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We derive analytical y < 1 approximations for spin-dependent quantum radiation reaction for locally
constant and locally monochromatic fields. We show how to factor out fast spin oscillations and obtain the

degree of polarization in the plane orthogonal to the magnetic field from the Frobenius norm of the Mueller
matrix. We show that spin effects lead to a transseries in y, with powers y*, logarithms (Iny)¥, and
oscillating terms, cos(.../y) and sin(.../y). In our approach we can obtain each moment, {(kP)™), of the
light-front longitudinal momentum independently of the other moments and without considering the
spectrum. We show how to obtain a low-energy expansion of the spectrum from the moments by treating m
as a continuous, complex parameter and performing an inverse Mellin transform. We also show how to
obtain the spectrum, without making a low-energy approximation, from a handful of moments using the

principle of maximum entropy.
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I. INTRODUCTION

A common approach to quantum radiation reaction (RR)
is to use kinetic equations [1-7], where the rates for
constant-crossed fields [8,9] are used as ingredients. See
[10] for a review, and [11,12] for other aspects of RR and
strong-field QED. In recent years people have realized that
spin and polarization effects can be important in various
strong-field-QED processes [13—17], and a great deal of
work has been done to generalize the previous methods to
include spin and polarization, e.g. in particle-in-cell (PIC)
codes [17-22]. Stokes vectors have emerged as a useful
tool for describing general spin and polarization states. In
[23-25] we calculated" O(a) strong-field-QED Mueller
matrices and showed how one can obtain the dominant
contribution of higher-orders-in-a processes from products
of these matrices. In [26-29] we showed how to resum the
resulting a expansion, resulting in some integro-differential
equations for RR. Mueller matrices have now also been
incorporated into kinetic equations [30].

This incoherent-product approximation is valid if ag is
large enough and/or the pulse is sufficiently long. Here®
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'We are using the Furry picture, so a O(a) term is still a
nontrivial/nonperturbative function of the background field e F**.

*We use units with m, = ¢ = 2 = 1 and absorb eF* — FH.
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ay = E/w, E is the maximum field strength, and 1/w is a
characteristic length scale of the field. In this paper we will
neglect pair production, which is exponentially suppressed

for small y, where y = \/—(F*p,)?* is the quantum non-
linearity parameter.

Recently, the author of [31] presented analytical approx-
imations at next-to-leading order (NLO) in y < 1 in the
locally constant-field (LCF) regime a, > 1. In this paper we
will calculate analytical approximations at NLO for the
resummed Mueller matrix of different moments and for both
the LCF regime and for more general regimes, where the
incoherent product of O(«) Mueller matrices still give the
dominant contribution. If ay ~ 1, then this is the case if the
pulse is sufficiently long. If the field is almost monochro-
matic, then one can treat it using a locally monochromatic-
field (LMF) approximation [25,32,33] (see also [34]). Such
ideas have also been included in some numerical codes [35].
Using LMF is easier for a circularly polarized field. Another
reason for considering circular polarization is that spin effects
do not average out [27], which they would tend to do for
linear polarization. One can also avoid spin effects averaging
out by considering various asymmetric oscillations [15,16]
orunipolar fields, which can be motivated e.g. by beam-beam
collisions [36,37].

We choose coordinates so that the plane wave background
field is described by a wave vector k, = @(1,0,0, 1) and a
polarization vector a,(¢) = {0, a;, a,,0}, which is in gen-
eral a pulsed function of light-front time ¢p = kx = w(t + z).
In a plane wave the light-front longitudinal momentum kP
plays a key role, where P, is the momentum of the electron.
We can study the dynamics of kP without considering the
transverse components of the momentum P,. We are in
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particular interested in the moments ((kP)™). These expect-
ation values are calculated for a single electron assuming an
infinitely sharply peaked wave packet, summed over the
probabilities to emit any number of photons. The result can
be used as a Green’s function for obtaining the corresponding
result for a wide wave packet, as explained in [29]. In our
approach we obtain ((kP)™) from a Mueller matrix M(m) as

1 -

where Ny and N are the initial and final Stokes vectors for
the electron spin, which are four-dimensional (4D) vectors
N = {l.n} where the three-dimensional (3D) vector n
points in the direction of the spin and where 0 < n? < 1
gives the degree of polarization. The Mueller matrix there-
fore describes the transition from the initial spin to the final
spin, much like how ordinary Mueller matrices are used in
optics to describe the change in polarization of light beams.
Mueller matrices have also been used in QED without a
background field [38]. The zeroth moment, m = 0, gives the
probability that an electron which initially has spin described
by Ny emerges with spin N; the first moment, m = 1, tells us
how the average momentum depends on the initial and final
spins; and the second moment, m = 2,is needed to obtain the
standard deviation of the momentum distribution. We will
consider additional moments in the maximum entropy
approach, and complex values of m in order to obtain the
spectrum using an inverse Mellin transform. In [27-29] we
derived the following integro-differential equation for the
moments:

iM(b(J) = _[)1 dg{M* - M(bo) + M - M([1 — g]b,)}.

do
(2)

where o is a light-front—time variable, b, = kp is the initial
longitudinal momentum, g = kI/b,, and [, is the momentum
of the emitted or loop photon, and we have “initial”
conditions at o — +o0,

M(G — 400, m, b()) = b6n14><4. (3)

MC is the Mueller matrix coming from nonlinear Compton
scattering, and M% comes from the electron-mass-operator
loop (see Appendix A). The reason M’ contributes at the
same order as M is because M% comes from the cross term
between the O(a’) and O(a) terms in the amplitude [25]. It
follows from unitarity that some of the elements of M’ are
equal to the corresponding elements in M€ but with opposite
signs. However, M” also contains terms that are not only
numerically different from MC but also have a significantly
different mathematical structure, as we will show below.

We only need to consider the initial and final spin states
at the very end of the calculation, where we obtain the
moments by projecting onto the initial and final Stokes
vector as in (1). Likewise, we do not need to consider any
specific initial wave packet, since the quantities we are
considering serve as Green’s functions.

We use a tilde on M(by, m) to distinguish the moments
from the cumulative distribution M(b, x), which gives the
probability that the final momentum kP is larger than some
fraction of the initial momentum kp,

kP > (1 —x)kp. (4)

The spectrum is obtained from S = 0,M(bg, x), so x is
directly related to the final momentum kP, but is scaled so
that 0 < x < 1. As explained in [29], it is often easier to
first calculate M and then take the x derivative at the end,
rather than working directly with S.

Note that, in contrast to the usual kinetic equations, with
(2) we treat each moment separately. There is no hierarchy
relating one moment to other moments, and we do not need
to compute the spectrum. So, if we want to calculate e.g. the
second moment, then we only have to consider the second
moment. Another thing to note is that (2) is integrated
backwards in (light-front) time. Thus, while we showed in
[29] that (2) is consistent with the standard Kkinetic
approach, (2) provides a genuinely different approach.
Given that we can obtain the moments independently, a
relevant question is to what extent we can reproduce the
spectrum from knowledge of the moments. In this paper we
study two different ways of doing so, by (1) treating m as a
complex Mellin variable or (2) using the principle of
maximum entropy.

This paper is organized as follows. In Sec. II we calculate
the first couple of terms in the y < 1 expansion of the
moments M(m) in the LCF regime, and we explain two
methods for calculating the exact M numerically. In Sec. IIT
we show how to obtain the y <1 expansion of the
spectrum by treating m as a complex, Mellin integration
variable. In Sec. IV we show how to use the principle of
maximum entropy to obtain the spectrum from M(m) with
only a handful of moments m. In Sec. V we calculate the
leading quantum correction beyond the LCF regime, i.e. for
a sufficiently long field but without assuming ay > 1. In
Sec. VI we show how to factor out fast spin oscillations for
a linearly polarized field in the LCF regime and obtain the
degree of polarization from the Frobenius norm of the
Mueller matrix.

II. LCF APPROXIMATION OF MOMENTS

We first consider the LCF regime, ay > 1. We use the
same idea as in Eq. (77) in [29]; i.e. we first factor out the
overall b scaling as
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M(o, m, by) =:bJW(o, m, by). (5)
From (3) we have
W(o - +o0,m, by) =1, (6)

i.e. the same “initial” conditions for all moments. Different
moments W(m) and W(m') are now typically on the same
order of magnitude (unless some of the components vanish
identically to some order, which we will see examples of
below). The equation of motion now depends explicitly on m,

S W(bo) =~ [ da{M" - Wity)

do
+(1=¢q)"™M-W([1 —glby)}. (7)

At this point we have not yet assumed the LCF regime. In
LCF, the Mueller matrices M€ are given in Appendix A and
are expressed in terms of a locally constant value of the
quantum nonlinearity parameter,

x(o) = [a'(0)[by = x0F (o), (8)

where y, = agb, is the maximum value of y and F is a
dimensionless function, e.g. F(x) = e™". We consider for
simplicity a linearly polarized field, so that the magnetic field
is always either parallel or antiparallel to a constant, unit
vector B,

A

B(o) = ¢(0)B,, ©)

where ¢(6) = £1 depending on the sign of da'(c)/|d’'(o)|.
The 4D Stokes vectors live in a vector space that is spanned
by By = —e,, the electric field direction E, = e, the
propagation direction k= e3, and a vector that describes
an unpolarized electron e . For a linearly polarized field, the
e, — By components decouple from the E,-k components.
In this section we will only consider the e; — ﬁo compo-
nents. We consider the EO -k components in Sec. VI. Since
we will only consider the e, — ﬁo subspace in this section,
we will only present the components of the Mueller matrices
which act on this subspace. In other words, rather than
presenting the full 4D Mueller matrices, we present the block
part which acts on the two-dimensional (2D) subspace. To
avoid cluttering the notation, we will denote the 2D matrices
with M rather than e.g. M,,. We order the components such
that ey = {1,0} and B, = {0, 1}. So, for example, M, =
e, - M - e, corresponds to a probability summed/averaged
over both the initial and the final spins; M, = e, - M - B,
M5, = ﬁo -M - e() gives the difference in the probability
when comparing the two cases where the final (initial) spin is
either up or down, while the initial (final) spin is unpolarized,;
and if the initial beam is completely polarized with spin up

and the detector only measures final states with spin up, then
one would be interested in {1,1}-M-{1,1} =M+
My + Moy + Mp,.

In the constant-field case [29], we defined a “time” or
pulse-length parameter u, such that the longitudinal com-
ponent of the solution to the LL equation is given by
kPr;/by=1/(14u),ie. u=(2/3)yaayAc. Note that u
is proportional to y or by, but we want to consider u =
O(1) even when y < 1, because otherwise we would not
see the nontrivial dependence on u and the results, which
are in general all orders in a, would just reduce to O(a).
Now when we consider nonconstant fields, we cannot use
the same u variable, but we still want to capture the
nontrivial dependencies. To do so we define

2
p = gaboa%, (10)

which we consider to be O(1), which is the case if a is
sufficiently large to compensate for @ < 1 and b, < 1. Our
results below are still valid if p is smaller, but then they
simply reduce to O(a). Then we expand the solution as a
power series in y,

W(o.z0.m) => W, (0. p)xk, (11)
k=0

but where the coefficients are still nontrivial functions of p.
We will show in Sec. VI that the E — k components of W
also contain terms with In y and cos(.../yq) orsin(.../xo),
so the results have in general a nontrivial transseries
structure. From M€ we have an overall factor of /b, =
(3/2)(p/x3) on the right-hand side of (7). When b,
decreases, the relevant integration interval for ¢ shrinks,
S0 ¢ is not a natural variable for calculating the b, <«
expansion. We therefore change variable from ¢ to y, where

bo}’
= , 12
1= s (12)

so that we can expand the integrand in (7) in a series in b
with y as independent of b,. To zeroth order we find

1
"= pda) "
where
J(o) = /:o do’'F?(o"). (14)

Note that it is the lower rather than upper integration limit
that is given by o, because our equations for the moments
are integrated backwards in time. Equation (13) is, though,

076012-3



GREGER TORGRIMSSON

PHYS. REV. D 110, 076012 (2024)

exactly what one would expect3 from the exact solution to
the classical Landau-Lifshitz (LL) equation [39,40].

After expanding (7) to the next-to-leading order, we find
a partial differential equation which involves both d,w and
d,w. We can make this an ordinary differential equation
using the method of characteristics; i.e. we change variables
from ¢ and p to t = ¢ and

1
y=—+J(0). (15)
p
After this change of variables we have an equation in the
form

(y—gyre2 2 W

o W—F3R(1,y), (16)

where R is a rational function of J and y [the explicit
expression for R, obtained by expanding (7), is not
illuminating]. It is now straightforward to integrate (16).
We find for the zeroth, first, and second moments

[ pFe) 3(0 €lo)
= oo ) 07

1 3plI(e0)~1(0)]
Wi = / G o3 (pr +1+p1<a>> o () (18)
11 = TN 727
o 1+ pl(co _ 3 55 2 _ 15V/3[14pl(c0)]
[ (c0)] 2[1+p[(0_)]€<0-) 16V3 (1+p1( T T )) 16[1+p1 ()2

_ [, PF(o)
w = [

where we have used

J(=00) = (o) = /_ oo AP (o) = 1(o).  (20)

For a constant field these results reduce to Egs. (92), (74),
and (75) in [29].

If the field oscillates in a symmetric fashion, then the off-
diagonal elements of the above matrices tend to vanish
upon integration over o, due to the e(s) factors. This
means, in particular, that there would be no Sokolov-
Ternov effect4; i.e. if the initial electron is unpolarized
(N = {1,0}), then it will stay unpolarized. It also means
that if we sum over the final spin states, then there is no
dependence on the initial spin. However, this does not mean
that all spin effects are gone. If, for example, the initial state
is completely polarized along the magnetic field axis,
N = {1, s}, where s = £1, then after interaction there is
anonzero probability to find the electron in the spin-flipped
state N = {1, —s}. So, if one prepares the initial electron to

Agreement between LL and the classical limit of kinetic
equations in the LCF regime has been demonstrated in [3,4,7]. In
[26] it was also shown that the classical limit of the incoherent-
product approximation, which we are using here, agrees with LL
beyond the LCF regime.

*The standard Sokolov-Ternov result [41,42] for the induced
polarization is actually for a case without RR, while here we
consider induced polarization with RR.

16\/_ (1+p1 + 1+p1( )>

- 1+/)3I(0'_) €(o)

3(142p1(0)—pl (o))
- 2[f+p1(a/))]2 €(o)

55 4 )_15f[1+p1 oo)]

63 (sz( R 16[1-4p1(0)

be spin up and the detector only measures electrons with
spin up, then the resulting RR is different from the
unpolarized case. This also means that an initially polarized
beam tends to become depolarized.

If we sum over the final spin, then, as in the constant-
field case, we find that the standard deviation does not
depend on the initial spin. We find

B 55px0 ”
5= 16V/3[1 + pI(c0)]* / dof?(e). (21)

Equation (21) agrees with Eq. (14) in [31]. We make further
comparison in Appendix C.

We compare the analytical results in (17) and (18) with
the exact, numerical results in Figs. 1 and 2 for y, = 1073
We have chosen such a small y, to make sure that the
agreement is precise. We have obtained the numerical
results in two very different ways.

A. Direct numerical computation

One way is to solve (2) by performing the integration
over o using e.g. the midpoint method. At each point in o
we make an interpolation function for the dependence on y
in the interval 0 < yy < ymax- Since we are often interested
in small y ., and several different moments, rescaling and
subtracting as follows helps with the precision and accu-
racy of the numerical computation. First of all, we use (7)
instead of (2), since W is on the same order of magnitude
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FIG. 1. The first moment, W(m = 1) for a Sauter pulse and

%o = 1073, for the components W, =e,-W-e,, Wi, =e,- W- ﬁo,
etc. The “lead” curves show the analytical result for the leading
order in (18). The “integro-diff.” curves are numerical solutions to
(2). The “resum.” curves are obtained with the double resummation
approach.

w
0.0008
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— -Whp
0.0004 Wi
0.0002/
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2 4 6 8 10

FIG. 2. The zeroth moment, W(m = 0), for a Sauter pulse and
%o = 1073. The solid lines are the leading order from (17), and the
dots are numerical solutions to (2).

for all moments, while M decreases by orders of magnitude
due to the overall b{j' scaling, so in terms of W we can work
with the same accuracy for different m. We change
integration variable from g = y¥3/(1 + yY¥?) to Y. This
makes the interval which gives a significant contribution to
the integral O(y°). In contrast, in terms of g the numerically
important region would become smaller and smaller when
we decrease y. Moreover, since we already know that the
zeroth order is given by (13), we subtract it in order to not
waste precision and time computing it numerically. We
therefore write

W=w, o+ 10AW (22)

and rewrite (7) as (omitting the m subscript on w,, ()

9,AW = — Aw de{ML - AW(by)
+(1=q)"""Mc- AW([1 - g]by)
‘f'l (ML “Wo(bo) + (1 =q)"Mc - wo([1 = qlb)
X0

aW()

1
+7 [T aMclieaq - {m“’o + by a—bo]> },

where J = 3yY?(1 + yY?)? is the Jacobian for the change
of integration variable and

(23)

9%%p

[T qM ] jead = —? (YA (Y?) +2Y°A7 (Y?)]1 - (24)
0

is obtained by expanding J ¢gM to leading order in y( < 1
with ¥ = O(y3). The term in the last row of (23) is exactly
equal to —d,w,. The reason for writing it as this Y integral
of (24) is that it cancels the leading order of the third row, so
the O(1/y,) terms cancel already on the integrand level.
Equation (23) might look more complicated than (7), but
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(23) is more convenient for numerical computation because
the precision and accuracy goals of the integral are the same
as that of AW. In contrast, if we instead solve (7) in terms
of W, then for y <« 1 we lose precision when we subtract
the leading order, W — w,,.

For the particular example of a Sauter pulse, a
{0,a,0,0} with

/4:

a(c) = aytanh(o), F(o) = sech®*(c),  (25)

we changed variable from o to r = tanh(o) and then integrated
from r=1 to t =—1 with step size Ar=1/100. We
solved (23) for a couple of different values of T =
aay = (3/2)(po/ymax) With po=1{0.1,0.2,...,1,1.5,2,2.5,
3,4,...,10} shown by dots in Fig. 1.

B. Double resummation approach

The second method is to make a double resummation,
where we express M in terms of its Taylor series in «,

M= M, (26)
n=0

where M) is proportional to o”. M® is obtained from
M=) using the recursive equation

/ do/ dg{M*(¢') - M"Y (by, o)

+M(e) - M"Y ([1 = glbg. o)}, (27)

I‘l bo’

starting with
O (m, by) = by1. (28)

The idea is to solve (27) to obtain the first, say, 10 or 15
orders, and then resum the « expansion using Padé
approximants. While (27) can be solved by making a
numerical interpolation function for the dependence on y,,
of each M), we have instead solved it by making a second
expansion,

= ZkMeh, (29)
k

For a Sauter pulse we can analytically obtain each coef-

ficient M%) in this double expansion. We again change
variable from o to ¢ = tanh(o), and then, after expanding in
o, we find integrals of the form

1
dr'ti = 1 — ¢t 30
[ ot ===, (30)

with integer j. This simple formula is the main reason why
we chose a Sauter field. We have obtained the first 40

orders in y, for each M up to n = 15. We then resum the
Xo expansions for each M) separately using the Borel-
Padé method, and finally we resum the a expansion using
Padé approximants. We need the full “time” ¢ dependence
of M in order to calculate M("*+1) 5o, in the intermediate
steps in the calculation, M%) are functions of ¢, while they
would be just constants for a constant field. However, after
we have obtained all 10 or 15 orders we evaluate all these
functions at ¢t = —1. Thus, the actual resummations, using
Borel-Padé and Padé, are essentially the same as in the
constant field case. We therefore refer to [26,27] for more
details. The results are shown in black lines in Fig. 1. The
precise agreement with the leading analytical O(y) results
shows that in this particular regime it is unnecessary to
resum the y expansions.

As a more nontrivial check of the resummation
approach, we consider y, = 1/2. To check the resumma-
tion of the y expansions we have used two completely
different methods: the standard Padé-Borel method (see
e.g. [43]) and the method proposed in [44]. For the example
we have considered, i.e. a Sauter pulse, we could calculate
the first O(50) orders of the y expansions without too much
of a problem. This is not to say that we actually need that
many terms. The method in [44] allows one to incorporate
the leading y > 1 scaling into the resummation in order to
reduce the number of terms from the y << 1 expansion
needed to reach convergence for y = O(1). See also
[45-47] for other methods to improve the convergence.
We have not calculated the y > 1 behavior of W, so at this
time we cannot make full use of these ideas. However, even
by choosing (what is most likely) the wrong y > 1 scaling
for the method in [44], we have nevertheless managed to
check that it agrees with the results obtained with the Padé-
Borel method (in which we would not be able to incor-
porate the y > 1 scaling even if we knew it). Comparing
the results of these two different methods allows us to
estimate the relative error of the resummations. Calculating
the y > 1 limit of W would be very useful even if we are
only interested in the numerical values of W for y < 1. We
leave this for future studies, since for the example we have
considered there is no problem to calculate many orders in
x < 1. The results are shown in Fig. 3. We see that a Padé
resummation of the @ expansion requires less than ten terms
to reach convergence. One can find an even faster con-
vergence by using additional information about what the
result is expected to be (see [26]), but a standard Padé
resummation is good enough here. We also see that the
resummed results converge to the results obtained by
numerically solving the integro-differential equation with-
out making any expansions. The fact that we only need a
few terms from the a expansion means that the resumma-
tion approach is in fact practical. Needless to say, having
two very different methods for obtaining the same results is
useful to be able to check the precision.
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FIG. 3. The first moment, W(m = 1), for a Sauter pulse and

o = 1/2. “Padeli/;j]” means a Padé approximant of order [i/ ]
has been used to resum the a expansion.
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FIG.4. Same asin Fig. | but for y, = 1/20. O(y) is the leading
order (18) [or (33)], O(y?) is obtained by also including the NLO
(34), and O(y?) includes the NNLO.

C. Higher moments and higher orders

In this section we consider higher moments m and the
higher orders O(y?) and O(y?). We first rescale win (11) as

1
Wik = me,k- (31)

Then the zeroth order (the classical LL result) is

1
@,0=—, 32
0= (32)

where y is given by (15). The generalization of (17)—(19) to arbitrary moments is given by

5
o 55 d*w 1 T8

®,, | = deF3 m0 4
! /a v (@{32\@ dy? y—J((ﬂ)< 3

At O(y?) we find

55
co 55 d*w 1 1 WG

@, = deF? LIS
? / Y {32ﬂ dy? y—J( 2

) 7d3w 1 =7
dpF4d - —m0 4~
fror st

3

dw,, 1 3/0 1

. : — . . 33
—5—}> 5w o ——Sf) “’} 9

1053
N R 27 —T N
(y=J)2\ _35v3 4 dy

We have also calculated a similar result for O(y*). We
compare the above result with a numerical computation of
(23) in Fig. 4 for y, = 1/20. We see that if we only include
O(x), then there is a noticeable difference from the exact

_315V3
! E <0 32 )'wm,O}' (34)

result, while including O(y?) gives a good agreement.
Including also O(y?) gives a slight improvement, which is
probably not experimentally relevant, but is sufficiently
noticeable to provide a check of the third order as well as a
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further check of the overall structure of this expansion.
There is no problem to evaluate (34), but, at least for a
Sauter pulse, we found that it is much faster to first make a
double expansion in y <1 and a, as in the double-
resummation approach in Sec. II B, but keep the y <1
expansion un-resummed and only resum the a expansion

[with p = O(y°)].

III. MELLIN TRANSFORM

In this section we treat m as a Mellin integration variable.
The goal is to obtain the momentum spectrum from the
moments. Note that knowing only the first couple of
moments, m = 0, 1, 2, does not allow us to deduce the
shape of the distribution. For m > 1, only the first term in
(33) and (34) contributes to leading order,

o Nmz 55
m,kNyzgz\/g i

for both k =1 and k = 2. It is natural to guess that this
formula will continue to hold for arbitrary k. Then we have

1 /m? 55 \*
@ R do, F3
Kk~ <y 32\/—> / P ((ﬂk)

X/ d(pk_1F3(<pk_1)---/ do, F? (¢y)
P [}

” d(pF3wm,k—l ) (35)

11 2 55 © k
L L A 36
v Kl <y232ﬂ . 7 ) (36)

Summing over all orders in y, gives

1

XoA 2.2
Wr——— —(1 J , 37
e {S e, o)

where

1= 550 o /ooda’F3(0’). (38)

8vV3[1 + pJ(0)]* Jo

The reason for defining A like this will be explained in a
moment.

Although we obtained (37) by summing over all orders
in a yo < | expansion, it is better to think of the result as
the leading order in a y, < 1 expansion where both p =
O(1) and yom?> = O(1). We will now rederive (37) [and
hence confirm that (35) holds for all k] by assuming
xom?* = O(1) right from the start. We start with the ansatz

[Se]

A > Wept (39)

1+ pJ —

where p = m,/yy. The zeroth-order term in (39) will turn
out to be the same as (37), but with this approach we can

now also calculate higher orders. Note that the expansion is
in powers of )((l)/ ? rather than X0, SO one can expect higher
orders to be numerically important for moderately small
values of yy. We plug this ansatz into (7), multiply both
sides by (1 + pJ)™, change variable from g = yy/(1 + yy)
to y (same as before), and then expand the integrand in
powers of /x, with p = O(1) and y = O(1). In the term
proportional to Mg, we have w; (o, [l — ¢lp, /T — qp),
which, after expanding in y, <1, gives terms with
derivatives of w with respect to p and u. The expansion
of (7) starts at O(1/,/x,), but both sides are automatically
equal at this order. At O(y)), we find

55u’pF?
32V/3(1 + pJ)?
(40)

06\3’0 - szzapV_VO — /%anuv_vo = —

We again solve this equation by changing variable from p to
y as in (15). We find

wo—lexp{ 2325\5[)) yi( )lwlﬁ}, (41)

which is the same as in (37).
At O(y'/?) we find an equation which is solved by

Wi =W, <’;H§” +Z2H_§"), (42)
where
= ol st (o 1)
3
“sb-sa1 1 o)) )
and
- [ L)
(44)

At O(y) we find
= = Lo oo 1 e # (2)>
w,=wy,-|-H,”+—=H,” +—=H,” +—H , (45
2 0 (p o Tt s T gt (45)

where Hj.z) depend on ¢ and y but not on . With this ansatz

for the dependence on y the equations for Hﬁ-z)

solve. For example,

are easy to
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2
9,(HY), |

_7F4@y—JL_NBSF%7y—3J{/WFG
2 (v=d) 1536y (v=J) o

55F3(Sy—J) . (1) 3F° (1)

S S A - _(H
32\/§y2(y—f)( 1 )1.1 2y(y_-])( 1 )2,1
55F3 )

+ J,(H , 46
16\/§y )( 1 )1,1 ( )

where (.); ; indicates components of the matrices and the

argument ¢ for F, J, and H is left implicit. It is
straightforward to solve these equations, but the resulting
expressions for Hﬁz) are not particularly illuminating.

Note that it was not necessary to assume that the moment
order m is an integer. In our approach, the equation for
W(m) does not depend on other values of m. m is just a
parameter, and there is no problem to consider it to be an
arbitrary continuous variable. In fact, in the following we
will consider complex m in order to perform an inverse
Mellin transform. Note that (7) allows us to find the
moments without having to consider the spectrum S, but
if we have calculated S, then we can obtain the same
moments from

1 0
W(m) = / dx(1-x)"S = / dvo™S,  (47)
—00 0
where we have changed variable from x to v = 1 — x. By
letting m be a continuous, complex parameter, this gives the
Mellin transform of the spectrum. We can therefore obtain
the spectrum from the moments by performing an inverse

Mellin transform,

s—1 /_ o dm W (m). (48)

v ico 2ri

We can obtain a y, < 1 expansion of S by plugging in the
expansion in (39),

! d_'“.eaﬂz—ula
v\/Xo.] 27i

3
x <1 + m[%Hﬁ” +%Hg”] +xol ]+ > (49)

S:

where a > 0 is the coefficient of x? in the exponent of (41)
and

L= \/%ln[(l I, (50)

To perform the complex moment integral in (49), we
change variable from

i
=4 51
H=2a T 75 (51)

to v and integrate along the real axis, which corresponds to
a contour parallel to the imaginary axis in the complex m
plane. As explained in [29], it is natural to consider

X_\/%x_o<1+lpf”) G2

as an O(y") variable for the spectrum, because if one makes
a plot of the spectrum with X on the x axis, with the length
of the plotted interval being roughly O(10), then one can
see the entire peak and the peak is not just a sharp needle,
even if one makes y, arbitrarily small. This means, in
particular,

L =—VA(1+p))X + O(/xo)- (53)
Thus, after performing the Gaussian integrals, we expand

the result in powers of y, with X rather than v (or x) as
O(x°). We find

X2 X
s—_° {1+\%

[1(1 — X2)(1 + pJ)1

B VAo VA
(1) 2
2H| 12 - 8X (1)] }
- + H + O . 54
p(L+pl)  2p*(1+pJ) 7 o). 54)

Note that, with X = O(1), the expansion is in powers of
Vo rather than y,. For a constant field we can compare
with the results in [29], which we obtained there with a very
different approach. We can immediately see that the leading
order is the same. The O(,/y,) term agrees with Eqs. (111)
and (112) in [29]. We have also checked that the O(y)
term agrees with the corresponding constant field result,
which was used for plots in [29] but not explicitly shown.
We explain how to obtain the spectrum for a nonconstant
field with the same approach as in [29] in Appendix B.
One could also perform the inverse Mellin transform
numerically. If one still makes the change of variable in
(51), then the integrand behaves roughly as e close to

v =0. Since e = O(1077), one could expect to find a
good precision by integrating from v = —4 to v = 4. One
could then choose a set of points in this interval, solve (7) at
each of these points, and then make an interpolation
function for W(v). However, we leave that for future
studies.

IV. MAXIMUM ENTROPY

In Sec. Il we showed how to obtain the spectrum by
treating the moment order m as a Mellin variable, and then
integrating over m in the complex plane. In this section we
will show another way, where we obtain the spectrum from
a handful of moments by using the principle of maximum
entropy [48-50]. This approach does not rely on a y < 1
expansion (but we still have in mind values of y for which
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pair production can be neglected). The idea is to approxi-
mate the true spectrum S;; = e - S - e, (we average and
sum over the initial and final spins for simplicity) with a
distribution Sy which maximizes the entropy [48,49]

S(x)
- / eSS (55)

subject to the constraints on the moments,

/ de(l = x)"Sy L eo-W(m)-eg  (56)

for m=0,1,2,...,N. The function that satisfies these
constraints and maximizes the entropy is given by [48-50]

Sy = p(x)exp {— EN% Ax" } (57)

where /1, are constants determined by (56). For the case we
focus on here we expect S(x) to be not too different from a
Gaussian, and we therefore choose the prior distribution
[49] p(x) =1 [choosing p(x) = aexp[—c(x — b)?] with
some constants a, b, and ¢ gives the same result as it just
corresponds to a shift in Ay, 4;, and 4,]. In Fig. 5, we
compare the results with the exact numerical result
obtained in [29] for a constant field. At N=5o0or N =06
we have a good agreement. This is good news because each
moment only takes a couple of minutes to compute, and
solving (56) is also very fast. So this maximum-entropy
approach is much faster than a direct computation of the
spectrum as in [29].

The principle of maximum entropy alone does not imply
that having a polynomial in the exponent (57) is necessarily

S14
5 L
4 L
3 L
2 L
1+
L L ~ X
0.2 0.4 0.6 0.8 1.0
FIG. 5. The spectrum S;; = e - S - e, for a constant field with

x =0.1 and u = (2/3)yaagA¢ = 2. The black line shows the
numerical result obtained in [29] by solving directly the equation
for the spectrum (or rather the cumulative function, which is then
differentiated). The other lines show the maximum-entropy
distribution Sy in (57) with N =2,3,...,6.

the best way to approximate the spectrum. There is a
polynomial in the exponent simply because we have chosen
to impose the constraints (56) for integer moments. If one
instead chooses a set of fractional [51] or negative [52]
powers m (or the expectation value of some more nontrivial
function), then one has a sum of such terms in the exponent.
So, one can try to figure out what sort of x dependence to
expect and then let that guide the choice of m’s in order to
find convergence with even fewer m’s. Note again that in
our approach there is no problem to obtain noninteger
moments, because each moment is obtained without con-
sidering any other moments. We leave such investigations
for the future and instead consider the following approach.

The maximum entropy is expected to give the best
estimate given a set of moments but assuming no other
information. However, in our case we do have some
additional information provided by the y <« 1 expansion
in (B4). We consider again a constant field. The results for
p1 up to ps were calculated for [29], but only p; was
explicitly presented. What is relevant here is the analytical
structure of these functions,

1
pi(u.X) = Zp1,2n+l(”)X2n+l’
n=0
3
pr(u,X) = Zﬂz,zn(”)x%
n=0
4
p3(u.X) = Zpl,2n+l(u)xzn+1,
n=0
6
pa(u.X) = Zﬂl,zn(“)x%
n=0

7
ps(u.X) = Zﬂl,znﬂ(”)Xz"H- (58)
n=0

If we just exponentiate these terms,
5
€o - Zﬂn(u’x))(n/z "€
n=0

=: exp {i En(u,X))(n/Z} + 0, (59)

n=1

where the coefficients FE, are defined by taking the
logarithm of the Ileft-hand side and expanding to
O(y>/?), then we find that E, contains terms proportional
to either X or X°; E, contains X°, X2, and X*; E; contains
odd powers from X to X°; E, contains even powers from X°
to X°; and E5 contains odd powers from X to X’. Thus, if
N(.) counts the number of terms in the X polynomial,

N(p1,p2,p3,P4.p5) = (2,4,5,7,8) (60)
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while

N(El,Ez,E3,E4,E5) - (2,3,3,4,4). (61)
We see that, at the very least, the information stored in
(p1,P2,P3,P4.p5) can be more compactly stored in
(E\,E,,E5,E,, E5). We can make it even a bit more
compact in terms of R, defined by

—x2 5

e
—eo- Y pu(u, X)r"? - e
RS

10 :
_ n/2 6/2
26Xerf{X + ,,5:1 R, (u,X)y } +O(%).  (62)

The inspiration for this ansatz has nothing to do with the
maximum entropy principle. Instead it comes from noting
that the y < 1 expansion of the cumulative function can be
expressed as

M= %( + erf(X _—\/}ii (u, 0)H,_1(X)
= d\"1

=S h,(u ~(1 + erf(X)), 63
;<x>(dx)2<+e<>> (63)

where H are Hermite polynomials and hy = 1, suggesting
that one interpret it as the Taylor expansion of erf(X + - - -).
The actual justification for (62) is that it does indeed lead to
a more compact result,
N(Rl,Rz,R3,R4,R5) - (2,2,3,3,4). (64)

In (59) we have the exponential of a polynomial in x, but
it is not a proof of (57). In (59) there are no undetermined
quantities; i.e. one can evaluate it without matching with
(56). However, Eq. (59) is not a replacement of (57) either,
because (59) only provides a partial resummation of the
y < 1 series. To obtain a full resummation one would need
to resum Y E,x"/2. Equation (62), too, only gives a partial
resummation. Thus, if y is small but not very small, one can
expect the y < 1 expansions to break down regardless of
whether one uses the expansion in terms of p,,, E,, or R,,.
We instead take (59) as motivation for choosing the prior
distribution [49] such that we have (57) with p(x) = 1.

Similarly, we have also taken (62) as motivation for
matching the moments onto

N:%{l—kerf(ZKxﬂ (65)

where the coefficients k, are obtained by

S11
5.0t

— exact — 5
— 2 — 6
3
— 4

3.6

0.56 0.58 0.60 0.62 0.64 0.66 0.68 0.70

FIG. 6. The solid lines are the same as in Fig. 5, and the dashed
lines show (65). The solid and dashed lines for N = 2 coincide.

Al dxm(1 —x)" "My =e)- W(m) e (66)

This provides an alternative to the maximum-entropy fit (57).
Equations (57) and (65), obtained using the same set of
moments, are compared in Fig. 6. We see that (65) provides a
slight improvement compared to (57). More importantly,
having two different ways of obtaining the spectrum from the
moments allows us to estimate the error in other cases when
we do not already have the exact spectrum.

In Fig. 5 we have chosen u sufficiently large so that the
peak is well separated from x = 0. As seen in Fig. 1 or 3 in
[29], for small u we instead have a sharp peak at x = 0,
which does not look like a Gaussian even to a first
approximation. After trying to anyway use (57) with
p(x) =1 for one such example, it looks like one can
see that there is a peak at x = 0, but the convergence is
much slower. So, even if we did not have access to the exact
spectrum, we would be able to tell that (57) with p(x) =1
is not as good in this case. This suggests that one should try
to find another prior distribution p(x) which captures the
sharp peak to some rough first approximation, and/or
choose to match with different moments. We leave that
for future studies.

V. BEYOND LCF

In this section we will generalize the results in Sec. 1I
beyond the LCF regime. The incoherent-product approxi-
mation is still valid even if a, is not large, provided the
pulse is long enough.

We begin by noting that the longitudinal-momentum
fraction is small, g = kl/kp = O(b,), where [ is the
photon momentum. We can therefore Taylor expand the
moments

. . oM *M
M([1 - g]bo) = M(by) — qby—— + (qbo)zm-
0

e (67)
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Although by < 1, we cannot expand M(b,) since b,
appears in p = O(1). We plug this expansion into (2),
change variable to y =r/b, as in (12), expand the
integrand [but not M(by)] in by < 1 with y and @
independent of by, and perform the resulting y integrals.
Since we now consider more general regimes, M ¢ can in
general not be expressed in terms of either Airy functions
(for LCF) or Bessel functions (for LMF). Instead we have 0
integrals as in (A1) (see [24] for the other components of
M for photon polarization). The definitions of R, V, etc.,
below can be found in Appendix A. In the derivation of the
Mueller matrices, two light-front—time variables appear as
6= (¢r+¢)/2 and 6 = ¢, — ¢;, where ¢;, are light-
front—time variables for the amplitude and its complex
conjugate. In the LCF regime we have 6 = O(1/ay), so
then when expanding in 1/ay < 1 the probabilities local-
izes, i.e. can be expressed in terms of the field and its first
derivatives evaluated at & = 0. Thus, in the results below
where the 6 integrals receive significant contributions for
regions where 6 is not small, we have clear nonlocal,
beyond-LCF effects.

Performing the longitudinal-momentum (y) integral
before the 0 integral gives

00 / / —1-n
/ dyyexp (Loy) =nl(-L0) . (68)
A 2 2

where ® = OM? and M?(0,0) is the effective mass [53].
The resulting 6 integrals are now either symmetric or
antisymmetric in 6. In the antisymmetric case the 6 integral
is equal to —iz times the residue at & = 0 (the € contour
goes above the pole at @ = 0), which means that the
probability localizes even though there is no small or large
parameter that forces it to be so. Some terms will therefore
be local even beyond the LCF regime. But for terms with
symmetric € integrals, we obtain in general nonlocal
results.

We consider first the matrix multiplying M(b,) in (67),

[ o, M0 | (o) =y W1 (69

Unitarity ensures that some of the components in the above
sum cancel,

0 R - RS

R, +R.= . 70
Lroe <0 Rgl—<RC>1+R5°1‘> 70

We have

2
q
R{ -~ R§ ="V, (71)

and using (68) with n = 2, we find

8ab? \'%
€y -my = TO d99—(93 . (72)

The integrand is odd since O(—60) = -0(0) and
V(-0) = —=V(0), so, if we integrate along the real axis
from —oo to —¢ < 0, then clockwise around a semicircle to
+¢, and finally along the real axis from € to 4o, the two
contributions from the real axis cancel, and in the limit
€ — 0 we are left with —iz times the residue at & = 0. We
find

1
ey - my = abjic, - [a’za/ - ga”’}, (73)

where we have a frame where a = a;e; + a,e,,
o, = i(ere; —eey) (74)

is one of the Pauli matrices, and the field is evaluated at o,
so this is a local term. If the field is linearly polarized with
the electric field along the x axis, a « e, then e, - m; « e,
is parallel or antiparallel to the magnetic field.

Next we consider the diagonal terms in m,, which come
from the diagonal terms of R§; — (RE)1 in (70). Using
again (68) with n = 2 gives

2 do
m| g, = ;abé/@(Aﬂﬂ[elel + eye,] —dese;), (75)

P A O R

For this term we have a symmetric € integrand, so the
integral is not simply given by the residue at & = 0. This is
therefore a nonlocal term.

m, also contains off-diagonal terms due to R§; and R
in (70). For a linearly polarized field, a « e, these oft-
diagonal terms are proportional to e;e; or eze; and make
the spin components in the E-k plane (e;-e; plane) rotate.
We do not need to consider these terms if we consider
initial and final spins along the magnetic field direction. For
a symmetrically oscillating field with circular polarization
those off-diagonal terms average out, and we are instead
left with a term proportional to ¢,, which leads to spin
rotation in the plane perpendicular to the propagation
direction k = e3. In this case we can omit this off-diagonal
term by considering initial and final spin parallel to k. We
will explain one way of dealing with fast spin rotation in
Sec. VI. For now, we consider spin components that do not
rotate.

We turn to the matrices, m; and m,, which multiply
abOM and 0%01\7[ in (67). Only M contributes to these terms
since they come from expanding the second term in (2).

where
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For the diagonal elements we find for the leading and next-
to-leading order

2 12 do
m |4, = g“boalzh + ;ab%h / 00 s2+Ad?]  (77)
and
4 do
Mol =~ rabils [ SR+ AL (78)

where 1, = 377 jeje;.

As for m,, we can again omit the off-diagonal terms
proportional to e;e; if we consider spin components that do
not rotate. The off-diagonal terms proportional to eye; and
e;eq, though, cannot be omitted. We find

2
€-M =My -€y, =€ m0+3ab2[a/a’2/—a2al]k, (79)

where e, - m is given by (73). e;-m, and m, - e, are

higher order in by,.
Only the first term in (77) contributes to leading order,
0,My = m}Cby0, My, (80)

where

2
Il‘O 3aboa’214 = m1014 (81)

The solution is given by the solution to LL, to the power of

the moment,
- 1 2 00 —-m
M,=1 2 82
0 4 (bo +3 3 0!/7 a > ) (82)

which agrees with (13).
For the next-to-leading order we have
661\7[1 — mIfObOObOMI

b -
_<m0—[m1—ml ]boabo—f—mz?a ) MO

b2
=: = pPXo (Il() + n1b06b0 +n, ?0()% ) (83)

Note that the n; matrices do not depend on b,. We can solve
(83) using the method of characteristics as before. With the
notation in (11), (15), (31), and (32), we find

o0 n, , np—n n,
= dp< —=0 0 ‘wy, (84
@1 l (p{2 - y+[y—f]2} @0, (84)

%—I— J(o).
Equation (84) gives the first-order quantum correction

where n; and J are evaluated at ¢, while ¥ =

beyond the LCF regime. Below we will analyze its nonlocal
structure, calculate its LCF (ay> 1) and perturbative
(ag < 1) limits, and simplify it in the locally monochro-
matic-field regime, for both circular and linearly polarized
fields.

We can express the nonlocal integrals above in terms of
the following two functions:

4 do
H=— —/963(2+Aa) (85)
and
2 do
= Aa’. 86
o ﬂa0/6®3 (86)

From (78) we find

3H
ny 2a0 4 (87)
From (77) and (79) we find
e() 3 ) a/// . n
=3n, — < —,= . |a2q’ — ’. .2’k b,
n; = 3n, {ag 5102 [a a' -~ + [a’ - ic, - a"]

(88)

where {e(, e;} := eye; + e;ey. And from (75) and (73) we
find

B 3
—(eje; +e,e;) + T [H —2BJese;

Mo =~ 2610 agp
3 ) a///
+ 2a eio, - [a’za’ - ?} . (89)

For unpolarized initial and final states we find, from (84),

_ 3mp o' H(o'
_4610[1+PJ(6)]2+"1/7 do"H(o")

1+ pJ(o)
1+mﬂ®—1ww>'”®

It vanishes for m = 0, as it must because summing the
probability over all final states (and without taking the
expectation value of anything) just gives 1, but that is
already given by the zeroth order in y, so all higher orders,
and in particular the first order, must vanish. For m > 1 we
find the same scaling with respect to m as in the LCF case
(35) for k = 1. We leave a Mellin resummation/transform
of the general regime considered in this section for future
studies. Using (90) to calculate the standard deviation

€y Wy 1€

X <1+m+4

2

S2xy0leg Wy €g———
X0|€o-Wa1-€ 1+ pJ

€Wy € (1)
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S2 :—O/d H. 92
21+ pi(0)* ) 7 (%2)

Both the classical limit (82) and the LCF limit (21) are
local, in the sense that all the integrals over € = ¢, — ¢,
have been reduced to the leading-order terms in 0] < 1
expansions. In contrast, Eq. (92) contains H, which is
nonlocal, as can be seen from the fact that the € integral in
(85) receives in general contributions from 6 = O(1). a
only appears in (92) via p. In particular, the nonlocal term
‘H does not depend on . In fact, by writing (92) as

s« JdoH
S = Sier Faot e (93)
where S? - is given by (21) and H, cp is the ag >> 1 limit of
(85), we see that the dependence on « is exactly the same as
in the LCF limit. In other words, all orders in a are
proportional to the same nonlocal function. For ay > 1 we
recover (21) as we will now show.

A. LCF

To check the above results we first consider the LCF
regime, ag > 1. Here we can rescale § = 6/a, and then

expand the integrands in (85) and (86) with 0 as indepen-
dent of a,. This makes the nonlocal terms local. We find

4ayF3 [ 2+ 62
H o~ -0 / do +92 =
T Jee 94<1+%)

- 5500F3

244/3

where the integration contour goes above the pole at = 0
but below € = iv/12, and similarly

Br2Y2 g, P, (95)

Restricting for simplicity to linear polarization and spin
parallel (or antiparallel) to the magnetic field, we find

0 3¢ 55V3 3,
_ 3 2 ) 16 2
no—F (0 15\/5>, nl—F (_26 55\/§>, (96)
2

and

1 0
nzzil‘ﬂ( > (97)
16V3 0 1

with the same notation as in Sec. II. By plugging these
results into (84) we recover (33), which we obtained there
by working with a LCF approximation right from the start.

B. Perturbative limit

Next we consider the opposite limit, i.e. ¢y < 1. Thisisa
limit that one cannot study using the LCF approximation,
since LCF assumes a > 1. Although our approach does
not rely on a, being large, the smaller a is the longer the
pulse would have to be for the incoherent-product approxi-
mation to still be valid. So the ay < 1 limit is perhaps less
relevant from an experimental point of view, but it does
help to gain some further insights into the behavior of the
nonlocal integrals. For ay << 1 we expand H and B to
O(a3). A O(1/a}) term in ‘H vanishes upon integrating
over 0. We Fourier transform the field,

d .
(@) = [ Sotme ™, (98)
where f(¢p) = a(¢h)/ap. All terms are quadratic in the field,
so we have two Fourier variables, w; and w,, but the o
integral gives a delta function &(w; + w,). The 6 integral
can, after partial integration, be performed using

/%sin(w@) = zsign(w). (99)

We find

/ do{H, B} — {fi;‘} /) wg—:w3f(w) f(=w),

If we expand (90) to O(a), set m = 1, and use (100),
then we find agreement with what one finds by expanding
the perturbative, but fully quantum result in Eq. (3.21) in
[54] to O(h).

If the field components are proportional to sin(¢) or
cos(¢) times a slowly varying envelope, then f(w) is
sharply peaked at w = 41 and we can approximate
w? — 1 and transform back from w to &

/da{H,B} - /d"{%é} ail(%a)‘

Is this local? Going back to (99), we see that the 0 integrand
is not sharply peaked at & = 0, which one would expect for
a local term. Indeed, if we introduce a cutoff x as

xdg 2
/_xgsin(e) N = —C0s X,

(101)

(102)

we find a function which converges slowly as x — oo,
which one would interpret as something highly nonlocal.
On the other hand, if we instead write (99) as

lim / dpSn(w0)

e—0 0+ ie

(103)
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then we can perform the integral using Cauchy’s residue
theorem, but the only residue is at @ = —ie, which goes to
zero in the limit, suggesting that one instead interpret this as
a local term. However, at the end of the day, what we are
really interested in is descriptions which help us to find
approximations, and if we had made a local expansion right
from the start, then we would have obtained the LCF results
in (94) and (95), which are very different from the
perturbative results (101).

C. LMF circular polarization

Next we consider the LMF regime for a circularly
polarized field,

a() = auh (%) sinle, + cos(per). (104

where & is an envelope function, e.g. h(x) = e, and
T > 1. We do not assume that a, is large. By rescaling
o = Tu we can expand the integrand to leading order in
1/7T <« 1 with u and @ as independent of 7 [25]. For
example, this gives

Jw) =T / * Qo (v), (105)

When convenient we denote a(u) = agh(u). We consider
here for simplicity spin parallel to K, because spin
components in the e;-e, plane rotate.

We begin with the off-diagonal, local terms. For circu-
larly polarized fields, these off-diagonal terms couple the e
and k components of the Stokes vector; i.e. these are the
components of the Mueller matrix which describe the
transition between the unpolarized and longitudinally
polarized spin states. The ones from n; in (89) average
out. From (88) we find to leading order in 7 > 1,

I2(u)

{eo, k} + diagonal terms.
do

n, = (106)

Inserting this into (84) gives the off-diagonal terms

m{eo,ﬁ} o0 d
Wiloi = )" ag ), d”alnb’ —J(v)]
m In[l + pJ(u)] .
=——— " 1ley k}. 107
a1 + pl] T 0K Hon
From
l}'Wl‘eO:eo‘Wl'R:ﬁ‘(107)'e0 (108)

we obtain, to leading order, the difference in the moments
when comparing the two cases where the initial state is
either spin up or down along the laser propagation

direction, while the final state is unpolarized; or the two
cases where the initial state is unpolarized and the final state
is either spin up or down. For a constant envelope and
m =1 we recover Eq. (39) in [27]. To compare with an
experiment we would only need (107) evaluated at
u = —oo, but the above expression for finite u can be
used to compare with a numerical solution of (2), and it
helps to be able to check the intermediate result already for
the first integration steps in u so that one does not have to
wait until the end to check the precision. Equation (107)
vanishes for m = 0, so we will treat this case separately in
the next subsection by going to one order higher in b.

Now we turn to the diagonal, nonlocal terms. Expanding
to leading order in 1/7 gives

0
Ad® = 4a?(u) sin? 5 (109)

and

0
M? =1+ a*(u) <1 — sinc? 2). (110)

To facilitate comparison with the monochromatic (4 con-
stant) results in [27], we write

1
H:II—I(), BZEII, (111)
where
1 [o 8 do
Ty = — dv2Ty = — | — 112
0 a%/o 77 Jo ﬂa%/ 003 (112)
and
1 [ 16h2 do 0
T,=— dyy?J, = ——— [ —sin?=. 113
1 a(z)/) yr-Ji pn 6935111 3 (113)

We have presented the expressions with 7, to compare
with [27], but here we will only work with the € integrals.
7T, and Z; have a nontrivial dependence on ay.

For aq > 1 we rescale 6 — 6/ag, expand the integrand
and find

35 5V3
24\/§a0h3(u), Ilziaofﬁ(u).

4
Equation (114) agrees with (94) and (95). For ay < 1 we
can expand the integrand without rescaling € and then
perform partial integration until we have [ sin(6)/6 = =,
which gives

(114)

0~

4
Il z—hz(u).

3 (115)

2
IO Nghz(l/t),
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1;1h?
f//—_-‘
- 0.0010
7 0.0008

FIG. 7. Solid lines have been obtained by numerically integrat-
ing (112) and (113) (along a line parallel to the real axis above the
pole at = 0 but below the additional poles due to ®), dashed
lines show (114), and dotted lines show (115).

Equation (115) agrees with (101). These ay > 1 and ay<1
approximations are compared with the exact result in
Fig. 7. We see that the full result converges quite quickly
to the LCF approximation as a = agh(u) increases, but the
LCF completely breaks down as a decreases below ~0.5.

For unpolarized initial and final spin states, we find
from (90)

€0 W= JSZJP(M)PWTAW do(T, —To)(v)
1+ pJ(u)
. (l W) —J(v)]>’ (116)

and from the ese; term in (89) we find

. .\ 3p
k-w-k=e¢e, - w-¢gp—m—-———T
: 0T T 201+ pd (u)]”
* To(v)
X dv . 117
A e i ST
For m = 0 and u — —oo this reduces to
N N 3 Zo
K-yow; - k=—=byp7 | dv—"—F—, 118
XoW1 2 0P / [1 +p1(v)]2 ( )
where
—T/” dvh?(v) (119)

For a constant envelope we recover Eq. (47) in [27].
Figure 8 shows that the above low-energy approximations
agree well with a full numerical solution of (7) for a Sauter-
pulse envelope, h(u) = sech?(u).

eO-(W' WLO)-eO 0.0006
""" e3.W.e0
0.0004

0.0002

-1.0 -0.5 0.5 1.0

y

FIG. 8. Comparison of the numerical solution of (7) and the
low-energy approximations in (107) and (116), for m = 1 and a
circularly polarized field with a Sauter pulse envelope, with
ag =1, by =1073, and p7 = 1.

For m = 0 we see from (107), (116), and (118) that the
Mueller matrix has to first order the following form:

)
1-6)°

where § « —(118) and & > 0. If the initial state has Ny =
{1, p} with 0 <|p| <1 giving the degree of polarization
(p = Ois unpolarized and |p| = 1 is completely polarized),
then No-M= {1, p(1 =6)}, so the final state is less
polarized, and the degree to which the polarization has
been reduced is given by (118).

For a, ~ 1 we have p < 1, but, as we can see explicitly
in the above expressions, the relevant parameter in this
regime is p7, which can be O(1) for a sufficiently long
pulse, 7 > 1, which means we still need to resum the «
expansion.

The standard deviation is obtained directly from (92).
Using (114), we find for ag > 1

T / duh?(u

which agrees with what one finds by taking the LCF limit
first, i.e. (21). For ay < 1 we find, using (115),

’T / duh?(u

D. LMF—Off-diagonal element for m =0

The zeroth moment is special because the zeroth order in
o 1s just the identity matrix,

_ _ 1

2 S5%opP
16\/5[ + pl(0

(121)

2 _ Tbop

= S pi(eTF (122)

M=1+AM. (123)
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Because of unitarity we also have AM - {1,0} = 0, since if
we sum the zeroth moment over the final spin, then we have
summed the probability over all possible final states. Thus,
if we restrict to spin parallel to the laser wave vector k, then
a general Mueller matrix would be 2 x 2, but, for the zeroth
moment, two of the four elements are trivial:

0 B
AM = ( )
0 A
Ais given by (118) and is O(b). Equation (107) shows that

B vanishes at O(by). We will now show that B = O(b3).
From (2) we have

(124)

1
0,8 = — / dales - M; - eoB(by)
0

+ ey - Mc - eoB([1 — g]b)]

|
—/0 dgley - M, - e3A(by)

+ €9 Mc - e3A([1 — g]by)]. (125)

Since ey-M; -eg=—ey-Mc-e; and ey-M; - e3 = —eq-
M¢ - e5, we have to leading order

063 - flb()abOB + fzb()ahoA, (126)
where, from (81) and (106),

2 ” 2 2
f1= [ dggey-M¢ - ey =~ gaboa (o) ~ gaboa (u),
2 25

f2 = dqqeo . MC €3 X —g(lboa (M) (127)

Using the method of characteristics as above, we find

In(1 +plJ(w) = J(v)))
(1+ plJ (u) = I (v)])?

For a constant envelope & = 1, we recover’ Eq. (48) in [27].
If the initial state is unpolarized, then B(u — —oo) gives the
degree of longitudinal polarization in the final state. It is
small due to the factor of b3, but it shows that for circular
polarization there is a nonzero induced (longitudinal)
polarization, in contrast to linear polarization where the

induced polarization averages out due to the oscillations of
the field.

B = —3b%pT / ” duT(v) . (128)

E. LMF linear polarization

In this section we consider fields with linear polarization
which oscillate in a symmetric way, so that some spin
effects average out. The spin components in the E-k plane

5T in [27] is equal to a7 in the notation here.

rotates. There is no induced polarization (Sokolov-Ternov
effect) in this case since the components, which would

otherwise lead to such effects in the B direction, oscillate
and average out. However, this does not mean that there

cannot be any nontrivial change in the spin along B. If the
initial state is polarized, then there can be depolarization,
since the diagonal element B, - M - B, is different from
e, - M - ey. From the e,e, term in (89) we find

3p
2ao[1 + pJ ()"
y / 4o’ B(o’)
o (1+plJ(o) =J(o)])*

By-w;-By=¢ey-w;-e;—

(129)

where e - w; - € is given by (90). It is not obvious at this
point, but we will show below that B > 0, so for m = 0, the
ey and ﬁo components of the Mueller matrix are given by

. _ 1 0
M0+M]: )

130
0 1-96 (130)

where 6 > 0. This implies depolarization similar to (120),
except that (120) is for the e, — k components, while (130)

is for the e, — ﬁo components.
Now we consider a field on the form

a(¢p) = aph <$> sin(¢p + A)ey, (131)

where A is a constant and % is an envelope similar to the
circular case (104). We can again find the leading order in
1/7 < 1 by rescaling 6 = 7 u and consider u and 6 as
independent of 7. We have

K@zTAwMM@mew+MFz%/mMM@)

u

(132)
For the effective mass one finds
2 a*(u) . .2
M =1+ > 1 —sinc(0) + 2sin*(Tu + A)
. . 2 9
X |sinc(f) — sinc 3 . (133)

M? only depends on u via the envelope a(u) in the circular
case (110), but (133) also has a rapidly oscillating term. If
the o integrand had been linear in M? we could have
replaced sin?(7u + A) — 1/2, and then (133) would have
reduced to the circular case (110) but with ag — ay/v/2.
However, the integrands in (85) and (86) are not linear in
M?. Instead we have integrands of the form
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Fla(u),sin*(Tu + A)], (134)

where F is a nonlinear function. We introduce a temporary
variable 6 and then Taylor expand

Fla,8sin*(Tu+A)| =Y F,[a)d"sin? (Tu+4). (135)
n=0
Next we write
o B ei(p _ e—i(p 2n
siertg) = (5
2n)!
= % + oscillating terms.  (136)

We can neglect the oscillating terms since they oscillate
rapidly for 7 > 1. The sum

> Flald s

n=0

(137)

might look more complicated than (135), but Mathematica
has no problem summing this series in the cases we have
considered. Applying this to (86) and (85) gives

2 (4X + 3Y)sin? (¢
g W / do <2) (138)
b2 X32(X + Y)3204
and
1 8X% 4 8XY 4 312
H=2B-— [ dO , (139
naj O* X3 (X 4 Y)%/? (139)
where
2
x=1+4 é”) [1 - sinc(8)],
2 : . o0
Y = a*(u) |sinc(0) — sinc 2| (140)
We can obtain the same results by replacing
. L [n/2 .
Fla(u),sin>(Tu + A)] - —/ dpFla(u),sin?(¢p)],
TTJ-n/2
(141)

since the integral selects the terms in (136) which do not
oscillate. The approach using (141) can be found in the
literature [32]. Note that B/h* and H/h? are only functions
of one variable, a(u), so one can make numerical inter-
polation functions of them for 0 < a < a, without choos-
ing any specific envelope A (u), and then afterwards one can

apply the interpolation to e.g. h = ™, h = sech?(u), or
any other envelope.

For ay > 1 we can perform the @ integral by rescaling
6 — 0/a and then expanding the integrand to leading order,

48+6*  Sagh’
Br——— h3/ 142
S 212162072 23z (142)
and similarly
55ayh?
00T (143)
18v/3x
Plugging (142) into (129) gives for m =0
. . 5\/5)(0,07/ h(u)
B, - By =— d , 144
0 XoW1 0 4r u [] +p[(u)]2 ( )
where
T [u
)= / dvh?(v). (145)

Plugging (143) into (92) gives

B 55x0pT U
- 121/37[1 +p1(oo)]4/d . (140)

Equation (144) agrees with the diagonal component of
(17), and (146) agrees with (21), but to see that we need to
simplify (17) and (21). We have F(o)~ h(u)|cos(7 u+
A)[, which makes the integral in (17) and (21) nonanalytic.
We can write them as

/ doh? ("‘TA) lcos*(6)|G <" ;A>
~ ,ij:oo h? <’,1Tﬂ) G <I;T> /_ :Z docos® (o)

4T
v duh®(u)G(u),

(147)

where G just stands for the rest of the integrand. Thus, we
should multiply (94) and (95) by 4/(37) and replace F — h,
and then we find agreement with (143) and (142). And by
using (147) on (17) and (21) we recover (144) and (146).

For aj <« 1 we can expand the integrands in (138) and
(139) without rescaling 8. We find

(148)

Equation (148) agrees with (101). The perturbative (148)
and LCF approximations (142) and (143) are compared
with the exact result in Fig. 9. The conclusion from Fig. 9 is
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(H,B)/H2

FIG. 9. B and H divided by /% Solid lines are obtained by
numerically integrating (138) and (139), dashed lines show (142)
and (143), and dotted lines show (148).

similar to the circular case in Fig. 7; i.e. the LCF
approximation converges to the exact result as a increases,
though more slowly in this case, and breaks down as a
decreases.

F. Bichromatic field

For a field which is linearly polarized and almost
monochromatic, as in (131), the off-diagonal terms in
(88) and (89) tend to average out due to the oscillations,
which means there is no (or a negligible) induced polari-
zation. However, this is not necessarily the case if we
instead consider an almost bichromatic field

a(¢) = agh <%> [a; sin(¢) + ap sin(2¢p + A)le;.  (149)

Such fields were studied in [15,16], for the same reason.
Instead of (132) we have

J =~ (a? %—401%)2/oo dvh?(v). (150)

2

The off-diagonal terms in (88) and (89) are proportional to

a/3 (0)
(aoh)?

~ ajcos® (o) 4 6ajascos? (o) cos(20 + A)

+12a,a3 cos(6)cos?(26 4+ A) + 8ajcos® (26 + A).
(151)

After writing cos in terms of e, one finds that only the
second term contains a nonoscillating part,

3
(151) ~ Ea%az cos A + oscillating terms.  (152)

So, from (88) and (89) we find

9
n, ~ Za%az cos(A)h*{ey, e,} + diagonal terms  (153)
and
9
n, ~ —Za%az cos(A)h’ee, + diagonal terms.  (154)

Since these off-diagonal terms are already local, they agree6
with what one finds from the off-diagonal terms of the LCF
approximation in (96) even without making any expansion
in 1/ay. For m = 0 we find

9, / (1)
€n ‘€)= —— A du—m—-—, 155
0°-Wp 2 4a1a2pcos u [1 +pl(u)]2 ( )
where
T u
I(u) = (a? —|—4a%)5/ dvh?*(v). (156)

Equation (155) gives the polarization of the final state if the
initial state is unpolarized. It vanishes if either a; = 0 or
a, =0, i.e. if we have a monochromatic rather than
bichromatic field, as expected.

VI. SPIN PERPENDICULAR TO MAGNETIC FIELD

In this section we consider the components of the Stokes
vector which describe spin perpendicular to the magnetic
field. We consider a linearly polarized field, which means
the e, and ﬁo components, which we studied in Sec. II,

decouple from the EO and k components, which we will
now study. Here EO is the constant axis parallel to the
electric field, k is the axis of propagation, and
ﬁo = EO x k. The off-diagonal elements of M, in the
EO -k space [see (A16)] act as a rotation matrix,

Gi($)
e

where & = (r/y(6))?3,r = (1/s) = 1,s = 1 — g, and Gi is
the Scorer function.” For linear polarization we have

A A 1
R(a,bo):b%(kE—Ek)A dgq (157)

KE-Bk = e(o) (kB - Bok), (158

so R is proportional to a constant matrix. So, if we write

M = exp {/w da’R(a’)}M/,

®Note e, = —B, as explained in [25].

’Gi also appears in the results in [55] for the loop, though not
as the cross term between the loop and the zeroth order and hence
not as a Mueller matrix.

(159)
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th ds
. 0tr) = [ 5791S). (168)

(160)

oM o oM’
—+R-M =exp / do'R(o’) ,
do - do

which, at first sight, might suggest that by multiplying (2)

with e~ J- one would obtain an equation for M’ which
does not involve R. However, that is not the case, because
in the term with M- we would have

exp {— /°° do’R(d’, by)} - M
cexp {— /°° AR (0, [1 = glby)} # M. (161)

To resolve this issue we consider the y < 1 expansion of

! Gi(¢)
gr) -—/) dgq e

To find a y expansion we calculate the Mellin transform®

(162)

g(s) = /Om dyrS~'G(x). (163)

We change variable from ¢ to &, so that y does not appear in
Gi, and then we perform the y integral first. We find

g(S) = Aoo dgﬁwé—g(ws)c}i@)

4 sin(zS) (164)

provided —2 < ReS < 1. Next we express the Scorer
function as an integral,

o 3
Gi(&) = / 97 Gin <T— + &).
0 T 3

Then we perform first the £ integral and then the 7 integral.
For

(165)

1
~1 <Re§ <3 (166)

we find
r|-1]

r [— %} cos? [g S}

T
= 2 3(1+3)/2¢
4

Gg(s) (167)

The inverse Mellin transform is given by

8Mellin transforms have also been used in e.g. [56,57].

where the integration contour crosses the real axis at some
point in the range (166). If we close the contour around the
real axis with S > —1/3, we obtain a y > 1 expansion. Here
we are instead interested in the y < 1 expansion, which we
obtain by closing the contour around the real axis with
S < —1. We have a simple pole at S = —1, which gives the
leading order, and double poles at S = -3,-5,-7,...,
which give higher orders. We find [25]

G(x) = Grolx) + O In(y)). (169)
where the leading order is (cf. e.g. [42])
Grox) =2l- (170)
/3

The higher orders are given by

B V3 2011 + 3n)]
A0 =2 o, (T@) o)

()

where AG = G — Gy o,y = 0.577... is Euler’s constant, and
H, = )"}, 1/kisthe harmonic number. The coefficients a,,

(1+2n)

2
-2 — +3H;, —
7/E_'—l—l—2n+ 3n

Hn—l>7

(171)

multiplying (y/+/3)?**! grow asymptotically as a,,/a,.~
1/(27n?), so this is an asymptotic series. This series has a
different mathematical structure compared to the correspond-
ing series for the e, and ﬁo components, which e.g. do not
have In(y) terms.

A convenient and fast way to numerically compute G(y)
exactly is to integrate (168) along a contour C; which is
parallel to the imaginary axis with e.g. Re(S) = —1/2. In
our numerical implementation (with Mathematica), this is
in fact much faster than directly integrating (162). An
equally convenient way to compute AG(y) is to integrate
(168) with exactly the same integrand (167) but along a
contour C, which is parallel to the imaginary axis with
Re(S) = —2. This works because we can deform C; to C,
plus a small loop around the pole at § = —1, and the loop
integral gives exactly G o, so omitting this loop gives G —
G o exactly.

Inserting the leading order into the rotation matrix gives

aayF (o)
2n

ay -~ A A A A A A A

(172)

where F is given in (8). There are two important things to

3p

note here. First, we can write aay = 3y S0 since we
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consider p = O(1), the rotation matrix is proportional to a
large factor for y <« 1. This means the spin rotates on a
much faster timescale compared to the change in the
momentum. That could be problematic for numerical
computations if we work with M. However, the second
thing to note is that, unlike R, R o does not depend on b,,.
Also, R — Ry is small for y <« 1, so the fast oscillations
are determined by Ryg. We therefore exponentiate R
rather than R, by substituting

M = exp {/m da’RLO(o-’)}M

into (B1). [This works for both the moments M (b, m) and
the cumulative distribution function of the spectrum
M(by, x).] For a linearly polarized field we can write

(173)

/m doR, o = (KB, — Bok), (174)
where
- Z—‘: | doe()F () (175)
Since (kE, — Ek)? = —(EoE, 4+ k k), we have
exp {/oo da’RLO((;’)}
= €p€g + ﬁoﬁo
+ (BgEy + kk)cosg + (kE( — Egk) sin ¢. (176)
We find
oM

_ 1 _
“C—_AR-M —/ dq{M’L - M(by, x)
Jdo 0

+0(x — q)M. - M([l - q]bo,’f:‘q]) } (177)

where M, is M in (A16) without the k E —Ek te
M. = exp { o’ Rio(c }
M- exp { / da’RLo(a’)} (178)
and
AR =R - R,. (179)

Using (176), we see that the e, and ]§0 components of M-
are the same as M. M also contains terms proportional to

EUEO and k k. Denoting the proportionality coefficients a
and b, we have

| O E ﬁ) sin |
) sin(2¢) )

cos(2¢)

M, +Mc.0, (180)
where the {1,0} and {0, 1} elements in this 2D representa-
tion correspond, respectively, to E, and k. M¢. , in (180)
oscillates rapidly, and one might expect that it is therefore
negligible. Proving that is perhaps a bit more nontrivial than
what one might naively expect. However, we show in
Appendix D that one can indeed neglect M. , for the first
couple of orders in y < 1. It is not negligible for y < 1, but
then the oscillations are not fast anyway, which removes the
motivation for trying to factor out the oscillations in the first
place; i.e. then one might just as well work directly with W
rather than with W. Thus, we have factored out most of the
spin precession. In PIC codes [17] this is instead included by
solving the Thomas-Bargmann-Michel-Telegdi equation
[58,59].

For p = O(1) we have ¢ = O(1/y), and then even quite
small changes in the pulse shape can lead to O(1) changes
in ¢, which, although relatively small compared to
@ = O(1/y), can completely change the values of cos ¢
and sin ¢. For an oscillating field, the integral in (175) can
be identically zero. However, even a small deviation from
such a symmetrically oscillating field could lead to O(1)
changes to ¢. For a Sauter pulse the rotation angle (175) is
equal to @ = 3p/(2xy), so @ ~477p for yo = 1072,

A. Degree of polarization from Frobenius norm

If the initial Stokes vector is given by

No = g + pgBo + prn. (181)
where pp and pg; are degrees of polarization and
n(u) = cos(u)Bo + sin(u)k (182)

is a unit vector in the spin-rotation plane, then from (176)
we find upon projecting the Mueller matrix as in (1)

) exp{ [T aRiole) | == (153)

Thus, R ¢ rotates the initial Stokes vector in the E-k plane.
Each component of n(x — ¢) - M will be proportional to
cos(u — ¢) or sin(u — @) and will therefore be sensitive to
the value of ¢. It can therefore be difficult to predict in
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which direction in the E-k plane the final spin will be, and if
one makes an average over experimental runs with slightly
different conditions, then these components might average
out. However, for the degree of polarization we have

pi=Mm(u—¢) -M-n()]
+m(u—¢)-M-n(v+z/2)]
[M%EE + MEk]COS (u—o)+ [M%E + Mkk]sul (u—o)

2

+ [MeeMip + MpMy] sin[2(1 — o)), (184)
which averages to
1
<P%> ) [MIZ;"E + MJZEk + M%E + M%k]
1 _ 1=
:itr(M(TL)M(L)) :§||M(¢)||12w (185)
where M(L) is the part of M in the E-k plane and || - - - || is

the Frobenius norm. We emphasize that the above is a
mathematical way to extract a quantity that is not sensitive to
@, but we have not actually suggested how to measure such a
quantity in experiments.
To calculate M, we first write AR in (177) as
AR = (kE,

—Eok)AR. (186)

To leading order we have from the first term in (171)

3
a X X
AR = —¢ 12(In|==| — 7. (187
e e O R S
Since
a 5 3 3
b—eﬂ( :EZOPG(U)F (o), (188)
0
we have to leading order in (177)
- AR
—AR -Wx — (189)

(14 pJ(o))"

We can now calculate W to leading order in y < 1 in the
same way as in Sec. II. Equation (189) gives off-diagonal
elements that are on the same order of magnitude as the
other O(y) terms (we do not consider large Iny, because

then y would have to be extremely small). However, we can
|

@, :lwda’FS(o’){%a ;
F(o)

+%<L+ln[m}

still neglect these off-diagonal terms if we only consider the
degree of polarization, because of the following. Consider
for simplicity m = 0, then [again with p = O(y9)]

Wiy =1+2W, +03) (190)

and

1
<P}>=§\|M HF—IH(otrW )+ O005).  (191)

so only the diagonal components contribute to leading
order. We find

- 5 A & A oa [ 3
W = - 2 _[B,E kk}/ do-PF@)
23 ~o  [1+pI(0)]
+---Bok +---kE (192)
and taking the trace gives
5xo pF’ (o)
(p2)y=1- doi. (193)
! V3w [T4pI(0)?

Comparing this with (17), we see that the degree of
depolarization is the same order of magnitude along B,

and in the E¢-k plane.
Next we present the O(y) results for general m, assum-
ing for simplicity a nonoscillating field. We will only

consider the components in the E — k plane, so we omit L.
for simplicity. We order to components so that E — (1,0)

and k — (0,1) within this 2D space. We use notation
similar to Sec. II C,

o0

6 s X0, M Z 6 P 111)(0))(0, (194)
where
_ 1 _ _ 1
Wik = me,b WDy = )7 (195)

We find (omitting the subscript m, @,, , — @, which is the
same on all factors of @)

55 0, 5 @

>
yWo —

8v3y—J(d)

2V3ly = J(o)

4 n) (0 o) BorR)

(196)
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B. Transseries

From the above we see that, for a linearly polarized field
and an electron which has spin components in the E — k
plane, the y, < 1 expansion is not just a power series, it is a
transseries with powers y£, powers of logarithms [In y,]*
and terms proportional to either cos(.../y) or sin(.../xo).
For a linearly polarized field, these spin components
completely decouple from the e, — B components, so if
one averages and sums over the initial and final spins, then
the E - k components do not contribute and one is left
with a yy < 1 expansion which only has powers )(’5.
However, for a field which is not linearly polarized, the
local direction of the magnetic field at one light-front time
is no longer orthogonal to the local direction of the electric
field at some other light-front time, B(o;) - E(5,) # 0, so
one can in general expect coupling between the E —k and
e, — B components, which means the [In yo]*, cos(.../x)
and sin(.../y,) terms in the E — k space will induce such
terms also in the ey — B space.

Consider for example a train of three Sauter pulses

’

a(o) = agp[e, tanh(c + Ao) + e, tanh(o)

+ e, tanh(c — Ao)], (197)
where Ao is large enough so that the three pulses are well
separated. If we sum over the initial and final spins, then we
should project Ny - W - N, with Ny = Ny = ;. When we
integrate backwards from ¢ = +o0 to 6 = Ac/2, only the
last term in (197) contributes. In this interval the field is
approximately linearly polarized with B(s) e,, so from
(33) we see that
W(Ac/2) - ey = cpeg + cye,, (198)

where ¢( and ¢, are two nonzero scalars. Then we use (198)
as the “initial” condition for integrating through the middle
pulse, from ¢ = +Ac/2 to 6 = —Ac/2, where B(0) x e,.
The e term in (198) will generate a e and a e, term, and
the e, term will oscillate as in (176) in the e, — e, plane.
Hence, all components of

W(-Ac/2) - ey = dyey + d,e, +d,e, +de, (199)
are in general nonzero. However, when we use (199) as the
initial condition for integrating through the first pulse, from
0 =—-Ac/21t0 6 = —o, the e, and e, components decou-
ple from the other two and will therefore not contribute to
e)- W(—) - eg. The e, component in (199) does con-
tribute to ey - W(—o0) - ey but does not contain any term
with cos ¢ or sin@. We are therefore interested in

e, - W(-Ac/2) - ey~ cospe, - W(Ac/2) -ep, (200)

which will give e, - W(—0) - € a term proportional to
cos@. To leading order in y; <1, we can obtain e, -
W(Ac/2) - e directly from (33). Then we use (33) a
second time, but replace @, o = 1/y™ with

e, -, - e, —e - W(-Ac/2)- e, (201)
while ey - @,,( - €, = 0 still. In other words, we use (33)
first for the third pulse and then for the first pulse, but for
the first pulse @,,( is more nontrivial due to the more
nontrivial initial conditions at ¢ = —Ac/2 compared to
those at 6 = +o0. We have thus found that e, - W(—o0) -
€, contains a term proportional to y3 cos ¢ where ¢ « 1/x.
Although this is suppressed by a factor of )((2) compared to
the zeroth order, i.e. the solution to LL, it has fast
oscillations which are absent at O(y3) and O(xy).

VII. CONCLUSIONS

We have derived analytical approximations for the low-
energy expansion of a-resummed Mueller matrices, where
the LO is given by the solution to the Landau-Lifshitz
equation. We have checked that these analytical approx-
imations agree with the full numerical solution of the
integro-differential equations for the moments. We have
considered the locally constant, locally monochromatic, as
well as more general regimes. We have showed how to
factor out the fast spin precession to obtain an equation
with only slowly varying terms.

We have also shown how to obtain the spectrum from the
moments. This is useful since in our approach it is easier
and faster to obtain the moments. We have treated m as a
continuous, complex variable, which allowed us to obtain a
x < 1 expansion of the spectrum by performing an inverse
Mellin transform. It would be interesting to go beyond this
x < 1 expansion and perform the Mellin integral numeri-
cally and see how much time that would take compared to
solving (B1) directly. We have also shown how to use the
principle of maximum entropy to obtain a good approxi-
mation of the spectrum with just a handful of integer
moments and without using a y < 1 expansion. Although
considering integer moments already works well, it would
be interesting to see if one could find an even faster
convergence by considering noninteger moments or some
more general expectation values, (f(kP)). This, and find-
ing suitable prior distributions, will probably be useful
when applying the principle of maximum entropy to cases
where the spectrum looks quite different from a Gaussian,
e.g. at early times where there is a very sharp peak near
x = 0 or for large y.

ACKNOWLEDGMENTS

G.T. is supported by the Swedish Research Council,
Contract No. 2020-04327. Thanks to Tom Blackburn for
correspondence about [31].

076012-23



GREGER TORGRIMSSON

PHYS. REV. D 110, 076012 (2024)

APPENDIX A: BUILDING BLOCKS

The Mueller matrices M; and M are given by
Egs. (20)—(32) in [29], which we repeat here for the
readers’ convenience.

The field is a nontrivial function of light-front time, and
we are working on the probability level. For each O(a) step
(either photon emission or a loop) we therefore have two
light-front—time variables, 4)%’ ) and qﬁ%’ ). where j=
1,2, ..., n runs over all the steps for each O(a") contribu-

tion. We change variables to ¢; = (gb(zj) —|—¢’>(1j))/2 and

0; = (j)gj ) _ ¢§j ). Different steps are light-front—time
ordered according to €(c;,; — ;) [60]. The 6; integrals
can be performed for each step separately. We have

i do ir
- Yexpd Lo LR Al
2nb0/96Xp{2b00 } e (A1)

MC,L(bOJI»O')

with an integration contour above @ = 0. The dependence
on the longitudinal momentum is expressed in terms of

1
r=--—1,

- (42)

s=1-gq, K=—+s.
s

The field dependence of the exponent is given by the
effective mass [53]

M?* =1+ (a%), - <a)§5, (A3)
where
o= | aoro) (A4

The preexponential factors Rc; are 4 x 4 matrices for
photon emission and the loop. Their field dependence is
expressed in terms of

w = a(¢p;) — (a)y, wy = a(¢y) — (a)y,  (AS)

where a = {a,,a,,0}, D = w; - W,
1 1
XZE(Wz‘i‘Wl), V=§0'2'(W2—W1)7 (A6)
where

0 —-i O

6,=|i 0 0 (A7)
0 0 O

and Y =w, —w,. We also define 1, =1—-kk, k={0,0,1}.
We have

. <<RC> R?) a8
C:
R§ R§
and
o _ (B REN_(-®R) RS
L= RL RL - RS —(RCV1 + Rrot ’
0 01 0 (RE1 + R
(A9)
where
cy _ K |2ibo -
<R>_2{r6+1+D1] 1, (A10)
Rg:q{1+ [1+—}1§X} V, (A11)
q
R = {1+[1+3s]kX} V. (A12)
q ~ dp
RS =2kX —sXk ——kk
01 s{ s 3 }
2lb0 KA~ A
—+D¢| |1 -kk Al
+{r9+ 1[¢+2 ] (A13)
and
R = sign(6) [q(Yﬁ—ﬁY)—q[l+] (X V)o-z}
(A14)

In the LCF regime one can express the 6 integrals in
terms of Airy functions,

M. =2 {— (Ail (&) + KAi/(é)) eoey

" by g
+%A\l/(§) eoB + CIAIT(?]%O
- A1+ - 11 - 22 1, )
(A15)
and
_a . Ai'($)
MLb—0{<A11(§)+’< z 1,
~ M e+ ey + o D kBB .
(A16)

where
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Aiy (&) = /5 " drAi(), (A17)

Gi is the Scorer function,

Ai(f);_;Gi(f): /Om(::exp{i§3/2(r+i>}, (A18)

&= (r/y(6))*3, and y(c) = |a'(c)|by. In 3D, the electric
and magnetic field unit vectors are

E(o) :%, B(o)

E(o) x k, (A19)

where k = {0,0,1}. The 4D version of these three
vectors are simply obtained by replacing (v, v, v3) —
(0, vy, 15, v3), €.8.

A

E(c) = E|(c)e, + E;(0)e,, (A20)
where
e ={1.0,0,0}, e ={0,1,0,01,
e, ={0,0,1,0}, es=1{0,0,0,1}. (A21)
We also have 1, =}, e;e; and
1, =EE+BB =e e, + eye,, 1) = ese;.  (A22)

In the LMF regime one can express the € integrals in
terms of Bessel functions (see [25]).

APPENDIX B: LCF OF SPECTRUM
x is related to the final momentum as in (4). The

cumulative function M(b, x) can be obtained from [29]

oM |
—:—/ dq{ML-M(bO,x)
00' 0

+0(x — g)MC - M([l - q}bo,)lc:cq) } (B1)

with
M(c - +o0) = MO =1. (B2)
To obtain a y < 1 approximation of the spectrum, we start

by differentiating (B1) with respect to x, to obtain an
equation directly in terms of the spectrum S = 0, M,

0 1
—S: —/ dq{ML ‘S(bo,x)
do 0

+9(1X7_C]‘1)MC~S{(1_Q)170’)16:Z]}

—Mc(bo. g = x) - M[(1 = x)by, 0]. (B3)
This is the generalization of Eq. (94) in [29], which is the
corresponding equation for a constant field, to nonconstant
fields. After some initial period of time, M[(1 — x)by, 0]
becomes exponentially suppressed, and we can hence
neglect it in (B3). To find an approximation we make a
similar ansatz as in [29],

el
€X

= n/2
2P

n=0

S —

(B4)

where, instead of the spectrum variable x, we use

X = X

X = .
Vol

(BS)

X, 4, and p depend only on y, via p, but in this expansion
we consider p = O(1). We can think of p as independent of
the expansion parameter y,, but we have to remember to
still make the shift p — (1 — ¢)p in the second term in (B3).
We could determine everything about this expansion of S
without relying on any previous knowledge about S, but we
do in fact already know some things about S which allow us
to skip some steps. For example, we could determine x,,
but we already know that it has to be consistent with the
solution to LL, which means

kP, _ pJ (o)

Xel = 1-

(B6)

We have also used the fact that this expansion has to reduce to

the constant-field result in [29] to write £(X2) = ™/ /7.
We also set p, = 1. The ultimate justification for (B4) is the
fact that it works; i.e. if the spectrum did not have this
mathematical structure, we would not be able to find
functions 4 and p such that it solves (B3) to each order in
the expansion in y.

Expanding (B3) we find that the terms which would
otherwise have been the leading order vanish since we have
already used (B6). At next order in O(,/xp), po = 1 is still
the only p,, that contributes at this order, which means there
is only one rather than four equations, and things simplify
further compared to [29] since we have already used
E(X?) = ¢’ /\/z. After dividing the equation by e’
we find one term that does not depend on X and one that is
quadratic in X, fo(e,p) + f2(c, p)X* = 0. Both terms have
to be zero independently, since x only appears in X. But at
this order we only have one unknown function, A.
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Fortunately, we find f5,(o,p)/fo(o,p) = =2, so if
folo,p) =0, then f,(6,p) =0 automatically. This is
one consistency check that (B4) is correct. We thus have
one independent equation for one unknown,

55
0,4 — pF?[pd, A + 3] + ——=(1 — x)*pF? = 0.
pF*[po, ] 8\5( 0P

To make this an ordinary differential equation, we again
change variables from ¢ and p to ¢ and y in (15),

(B7)

Ao,y) _ 55F3 (o)
h-J@P  8Vayt

Thus, 1 is given by (38). We have A(c — —o0) = 25%/x,,
where the standard deviation S? is given by (21).

(B8)

APPENDIX C: COMPARISON WITH
LITERATURE

As shown in [29], once we have obtained the result for a
wave packet which is initially sharply (infinitely) peaked,
we can use that result as a Green’s function for obtaining
the corresponding result for cases when the initial wave
packet has a finite width. Therefore, to compare with the
results in [31] we set the initial variance to zero. We
immediately see that (21) agrees with Eq. (14) in [31],
which was obtained there with a very different approach.

The {1,0}-w;;-{1,0} component in (18) gives the
first moment after averaging and summing over initial and
final spins. We can compare this component with the
equations in [31] as follows. Equation (10) in [31] gives an
ordinary, rather than partial, differential equation for the
first moment, denoted there as y, coupled to higher-order
moments, the variance o, etc. After expanding that equation
to first order in y, one finds an equation which couples y to
only ¢ and no higher-order moments,

2 R L2 A
0 = o) = 3R /I*io) + 20 <—//(1) =3 Rel P2

oSSR,
+8)+ |f|3/4§0)), (1)

8V3

where we have used essentially the same notation as in [31].
To translate to our notation use (2/3)R. — p and |f| — F.
The first two terms determine /i) as the solution to LL, and
6(1) 1s given by Eq. (14) in [31]. One can then integrate the
O(xo) part of (C1) to find f (). Since &) already contains
an integral over ¢, one might have guessed that the result
would contain more integrals compared to (18), but it is
possible to simplify using partial integration. The resulting
fi(1) agrees exactly with the {1,0} - w; ; - {1, 0} component
in (18).

APPENDIX D: OSCILLATING TERMS IN W

The oscillating terms in (180), M- ,, oscillate rapidly for
x < 1. This fact alone does not mean that one can neglect
M¢ o, because e.g. a cos(2¢) term in W might combine
with cos(2¢) in M., to give something non-negligible
after integrating over 6. However, M., is negligible
anyway as the following shows. Since b —a in (180) is
small for y < 1, we can treat M{. , in perturbation theory.
We can still use the ansatz in (194), where we now have two
combinations, In(y,/p) and ¢, which depend on the order
of magnitude of y, but which are unaffected by by —
(1 = g)by since the factors of 1 — ¢ cancel in y,/p. We find
that we should add to (196)

s e P
A =38 ), T h=a@p
—cos(2¢[d’]) sin(2¢[d’]) _
x( sin(20[c’]) cos(2(p[6’])> @,,0. (DI)

Unlike the other terms in (196), which are O(y9) [or
O(Inyy)l, A@,,; is actually higher order in y, due to the
highly oscillatory integrand. Let g stand for the part of the
integrand in (D1) outside the matrix. We can perform
partial integration to extract the leading order as

/ * 4o’ {cos(20[o)). sin(2¢[]) }g(o')

. g
= {—sin2¢, cos 2¢} =
{—sin2¢, cos 2¢} >

. 1 g
— {cos2¢, sin2¢p} — 9, =2~
{cos 2¢, sin (p}2fp’ >0
g

2 P

. , 1
_ /): dG/{COS 2€0’ sin 2(/)}60_/ 2—§0/ ao‘f

where all the boundary terms are evaluated at 0. Note that
1/¢" « yq, so the first boundary term is O(y,) and the
second one is O(y3). Both boundary terms vanish for
6 — —00, S0 ¥oA®,, | must be at least O(y3). Since each
partial integration brings a factor of 1/¢" « 1/F, if we tried
to perform further partial integrations in the same way we
would end up with an integrand that has too many powers
of 1/F and hence does not converge. However, we can split
the integral in the last line of (D2) into [?+ [ and use
sin2¢ = (1/[2¢'])d,[1 — cos 2¢] for the second part and
similarly for the first part, and then perform partial
integration a third time. Thus, e.g. for experimental
purposes, it seems safe to neglect y(A®,, ;. For studying
the transseries structure, though, it may be interesting to
note that A@,, (6 - —o0) gives terms proportional to
cos(2¢[—o0] 4 8), which combined with the overall rota-
tion (176) give terms which oscillate 3 times as fast
cos(3p + ---).
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Thereis a contribution to @,, , which also involves a single
factor of M. . It can be shown to be negligible in the same
way as for A@,, ;. Indeed, )((2)6),”,2 already comes with an
extra factor of y, compared to y(@,, 1, S0 a small contribution
to @,, , means a very small contribution to W. In contrast to
@,, 1, there is another contribution to @,,, which involves
two factors of M/c,o’ which can be written as

— _5\/§ 5] , F3(6/)

Aa)m,z—ﬂ j d m
—cos(2¢[d’])  sin(2¢[c]) )
(Sin@fﬂ[ﬂ’}) COS(Z(p[G’])) @y, (D3)

which can be obtained from (D1) by just replacing @,, o —
@,,, and @,,; = @,,,. To leading order A@,, ; is obtained
from the first boundary term in (D2), which gives

(— cos(2¢p) sin(2¢) ) < sin(2¢)
sin(2p)  cos(2¢) / \ cos(2¢)

-y
S\l 0 )
Itis therefore much easier to calculate A@,, » to leading order
compared to A@,, . We find

_ 257 pyd 0 1 doF?
FAW, = ———"0 /— D5
X8 Wm2 1152[1+pl]’”<—1 0 1+ p1* (D3)

So, ;(%AWmQ is actually not smaller than y,Aw,, ;. However,
the important point is that y3AW,, , scales as yj, which is
indeed negligible compared to the leading quantum correc-
tion which scales as y.

cos(2¢)
—sin(2¢p) )

(D4)
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