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Any positive residual curve is possible for the Arnoldi
method for Lyapunov matrix equations

Carl Christian Kjelgaard Mikkelsen
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Abstract In this paper we consider the Lyapunov equatixi+ XA + bb" = 0,
whereA € R™" is negative definite and € R". The Arnoldi method is an iterative
algorithm which can be used to compute an approximate saolutiowever, the con-
vergence can be very slow and in this paper we show how toagkpltonstruct a
Lyapunov equation with a given residual curve. The marban be chosen as sym-
metric negative definite and it is possible to arbitrarilesify the elements on the
diagonal of the Cholesky factor efA. If the symmetry is dropped, then it is possible
to arbitrarily specifyA+ AT, while retaining the residual curve.
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1 Introduction

The Arnoldi method can be used to solve the continuous tina@ugov matrix equa-
tion
AX+XAT +BB" =0, (1.1)

whereA € R™" is negative definite anB € R"*P. In this paper we deal exclusively
with the simplest case of

p=1

which we emphasize by writing

AX+XAT +bb" =0, beR" (1.2)

Financial support has been provided by the Swedish Found&iir Strategic Research under the frame
program grant A3 02:128

Carl Christian Kjelgaard Mikkelsen
Department of Computing Science and HPC2N, @romiversity, SE-90187 Unge Sweden
E-mail: spock@cs.umu.se



2 Carl Christian Kjelgaard Mikkelsen

Equation(1.1) plays an important role in model reduction of linear timeairiant
dynamical systems [1]. IA is stable, then equatiofl.1) has a unique solutioX
which is symmetric positive semidefinite. Frequently, thetmcesA andB are such
thatX = X (A, B) admits a good low rank approximation.

The Arnoldi method is an iterative method which construcseguenceX;} of
low rank approximations t&. The method was introduced by Saad [7] who consid-
ered the case gb = 1 and extended it to the general casepa$ 1 by Jaimoukha
and Kasenally [3]. The convergence of the Arnoldi method meatrivial question.
Recently, Simoncini and Druskin [9] have derived a set obthes describing the
convergence in terms of the numerical rangé\oft is well known that the Arnoldi
method may require a large number of iterations before aginvg, and Kressner [5]
has developed a variation specifically designed to comlimptioblem. The storage
requirements are reduced at the cost of an increased nurfrdo@hanetic operations.

The contribution of the present paper is to demonstratesttiapositive residual
curve is possible for the Arnoldi method. We show how to eiflji construct both
symmetric and nonsymmetric Lyapunov equations for whiehAmoldi method re-
turns a given residual curve. Theorem 3.2 has been extr&caed 6], but the proof
has been simplified.

Several authors, including Hu and Reichel [2] as well asodbiind Riquet [4],
have all derived algorithms having Saad’s algorithm [7] apecial case. Therefore,
any positive residual curve is possible for their algorighas well. Simoncini [8] has
developed a related algorithm which applies bAtand A1 to accelerate conver-
gence. Our analysis does not apply to this algorithm.

The paper is organized as follows. In Section 2 we state thie Banoldi method
for Lyapunov equations along with a few results which areessary in order to
derive the main theorems, which in turn are presented in@e8t Section 4 contains
MATLAB implementations of our algorithms and we exhibit afmatrices for which
the residual curve is rather unusual.

We use MATLAB notation occasionally. Specifically, Afis ann by n matrix,

A(:, j) will refer to the jth column ofAandA(1: j,1: j) will refer to the upper left
j by j corner ofA. The notatiore\” is used for theith column of then by nidentity
matrix I. If the dimension is clear from the context, the supersarifitbe omitted
and we shall writesj, rather thare!”.

Exact arithmetic is assumed throughout the paper.

2 The Arnoldi method for Lyapunov equations

In this section we give a brief description of the basis Adnahethod for Lyapunov
matrix equations. We deal exclusively with the simplesiebaigp = 1.
LetAc R"™"and letb € R. The standard Krylov subspabg(A,b) is given by

Kj(Ab) = spar{b,Ab,A%b,... . Al"1p}, j=12....

Itis clear that
Kj(Ab) CKj:1(ADb)
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and
K(Ab) = U ,Kj(A b) CR"

is the smallesA invariant subspace containibbg The smallest integan such that
K(A,b) = Km(A,b)

is called the grade df with respect toA. Now, let{v;}[" ; be a sequence of orthonor-
mal vectors such that
Kj(A b) = spar{vi, V2, ..., vj}

and letv; € R™J pe given by
Vi=[viva...vj].

Then
AVm == VmHm

for some matrixtm € R™™ simply because the columns\df, spanK (A, b). In fact,
there is only one choice fdtl,, namely

Him = V. AVin

becausévgvm = Im. In addition,H,, must be upper Hessenberg

hithis ... ... bhimn
horhoo ... ... hom
Hp = 0 hgohzgs ... hgn ’

0 e 0 hmvm_l hmm
simply because
AKj(Ab) CKji1(Ab), j=12,....m-1

Now, consider the Lyapunov equation 1.2. The standard Aimoéthod seeks an
approximation oiX of the form

X =VjYv', Y eRIX
such that the corresponding residual given by
R(Xj) = AX; + X;AT + bb'
satisfies the Galerkin condition
VIR(Xj)V; = 0.

This condition is satisfied if and only ¥ solves the reduced order equation

HiY; +YiHT + p2ee)) =0 (2.1)
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where
Hi =VIA; e R, and B = b2

If Ais negative definite, theH; is negative definite and the reduced order equation
(2.1) has a unique solutioy. It is straight forward to verify that the Frobenius norm
of the residual satisfies

IRO)IF = V2lhisa 1Y G, D)l (2.2)

It is important to realize thaX; depends exclusively on the subsp&GéA,b). In
particular, it is independent of the choice of orthonormeadib! In short, we are free
to choose the basis which is most suitable to our analysighEsake of stability, the
typical implementation of the Arnoldi method uses the Adialgorithm to construct
a sequence of orthonormal vect({nq}?"zl such that

Kj(A,b) =spar{vi,vo,...vj}, j=12,...,m
while simultaneously extracting the matrices
Hi =V AV, where Vj=[viva...V].

The reduced order equations are solved using one of the degtbeds, say, Bartel-
Stewart's method. The norm of the residual is computed usinuation (2.2) which
does not require the by n residual matrix to be formed explicitly.

The Arnoldi method enjoys the following finite terminatioroperty,

[RX))lF >0, j<m, and [[R(Xn)|F=0

wherem is the degree ob with respect toA. This property has mainly theoretical
interest, simply becausais often comparable to and we can rarely afford to com-
pletemiterations.

Now, given a sequence of positive real numb{srr,-s}?j we seek a negative def-
inite matrix A € R™" and a vectob € R" such that (A,b) = R" and the residual
curve for the Arnoldi method applied to the Lyapunov equafib.2) satisfies

HR(X])HF:rJ? j:1a2a"'7n_17 and ||R(Xn)|||::0

The fundamental problem is the nontrivial relationshipamnA, andb which
define the Lyapunov equations and the matridgsandHy, which determine the
residualsR(X;). We must determine a class of matrices for which this refatip is
particularly simple. Ideally, we would liK&, = I, andH, = A.

LetW; (A, b) € R™J be the matrix given by

W;(A,b) = [b Ab Kb ...AlI"1p]. (2.3)

ThenW, (A, b) is nonsingular if and only iK(A b) = R". We have the following
lemma.
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Lemma 2.1 Let Ac R" be an upper Hessenberg matrix which is unreduced, i.e.
aj11j#0, j=12,...,n-1,
and let W(A, e1) be given by equation (2.3). Then\)4, e1) is nonsingular and
Kj(A,e1) =spanfes, e,....e}, j=12,...,n
where gis the ith column of the n by n identity matrix.

Proof The lemma follows immediately from the sparsity patteriolf ” x” denotes
an element which is not necessarily zero anl«if denotes an element which is
nonzero, then

X X ... X 1x ...... X
* X ... ... X 0 x ...... X
Hin = 0 % x X = Wh(Ae)= 00 % ...x
0...0 % x 0...... 0 «x

In short, by limiting ourselves to equations of the type
AX+XAT +&Me’ 0,
whereA € R™" is upper Hessenberg and
aj:1j#0, j=12,...,n-1,
then we may chose

Vj = [61 e ... ej}

and the reduced order equation are merely
0T
AY; +YAT +ee) =0

where

Aj=A1:j,1:j)
is the upper lef§ by j corner ofA. In addition, the expression for the Frobenius norm
of the jth residual simplifies to

IRl = V2021, 1Yi ¢, D) e

Now, the matrixYj depends exclusively on the entriesAt In particular, it is inde-
pendent of the entrg;,1 ;. It follows that if

Y5 (5 DlIF #0,
then we may have

IRX))[lF =3,
simply by choosing ;

i
j+1j= = ——— >0,
V2 ) e

and this choice will not affect the previous residuals. Tokofving lemma is now
relevant.
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Lemma 2.2 Let H € R™" be a stable matrix and let Y be the solution of the Lya-

punov equation
T
HY +YHT +e”e” =o.

If H is upper Hessenberg and if
hit1j#0, j=1,2,...,n—1,
then the last column of Y is nonzero.
Proof The matrixY is symmetric positive semidefinite with
Rary = K(H,e;)

simply becausel is stable and the inhomogeneous term is symmetric poséivédef-
inite. However, by Lemma 2.1

K(H,e;) =R"

and since
Rary =K(H,e;)

we see thaY is nonsingular. It follows, that every column ¥fis nonzero.

3 The main results

In this section we show how to construct Lyapunov equationsvhich the Arnoldi
method has a given residual curve.

Theorem 3.1 Let n> 1 be aninteger and letj> 0for j=1,2,...,n—1. Then there
exists a symmetric negative definite matrig R"*" such that the residual curve for
the Arnoldi method applied to

;
AX+XAT + el =0

satisfies
IRjlr=r;, j=12,...,n—1, and |Ra|f=0.

Proof Consider Algorithm 1. We claim that the algorithm is well defil and that
there are no divisions by zero. Ligt be the statement that

“ A is symmetric negative definite and tridiagonal wath 1 j > O for j < k”

and let
Q={ke{1,2,...,n} : Kis true}.

We claim that
Q={12,...,n}.

First we notice that £ Q, because

A1:_|]2_1<0
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Algorithm 1 The symmetric negative definite case
Input: 1j; >0,j=1,2,...,n.
Output: A=A, =—LpL] <O0.

1: for j=1,2,..., ndo

2: Define

l11

I21 122

LJ' =
-1 1jj

3:  DefineAj := —LjL].
4: if j<nthen
5: Solve

AYj +YAT +ee)) =0,
with respect tor].

6: Define r
ljji=—————.
' V2 Y G D)2
7 end if
8: end for

is symmetric negative definite. Sinéeg is 1 by 1 there are no off-diagonal elements
and there is nothing further to show. Now, assume thatkl< n, and

{1,2,....k—1} C Q.
We claim thak € Q. Itis clear, that
A= —Lilf
is a symmetric negative definite and tridiagonal matrixardtess of the values of
lit1j, 1=212,....k—1,

simply becauséy is a nonsingular, lower triangular and bidiagonal matrincg we
are assuming
{1,2,....k—=1} C Q,

it only remains to be shown that
ak-1>0.

By assumptionk — 1 € Q. ThereforeAy_1 is a (symmetric) negative definite matrix.
In particular,A_; is stable and_1 is well defined. By Lemma 2.2 the last column
of Y1 cannot be zero. Henck,_1 is well defined (no division by zero) and

B Nk-1
V2l ka1 (s k—1)

Therefore, the matriky is well defined and withy = kaLI we have

lek—1=

)

< 0.
2

A k-1 = —lkk—1lk—1 k1= M
" ’ ’ V2|[Yie1(:,k— 1)

>0
ll2
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It follows thatk € Q and by the well ordering principle

Q={12...nh.

We now claim that if the Arnoldi method is applied to the Lyapu equation
AX+XAT +&Me’ 0,
whereA = A, is given by Algorithm 1, then the residuals satisfy
IRX)IE=rj, j=12...n-1 and [R(X)|r=0.
Now, becausé = A, is upper Hessenberg and
aj11,j>0, j=12...,n-1

it follows from Lemma 2.1 that we may choose

Vi=lere ... g]
and then the corresponding reduced order equations ane lgyve

AY, VAT +elel =0, j=12...,n-1,

where o
Aj=Al:j,1:j)eR™.

By Lemma 2.2 the last column/row &f is nonzero. The Frobenius norm of the
residual is given by

IRX)IF = V2ajal 1Y, )|z

In our case we have deliberately chosen

rj
Q1= =i o 0
V2|Yi(: i)ll2

from which follows
IRX)IE=r;, j=12,...,n—1
The fact that
[R%n)|lF=0

is the finite termination property of the Arnoldi method.

Remark 1:We have deliberately imposed the conditian 1 ; > O rather than
the weaker condition o, 1 j # 0. Therefore, if the Arnoldi algorithm is used to
compute a basis for the Krylov subspdC@A, e1), thenv; = g; for all j.

Nonsymmetric matrices can be constructed as well and ircéisie we have com-
plete control oveA+AT.
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Theorem 3.2 Let n> 1 be an integer and let;r> 0 for j =1,2,...,n—1. Let
{Aj}]—1 C (—,0). Then there exists a negative definite matrig ™" such that
the residual curve for the Arnoldi method applied to

;
AX+XAT +Ve"" =0, e =(1,00,...,07
satisfies
IRilr=rj, j=12...,n=1, and |Ry|r=0
and A+ AT satisfies
A+AT =diag{A1,A2,...,An}.

Proof Consider Algorithm 2. We claim that the algorithm is well defil and there
are no divisions by zero.

Algorithm 2 The nonsymmetric negative definite case
Input: A;<0,j=1,2,...,n

1: for j=1,2,....,ndo

2: Define

1
ajj = EA].
3:  DefineAj € RI*J by
ai; —ap
A= a1 a2
- —8nn-1
ahn-1 ann
4: if j<nthen
5: Solve -
AYj +YAT +elell =0
with respect torj € Ri*1.
6: Define r
. j
A+l = Eo
V2N G DI
7 end if
8: end for

Let P be the statement
“ A is negative definite and tridiagonal wigty, 1 ; > 0 for j <k’

and let
Q ={k: Ristruel.

We claim that
Q={12,...,n}.

First, we notice k& Q, because

1
Alzé)\1<0
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is negative definite. Sinc#y is 1 by 1 there are no off-diagonal elements and there is
nothing further to show. Now, suppoke> 2 and assume

(1,2,... k-1}C Q.

We claim thak € Q. By assumptionk — 1 € Q which impliesAy_1 is stable andy_;
is well defined. It follows from Lemma 2.2, that the last coluof Y,_; is nonzero.
Thereforegy k_1 is well defined (no division by zero) and

Mk—1
V2|1 (5, k—1)
It is clear from the definition thay is tridiagonal and

Ay —‘rAI = 2diag{a11,a22, RN akk} = diag{)\l,/\g, ... »)\k}
is obviously negative definite. Therefdtes Q and

Q={12,...,n}

A k-1= > 0.
2

by the well ordering principle.
We now claim that if the Arnoldi method is applied to the edumat

AX+XAT +ee] =0

whereA = A, is the matrix returned by Algorithm 2, then the residualéséat
“R(Xj)||F:rj7 j:172""?n_1’ ”R(xn)HF:O
SinceAis upper Hessenberg and
aj41,j >0
the reduced order equations are merely
0T
AY; +YAT +ee) =0
where
Aj=A(l:j,1:)).
The corresponding residual is given by
IR = V2[ajail i Dl
but we have deliberately chosen
a i
]+l,j = AN /. N
V2|Yi(: )2
which implies
IRX)=rj, i=12,...,n—1
The fact that
IR(Xn)[[F =0

is just the finite termination property of the Arnoldi method
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The following corollary is an immediate consequence of Thep3.2.

Corollary 3.1 Letn>1be aninteger and;r>0for j=1,2,...,n—1. LetCe R™"
be symmetric negative definite. There there exists a negaeifinite matrix A2 R™"
such that the residual curve for the Arnoldi method applizd t

AX+XAT +-ee] =0
satisfies
IRXllF=rj, j=12....,n=1 and [[R(X)[Fr=0
while
A+AT =C.
Proof SinceC is symmetric negative definite it can be written as
C=UAUT,
where
UTU =1, and A =diag{A11,A22,...,Amn} <O.

By Theorem 3.2 there exists a negative definite magixsuch that the residual curve
for the Arnoldi method applied to

.
AoX + XA, + e =0,

satisfies
IRX)IE=rj, j=12...,n=1, [RX)[r=0

while Ag+A] = A. Now, define
A=UAUT, b=uUe".

Then,A+ AT = C and since the residual curve it not affected by the orthoabrm
transformatiorJ the proof is complete.

4 Numerical experiments

In this section we state a short MATLAB implementation of étijhms 1 and 2 and
we exhibit a couple of matrices for which the residual cus/ether unusual.

The two algorithms are straight forward and implementatioan be found in
Figure 4.1 and Figure 4.2.

The Arnoldi method is defined whenewatris negative definite. However, if the
exact solution of the corresponding Lyapunov equation dmg¢sadmit a good low
rank approximation, then there is no hope of rapid convergen

Example 1:Consider the residual curve

ri=1, 1,2,...,n=-1, r,=0. (4.1)
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Fig. 4.1 A MATLAB implementation of Algorithm 1
function [A, L]=my_snd(r,1l)
n=length(l); A=zeros(n,n); L=zeros(n,n); Q=zeros(n,n); Q(1,1)=1;

for j=1:n
L(j,3)=1(3);
A(1:§,1:3)=-L(1:j,1:3)*L(1:3,1:5);
if (j<n)
Y=1yap(A(1:j,1:3),Q(1:j,1:3));
L(j+1,3)=r(j)/(sqrt(2)*L(j,j)*norm(Y(:,j),2));
end
end

Fig. 4.2 A MATLAB implementation of Algorithm 2
function A=my_nd(r,lambda)
n=length(lambda); A=zeros(n,n); Q=zeros(n,n); Q(1,1)=1;

for j=1:n
A(j,j)=lambda(j)/2;
if (j<n)
Y(1:j,1:3)=lyap(A(1:j,1:5),QCL1:3,1:3));
A(j+1,3)=r(j)/(sqrt(2)*norm(Y(1:j,3j),2));
AGG,j+1)=-A(+1,5);
end
end

We choosen = 500 and used Algorithm 1 to construct a symmetric negativiaitk
matrix A; with a unit lower triangular Cholesky factbg. We solved the equation

ArX1+ XAl +ere] =0 (4.2)
using the MATLAB function 'lyap’. The Frobenius norm (rela) residual was
[ArXy + X1A] 4 ee] ||F &~ 1.0922:1071°,

We computed the singular values % using the MATLAB function 'svd’, see Fig-
ure 4.3. It is clear thaX; can be approximated accurately with a low rank matrix.
However, in view of the residual curve, the Arnoldi methodmat hope to retrieve a
good low rank approximation foX;. Finally, we applied our own implementation of
the Arnoldi method to equation (4.2) and compared the coetprdsidual curve

! !
rn~1 1,2,...n-1 r,=0

to the target given by equatidd.1). The result is displayed in Figure 4.4. We see
that the (relative) difference between the computed resiaiud the target is less than

2.5.10° for all but thenth iteration, where theomputedesidual does not assume

the target value of zero.
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! ! ! ! ! ! ! ! !
=25
[ 50 100 150 200 250 300 350 400 450 500
Index j

Fig. 4.3 The decay of the singular values for the computed solutioh@tymmetric Lyapunov equation
(4.2).

I I I I I I I I I
-16
0 50 100 150 200 250 300 350 400 450 500
iteration

Fig. 4.4 Comparison between the computdd; } and the desired residual curye;} for a symmetric
Lyapunov equation generated by Algorithm 1 correspondirgy ¢onstant residual curve.
Example 2:Consider the residual curve
ri=j, 1,2,...,n=1, r=0. (4.3)

We chosen = 500 and used Algorithm 2 to construct a nonsymmetric negatafi-
nite matrixA, for which A, +A£ = In. We solved the equation

AoXo+XoA) +ere] =0 (4.4)
using the MATLAB function 'lyap’. The Frobenius norm (relat) residual was
[[AoXo + XoAL + erel ||F ~ 4.0491: 10710,

We computed the singular values $% using the MATLAB function 'svd’, see Fig-
ure 4.5. It is clear thaX, can be approximated accurately with a low rank matrix.
However, in view of the residual curve, the Arnoldi methodmat hope to retrieve a
good low rank approximation fot,. Finally, we applied our own implementation of
the Arnoldi method to equation (4.4) and compared the coetbrgsidual curve

!/ H !
r~j 1,2,...,n-1, r,~0

to the target given by equation (4.3). The result is displayeFigure 4.6. We see
that the relative difference between the computed resigidlthe target is less than
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index j

Fig. 4.5 The decay of the singular values for the computed solutioh@hbnsymmetric Lyapunov equa-
tion (4.4).

1k

10g, I -1r)

14 4

1 1 1 1 1 1 1 1 1
-16
0 50 100 150 200 250 300 350 400 450 500
iteration

Fig. 4.6 Comparison between the comput¢t},} and the desired residual cur{g } for the nonsymmet-
ric Lyapunov equation generated by Algorithm 2 correspiogdo a linear residual curve.

2.0-10 % for all but thenth iteration, where theomputedesidual does not assume
the target value of zero.

Remark 2:In the jth iteration of both Algorithm 1 and Algorithm 2 we solve
a Lyapunov equation of dimensionusing a dense method ai@{ j3) arithmetic
operations. Therefore the total number of arithmetic dji@ma is O(n*), limiting
the construction of test equations to small valuen.df is entirely possible that the
workload can be reduced, but our goal is merely to show thatpasitive residual
curve is possible.

5 Conclusion
We have shown that ifr; ']‘j is a sequence of positive real numbers, then it is
possible to find either a symmetric or a nonsymmetric negatefinite matrixA for
which the Arnoldi method applied to

AX+XAT +-ee] =0

produces the residual curve

IRX)IIF=r;, j=12,...,n—=1 and [[R(Xy)|[r=0.
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In each case there is a certain amount of freedom in the cmtistn. If A is symmet-
ric, then it is possible to specify the main diagonal of thelghky factorization of
—Aarbitrarily. If Ais nonsymmetric, then we may speciy AT arbitrarily.

Our MATLAB codes can be used to generate equations for whiehArnoldi
method will not be successful. The robustness of other nastlvan be measured
against these equations.

Our analysis emphasizes that the Arnoldi method should bd wsth caution.
Theoretically, it is applicable whenevaris negative definite, but there is no guaran-
tee that the convergence will be monotone or that it will esenverge before theth
iteration. In addition, we have seen that it is entirely jesthat the exact solution
admits a good low rank approximation, but the residual cisvendecreasing. We
conclude that the method does not exploit the low rank phemam.

Simoncini and Druskin [9] have bounded the convergenceimaterms of the
numerical range of the matrik. It would be interesting to determine conditionsAn
andb for which the convergence of the Arnoldi method is both ragid monotone.
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