curvature of a real wire. Special care must be
taken that wire elements can come and go to avoid sudden shape changes and
popping effects of the curve. The goal of the representation of the wire is to
find a method for producing a 3D object from the wire elements. The method
should support different lengths and radii of the wire and result in a continuous
mesh. Applying texture to an object is a great way to increase the appearance
and realism of the object. The last goal of this thesis is to find a technique for
applying texture to a wire. The approach should handle different lengths and
sizes of the wire. Stretching of the wire should also be modelled in the texture.
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Figure 4 illustrates characteristics of a wire and the goal of this work. The
wire in the figure has a smooth curvature, a cylindrical geometry and a visual
pattern.

Figure 4: Image of a real wire. Noticeable are a smooth curvature, a cylindrical
geometry and a visual pattern which give a natural representation of a wire.
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2 Theory

To achieve the goals we will start with a study of interpolation techniques that
are commonly used in computer graphics. This will be followed up with an in-
troduction to computer graphics and how to go from interpolation to something
we can render on the screen.

2.1 Interpolation

Interpolation is the problem of generating new data points between a set of
known data points. In engineering and science one often obtains discrete data
points from an experiment or observation. It is sometimes necessary to extract
data points between the collected data or try to fit a line or a curve to the data
to get a better understanding of the underlying model. There exist many in-
terpolation methods, one of the simplest being linear interpolation which draws
a straight line between two data points. In computer graphics and Computer
Aided Design (CAD) interpolation using piece-wise polynomials in paramet-
ric form, commonly called splines, are very popular and well studied. Cubic
splines, consisting of degree 3 polynomials, is the most widely used and will
therefore be the focus here. A good overview of splines are given in [1][2] and
more detailed introductions in [4][14].

Before we begin to study different interpolation techniques there are two im-
portant properties of interpolation, especially in computer graphics, that must
be discussed. These are continuity and local control. Continuity is impor-
tant when using piece-wise polynomials and is a measure of the smoothness of
the spline. It is defined in terms of the derivatives at the join points between
two curve segments. Figure 5 shows different continuities for a spline curve.

• C0 - Two curve segments join.

• C1 - The 1st derivative of both curves at the join point are in the same
direction and magnitude.

•
...

• Cn - The nth derivative of both curves at the join point are in the same
direction and magnitude.

A cubic spline can have at most C2 continuity meaning the second derivative
matches at a join point. It is sometimes difficult to distinguish between C1 and
C2 continuity, in general C2 continuity makes a curve look more smooth or
natural.
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Figure 5: Different continuities for a cubic spline curve. Higher order gives
smoother curves.

Local control measures how data points affects the interpolation between
other data points. If a data point only affects the interpolation between neigh-
bouring data points the interpolation method is considered to have local control.

In literature for splines and CAD, data points are commonly referred to as
control points. This will be the naming convention from now on.

2.1.1 Parametric cubic polynomial curve

A parametric cubic polynomial curve can be expressed as the function

p(t) = c0 + c1t+ c2t
2 + c3t

3 =

3∑
k=0

ckt
k = tT c

where ci are polynomial coefficients and t a value that ranges from tmin ≤ t ≤
tmax, most often between [0, 1].

To determine a cubic polynomial four conditions are needed to compute the
coefficients c. One way to achieve this is to interpolate four control points p0,
p1, p2 and p3. Using t between [0, 1] we can form the conditions

p0 = p(0) = c0

p1 = p( 1
3 ) = c0 + 1

3c1 + ( 1
3 )2c2 + ( 1

3 )3c3

p2 = p( 2
3 ) = c0 + 2

3c1 + ( 2
3 )2c2 + ( 2

3 )3c3

p3 = p(1) = c0 + c1 + c2 + c3

Presenting these equations in matrix form gives us
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p = Ac, p =


p0

p1

p2

p3

A =


1 0 0 0
1 1

3 ( 1
3 )2 ( 1

3 )3

1 2
3 ( 2

3 )2 ( 2
3 )3

1 1 1 1


By computing the inverse of A we can find the coefficients c

c = Mp, M = A−1 =


1 0 0 0
−5.5 9 −4.5 1

9 −22.5 18 −4.5
−4.5 13.5 −13.5 4.5


The matrix M is often called the basis matrix and is unique for different spline
models as we will see later.

A spline can also be expressed by a set of blending functions. The blending
functions are a function of each control point. By expressing the parametric
cubic polynomial as

p(t) = tTc = tTMp

and rewriting this as

p(t) = b(t)Tp

where

b(t) = MT t =


b0(t)
b1(t)
b2(t)
b3(t)


we have our blending functions. After some simplification the blending functions
for the interpolating cubic polynomial looks like

b0(t) = − 9
2 (t− 1

3 )(t− 2
3 )(t− 1)

b1(t) = 27
2 t(t−

2
3 )(t− 1)

b2(t) = − 27
2 t(t−

1
3 )(t− 1)

b3(t) = 9
2 t(t−

1
3 )(t− 2

3 )
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Figure 6 illustrates the behaviour of a cubic interpolating curve using four
control points. This curve is however seldom used in practice due to its limita-
tions in control of the shape and can only guarantee C0 continuity when joining
multiple curves. Instead it serves as a good example for introducing splines.
Next we will study the Hermite curve which offers more control of the shape
and can easily be set up to guarantee C1 continuity.

Figure 6: Illustration of a cubic interpolating curve using four control points.

2.1.2 Hermite curve

The Hermite curve interpolates between two control points and assumes the
derivatives are known at those points. In figure 7 the behaviour of a Hermite
curve is shown with two control points and their respective derivatives.

Figure 7: Hermite curve interpolation between two control points p(0) and
p(1) with derivatives p′(0) and p′(1). The derivatives pulls the curve in their
direction.

The derivative of a parametric cubic polynomial is simply

p(t) = c1 + 2c2t+ 3c3t
2
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With this information the following conditions can be used

p0 = p(0) = c0

p1 = p(1) = c0 + c1 + c2 + c3

m0 = p′(0) = c1

m1 = p′(1) = c1 + 2c2 + 3c3

Solving this system gives us the Hermite basis matrix

MH =


1 0 0 0
0 0 1 0
−3 3 −2 −1
2 −2 1 1


and the following blending functions

b(t) = MT
Ht =


2t3 − 3t2 + 1
−2t3 + 3t2

t3 − 2t2 + t
t3 − t2


The Hermite curve p(t) can be expressed as a polynomial of the blending func-
tions

p(t) = (2t3 − 3t2 + 1)p0 + (t3 − 2t2 + t)m0 + (−2t3 + 3t2)p1 + (t3 − t2)m1

Comparing with the previous interpolating polynomial the Hermite curve
provides much more flexibility to manipulate the curve using the derivatives,
also called tangents, at the control points. It is easy to see that C1 continuity
can be achieved at the join points of Hermite curves. Having two Hermite
curves with control points p0,p1 and q0,q1, the following conditions achieves
C1 continuity as shown in figure 8.

p1 = q0

p′(1) = q′(0)

Hermite curves have local control. Changing one control point or its deriva-
tive will only affect the neighbouring curves. However sometimes it is necessary
to achieve C2 continuity. Erlandson [7] shows how this can be achieved using
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Figure 8: Two Hermite curves with control points p(0), p(1) and q(0), q(1)
and their derivatives. By sharing the derivative p′(1) = q′(0) at the join point
p(1) = q(0) the curve achieves C1 continuity.

cubic Hermite curves. Assuming uniform intervals where t = [0, 1] for each curve
and the 2nd derivative equal to zero and the end points the following tridiagonal
system can be set up



4 2
2 8 2

2 8 2
. . .

. . .
. . .

2 8 2
2 4





m0

m1

m2

...
mn−2
mn−2


=



6(p1 − p0)
6(p2 − p0)
6(p3 − p1)

...
6(pn−1 − pn−3)
6(pn−1 − pn−2)


Solving this tridiagonal system gives the derivatives for each control point nec-
essary to achieve C2 continuity. Although this gives a smoother curve we now
lose the local control property. Changing one control point will affect all curves.

2.1.3 Catmull-Rom curve

The Catmull-Rom curve [5] uses four control points p0, p1, p2, p3 and interpo-
lates between p1 and p2. The control points p0 and p3 are used to determine
the tangents at p1 and p2. The tangents are defined as

p′(0) = 1
2 (p2 − p1) + 1

2 (p1 − p0) = 1
2 (p2 − p0)

p′(1) = 1
2 (p3 − p2) + 1

2 (p2 − p1) = 1
2 (p3 − p1)

Figure 9 visualises how the tangents are determined.

Using the cubic polynomial equation the following four conditions can be
formed

p1 = p(0) = c0
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Figure 9: Visualisation of how tangents are computed in a Catmull-Rom spline.
The tangent mi at control point pi is half the vector between pi+1 and pi−1.

p2 = p(1) = c0 + c1 + c2 + c3

p2−p0

2 = p′(0) = c1

p3−p1

2 = p′(1) = c1 + 2c2 + 3c3

By solving the four equations in the order p =
[
p0 p1 p2 p3

]T
we find the

Catmull-Rom basis matrix

MCR =
1

2


−1 3 −3 0
2 −5 4 −1
−1 0 1 0
0 2 0 0


The Catmull-Rom curve can also be easily evaluated with the Hermite form by
setting

m0 = 1
2 (p2 − p0)

m1 = 1
2 (p3 − p1)

There are two generalisations of the Catmull-Rom curve, namely the Kochanek-
Bartels spline [9] and the Cardinal spline. The Kochanek-Bartels spline in-
troduces three parameters to offer more control over the tangents. The tangents
are defined as

m0 =
(1− t)(1− b)(1− c)

2
(p2 − p1) +

(1− t)(1 + b)(1 + c)

2
(p1 − p0)

m1 =
(1− t)(1− b)(1− c)

2
(p3 − p2) +

(1− t)(1 + b)(1 + c)

2
(p2 − p1)

The parameters introduced are
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• t tension - controls length of the tangents

• b bias - controls direction of the tangents

• c continuity - controls the sharpness between two tangents

Figure 10 shows how each of these parameters individually affect the inter-
polation when all others are 0.

Figure 10: Kochanek-Bartels spline with each parameter varying when all others
are 0. Continuity c makes the curve more och less sharp at control points.
Tension t affects the curvature and changes between linear and high curvature.
Bias b moves the bend of the curve more to the right or left side of a control
point. From [13].

The Cardinal spline is just a simplification of the Kochanek-Bartels spline
and uses only the tension parameter. With the tension parameter only it can
be expressed as

m0 =
(1− t)

2
(p2 − p1) +

(1− t)
2

(p1 − p0) =
(1− t)

2
(p2 − p0)

m1 =
(1− t)

2
(p3 − p2) +

(1− t)
2

(p2 − p1) =
(1− t)

2
(p3 − p1)

The Cardinal spline is useful for controlling the tightness of the curve.

The Catmull-Rom curve guarantees C1 continuity because the tangents are
shared between segments. It provides a good way for automatically computing
the tangents at the control points. The generalisations does however not guar-
antee C1 continuity but offers more control to the curves shape. These curves
also fulfil the local control property.
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2.1.4 Parameterization

The cubic splines studied earlier all use a Uniform parameterization. Param-
eterization is a measure of how the control points are spaced in parametric
space. Uniform parameterization means that the control points are assumed
to be uniform spaced, for example on the standard interval t ∈ [0, 1]. As Yuk-
sel [17] explains the Uniform parameterization does not reflect the Euclidean
distance between control points well and can cause artifacts as cusps and self-
intersections. Barry and Goldman [3] developed a way to create non-uniform
Catmull-Rom curves. Figure 11 shows the Barry and Goldman pyramid for
recursively evaluating a curve.

Figure 11: Recursive evaluation for a Catmull-Rom curve. The recursion starts
at the bottom where the control points are multiplied with their above quotients
and then summed following the arrow. For example, A1 = t1−t

t1−t0P0 + t−t0
t1−t0P1.

The recursion follows the same pattern on every level and C is the evaluated
point. From [8].

The pyramid includes the control points pi and their associated parametric
values ti. The parametric values are calculated by the following equation

ti+1 = |pi+1 − pi|a + ti, t0 = 0

The variable a controls the parameterization. Popular parameterizations are
Uniform a = 0, Centripetal a = 1

2 and Chordal a = 1. Note that for the
Uniform case the control points get the standard interval length of 1 between
each control point. The value a can take any value and not just the mentioned
one. The parametric interval for evaluating a point between P1 and P2 using
the Barry and Goldman pyramid is t ∈ [t1, t2].
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2.2 Computer Graphics

To go from curves studied in the previous section to a 3D wire object that can
be rendered on the screen, the curve must be represented with a 3D model.
There exist different 3D modeling techniques, the most popular being polygon
modeling, surface modeling with curves such as NURBS and voxel modeling.
Polygon modeling is the most used technique due to the efficiency of specialised
hardware such as the GPU to render them and will therefore be used in this
project. A polygon model or mesh consists of vertices and edges. Vertices are
points in space and edges are lines connecting the vertices to form polygon
surfaces. Connecting three vertices to form a triangle is most common and the
procedure to connect vertices into triangles is called triangulation. Figure 12
illustrates a polygon model of a dolphin. The dolphin consists of many triangles.

Figure 12: A polygon model of a dolphin. Vertices (the corners) are connected
with edges (the black lines) to form triangles. From [6].

Textures are very central in computer graphics to bring objects to life. The
standard technique is to map one or many 2D images onto a 3D model. Map-
ping an image to a model is called UV mapping. The image is represented by
texture coordinates u, v ∈ [0, 1] that represents the width and height of the im-
age respectively. Mapping an image to a polygon model then means mapping
the u, v coordinates to the vertices of the model.
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3 Rendering a wire

In this section we will find techniques to achieve the project goals stated in
section 1.3. First out will be to find a method for producing a 3D geometry
representation of a wire. We will then look at how to interpolate between the
wire elements to achieve a smooth and natural curvature. In the last section we
find texture techniques to add even more realism.

3.1 Adding geometry

The goal here is to find a method for generating a 3D geometry representation
of a wire. Given a list of points and their tangents on a curve, a continuous
mesh should be produced. Most wires have a cylindrical or near cylindrical
shape. For simplicity the shape of the wire is assumed to be cylindrical. Other
techniques can be used to make the surface look non smooth such as textures,
explained in section 2.2, bump mapping [1] and displacement mapping [12].

Sweeps or extrusion is a technique for producing a 3D geometry from a 2D
shape. The idea is to use a 2D shape and sweep it along a curve as illustrated
in figure 13. A cylindrical geometry can be produced by sweeping a circle.

Figure 13: Extrusion illustrated by sweeping a 2D circle along a path to create
a 3D pipe.

In our case a discrete version of this can be used by replacing each point with a
circle and connecting them. The normal of each circle is simply the direction of
the tangent at that point. To produce a mesh each circle must be represented as
a set of vertices. For a circle with centre pc, normal n and radius r the straight
forward approach to generate the vertices would be the following procedure
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1. Find a vector m that is not parallel to the normal n

2. Calculate the perpendicular vector u = m× n

3. Calculate the perpendicular vector v = u× n

4. The unit vectors u = u
||u|| and v = v

||v|| spans the plane parallel to the

circle

5. A point along the circle is defined as, p(θ) = pc + rcos(θ)u+ rsin(θ)v

With a circle resolution of n vertices, the vertices are then computed as

pi = pc + rcos(i
2π

n
)u+ rsin(i

2π

n
)v, i ∈ 1, 2...n (1)

Triangulation between each circle gives the desired continuous cylindrical mesh.
Figure 14 shows the procedure of first generating the circle and then triangu-
lating between them to create a mesh.

The above method for producing a cylindrical mesh has one problem. The
m vector must be the same for every circle for them to be aligned rotation-
wise when performing the triangulation between two circles. If the m vector is
different for two circles the mesh will get twisted as illustrated in figure 15.

Choosing a m vector that is guaranteed to be safe for all circles is not possible
since the wire is free to rotate in any direction. Instead we can use a series of
rotations. Any rotation technique should be sufficient, here we will use quater-
nions. A quaternion describes a rotation around an arbitrary axis. The idea
is to first generate a circle with an initial normal n0 and then rotate it to the
wanted direction n. To rotate one vector to another with quaternions a rotation
vector is needed. The rotation vector can be any unit vector that is not parallel

to the initial vector. In our case it can be found with (n0×n)
||n0×n|| , assuming the

vectors n0 and n are not parallel. It is important that the initial circle and the
rotation vector is the same for all circles for them to be aligned rotation-wise.
Again we face the problem similar to the m vector, finding a rotation vector that
is safe for all circles is not possible. However we can make use of the fact that
rotations can be composed by multiplying quaternions. Finding a safe rotation
vector for the first circle is straight forward and we can describe the rotation
from n0 to n1 with the quaternion q1. For the second circle we first compute a
rotation ∆q1,2 between n1 and n2. Then the quaternion q2 = q1∗∆q1,2 describes
the rotation from n0 to n2 keeping the circles n1 and n2 aligned rotation-wise.
The procedure for computing quaternions for each circle can be written as

qi+1 = qi ∗∆qi,i+1
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To produce the initial circle it is convenient to use the standard basis vectors
i, j,k. Choose a standard basis vector as initial normal n0 that produces a safe
rotation axis with the first circle normal n1, i.e a basis vector that is not parallel
to n1. Equation 1 can then be used to compute vertices using the other two basis
vectors as the u and v vectors. To create circle i each vertex must be rotated
with quaternion qi. Denoting a rotation of a point as qpq−1, the vertices of
circle i are then computed as

pj = qi(pc + rcos(j
2π

n
)u+ rsin(j

2π

n
)v)q−1i , j ∈ 1, 2...n (2)
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(a)

(b)

Figure 14: Illustrating the procedure of generating a cylindrical mesh from
points on a curve. In (a) the vertices of each circle is generated. In (b) trian-
gulation is performed between each circle. The wire is rendered in wireframe
mode to display the triangles.
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Figure 15: The wire gets twisted when two circles are not aligned rotation-wise
after doing triangulation. Here the wire is rendered with a texture.
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3.2 Making a smooth curve

To avoid drawing straight lines between wire elements they must be interpolated
with a method that supports curvature. Here we will make use of the cubic
splines that were studied in the theory section to achieve smooth curvatures.

The Catmull-Rom curve provides a way to automatically compute the tan-
gents at each control point that produces a curve with C1 continuity. Using
the Uniform Catmull-Rom curve gives a very smooth curve for a hanging wire
as can be seen in figure 16. In this case the control points are fairly equidis-
tant. However as Yuksel [17] explains the Uniform parameterization does not
work well for non equidistant control points and can give rise to cusps and self-
intersections. This behaviour can be seen in figure 17 where the wire has a more
uneven distribution of control points.

Figure 16: Rendering a hanging wire with a Uniform Catmull-Rom curve. The
control points are even distributed with a resolution of 2 control points per
meter.

Two other popular parameterizations are the Chordal and Centripetal pa-
rameterizations. By using the two parameterizations with the Barry and Gold-
man pyramid from figure 11 to integrate the control points both of these solve
the problem with self-intersection in the above case. Yuksel proves that in fact
only the Centripetal parameterization is guaranteed to not cause cusps and self-
intersection, which makes it an attractive candidate. When comparing the two
parameterizations with a hanging wire it shows that the Chordal method is
better to preserve a well behaved curve when the control points are unevenly
distributed. This can be seen in figure 18.
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(a)

(b)

Figure 17: Uniform Catmull-Rom curve rendered as a line. In (a) it shows
that the curve forms a loop that causes self-intersection. Figure (b) shows the
distribution of the control points marked by arrows.

21



(a)

(b)

(c)

Figure 18: Comparison between Centripetal (a) and Chordal (b) parameteriza-
tion for a hanging wire with unevenly distributed control points. The control
points that are unevenly spaced are marked with arrows in figure (c). The
Chordal parameterization is better to preserve a well behaved shape.
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Dealing with high curvatures proves to be a challenging task. AGX Dynam-
ics optimises simulations by removing lumped elements if the wire has a high
tension and is stretched. When a wire is stretched elements are removed and
can cause large gaps between elements. The Centripetal parameterization tends
to have better properties in these cases. As Yuksel mentions the Centripetal
method produces curves closer to the control polygon where the control polygon
is the straight line between each control point. The Chordal method however
tends to overshoot the curves. A comparison between the two parameterizations
for high curvature are shown in figure 19. In this case the wire is stretched and
should be straight as depicted by the linear line marked with the arrow. None
of the parameterization methods produce a very satisfactory result.

(a)

(b)

Figure 19: Comparison between Centripetal (a) and Chordal (b) parameteriza-
tion for a stretched wire with high curvature. The wire should be straight as
depicted by the linear line marked with the arrow. The two first control points
lie at the start and end of the linear line.
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One way to make the wire more linear for high curvature cases is to use the
Cardinal spline generalisation and adjust the tension parameter. To use the
Cardinal spline the recursive Barry and Goldman pyramid must be transformed
into Hermite form. The control points in Hermite form are simply P1 and P2.
The tangents m1 and m2 can be computed by evaluating the derivatives of the
Barry and Goldman pyramid at the points t1 and t2. The derivative of the
pyramid is shown in figure 20.

Figure 20: Derivative of the recursive Barry and Goldman evaluation pyramid
for a Catmull-Rom spline [10].

Inserting the points t1 and t2 the tangents can be simplified to

m1 =
P1 −P0

t1 − t0
+

P2 −P1

t2 − t1
− P2 −P0

t2 − t0

m2 =
P2 −P1

t2 − t1
+

P3 −P2

t3 − t2
− P3 −P1

t3 − t1

The tangents are computed for the interval [t1, t2], to use the interval [0, 1] the
tangents must be scaled with (t2 − t1). With this information the Cardinal
spline can now be used. In our case we only want to lower the tangents to make
the curve more linear. This can be done by applying

m1 = (1− t)m1

m2 = (1− t)m2
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where the tension t is between [0, 1], 1 being fully linear. Using a tension value
of 1 together with the Centripetal parameterization the wire becomes linear for
the stretched case. However we now lose the C1 continuity and get a sharp
corner as seen in figure 21.

(a)

(b)

Figure 21: Using a tension parameter of value 1 the wire gets linear for the
fully stretched case as seen in (a). The C1 continuity property is now lost and
creates a sharp corner depicted in (b).

To fully make use of the Cardinal spline approach, a method for performing
smooth transitions between C1 continuity and a linear state is needed. To do
this we must first find a way to determine the curvature at a control point.
Using the work from the internal document by Servin [15] the curvature radius
at a lumped element on the wire can be defined as
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R =
θIzL

A∆L2
(3)

• θ - Angle between the lumped element and its neighbouring elements

• Iz - Second moment of inertia about neutral axis z

• L - Length of the two adjacent segments

• ∆L - Stretch of the two adjacent segments

• A - Cross-section area of wire

The curvature radius R can now be used to transition between the two states.
For very high curvatures the wire should be more linear, a high curvature means
a small value R. After some experimenting with AGX Dynamics the curve starts
to deviate notably when the curvature radius is approaching R < 100. The
following equation is one approach to compute the tension parameter t from the
curvature radius R

t =

{
0 if R > 100

1− tanh( R
50 ) if R <= 100

(4)

As R approaches 0, equation 4 will approach 1 giving higher tension and a more
linear curve. Figure 22a shows the result from applying equation 4. The wire
is almost linear in this case but still deviates a small amount from the linear
line. Longer distances between control points will increase the deviation error.
When the curve deviates it can give rise to popping effects. In figure 22b the
wire is less stretched and a lumped element is created along the linear line. The
rendered curve is forced to interpolate the new element and will appear to pop
if it deviated from the linear line before the element was created.
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(a)

(b)

Figure 22: Centripetal Catmull-Rom curve with a tension parameter using equa-
tion 4. In (a) the wire should be straight depicted by the linear line marked by
the arrow but deviates a small amount above. In (b) the wire is less stretched
and a lumped element is created below the arrow. This forces the curve to
interpolate that point which gives a popping effect.
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3.3 Adding texture

Adding a 2D image texture to an object to improve the visualisation is a well
used technique in computer graphics. Most often the texture coordinates are
already computed and given together with the geometry model. This however
requires that the geometry model is a rigid body and does not deform. The
challenge here is that we must generate a new model from the wire elements for
each frame because the shape of the wire is constantly changing. For every new
model, new texture coordinates must be computed. Therefore, a method for
computing new texture coordinates on the fly for every new wire model must
be developed.

When working with wires of different lengths it is easy to realise that for
very long wires, mapping an image to the whole length will result in a very
stretched texture. Either the image must have extremely high resolution or the
wire must be divided into segments each having its own image mapped to it.
Here we will use the second method. Wires typically have symmetric looking
textures where patterns repeat. Utilising this, a single symmetric image can be
used and repeated along the wire. The symmetric weaved wire image in figure
23 will be used as an example when experimenting with texture techniques.

Figure 23: Symmetric texture image with weaved wire pattern

Following the convention from section 2.2 the texture coordinates u, v ∈ [0, 1]
represents the width and height of the image respectively. Assuming that the
wire has a cylindrical shape assigning the v can be straightforward. Imagining
wrapping the texture image around the cylinder, the v value for vertex pi on
each circle is simply

vi =
i

n

where n is the number of vertices in a circle. In this case the range v ∈ [0, 1]
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corresponds to the length of the circles circumference. For the texture coordi-
nate u we will use the idea of repeating the image along the wire. To avoid
skewing the image, the range for both u, v ∈ [0, 1] should correspond to the
same length. Here it is chosen to be the cylinders circumference, namely 2rπ,
r being the radius of the cylinder. Repeating the image along the wire then
means mapping the length intervals [j2rπ, (j + 1)2rπ] to [0, 1], j ∈ 0, 1, 2....
Most graphics libraries such as OpenGL and Direct3D has inbuilt support for
this. The accumulated length for the wire elements we define as follows

Li = Li−1 + ||pi − pi−1||, L0 = 0

where Li is the accumulated length for wire element i and ||pi − pi−1|| is the
euclidean length between two adjacent wire elements. The u value for a vertex
pi along the wire assuming it is in the length interval [j2rπ, (j + 1)2rπ] is then

ui =
Li

(j + 1)2rπ

Using the above information the results are shown in figure 24.

Stretching To consider stretching, information about the physical stretching
of the wire is needed at the wire elements. Here we assume the physical stretch-
ing between wire element i and i− 1 is given at element i. The stretch value is
the ratio of the current length Lc and resting length Lr.

si =
Lci

Lri

Because the stretching over the wire can vary, we must accumulate the texture
coordinate u for it to be continuous. The u value for a vertex pi along the wire
assuming it is in the length interval [j2rπ, (j + 1)2rπ] is then

ui = ui−1 +
Li

si(j + 1)2rπ
, u0 = 0

Figure 25 shows the result of a wire with high elasticity being pulled when
stretching in considered.

29



(a)

(b)

Figure 24: Rendering of wire with weaved wire texture applied. The texture
adds realism to the wire simulation.
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Figure 25: Pulling a wire with high elasticity. The right side of the red ball (B)
is more stretched than the left side (A).
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4 Results

In section 3.1 we developed a method for generating a 3D wire geometry from
a set of points on a curve and their tangents. This was done by substituting
the points with vertex based circles and connecting them with triangulation.
Two different methods for generating the circles were developed. The first
method treated each circle independently and generated them directly in their
supposed rotation. However this method could not guarantee that two adjacent
circles were aligned rotation-wise which could result in a twisted geometry. The
second method solved this problem by using a series of rotations. Starting with
an initial circle in an arbitrary rotation, a rotation was found to generate the
first circle. For the successive circles, a rotation was applied to their respective
predecessor to produce the wanted circle.

To produce a smooth curvature we looked at cubic splines. In section 3.2
the Catmull-Rom curve was used to integrate the wire elements. Three different
parameterizations of the Catmull-Rom curve was studied and compared for dif-
ferent cases with non-equidistant control points. The Uniform parameterization
was shown to be a bad candidate for non-equidistant control points as cusps and
self-intersections easily emerged. For smaller curvature like a catenary curve,
the Chordal parameterization showed best results in keeping a well behaved and
natural looking shape for non-equidistant control points. In the case of sharper
curvature the Centripetal parameterization showed better behaviour. None of
the parameterizations could handle the case of a fully stretched wire followed
by a tight curve. The Centripetal parameterization showing best behaviour de-
viated above the supposedly linear stretched wire. A method was developed to
transform the Centripetal Catmull-Rom curve into a Cardinal spline and force
the curve to be more linear using the tension parameter. When forcing the
curve to be more linear the C1 continuity property was lost and a sharp corner
appeared at the tight curve. Moreover a method for computing the radius of
curvature at a wire element was used to determine when a sharp curvature ap-
peared. Using this information a function for doing smooth transitions between
C1 continuity and a linear state could be used.

In section 3.3 we showed how to make use of the symmetric pattern wires
often have by applying a symmetric texture image repeatedly along the wire.
This method allows for a good resolution on the textured wire instead of having
one image stretched over the whole wire. By using information about the phys-
ical stretching of the wire a method for the wire texture to consider stretching
was developed.

Figure 26 shows a comparison between linear interpolation and Chordal
Catmull-Rom interpolation for a hanging wire. The wire in figure 26c is sim-
ulated with a high density of elements and serves as a guidance of the true
shape of the wire. It it easy to notice the improvement of smooth curvature
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between the linear and Chordal Catmull-Rom interpolation. The Catmull-Rom
curve has a very realistic shape, when comparing with the accurate shape it is
difficult to see any deviations. To illustrate the progress towards the goal of this
project an imitation of figure 4 is shown in figure 27. By using the techniques
looked at in this project the same characteristics can be achieved.
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(a) Linear interpolation

(b) Chordal Catmull-Rom interpolation

(c) Linear interpolation with high density of wire elements

Figure 26: Comparison between (a) linear interpolation, (b) Chordal Catmull-
Rom interpolation and (c) a more accurate simulation. The wire in (c) is sim-
ulated with a high density of wire elements and gives a very accurate shape of
a real wire. The wires in (a) and (b) are simulated with a much lower element
resolution.
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Figure 27: Imitating the wire in figure 4 with the techniques developed in this
project using Chordal Catmull-Rom interpolation. The characteristics: smooth
curvature, cylindrical geometry and apparent texture can be seen in this figure.

35



5 Discussion and future work

5.1 Curvature

Interpolating a realistic and smooth curvature is undoubtedly the most diffi-
cult challenge when rendering physically simulated wires with multiresolution
elements. Small shape deviations from the behaviour of a normal wire is easily
notable. When dealing with dynamically wire elements that can come and go it
is of extra importance that the interpolation is close to the real curvature of the
wire. If the interpolation is deviating from the real wire, adding or removing
wire elements will cause popping effects. Popping effects has a very negative
impact on the immersion quality.

The Catmull-Rom curve is very useful for making smooth curves between a
set of points. A big advantage is its simplicity of only requiring positional infor-
mation of the points. The Chordal Catmull-Rom curve gave satisfying results
for lower curvatures such as a hanging wire. As could be seen the Chordal pa-
rameterization handles non-equidistant control points well in this case. Dealing
with sharp curves proved to be a challenging task. The method developed to
force a more linear wire is not very satisfying due the non smooth corner that
appears. If using Chordal Catmull-Rom for lower curvatures and Centripetal
Catmull-Rom for sharp curvatures a transition function should be found to do
smooth transitions between the two states. After having seen the limitations
of the Catmull-Rom curve it is interesting to discuss other methods for inter-
polating the wire elements. Below follows a discussion of other approaches for
producing curvature that is considered to be interesting candidates and worth
investigating.

Another interesting approach is to use the radius of curvature information to
find tangents for the Hermite curve. The curvature is defined as the reciprocal
to the curvature radius

κ =
1

R

which is the second derivative or acceleration of the curve around the curvature.
Using the second derivatives at two points as conditions for a Hermite curve it
should be possible to find the tangents. However one problem is to find the
direction of the acceleration at the points.

There exist many other spline models such as the Bézier curve and B-spline.
Cubic Bézier curves that use four control points interpolate the end points and
approache the two mid points. It offers little help in our case when it is crucial
to interpolate all wire elements. A cubic B-spline also uses four control points
but produces a curve between the two mid points just like the Catmull-Rom
curve. A great property of B-splines is that they produce curves with C2 conti-
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nuity. But instead they do not interpolate the control points but approximates
them. Just like the C2 Hermite curve a B-spline can be made to interpolate its
control points by solving a linear system. There exist a recursive method for
evaluating the B-spline called Cox-de Boor recursion formula. This enables dif-
ferent parameterizations to be used with the B-spline. The B-spline is therefore
an interesting candidate to study for wire rendering.

Catenary curve is the curve that a wire or chain assumes when hanging under
its own weight. Using this curve the interpolation will be very accurate when
the wire is hanging in a resting state. Although this curve is limited to hanging
wires at rest, it could be used together with another interpolation method that
handles non resting cases and contacts.

5.2 Geometry and texture

The geometry and texture that was used in this project works very well to
improve the realism of the wire. Having a geometry model is crucial for doing
3D rendering and using the simple shape of a cylinder gives very good results
for rendering a wire. Adding texture to the wire is important to imitate many
real world wires and improves the immersion quality of the simulation. The
geometry and texture helps a lot to improve the realism but when looked at
close the wire can give a feeling of being flat. Other techniques can be used
to improve the detail of the wire surface. Parallax mapping is a technique for
manipulating the texture coordinates to give a more apparent depth. This is a
well used technique and can make a surface that looks flat look more detailed.
Parallax mapping only manipulates the texture coordinates and does not change
the geometry model. Displacement mapping on the other hand is a method for
manipulating the geometry model. By first generating the cylindrical geometry
from the wire elements, displacement mapping can then be used to add a high
detailed surface.

The second method for producing a wire geometry and the stretch supported
texture method both has the limitation of being sequential algorithms. Because
the points are treated in an sequential order the methods can not be parallelized.
For the texture problem there is no trivial way to find a parallel algorithm
because each point must know its predecessors texture coordinate. The wire
geometry problem can however be parallelized. Looking at the first method
developed the problem was if the m vector differentiated between two adjacent
circles. By keeping track of the angle between two differentiated m vectors a
rotation can be found to align the two adjacent circles rotation-wise. The first
method is by nature parallelizable because it treats each circle independently.

37



6 Conclusions

The results from this project is a good start for rendering more realistic physi-
cally simulated wires. The biggest bottleneck to get really immersive quality is
currently the interpolation. Shape deviations from a normal wire and popping
effects is easily detected and will have a big effect on the overall feeling. There-
fore further research of getting realistic and smooth interpolation is needed.
There are two approaches that are likely to solve this problem. Either one
interpolation technique is found that can handle both lower and higher curva-
tures with non-equidistant wire elements. The second approach is to use two
interpolation techniques. One handling lower curvatures and the other higher
curvatures, with a transition function between the two states. For the latter
approach the Chordal Catmull-Rom interpolation is a good candidate to handle
lower curvatures. The geometry and texture techniques show good results to
improve the realism of the wire. They serve as a good foundation and more
techniques can be added on top of these to increase the level of detail. How-
ever increasing the level of detail while having a poor interpolation method will
still have limited effect on the overall feeling due to the negative effect of shape
deviations and popping effects.
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