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2b). For example, in three-dimensional media (D = 3), the
decay rate vanishes independently of the class of NZI media,
following the intuition that in NZI media the space of optical
modes is depleted. However, a finite decay rate is obtained for
2D ENZ media and 1D EMNZ media, and the decay rate
diverges in 1D ENZ media. The equation above assumes that
the emitters are directly coupled to NZI modes, which is an
accurate assumption only for some configurations. Nonethe-
less, when an emitter is immersed in a continuous medium,
one should be careful on accounting for the coupling to the
environment, e.g., with the inclusion of local cavity models.
The complex interaction of the quantum emitter with
surrounding boundaries can lead to further inhibition®* or
enhancement™ e ects. Therefore, very rich emission phenom-
ena arise in NZI media as a function of the class of NZI
medium, dimensionality, and how the emitter is coupled to the
environment. At the same time, experimental studies of these
e ects are still rising.

1D ENZ media have been experimentally demonstrated at
optical freqauencies by using metallic rectangular metallic
waveguides.*”*® These experiments have also confirmed both
photoluminescence®” and cathodoluminescence®® enhance-
ments, exemplifying how 1D ENZ media enhances radiating
transitions, even in a photonic environment depleted of optical
modes. Interestingly, the experiment in ref 36 also demon-
strated position-independent emission, confirming how the
enlargement of the wavelength can reduce the accuracy
requirements in positioning quantum emitters (Figure 2c).

Engineering spontaneous emission also opens new oppor-
tunities for lasing. A photonic crystal laser with parameters
compatible with 2D EMNZ media presents a Dirac cone at the
I point of the Brillouin zone.*® Their laser is single-mode and
remains so as the size of the cavity increases while usually
many-order modes appear with increasing size. They suggest
that the scale-invariant property of the cavity is related to the
uniform phase property of the NZI environment. The impact
of the NZI environment on light emission is thus an interesting
direction for the coming future, especial!)y for designing low-
threshold lasers®® or superradiant lasers.*

Applications in Quantum Technology. Describing
spontaneous emission through a decay rate intrinsically
assumes operating in the weak coupling regime and/or
under the Markovian approximation.” In the weak regime,
the emission dynamics follow a simple exponential decay,
which can be described by a single parameter, the decay rate or
lifetime. However, as NZI frequency points typically take place
at the edge of a band gap (or when a band gap is closed), a
wider collection of decay e ects can be observed in the
nonperturbative regime.** In this regime, the decay dynamics
can be arbitrarily complex, giving access to a wider range of
physical phenomena such as the saturation of the decay rate at
a band-edge, the excitation of long-lived bound states, and
fractional decay dynamics via the contribution of branch-cut
singularities. The importance of these e ects, and the
interference between them, can be tuned by the design of
the shape and size of NZI nanostructures. Interestingly, the
possibility of accessing di erent classes of decay and
interaction channels is a convenient tool for quantum
simulation, where di erent physical systems can be imple-
mented and tuned as a function of the dominant non-
perturbative decay mechanism.*?

Beyond modifying the individual decay properties of a single
emitter, the enlargement of the wavelength in NZI media can
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trigger collective e ects in ensembles of quantum emitters.
Thus, NZI media act as optical reservoirs for quantum
emitters, which could increase the interaction between optical
fields and quantum systems and exhibit enhanced energy
transfer and e cient inter-emitter interactions. Several
numerical studies have highlighted that NZI media can
facilitate the observation of collective e ects, such as
superradiance,”*** and provide new strategies for entangle-
ment generation.*>~*°

Moreover, the concept of entanglement, or nonseparability,
between qubits is important in various quantum processes such
as quantum cryptography and teleportation. While entangle-
ment has traditionally been observed in systems of atoms and
ions, it is becoming increasingly accessible in other areas of
quantum physics. Specifically, short-distance entanglement has
been observed in quantum dots, nanotubes, and molecules, but
long-range, i.e., for distances longer compared to the
wavelength of light,>*>* qubit—qubit interactions are necessary
for long-distance information transfer. In this context, NZI
waveguides might represent a game changer due to their
aforementioned peculiar properties. As examples, numerical
studies®®™*° showed that ENZ media outperform the
subwavelength distance limitations of qubits cooperative
emission in a homogeneous medium. These studies adopted
ENZ waveguides into quantum systems, which can be relevant
in generating distinctive optical sources, robust entangled
states, and other innovative optical applications in di erent
fields of study. It is worth mentioning here that typically
electron—phonon, ohmic, and inherent losses of the excited
ENZ mode, as well as propagation losses, contribute to the
transient nature of qubits entanglement mediated by an ENZ
medium. Also, the qubit—qubit dissipative coupling induces
modified collective decay rates, i.e., superradiant I + I" ;, and
subradiant states ' — I'y,, which exhibit pure superradiant
emission when the " = ", condition is satisfied.”* Here, I is
the decay rate of the individual emitters, while 'y, is the
modification of the decay rate due to coupling. In summary,
the long-range quantum entanglement between a pair of qubits
mediated by an ENZ waveguide persists over extended periods
and long distances. Thus, it is possible to obtain a robust
entanglement of qubits coupled to the ENZ waveguide
channel.

Similar to spontaneous emission, NZI media a ects other
quantum radiative transitions and light—matter interactions.
This is particularly exciting for quantum technologies, since
achieving strong light—matter coupling in solid-state systems is
required for the design of scalable quantum devices. Along this
line it was recently found that dispersion engineering around
the ENZ frequency strengthens magnon—photon coupling.>**>*
Strong opto-magnonic coupling would allow for quantum state
transfer in hybrid quantum systems. This is a recent and
promising direction for NZI materials, and both fundamental
and practical implementation advances will be needed to assess
the technological potential of NZI media for opto-magnonics.

Energy vs Momentum Considerations. Light—matter
interactions are usually described through energetic consid-
erations. However, as noted by Einstein in his seminal
work,>>>® momentum deserves equal theoretical attention
due to its conservation property. Examining light—matter
interactions inside NZI materials from a momentum
perspective,”’ therefore, o ers a di erent picture. Closely
related to the Abraham—Minkowski debate,*®~°° light
momentum is nontrivial to define. On one hand, Barnett®
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Figure 3. (a) Real part of the refractive index of a Drude-based material (blue) with €, =4, T=6fs, N = 8 x 10%° cm™3, whose e ective mass m* is
modulated via intraband nonlinear processes, resulting in a shift of the index curve (red), giving rise to a (b) change in refractive index. (¢) Group
index of the unmodulated Drude-based film, as shown in (a). The ENZ region is shaded blue, with the crossover wavelength indicated as a vertical
line. (d) Strong index tuning in Al:ZnO films with ENZ near 1300 nm. Reproduced with permission from ref 94. Copyright 2016 APS. (e) Strong
modulation of transmission in e ective ENZ materials with crossover at 509 nm. Reproduced with permission from ref 96. Copyright 2020 APS. (f)
Modulation of cavity reflection for the guided plasmonic mode, with a mode index near zero. Reproduced with permission from ref 97. Copyright

2020 Nature.

associated Minkowski’s momentum to the canonical momen-
tum, which is closely correlated to the wave-like nature of light
and to the phase refractive index.®” On the other hand, the
Abraham momentum is connected to the kinetic momentum
and a particle description of light, represented in equations by
the group index. Due to the vanishing index of refraction, NZI
induces a vanishing Minkowski momentum. Inhibition of
fundamental radiative processes inside 3D NZI can be
understood as the impossibility to exchange momentum inside
such media.*° Similarly, di raction by a slit, which can be seen
as a momentum transfer in the direction orthogonal to light
propagation is also inhibited.”® It would be an interesting
perspective to generalize these momentum intuitions to other
dimensionalities of NZI materials,?® especially in the case of
the enhanced light—matter interactions in 1D ENZ, as
described above. Moreover, as pointed out by Kinsey,* the
developed momentum framework could be applied to space—
time nonlinear interactions presenting strong spatial and
temporal changes. The intriguing regime of these nonlinear
responses could benefit from momentum considerations.
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Thermal Emission in NZI and HMM Media. Thermal
emission is another radiative process of fundamental relevance,
which historically was the first to motivate a quantum theory of
light. Moreover, thermal emission is also a key process in
multiple technologies such as heat and energy management,
sensing and communications. However, thermal emission is
broadband, temporally incoherent, isotropic, and unpolarized,
which makes it di cult to control and manipulate. Therefore,
di erent nanophotonic technologies attempt to change these
properties by using nanostructured gratings, resonators and/or
complex metamaterials.*~®® Again, because the wavelength is
e ectively stretched in a NZI medium, it was theoretically
demonstrated that the spatial coherence of thermal fields is
intrinsically enhanced in NZI media.®” This interesting result
poses a new perspective in engineering thermal emission,
where one can enhance the spatial coherence of thermal fields,
without the need to resorting to complex nanofabrication
processes.®’ In fact, the intrinsic enhancement of thermal
emission in ENZ and epsilon-near-pole (ENP) substrates was
highlighted by early works in the field of HMM.®® Hyperbolic
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