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ABSTRACT
The purpose of this intervention study was to develop and evaluate
a support model for teachers, designed to assist them in diagnos-
ing students’ (age 16–19 years) difficulties and providing feedback
to support students’ mathematical problem solving. Reporting on
an iteration in a design research project, the results showed that
the support helped the teachers to provide less procedural informa-
tion and instead help students construct solutions for themselves.
Constraints in achieving this included the nature of some tasks, dif-
ficulties in making reasonable diagnoses, and students’ inability to
communicate their difficulties.
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1. Introduction

If mathematics is learned by rote and imitation, which is often the case in school math-
ematics, important competencies such as problem-solving ability, reasoning ability, and
conceptual understanding are not developed (Boesen et al., 2014; Hiebert, 2003; Lithner,
2008). To avoid rote learning and instead develop mathematical understanding, students
need to construct task-solving methods for themselves (e.g. Brousseau, 1997; Schoenfeld,
1985).

Studies (e.g. Jonsson et al., 2014; Kapur & Bielaczyc, 2012; Norqvist et al., 2019; Ols-
son & Granberg, 2019; Terwel et al., 2009) show that students in upper secondary school
who construct their own solution methods during practice can, on post-tests, outperform
students who have been practising by imitating solution methods provided to them. The
same studies show that students often fail to solve tasks during practice when they are
required to construct their ownmethods. However, it should be pointed out that no teacher
support during these interventions was provided. Students who found themselves in dif-
ficulties during their problem solving had no one to turn to for help. This highlights the
importance of providing students with the possibility to ask teachers for help when they
find themselves stuck and unable to resume their problem solving. It is equally impor-
tant that teachers, in these situations, give feedback that enables students to move on in

CONTACT Johan Sidenvall johan.sidenvall@hudiksvall.se

© 2023 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group
This is an Open Access article distributed under the terms of the Creative Commons Attribution-NonCommercial-NoDerivatives License
(http://creativecommons.org/licenses/by-nc-nd/4.0/), which permits non-commercial re-use, distribution, and reproduction in any medium,
provided the original work is properly cited, and is not altered, transformed, or built upon in any way.

http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/0020739X.2022.2151067&domain=pdf&date_stamp=2024-09-19
http://orcid.org/0000-0002-3691-1995
http://orcid.org/0000-0002-5607-213X
http://orcid.org/0000-0003-2592-9935
http://orcid.org/0000-0001-7089-0246
mailto:johan.sidenvall@hudiksvall.se
http://creativecommons.org/licenses/by-nc-nd/4.0/


2390 J. SIDENVALL ET AL.

their problem-solving process but without providing the method and by that depriving the
students the opportunity to construct (parts of) the method themselves.

However, helping students by describing the solution method is often straightforward,
while supporting students’ own reasoning is generally more difficult (Lee & Cross Francis,
2018; Teuscher et al., 2016) but often characterized as high-quality teaching (e.g. Maher
et al., 2018). In the latter case, a teacher must start with the student’s thinking and consider
their specific difficulty with constructing a solutionmethod before choosing a way of help-
ing them. The focus on this type of teacher support is often found in research on formative
assessment (e.g. Black &Wiliam, 2009), teacher noticing (e.g. Jacobs et al., 2010), and scaf-
folding (e.g. Stender & Kaiser, 2015; van de Pol et al., 2012; Wischgoll et al., 2015). Several
studies have shown that teachers’ competence in identifying and responding appropriately
to students’ difficulties with tasks can be improved (Didiş Kabar & Erbaş, 2021; Ivars et al.,
2020; Jacobs et al., 2010) if teachers are given appropriate support (Star & Strickland, 2008;
van Es & Sherin, 2008). The present study aims to investigate whether and how the chal-
lenge of helping teachers improve their practice could be addressed by providing teachers
with a support model (Diagnostic Feedback Problem-solving model, DFP, see Sections 3.2
and 3.3) on how to identify students’ difficulties (i.e. obstacles) and provide appropriate for-
mative feedback. This is done by testing and evaluating the usefulness of such a model for
diagnosing students’ difficulties and providing formative feedback. The research questions
guiding the study will be presented in detail in section 4.

2. Background

2.1. Learningmathematics by problem solving

Hiebert and Grouws (2007) conclude in their seminal literature review that students are
more likely to learn mathematics if they construct the task-solving methods themselves
than if they imitate methods provided to them by e.g. the teacher or through the textbook.
Also, Schoenfeld (1985) argues that students need to work with mathematics problems
(these are defined as tasks where students must construct a solution method that is new to
them). This requires them to use and develop their mathematical knowledge and under-
standing and devise strategies for working on problems in ways that they would not have
to if they were only imitating solution procedures provided to them (e.g. rules, worked
examples, templates).

There are research insights and successful examples at secondary school level (e.g.
Bass, 2017; Hodgson & Wilkie, 2022; Lepak et al., 2018; Olivares et al., 2021; Schoenfeld,
2018; Stein et al., 2008) of providing a teaching that give students rich opportunities to
engage in problem-solving. Such teaching is however not a common approach to teaching
mathematics in Sweden or internationally (Boesen et al., 2014; Hiebert, 2003; Hiebert &
Grouws, 2007). Students spend a substantial part of their mathematics lessons solving rou-
tine tasks in textbooks, both in Swedish secondary school classrooms as well as classrooms
around the world (Boesen et al., 2014; Brehmer et al., 2016; Jäder et al., 2020; Schmidt
et al., 2001). Nevertheless, even during everyday lessons, students find themselves stuck
when working on both problems and routine tasks. In these situations, it is often desir-
able for a student, perhaps with suitable support from the teacher, to make progress in
their task solving by engaging in a problem-solving process. The question, then, is how
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to provide appropriate teacher support to preserve and facilitate the learning situation
(Ball & Bass, 2003; Brousseau, 1997). That is, how can the teacher help the student, not
by providing them with a solution method but instead by supporting them to construct
their own solution method – in other words, to continue solving the task by engaging in
a problem-solving process? However, there is limited research that examines in detail how
such support should be facilitated (Hiebert & Grouws, 2007; Mata-Pereira & da Ponte,
2017). Although insights about mathematical problem solving have been generated over
the last decades, we still lack ‘clear guidance for educational practice’ (English&Gainsburg,
2015, p. 315).

2.2. Teacher actions to facilitate students’ problem solving

Teachers can support students’ learning of mathematics through problem solving at dif-
ferent points in time. They can do so retroactively, by letting students work on problems
without teacher support during a lesson and supporting the consolidation of their learning
afterwards (Kapur & Bielaczyc, 2012). They can also support students interactively during
the problem solving by supporting their reasoning (Sidenvall, 2019), or proactively by, for
example, carefully choosing tasks for them (Lithner, 2017). Regardless of the timing, in
order for mathematics instruction to lead to increased learning, the support must emanate
from the student’s own thinking (Smith& Stein, 2011). Therefore, observing and interpret-
ing student thinking, difficult as it may be (Black &Wiliam, 2009; Teuscher et al., 2016), is
an important skill for teachers to acquire (Teuscher et al., 2016). Students’ reasoning pro-
cesses are supported if teachers follow general guidelines, such as not reducing the level of
challenge, asking the students to explain ‘why’, highlighting or asking students to identify
valid and invalid justifications, and challenging students to go further than the task at hand
(Mata-Pereira & da Ponte, 2017; Star &Verschaffel, 2016). Different frameworks andmod-
els have tried to capture some or all of these aspects. Smith and Stein’s (2011) influential
framework focuses on orchestrating whole-class discussions. Ellis et al. (2019) suggest a
framework for characterizing teacher moves within different categories, and with different
potential for supporting student reasoning, but the framework does not specify when the
teachermoves are appropriate, that is, it does not connect themoves to particular instances
of student thinking. As Ding and Li (2014) show, there is a balance to be struck between
guiding students a lot and guiding them very little, whichmight imply a need for guidelines
on how to choose which support to give to a student at a particular time. Solar et al. (2021)
present a model for how students’ argumentation can be supported, and similar to Ellis
et al.’s (2019) framework, there is no clear guidance on when each support is supposed to
be given.

All in all, the literature referred to above, so far has described only in a broad sense how a
teacher should act in themoment to support students’ problem solving. There is thus a lack
of amore specificmodel on how to support individual students’ problem-solving processes
in the moment that give direction for all steps (elicit, interpret, decision about next steps)
in formative assessment (Black & Wiliam, 2009) or teacher noticing (Jacobs et al., 2010).
The aim of the study was therefore to bring insights into whether, and if so how, a teacher
support model may facilitate teacher-student interactions that support students’ problem
solving in situations where students encounter difficulties.
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There are of course differentways to support teachers in developing such knowledge and
skill, for example, through professional development programmes (Jacobs et al., 2010), pre-
service training (e.g. Hallman-Thrasher, 2017), video clubs (van Es & Sherin, 2021), and
lesson study (Estrella et al., 2020), to name a few. The design provided in the present study
is based on a short training course (which is often more feasible for in-service teachers
than a more extensive PD programme) and the teachers’ use of the DFP for diagnosis and
feedback in problem-solving in everyday teaching.

3. Research frameworks

This study was inspired by a design research (Cobb et al., 2003;McKenney &Reeves, 2018)
approach. TheDFPwas therefore based on a design principle adopted fromLithner (2017):

If the goal for teaching is that students are to use problem solving reasoning to solve tasks,
first let the students try to construct their own solutions. If this fails, then, in line with charac-
teristics of formative assessment, diagnose the students’ task-specific difficulties and provide
feedback that supports students’ ability and responsibility to construct solutions. (p. 946)

The structure of the DFP was based on three frameworks. First, the DFP was based on the
central tenets of formative assessment and teacher noticing (Jacobs et al., 2010) (section
2.2). In line with Bennett’s (2011) suggestion that formative assessment is more helpful for
students’ learning if the teacher has models showing what competence in the particular
domain consists of and what learning paths exist, we introduce two additional frameworks
for the different problem-solving competences in play and the steps of the problem-solving
process. Therefore, a second framework is Schoenfeld’s (1985) problem-solving compe-
tence framework (section 3.1), together with a third framework, which is an adaptation
of Schoenfeld’s (1985, 1992) identified categories of steps in a problem-solving process
(section 3.1).

3.1. Problem-solving competence and steps in problem solving

Schoenfeld (1985) showed that proficient problem solvers master four problem-solving
competences: Resources, Heuristics, Control (Schoenfeld later used the term Metacogni-
tion), and Belief Systems. Resources consist of ‘mathematical knowledge possessed by the
individual that can be brought to bear on the [problem] at hand’ (p. 15), for example,
facts and procedures. Heuristics are strategies and techniques for making progress with
problems, for example, drawing figures, exploiting related tasks, and reformulating tasks.
Metacognition is defined as ‘global decisions regarding selection and implementation of
resources and strategies’ (p. 15), that is, planning, monitoring, and decision making. Belief
systems comprise ‘one’s ‘mathematical world view’, the set of (not necessarily conscious)
determinants of an individual’s behavior’ (p. 15), and this includes views about oneself,
the context, the topic, and the mathematics. Supporting students in their problem-solving
process means supporting one or more of these competences. Although several years have
passed since its publication, Schoenfeld’s framework is still the most comprehensive and
well-cited framework for problem-solving competence (or knowledge and behaviour, as
he denoted it).

Schoenfeld (1985, 1992) used an analytical framework to analyse students’ problem-
solving processes. The steps within the framework were Read, Analyse, Explore, Plan,
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Table 1. The problem-solving process in the construction of a solution.

Steps in problem solving Characterization

Interpretation The student reads and interprets the information given (including what the required
response format is) At this stage, the student may not have started to consider how
to solve the task.

Exploration/Analysis The student explores/analyses relevant aspects of the task in order to find additional
information that could be useful, perhaps without being able to solve the task yet.

Hypothesis The student analyses the task’s properties (perhaps found during exploration) and
formulates hypotheses (also including vague ideas) for solution methods.

Verification The student performs control, justifies, and shows that the solution method she
has arrived at is faulty or correct. She does this through the present task’s key
representations and connections.

Implement and Verify. It is hypothesized that the student, in order to construct a solution,
needs to go through all steps, although in reality this might take place in non-sequential,
incomplete, and partially erroneous ways. Inspired by Lampert (1990), the importance
of constructing and testing mathematical hypotheses was added, and the categories were
merged into four. Table 1 shows the DFP model’s rephrasing and definitions of these
categories.

3.2. Initial ideas for designing the DFP

The aim of the DFP was to support teachers in supporting students’ problem solving with-
out providing the solution method. Thus, the DFP did not aim to support every form
of communication between teacher and student. Rather a specific, but central, form of
communication is described, where the students need additional support to continue the
construction of their own solutions. When supporting teachers in this purpose, a support
must, by necessity, include formative assessment. That is, the diagnosis of the student’s dif-
ficulties (i.e. identifying the obstacle hindering the student from continuing their attempt at
solving the task) and the provision of feedback adapted to those difficulties (Lithner, 2017).
Since teaching is complex (Niss, 2007), it is not possible to view the DFP as a manual for
all situations, and the DFP in this study will not solve all challenges that teachers meet
when helping students. As is pointed out by Boaler (2003) and Smith and Stein (2011), the
teachers who support students must still have skills concerning students’ problem-solving
processes.

The design of the DFP was based on combining the frameworks for problem-solving
processes discussed above: Interpretation, Exploration/Analysis, Hypothesis, and Verifica-
tion, and the problem-solving competences:Resources,Heuristics,Metacognition, andBelief
Systems. These form a two-dimensional matrix (Figure 1) that shows the potential hurdles
in students’ task-solving processes which could be used as a frame of reference for inter-
preting student thinking. Each cell describes a situation in which a student encounters a
specific task-solving difficulty, for example, not being able to initiate or use the heuristic
competence to find a strategy for analysing the task at hand. The DFP was designed to
help the teacher diagnose the student’s specific difficulty while also suggesting appropriate
feedback to provide to the student for each of these situations (cells) in line with forma-
tive assessment. The matrix in Figure 1 gives a concise summary of the complete DFP. For
each of the cells in the matrix there is corresponding text which suggests a diagnosis of the
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Figure 1. The essential parts of the DFPmatrix, showing a specific diagnosis, together with some exam-
ples of feedback. D: Diagnosis of student difficulty, F: Teacher feedback to the student. Cells related to
beliefs and resources have been left empty as these skills, at the suggestion of teachers, are not included
in the DFP (see section 3.3 below).

student’s difficulty, including examples, and also suggests appropriate feedback on the diffi-
culty. The text on feedback includes the aim of the feedback and how it was formulated. For
each cell in the matrix, the average length of the corresponding clarifying text in the com-
plete DFP was 388 words. The text included (1) descriptions of specific signs of difficulties
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corresponding to the particular diagnosis and (2) the rationale behind the suggested feed-
back, how to give this feedback, and what student reasoning process the feedback aims to
support.

The DFP was intended to be used in situations where students ask for help or when
a teacher notices that a student is stuck. The teacher then starts by asking the diagnostic
questions:What is the task about? Tellme in your ownwords.What have you done/thought
so far? Why have you done/thought that? Based on the student’s answers and additional
information, such as their written solution and follow-up questions, the teacher identifies
the student’s difficulty, making a diagnosis that corresponds to one of the cells in the DFP.
For example, a student may have difficulties while exploring/analysing because they lack
heuristic strategies. As the interaction goes on, additional diagnoses might be made, and
feedback given accordingly. The diagnostic questions (Figure 1) were similar to the ques-
tions used by teachers in other studies (e.g. Boaler & Brodie, 2004; Franke et al., 2009)
aimed at discovering a student’s thinking by asking the student to articulate, elaborate, or
clarify ideas (Boaler & Brodie, 2004). The specific formulations of different kinds of feed-
back aimed at supporting the student by prompts were inspired by the works of Boaler
and Brodie (2004), Hattie and Timperley (2007), and Schoenfeld (1985). Scholars have
presented frameworks of teacher moves specific to inquiry-oriented instruction. One is
the Teacher Moves for Supporting Student Reasoning (TMSSR) framework (Ellis et al.,
2019). The TMSSR framework organizes pedagogical moves into four categories – elic-
iting, responding, facilitating, and extending – and then places individual moves within
each category on a continuum according to their potential for supporting student reason-
ing. The TMSSR framework could be useful to both teacher educators and teachers, even
if it is not prescriptive. The TMSSR framework is a model for giving feedback, but there is
no specific connection between students’ specific difficulties with a task and the suggested
feedback connected to the difficulty. In the DFP, the connection between diagnosis and
feedback is the core of the model.

3.3. Developing the DFP by cyclic design and evaluation

In line with the design in the research methodology (McKenney & Reeves, 2018), the DFP
was developed from the initial ideas described above in cyclic processes of design and for-
mative evaluation. Since a design research methodology was followed, the DFP may also
be developed further, in future studies, based on the results of this study.

The initial development that preceded the present study was carried out by researchers
participating in laboratory simulations of teacher-student interactions. After that stage, the
DFPwas tested and further developed togetherwith the participating teachers in new cyclic
processes, which are reported in this article. Some of themain revisions were as follows: the
problem-solving competence Belief Systems was removed because the teachers described
the development of students’ beliefs as a complex process that could not be accomplished
during the relatively short intervention in this study. An intermediate version of the DFP
included feedback in the form of general encouragement to try solutions, which sometimes
can help belief-related difficulties. However, this feedback was removed since the teachers
were giving encouraging feedback anyway, without referring to the DFP. To further reduce
complexity – and because it was not a focus of the study –Resourceswere also removed from
the DFP and replaced by a general instruction to help students if they needed help with
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basic resources such as facts, definitions, or meaning of mathematical symbols. The task-
solving steps Exploration/Analysis andHypothesis were merged. This was done because, in
the teacher’s diagnostic phase, it was difficult to separate students’Analyses andExploration
of task properties from their Hypotheses when constructing a method to solve the task.
Finally, general instructions were included in the DFP. The first of these instructions was
that the teacher was not to help the student solve the task but instead help the student
continue to try solving the task by constructing their own solution method. Second, after
the diagnostic questions had been posed, the teacher was instructed to choose whether to
continue to use the DFP or not. This addition wasmade because it became clear in the pilot
studies that in several situations it was not reasonable for the student to continue working
to solve the task by trying to construct their own solution method. An example would be
a situation where the teacher did not prioritize letting the students find a careless mistake
themselves or when constructing a solution method that was judged to be too difficult.
Last, teachers were instructed to leave students to continue on their own as soon as the
students could resume the solution process instead of continuing to help them until the
task was completely solved.

4. Aim and research questions

The aim of the present study was to bring insights into whether, and if so how, the DFP as
described above may facilitate teacher-student interactions that support students’ problem
solving in situations where students encounter difficulties.

(1) To what extent did the teachers use the DFP when students encountered difficulties,
and when did the DFP support, and not support, students’ problem solving?

(2) When and how did the use of the DFP facilitate teacher-student interaction that
supported students’ problem solving?

(3) What constraints are observed when the use of the DFP did not facilitate teacher-
student interaction that supported students’ problem solving?

5. Methods

5.1. Procedure

Five upper secondary school teachers in Sweden and four researchers participated in the
study. The teachers had at least ten years of teaching experience. Prior to the intervention,
the teachers participated in aworkshop session (four hours) to gain anunderstanding of the
underlying ideas of theDFP and, via simulations, learn to use it. At theworkshop, the teach-
ers also collaborated with the researchers to suggest revisions to the DFP. They then used
the DFP for two weeks. Data were collected during the second week of the intervention.

In total, the teachers used the DFP, at least in part, during 68 lessons (a lesson was nor-
mally 55 min) in 12 different mathematics courses. The courses ranged from the least
mathematically intense programmes to the most mathematically intense programmes.
The students (N = 287) were 16–19 years old. Written informed consent was obtained
in accordance with the Declaration of Helsinki.
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5.2. Method of data collection

Twenty lessons were observed by one researcher. The general structure of the lessons con-
sisted of an introduction by the teacher followed by the students solving textbook tasks
individually or in small groups. For some of the tasks, solution methods were provided in
advance by the teacher or the textbook. For other tasks, such methods were not provided
in advance and those tasks were more probable to become problems in the sense defined
above. Each teacher carried a Dictaphone, recording teacher-student interactions. When
possible, the researcher took part in a short post-lesson interview, where the teacher shared
their experience of using the DFP and the researcher asked for clarifications concerning
particular interactions. After the second week, the teachers and the researchers met for a
two-hour focus-group interview, during which the DFP was critically evaluated.

5.3. Method of analysis

The analysis of the interactions between teachers and students was conducted in three
steps, here briefly presented and then elaborated in detail. The first step was to identify
interactions in which the DFP could be used, that is, situations that involved a task that
could reasonably be solved by constructing a solution method. Secondly, the situations
identified were further examined to establish to what extent the teacher followed the DFP,
and these were categorized as: following the DFP, attempting to follow the DFP, or not fol-
lowing the DFP. The third and final step examined whether or not the students engaged
in a problem-solving process after receiving feedback. These three steps are presented in
detail in the following.

5.3.1. Identifying situations that could not be solved by constructing an own solution
method
There were situations where it was not reasonable for a student to solve a task through
problem solving, and in those situations, theDFP could not be expected to assist the teacher
in supporting students’ construction of an own solution method. These situations were
identified, excluded, and not analysed further. The rationale for identification concerned
the properties of the task, the student’s abilities, and situations where the students made
minor careless mistakes. Hence, situations that could not reasonably be solved by problem
solving were identified as any of the following:

• The student lacked mathematical knowledge (resources, see section 3.1) to solve the
task through problem solving. For example, a student was working with the task ‘Draw
the graph of the function f, given by f (x) = x0.5 if 4 ≤ x < 10"and responded to the
diagnostic questions with: ‘I have no idea how to draw a graph when the power is less
than 1 and I do not know what 4 and 10 represent’. Whereupon the teacher started to
teach the student about domain definition and how to draw graphs. In this case, the
student’s prior knowledge was interpreted as insufficient to solve the task by construct-
ing a solution method. (Comment: In some sense it may always be possible to support
students’ construction of a solution method, but in relation to the curricular goals and
time available it is not always reasonable.)
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• The task concerned concepts that the student did not understand, and the student asked
the teacher to describe, for example: primitive functions, tangents, and octahedrons.

• The student had made a careless mistake (e.g. 3·3 = 12), and pointing out that the mis-
take was not interpreted as hampering the student’s opportunity to engage in problem
solving.

5.3.2. Categorizing teachers’ use of the DFP in situations that could potentially be
solved by constructing a solutionmethod
The included situations were analysed and categorized depending on the extent to which
the teacher followed the DFP:

(a) Situations where the teacher followed the DFP throughout the interaction were
identified as any of the following:
• The teacher asked diagnostic questions and the student thereafter continued to try

to solve the task through problem solving. That is, the questions themselves helped
the student to reflect and resolve the situation without the teacher providing any
feedback.

• The teacher asked diagnostic questions (or students gave corresponding infor-
mation without questions) and gave feedback afterwards that corresponded to a
diagnosis, all according to the DFP.

• Minor adaptations, such as the teacher not stating the feedback strictly or adding
feedback not explicitly in the DFP but clearly within its intentions.

(b) Situations where the teacher attempted to but did not fully follow the DFP throughout
the interaction were identified as any of the following:
• The teacher asked diagnostic questions and then gave feedback, but not according

to the DFP.
• The teacher did not ask diagnostic questions or make any diagnosis but intuitively

chose feedback from the DFP.
• The teacher started out using the DFP as intended but during the interaction

abandoned the DFP, for example, by providing the solution method.
(c) Situations where the teacher did not follow the DFP at all.

5.3.3. Categorizing students’ use of the feedback
The situations were examined to establish whether or not students engaged in problem
solving after receiving feedback. Afterwards, the feedback was categorized as Promoting
problem solving or Not promoting problem solving:

• The feedback was interpreted as ‘Promoting problem solving’ when the students,
after receiving feedback, commenced/resumed a problem-solving activity; for example,
exploring the task by drawing a picture (Table 2, column 1).

• The feedback was interpreted as ‘Not promoting problem solving’ when the students
resumed their task solving following standard procedures given by the teacher. Situa-
tions where the student was unable to continue at all, in spite of teacher feedback, was
also included in this category (Table 2, column 2).
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Table 2. Distribution of the categorized situations (teacher–student interactions) during the interven-
tion.

(1) Promoted problem solving (2) Did not promote problem solving Total

(a) Teacher followed the DFP 9 0 9
(b) Teacher attempted to follow
the DFP and did so partly

6 14 20

(c) Teacher did not attempt to
follow the DFP

1 11 12

Total 16 25 41

6. Results

Even though earlier research has shown that ordinary textbooks seldom require students to
engage in problem solving (Brehmer et al., 2016; Jäder et al., 2020) the present study shows
that even ordinary textbook tasks may generate situations that students could resolve by
constructing their own reasoning. During the first step of analysis no less than 41 such situ-
ations were identified, that is situations where it was considered reasonable for the student
to solve a task through problem solving (see section 5.3.1). The analysis of these situations
is summarized in Table 2 and further examined in the following. The results are presented
by grouping the five teachers, as the focus of the study was not to study individual dif-
ferences. In addition, an analysis of the aggregated situations (N = 41) at the individual
level would not provide sufficient contributions to all categories (e.g. not all teachers had
students who had problems interpreting a task).

6.1. Situations where the teacher followed the DFP

In nine of the 41 situations (1a, Table 2), the teacher made a diagnosis and provided feed-
back according to the DFP. In these nine situations, the interaction promoted problem
solving. Three such examples are presented in the following.

6.1.1. No diagnosis necessary: diagnostic questions worked asmetacognitive
feedback
There were situations where the diagnostic questions helped the student resume the
task-solving process. The questions seemed to support students’ metacognition, that in
turn helped students overcome their difficulty. A student was solving the following task
(Figure 2).

Determine 39(x) using the figure.
The student came up with a negative answer, thought they had made a mistake, and

asked for help.
Action Transcript

Student: This is about a negative area . . . , that seems strange . . . I got minus 6 . . .
isn’t that the area . . .

Teacher asks diagnostic question 1: What is the task about?
Student: Yes, it is the integral . . .
Teacher: Precisely.
Student: Yes. But it looks like an area . . . hmm . . . . (laughs)
Teacher: Mmm
Student: Yes! If they had asked for the area then the answer would have been

positive . . . Okay, now I get it! I thought the answer was the actual area.
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Figure 2. The task asking the student to solve the integral, not calculate the area.

The diagnostic question (Figure 1) from the DFP led the student to reflect on the dif-
ferences between calculating an area and solving an integral. In the focus-group interview,
the teachers stated that the diagnostic questions were surprisingly powerful in resolving
students’ difficulties.

6.1.2. Diagnosis: need for exploration/analysis
Another type of situation was when the teacher diagnosed that the student needed
to engage in Exploration/Analysis of task properties. In the following example, the
teacher provides feedback on a Metacognitive level on the task: ‘Solve the integral
3
∫
0
x2 + 3 dx’.

Action Transcript

Teacher asks a diagnostic question: What is your problem?
Student: I am going to find the primitive function . . . but I do not understand why I

do not need to add C (the constant).
Teacher feedback (Metacognition x
Exploration/Analysis & Hypothesis):

Yes, but why not try that idea and explore what will happen?

Student: Mmm
The teacher leaves the student

The student explored the task by adding the constant C to the primitive function and
discovered that it was eliminated in the process. ‘Yes . . . C minus C is zero . . . when I cal-
culate integrals . . . it is when I just need to find one primitive function that I need to add
C to cover all of the possible primitive functions’. During the short post-lesson interview,
the teacher reflected that this was a situation in which the DFP helped them to ‘take a step
back’ and invite the student to make the discovery themselves.
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6.1.3. Diagnosis: need for verification
When trying to solve a task, a student made the following incorrect transformation: x1 ·
x−0.5 − x−0.5 = x. They realized that the answer was incorrect but had not observed their
misuse of the algebraic laws and asked for help:

Action Transcript

Teacher asks a diagnostic question: What have you done so far?
Student: I solved the task but . . . but something is wrong.

The teacher observed the mistake by looking at the student’s written solution and made
a diagnosis that the student lacked the insight needed to perform a Verification of their
method. The teacher gave, according to the DFP, feedback to support the student’s
Metacognition (see transcript directly below).

Action Transcript

Teacher feedback (Metacognition x Verification): Try to showme why your method does not work.
Student: Maybe . . . . I took away . . . (pointing at the x0.5 - terms) . . . I got

confused . . .

Listening to the student, the teacher made a second diagnosis, that the student lacked
Heuristic strategies to perform the Verification.

Action Transcript

Teacher feedback (Heuristic strategy x Verification): Okay, I will help you with a strategy. Investigate the algebraic
laws by using an easier example to which you know the
answer.

Student: Okay.
The teacher leaves the student

The student chose an easier task, x · x – x2, replaced x with 2, applied the algebraic laws
to calculate, identified the mistake, and concluded by explaining to the observer: ‘Ahh,
you cannot apply subtraction before multiplication’. During the post-lesson interview the
teacher pointed out that she feels comfortable to leave students to work on their own when
she knows that they are motivated to learn: ‘I know that this student really, really wants to
understand so I do not need to hover over her’.

6.2. Situations where the teacher followed the DFP partly

In 20 of the 41 situations (1b & 2c, Table 2), the teacher followed the DFP partly, and the
following exemplifies situationswhere the interaction did or did not encourage the students
to engage in problem solving.

6.2.1. Promoting problem solving
In six out of the 20 situations (1b, Table 2), the teacher successfully supported the student
in using problem solving without following the DFP fully. The teachers asked diagnostic
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questions (from the DFP, Figure 1), made a diagnosis, and provided feedback. The feed-
back, however, was not provided strictly according to the DFP but was in line with the
overall idea of the DFP: to support the students in creating a solution method. This type
of support is characterized by scaffolding and inquiry-oriented questions, all in order to
support the students in discovering their mistakes. In the post-lesson interview, the teach-
ers described the importance of being familiar with the task and the difficulties students
usually encounter in order to provide timely feedback that promotes problem solving. As
one of the teachers explained: ‘It is important that you, as a teacher, are familiar with the
tasks. Otherwise, you are too busy figuring out the task to ask any diagnostic questions’.
That is, a teacher who is not familiar with the task has to take time and effort during the
actual teacher-student interaction to become familiar with it at the expense of using the
DFP to provide feedback supporting the problem-solving process rather than the solution
method. In the focus-group interview the teachers stated that the diagnostic questions from
theDFP supported them in their own intentions of identifying the difficulties their students
encountered.

6.2.2. Not promoting problem solving
Fourteen out of the 20 situations (2b, Table 2) did not promote problem solving. In seven
of these cases, the teacher tried but did not manage to make a complete diagnosis. In all
of the situations, the feedback given could be described as providing the solution method.
In some cases, the method was provided together with an explanation of why the method
would work. The challenge of making a diagnosis and providing feedback is exemplified
in the following.

6.2.3. The challenge ofmaking a diagnosis
Insufficient ormisinterpreted informationwill lead to the lack of a diagnosis or an incorrect
diagnosis. The following provides an example of the former:

Action Transcript

Teacher asks a diagnostic question: What is your problem?
Student: I do not know how to solve (pointing at the task) . . . I need help.
Teacher asks a diagnostic question: What have you done so far?
Student: No, I tried to . . . but I don’t know what . . . I need help.
Teacher asks a diagnostic question: Yes, but I can see that you have tried something promising here (pointing at

the calculations). So, what have you thought so far?
Student: No . . . that is . . . I do not understand.
Teacher: Do you want me to show you how?
Student: Yes, please!

The short teacher-student interaction did not reveal any useful information to the teacher.
The dialogue indicates that the student was unwilling to, or was not used to, reflect on and
verbalize her own difficulties. The teacher chose to terminate the diagnosis and to provide
the solution method instead.

6.2.4. The challenge of providing feedback
In seven situations, the teacher made a diagnosis but still ended up providing the solution
method as feedback. The reasons observed were lack of time and students’ unwillingness
or inability to make use of DFP feedback. The following is an example of the latter:
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The student tried to solve the following task: Find the area bounded by f (x) = 5x − x2
and g(x) = x.
Action Transcript

Teacher asks a diagnostic question: What have you thought about so far?
Student: I know that the (functions) will create an area but I can’t see . . . so I do not

know how to start.
Teacher: Okay, but I can see that you have successfully solved this task (pointing at a

similar task in the textbook). Can you use your ideas from that one?
Student: That one was easier . . . that one had a figure that made me realize . . . how to

figure out the values (integration limits).
Teacher: Yes, a figure is a good way to start. You can draw a figure on your own; just

make a sketch, that will help you explore the task.
The teacher leaves the student:

The student started to draw a coordinate systems but then gave up and raised their hand
again. While waiting, they told the observer that they did not know how to make a rough
sketch of the function since they could not imagine what it would look like. The teacher
came back andmade a rough sketch, but when the student did not seem to find that useful,
the teacher provided the solution method.

6.3. Situations where the teacher did not follow the DFP

In 12 of the 41 situations (1c & 2c, Table 2), the teacher did not follow the DFP at all and,
with one exception, did not support the student in engaging in problem solving. In these
12 situations, the diagnostic questions were not used, there were no other observable inter-
actions intended to understand the student’s difficulties, and the teacher chose to provide
methods for solving (parts of) the task. This could include situations in which the teacher,
without using a diagnosis, regarded the task as too difficult for the student. There were
situations where the teacher had not her/himself solved the textbook task in advance and
became too occupied grappling with the task to interact according to the DFP. Further-
more, there were situations in which the student asked the teacher to skip the diagnostic
questions and the teacher responded to the request. The following is an example of the
latter:
Action Transcript

Teacher asks a diagnostic question: What have you thought so far?
Student: No! Don’t ask these questions, just help me!
Teacher: Okay, then I will show you . . .

6.4. Answers to research questions

In the following, the results of the analysis are summarized as answers to the research
questions:

RQ1) In 9/41 (22%) of the situations, the teachers followed the DFP and the teacher-student
interaction supported the students to engage in problem solving. Furthermore, in 12/41 (29%)
of the situations, the teachers chose not to follow the DFP and, in all these cases but one,
the teacher-student interaction did not support the students to engage in problem solving.
In almost half of the cases, 20/41 (49%), the teachers partly followed the DFP. In about one
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third of these cases, 6/20, the teacher-student interaction enabled the students to resume their
problem solving.

RQ2) The study showed that the DFP may support the intended teacher-student interaction
through the diagnostic questions as well as the suggested feedback. That is, it may support a
dialogue that focuses on students’ responsibility to solve the problem by their own reasoning
rather than providingmethods to use. Asking the questions initiated a teacher-student interac-
tion and prevented the teachers from jumping straight to providing feedback before retrieving
information about the students’ difficulties. The teachers stated that the diagnostic questions
formalized and strengthened their own intentions of identifying the difficulties their students
encountered. Furthermore, the interactions initiated by the diagnostic questions sometimes
worked as metacognitive feedback. The students tended to recollect or reconstruct valuable
insights while answering the questions. The fact that the feedback targeted a specific identified
difficulty or problematic situation, for example, the need to explore (see section 6.1) or verify
an idea (see section 6.1), provides the opportunity to convey the initiative to the students. The
model also helped the teachers to identify when it was suitable to leave the interaction and
give the students space to develop their own problem solving.

RQ3) Most of the situations when the teachers chose to only partly follow the DFP did not
facilitate teacher-student interaction supporting students’ problem-solving. One of the iden-
tified constraints concerned the challenge of making diagnoses, that is, situations where the
teachers used the diagnostic questions but were unable to diagnose the students’ difficulty
and thereafter abandoned the DFP. Coming up with a reasonable diagnosis took time and
required the teacher to focus on each teacher-student interaction even when there were many
other students asking for help. The teachers, furthermore, needed to be familiar with the task
at hand. Otherwise, the teacher was busy solving the task before being able to focus on the
student’s answer to the diagnostic questions. Another constraint arose when there was insuf-
ficient information to make a diagnosis, such as when students were unwilling or unable to
express their thoughts (see section 7.3.3).

7. Discussion

In this section we will discuss the results of our study from the perspective of usability,
challenges of using the DFP, and how these challenges can be overcome. The section closes
with a comment on an additional result from the study.

7.1. Usability

Results show that, in all the cases where the teachers were able to fully follow the DFP, the
students were supported to continue their problem-solving process. This is an encouraging
result. The teachers valued the fact that the diagnostic questions in themselves had the
potential to support students’ metacognitive reflection on the task-solving process. Thus,
simply by using diagnostic questions, the students were supported in resolving some of
their difficulties. This result is in line with previous results concerning feedback by posing
exploratory questions (e.g. Mata-Pereira & da Ponte, 2017; Star & Verschaffel, 2016). The
study makes a novel contribution to the field through the result that the DFP supported
the teachers in identifying the task-specific difficulties and suggesting suitable feedback
that supported students to continue their problem-solving process.

Even though the DFP was tested over just a few weeks, the DFP’s diagnostic ques-
tions often generated a dialogue that gave the teacher better opportunities to support the
students’ problem solving rather than providing the solution method for a specific task.
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The new type of dialogue observed between teachers and students gave indications that
students were given greater authority for resolving their difficulties. This is in line with Vis-
novska and Cobb (2015), who conclude that ‘Diagnosis, responsiveness, and fostering of
students’ independence appear to be interrelated’ (p. 1144). Giving students more respon-
sibility (Brousseau, 1997) and authority in their learning of mathematics and exposing
them to a productive struggle has previously been shown to be important in the teach-
ing and learning of mathematics (Granberg, 2016; Kapur, 2015; Schoenfeld, 2020). These
results indicate that the formative intentions of the DFP, making a diagnosis and providing
corresponding feedback, can help students resume their problem solving and take greater
responsibility for constructing their own solution methods to tasks.

7.2. Challenges

Initially, the use of the DFP seemed to make teacher-student interaction more difficult,
since, in a majority of the situations, the teachers did not succeed in using the DFP or they
did not find it helpful. Using the DFP to make a diagnosis when students asked for help
required some effort. This is in line with previous studies acknowledging the difficulties in
making accurate diagnoses (e.g. Ball, 2001; Teuscher et al., 2016). It could be argued that
it is more challenging for a teacher to support students’ problem solving than to provide
students with a solution method. For example, a teacher does not need to explore different
solution methods for a task or understand a student’s difficulty with a method for solving
a task if the teacher is merely focused on providing a solution method. When the teachers
chose not to give the feedback suggested by the DFP, it was mainly due to lack of time or
because they complied with the student’s request for a solutionmethod. In the cases where
the DFP was not fully followed, there could be other reasons why the DFP did not function
as intended. One reason could be that the teachers did not receive enough training in the
use of the DFP. Another reason could be that the students had little time to acquire this
new mode of receiving support in task solving.

7.3. Overcoming challenges

When not specifically prepared, the teachers experienced challenges in considering possi-
ble solutions methods some tasks before then attempting to understand students’ difficul-
ties with the tasks and, from there, providing a diagnosis and feedback from the DFP. A
way to be better prepared to interpret students’ responses is to consider the possible diffi-
culties students might have with a particular task in advance and possible solutions to the
task (Smith & Stein, 2011). This was also echoed in the results; the teachers described it
as essential to be familiar with the tasks, otherwise they were busy exploring the task and
trying to listen to the student at the same time.

The challenges of sometimes not having a sufficiently informative dialogue with a stu-
dent to make an accurate diagnosis and sometimes experiencing that the students found
it difficult to make use of the provided high-level feedback might be overcome over time.
Since it takes some time to change ways of both teaching and learning (Ridlon, 2009), a
teacher’s persistence in continuing to use theDPF could eventually lead to an enriched dia-
logue with students and to the students becoming accustomed to a more demanding way
of receiving feedback. Over time, this could result in increased learning of mathematics.
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8. Conclusions

Even though challenging to use, the DFP was considered a useful tool to support students
to continue their problem-solving process when stuck on a task. The diagnoses questions
included in the DFP were particularly useful for the teachers to support the students. A
successful way for the teachers to overcome challenges using the DFP was to be prepared
on what specific difficulties student are probable to have on a specific task. Supported by
literature and strengthened by the results of the study, the DFP can support teachers to
support students’ learning of mathematics. A couple of important limitations are (1) the
number of teachers included in the study is small, (2) the study was not designed using a
control group that e.g. used another supportive teacher tool. Further development of the
proposedDFP is now being carried out in studies with a larger number of teachers (approx.
50), teaching grades 1–12 and in studies using a control group design. These studies aim
to provide important insights into the relative merits of the DFP, and yield knowledge of
the validity of the results.
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