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Generalized Maxwell solid
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based on an error representation formula using a discrete dual problem and a stability estimate
involving the kinetic, elastic, and viscoelastic energies. To set up the dual error analysis and
to prove the basic stability estimates, it is natural to formulate the problem as a first-order-
in-time system involving evolution equations for the viscoelastic stress, the displacements, and
the velocities. The equations for the viscoelastic stress can, however, be solved analytically in
terms of the deviatoric strain velocity, and therefore, the viscoelastic stress can be eliminated
from the system, resulting in a system for displacements and velocities.

1. Introduction

For many industrial engineering applications, particularly designing mechanical structures with polymeric materials, accurate
dynamic simulation of time-dependent materials is necessary for reliable results. Assuming small strains, the mechanical properties
of time-dependent materials are well described by linear viscoelastic theory [1], and there exist several models for the constitutive
equations of linear viscoelastic materials [2]. Based on various viscoelastic models formulated in the time or frequency domain,
finite element methods incorporating viscoelastic dynamics have been developed, e.g., [3-9].

In this paper, we derive a priori error estimates for a space-time finite element method for the dynamic simulation of viscoelastic
materials modeled using the generalized Maxwell model, also known as the Wiechert model. While there seem to exist quite a few
papers regarding the a priori error analysis for quasi-static viscoelastic problems, e.g., [10-14], we have found only a few examples
of a priori error estimates for finite element methods regarding dynamic viscoelasticity for this model. Campo et al. [15] proves
an error estimate for a dynamic viscoelastic problem, but the analysis is limited to an explicit forward Euler-type scheme in time.
A more rigorous analysis is performed by Riviére et al. [9] where a Crank-Nicolson type scheme in time and a nonsymmetric
discontinuous Galerkin (dG) method in space are used. Recently, a more refined analysis was provided by Jang and Shaw [16]
where a symmetric dG formulation in space was considered. This method and analysis share several nice features with the present
work, such as error bounds that are only linear with respect to the end time T, error bounds also in terms of the L>-error, and
representing the viscoelastic stresses compactly using internal vector-valued variables.

Contributions. In this work, we present and analyze a finite element method for the dynamical simulation of linear viscoelastic
materials modeled using the generalized Maxwell model. The method is based on approximation spaces that are continuous piecewise
linear in time and continuous piecewise polynomial of order p in space. In summary, our main contributions are:
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We prove space-time a priori error estimates in the end time energy norm and in the end time L? norm of the displacement
field. The proofs of both estimates are based on the same error representation formula derived using a discrete dual problem,
which provides a framework that can be used to analyze a wide range of methods.

By avoiding arguments involving Gronwall’s lemma, our error estimates only linearly depend on the end time 7', rather than
exponentially as is the case when using Gronwall style arguments [9]. This property is shared with the analysis in [16].

The viscoelastic components of the stresses are, as in [16], compactly modeled using vector-valued internal variables. In
addition, we demonstrate how these internal variables can be eliminated from the system of equations in each timestep. This
leads to a greatly reduced system with only displacements and velocities as unknowns, where the internal variables at the next
time are readily reconstructed using a simple formula.

In our analysis, the viscoelastic components of the stress are formulated in terms of a different differential operator than the
elastic stress, the deviatoric strain, leading to a more involved analysis. In practice, viscoelastic stresses are often modeled
using deviatoric strain [7].

Outline. The remainder of this paper is dispositioned as follows. In Section 2 we present the governing equations of a dynamic
viscoelastic problem based on the generalized Maxwell linear viscoelastic model, we derive a weak formulation of the problem,
and we prove that the formulation satisfies a basic energy conservation law. A finite element method based on piecewise linear
interpolation in time and piecewise polynomial interpolation of order p in space is derived in Section 3. An equivalent method
where the viscoelastic variables for each Maxwell arm are eliminated is also derived, reducing the resulting system of equations to
the same size as the purely elastic case. Both methods are shown to satisfy a discrete analogy to the basic energy conservation law.
In Section 4, we turn to proving an a priori error estimate in energy norm and L?> norm. The main tool in this proof is a discrete
dual problem which we use to derive a suitable error representation formula. To support our theoretical results, we in Section 5
study the end time convergence using a manufactured model problem in 3D. We also provide simulation results of a more realistic
problem: modeling a radial shaft seal around a vibrating shaft. Finally, in Section 6, we make some concluding remarks.

2. The generalized Maxwell model
2.1. Governing equations

The displacement vector field u, and stress tensor ¢ at time ¢ in a deformable material occupying a bounded domain 2 c R3,
with piecewise smooth boundary 02 and outward pointing unit normal n, satisfies

piiy—c-V=f in 2x[0,T] (1a)
on=g on I'y x[0,T] (1b)
uy=0 on 'y x[0,T] (1d)
uy=u, inQatr=0 ad
y=v, inQatr=0 (1e)

where o - V is the row-wise divergence of o, p is the material density, f(z) is a body force density, g(¢) is a traction pressure, and u,
and v, are initial displacements and velocities fulfilling (1c). For the fixed and traction parts of the boundary we have I'yuTI'y = 082
and I'p N I'y = @. Furthermore, to completely describe the state at t = 0 for a material which depends on the history, in this case a
viscoelastic material, we either need the entire history of the material or its state representation in the specific material model.

Viscoelastic model. Assuming an isotropic linear viscoelastic material based on the generalized Maxwell model, we separate the
stress tensor into a sum of the elastic and viscoelastic components

c=0p+0yg 2)
The elastic part of the stress is governed by Hooke’s law
o = 2ue(uy) + Atr(e(uy)I 3)

where y and A are Lamé parameters, e(w) = %(V Q w+w Q® V) is the linear strain tensor, and I is the 3 x 3 identity matrix. We
use the notation w @ V = (V@ w)”.
The viscoelastic stress is given by the so-called Maxwell model

M
oyp= ) op, 4
m=1

where each contribution ¢”

v is determined by the differential equation

. 1 )
G+ T—o";E = Kk,e(ty) (5)
m
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with 67} . (0) given, and «,, and 7,, are material parameters denoted elastic modulus and relaxation time, respectively. The deviatoric
strain e is given by e(w) = e(w) — %tr(e(w)) I. Note that tr(e) = 0. Assuming o) 0) =0 and using Duhamel’s formula we get the
identity )

t
ol (1) = /0 K €XP (—ZT_—S> e (itg(s)) ds 6)

m

Thus o) is determined by the deviatoric strain velocity e(u,) on the time interval (0, 7). Furthermore, we note that

t
oyt =kK,e </0 exp <—IT_—S> uo(s)ds> 7)

since the integral in time commutes with the deviatoric strain given by a certain spatial derivative. Thus, introducing the notation

t
ul",‘E :/0 exp <—tT_ms> uy(s)ds (€))

we have the identity

oy = Kkneuy ) 9

and we note that u}} , satisfies the differential equation

=i, (10)

1

o m m

Uyp + T_uVE
m

We denote uj; . viscoelastic velocities and remark that these variables will be used in conjunction with the displacements u, as state

variables for the stress ¢ = o(u,uy ). For compactness we here introduced the notation uy j := (u}, B uf, o ,uI",”E), and we note
that these variables are equivalent to the velocity form of the internal variables used in [16].

2.2. Weak formulation in space

Introducing the notation u; = i, we may write (1a) as a first-order-in-time system

puy —o(ug,uyp)-V=rf (11a)
iy —u; =0 (11b)
u$E+iu$E—u|:0, m=1.M 1o
where
o(ug, uy ) = opug) + oy p(uyg) (12)
M
= 2ue(ug) + Mr(e@e)I + Y ke ) (13)

m=1
Assuming an initial state for the viscoelastic state variables u’; g0, m=1,....M, such that upy (0)] rp = 0, (11b)—(11c) implies that
ulp, = uyplr, = 0. To achieve a weak formulation with a suitable structure for our analysis, we replace (11b)-(11c) with the

following two PDE

—oplty—u)- V=0 in Q2x[0,T] (14a)
opltg—u)n=0  on I'yx[0,T] (14b)
uy—u; =0 on I'p x[0,T] (14¢)
and
—a';E(ugE+Tlu’V"E—u])~v=0 in 2x[0,T] (15a)
m
op (il + ul, —uw)n=0  on [y x[0.] (15b)
m
W+ —ulp—uw =0 on Ipx[0.T] (15¢)
m

for m = 1,..., M. Note that for ”Olfn = u| rp = u’lﬁ £l ry = 0 the ODE boundary conditions (14c) and (15c) are always fulfilled.
Assuming ', has a non-zero area measure, this is equivalent to the original formulation (11b)—(11c).

Let V := {v € [H'(Q)] : v]| r, =0} and let (a,b) := f_Q a - bdx where - denotes the natural inner product for elements a, b.
Multiplying (11a) by v, € V, (14) by v, € V, and (15) by vy} . € V, integrating over ©, and applying Green’s formula results in the
system

(l’"l|avl)+(0',l’1®V)=(f,V1)+(87V1)rN (16a)
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(op(y—uy),vy®V)=0 (16b)

. 1
(O + —upp —u). vy ®V) =0 (16¢)
m

for m=1,..., M. Observing that

M
(0,0, ® V)= (o), v, ® V) + Y (oh W) v, ® V) a7)
m=1
M
= (0 x(ug), €) + Y. (o4 (Ul ). e))), (18)
m=1

performing the corresponding calculation for (16b)-(16c¢), and introducing the forms

ap(v,w) = (o), e(w)), al"}E(v, w) = (agE(v), e(w)) (19)
we thus arrive at the problem: find (u,, uy, uy ) = (u;, ug, u{,E, ,uyE) € [V]**M such that
M
(pity, v)) + ag(ug,v)) + Y @ @, v) = (f0) +@V)p, . Y €V (20a)
m=1
ag iy, vy) —ap(u,vy) =0, Yy, eV (20b)
i 1
2y —upp —u v ) =0, Vol EV (20¢)
1 m

m

for m=1,2,..., M. Collecting the equations, we get the following variational problem.
Weak formulation. Find u = (u;,ug,uy ) € [VI**M such that
A v)+ Bu,v) = L(v), VYv=@,vyvyp) € V"M (21)

where the forms are given by

M
A, v) 1= (pity, 0)) + aglitg, vg) + Y @} (@} V%) (22)
m=1
< |
B(u,v) :=ag(ug,vy) — ag(u;,vy) + z ay Wy, v)) —ay (U, vy ) + T—a"ﬁE(u’;E,v'{}E) 23)
m=1 m
L) :=(f,v1) +(& vy 24

Note that A(-,-) is a positive definite symmetric form and that we can write B(-,-) as a sum of a positive semi-definite symmetric
form and a skew-symmetric form

B(:,") = BSym(" ) + BSkew('a ) (25)
where
< 1
Bsyn(@,v) i= Y —ap (u}p vy ) (26)
m=1 "m
M
Bow (@, V) 1= ag(ug, v)) — ag(u;, vy) + Z Al ) = al (g V) 27)

m=1
2.3. Norms and basic conservation law

We first introduce the elastic and viscoelastic energy norms on V given by
ol :=ap@.v)  and  Joll} ., = ap @0 (28)

respectively, and note that assuming I';, # @ both these norms are equivalent to the standard [H'!(€2)]*> norm through Korn’s
inequality. The energy norm on [V]**™ for the system is defined

@y, vo. vy I =A@y, v, vy £), @1, V9, Uy ) (29)

M
2 2 2
= pllvills g + ol + Z [ (30)

m=1
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where || - [|2(q) is the usual L*(2) norm. The three terms in (30) have physical interpretations as potential energy, elastic energy
and viscoelastic energy, respectively. In the time domain, we will also use the L*(/) norm, i.e., the max norm in time over a time
interval I. Let || - || ;o (s ) denote the max norm in time of || - ||, ie.,
llupll Loo(r,£y = sup llug®ll (31)
el
and analogously define || - |[ zoo(s (v £ mpys || - | oo (1. m2(2))> €t€- On the complete simulation time interval I = [0,T], we use abbreviated
notations || - || pogy = Il - | Loo(o.77,E)> €LC-

Lemma 2.1 (Energy Conservation). Let u(t) = (u;,uy,uy g)(t) € [VI**M be the time dependent solution to the variational problem (21)
for all times 0 <t < T. For {ty,t;} €[0,T] and f = g = 0 the following conservation law holds

M 1
2 1

DIl + Y, = / N o, ds = Nut)I (32)
m=1 "m J1y

Proof. In (21) setting v = u and integrating over the time interval (¢, 7,) yields the conservation law. []

Remark 2.1. Note that Lemma 2.1 is a generalization of the standard energy conservation law for elastic materials, i.e.,

Pl (1)1 5 ) + Nuag@DNT, = pllu (oI, ) + Mg o) (33)

2

. . . . . M
The additional terms in (32) consist of the viscoelastic energy Y, Ny 15 Ea

M 2 t
work T, 2 [ lul o9, d.

hidden in the energy norm || - || 4, and the dissipated

3. The finite element method
3.1. Finite element spaces

Let K, with 0 < h < h, be a family of quasiuniform partitions, with meshparameter A, of 2 into shape regular tetrahedra K
and let each spatial component in ¥V, C V be the space of piecewise continuous polynomials of order p defined on Kj,.

Next let 0 =1, < t; < -+ <ty =T be a partition of (0,77 into time intervals I, = (r,_;,t,] of length k, = ¢, —t,_; and we define
the following two finite element spaces on each space-time slab I, x

Vin = Q1) XV, PV pu = Qo) XV, (34)
where Q,(1,) is the space of polynomials of degree less or equal to #.
Remark 3.1. The main reason for using only linear approximation in time while allowing for higher-order approximation in space
is to simplify the analysis. By limiting the analysis to piecewise linears, we can readily bound expressions formulated on a time
interval in terms of the corresponding expressions at the nodal points in time.

In practical applications, a benefit of using a higher-order approximation in space is that the deteriorative effects of volumetric
locking are diminished. This is of great relevance when simulating viscoelastic materials since elastomers are usually incompressible.

3.2. Interpolation
We here define interpolation operators in space and in time. In our error estimates, we use the notation a < b to describe
inequalities of the form a < Cb with a constant C independent of the mesh size » and the timestep k = max,_; n k.

Interpolation in space. We let z;, : [V]**M — [V ,]**M denote an interpolant in space defined as z;, := diag(Rg, Rz, Ryg. ..., Ryg)
where Ry and Ry are Ritz projections defined

ag(Rgv—v,w)=0, VYweV, (35)

(e(Ry gv —v), e(w)) =0, Ywev, (36)

The latter definition implies a';E(RVEv —v,w)y=0foralweV,andm=1,..., M.

Lemma 3.1 (Energy Norm Interpolation Error). For v = (v;,v,, vy ), with each vector in [H'(2)1%, r > 1, and

1

VE ’RVEVIIyE) (37)

v = (Rpvy, Rpvy, Ry gv
there exists a constant h, > 0 such that for mesh sizes 0 < h < hy it holds

M
o= vlla S 2° [0 [ s gy + 1 <”"°“”5<ﬂ) +2 H"gEHH%‘”) (38)

m=1

where s = min(r, p + 1) and the constant in 5 is independent of h but typically dependent of £.
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Proof. Due to the construction of the interpolant via Ritz projections, the interpolation estimate directly follows from standard
finite element error estimates for the static problem, see, e.g., [17]. [

Interpolation in time. We let r;, denote the Lagrange interpolant onto continuous piecewise linear functions in the time direction with
nodes at {t,} n"’: o- The combination of both the interpolants in space and time we denote by z,, and note that z; and x;, commutes,
i.e., that

Tyl = MRV = A0 (39)

We will also need the L2-projection P,v of a function v onto piecewise constants in time, defined by

/I(Pov—v)wdt=0, Vwe 0yI,), n=12,....N (40)
and make use of the standard max norm estimates

lo = moll Lo o,y < ékznﬁ”Lw([o,T]) (41)

[lo = Pooll peogoryy S kNON Lo o,y (42)

see, e.g., [18].
3.3. The method

The finite element method takes the form: given U(ty) find U = (U |, U, Uy ) € [V,,,1**M such that U*(1,_;) = U™(t,_,), where
U#* denotes right and left-hand limits in time, and

/A(U,W)+B(U,W)dt=/ L(W)di, YW e[PV,, "M (43)
1

n ln

for n=1,..., N. Here, an approximate linear functional L, defined

L (0, vy, 0p)) = (f»V1)+(gk7V1)rN (44

is used where g, is a piecewise linear approximation to g in time, i.e., g, € Q,(I,)X L*(I'y). The analysis below shows that g, := 7, g
is a suitable choice. As V', C V, by integrating (21) and subtracting (43), we readily get that the following approximate Galerkin
orthogonality holds which accounts for boundary data approximation

/ Aw-U,W)+Bu-U,W)dt=(g— g, Wor,,. YWe [POVh,n]2+M (45)
1’1
Introducing discrete differential operators L, g, Lrye V=V such that
Ly eUp,v)=agUy,v), Yvev, (46)
Ly Uy pv)=ay Uy, v), YwweV,, m=1,...M 47
and discrete matrix operators A, and B, such that
pl 0 o - o |[u
0 Lypg O .. 0 U,
= 1 . .
AU =10 0 L,y ™ : U, (48)
0
M M
0 0 0 Eh’VE Uye
and
0 Lhe £L,VE l:I}:/.IVE U,
—Lyp 0 0 0 U,
— 1 pl . :
BiU =|~L),, 0 L, ™ : ul, (49)
0
M L »M M
—Live 0 0 Jﬁh,VE Uyk
we may write (43) in terms of L? inner products as
/ (AU, W) + (B, U, W)dt = / L, (W)dt (50)
I, n

This notation in terms of discrete differential operators will be convenient in the proof of the L? error estimate.
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3.4. Elimination of viscoelastic variables

Looking at (43) we note that it is possible to explicitly express U ; in terms of (U,U) by solving M first order ODE. We use
this to formulate a reduced method with only U, = (U,,U) as unknowns.

As we in the discrete problem (43) for the third equation use test functions in P,V ,, we may express the discrete viscoelastic
velocities U7}, on I, via the ODEs

: 1
Py <U’§E—U,+T—U$E>=o, m=1-M (51)
m

For U,,U}. €V, these ODEs can be solved explicitly yielding the following incremental update formulas

Uy () =ay (Ut + U t,2)) +B UG (). m=1-M (52)
where o) 1= 2++/Tm and g := ;;Z:: Setting U7 .(t;) = 0 we obtain a method involving only the discrete velocities U and discrete

displacements U ,.
The last term in (52) can in each timestep be moved to the right hand side and we obtain the reduced method: find U, =
U,,Uy) €V, XV, such that

/1 AU, W,)+ B,(U, W,)dt = / L, (W,)dt, YW, €PV,,XPV,, (53)
where
A (@@, uy), (vy,vp) = (puy,vy) + ag @iy, vy) (6]
B, ((uy,up), (v, vy) :=ap(ug, vy) —ag(u;,vy) + f aﬂE(a,’{"ul,vl) (55)
M " 1+ pm
Ly (@1.vg) = (f.v) + (&0, — m}_)l ay <<Tk> UL, ), m) (56)

Note that U';E(t,,_l) in (56) is already known via (52).

Algorithm for reduced method. Let the initial state U(t)) = (U, (ty), Uy(t), Uy £(ty)) be given. Starting with n = 1, compute the next
state U(z,) using the steps:

« Solve for (U,(t,), U(t,)) using (53).
« Reconstruct U’;E(tn), m=1--M, using (52).

Remark 3.2. Note that the reconstructed solution based on the reduced method (53) is identical to the solution from the complete
discrete method (43). Thus all results below for the complete discrete method are also valid for the reduced method.

3.5. Discrete conservation law

Lemma 3.2 (Conservation Law). Let U = (U,,U, U ) be the solution to the discrete problem (43) with f = g, = 0. The following
conservation law is then satisfied

M t
2 1
(IS ED = / WPUY I g 1 = MU I (57)
m=1 "m J1y
where t, and t| are any two nodes in the time discretization.

Proof. Setting W = P,U in the method (43) we obtain

0= / AU, P,U) + B(U, P,U) dt (58)
In

=/ A(U,U)+ B(P,U, P)U) dt (59)
[”

- /1 L0AW.U) + By, (U P dr (60)

Summing all contributions from node #; to node ¢, completes the proof. []



M. Bjorklund et al. Computer Methods in Applied Mechanics and Engineering 425 (2024) 116933

4. A priori error estimates
4.1. Error representation formula

Consider the following discrete dual problem: given &(T) = ¥ find ®@ € [V,,’,,]“M such that @*(t,) = @ (#,) and

/ —AW,®) + BW,®)di =0, YW €[PV,,I"*M (61)
1,

n

We split the error into two components

u-U=u-npu+ruu-U=p+n (62)
—_— —
p n

Setting W = Pyn € [P,V },,,]*™ and summing over all intervals I, we get

0= /0 ! —A(Pyn, @) + B(Pyn, ®) dt (63)
= /O ! —A(n, @) + B(, Py®) dt (64)
= A((0), @(0)) — A(n(T), D(T)) + /0 i A®, D) + B(n, Py®@) dt (65)
= A(1(0), @(0)) — Am(T), (1)) + /O i A@, Py®@) + B(n, Fy®) dt (66)
= A(n(0), @(0)) — A(n(T), D(T)) — /0 ' A(p, By®) + B(p, Py®@) — (8 — &1 ByP1)r,, dt (67)
= A(n(0), @(0)) — A@(T),¥) — /OT A(p, Py @) + B(p, Py®@) — (8 — 81 Ay®P1)r,, dt (68)

where we in (67) use the splitting of the error (62) and the approximate Galerkin orthogonality of the primal problem (45). Thus
we arrive at the error representation formula

T
A@(T),¥) = An(0), (0)) —/0 A(p, Py®) + B(p, Py®) — (& — &> PoP)r, dt (69)

which will serve as a basis for proving our a priori error estimates below.
4.2. Stability estimate for the discrete dual problem

Lemma 4.1 (Properties of the Discrete Dual Problem). The solution to the discrete dual problem (61) satisfies the following estimates:

1. Conservation law

M f
2 J

IOl + Y, = / WP®y LI 5, At = NI (70)
m 1

m=1 i

2. Stability estimate required for energy error estimate

M T
5 112 2 2 2 2
1911 o -1y + 1PN o) + Zl - /O WP®} I e, dt S NI 71)
o
e : : 2 ; - -
3. Stability estimate required for L* error estimate (¥ = ¥7, . = 0)
M 2 M 1 2
7 2 m m 2 m 2
1D 1 o120y + ”chﬁg% + Z. £h,VE<bVE”LW(L2(Q» + 1P 3o ) + 21 H —®, + Z‘D””m[vmp SULLE®olRs
m= m=

(72)

Remark 4.1. In case the viscoelastic stresses would be formulated using the same differential operator as the elastic stress, stability
of the terms involving @7, . would not be required for proving our error estimates.

Proof. 1. Conservation law. Choosing W = Py® in the discrete dual problem (61) and summing over all intervals {7, }{+ | We get

t
0= / | _A(P,®. D) + B(Py@. D) d1 73)
1

i
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1 .
= / —A(®, D) + B(Py®D, Py®) dt 74

i

)
:/' -%a,A@, ®) + B, (Py®, Py®) d (75)
1

i

and the conservation law follows.
2. Stability for energy estimate. Choosing #; =T in the conservation law directly yields inequalities

M T

2
2= / WP I3, dr < MDD = I (76)
m=1 "m

4

and
PN A < NP4 =¥ 4> vie{0,1,...,N} (77)

where the latter stability is valid at the nodal points in time. Utilizing linear interpolation in time, with a nodal basis {¢;(?)} "i o We,
by the triangle inequality, can bound the energy norm within a time-interval I, by its values at the nodes

sup [[@Il4 = sup llp,_ (D)) + ,(OPE,) 4 (78)
tel, tel,
< sup(@my ONPE Dl 4 + D, ONDPE) N 4) (79)
t n
< NP, D4 + 1Ll 4 (80)

and hence, via (77), we get the stability
1912, S P12 81)

For the remaining first term in (71), we look at a single time interval I,. Since @, is a discrete function, we can bound the max
norm in time by the L!-norm

X = swp( _(@w) 82)
LS HT@) - 0£weP\V,, ||w||Hl(_Q)
D, w
= sup supu (83)
0£wePyVy, \t€l, lwll g1q)
b, w
< —1/ (@, w) 84)
O#WEPOV;,” ||w||1-11(_())
1 J; (p®, w)dt
Sk™ sup S (85)

0£wePVy, llew|[ 1 (@)

Ji ap@o.w)+ X)L, a (DY . w) di

=k'  sup (86)
0£wePy Vi, el g1(q)
M
S [ N0+ Y By 87)
Iy m=1
M
SN Pollpwi, ) + Z ||¢’;E||L°°(IH,VE) (88)

m=1
where we in (85) use the lower bound on p > 0, in (86) use the discrete dual problem (61), and in (87) use the Cauchy-Schwarz
inequality. In turn this inequality gives

; 2
”¢1”L°°(H*1(Q)) 3 ||¢||LM(A) (89)
which concludes the proof of the stability estimate required for the energy estimate.

3. Stability for L? estimate. We express the discrete the dual problem (61) as

/—(Ah(D,W)+(Bhd>,W)dt=0, YW € [PV, "M (90)
1

n

Choosing W = A;lBhd') and summing over all intervals {In}{+1 we obtain

y
0 :/’ —(Ay®, A} B D) + (B, A B,®) di (91)
1

i

t
=/j —(@, B, D) + (B,®, A, B, D) dt 92)
1

i
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.
=/’ By, (B, ®) + (B,®, A, B,b) di 93)
1

y
=/’ By, (@, ®) + %a,(Bhtb,A;‘thp)dz 94)
t’

which, after integration gives

’! . .
(By®(1)), A, B, (1)) -2 / Bg, (@, D) = (B,®(t)), A, B, (1)) (95)
L4
and we have the identity
M
(By®, A4;' By ®) = p7'[| £, £ @y + Z T R L T Y B IR 96)

m=1

By analogous arguments to the energy norm stability, using the piecewise linear interpolation in time, we get the following stability

M
-1
“Eh £Po+ Z £, VE¢$E“LN(L2(.Q)) @y ”L°°<E> + Z =@+, (DVE”L“([VE m))
M
2 -1 2
<7 enro + 2 TS 0 W U1 R Y L Rt i ©7)
m=1

The final form of the stability estimate comes by choosing ¥, = ¥, . = 0 in the right hand side and recognizing that the first three
terms on the left in (72) can be bounded from below via the following calculations. Utilizing the discrete dual problem (61) and
the Cauchy-Schwarz inequality, we for the first term in the stability estimate have

- .
191, g S5 [ 1@ ©8)
M
=k_1[( EhEdjO ZEhVE VE9¢1)dt (99)
m=1
<k /|)£,,Eq>0+2£h” VE|)L2(Q)||¢,||L2(Q>dz (100)
<HC"E(DO+Z£hVE VEHM, a1 Pille,. 2@ (101)

which concludes the proof of the stability estimate. []

We now turn to the proof of our main a priori error estimates.
4.3. A priori error estimate

Theorem 4.1 (End Time Error Bounds). Assuming g, := x, g, and that the velocities of the exact solution u(f) = u,(t) € [H ")) at all
times t € (0, T, the following end time a priori error estimates hold. In the energy norm, we have the estimate

(™) = U@l 4 S T (0 o sy + K200 f s it ) (102)
and for displacements in L> norm we have the estimate

lug(T) = Uo(Dll 20y S T (A + k™ Dluy | oo arsay + K00 f Nl oo 12(29)) (103)

where s = min(r, p + 1) and the constant in < for each estimate is independent of mesh size h, timestep k, and end time T.

Remark 4.2. Through some adjustments to the proof, this theorem can be extended from bounds of the errors at the end time T
to bounds on the maximum of the errors at each nodal point in time.

Remark 4.3. We explicitly state the dependence on the end time 7 in the inequality to emphasize that this dependence is only
linear. This is in contrast to some previous results cited in the introduction, where the constants are exponentially dependent on T

due to the use of Gronwall type inequalities.

Remark 4.4. The kh*~!-term in the L? estimate is of optimal order if k ~ h. This term vanishes if the viscoelastic stresses would
be formulated in terms of the same differential operator as the elastic stress.

Proof. The proofs of the energy estimate and the L? estimate are presented in parallel, term by term, with the fundamental difference
being which stability estimate is used.

10
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Energy estimate. Adding and subtracting terms in combination with the triangle inequality gives
(™) = UM 4 < N = mpa)(D 4 + N Tpite = UXDN 4 (104)
=1 = zpu(M)ll 4 + a4 (105)

where the first term is limited through the interpolation estimate in Lemma 3.1. For the second term we choose ¥ = n(T) in the
error representation formula (69) which gives

(DI, = A@(T), ) (106)
T
= A(5(0), ®(0)) — / A(p, Py®) + B(p, Py®) — (g — &, By® ), dt (107)
N—— 0
=0 J
*

where the first term is zero due to the definition of initial data »(0).
L? Estimate. Adding and subtracting terms and applying the triangle inequality gives
lluo(T) = Up(Dll 20 < 1T = Rp)ug(Dll 12y + 10 (Dl 120 (108)

where the first term is limited through a standard L? error estimate for linear elastostatics. For the second term we choose
Y=%.%.Ypr) =0, E;lEnO,O) in the error representation formula (69) which gives

oI, ) = A@(T).¥) (109)
T
= A((0). 9(0)) - / A(p, Po®) + B(p, Py®) = (8 = 8> @) dt (110)
N——— 0
=0
*

where the first term is zero due to the definition of initial data n(0). Note that the expression on the right is the same as in the
energy estimate.

Terms in %. We decompose % into a sum of the following three terms

T T T
1=/ A(p, Py®) d1, 11=/ B(p, Py®) d1, 111=—/ (8- 8. Py®))r, dt (111)
0 0 0
Term 1. We have the identity
T N M
/ A(p, Py®) dt = Z/(ppl,Podil)dt+/ ag(pos Py®y) dt+2/ an (Pl Py® ) dt 112)
0 n=11In I, m=171In
——— N——
=0 =0

where the second term is zero since

/ ag(po. Py®0) d1 = ag(po(t,). Pe®o(t,)7) = ag(pot,—y). Po@o(t,_)") = 0 113)
T,

due to the definition of the interpolant using Ritz projections. We can argue in the same way for the third term. For the remaining
first term in (112) we have

I I

N r Y Y
Z/ (pp1> Py®@1) = — (pp1(0), @1(0)) + (pp(0), (I — Py)@(0)) + (pp(T), D@ (T)) — (pp(T), I — P))®@(T)) (114)
= Ji

N-1

=) (pp1(1), [Py@],)e
n=1
I
=L+ +1 (115)

Terms I, and I,: Energy estimate. Using Holder’s inequality we have

;] = 1(pp1(0), @(0)) + (pp;(0), (I = Py)@(0))] (116)
5 ”pl(O)”LZ(_Q)”¢1(O)”L2(_Q) + ”pl(o)”[-{l(Q)”(I - P())QI(O)”H*I(Q) (117)
p hs||u1(0)||1-1x(.(2)||¢1 ”LGO(]]’LZ(_Q)) +h! k||ul(0)||H,;(Q)||d>l ||Loo(1],H—1(_Q)) 118)

and I, is estimated in the same way.

11
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Terms I, and I,: L?* estimate. Using Holder’s inequality followed by Korn’s inequality we have

;] = 1(pp(0), @,(0)) + (pp(0), (I — Pp)@(0))|
p ||P1(0)||H—1(_Q) ||¢1(0)||H1(g) +||p1(0)||L2(Q)||(I - Po)¢1(0)||L2(Q)

POl SI9OIg
S P Ol s 191 | ooz, 5y + B 11 O] s kI Dy lpoocr,,2¢))
and I, is estimated in the same way.

Term I5: Energy estimate. Using Holder’s inequality, we have

N-1
TR Y PCAT oo [v: X
n=1

Hl(@)

N-1
s Z khx_l||u1(fn)||Hl‘(.Q)||¢1||Leo(1,Hfl(_Q))
n=1

N-1
<! <Z knul(z,,)nmm) 1211100
n=1

where we used the estimate

”[Po@]]n”[-]—l(g) < ”((I - PO)¢]):||H—](Q) + ”((I - PO)¢1);||H—'(_Q)
S k@l oo, 1100y + KIP Lo, 110

Term I;: L? estimate. Using Holder’s inequality, we have

N-1

TR PACATFES (VX2
n=1
N-1

p Z khs”“](fn)”HS(Q)”q')l Il Loocr, 122

n=1

N-1
Sk < Z k||u|(tn)||HA(Q)> ||¢I ”Lw([,LZ(Q))

n=1

L2(Q)

where we used the estimate

TP @ 11l 20y < KU = P0)¢1):”L2(Q) + I = PP, 120

S KNPl por,,, 1202y + KNP o1, 122y
Final estimates term I: Energy estimate. Collecting the estimates we have
15 hx(llul(o)”m(g) + ||u1(T)||H°(Q)>”¢l o2y + A" Togmé);v luy E) s @ 19 | oo, 11 )
Final estimates term I: L* estimate. Collecting the estimates we have
s hs<||u1(0)||1-15(_()) + ||u1(T)||HS(Q))||¢1 lpeocr oy + 7 TOISI}%’;[ ||u1(tn)||HS(.Q)||¢1 I Leocr, 122y

Term I11. We have the identity

T T T
/ B(p,P0¢)dt=/ aE(pO,Podil)dt—/ ag(p,. Py®y) di
0 0 0

M T M T
+Z/ a';E(p';E,Poq>1)dz—Z/ L (py, Py@™ ) dt
m=170 m=170
M 1 T
s YL [ @ neypar
1 ‘m JO

m=
5
=Y 11,
i=1
For the remaining terms, we have the following estimates.

12
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(123)
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(125)
(126)
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(128)

(129)
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Terms I1,, I1; and I11. For term I1I,, we by the definition of the Ritz projection have

T
11, = / ap((I — 7R p)ug, Py®y) dt (136)
0
T T
=/ ag((I — Rp)ug, Py®,) dt+/ ag(Rp(I — m)ug, Py®,) di (137)
0 ——— 0
=0
r
=/ ap((I — m)uy, Py®,) dt (138)
0
and the corresponding calculation for term 115 yields
T M
I = / z a) (I — m Ry puf) . Py®@)) dt (139)
0 =1
T M
=/0 Yy (0 = muyy ,, Py®y) dt (140)
m=1

Recalling the identity
M
(0, vy ). €W)) = ap Wy, w) + Y. alf (V. w) (141)

m=1

and that o is a linear operator, we after integration by parts have
T T T
IL+ 1L+ 111 = / ( - 78 Py®)) , dt —/ (I = )6y, uyg) - V), Py®,) dt —/ (8- 8. Py®)), dt (142)
0 0 0
Note that the Neumann boundary terms vanish by choosing g, := 7, g. Adding
0= / 0, — m)puy, Py, dt = / (I = m)piy, PyD)) dt (143)
IIl 1’1

which is zero by the same arguments as (113) and where the second equality holds as a consequence of the definition of the time
interpolant 7, by the following calculation

/ o,mvdt = mu(t,) — mu(t,_) =vt,) —vt, ) = / o,vdt (144)
1’1 n
Assuming g, := g we thus have
T
IL+ 1L +111= / (I = m)(puy — o(ug,uyp) - V), Py®,)dt (145)
0 ————
=f by (11a)
T T
= [ w=mor@pars [ -mos.r - noyar (146)
0 0
Final estimates term (I} + I15 + I11): Energy estimate. By the Cauchy-Schwarz and Hoélder’s inequalities, we have
”11 + II} + III| S T”(I - ”k)f||Loo(]_2(Q))||¢| ||L00(L2(_Q)) + T”(I - ”k)f”Loo(Hl(_Q))”(I - P())(p| ”LW(H*I([))) (147)
s sz”anf”Lm(Hl(Q)) (”¢1”L°°(L2(_Q)) + k”d)l ||L°O(H—l(_(z))) (148)

Final estimates term (IT; + Iy + I11): L? estimate. By Holder’s inequality and the Cauchy-Schwarz inequality, we have

I+ 1+ T STINU = 7o) fll Lo 1) 1P |l oot 2y) + TN = ) fll poo 1200 1 = PO) Pl oo (12(02)) (149)
< k2T||attf||L°°(L2(Q)) (19l oo (i) + KNPy ||Loo(L2<_q>)) (150)
Term II,. This term is zero by the following calculation
/ ap(py, Py®y) dt = / ap((I — mRp)u, Py®) dt (151)
=/ ap((I — m)uy, Py®,) dt (152)
In
= / ap((I —zrk)ul,POdio)dt—/ ap((I — mp)ugy, Py®@y) dt (153)
I, n
=0 analogously to (143)
=/ ap((I — 7)) (U —iy), PBy®@y)dt =0 (154)
I, ——
=0 by (11b)

13
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where we, in the first equality, used the definition of the Ritz projection.

Terms 11, and II5. First looking at I1,, we have terms

-/ a'l’}E(pl,POQ’V”E)dt:—/ (= m Ry, Py®@l ) d (155)
= —/ (I = muy, Pods';E)dz—/] a (I = Rpuy, Py®™ ) dt (156)

In this case, the last term is not zero by the definition of the Ritz projections since Ry is applied within a viscoelastic form.
Correspondingly, for 115 we have

é/l al (P Py @ ) dt = i /1 a (I = Ry pult ., Byl ) dt (157)
- % /I (1 = Tl ., Py ) dt (158)
Pairing (158) with the first term in (156), we see that the resulting term vanishes by the following calculation

# /I 0 = ] PP )~ /[ = muy B (159)

= / (I = mult P0¢$E)dt+% /1 a (I = mult ., Py®@™ ) di — /1 (I = muy, Py®@™ ) dt (160)

=0 analogously to (143)
=/[n ay (A —my) (uy + %u'ﬁE—u"ﬁE),PocPﬁE)dt:O (161)
=0 by (11¢)

Thus, I1, + II5 is reduced to

M T
I +1I5= Z/O a o (m (I = Rpuy, Py@®T ) dt (162)
m=1

M T T
2/0 a‘"}E((I—RE)ul,Pocp';E)dt—/O @ (I = )T = Rp)uy, By®™ ) dt (163)

T
+/0 ay (I = m)0,(I — Rp)ugy, Py®y; ) dt

=0 analogously to (143)

M .T T
= z/ al (I = Rp)uy, PBy®Y ) dt —/ al (I = ) = R)( uy — ity ), Py®y ) dt (164)
m=140 0 N——
=0 by (11b)
M T
= 2/0 al (I = Rp)uy, PBy®7 ) dt (165)

where we in (164) use that the Ritz projection Ry commutes with the time derivative since the domain 2 does not change.
Note that in case the viscoelastic stresses would be expressed in terms of the same differential operator as the elastic stress, the
term 11, + I 15 would vanish by the definition of the Ritz projection Rj.

Final estimates term (I1,+115): Energy estimate. Starting from (165), using the triangle inequality, and applying the Cauchy-Schwarz
inequality in space, and then in time, we have

M T
{1, + 11| = Z / a (I — Rp)u;, By@L ) dt' (166)
=170
M T
<y /0 I = Ry lly 0 NPl (167)
= N——— —

SEallT=Rp)uyll 1 )

. M 12 , ) 1/2
p /0 1T = Rp)u;ll g1y (2 Kme> (Z T_|"P0¢'1’/1£|"%/E,m> dt (168)
m

m=1 m=1

T M ) 1/2
< / hs‘uulnm(m(Z T—IIIP&'SEIIIZVEM) dt (169)
0 m

m=1

14
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T . 2 Mo, T , 172
s hS_] </ ”ul”Hs(Q) dt> 2 - / |||P0¢';E|I|VE,M dt (170)
0 me] Fm JO
S VT Ny o s 124 a1
where we note that \/f < T assuming T > 1.

Final estimates term (II, + II5): L* estimate. Due to more technical and lengthy arguments, we for this term prove the bound in
Appendix A. Starting from (165) and using estimate (179) we get

M

(I, + 115 = Z a (I = Rpuy, By@7 ) dt (172)
m=1

S TR + k"™l |l oo rsap 1€, %0l 1202 (173)

which concludes the proof. []

5. Numerical results

To illustrate the method and its analysis, we in this section provide results from numerical experiments. Unless otherwise stated,
SI-units are assumed.

5.1. Convergence

To confirm our a priori error estimates, we manufacture a problem with a known analytical solution by making the following
ansatz on the velocity field

cos(zx) sin (@) sin(zz)

sin @ cos(zy) sin(xz) 174)
sin (@) sin (”(Ziﬂ) ) sin (%)

with a¢; = @, = <. The computational domain £ x [0,T] for the problem is the unit cube 2 = [0,1]* and end time T = 1. On the

cube bottom, z = 0, we have the homogeneous Dirichlet condition u, = 0 and on the remainder of the boundary, we have non-

homogeneous Neumann conditions manufactured from the ansatz (174). We choose to simulate a viscoelastic material featuring

an elastic part and a single Maxwell arm, i.e., the standard linear solid model. As material parameters we choose density p = 100,

Poisson ratio v = 0.3, E- and Maxwell arm stiffness moduli E = x = 10%, and relaxation time 7 = 10?/«.

We here present simulation results using standard Lagrange P; finite elements on tetrahedra for the spatial discretization
and piecewise linears for the time integration (Crank-Nicolson). The reason for using finite elements with as high polynomial
approximation as p = 3 is to generate cases where time integration is the dominant source of error. To confirm our a priori estimates
in Theorem 4.1, we perform numerical simulations for the model problem using timesteps ranging from k = 1 to k = 1/128 and
mesh sizes ranging from A =1to h = 1/5.

uy(t;x,y,2z) :=exp(l —1)(at + aztz)

Bl AW

| ©wi—

Convergence in energy norm. In Fig. 1 we plot the error in energy norm against the mesh size for each choice of timestep k. As
the error in the time integration becomes dominant when the mesh size decreases, the curves level out. The curve for the shortest
timestep k = 1/128 does not level out in this range of mesh, and thus, we assume the error in the space discretization is dominant,
indicating a convergence rate of h” in agreement with the energy estimate in Theorem 4.1. In Fig. 2, we make the corresponding
plot of the error in energy norm against the timestep for each choice of mesh size h. This indicates a convergence rate of k? in
regions where the time integration dominates the error. In conclusion, the numerical study of convergence in energy norm gives
support for an estimate of the form

le(T) = UDll 4 S WP + K (175)
as is the energy estimate in Theorem 4.1.

Convergence in L*-norm. Analogously to the study of the end time error in energy norm we in Figs. 3 and 4 provide numerical
results for the end time error of the displacements in L? norm. In agreement with Theorem 4.1 these results indicate that the end
time L2-error estimate for the displacement field should be of the form

llug(T) = Up(D)ll 12y S BT + K (176)

We do not clearly observe the additional kh? scaling also implied by the estimate. However, such a term would need a very large
constant to be noticeable in the ranges of 4 and k, when either k? is dominating the error, or A**! is dominating the error.
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Fig. 1. Convergence of model problem end time error in energy norm with respect to the mesh size h. For the finite element approximation, standard Lagrange
P; elements on tetrahedra were used (p = 3).
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Fig. 2. Convergence of model problem end time error in energy norm with respect to the timestep k. For the finite element approximation, standard Lagrange
P; elements on tetrahedra were used (p = 3).

5.2. Energy conservation

To illustrate Lemma 3.2, the discrete conservation law, we consider the same cube and material as specified in Section 5.1 above.
The bottom of the cube (z = 0) is fixed while 2/5 of the lid (z = 1) is prescribed an initial displacement of u, = (0,0, 0.20) and there
are no external forces. The initial deformation in the whole domain is the steady state solution illustrated in Fig. 5. Time integration
is performed using a timestep k = 0.01 and the spatial discretization is done with a mesh size 4 = 1/5. After a simulation time of
t = 0.1, the prescribed displacement on the part of the lid is released, and the simulation continues until 7' = 0.5. Recorded energies
throughout this simulation are presented in Fig. 6. Note that this conservation law is fulfilled independent of the timestep.

5.3. Numerical example: A radial shaft seal

Mechanical seals are used in a wide variety of engineering applications when two surfaces need to be joined to prevent leakage,
contamination, contain pressure, etc. Due to many preferred properties, such as mechanical damping, viscoelastic elastomers are
used when manufacturing seals. It is important that a seal holds tight under expected operational conditions, and therefore accurate
descriptions of viscoelastic materials are necessary in the design process.
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Fig. 3. Convergence of model problem end time L?(2)-error with respect to the mesh size h. For the finite element approximation, standard Lagrange P;
elements on tetrahedra were used (p = 3).
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Fig. 4. Convergence of model problem end time L?(£2)-error with respect to the timestep k. For the finite element approximation, standard Lagrange P; elements
on tetrahedra were used (p = 3).

To demonstrate our viscoelastic model, we mimic the following problem: a seal is applied to a vibrating shaft connected to an
outer structure, and we wish to investigate the seal holding conditions for a fabricated viscoelastic material under changing shaft
vibrations.

As a simple model of a seal, we use a pipe geometry with inner radius 0.6 x 1072, outer radius 1.0 x 1072 and length 2.0 x 1072,
see Fig. 7. We clamp the outer boundary, i.e., impose homogeneous Dirichlet conditions u, = 0. To simulate the application of the
seal on the shaft, we apply a slip boundary condition to the inner boundary

uy - n=u,(x,1), I-n®n)on=0 on g 77)

where the function u,(x, t) is defined such that the radial displacement yields a cylindrical shape radially expanded by 1% of the inner
radius, moving in a circular motion as illustrated in Fig. 8. This boundary condition will mimic the shaft’s vibration at different
frequencies w and the circular motion has an amplitude of 0.1% of the inner radius. As our fabricated material, we choose the
following parameters: elastic modulus E = 0.5x 10°, Poisson ratio v = 0.39, and viscoelastic parameters found in Table 1. For spatial
discretization, we use standard Lagrange P, finite elements on tetrahedra. Our model consists of 2880 elements.

When simulating holding conditions for the seal, we measure the contact pressure P = n - on, and the seal will hold as long as
P > 0. When negative contact pressure arises, our simulation is no longer valid as the simulation does not include a contact model,
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Fig. 5. Initial state of the deformed unit cube in the conservation law experiment with the color indicating the von Mises stress. Displacements on part of the
lid are initially prescribed to u = (0,0,0.20) and then released.

1500 T T T T T T T T T
Kinetic
— 1000 - B
= Elastic
3 Viscoelastic
o Available
S ———— Dissipated
500 - Conservation Law | ]|
| —
0 1 | 1 — —
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

time [s]

Fig. 6. Energies in the discrete conservation law during simulation where an initially deformed cube is released at + = 0.1. The purple line denoted ‘Available’
is the free energy of the system.

Table 1

Viscoelastic parameters for the radial shaft seal problem.
m 1 2 3 4 5
7, [s] 1.0-1072 1.0- 107! 1.0-10° 1.0 - 10! 1.0-10?
Kk, [Pa] 3.5-10° 4.0-10° 25-10° 25-10° 5.0-10°

and thus, we view any negative contact pressure as an indication of seal failure. In Fig. 9, we show the pressure on the inner surface

for the frequency w = 10 at four different times during one vibration cycle.

We investigate the pressure on the inner surface at the end time of three simulations with different frequencies w; 1, 7 and 15, as
seen in Fig. 10. Non-positive pressures are seen in the cases of w = 7 and w = 15, indicating that the seal might not hold. We then
make a sweep over a range of frequencies @ = 102 to @ = 10°. During the sweep, we measure the pressure at three points along
the axial direction, near the endpoint, at 1/4 and 1/2 length of the seal. We consider an indication of failure if the pressure at any
point goes below zero. We measure during the last cycle for each frequency and plot the minimum and maximum pressures in each
point against frequency in Fig. 11. From this, we see that the minimum pressure goes below zero around 10 near the endpoint, and

up to 103, it remains negative. This supports the indication that the seal might be suitable only for frequencies lower than 10.
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Fig. 7. The computational domain of the seal. The clamped surface is green, the red surface is subject to a slip boundary condition and a radial displacement,
and the blue surfaces are free. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 8. Illustration of the slip boundary condition on the inner surface of the seal. The dashed circle illustrates the surface of the material at rest centered
around the small circle. The blue vectors illustrate a prescribed displacement in the surface’s normal direction, such that the deformed surface — the solid line
— is a circle with a larger radius orbiting the center along an elliptical path.

6. Conclusions

In this work, we have presented and analyzed a space-time finite element method for the dynamic simulation of linear viscoelastic
materials modeled using the generalized Maxwell model. A priori error space-time estimates in both energy norm and in L? norm
were proven. We see the following benefits of our approach:

The basis for showing our space-time error estimates is an error representation formula derived using a discrete dual problem.
By utilizing different stabilities of the dual solution, this formula yields end-time estimates in different norms. Since inequalities
using Gronvall’s lemma are avoided, these estimates only linearly depend on the end time 7. This framework should readily
adapt also to other discretizations in space, for instance dG methods suitable for incompressible or nearly incompressible
materials [19], which polymers often are.

In contrast to previous works, our analysis does not use the simplifying assumption of formulating the viscoelastic components
of the stress in terms of the same differential operator in space as the elastic stress. Rather, the viscoelastic stress is more
realistically modeled using the deviatoric strain as the differential operator. This choice necessitates a more involved analysis,
in particular the bounds proven in Appendix A.

By eliminating the viscoelastic variables, see Section 3.4, the final system is reduced to having only displacements and velocities
as unknowns. This yields a very efficient method with the same computational complexity as the dynamic simulation of purely
elastic materials.

A natural continuation of this work is extending the analysis to higher-order approximations in time.
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Fig. 9. Pressure on the inner surface. From top left to bottom right, four different states during the last cycle of a run with 10 Hz. Pressure below zero is
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Appendix A. Technical result for the L?*(£) estimate

For notational simplicity, we here assume that we only have one viscoelastic field, i.e., one Maxwell arm in the viscoelastic
model. Then, the term (165) that we cannot handle using the standard arguments of our framework takes the form

T
I+ 115 = / ay (I = Rp)u,, Py®y ) dt (178)
0
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Fig. 11. Maximum and minimum contact pressure measured at an endpoint (solid), at a quarter of the seal length (dashed), and midpoint (dot-dashed) at
different frequencies of the off-center motion of the inner boundary. The left plot shows pressure vs. logarithm frequency spanning 0.01-1000 Hz, and the right
plot shows pressure vs. frequency zoomed in between 0.01-50 Hz.

The arguments below are easily generalized to the case of multiple Maxwell arms. The main complicating factor in (178) is that the
Ritz projection Ry does not match the operator in the bilinear form ay ;(-,-). If the viscoelastic stresses were expressed instead in
terms of the elastic stress operator, the Ritz projection and the bilinear form would match, and hence (178) would simply vanish.
Instead, we employ the estimate

|14+ 11| S T(h® + kh*~V)||uy oo s con 1L e¥oll L2¢0) (179)
which we prove below. The general idea is to utilize that we have the stability for
1£h Py + Ly ePyEll Lor2(2) (180)

but note that we do not have separate control over L @, or L),y ; Py .
A.1. Modified differential operator

There is a close relationship between @ and ®,, which is enclosed in the discrete dual problem (61). In this section, we use
this relationship to construct a modified differential operator depending on a single field @, 5, such that the leading order terms
have a structure corresponding to the stability we want to utilize (180).

Expressing @y, in terms of @,. The relationship between @ and @, over a time interval I, can be formulated as the ODE

Fy (—¢VE+¢0+1¢VE) =0 (181)
T
which has the explicit solution
2 2—k/t
Py p(t,_)) = m(qjo(fn—]) -@(1,)) + Py Dy p(t,) (182)
—— ——
=la =:p

and we note that 0 < « < 1 and |f| < 1. Given that @, ;(T) = 0, this recursive relationship can be expanded entirely in @, as

N
Dy (1) = Y, @b (o (tiy) — Po(t) (183)
B N-1 ‘
= a®(t,_) = afN " D(T) +a Y f(B — Dy (1) (184)

i=n
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5, N-1
- k i—
= a®y(t,) ~ ap " DYT) ~ = N D) (185)
where we used f— 1 = 2+Z; Zizjz =- ;j{; = —ak/7. Note that the coefficients in the sum in (185) are exponentially decaying

since |B] < 1.

Differential operator. To get a differential operator with the correct structure, we add a term to (178) that is zero by the definition
of the Ritz projection Ry, such that

T
I+ 115 = / ag(( = Rpuy, a”  Py®y p) +ay (I — Rpuy, Py®@y ) dt (186)
0
=0
T
= / (e(Py(I = Rpuy), a0 (@ ) + 6y p (P p)) di (187)
0
=10y (Pyg)

Since 0 < « < 1, the bilinear form (o, (v), e(w)) is coercive with energy norm |||v|||i 1= (04 (v), e(V)).
A.2. Discrete elliptic regularity

In this section, we will prove the bound

12
(@) o4 @y I S (w25 + B 1w @ VI, ) ) 1L s @ @yp) + Ly eyl 2y (188)

L2(Q)
forweV.

Continuous field. We here introduce a continuous field @, such that the discrete field @, is the Ritz projection of @, . By the
definitions of the discrete differential operators (46) and (47), we see that &, € V, satisfies

(64 (Pyp),e) = (Eh’E(a_1¢VE) +LyyEPyE.V) forallveVv, (189)

We introduce the corresponding continuous problem; let @, be the solution to

0x@yp) V=Lypla ' ®yp)+ L,y p Py nQ2 (190)
6y @ypn=0 on I'y (191)
@VE=0 on I'y (192)

which in weak form reads; find @, ; € V such that

(O @y ) eW) = (L) p(a™ ' @yp)+ L,y p@yp.v) forallveV (193)
For this continuous problem, we have the elliptic regularity

1Py gl p2i) S NChE@ @y )+ Ly e Pyl (194)
Comparing (189) and (193), we realize that @y, . is the Ritz projection of @, with energy norm error bound

1Dy £~ Py rllx S APy £l 2 S AL @ Py p) + Ly p Pyl 2 (195)
Integration by parts. For compactness in the calculations below, we here let

6 =0, (Dyp), & =0, (Dyp), 746 1= 0, (Ry @y p), (196)

Integrating by parts elementwise and applying the Cauchy-Schwarz inequality, give us

l(e@w). a,)| = \Kgl;h(w, onn) = (.05 V) | 197)
\ w.loynel), — (w.0) v),ch| (198)
s\ w.[oynel), |+( w.o,- xh‘ (199)
< Pl g, 2 Hr[ohnF]]HLz(r el [on V]| 2, (200)
= (h“w”LZ(F>+||w||L2<Q>) ( HIIGhnF]]HLZ(P,,) ”Gh'v“izuch))l/z (201)
(||w||L2<Q>+h2”w®V”L2<Q>)1/ (h_ “[["""F]]“L2<r> Hc’”'v“i%n,,))l/z (202)

I 11,
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where we, in the final inequality, applied the standard elementwise trace inequality

121325, S A7 0154, + IR ® VI, 4 (203)

Here, 7, denotes the set of all interior edges in K;,, as well as all edges on the Neumann boundary, where we define the jump
[[O'hnF]]|rN = O'hner.

Term I,. Thanks to the regularity of @, ; and that 6n = 0 on I'y, we can subtract & inside the jump [-] without affecting the
value of the term. Thereafter applying the trace inequality (203), we get

2 2

—1 -1 =
h HIIG"HF]]HLZ(P,,) =h ”ﬂ(ah G)nF]]”LZ(Fh) (204)
Sh2loy =6l o +I0h =) ® VI, (205)

For the first term in (205) we utilize the error estimate (195), giving us

h=2lley, = 813, o) ~ h NPy e = @y plly SIL, @ Pyp) + Loy ePyillly g, (206)
For the second term in (205), we add and subtract the interpolant z,&, use an inverse inequality on the discrete term, whereafter
we add and subtract & in the lower order term, yielding

~ 2 ~ 2 ~ ~ 2
e, =& @ VIITsy., S04 =78 ® VI, + 116 = 1,8 @ VI, (207)
S 2Ny = 26l o) + 16 = 748) ® VI, | (208)
-2 =112 215 =12 ~ ~ 2
Sh2Noy =6l o)+ h2N6 =m0 + G =18 @ VI, (209)
S @ ®yp) + Loy ePyelliyg, (210)

For the final inequality, we estimate the first term in (209) as (206), and the remaining two terms using interpolation estimates.

Term I1,. Adding and subtracting the interpolant 7,6 as well as & give

N 2 . 2 J—

llon - V2w, S o), — 7,6) - Vlle(,Ch) + (%6 - &) - Vlle(Kh) +116 - Vlle(,Ch) (211)
< o 2 - 2 )
Sy —7,6)® Vlle(,Ch) + (6 — 7,6) ® V”U(x:,,) + |6 Vlle(,Ch) (212)
s ||£h,E(‘fl¢VE)+£h,VE¢VE||iz(Q) (213)

In the right-hand side of (212), we note that the first two terms are the same as the right-hand side of (207), and for the final term,
we use the strong form of the continuous problem (190). This completes the proof of (188).

A.3. Stability bound

We here show that we have stability of the term

ILhpl@™ ®@yp)+ LyypPyr l o222y (214)

By calculations analogous to (78)~(80), we note that ||£,, z(a™ '@y g) + L,y g @y gl 12(o) Must attain its maximum value at a node
in time. Hence, we below assume ¢ = 7,_; and that this is the point in time where the maximum value is attained. Adding and
subtracting terms and using the triangle inequality gives

L)@ @y p)+ LhyePrilizg S NLhePo+ LayePyellz) + I1L5e(Po — a_1¢VE)||L2(Q> (215)

where we have stability for the first term. In the second term, we replace @, by its expansion in @, given by (185), and we get

N-1
1L, 5 (@0~ ™' @y )l 20 < 1BV 1L, £ PODll 20y + 5 X, kB 1L4 £ Po(E) 120 (216)
i=n »

< 1L e @o(Dl 2o + max, KLy ot 200) Zzﬂ"‘" (217)

SIERePoll 2 + max, KLy g PoU 20 (218)

where we use Zfi LB < # since |f| < 1. Repeatedly adding and subtracting suitable terms and using the triangle inequality,
yield

1£hePoll 2y S NLpePo+ Loy ePrelzg + 1LayePyEl 20 (219)

SILRePo+ LryePrEl 2+ Hﬁh,VE(—‘pl + %¢VE)”L2(Q) +1Lpy @il 20 (220)
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where the first term in (220) is directly bounded by our stability. For the remaining two terms in (220) we use that ||£, y gVl 12y S
h~Ylv|ly g for v € V,, which follows from the calculation

”‘Ch,VEv”iz(Q) =Lyt Lrye?) (221)
=(oyp@), €Ly, y V) (222)
=(oyp@), Ly pv) ® V) (223)
<k Pvlly gl Lhy e0) ® Vil 2 (224)
<h™! lwlly Ly eVl 200 (225)

where we used an inverse inequality in the final inequality. Hence, we arrive at the bound

_ 1 _
max k||L;, ;@ SKNL) 5P+ Ly ePyill e +kh1“—q> +-@ ” + kY |®, || o 226
e £ E 0||L2(Q) 1£4,£Po nvEPvElL (L2(2)) 1+ -%Pve LoV E) D1l ooy ( )
where we for the third term used [|v|l, ; < [[vll - In summary, we have the stability
1L £ @ @y p) + Loy e Py pll o2y S A+ kDL, 2Poll 120 (227)

A.4. Final estimate

Let w = Py(I — Rg)u,. Continuing from (187), applying the discrete elliptic regularity (188) followed by an interpolation estimate
and the stability bound (227), we have

|[T1, +I1s| = '/OT(e(w),a*(diVE)) dt‘ (228)
pS /OT (||w||§2(g) +hwe VIILz(Q))l/2 L4 @™ @y p)+ Ly p @y pll 2 dt (229)
pS /OT P Nl sy (1 + kROIL, W0l 12q) di (230)
ST + kR Dlugll o arsan 1 n e Poll 120 (231)

which concludes the proof of (179).
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