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A B S T R A C T

We prove error estimates for a finite element approximation of viscoelastic dynamics based
on continuous Galerkin in space and time, both in energy norm and in 𝐿2 norm. The proof is
based on an error representation formula using a discrete dual problem and a stability estimate
involving the kinetic, elastic, and viscoelastic energies. To set up the dual error analysis and
to prove the basic stability estimates, it is natural to formulate the problem as a first-order-
in-time system involving evolution equations for the viscoelastic stress, the displacements, and
the velocities. The equations for the viscoelastic stress can, however, be solved analytically in
terms of the deviatoric strain velocity, and therefore, the viscoelastic stress can be eliminated
from the system, resulting in a system for displacements and velocities.

1. Introduction

For many industrial engineering applications, particularly designing mechanical structures with polymeric materials, accurate
dynamic simulation of time-dependent materials is necessary for reliable results. Assuming small strains, the mechanical properties
of time-dependent materials are well described by linear viscoelastic theory [1], and there exist several models for the constitutive
equations of linear viscoelastic materials [2]. Based on various viscoelastic models formulated in the time or frequency domain,
finite element methods incorporating viscoelastic dynamics have been developed, e.g., [3–9].

In this paper, we derive a priori error estimates for a space–time finite element method for the dynamic simulation of viscoelastic
materials modeled using the generalized Maxwell model, also known as the Wiechert model. While there seem to exist quite a few
papers regarding the a priori error analysis for quasi-static viscoelastic problems, e.g., [10–14], we have found only a few examples
of a priori error estimates for finite element methods regarding dynamic viscoelasticity for this model. Campo et al. [15] proves
an error estimate for a dynamic viscoelastic problem, but the analysis is limited to an explicit forward Euler-type scheme in time.
A more rigorous analysis is performed by Rivière et al. [9] where a Crank–Nicolson type scheme in time and a nonsymmetric
discontinuous Galerkin (dG) method in space are used. Recently, a more refined analysis was provided by Jang and Shaw [16]
where a symmetric dG formulation in space was considered. This method and analysis share several nice features with the present
work, such as error bounds that are only linear with respect to the end time 𝑇 , error bounds also in terms of the 𝐿2-error, and
representing the viscoelastic stresses compactly using internal vector-valued variables.

Contributions. In this work, we present and analyze a finite element method for the dynamical simulation of linear viscoelastic
materials modeled using the generalized Maxwell model. The method is based on approximation spaces that are continuous piecewise
linear in time and continuous piecewise polynomial of order 𝑝 in space. In summary, our main contributions are:
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• We prove space–time a priori error estimates in the end time energy norm and in the end time 𝐿2 norm of the displacement
field. The proofs of both estimates are based on the same error representation formula derived using a discrete dual problem,
which provides a framework that can be used to analyze a wide range of methods.

• By avoiding arguments involving Grönwall’s lemma, our error estimates only linearly depend on the end time 𝑇 , rather than
exponentially as is the case when using Grönwall style arguments [9]. This property is shared with the analysis in [16].

• The viscoelastic components of the stresses are, as in [16], compactly modeled using vector-valued internal variables. In
addition, we demonstrate how these internal variables can be eliminated from the system of equations in each timestep. This
leads to a greatly reduced system with only displacements and velocities as unknowns, where the internal variables at the next
time are readily reconstructed using a simple formula.

• In our analysis, the viscoelastic components of the stress are formulated in terms of a different differential operator than the
elastic stress, the deviatoric strain, leading to a more involved analysis. In practice, viscoelastic stresses are often modeled
using deviatoric strain [7].

utline. The remainder of this paper is dispositioned as follows. In Section 2 we present the governing equations of a dynamic
iscoelastic problem based on the generalized Maxwell linear viscoelastic model, we derive a weak formulation of the problem,
nd we prove that the formulation satisfies a basic energy conservation law. A finite element method based on piecewise linear
nterpolation in time and piecewise polynomial interpolation of order 𝑝 in space is derived in Section 3. An equivalent method
here the viscoelastic variables for each Maxwell arm are eliminated is also derived, reducing the resulting system of equations to

he same size as the purely elastic case. Both methods are shown to satisfy a discrete analogy to the basic energy conservation law.
n Section 4, we turn to proving an a priori error estimate in energy norm and 𝐿2 norm. The main tool in this proof is a discrete

dual problem which we use to derive a suitable error representation formula. To support our theoretical results, we in Section 5
study the end time convergence using a manufactured model problem in 3D. We also provide simulation results of a more realistic
problem: modeling a radial shaft seal around a vibrating shaft. Finally, in Section 6, we make some concluding remarks.

2. The generalized Maxwell model

2.1. Governing equations

The displacement vector field 𝒖0 and stress tensor 𝝈 at time 𝑡 in a deformable material occupying a bounded domain 𝛺 ⊂ R3,
with piecewise smooth boundary 𝜕𝛺 and outward pointing unit normal 𝒏, satisfies

𝜌𝒖̈0 − 𝝈 ⋅ ∇ = 𝒇 in 𝛺 × [0, 𝑇 ] (1a)

𝝈𝒏 = 𝒈 on 𝛤𝑁 × [0, 𝑇 ] (1b)

𝒖0 = 𝟎 on 𝛤𝐷 × [0, 𝑇 ] (1c)

𝒖0 = 𝒖0 in 𝛺 at 𝑡 = 0 (1d)

𝒖̇0 = 𝒗0 in 𝛺 at 𝑡 = 0 (1e)

here 𝝈 ⋅∇ is the row-wise divergence of 𝝈, 𝜌 is the material density, 𝒇 (𝑡) is a body force density, 𝒈(𝑡) is a traction pressure, and 𝒖0
and 𝒗0 are initial displacements and velocities fulfilling (1c). For the fixed and traction parts of the boundary we have 𝛤𝐷∪𝛤𝑁 = 𝜕𝛺
and 𝛤𝐷 ∩ 𝛤𝑁 = ∅. Furthermore, to completely describe the state at 𝑡 = 0 for a material which depends on the history, in this case a
iscoelastic material, we either need the entire history of the material or its state representation in the specific material model.

iscoelastic model. Assuming an isotropic linear viscoelastic material based on the generalized Maxwell model, we separate the
tress tensor into a sum of the elastic and viscoelastic components

𝝈 = 𝝈𝐸 + 𝝈𝑉 𝐸 (2)

The elastic part of the stress is governed by Hooke’s law

𝝈𝐸 = 2𝜇𝝐(𝒖0) + 𝜆tr(𝝐(𝒖0))𝑰 (3)

here 𝜇 and 𝜆 are Lamé parameters, 𝝐(𝒘) = 1
2 (∇⊗𝒘 +𝒘⊗ ∇) is the linear strain tensor, and 𝑰 is the 3 × 3 identity matrix. We

se the notation 𝒘⊗ ∇ = (∇⊗𝒘)𝑇 .
The viscoelastic stress is given by the so-called Maxwell model

𝝈𝑉 𝐸 =
𝑀
∑

𝑚=1
𝝈𝑚
𝑉 𝐸 (4)

where each contribution 𝝈𝑚
𝑉 𝐸 is determined by the differential equation

𝝈̇𝑚 + 1 𝝈𝑚 = 𝜅𝑚𝒆(𝒖̇0) (5)
2

𝑉 𝐸 𝜏𝑚 𝑉 𝐸
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with 𝝈𝑚
𝑉 𝐸 (0) given, and 𝜅𝑚 and 𝜏𝑚 are material parameters denoted elastic modulus and relaxation time, respectively. The deviatoric

train 𝒆 is given by 𝒆(𝒘) = 𝝐(𝒘) − 1
3 tr (𝝐(𝒘)) 𝑰 . Note that tr(𝒆) = 0. Assuming 𝝈𝑚

𝑉 𝐸 (0) = 𝟎 and using Duhamel’s formula we get the
identity

𝝈𝑚
𝑉 𝐸 (𝑡) = ∫

𝑡

0
𝜅𝑚 exp

(

− 𝑡 − 𝑠
𝜏𝑚

)

𝒆
(

𝒖̇0(𝑠)
)

𝑑𝑠 (6)

Thus 𝝈𝑚
𝑉 𝐸 (𝑡) is determined by the deviatoric strain velocity 𝒆(𝒖0) on the time interval (0, 𝑡). Furthermore, we note that

𝝈𝑚
𝑉 𝐸 (𝑡) = 𝜅𝑚𝒆

(

∫

𝑡

0
exp

(

− 𝑡 − 𝑠
𝜏𝑚

)

𝒖̇0(𝑠) 𝑑𝑠
)

(7)

since the integral in time commutes with the deviatoric strain given by a certain spatial derivative. Thus, introducing the notation

𝒖𝑚𝑉 𝐸 = ∫

𝑡

0
exp

(

− 𝑡 − 𝑠
𝜏𝑚

)

𝒖̇0(𝑠) 𝑑𝑠 (8)

we have the identity

𝝈𝑚
𝑉 𝐸 = 𝜅𝑚𝒆(𝒖𝑚𝑉 𝐸 ) (9)

nd we note that 𝒖𝑚𝑉 𝐸 satisfies the differential equation

𝒖̇𝑚𝑉 𝐸 + 1
𝜏𝑚

𝒖𝑚𝑉 𝐸 = 𝒖̇0 (10)

We denote 𝒖𝑚𝑉 𝐸 viscoelastic velocities and remark that these variables will be used in conjunction with the displacements 𝒖0 as state
variables for the stress 𝝈 = 𝝈(𝒖0, 𝒖𝑉 𝐸 ). For compactness we here introduced the notation 𝒖𝑉 𝐸 ∶= (𝒖1𝑉 𝐸 , 𝒖

2
𝑉 𝐸 ,… , 𝒖𝑀𝑉𝐸 ), and we note

that these variables are equivalent to the velocity form of the internal variables used in [16].

2.2. Weak formulation in space

Introducing the notation 𝒖1 = 𝒖̇0 we may write (1a) as a first-order-in-time system

𝜌𝒖̇1 − 𝝈(𝒖0, 𝒖𝑉 𝐸 ) ⋅ ∇ = 𝒇 (11a)

𝒖̇0 − 𝒖1 = 𝟎 (11b)

𝒖̇𝑚𝑉 𝐸 + 1
𝜏𝑚

𝒖𝑚𝑉 𝐸 − 𝒖1 = 𝟎 , 𝑚 = 1⋯𝑀 (11c)

where

𝝈(𝒖0, 𝒖𝑉 𝐸 ) = 𝝈𝐸 (𝒖0) + 𝝈𝑉 𝐸 (𝒖𝑉 𝐸 ) (12)

= 2𝜇𝝐(𝒖0) + 𝜆tr(𝝐(𝒖0))𝑰 +
𝑀
∑

𝑚=1
𝜅𝑚𝒆(𝒖𝑚𝑉 𝐸 ) (13)

Assuming an initial state for the viscoelastic state variables 𝒖𝑚𝑉 𝐸 (0), 𝑚 = 1,… ,𝑀 , such that 𝒖𝑚𝑉 𝐸 (0)|𝛤𝐷 = 𝟎, (11b)–(11c) implies that
𝒖1|𝛤𝐷 = 𝒖𝑚𝑉 𝐸 |𝛤𝐷 = 𝟎. To achieve a weak formulation with a suitable structure for our analysis, we replace (11b)–(11c) with the
following two PDE

−𝝈𝐸 (𝒖̇0 − 𝒖1) ⋅ ∇ = 𝟎 in 𝛺 × [0, 𝑇 ] (14a)

𝝈𝐸 (𝒖̇0 − 𝒖1)𝒏 = 𝟎 on 𝛤𝑁 × [0, 𝑇 ] (14b)

𝒖̇0 − 𝒖1 = 𝟎 on 𝛤𝐷 × [0, 𝑇 ] (14c)

and

−𝝈𝑚
𝑉 𝐸

(

𝒖̇𝑚𝑉 𝐸 + 1
𝜏𝑚

𝒖𝑚𝑉 𝐸 − 𝒖1
)

⋅ ∇ = 𝟎 in 𝛺 × [0, 𝑇 ] (15a)

𝝈𝑚
𝑉 𝐸

(

𝒖̇𝑚𝑉 𝐸 + 1
𝜏𝑚

𝒖𝑚𝑉 𝐸 − 𝒖1
)

𝒏 = 𝟎 on 𝛤𝑁 × [0, 𝑇 ] (15b)

𝒖̇𝑚𝑉 𝐸 + 1
𝜏𝑚

𝒖𝑚𝑉 𝐸 − 𝒖1 = 𝟎 on 𝛤𝐷 × [0, 𝑇 ] (15c)

or 𝑚 = 1,… ,𝑀 . Note that for 𝒖0|𝛤𝐷 = 𝒖1|𝛤𝐷 = 𝒖𝑚𝑉 𝐸 |𝛤𝐷 = 𝟎 the ODE boundary conditions (14c) and (15c) are always fulfilled.
Assuming 𝛤𝐷 has a non-zero area measure, this is equivalent to the original formulation (11b)–(11c).

Let 𝑽 ∶= {𝒗 ∈ [𝐻1(𝛺)]3 ∶ 𝒗|𝛤𝐷 = 𝟎} and let (𝑎, 𝑏) ∶= ∫𝛺 𝑎 ⋅ 𝑏 𝑑𝑥 where ⋅ denotes the natural inner product for elements 𝑎, 𝑏.
Multiplying (11a) by 𝒗1 ∈ 𝑽 , (14) by 𝒗0 ∈ 𝑽 , and (15) by 𝒗𝑚𝑉 𝐸 ∈ 𝑽 , integrating over 𝛺, and applying Green’s formula results in the
system

̇

3

(𝜌𝒖1, 𝒗1) + (𝝈, 𝒗1 ⊗ ∇) = (𝒇 , 𝒗1) + (𝒈, 𝒗1)𝛤𝑁 (16a)
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(𝝈𝐸 (𝒖̇0 − 𝒖1), 𝒗0 ⊗ ∇) = 𝟎 (16b)

(𝝈𝑚
𝑉 𝐸 (𝒖̇

𝑚
𝑉 𝐸 + 1

𝜏𝑚
𝒖𝑚𝑉 𝐸 − 𝒖1), 𝒗𝑚𝑉 𝐸 ⊗ ∇) = 𝟎 (16c)

or 𝑚 = 1,… ,𝑀 . Observing that

(𝝈, 𝒗1 ⊗ ∇) = (𝝈𝐸 (𝒖0), 𝒗1 ⊗ ∇) +
𝑀
∑

𝑚=1
(𝝈𝑚

𝑉 𝐸 (𝒖
𝑚
𝑉 𝐸 ), 𝒗1 ⊗ ∇) (17)

= (𝝈𝐸 (𝒖0), 𝝐(𝒗1)) +
𝑀
∑

𝑚=1
(𝝈𝑚

𝑉 𝐸 (𝒖
𝑚
𝑉 𝐸 ), 𝒆(𝒗1)) , (18)

erforming the corresponding calculation for (16b)–(16c), and introducing the forms

𝑎𝐸 (𝒗,𝒘) ∶= (𝝈𝐸 (𝒗), 𝝐(𝒘)) , 𝑎𝑚𝑉 𝐸 (𝒗,𝒘) ∶= (𝝈𝑚
𝑉 𝐸 (𝒗), 𝒆(𝒘)) (19)

e thus arrive at the problem: find (𝒖1, 𝒖0, 𝒖𝑉 𝐸 ) = (𝒖1, 𝒖0, 𝒖1𝑉 𝐸 ,… , 𝒖𝑀𝑉𝐸 ) ∈ [𝑽 ]2+𝑀 such that

(𝜌𝒖̇1, 𝒗1) + 𝑎𝐸 (𝒖0, 𝒗1) +
𝑀
∑

𝑚=1
𝑎𝑚𝑉 𝐸 (𝒖

𝑚
𝑉 𝐸 , 𝒗1) = (𝒇 , 𝒗1) + (𝒈, 𝒗1)𝛤𝑁 , ∀𝒗1 ∈ 𝑽 (20a)

𝑎𝐸 (𝒖̇0, 𝒗0) − 𝑎𝐸 (𝒖1, 𝒗0) = 0 , ∀𝒗0 ∈ 𝑽 (20b)
𝑀
∑

𝑚=1
𝑎𝑚𝑉 𝐸 (𝒖̇

𝑚
𝑉 𝐸 + 1

𝜏𝑚
𝒖𝑚𝑉 𝐸 − 𝒖1, 𝒗𝑚𝑉 𝐸 ) = 0 , ∀𝒗𝑚𝑉 𝐸 ∈ 𝑽 (20c)

for 𝑚 = 1, 2,… ,𝑀 . Collecting the equations, we get the following variational problem.

Weak formulation. Find 𝒖 = (𝒖1, 𝒖0, 𝒖𝑉 𝐸 ) ∈ [𝑽 ]2+𝑀 such that

𝐴(𝒖̇, 𝒗) + 𝐵(𝒖, 𝒗) = 𝐿(𝒗) , ∀𝒗 = (𝒗1, 𝒗0, 𝒗𝑉 𝐸 ) ∈ [𝑽 ]2+𝑀 (21)

where the forms are given by

𝐴(𝒖̇, 𝒗) ∶= (𝜌𝒖̇1, 𝒗1) + 𝑎𝐸 (𝒖̇0, 𝒗0) +
𝑀
∑

𝑚=1
𝑎𝑚𝑉 𝐸 (𝒖̇

𝑚
𝑉 𝐸 , 𝒗

𝑚
𝑉 𝐸 ) (22)

𝐵(𝒖, 𝒗) ∶= 𝑎𝐸 (𝒖0, 𝒗1) − 𝑎𝐸 (𝒖1, 𝒗0) +
𝑀
∑

𝑚=1
𝑎𝑚𝑉 𝐸 (𝒖

𝑚
𝑉 𝐸 , 𝒗1) − 𝑎𝑚𝑉 𝐸 (𝒖1, 𝒗

𝑚
𝑉 𝐸 ) +

1
𝜏𝑚

𝑎𝑚𝑉 𝐸 (𝒖
𝑚
𝑉 𝐸 , 𝒗

𝑚
𝑉 𝐸 ) (23)

𝐿(𝒗) ∶= (𝒇 , 𝒗1) + (𝒈, 𝒗1)𝛤𝑁 (24)

Note that 𝐴(⋅, ⋅) is a positive definite symmetric form and that we can write 𝐵(⋅, ⋅) as a sum of a positive semi-definite symmetric
form and a skew-symmetric form

𝐵(⋅, ⋅) = 𝐵𝑆𝑦𝑚(⋅, ⋅) + 𝐵𝑆𝑘𝑒𝑤(⋅, ⋅) (25)

where

𝐵𝑆𝑦𝑚(𝒖, 𝒗) ∶=
𝑀
∑

𝑚=1

1
𝜏𝑚

𝑎𝑚𝑉 𝐸 (𝒖
𝑚
𝑉 𝐸 , 𝒗

𝑚
𝑉 𝐸 ) (26)

𝐵𝑆𝑘𝑒𝑤(𝒖, 𝒗) ∶= 𝑎𝐸 (𝒖0, 𝒗1) − 𝑎𝐸 (𝒖1, 𝒗0) +
𝑀
∑

𝑚=1
𝑎𝑚𝑉 𝐸 (𝒖

𝑚
𝑉 𝐸 , 𝒗1) − 𝑎𝑚𝑉 𝐸 (𝒖1, 𝒗

𝑚
𝑉 𝐸 ) (27)

2.3. Norms and basic conservation law

We first introduce the elastic and viscoelastic energy norms on 𝑽 given by

|||𝒗|||2𝐸 ∶= 𝑎𝐸 (𝒗, 𝒗) and |||𝒗|||2𝑉 𝐸,𝑚 ∶= 𝑎𝑚𝑉 𝐸 (𝒗, 𝒗) (28)

respectively, and note that assuming 𝛤𝐷 ≠ ∅ both these norms are equivalent to the standard [𝐻1(𝛺)]3 norm through Korn’s
inequality. The energy norm on [𝑽 ]2+𝑀 for the system is defined

|||(𝒗1, 𝒗0, 𝒗𝑉 𝐸 )|||2𝐴 ∶= 𝐴((𝒗1, 𝒗0, 𝒗𝑉 𝐸 ), (𝒗1, 𝒗0, 𝒗𝑉 𝐸 )) (29)

= 𝜌‖𝒗1‖2𝐿2(𝛺)
+ |||𝒗0|||2𝐸 +

𝑀
∑

𝑚=1
|||𝒗𝑚𝑉 𝐸 |||

2
𝑉 𝐸,𝑚 (30)
4
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where ‖ ⋅ ‖𝐿2(𝛺) is the usual 𝐿2(𝛺) norm. The three terms in (30) have physical interpretations as potential energy, elastic energy
and viscoelastic energy, respectively. In the time domain, we will also use the 𝐿∞(𝐼) norm, i.e., the max norm in time over a time
nterval 𝐼 . Let ‖ ⋅ ‖𝐿∞(𝐼,𝐸) denote the max norm in time of ||| ⋅ |||𝐸 , i.e.,

‖𝒖0‖𝐿∞(𝐼,𝐸) ∶= sup
𝑡∈𝐼

|||𝒖0(𝑡)|||𝐸 (31)

nd analogously define ‖ ⋅ ‖𝐿∞(𝐼,[𝑉 𝐸,𝑚]), ‖ ⋅ ‖𝐿∞(𝐼,𝐻2(𝛺)), etc. On the complete simulation time interval 𝐼 = [0, 𝑇 ], we use abbreviated
notations ‖ ⋅ ‖𝐿∞(𝐸) ∶= ‖ ⋅ ‖𝐿∞([0,𝑇 ],𝐸), etc.

Lemma 2.1 (Energy Conservation). Let 𝒖(𝑡) = (𝒖1, 𝒖0, 𝒖𝑉 𝐸 )(𝑡) ∈ [𝑽 ]2+𝑀 be the time dependent solution to the variational problem (21)
for all times 0 ≤ 𝑡 ≤ 𝑇 . For {𝑡0, 𝑡1} ∈ [0, 𝑇 ] and 𝒇 = 𝒈 = 𝟎 the following conservation law holds

|||𝒖(𝑡1)|||2𝐴 +
𝑀
∑

𝑚=1

2
𝜏𝑚 ∫

𝑡1

𝑡0
|||𝒖𝑚𝑉 𝐸 (𝑠)|||

2
𝑉 𝐸,𝑚 𝑑𝑠 = |||𝒖(𝑡0)|||2𝐴 (32)

Proof. In (21) setting 𝒗 = 𝒖 and integrating over the time interval (𝑡0, 𝑡1) yields the conservation law. □

Remark 2.1. Note that Lemma 2.1 is a generalization of the standard energy conservation law for elastic materials, i.e.,

𝜌‖𝒖1(𝑡1)‖2𝐿2(𝛺)
+ |||𝒖0(𝑡1)|||2𝐸 = 𝜌‖𝒖1(𝑡0)‖2𝐿2(𝛺)

+ |||𝒖0(𝑡0)|||2𝐸 (33)

The additional terms in (32) consist of the viscoelastic energy ∑𝑀
𝑚=1 |||𝒖

𝑚
𝑉 𝐸 |||

2
𝑉 𝐸,𝑚, hidden in the energy norm ||| ⋅ |||𝐴, and the dissipated

work ∑𝑀
𝑚=1

2
𝜏𝑚

∫ 𝑡1
𝑡0

|||𝒖𝑚𝑉 𝐸 (𝑠)|||
2
𝑉 𝐸,𝑚 𝑑𝑠.

. The finite element method

.1. Finite element spaces

Let ℎ, with 0 < ℎ ≤ ℎ0, be a family of quasiuniform partitions, with meshparameter ℎ, of 𝛺 into shape regular tetrahedra 𝐾
nd let each spatial component in 𝑽 ℎ ⊂ 𝑽 be the space of piecewise continuous polynomials of order 𝑝 defined on ℎ.

Next let 0 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑁 = 𝑇 be a partition of (0, 𝑇 ] into time intervals 𝐼𝑛 = (𝑡𝑛−1, 𝑡𝑛] of length 𝑘𝑛 = 𝑡𝑛 − 𝑡𝑛−1 and we define
he following two finite element spaces on each space–time slab 𝐼𝑛 ×𝛺

𝑽 ℎ,𝑛 ∶= 𝑄1(𝐼𝑛) × 𝑽 ℎ, 𝑃0𝑽 ℎ,𝑛 ∶= 𝑄0(𝐼𝑛) × 𝑽 ℎ (34)

here 𝑄𝓁(𝐼𝑛) is the space of polynomials of degree less or equal to 𝓁.

emark 3.1. The main reason for using only linear approximation in time while allowing for higher-order approximation in space
s to simplify the analysis. By limiting the analysis to piecewise linears, we can readily bound expressions formulated on a time
nterval in terms of the corresponding expressions at the nodal points in time.

In practical applications, a benefit of using a higher-order approximation in space is that the deteriorative effects of volumetric
ocking are diminished. This is of great relevance when simulating viscoelastic materials since elastomers are usually incompressible.

.2. Interpolation

We here define interpolation operators in space and in time. In our error estimates, we use the notation 𝑎 ≲ 𝑏 to describe
nequalities of the form 𝑎 ≤ 𝐶𝑏 with a constant 𝐶 independent of the mesh size ℎ and the timestep 𝑘 = max𝑛=1,…,𝑁 𝑘𝑛.

nterpolation in space. We let 𝜋ℎ ∶ [𝑽 ]2+𝑀 → [𝑽 ℎ]2+𝑀 denote an interpolant in space defined as 𝜋ℎ ∶= diag(𝑅𝐸 , 𝑅𝐸 , 𝑅𝑉 𝐸 ,… , 𝑅𝑉 𝐸 )
where 𝑅𝐸 and 𝑅𝑉 𝐸 are Ritz projections defined

𝑎𝐸 (𝑅𝐸𝒗 − 𝒗,𝒘) = 0 , ∀𝒘 ∈ 𝑽 ℎ (35)

(𝒆(𝑅𝑉 𝐸𝒗 − 𝒗), 𝒆(𝒘)) = 0 , ∀𝒘 ∈ 𝑽 ℎ (36)

The latter definition implies 𝑎𝑚𝑉 𝐸 (𝑅𝑉 𝐸𝒗 − 𝒗,𝒘) = 0 for all 𝒘 ∈ 𝑽 ℎ and 𝑚 = 1,… ,𝑀 .

Lemma 3.1 (Energy Norm Interpolation Error). For 𝒗 = (𝒗1, 𝒗0, 𝒗𝑉 𝐸 ), with each vector in [𝐻𝑟(𝛺)]3, 𝑟 ≥ 1, and

𝜋ℎ𝒗 = (𝑅𝐸𝒗1, 𝑅𝐸𝒗0, 𝑅𝑉 𝐸𝒗1𝑉 𝐸 ,… , 𝑅𝑉 𝐸𝒗𝑀𝑉𝐸 ) (37)

there exists a constant ℎ0 > 0 such that for mesh sizes 0 < ℎ < ℎ0 it holds

|||𝒗 − 𝜋ℎ𝒗|||𝐴 ≲ ℎ𝑠 ‖
‖

𝒗1‖‖𝐻𝑠(𝛺) + ℎ𝑠−1
(

‖

‖

𝒗0‖‖𝐻𝑠(𝛺) +
𝑀
∑

𝑚=1

‖

‖

‖

𝒗𝑚𝑉 𝐸
‖

‖

‖𝐻𝑠(𝛺)

)

(38)

where 𝑠 = min(𝑟, 𝑝 + 1) and the constant in ≲ is independent of ℎ but typically dependent of 𝛺.
5
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Proof. Due to the construction of the interpolant via Ritz projections, the interpolation estimate directly follows from standard
finite element error estimates for the static problem, see, e.g., [17]. □

Interpolation in time. We let 𝜋𝑘 denote the Lagrange interpolant onto continuous piecewise linear functions in the time direction with
nodes at {𝑡𝑛}𝑁𝑛=0. The combination of both the interpolants in space and time we denote by 𝜋ℎ𝑘 and note that 𝜋𝑘 and 𝜋ℎ commutes,
.e., that

𝜋ℎ𝑘𝒗 ∶= 𝜋𝑘𝜋ℎ𝒗 = 𝜋ℎ𝜋𝑘𝒗 (39)

We will also need the 𝐿2-projection 𝑃0𝑣 of a function 𝑣 onto piecewise constants in time, defined by

∫𝐼𝑛
(𝑃0𝑣 − 𝑣)𝑤𝑑𝑡 = 0 , ∀𝑤 ∈ 𝑄0(𝐼𝑛) , 𝑛 = 1, 2,… , 𝑁 (40)

nd make use of the standard max norm estimates

‖𝑣 − 𝜋𝑘𝑣‖𝐿∞([0,𝑇 ]) ≤
1
8
𝑘2‖𝑣̈‖𝐿∞([0,𝑇 ]) (41)

‖𝑣 − 𝑃0𝑣‖𝐿∞([0,𝑇 ]) ≲ 𝑘‖𝑣̇‖𝐿∞([0,𝑇 ]) (42)

ee, e.g., [18].

.3. The method

The finite element method takes the form: given 𝑼 (𝑡0) find 𝑼 = (𝑼 1,𝑼 0,𝑼𝑉 𝐸 ) ∈ [𝑽 ℎ,𝑛]2+𝑀 such that 𝑼+(𝑡𝑛−1) = 𝑼−(𝑡𝑛−1), where
± denotes right and left-hand limits in time, and

∫𝐼𝑛
𝐴(𝑼̇ ,𝑾 ) + 𝐵(𝑼 ,𝑾 ) 𝑑𝑡 = ∫𝐼𝑛

𝐿𝑘(𝑾 ) 𝑑𝑡 , ∀𝑾 ∈ [𝑃0𝑽 ℎ,𝑛]2+𝑀 (43)

or 𝑛 = 1,… , 𝑁 . Here, an approximate linear functional 𝐿𝑘 defined

𝐿𝑘((𝒗1, 𝒗0, 𝒗𝑉 𝐸 )) ∶= (𝒇 , 𝒗1) + (𝒈𝑘, 𝒗1)𝛤𝑁 (44)

s used where 𝒈𝑘 is a piecewise linear approximation to 𝒈 in time, i.e., 𝒈𝑘 ∈ 𝑄1(𝐼𝑛)×𝐿2(𝛤𝑁 ). The analysis below shows that 𝒈𝑘 ∶= 𝜋𝑘𝒈
s a suitable choice. As 𝑽 ℎ ⊂ 𝑽 , by integrating (21) and subtracting (43), we readily get that the following approximate Galerkin
rthogonality holds which accounts for boundary data approximation

∫𝐼𝑛
𝐴(𝒖̇ − 𝑼̇ ,𝑾 ) + 𝐵(𝒖 − 𝑼 ,𝑾 ) 𝑑𝑡 = (𝒈 − 𝒈𝑘,𝑾 1)𝛤𝑁 , ∀𝑾 ∈ [𝑃0𝑽 ℎ,𝑛]2+𝑀 (45)

Introducing discrete differential operators ℎ,𝐸 ,𝑚
ℎ,𝑉 𝐸 ∶ 𝑽 ℎ → 𝑽 ℎ such that

(ℎ,𝐸𝑼 0, 𝒗) = 𝑎𝐸 (𝑼 0, 𝒗) , ∀𝒗 ∈ 𝑽 ℎ (46)

(𝑚
ℎ,𝑉 𝐸𝑼

𝑚
𝑉 𝐸 , 𝒗) = 𝑎𝑚𝑉 𝐸 (𝑼

𝑚
𝑉 𝐸 , 𝒗) , ∀𝒗 ∈ 𝑽 ℎ , 𝑚 = 1,… ,𝑀 (47)

nd discrete matrix operators ℎ and ℎ such that

ℎ𝑼 ∶=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝜌𝐼 0 0 ⋯ 0

0 ℎ,𝐸 0 … 0

0 0 1
ℎ,𝑉 𝐸 ⋱ ⋮

⋮ ⋮ ⋱ ⋱ 0

0 0 ⋯ 0 𝑀
ℎ,𝑉 𝐸

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑼 1

𝑼 0

𝑼 1
𝑉 𝐸

⋮

𝑼𝑀
𝑉𝐸

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(48)

nd

ℎ𝑼 ∶=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 ℎ,𝐸 1
ℎ,𝑉 𝐸 ⋯ 𝑀

ℎ,𝑉 𝐸

−ℎ,𝐸 0 0 ⋯ 0

−1
ℎ,𝑉 𝐸 0 1

𝜏1
1
ℎ,𝑉 𝐸 ⋱ ⋮

⋮ ⋮ ⋱ ⋱ 0

−𝑀
ℎ,𝑉 𝐸 0 ⋯ 0 1

𝜏𝑀
𝑀
ℎ,𝑉 𝐸

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑼 1

𝑼 0

𝑼 1
𝑉 𝐸

⋮

𝑼𝑀
𝑉𝐸

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(49)

we may write (43) in terms of 𝐿2 inner products as

∫𝐼𝑛
(ℎ𝑼̇ ,𝑾 ) + (ℎ𝑼 ,𝑾 ) 𝑑𝑡 = ∫𝐼𝑛

𝐿𝑘(𝑾 ) 𝑑𝑡 (50)

2

6

This notation in terms of discrete differential operators will be convenient in the proof of the 𝐿 error estimate.
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3.4. Elimination of viscoelastic variables

Looking at (43) we note that it is possible to explicitly express 𝑼𝑉 𝐸 in terms of (𝑼 1,𝑼 0) by solving 𝑀 first order ODE. We use
this to formulate a reduced method with only 𝑼 𝑟 = (𝑼 1,𝑼 0) as unknowns.

As we in the discrete problem (43) for the third equation use test functions in 𝑃0𝑽 ℎ,𝑛 we may express the discrete viscoelastic
elocities 𝑼𝑚

𝑉 𝐸 on 𝐼𝑛 via the ODEs

𝑃0

(

𝑼̇𝑚
𝑉 𝐸 − 𝑼 1 +

1
𝜏𝑚

𝑼𝑚
𝑉 𝐸

)

= 0 , 𝑚 = 1⋯𝑀 (51)

or 𝑼 1,𝑼𝑚
𝑉 𝐸 ∈ 𝑽 ℎ,𝑛 these ODEs can be solved explicitly yielding the following incremental update formulas

𝑼𝑚
𝑉 𝐸 (𝑡𝑛) = 𝛼𝑚𝑘𝑛

(

𝑼 1(𝑡𝑛) + 𝑼 1(𝑡𝑛−1)
)

+ 𝛽𝑚𝑘𝑛𝑼
𝑚
𝑉 𝐸 (𝑡𝑛−1) , 𝑚 = 1⋯𝑀 (52)

where 𝛼𝑚𝑘 ∶= 𝑘
2+𝑘∕𝜏𝑚

and 𝛽𝑚𝑘 ∶= 2−𝑘∕𝜏𝑚
2+𝑘∕𝜏𝑚

. Setting 𝑼𝑚
𝑉 𝐸 (𝑡0) = 𝟎 we obtain a method involving only the discrete velocities 𝑼 1 and discrete

displacements 𝑼 0.
The last term in (52) can in each timestep be moved to the right hand side and we obtain the reduced method: find 𝑼 𝑟 =

(𝑼 1,𝑼 0) ∈ 𝑽 ℎ,𝑛 × 𝑽 ℎ,𝑛 such that

∫𝐼𝑛
𝐴𝑟(𝑼̇ 𝑟,𝑾 𝑟) + 𝐵𝑟(𝑼 𝑟,𝑾 𝑟) 𝑑𝑡 = ∫𝐼𝑛

𝐿𝑘,𝑟(𝑾 𝑟) 𝑑𝑡 , ∀𝑾 𝑟 ∈ 𝑃0𝑽 ℎ,𝑛 × 𝑃0𝑽 ℎ,𝑛 (53)

where

𝐴𝑟((𝒖̇1, 𝒖̇0), (𝒗1, 𝒗0)) ∶= (𝜌𝒖̇1, 𝒗1) + 𝑎𝐸 (𝒖̇0, 𝒗0) (54)

𝐵𝑟((𝒖1, 𝒖0), (𝒗1, 𝒗0)) ∶= 𝑎𝐸 (𝒖0, 𝒗1) − 𝑎𝐸 (𝒖1, 𝒗0) +
𝑀
∑

𝑚=1
𝑎𝑚𝑉 𝐸 (𝛼

𝑚
𝑘 𝒖1, 𝒗1) (55)

𝐿𝑘,𝑟((𝒗1, 𝒗0)) ∶= (𝒇 , 𝒗1) + (𝒈𝑘, 𝒗1)𝛤𝑁 −
𝑀
∑

𝑚=1
𝑎𝑚𝑉 𝐸

(( 1 + 𝛽𝑚𝑘
2

)

𝑼𝑚
𝑉 𝐸 (𝑡𝑛−1), 𝒗1

)

(56)

Note that 𝑼𝑚
𝑉 𝐸 (𝑡𝑛−1) in (56) is already known via (52).

Algorithm for reduced method. Let the initial state 𝑼 (𝑡0) = (𝑼 1(𝑡0),𝑼 0(𝑡0),𝑼𝑉 𝐸 (𝑡0)) be given. Starting with 𝑛 = 1, compute the next
state 𝑼 (𝑡𝑛) using the steps:

• Solve for (𝑼 1(𝑡𝑛),𝑼 0(𝑡𝑛)) using (53).
• Reconstruct 𝑼𝑚

𝑉 𝐸 (𝑡𝑛), 𝑚 = 1⋯𝑀 , using (52).

Remark 3.2. Note that the reconstructed solution based on the reduced method (53) is identical to the solution from the complete
discrete method (43). Thus all results below for the complete discrete method are also valid for the reduced method.

3.5. Discrete conservation law

Lemma 3.2 (Conservation Law). Let 𝑼 = (𝑼 1,𝑼 0,𝑼𝑉 𝐸 ) be the solution to the discrete problem (43) with 𝒇 = 𝒈𝑘 = 𝟎. The following
onservation law is then satisfied

|||𝑼 (𝑡1)|||2𝐴 +
𝑀
∑

𝑚=1

2
𝜏𝑚 ∫

𝑡1

𝑡0
|||𝑃0𝑼𝑚

𝑉 𝐸 |||
2
𝑉 𝐸,𝑚 𝑑𝑡 = |||𝑼 (𝑡0)|||2𝐴 (57)

where 𝑡0 and 𝑡1 are any two nodes in the time discretization.

Proof. Setting 𝑾 = 𝑃0𝑼 in the method (43) we obtain

0 = ∫𝐼𝑛
𝐴(𝑼̇ , 𝑃0𝑼 ) + 𝐵(𝑼 , 𝑃0𝑼 ) 𝑑𝑡 (58)

= ∫𝐼𝑛
𝐴(𝑼̇ ,𝑼 ) + 𝐵(𝑃0𝑼 , 𝑃0𝑼 ) 𝑑𝑡 (59)

= ∫𝐼𝑛

1
2
𝜕𝑡𝐴(𝑼 ,𝑼 ) + 𝐵𝑆𝑦𝑚(𝑃0𝑼 , 𝑃0𝑼 ) 𝑑𝑡 (60)
7

Summing all contributions from node 𝑡0 to node 𝑡1 completes the proof. □
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4. A priori error estimates

4.1. Error representation formula

Consider the following discrete dual problem: given 𝜱(𝑇 ) = 𝜳 find 𝜱 ∈ [𝑽 ℎ,𝑛]2+𝑀 such that 𝜱+(𝑡𝑛) = 𝜱−(𝑡𝑛) and

∫𝐼𝑛
−𝐴(𝑾 , 𝜱̇) + 𝐵(𝑾 ,𝜱) 𝑑𝑡 = 0 , ∀𝑾 ∈ [𝑃0𝑽 ℎ,𝑛]2+𝑀 (61)

e split the error into two components

𝒖 − 𝑼 = 𝒖 − 𝜋ℎ𝑘𝒖
⏟⏞⏟⏞⏟

𝝆

+𝜋ℎ𝑘𝒖 − 𝑼
⏟⏞⏞⏟⏞⏞⏟

𝜼

= 𝝆 + 𝜼 (62)

etting 𝑾 = 𝑃0𝜼 ∈ [𝑃0𝑽 ℎ,𝑛]2+𝑀 and summing over all intervals 𝐼𝑛 we get

0 = ∫

𝑇

0
−𝐴(𝑃0𝜼, 𝜱̇) + 𝐵(𝑃0𝜼,𝜱) 𝑑𝑡 (63)

= ∫

𝑇

0
−𝐴(𝜼, 𝜱̇) + 𝐵(𝜼, 𝑃0𝜱) 𝑑𝑡 (64)

= 𝐴(𝜼(0),𝜱(0)) − 𝐴(𝜼(𝑇 ),𝜱(𝑇 )) + ∫

𝑇

0
𝐴(𝜼̇,𝜱) + 𝐵(𝜼, 𝑃0𝜱) 𝑑𝑡 (65)

= 𝐴(𝜼(0),𝜱(0)) − 𝐴(𝜼(𝑇 ),𝜱(𝑇 )) + ∫

𝑇

0
𝐴(𝜼̇, 𝑃0𝜱) + 𝐵(𝜼, 𝑃0𝜱) 𝑑𝑡 (66)

= 𝐴(𝜼(0),𝜱(0)) − 𝐴(𝜼(𝑇 ),𝜱(𝑇 )) − ∫

𝑇

0
𝐴(𝝆̇, 𝑃0𝜱) + 𝐵(𝝆, 𝑃0𝜱) − (𝒈 − 𝒈𝑘, 𝑃0𝜱1)𝛤𝑁 𝑑𝑡 (67)

= 𝐴(𝜼(0),𝜱(0)) − 𝐴(𝜼(𝑇 ),𝜳 ) − ∫

𝑇

0
𝐴(𝝆̇, 𝑃0𝜱) + 𝐵(𝝆, 𝑃0𝜱) − (𝒈 − 𝒈𝑘, 𝑃0𝜱1)𝛤𝑁 𝑑𝑡 (68)

where we in (67) use the splitting of the error (62) and the approximate Galerkin orthogonality of the primal problem (45). Thus
we arrive at the error representation formula

𝐴(𝜼(𝑇 ),𝜳 ) = 𝐴(𝜼(0),𝜱(0)) − ∫

𝑇

0
𝐴(𝝆̇, 𝑃0𝜱) + 𝐵(𝝆, 𝑃0𝜱) − (𝒈 − 𝒈𝑘, 𝑃0𝜱1)𝛤𝑁 𝑑𝑡 (69)

which will serve as a basis for proving our a priori error estimates below.

4.2. Stability estimate for the discrete dual problem

Lemma 4.1 (Properties of the Discrete Dual Problem). The solution to the discrete dual problem (61) satisfies the following estimates:

1. Conservation law

|||𝜱(𝑡𝑖)|||2𝐴 +
𝑀
∑

𝑚=1

2
𝜏𝑚 ∫

𝑡𝑗

𝑡𝑖
|||𝑃0𝜱𝑚

𝑉 𝐸 |||
2
𝑉 𝐸,𝑚 𝑑𝑡 = |||𝜱(𝑡𝑗 )|||2𝐴 (70)

2. Stability estimate required for energy error estimate

‖𝜱̇1‖
2
𝐿∞(𝐻−1(𝛺))

+ ‖𝜱‖

2
𝐿∞(𝐴) +

𝑀
∑

𝑚=1

2
𝜏𝑚 ∫

𝑇

0
|||𝑃0𝜱𝑚

𝑉 𝐸 |||
2
𝑉 𝐸,𝑚 𝑑𝑡 ≲ |||𝜳 |||

2
𝐴 (71)

3. Stability estimate required for 𝐿2 error estimate (𝜳 1 = 𝜳𝑚
𝑉 𝐸 = 𝟎)

‖𝜱̇1‖
2
𝐿∞(𝐿2(𝛺)) +

‖

‖

‖

ℎ,𝐸𝜱0 +
𝑀
∑

𝑚=1
𝑚
ℎ,𝑉 𝐸𝜱

𝑚
𝑉 𝐸

‖

‖

‖

2

𝐿∞(𝐿2(𝛺))
+ ‖𝜱1‖

2
𝐿∞(𝐸) +

𝑀
∑

𝑚=1

‖

‖

‖

−𝜱1 +
1
𝜏𝑚

𝜱𝑚
𝑉 𝐸

‖

‖

‖

2

𝐿∞([𝑉 𝐸,𝑚])
≲ ‖ℎ,𝐸𝜳 0‖

2
𝐿2(𝛺)

(72)

Remark 4.1. In case the viscoelastic stresses would be formulated using the same differential operator as the elastic stress, stability
of the terms involving 𝜱𝑚

𝑉 𝐸 would not be required for proving our error estimates.

Proof. 1. Conservation law. Choosing 𝑾 = 𝑃0𝜱 in the discrete dual problem (61) and summing over all intervals {𝐼𝑛}
𝑗
𝑖+1 we get

0 =
𝑡𝑗
−𝐴(𝑃0𝜱, 𝜱̇) + 𝐵(𝑃0𝜱,𝜱) 𝑑𝑡 (73)
8
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a

2

n

w
i

w

3

C

= ∫

𝑡𝑗

𝑡𝑖
−𝐴(𝜱, 𝜱̇) + 𝐵(𝑃0𝜱, 𝑃0𝜱) 𝑑𝑡 (74)

= ∫

𝑡𝑗

𝑡𝑖
−1
2
𝜕𝑡𝐴(𝜱,𝜱) + 𝐵𝑆𝑦𝑚(𝑃0𝜱, 𝑃0𝜱) 𝑑𝑡 (75)

nd the conservation law follows.

. Stability for energy estimate. Choosing 𝑡𝑗 = 𝑇 in the conservation law directly yields inequalities
𝑀
∑

𝑚=1

2
𝜏𝑚 ∫

𝑇

𝑡𝑖
|||𝑃0𝜱𝑚

𝑉 𝐸 |||
2
𝑉 𝐸,𝑚 𝑑𝑡 ≤ |||𝜱(𝑇 )|||2𝐴 = |||𝜳 |||

2
𝐴 (76)

and

|||𝜱(𝑡𝑖)|||𝐴 ≤ |||𝜱(𝑇 )|||𝐴 = |||𝜳 |||𝐴 , ∀𝑖 ∈ {0, 1,… , 𝑁} (77)

where the latter stability is valid at the nodal points in time. Utilizing linear interpolation in time, with a nodal basis {𝜙𝑖(𝑡)}𝑁𝑖=0, we,
by the triangle inequality, can bound the energy norm within a time-interval 𝐼𝑛 by its values at the nodes

sup
𝑡∈𝐼𝑛

|||𝜱(𝑡)|||𝐴 = sup
𝑡∈𝐼𝑛

|||𝜙𝑛−1(𝑡)𝜱(𝑡𝑛−1) + 𝜙𝑛(𝑡)𝜱(𝑡𝑛)|||𝐴 (78)

≤ sup
𝑡∈𝐼𝑛

(

𝜙𝑛−1(𝑡)|||𝜱(𝑡𝑛−1)|||𝐴 + 𝜙𝑛(𝑡)|||𝜱(𝑡𝑛)|||𝐴
)

(79)

≤ |||𝜱(𝑡𝑛−1)|||𝐴 + |||𝜱(𝑡𝑛)|||𝐴 (80)

and hence, via (77), we get the stability

‖𝜱‖

2
𝐿∞(𝐴) ≲ |||𝜳 |||

2
𝐴 (81)

For the remaining first term in (71), we look at a single time interval 𝐼𝑛. Since 𝜱1 is a discrete function, we can bound the max
orm in time by the 𝐿1-norm

‖𝜱̇1‖𝐿∞(𝐼𝑛 ,𝐻−1(𝛺)) ∶= sup
𝑡∈𝐼𝑛

(

sup
𝟎≠𝒘∈𝑃0𝑽 ℎ,𝑛

(𝜱̇1,𝒘)
‖𝒘‖𝐻1(𝛺)

)

(82)

= sup
𝟎≠𝒘∈𝑃0𝑽 ℎ,𝑛

(

sup
𝑡∈𝐼𝑛

(𝜱̇1,𝒘)
‖𝒘‖𝐻1(𝛺)

)

(83)

≲ sup
𝟎≠𝒘∈𝑃0𝑽 ℎ,𝑛

𝑘−1 ∫𝐼𝑛

(𝜱̇1,𝒘)
‖𝒘‖𝐻1(𝛺)

𝑑𝑡 (84)

≲ 𝑘−1 sup
𝟎≠𝒘∈𝑃0𝑽 ℎ,𝑛

∫𝐼𝑛 (𝜌𝜱̇1,𝒘) 𝑑𝑡

‖𝒘‖𝐻1(𝛺)
(85)

= 𝑘−1 sup
𝟎≠𝒘∈𝑃0𝑽 ℎ,𝑛

∫𝐼𝑛 𝑎𝐸 (𝜱0,𝒘) +
∑𝑀

𝑚=1 𝑎
𝑚
𝑉 𝐸 (𝜱

𝑚
𝑉 𝐸 ,𝒘) 𝑑𝑡

‖𝒘‖𝐻1(𝛺)
(86)

≲ 𝑘−1 ∫𝐼𝑛
|||𝜱0|||𝐸 +

𝑀
∑

𝑚=1
|||𝜱𝑚

𝑉 𝐸 |||𝑉 𝐸,𝑚 𝑑𝑡 (87)

≲ ‖𝜱0‖𝐿∞(𝐼𝑛 ,𝐸) +
𝑀
∑

𝑚=1
‖𝜱𝑚

𝑉 𝐸‖𝐿∞(𝐼𝑛 ,𝑉 𝐸) (88)

here we in (85) use the lower bound on 𝜌 > 0, in (86) use the discrete dual problem (61), and in (87) use the Cauchy–Schwarz
nequality. In turn this inequality gives

‖𝜱̇1‖𝐿∞(𝐻−1(𝛺)) ≲ ‖𝜱‖

2
𝐿∞(𝐴) (89)

hich concludes the proof of the stability estimate required for the energy estimate.

. Stability for 𝐿2 estimate. We express the discrete the dual problem (61) as

∫𝐼𝑛
−(ℎ𝜱̇,𝑾 ) + (ℎ𝜱,𝑾 ) 𝑑𝑡 = 0 , ∀𝑾 ∈ [𝑃0𝑽 ℎ,𝑛]2+𝑀 (90)

hoosing 𝑾 = −1
ℎ ℎ𝜱̇ and summing over all intervals {𝐼𝑛}

𝑗
𝑖+1 we obtain

0 = ∫

𝑡𝑗

𝑡𝑖
−(ℎ𝜱̇,−1

ℎ ℎ𝜱̇) + (ℎ𝜱,−1
ℎ ℎ𝜱̇) 𝑑𝑡 (91)

=
𝑡𝑗
−(𝜱̇,ℎ𝜱̇) + (ℎ𝜱,−1

ℎ ℎ𝜱̇) 𝑑𝑡 (92)
9

∫𝑡𝑖
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B

T
t
t

w

4

T
t

a

w

R
t

R
l
d

R
b

P
b

= ∫

𝑡𝑗

𝑡𝑖
−𝐵𝑆𝑦𝑚(𝜱̇, 𝜱̇) + (ℎ𝜱,−1

ℎ ℎ𝜱̇) 𝑑𝑡 (93)

= ∫

𝑡𝑗

𝑡𝑖
−𝐵𝑆𝑦𝑚(𝜱̇, 𝜱̇) + 1

2
𝜕𝑡(ℎ𝜱,−1

ℎ ℎ𝜱) 𝑑𝑡 (94)

which, after integration gives

(ℎ𝜱(𝑡𝑗 ),−1
ℎ ℎ𝜱(𝑡𝑗 )) − 2∫

𝑡𝑗

𝑡𝑖
𝐵𝑆𝑦𝑚(𝜱̇, 𝜱̇) = (ℎ𝜱(𝑡𝑖),−1

ℎ ℎ𝜱(𝑡𝑖)) (95)

and we have the identity

(ℎ𝜱,−1
ℎ ℎ𝜱) = 𝜌−1‖‖

‖

ℎ,𝐸𝜱0 +
𝑀
∑

𝑚=1
𝑚
ℎ,𝑉 𝐸𝜱

𝑚
𝑉 𝐸

‖

‖

‖

2

𝐿2(𝛺)
+ |||𝜱1|||

2
𝐸 +

𝑀
∑

𝑚=1
||| −𝜱1 + 𝜏−1𝑚 𝜱𝑚

𝑉 𝐸 |||
2
𝑉 𝐸,𝑚 (96)

y analogous arguments to the energy norm stability, using the piecewise linear interpolation in time, we get the following stability

𝜌−1‖‖
‖

ℎ,𝐸𝜱0 +
𝑀
∑

𝑚=1
𝑚
ℎ,𝑉 𝐸𝜱

𝑚
𝑉 𝐸

‖

‖

‖

2

𝐿∞(𝐿2(𝛺))
+ ‖𝜱1‖

2
𝐿∞(𝐸) +

𝑀
∑

𝑚=1
‖ −𝜱1 + 𝜏−1𝑚 𝜱𝑚

𝑉 𝐸‖
2
𝐿∞([𝑉 𝐸,𝑚])

≤ 𝜌−1‖‖
‖

ℎ,𝐸𝜳 0 +
𝑀
∑

𝑚=1
𝑚
ℎ,𝑉 𝐸𝜳

𝑚
𝑉 𝐸

‖

‖

‖

2

𝐿2(𝛺)
+ |||𝜳 1|||

2
𝐸 +

𝑀
∑

𝑚=1
||| − 𝜳 1 + 𝜏−1𝑚 𝜳𝑚

𝑉 𝐸 |||
2
𝑉 𝐸,𝑚 (97)

he final form of the stability estimate comes by choosing 𝜳 1 = 𝜳𝑚
𝑉 𝐸 = 𝟎 in the right hand side and recognizing that the first three

erms on the left in (72) can be bounded from below via the following calculations. Utilizing the discrete dual problem (61) and
he Cauchy–Schwarz inequality, we for the first term in the stability estimate have

‖𝜱̇1‖
2
𝐿∞(𝐼𝑛 ,𝐿2(𝛺))

≲ 𝑘−1 ∫𝐼𝑛
(𝜌𝜱̇1, 𝜱̇1) 𝑑𝑡 (98)

= 𝑘−1 ∫𝐼𝑛
(−ℎ,𝐸𝜱0 −

𝑀
∑

𝑚=1
𝑚
ℎ,𝑉 𝐸𝜱

𝑚
𝑉 𝐸 , 𝜱̇1) 𝑑𝑡 (99)

≤ 𝑘−1 ∫𝐼𝑛
‖

‖

‖

ℎ,𝐸𝜱0 +
𝑀
∑

𝑚=1
𝑚
ℎ,𝑉 𝐸𝜱

𝑚
𝑉 𝐸

‖

‖

‖𝐿2(𝛺)
‖𝜱̇1‖𝐿2(𝛺) 𝑑𝑡 (100)

≤ ‖

‖

‖

ℎ,𝐸𝜱0 +
𝑀
∑

𝑚=1
𝑚
ℎ,𝑉 𝐸𝜱

𝑚
𝑉 𝐸

‖

‖

‖𝐿∞(𝐼𝑛 ,𝐿2(𝛺))
‖𝜱̇1‖𝐿∞(𝐼𝑛 ,𝐿2(𝛺)) (101)

hich concludes the proof of the stability estimate. □

We now turn to the proof of our main a priori error estimates.

.3. A priori error estimate

heorem 4.1 (End Time Error Bounds). Assuming 𝒈𝑘 ∶= 𝜋𝑘𝒈, and that the velocities of the exact solution 𝒖̇0(𝑡) = 𝒖1(𝑡) ∈ [𝐻𝑟(𝛺)]3 at all
imes 𝑡 ∈ (0, 𝑇 ], the following end time a priori error estimates hold. In the energy norm, we have the estimate

|||𝒖(𝑇 ) − 𝑼 (𝑇 )|||𝐴 ≲ 𝑇
(

ℎ𝑠−1‖𝒖1‖𝐿∞(𝐻𝑠(𝛺)) + 𝑘2‖𝜕𝑡𝑡𝒇‖𝐿∞(𝐻1(𝛺))
)

(102)

nd for displacements in 𝐿2 norm we have the estimate

‖𝒖0(𝑇 ) − 𝑼 0(𝑇 )‖𝐿2(𝛺) ≲ 𝑇
(

(ℎ𝑠 + 𝑘ℎ𝑠−1)‖𝒖1‖𝐿∞(𝐻𝑠(𝛺)) + 𝑘2‖𝜕𝑡𝑡𝒇‖𝐿∞(𝐿2(𝛺))
)

(103)

here 𝑠 = min(𝑟, 𝑝 + 1) and the constant in ≲ for each estimate is independent of mesh size ℎ, timestep 𝑘, and end time 𝑇 .

emark 4.2. Through some adjustments to the proof, this theorem can be extended from bounds of the errors at the end time 𝑇
o bounds on the maximum of the errors at each nodal point in time.

emark 4.3. We explicitly state the dependence on the end time 𝑇 in the inequality to emphasize that this dependence is only
inear. This is in contrast to some previous results cited in the introduction, where the constants are exponentially dependent on 𝑇
ue to the use of Grönwall type inequalities.

emark 4.4. The 𝑘ℎ𝑠−1-term in the 𝐿2 estimate is of optimal order if 𝑘 ∼ ℎ. This term vanishes if the viscoelastic stresses would
e formulated in terms of the same differential operator as the elastic stress.

roof. The proofs of the energy estimate and the 𝐿2 estimate are presented in parallel, term by term, with the fundamental difference
10

eing which stability estimate is used.
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Energy estimate. Adding and subtracting terms in combination with the triangle inequality gives

|||𝒖(𝑇 ) − 𝑼 (𝑇 )|||𝐴 ≤ |||(𝒖 − 𝜋ℎ𝑘𝒖)(𝑇 )|||𝐴 + |||(𝜋ℎ𝑘𝒖 − 𝑼 )(𝑇 )|||𝐴 (104)

= |||(𝐼 − 𝜋ℎ)𝒖(𝑇 )|||𝐴 + |||𝜼(𝑇 )|||𝐴 (105)

where the first term is limited through the interpolation estimate in Lemma 3.1. For the second term we choose 𝜳 = 𝜼(𝑇 ) in the
error representation formula (69) which gives

|||𝜼(𝑇 )|||2𝐴 = 𝐴(𝜼(𝑇 ),𝜳 ) (106)

= 𝐴(𝜼(0),𝜱(0))
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟

=0

−

𝑇

∫
0

𝐴(𝝆̇, 𝑃0𝜱) + 𝐵(𝝆, 𝑃0𝜱) − (𝒈 − 𝒈𝑘, 𝑃0𝜱1)𝛤𝑁 𝑑𝑡

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
★

(107)

where the first term is zero due to the definition of initial data 𝜼(0).

𝐿2 Estimate. Adding and subtracting terms and applying the triangle inequality gives

‖𝒖0(𝑇 ) − 𝑼 0(𝑇 )‖𝐿2(𝛺) ≤ ‖(𝐼 − 𝑅𝐸 )𝒖0(𝑇 )‖𝐿2(𝛺) + ‖𝜼0(𝑇 )‖𝐿2(𝛺) (108)

where the first term is limited through a standard 𝐿2 error estimate for linear elastostatics. For the second term we choose
𝜳 = (𝜳 1,𝜳 0,𝜳𝑉 𝐸 ) = (𝟎,−1

ℎ,𝐸𝜼0, 𝟎) in the error representation formula (69) which gives

‖𝜼0(𝑇 )‖2𝐿2(𝛺)
= 𝐴(𝜼(𝑇 ),𝜳 ) (109)

= 𝐴(𝜼(0),𝜱(0))
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟

=0

−

𝑇

∫
0

𝐴(𝝆̇, 𝑃0𝜱) + 𝐵(𝝆, 𝑃0𝜱) − (𝒈 − 𝒈𝑘, 𝑃0𝜱1)𝛤𝑁 𝑑𝑡

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
★

(110)

where the first term is zero due to the definition of initial data 𝜼(0). Note that the expression on the right is the same as in the
energy estimate.

Terms in ★. We decompose ★ into a sum of the following three terms

𝐼 = ∫

𝑇

0
𝐴(𝝆̇, 𝑃0𝜱) 𝑑𝑡, 𝐼𝐼 = ∫

𝑇

0
𝐵(𝝆, 𝑃0𝜱) 𝑑𝑡, 𝐼𝐼𝐼 = −∫

𝑇

0
(𝒈 − 𝒈𝑘, 𝑃0𝜱1)𝛤𝑁 𝑑𝑡 (111)

Term 𝐼 . We have the identity

∫

𝑇

0
𝐴(𝝆̇, 𝑃0𝜱) 𝑑𝑡 =

𝑁
∑

𝑛=1
∫𝐼𝑛

(𝜌𝝆̇1, 𝑃0𝜱1) 𝑑𝑡 + ∫𝐼𝑛
𝑎𝐸 (𝝆̇0, 𝑃0𝜱0)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=0

𝑑𝑡 +
𝑀
∑

𝑚=1
∫𝐼𝑛

𝑎𝑚𝑉 𝐸 (𝝆̇
𝑚
𝑉 𝐸 , 𝑃0𝜱𝑚

𝑉 𝐸 )

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=0

𝑑𝑡 (112)

where the second term is zero since

∫𝐼𝑛
𝑎𝐸 (𝝆̇0, 𝑃0𝜱0) 𝑑𝑡 = 𝑎𝐸 (𝝆0(𝑡𝑛), 𝑃0𝜱0(𝑡𝑛)−) − 𝑎𝐸 (𝝆0(𝑡𝑛−1), 𝑃0𝜱0(𝑡𝑛−1)+) = 0 (113)

due to the definition of the interpolant using Ritz projections. We can argue in the same way for the third term. For the remaining
first term in (112) we have

𝑁
∑

𝑛=1
∫𝐼𝑛

(𝜌𝝆̇1, 𝑃0𝜱1) =

𝐼1
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
− (𝜌𝝆1(0),𝜱1(0)) + (𝜌𝝆1(0), (𝐼 − 𝑃0)𝜱1(0))

𝐼2
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
+ (𝜌𝝆1(𝑇 ),𝜱1(𝑇 )) − (𝜌𝝆1(𝑇 ), (𝐼 − 𝑃0)𝜱1(𝑇 )) (114)

−
𝑁−1
∑

𝑛=1
(𝜌𝝆1(𝑡𝑛), [𝑃0𝜱1]𝑛)𝛺

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐼3

= 𝐼1 + 𝐼2 + 𝐼3 (115)

Terms 𝐼1 and 𝐼2: Energy estimate. Using Hölder’s inequality we have

|𝐼1| = |(𝜌𝝆1(0),𝜱1(0)) + (𝜌𝝆1(0), (𝐼 − 𝑃0)𝜱1(0))| (116)

≲ ‖𝝆1(0)‖𝐿2(𝛺)‖𝜱1(0)‖𝐿2(𝛺) + ‖𝝆1(0)‖𝐻1(𝛺)‖(𝐼 − 𝑃0)𝜱1(0)‖𝐻−1(𝛺) (117)

≲ ℎ𝑠‖𝒖1(0)‖𝐻𝑠(𝛺)‖𝜱1‖𝐿∞(𝐼1 ,𝐿2(𝛺)) + ℎ𝑠−1𝑘‖𝒖1(0)‖𝐻𝑠(𝛺)‖𝜱̇1‖𝐿∞(𝐼1 ,𝐻−1(𝛺)) (118)
11

and 𝐼2 is estimated in the same way.
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Terms 𝐼1 and 𝐼2: 𝐿2 estimate. Using Hölder’s inequality followed by Korn’s inequality we have

|𝐼1| = |(𝜌𝝆(0),𝜱1(0)) + (𝜌𝝆(0), (𝐼 − 𝑃0)𝜱1(0))| (119)

≲ ‖𝝆1(0)‖𝐻−1(𝛺)
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
≤‖𝝆1(0)‖𝐿2(𝛺)

‖𝜱1(0)‖𝐻1(𝛺)
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

≲|||𝜱1(0)|||𝐸

+‖𝝆1(0)‖𝐿2(𝛺)‖(𝐼 − 𝑃0)𝜱1(0)‖𝐿2(𝛺) (120)

≲ ℎ𝑠‖𝒖1(0)‖𝐻𝑠(𝛺)‖𝜱1‖𝐿∞(𝐼1 ,𝐸) + ℎ𝑠‖𝒖1(0)‖𝐻𝑠(𝛺)𝑘‖𝜱̇1‖𝐿∞(𝐼1 ,𝐿2(𝛺)) (121)

nd 𝐼2 is estimated in the same way.

erm 𝐼3: Energy estimate. Using Hölder’s inequality, we have

|𝐼3| ≲
𝑁−1
∑

𝑛=1
‖𝝆1(𝑡𝑛)‖𝐻1(𝛺)

‖

‖

‖

[𝑃0𝜱1]𝑛
‖

‖

‖𝐻−1(𝛺)
(122)

≲
𝑁−1
∑

𝑛=1
𝑘ℎ𝑠−1‖𝒖1(𝑡𝑛)‖𝐻𝑠(𝛺)‖𝜱̇1‖𝐿∞(𝐼,𝐻−1(𝛺)) (123)

≲ ℎ𝑠−1
(𝑁−1
∑

𝑛=1
𝑘‖𝒖1(𝑡𝑛)‖𝐻𝑠(𝛺)

)

‖𝜱̇1‖𝐿∞(𝐼,𝐻−1(𝛺)) (124)

here we used the estimate

‖[𝑃0𝜱1]𝑛‖𝐻−1(𝛺) ≤ ‖((𝐼 − 𝑃0)𝜱1)+𝑛 ‖𝐻−1(𝛺) + ‖((𝐼 − 𝑃0)𝜱1)−𝑛 ‖𝐻−1(𝛺) (125)

≲ 𝑘‖𝜱̇1‖𝐿∞(𝐼𝑛+1 ,𝐻−1(𝛺)) + 𝑘‖𝜱̇1‖𝐿∞(𝐼𝑛 ,𝐻−1(𝛺)) (126)

erm 𝐼3: 𝐿2 estimate. Using Hölder’s inequality, we have

|𝐼3| ≲
𝑁−1
∑

𝑛=1
‖𝝆1(𝑡𝑛)‖𝐿2(𝛺)

‖

‖

‖

[𝑃0𝜱1]𝑛
‖

‖

‖𝐿2(𝛺)
(127)

≲
𝑁−1
∑

𝑛=1
𝑘ℎ𝑠‖𝒖1(𝑡𝑛)‖𝐻𝑠(𝛺)‖𝜱̇1‖𝐿∞(𝐼,𝐿2(𝛺)) (128)

≲ ℎ𝑠
(𝑁−1
∑

𝑛=1
𝑘‖𝒖1(𝑡𝑛)‖𝐻𝑠(𝛺)

)

‖𝜱̇1‖𝐿∞(𝐼,𝐿2(𝛺)) (129)

here we used the estimate

‖[𝑃0𝜱1]𝑛‖𝐿2(𝛺) ≤ ‖((𝐼 − 𝑃0)𝜱1)+𝑛 ‖𝐿2(𝛺) + ‖((𝐼 − 𝑃0)𝜱1)−𝑛 ‖𝐿2(𝛺) (130)

≲ 𝑘‖𝜱̇1‖𝐿∞(𝐼𝑛+1 ,𝐿2(𝛺)) + 𝑘‖𝜱̇1‖𝐿∞(𝐼𝑛 ,𝐿2(𝛺)) (131)

inal estimates term 𝐼 : Energy estimate. Collecting the estimates we have

|𝐼| ≲ ℎ𝑠
(

‖𝒖1(0)‖𝐻𝑠(𝛺) + ‖𝒖1(𝑇 )‖𝐻𝑠(𝛺)

)

‖𝜱1‖𝐿∞(𝐼,𝐿2(𝛺)) + ℎ𝑠−1 𝑇 max
0≤𝑛≤𝑁

‖𝒖1(𝑡𝑛)‖𝐻𝑠(𝛺)‖𝜱̇1‖𝐿∞(𝐼,𝐻−1(𝛺)) (132)

inal estimates term 𝐼 : 𝐿2 estimate. Collecting the estimates we have

|𝐼| ≲ ℎ𝑠
(

‖𝒖1(0)‖𝐻𝑠(𝛺) + ‖𝒖1(𝑇 )‖𝐻𝑠(𝛺)

)

‖𝜱1‖𝐿∞(𝐼,𝐻1(𝛺)) + ℎ𝑠 𝑇 max
0≤𝑛≤𝑁

‖𝒖1(𝑡𝑛)‖𝐻𝑠(𝛺)‖𝜱̇1‖𝐿∞(𝐼,𝐿2(𝛺)) (133)

erm 𝐼𝐼 . We have the identity

∫

𝑇

0
𝐵(𝝆, 𝑃0𝜱) 𝑑𝑡 = ∫

𝑇

0
𝑎𝐸 (𝝆0, 𝑃0𝜱1) 𝑑𝑡 − ∫

𝑇

0
𝑎𝐸 (𝝆1, 𝑃0𝜱0) 𝑑𝑡 (134)

+
𝑀
∑

𝑚=1
∫

𝑇

0
𝑎𝑚𝑉 𝐸 (𝝆

𝑚
𝑉 𝐸 , 𝑃0𝜱1) 𝑑𝑡 −

𝑀
∑

𝑚=1
∫

𝑇

0
𝑎𝑚𝑉 𝐸 (𝝆1, 𝑃0𝜱𝑚

𝑉 𝐸 ) 𝑑𝑡

+
𝑀
∑

𝑚=1

1
𝜏𝑚 ∫

𝑇

0
𝑎𝑚𝑉 𝐸 (𝝆

𝑚
𝑉 𝐸 , 𝑃0𝜱

𝑚
𝑉 𝐸 ) 𝑑𝑡

=
5
∑

𝑖=1
𝐼𝐼𝑖 (135)

For the remaining terms, we have the following estimates.
12
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a

Terms 𝐼𝐼1, 𝐼𝐼3 and 𝐼𝐼𝐼 . For term 𝐼𝐼1, we by the definition of the Ritz projection have

𝐼𝐼1 = ∫

𝑇

0
𝑎𝐸 ((𝐼 − 𝜋𝑘𝑅𝐸 )𝒖0, 𝑃0𝜱1) 𝑑𝑡 (136)

= ∫

𝑇

0
𝑎𝐸 ((𝐼 − 𝑅𝐸 )𝒖0, 𝑃0𝜱1)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=0

𝑑𝑡 + ∫

𝑇

0
𝑎𝐸 (𝑅𝐸 (𝐼 − 𝜋𝑘)𝒖0, 𝑃0𝜱1) 𝑑𝑡 (137)

= ∫

𝑇

0
𝑎𝐸 ((𝐼 − 𝜋𝑘)𝒖0, 𝑃0𝜱1) 𝑑𝑡 (138)

nd the corresponding calculation for term 𝐼𝐼3 yields

𝐼𝐼3 = ∫

𝑇

0

𝑀
∑

𝑚=1
𝑎𝑚𝑉 𝐸 ((𝐼 − 𝜋𝑘𝑅𝑉 𝐸 )𝒖𝑚𝑉 𝐸 , 𝑃0𝜱1) 𝑑𝑡 (139)

= ∫

𝑇

0

𝑀
∑

𝑚=1
𝑎𝑚𝑉 𝐸 ((𝐼 − 𝜋𝑘)𝒖𝑚𝑉 𝐸 , 𝑃0𝜱1) 𝑑𝑡 (140)

Recalling the identity

(𝝈(𝒗0, 𝒗𝑉 𝐸 ), 𝝐(𝒘)) = 𝑎𝐸 (𝒗0,𝒘) +
𝑀
∑

𝑚=1
𝑎𝑚𝑉 𝐸 (𝒗

𝑚
𝑉 𝐸 ,𝒘) (141)

and that 𝝈 is a linear operator, we after integration by parts have

𝐼𝐼1 + 𝐼𝐼3 + 𝐼𝐼𝐼 = ∫

𝑇

0
((𝐼 − 𝜋𝑘)𝒈, 𝑃0𝜱1)𝛤𝑁 𝑑𝑡 − ∫

𝑇

0
((𝐼 − 𝜋𝑘)(𝝈(𝒖0, 𝒖𝑉 𝐸 ) ⋅ ∇), 𝑃0𝜱1) 𝑑𝑡 − ∫

𝑇

0
(𝒈 − 𝒈𝑘, 𝑃0𝜱1)𝛤𝑁 𝑑𝑡 (142)

Note that the Neumann boundary terms vanish by choosing 𝒈𝑘 ∶= 𝜋𝑘𝒈. Adding

0 = ∫𝐼𝑛
(𝜕𝑡(𝐼 − 𝜋𝑘)𝜌𝒖1, 𝑃0𝜱1) 𝑑𝑡 = ∫𝐼𝑛

((𝐼 − 𝜋𝑘)𝜌𝒖̇1, 𝑃0𝜱1) 𝑑𝑡 (143)

which is zero by the same arguments as (113) and where the second equality holds as a consequence of the definition of the time
interpolant 𝜋𝑘 by the following calculation

∫𝐼𝑛
𝜕𝑡𝜋𝑘𝒗 𝑑𝑡 = 𝜋𝑘𝒗(𝑡𝑛) − 𝜋𝑘𝒗(𝑡𝑛−1) = 𝒗(𝑡𝑛) − 𝒗(𝑡𝑛−1) = ∫𝐼𝑛

𝜕𝑡𝒗 𝑑𝑡 (144)

Assuming 𝒈𝑘 ∶= 𝜋𝑘𝒈 we thus have

𝐼𝐼1 + 𝐼𝐼3 + 𝐼𝐼𝐼 = ∫

𝑇

0
((𝐼 − 𝜋𝑘)(𝜌𝒖̇1 − 𝝈(𝒖0, 𝒖𝑉 𝐸 ) ⋅ ∇

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝒇 by (11a)

), 𝑃0𝜱1) 𝑑𝑡 (145)

= ∫

𝑇

0
((𝐼 − 𝜋𝑘)𝒇 ,𝜱1) 𝑑𝑡 + ∫

𝑇

0
((𝐼 − 𝜋𝑘)𝒇 , (𝑃0 − 𝐼)𝜱1) 𝑑𝑡 (146)

Final estimates term (𝐼𝐼1 + 𝐼𝐼3 + 𝐼𝐼𝐼): Energy estimate. By the Cauchy–Schwarz and Hölder’s inequalities, we have

|𝐼𝐼1 + 𝐼𝐼3 + 𝐼𝐼𝐼| ≲ 𝑇 ‖(𝐼 − 𝜋𝑘)𝒇‖𝐿∞(𝐿2(𝛺))‖𝜱1‖𝐿∞(𝐿2(𝛺)) + 𝑇 ‖(𝐼 − 𝜋𝑘)𝒇‖𝐿∞(𝐻1(𝛺))‖(𝐼 − 𝑃0)𝜱1‖𝐿∞(𝐻−1(𝛺)) (147)

≲ 𝑘2𝑇 ‖𝜕𝑡𝑡𝒇‖𝐿∞(𝐻1(𝛺))
(

‖𝜱1‖𝐿∞(𝐿2(𝛺)) + 𝑘‖𝜱̇1‖𝐿∞(𝐻−1(𝛺))
)

(148)

Final estimates term (𝐼𝐼1 + 𝐼𝐼3 + 𝐼𝐼𝐼): 𝐿2 estimate. By Hölder’s inequality and the Cauchy–Schwarz inequality, we have

|𝐼𝐼1 + 𝐼𝐼3 + 𝐼𝐼𝐼| ≲ 𝑇 ‖(𝐼 − 𝜋𝑘)𝒇‖𝐿∞(𝐻−1(𝛺))‖𝜱1‖𝐿∞(𝐻1(𝛺)) + 𝑇 ‖(𝐼 − 𝜋𝑘)𝒇‖𝐿∞(𝐿2(𝛺))‖(𝐼 − 𝑃0)𝜱1‖𝐿∞(𝐿2(𝛺)) (149)

≲ 𝑘2𝑇 ‖𝜕𝑡𝑡𝒇‖𝐿∞(𝐿2(𝛺))
(

‖𝜱1‖𝐿∞(𝐸) + 𝑘‖𝜱̇1‖𝐿∞(𝐿2(𝛺))
)

(150)

Term 𝐼𝐼2. This term is zero by the following calculation

∫𝐼𝑛
𝑎𝐸 (𝝆1, 𝑃0𝜱0) 𝑑𝑡 = ∫𝐼𝑛

𝑎𝐸 ((𝐼 − 𝜋𝑘𝑅𝐸 )𝒖1, 𝑃0𝜱0) 𝑑𝑡 (151)

= ∫𝐼𝑛
𝑎𝐸 ((𝐼 − 𝜋𝑘)𝒖1, 𝑃0𝜱0) 𝑑𝑡 (152)

= ∫𝐼𝑛
𝑎𝐸 ((𝐼 − 𝜋𝑘)𝒖1, 𝑃0𝜱0) 𝑑𝑡 − ∫𝐼𝑛

𝑎𝐸 ((𝐼 − 𝜋𝑘)𝒖̇0, 𝑃0𝜱0) 𝑑𝑡

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
= 0 analogously to (143)

(153)

= ∫𝐼𝑛
𝑎𝐸 ((𝐼 − 𝜋𝑘) (𝒖1 − 𝒖̇0)

⏟⏞⏟⏞⏟
, 𝑃0𝜱0) 𝑑𝑡 = 0 (154)
13

=0 by (11b)
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I

T

where we, in the first equality, used the definition of the Ritz projection.

Terms 𝐼𝐼4 and 𝐼𝐼5. First looking at 𝐼𝐼4, we have terms

−∫𝐼𝑛
𝑎𝑚𝑉 𝐸 (𝝆1, 𝑃0𝜱𝑚

𝑉 𝐸 ) 𝑑𝑡 = −∫𝐼𝑛
𝑎𝑚𝑉 𝐸 ((𝐼 − 𝜋𝑘𝑅𝐸 )𝒖1, 𝑃0𝜱𝑚

𝑉 𝐸 ) 𝑑𝑡 (155)

= −∫𝐼𝑛
𝑎𝑚𝑉 𝐸 ((𝐼 − 𝜋𝑘)𝒖1, 𝑃0𝜱𝑚

𝑉 𝐸 ) 𝑑𝑡 − ∫𝐼𝑛
𝑎𝑚𝑉 𝐸 (𝜋𝑘(𝐼 − 𝑅𝐸 )𝒖1, 𝑃0𝜱𝑚

𝑉 𝐸 ) 𝑑𝑡 (156)

n this case, the last term is not zero by the definition of the Ritz projections since 𝑅𝐸 is applied within a viscoelastic form.
Correspondingly, for 𝐼𝐼5 we have

1
𝜏𝑚 ∫𝐼𝑛

𝑎𝑚𝑉 𝐸 (𝝆
𝑚
𝑉 𝐸 , 𝑃0𝜱

𝑚
𝑉 𝐸 ) 𝑑𝑡 =

1
𝜏𝑚 ∫𝐼𝑛

𝑎𝑚𝑉 𝐸 ((𝐼 − 𝜋𝑘𝑅𝑉 𝐸 )𝒖𝑚𝑉 𝐸 , 𝑃0𝜱
𝑚
𝑉 𝐸 ) 𝑑𝑡 (157)

= 1
𝜏𝑚 ∫𝐼𝑛

𝑎𝑚𝑉 𝐸 ((𝐼 − 𝜋𝑘)𝒖𝑚𝑉 𝐸 , 𝑃0𝜱
𝑚
𝑉 𝐸 ) 𝑑𝑡 (158)

Pairing (158) with the first term in (156), we see that the resulting term vanishes by the following calculation

1
𝜏𝑚 ∫𝐼𝑛

𝑎𝑚𝑉 𝐸 ((𝐼 − 𝜋𝑘)𝒖𝑚𝑉 𝐸 , 𝑃0𝜱
𝑚
𝑉 𝐸 ) 𝑑𝑡 − ∫𝐼𝑛

𝑎𝑚𝑉 𝐸 ((𝐼 − 𝜋𝑘)𝒖1, 𝑃0𝜱𝑚
𝑉 𝐸 ) 𝑑𝑡 (159)

= ∫𝐼𝑛
𝑎𝑚𝑉 𝐸 ((𝐼 − 𝜋𝑘)𝒖̇𝑚𝑉 𝐸 , 𝑃0𝜱

𝑚
𝑉 𝐸 ) 𝑑𝑡

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
= 0 analogously to (143)

+ 1
𝜏𝑚 ∫𝐼𝑛

𝑎𝑚𝑉 𝐸 ((𝐼 − 𝜋𝑘)𝒖𝑚𝑉 𝐸 , 𝑃0𝜱
𝑚
𝑉 𝐸 ) 𝑑𝑡 − ∫𝐼𝑛

𝑎𝑚𝑉 𝐸 ((𝐼 − 𝜋𝑘)𝒖1, 𝑃0𝜱𝑚
𝑉 𝐸 ) 𝑑𝑡 (160)

= ∫𝐼𝑛
𝑎𝑚𝑉 𝐸

(

(𝐼 − 𝜋𝑘)
(

𝒖1 +
1
𝜏𝑚

𝒖𝑚𝑉 𝐸 − 𝒖̇𝑚𝑉 𝐸
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
= 0 by (11c)

, 𝑃0𝜱𝑚
𝑉 𝐸

)

𝑑𝑡 = 0 (161)

hus, 𝐼𝐼4 + 𝐼𝐼5 is reduced to

𝐼𝐼4 + 𝐼𝐼5 =
𝑀
∑

𝑚=1
∫

𝑇

0
𝑎𝑚𝑉 𝐸 (𝜋𝑘(𝐼 − 𝑅𝐸 )𝒖1, 𝑃0𝜱𝑚

𝑉 𝐸 ) 𝑑𝑡 (162)

=
𝑀
∑

𝑚=1
∫

𝑇

0
𝑎𝑚𝑉 𝐸 ((𝐼 − 𝑅𝐸 )𝒖1, 𝑃0𝜱𝑚

𝑉 𝐸 ) 𝑑𝑡 − ∫

𝑇

0
𝑎𝑚𝑉 𝐸 ((𝐼 − 𝜋𝑘)(𝐼 − 𝑅𝐸 )𝒖1, 𝑃0𝜱𝑚

𝑉 𝐸 ) 𝑑𝑡 (163)

+ ∫

𝑇

0
𝑎𝑚𝑉 𝐸 ((𝐼 − 𝜋𝑘)𝜕𝑡(𝐼 − 𝑅𝐸 )𝒖0, 𝑃0𝜱𝑚

𝑉 𝐸 ) 𝑑𝑡

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
= 0 analogously to (143)

=
𝑀
∑

𝑚=1
∫

𝑇

0
𝑎𝑚𝑉 𝐸 ((𝐼 − 𝑅𝐸 )𝒖1, 𝑃0𝜱𝑚

𝑉 𝐸 ) 𝑑𝑡 − ∫

𝑇

0
𝑎𝑚𝑉 𝐸 ((𝐼 − 𝜋𝑘)(𝐼 − 𝑅𝐸 )( 𝒖1 − 𝒖̇0

⏟⏟⏟
=0 by (11b)

), 𝑃0𝜱𝑚
𝑉 𝐸 ) 𝑑𝑡 (164)

=
𝑀
∑

𝑚=1
∫

𝑇

0
𝑎𝑚𝑉 𝐸 ((𝐼 − 𝑅𝐸 )𝒖1, 𝑃0𝜱𝑚

𝑉 𝐸 ) 𝑑𝑡 (165)

where we in (164) use that the Ritz projection 𝑅𝐸 commutes with the time derivative since the domain 𝛺 does not change.
Note that in case the viscoelastic stresses would be expressed in terms of the same differential operator as the elastic stress, the

term 𝐼𝐼4 + 𝐼𝐼5 would vanish by the definition of the Ritz projection 𝑅𝐸 .

Final estimates term (𝐼𝐼4+𝐼𝐼5): Energy estimate. Starting from (165), using the triangle inequality, and applying the Cauchy–Schwarz
inequality in space, and then in time, we have

|𝐼𝐼4 + 𝐼𝐼5| =
|

|

|

|

𝑀
∑

𝑚=1
∫

𝑇

0
𝑎𝑚𝑉 𝐸 ((𝐼 − 𝑅𝐸 )𝒖1, 𝑃0𝜱𝑚

𝑉 𝐸 ) 𝑑𝑡
|

|

|

|

(166)

≤
𝑀
∑

𝑚=1
∫

𝑇

0
|||(𝐼 − 𝑅𝐸 )𝒖1|||𝑉 𝐸,𝑚
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
≲𝜅𝑚‖(𝐼−𝑅𝐸 )𝒖1‖𝐻1(𝛺)

|||𝑃0𝜱𝑚
𝑉 𝐸 |||𝑉 𝐸,𝑚 𝑑𝑡 (167)

≲ ∫

𝑇

0
‖(𝐼 − 𝑅𝐸 )𝒖1‖𝐻1(𝛺)

( 𝑀
∑

𝑚=1
𝜅𝑚𝜏𝑚

)1∕2 ( 𝑀
∑

𝑚=1

2
𝜏𝑚

|||𝑃0𝜱𝑚
𝑉 𝐸 |||

2
𝑉 𝐸,𝑚

)1∕2

𝑑𝑡 (168)

≲ ∫

𝑇
ℎ𝑠−1‖𝒖1‖𝐻𝑠(𝛺)

( 𝑀
∑ 2

|||𝑃0𝜱𝑚
𝑉 𝐸 |||

2
𝑉 𝐸,𝑚

)1∕2

𝑑𝑡 (169)
14
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w

w

≲ ℎ𝑠−1
(

∫

𝑇

0
‖𝒖1‖2𝐻𝑠(𝛺) 𝑑𝑡

)1∕2 ( 𝑀
∑

𝑚=1

2
𝜏𝑚 ∫

𝑇

0
|||𝑃0𝜱𝑚

𝑉 𝐸 |||
2
𝑉 𝐸,𝑚 𝑑𝑡

)1∕2

(170)

≲ ℎ𝑠−1
√

𝑇 ‖𝒖1‖𝐿∞(𝐻𝑠(𝛺))|||𝜳 |||𝐴 (171)

here we note that
√

𝑇 ≤ 𝑇 assuming 𝑇 ≥ 1.

Final estimates term (𝐼𝐼4 + 𝐼𝐼5): 𝐿2 estimate. Due to more technical and lengthy arguments, we for this term prove the bound in
Appendix A. Starting from (165) and using estimate (179) we get

|𝐼𝐼4 + 𝐼𝐼5| =
|

|

|

|

𝑀
∑

𝑚=1
𝑎𝑚𝑉 𝐸 ((𝐼 − 𝑅𝐸 )𝒖1, 𝑃0𝜱𝑚

𝑉 𝐸 ) 𝑑𝑡
|

|

|

|

(172)

≲ 𝑇 (ℎ𝑠 + 𝑘ℎ𝑠−1)‖𝒖1‖𝐿∞(𝐻𝑠(𝛺))‖ℎ,𝐸𝜳 0‖𝐿2(𝛺) (173)

which concludes the proof. □

5. Numerical results

To illustrate the method and its analysis, we in this section provide results from numerical experiments. Unless otherwise stated,
SI-units are assumed.

5.1. Convergence

To confirm our a priori error estimates, we manufacture a problem with a known analytical solution by making the following
ansatz on the velocity field

𝒖̇0(𝑡; 𝑥, 𝑦, 𝑧) ∶= exp(1 − 𝑡)(𝑎1𝑡 + 𝑎2𝑡
2)

⎡

⎢

⎢

⎢

⎢

⎣

3
4 cos(𝜋𝑥) sin

(

𝜋(2𝑦+1)
4

)

sin(𝜋𝑧)
3
4 sin

(

𝜋(2𝑥+1)
4

)

cos(𝜋𝑦) sin(𝜋𝑧)

sin
(

𝜋(2𝑥+1)
4

)

sin
(

𝜋(2𝑦+1)
4

)

sin
(

𝜋𝑧
2

)

⎤

⎥

⎥

⎥

⎥

⎦

(174)

ith 𝑎1 = 𝑎2 = 1
5 . The computational domain 𝛺 × [0, 𝑇 ] for the problem is the unit cube 𝛺 = [0, 1]3 and end time 𝑇 = 1. On the

cube bottom, 𝑧 = 0, we have the homogeneous Dirichlet condition 𝒖0 = 𝟎 and on the remainder of the boundary, we have non-
homogeneous Neumann conditions manufactured from the ansatz (174). We choose to simulate a viscoelastic material featuring
an elastic part and a single Maxwell arm, i.e., the standard linear solid model. As material parameters we choose density 𝜌 = 100,
Poisson ratio 𝜈 = 0.3, 𝐸- and Maxwell arm stiffness moduli 𝐸 = 𝜅 = 105, and relaxation time 𝜏 = 103∕𝜅.

We here present simulation results using standard Lagrange 𝑃3 finite elements on tetrahedra for the spatial discretization
and piecewise linears for the time integration (Crank–Nicolson). The reason for using finite elements with as high polynomial
approximation as 𝑝 = 3 is to generate cases where time integration is the dominant source of error. To confirm our a priori estimates
in Theorem 4.1, we perform numerical simulations for the model problem using timesteps ranging from 𝑘 = 1 to 𝑘 = 1∕128 and
mesh sizes ranging from ℎ = 1 to ℎ = 1∕5.

Convergence in energy norm. In Fig. 1 we plot the error in energy norm against the mesh size for each choice of timestep 𝑘. As
the error in the time integration becomes dominant when the mesh size decreases, the curves level out. The curve for the shortest
timestep 𝑘 = 1∕128 does not level out in this range of mesh, and thus, we assume the error in the space discretization is dominant,
indicating a convergence rate of ℎ𝑝 in agreement with the energy estimate in Theorem 4.1. In Fig. 2, we make the corresponding
plot of the error in energy norm against the timestep for each choice of mesh size ℎ. This indicates a convergence rate of 𝑘2 in
regions where the time integration dominates the error. In conclusion, the numerical study of convergence in energy norm gives
support for an estimate of the form

|||𝒖(𝑇 ) − 𝑼 (𝑇 )|||𝐴 ≲ ℎ𝑝 + 𝑘2 (175)

as is the energy estimate in Theorem 4.1.

Convergence in 𝐿2-norm. Analogously to the study of the end time error in energy norm we in Figs. 3 and 4 provide numerical
results for the end time error of the displacements in 𝐿2 norm. In agreement with Theorem 4.1 these results indicate that the end
time 𝐿2-error estimate for the displacement field should be of the form

‖𝒖0(𝑇 ) − 𝑼 0(𝑇 )‖𝐿2(𝛺) ≲ ℎ𝑝+1 + 𝑘2 (176)

We do not clearly observe the additional 𝑘ℎ𝑝 scaling also implied by the estimate. However, such a term would need a very large
2 𝑝+1
15

constant to be noticeable in the ranges of ℎ and 𝑘, when either 𝑘 is dominating the error, or ℎ is dominating the error.



Computer Methods in Applied Mechanics and Engineering 425 (2024) 116933M. Björklund et al.

𝑃

5

T
a
i
𝑡
t

5

c
u
d

Fig. 1. Convergence of model problem end time error in energy norm with respect to the mesh size ℎ. For the finite element approximation, standard Lagrange
3 elements on tetrahedra were used (𝑝 = 3).

Fig. 2. Convergence of model problem end time error in energy norm with respect to the timestep 𝑘. For the finite element approximation, standard Lagrange
𝑃3 elements on tetrahedra were used (𝑝 = 3).

.2. Energy conservation

To illustrate Lemma 3.2, the discrete conservation law, we consider the same cube and material as specified in Section 5.1 above.
he bottom of the cube (𝑧 = 0) is fixed while 2∕5 of the lid (𝑧 = 1) is prescribed an initial displacement of 𝒖0 = (0, 0, 0.20) and there
re no external forces. The initial deformation in the whole domain is the steady state solution illustrated in Fig. 5. Time integration
s performed using a timestep 𝑘 = 0.01 and the spatial discretization is done with a mesh size ℎ = 1∕5. After a simulation time of
= 0.1, the prescribed displacement on the part of the lid is released, and the simulation continues until 𝑇 = 0.5. Recorded energies
hroughout this simulation are presented in Fig. 6. Note that this conservation law is fulfilled independent of the timestep.

.3. Numerical example: A radial shaft seal

Mechanical seals are used in a wide variety of engineering applications when two surfaces need to be joined to prevent leakage,
ontamination, contain pressure, etc. Due to many preferred properties, such as mechanical damping, viscoelastic elastomers are
sed when manufacturing seals. It is important that a seal holds tight under expected operational conditions, and therefore accurate
16

escriptions of viscoelastic materials are necessary in the design process.
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Fig. 3. Convergence of model problem end time 𝐿2(𝛺)-error with respect to the mesh size ℎ. For the finite element approximation, standard Lagrange 𝑃3
lements on tetrahedra were used (𝑝 = 3).

Fig. 4. Convergence of model problem end time 𝐿2(𝛺)-error with respect to the timestep 𝑘. For the finite element approximation, standard Lagrange 𝑃3 elements
on tetrahedra were used (𝑝 = 3).

To demonstrate our viscoelastic model, we mimic the following problem: a seal is applied to a vibrating shaft connected to an
outer structure, and we wish to investigate the seal holding conditions for a fabricated viscoelastic material under changing shaft
vibrations.

As a simple model of a seal, we use a pipe geometry with inner radius 0.6 × 10−2, outer radius 1.0 × 10−2 and length 2.0 × 10−2,
see Fig. 7. We clamp the outer boundary, i.e., impose homogeneous Dirichlet conditions 𝒖0 = 𝟎. To simulate the application of the
eal on the shaft, we apply a slip boundary condition to the inner boundary

𝒖0 ⋅ 𝒏 = 𝑢𝑛(𝒙, 𝑡) , (𝑰 − 𝒏⊗ 𝒏)𝝈𝒏 = 𝟎 on 𝛤shaft (177)

here the function 𝑢𝑛(𝒙, 𝑡) is defined such that the radial displacement yields a cylindrical shape radially expanded by 1% of the inner
adius, moving in a circular motion as illustrated in Fig. 8. This boundary condition will mimic the shaft’s vibration at different
requencies 𝜔 and the circular motion has an amplitude of 0.1% of the inner radius. As our fabricated material, we choose the
ollowing parameters: elastic modulus 𝐸 = 0.5×106, Poisson ratio 𝜈 = 0.39, and viscoelastic parameters found in Table 1. For spatial
iscretization, we use standard Lagrange 𝑃2 finite elements on tetrahedra. Our model consists of 2880 elements.

When simulating holding conditions for the seal, we measure the contact pressure 𝑃 = 𝒏 ⋅ 𝝈𝒏, and the seal will hold as long as
≥ 0. When negative contact pressure arises, our simulation is no longer valid as the simulation does not include a contact model,
17
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Fig. 5. Initial state of the deformed unit cube in the conservation law experiment with the color indicating the von Mises stress. Displacements on part of the
lid are initially prescribed to 𝒖 = (0, 0, 0.20) and then released.

Fig. 6. Energies in the discrete conservation law during simulation where an initially deformed cube is released at 𝑡 = 0.1. The purple line denoted ‘Available’
is the free energy of the system.

Table 1
Viscoelastic parameters for the radial shaft seal problem.
𝑚 1 2 3 4 5

𝜏𝑚 [s] 1.0 ⋅ 10−2 1.0 ⋅ 10−1 1.0 ⋅ 100 1.0 ⋅ 101 1.0 ⋅ 102

𝜅𝑚 [Pa] 3.5 ⋅ 106 4.0 ⋅ 106 2.5 ⋅ 105 2.5 ⋅ 105 5.0 ⋅ 105

and thus, we view any negative contact pressure as an indication of seal failure. In Fig. 9, we show the pressure on the inner surface
for the frequency 𝜔 = 10 at four different times during one vibration cycle.

We investigate the pressure on the inner surface at the end time of three simulations with different frequencies 𝜔; 1, 7 and 15, as
seen in Fig. 10. Non-positive pressures are seen in the cases of 𝜔 = 7 and 𝜔 = 15, indicating that the seal might not hold. We then
make a sweep over a range of frequencies 𝜔 = 10−2 to 𝜔 = 103. During the sweep, we measure the pressure at three points along
the axial direction, near the endpoint, at 1∕4 and 1∕2 length of the seal. We consider an indication of failure if the pressure at any
point goes below zero. We measure during the last cycle for each frequency and plot the minimum and maximum pressures in each
point against frequency in Fig. 11. From this, we see that the minimum pressure goes below zero around 10 near the endpoint, and
up to 103, it remains negative. This supports the indication that the seal might be suitable only for frequencies lower than 10.
18
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Fig. 7. The computational domain of the seal. The clamped surface is green, the red surface is subject to a slip boundary condition and a radial displacement,
and the blue surfaces are free. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 8. Illustration of the slip boundary condition on the inner surface of the seal. The dashed circle illustrates the surface of the material at rest centered
around the small circle. The blue vectors illustrate a prescribed displacement in the surface’s normal direction, such that the deformed surface – the solid line
– is a circle with a larger radius orbiting the center along an elliptical path.

6. Conclusions

In this work, we have presented and analyzed a space–time finite element method for the dynamic simulation of linear viscoelastic
aterials modeled using the generalized Maxwell model. A priori error space–time estimates in both energy norm and in 𝐿2 norm

were proven. We see the following benefits of our approach:

• The basis for showing our space–time error estimates is an error representation formula derived using a discrete dual problem.
By utilizing different stabilities of the dual solution, this formula yields end-time estimates in different norms. Since inequalities
using Grönvall’s lemma are avoided, these estimates only linearly depend on the end time 𝑇 . This framework should readily
adapt also to other discretizations in space, for instance dG methods suitable for incompressible or nearly incompressible
materials [19], which polymers often are.

• In contrast to previous works, our analysis does not use the simplifying assumption of formulating the viscoelastic components
of the stress in terms of the same differential operator in space as the elastic stress. Rather, the viscoelastic stress is more
realistically modeled using the deviatoric strain as the differential operator. This choice necessitates a more involved analysis,
in particular the bounds proven in Appendix A.

• By eliminating the viscoelastic variables, see Section 3.4, the final system is reduced to having only displacements and velocities
as unknowns. This yields a very efficient method with the same computational complexity as the dynamic simulation of purely
elastic materials.

natural continuation of this work is extending the analysis to higher-order approximations in time.
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Fig. 9. Pressure on the inner surface. From top left to bottom right, four different states during the last cycle of a run with 10 Hz. Pressure below zero is
colored pink.

Fig. 10. The inner shell of the seal is cut and unwrapped as a plane. The pressure on the inner surface at the last time-step of three simulations. From left to
right for the frequencies 1 Hz, 7 Hz, 15 Hz. Pink denotes negative pressure.
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Appendix A. Technical result for the 𝑳𝟐(𝜴) estimate

For notational simplicity, we here assume that we only have one viscoelastic field, i.e., one Maxwell arm in the viscoelastic
model. Then, the term (165) that we cannot handle using the standard arguments of our framework takes the form

𝐼𝐼4 + 𝐼𝐼5 =
𝑇
𝑎𝑉 𝐸 ((𝐼 − 𝑅𝐸 )𝒖1, 𝑃0𝜱𝑉 𝐸 ) 𝑑𝑡 (178)
20
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a

Fig. 11. Maximum and minimum contact pressure measured at an endpoint (solid), at a quarter of the seal length (dashed), and midpoint (dot-dashed) at
different frequencies of the off-center motion of the inner boundary. The left plot shows pressure vs. logarithm frequency spanning 0.01–1000 Hz, and the right
plot shows pressure vs. frequency zoomed in between 0.01–50 Hz.

The arguments below are easily generalized to the case of multiple Maxwell arms. The main complicating factor in (178) is that the
Ritz projection 𝑅𝐸 does not match the operator in the bilinear form 𝑎𝑉 𝐸 (⋅, ⋅). If the viscoelastic stresses were expressed instead in
terms of the elastic stress operator, the Ritz projection and the bilinear form would match, and hence (178) would simply vanish.
Instead, we employ the estimate

|𝐼𝐼4 + 𝐼𝐼5| ≲ 𝑇 (ℎ𝑠 + 𝑘ℎ𝑠−1)‖𝒖1‖𝐿∞(𝐻𝑠(𝛺))‖ℎ,𝐸𝜳 0‖𝐿2(𝛺) (179)

which we prove below. The general idea is to utilize that we have the stability for

‖ℎ,𝐸𝜱0 + ℎ,𝑉 𝐸𝜱𝑉 𝐸‖𝐿∞(𝐿2(𝛺)) (180)

but note that we do not have separate control over ℎ,𝐸𝜱0 or ℎ,𝑉 𝐸𝜱𝑉 𝐸 .

A.1. Modified differential operator

There is a close relationship between 𝜱𝑉 𝐸 and 𝜱0, which is enclosed in the discrete dual problem (61). In this section, we use
this relationship to construct a modified differential operator depending on a single field 𝜱𝑉 𝐸 , such that the leading order terms
have a structure corresponding to the stability we want to utilize (180).

Expressing 𝜱𝑉 𝐸 in terms of 𝜱0. The relationship between 𝜱𝑉 𝐸 and 𝜱0 over a time interval 𝐼𝑛 can be formulated as the ODE

𝑃0

(

−𝜱̇𝑉 𝐸 + 𝜱̇0 +
1
𝜏
𝜱𝑉 𝐸

)

= 0 (181)

which has the explicit solution

𝜱𝑉 𝐸 (𝑡𝑛−1) =
2

2 + 𝑘∕𝜏
⏟⏞⏟⏞⏟

=∶𝛼

(

𝜱0(𝑡𝑛−1) −𝜱0(𝑡𝑛)
)

+
2 − 𝑘∕𝜏
2 + 𝑘∕𝜏
⏟⏞⏟⏞⏟

=∶𝛽

𝜱𝑉 𝐸 (𝑡𝑛) (182)

nd we note that 0 < 𝛼 < 1 and |𝛽| < 1. Given that 𝜱𝑉 𝐸 (𝑇 ) = 0, this recursive relationship can be expanded entirely in 𝜱0 as

𝜱𝑉 𝐸 (𝑡𝑛−1) =
𝑁
∑

𝑖=𝑛
𝛼𝛽𝑖−𝑛

(

𝜱0(𝑡𝑖−1) −𝜱0(𝑡𝑖)
)

(183)

= 𝛼𝜱0(𝑡𝑛−1) − 𝛼𝛽𝑁−𝑛𝜱0(𝑇 ) + 𝛼
𝑁−1
∑

𝛽𝑖−𝑛(𝛽 − 1)𝜱0(𝑡𝑖) (184)
21
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w

= 𝛼𝜱0(𝑡𝑛−1) − 𝛼𝛽𝑁−𝑛𝜱0(𝑇 ) −
𝛼2𝑘
𝜏

𝑁−1
∑

𝑖=𝑛
𝛽𝑖−𝑛𝜱0(𝑡𝑖) (185)

here we used 𝛽 − 1 = 2−𝑘∕𝜏
2+𝑘∕𝜏 − 2+𝑘∕𝜏

2+𝑘∕𝜏 = − 2𝑘∕𝜏
2+𝑘∕𝜏 = −𝛼𝑘∕𝜏. Note that the coefficients in the sum in (185) are exponentially decaying

since |𝛽| < 1.

Differential operator. To get a differential operator with the correct structure, we add a term to (178) that is zero by the definition
of the Ritz projection 𝑅𝐸 , such that

𝐼𝐼4 + 𝐼𝐼5 = ∫

𝑇

0
𝑎𝐸 ((𝐼 − 𝑅𝐸 )𝒖1, 𝛼−1𝑃0𝜱𝑉 𝐸 )
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=0

+𝑎𝑉 𝐸 ((𝐼 − 𝑅𝐸 )𝒖1, 𝑃0𝜱𝑉 𝐸 ) 𝑑𝑡 (186)

= ∫

𝑇

0

(

𝝐(𝑃0(𝐼 − 𝑅𝐸 )𝒖1), 𝛼−1𝝈𝐸 (𝜱𝑉 𝐸 ) + 𝝈𝑉 𝐸 (𝜱𝑉 𝐸 )
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=∶𝝈★(𝜱𝑉 𝐸 )

)

𝑑𝑡 (187)

Since 0 < 𝛼 < 1, the bilinear form (𝝈★(𝒗), 𝝐(𝒘)) is coercive with energy norm |||𝒗|||2
★
∶= (𝝈★(𝒗), 𝝐(𝒗)).

A.2. Discrete elliptic regularity

In this section, we will prove the bound

|(𝝐(𝒘),𝝈★(𝜱𝑉 𝐸 ))| ≲
(

‖𝒘‖

2
𝐿2(𝛺)

+ ℎ2‖𝒘⊗ ∇‖2
𝐿2(𝛺)

)1∕2
‖ℎ,𝐸 (𝛼−1𝜱𝑉 𝐸 ) + ℎ,𝑉 𝐸𝜱𝑉 𝐸‖𝐿2(𝛺) (188)

for 𝒘 ∈ 𝑽 .

Continuous field. We here introduce a continuous field 𝜱̃𝑉 𝐸 such that the discrete field 𝜱𝑉 𝐸 is the Ritz projection of 𝜱̃𝑉 𝐸 . By the
definitions of the discrete differential operators (46) and (47), we see that 𝜱𝑉 𝐸 ∈ 𝑽 ℎ satisfies

(𝝈★(𝜱𝑉 𝐸 ), 𝝐(𝒗)) = (ℎ,𝐸 (𝛼−1𝜱𝑉 𝐸 ) + ℎ,𝑉 𝐸𝜱𝑉 𝐸 , 𝒗) for all 𝒗 ∈ 𝑽 ℎ (189)

We introduce the corresponding continuous problem; let 𝜱̃𝑉 𝐸 be the solution to

𝝈★(𝜱̃𝑉 𝐸 ) ⋅ ∇ = ℎ,𝐸 (𝛼−1𝜱𝑉 𝐸 ) + ℎ,𝑉 𝐸𝜱𝑉 𝐸 in 𝛺 (190)

𝝈★(𝜱̃𝑉 𝐸 )𝒏 = 𝟎 on 𝛤𝑁 (191)

𝜱̃𝑉 𝐸 = 𝟎 on 𝛤𝐷 (192)

which in weak form reads; find 𝜱̃𝑉 𝐸 ∈ 𝑽 such that

(𝝈★(𝜱̃𝑉 𝐸 ), 𝝐(𝒗)) = (ℎ,𝐸 (𝛼−1𝜱𝑉 𝐸 ) + ℎ,𝑉 𝐸𝜱𝑉 𝐸 , 𝒗) for all 𝒗 ∈ 𝑽 (193)

For this continuous problem, we have the elliptic regularity

|𝜱̃𝑉 𝐸 |𝐻2(𝛺) ≲ ‖ℎ,𝐸 (𝛼−1𝜱𝑉 𝐸 ) + ℎ,𝑉 𝐸𝜱𝑉 𝐸‖𝐿2(𝛺) (194)

Comparing (189) and (193), we realize that 𝜱𝑉 𝐸 is the Ritz projection of 𝜱̃𝑉 𝐸 , with energy norm error bound

|||𝜱̃𝑉 𝐸 −𝜱𝑉 𝐸 |||★ ≲ ℎ|𝜱̃𝑉 𝐸 |𝐻2(𝛺) ≲ ℎ‖ℎ,𝐸 (𝛼−1𝜱𝑉 𝐸 ) + ℎ,𝑉 𝐸𝜱𝑉 𝐸‖𝐿2(𝛺) (195)

Integration by parts. For compactness in the calculations below, we here let

𝝈ℎ ∶= 𝝈★(𝜱𝑉 𝐸 ), 𝝈̃ ∶= 𝝈★(𝜱̃𝑉 𝐸 ), 𝜋ℎ𝝈̃ ∶= 𝝈★(𝑅𝑉 𝐸𝜱̃𝑉 𝐸 ), (196)

Integrating by parts elementwise and applying the Cauchy–Schwarz inequality, give us

|(𝝐(𝒘),𝝈ℎ)| =
|

|

|

∑

𝐾∈ℎ

(

𝒘,𝝈ℎ𝒏
)

𝜕𝐾 −
(

𝒘,𝝈ℎ ⋅ ∇
)

𝐾
|

|

|

(197)

= |

|

|

(

𝒘, [[𝝈ℎ𝒏𝐹 ]]
)

ℎ
−
(

𝒘,𝝈ℎ ⋅ ∇
)

ℎ

|

|

|

(198)

≤ |

|

|

(

𝒘, [[𝝈ℎ𝒏𝐹 ]]
)

ℎ

|

|

|

+ |

|

|

(

𝒘,𝝈ℎ ⋅ ∇
)

ℎ

|

|

|

(199)

≤ ℎ1∕2‖𝒘‖𝐿2(ℎ)ℎ
−1∕2‖

‖

‖

[[𝝈ℎ𝒏𝐹 ]]
‖

‖

‖𝐿2(ℎ)
+ ‖𝒘‖𝐿2(𝛺)

‖

‖

‖

𝝈ℎ ⋅ ∇
‖

‖

‖𝐿2(ℎ)
(200)

≤
(

ℎ‖𝒘‖

2
𝐿2(ℎ)

+ ‖𝒘‖

2
𝐿2(𝛺)

)1∕2 (
ℎ−1‖‖

‖

[[𝝈ℎ𝒏𝐹 ]]
‖

‖

‖

2

𝐿2(ℎ)
+ ‖

‖

‖

𝝈ℎ ⋅ ∇
‖

‖

‖

2

𝐿2(ℎ)

)1∕2
(201)

≲
(

‖𝒘‖

2
𝐿2(𝛺)

+ ℎ2‖𝒘⊗ ∇‖2
𝐿2(𝛺)

)1∕2 (
ℎ−1‖‖

‖

[[𝝈ℎ𝒏𝐹 ]]
‖

‖

‖

2

𝐿2(ℎ)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐼★

+ ‖

‖

‖

𝝈ℎ ⋅ ∇
‖

‖

‖

2

𝐿2(ℎ)
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

𝐼𝐼★

)1∕2
(202)
22
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where we, in the final inequality, applied the standard elementwise trace inequality

‖𝒗‖2
𝐿2(𝜕𝐾)

≲ ℎ−1‖𝒗‖2
𝐿2(𝐾)

+ ℎ‖𝒗⊗ ∇‖2
𝐿2(𝐾)

(203)

Here, ℎ denotes the set of all interior edges in ℎ, as well as all edges on the Neumann boundary, where we define the jump
[[𝝈ℎ𝒏𝐹 ]]|𝛤𝑁 = 𝝈ℎ𝒏|𝛤𝑁 .

Term 𝐼★. Thanks to the regularity of 𝜱̃𝑉 𝐸 and that 𝝈̃𝒏 = 𝟎 on 𝛤𝑁 , we can subtract 𝝈̃ inside the jump [[⋅]] without affecting the
alue of the term. Thereafter applying the trace inequality (203), we get

ℎ−1‖‖
‖

[[𝝈ℎ𝒏𝐹 ]]
‖

‖

‖

2

𝐿2(ℎ)
= ℎ−1‖‖

‖

[[(𝝈ℎ − 𝝈̃)𝒏𝐹 ]]
‖

‖

‖

2

𝐿2(ℎ)
(204)

≲ ℎ−2‖𝝈ℎ − 𝝈̃‖2
𝐿2(𝛺)

+ ‖(𝝈ℎ − 𝝈̃)⊗ ∇‖2
𝐿2(ℎ)

(205)

For the first term in (205) we utilize the error estimate (195), giving us

ℎ−2‖𝝈ℎ − 𝝈̃‖2
𝐿2(𝛺)

∼ ℎ−1|||𝜱̃𝑉 𝐸 −𝜱𝑉 𝐸 |||
2
★
≲ ‖ℎ,𝐸 (𝛼−1𝜱𝑉 𝐸 ) + ℎ,𝑉 𝐸𝜱𝑉 𝐸‖

2
𝐿2(𝛺)

(206)

For the second term in (205), we add and subtract the interpolant 𝜋ℎ𝝈̃, use an inverse inequality on the discrete term, whereafter
e add and subtract 𝝈̃ in the lower order term, yielding

‖(𝝈ℎ − 𝝈̃)⊗ ∇‖2
𝐿2(ℎ)

≲ ‖(𝝈ℎ − 𝜋ℎ𝝈̃)⊗ ∇‖2
𝐿2(ℎ)

+ ‖(𝝈̃ − 𝜋ℎ𝝈̃)⊗ ∇‖2
𝐿2(ℎ)

(207)

≲ ℎ−2‖𝝈ℎ − 𝜋ℎ𝝈̃‖2𝐿2(𝛺)
+ ‖(𝝈̃ − 𝜋ℎ𝝈̃)⊗ ∇‖2

𝐿2(ℎ)
(208)

≲ ℎ−2‖𝝈ℎ − 𝝈̃‖2
𝐿2(𝛺)

+ ℎ−2‖𝝈̃ − 𝜋ℎ𝝈̃‖2𝐿2(ℎ)
+ ‖(𝝈̃ − 𝜋ℎ𝝈̃)⊗ ∇‖2

𝐿2(ℎ)
(209)

≲ ‖ℎ,𝐸 (𝛼−1𝜱𝑉 𝐸 ) + ℎ,𝑉 𝐸𝜱𝑉 𝐸‖
2
𝐿2(𝛺)

(210)

or the final inequality, we estimate the first term in (209) as (206), and the remaining two terms using interpolation estimates.

erm 𝐼𝐼★. Adding and subtracting the interpolant 𝜋ℎ𝝈̃ as well as 𝝈̃ give

‖𝝈ℎ ⋅ ∇‖𝐿2(ℎ) ≲ ‖(𝝈ℎ − 𝜋ℎ𝝈̃) ⋅ ∇‖2𝐿2(ℎ)
+ ‖(𝜋ℎ𝝈̃ − 𝝈̃) ⋅ ∇‖2

𝐿2(ℎ)
+ ‖𝝈̃ ⋅ ∇‖2

𝐿2(ℎ)
(211)

≲ ‖(𝝈ℎ − 𝜋ℎ𝝈̃)⊗ ∇‖2
𝐿2(ℎ)

+ ‖(𝝈̃ − 𝜋ℎ𝝈̃)⊗ ∇‖2
𝐿2(ℎ)

+ ‖𝝈̃ ⋅ ∇‖2
𝐿2(ℎ)

(212)

≲ ‖ℎ,𝐸 (𝛼−1𝜱𝑉 𝐸 ) + ℎ,𝑉 𝐸𝜱𝑉 𝐸‖
2
𝐿2(𝛺)

(213)

n the right-hand side of (212), we note that the first two terms are the same as the right-hand side of (207), and for the final term,
e use the strong form of the continuous problem (190). This completes the proof of (188).

.3. Stability bound

We here show that we have stability of the term

‖ℎ,𝐸 (𝛼−1𝜱𝑉 𝐸 ) + ℎ,𝑉 𝐸𝜱𝑉 𝐸‖𝐿∞(𝐿2(𝛺)) (214)

y calculations analogous to (78)–(80), we note that ‖ℎ,𝐸 (𝛼−1𝜱𝑉 𝐸 ) + ℎ,𝑉 𝐸𝜱𝑉 𝐸‖𝐿2(𝛺) must attain its maximum value at a node
n time. Hence, we below assume 𝑡 = 𝑡𝑛−1 and that this is the point in time where the maximum value is attained. Adding and
ubtracting terms and using the triangle inequality gives

‖ℎ,𝐸 (𝛼−1𝜱𝑉 𝐸 ) + ℎ,𝑉 𝐸𝜱𝑉 𝐸‖𝐿2(𝛺) ≤ ‖ℎ,𝐸𝜱0 + ℎ,𝑉 𝐸𝜱𝑉 𝐸‖𝐿2(𝛺) + ‖ℎ,𝐸 (𝜱0 − 𝛼−1𝜱𝑉 𝐸 )‖𝐿2(𝛺) (215)

here we have stability for the first term. In the second term, we replace 𝜱𝑉 𝐸 by its expansion in 𝜱0 given by (185), and we get

‖ℎ,𝐸 (𝜱0 − 𝛼−1𝜱𝑉 𝐸 )‖𝐿2(𝛺) ≤ |𝛽|𝑁−𝑛
‖ℎ,𝐸𝜱0(𝑇 )‖𝐿2(𝛺) +

𝛼
𝜏

𝑁−1
∑

𝑖=𝑛
𝑘𝛽𝑖−𝑛‖ℎ,𝐸𝜱0(𝑡𝑖)‖𝐿2(𝛺) (216)

≤ ‖ℎ,𝐸𝜱0(𝑇 )‖𝐿2(𝛺) + max
𝑛≤𝑖≤𝑁

𝑘‖ℎ,𝐸𝜱0(𝑡𝑖)‖𝐿2(𝛺)
𝛼2

𝜏

𝑁
∑

𝑖=𝑛
𝛽𝑖−𝑛 (217)

≲ ‖ℎ,𝐸𝜳 0‖𝐿2(𝛺) + max
𝑛≤𝑖≤𝑁

𝑘‖ℎ,𝐸𝜱0(𝑡𝑖)‖𝐿2(𝛺) (218)

here we use ∑𝑁
𝑖=𝑛 𝛽

𝑖−𝑛 ≤ 1
1−𝛽 since |𝛽| < 1. Repeatedly adding and subtracting suitable terms and using the triangle inequality,

yield

‖ℎ,𝐸𝜱0‖𝐿2(𝛺) ≤ ‖ℎ,𝐸𝜱0 + ℎ,𝑉 𝐸𝜱𝑉 𝐸‖𝐿2(𝛺) + ‖ℎ,𝑉 𝐸𝜱𝑉 𝐸‖𝐿2(𝛺) (219)

≲ ‖ℎ,𝐸𝜱0 + ℎ,𝑉 𝐸𝜱𝑉 𝐸‖𝐿2(𝛺) +
‖

‖

‖

ℎ,𝑉 𝐸
(

−𝜱1 +
1
𝜏
𝜱𝑉 𝐸

)

‖

‖

‖𝐿2(𝛺)
+ ‖ℎ,𝑉 𝐸𝜱1‖𝐿2(𝛺) (220)
23
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where the first term in (220) is directly bounded by our stability. For the remaining two terms in (220) we use that ‖ℎ,𝑉 𝐸𝒗‖𝐿2(𝛺) ≲
ℎ−1|||𝒗|||𝑉 𝐸 for 𝒗 ∈ 𝑽 ℎ, which follows from the calculation

‖ℎ,𝑉 𝐸𝒗‖2𝐿2(𝛺)
= (ℎ,𝑉 𝐸𝒗,ℎ,𝑉 𝐸𝒗) (221)

= (𝝈𝑉 𝐸 (𝒗), 𝝐(ℎ,𝑉 𝐸𝒗)) (222)

= (𝝈𝑉 𝐸 (𝒗), (ℎ,𝑉 𝐸𝒗)⊗ ∇) (223)

≤ 𝜅1∕2
|||𝒗|||𝑉 𝐸‖(ℎ,𝑉 𝐸𝒗)⊗ ∇‖𝐿2(𝛺) (224)

≲ ℎ−1|||𝒗|||𝑉 𝐸‖ℎ,𝑉 𝐸𝒗‖𝐿2(𝛺) (225)

here we used an inverse inequality in the final inequality. Hence, we arrive at the bound

max
𝑛≤𝑖≤𝑁

𝑘‖ℎ,𝐸𝜱0‖𝐿2(𝛺) ≲ 𝑘‖ℎ,𝐸𝜱0 + ℎ,𝑉 𝐸𝜱𝑉 𝐸‖𝐿∞(𝐿2(𝛺)) + 𝑘ℎ−1‖‖
‖

−𝜱1 +
1
𝜏
𝜱𝑉 𝐸

‖

‖

‖𝐿∞(𝑉 𝐸)
+ 𝑘ℎ−1‖𝜱1‖𝐿∞(𝐸) (226)

where we for the third term used |||𝒗|||𝑉 𝐸 ≲ |||𝒗|||𝐸 . In summary, we have the stability

‖ℎ,𝐸 (𝛼−1𝜱𝑉 𝐸 ) + ℎ,𝑉 𝐸𝜱𝑉 𝐸‖𝐿∞(𝐿2(𝛺)) ≲ (1 + 𝑘ℎ−1)‖ℎ,𝐸𝜳 0‖𝐿2(𝛺) (227)

A.4. Final estimate

Let 𝒘 = 𝑃0(𝐼−𝑅𝐸 )𝒖1. Continuing from (187), applying the discrete elliptic regularity (188) followed by an interpolation estimate
and the stability bound (227), we have

|𝐼𝐼4 + 𝐼𝐼5| =
|

|

|

|

∫

𝑇

0

(

𝝐(𝒘),𝝈★(𝜱𝑉 𝐸 )
)

𝑑𝑡
|

|

|

|

(228)

≲ ∫

𝑇

0

(

‖𝒘‖

2
𝐿2(𝛺)

+ ℎ2‖𝒘⊗ ∇‖𝐿2(𝛺)

)1∕2
‖ℎ,𝐸 (𝛼−1𝜱𝑉 𝐸 ) + ℎ,𝑉 𝐸𝜱𝑉 𝐸‖𝐿2(𝛺) 𝑑𝑡 (229)

≲ ∫

𝑇

0
ℎ𝑠‖𝒖1‖𝐻𝑠(𝛺)(1 + 𝑘ℎ−1)‖ℎ,𝐸𝜳 0‖𝐿2(𝛺) 𝑑𝑡 (230)

≤ 𝑇 (ℎ𝑠 + 𝑘ℎ𝑠−1)‖𝒖1‖𝐿∞(𝐻𝑠(𝛺))‖ℎ,𝐸𝜳 0‖𝐿2(𝛺) (231)

which concludes the proof of (179).
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