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Abstract
We consider the problem of ranking a set of objects based on their performance when the measurement of said performance
is subject to noise. In this scenario, the performance is measured repeatedly, resulting in a range of measurements for each
object. If the ranges of two objects do not overlap, then we consider one object as ‘better’ than the other, and we expect it to
receive a higher rank; if, however, the ranges overlap, then the objects are incomparable, and we wish them to be assigned the
same rank. Unfortunately, the incomparability relation of ranges is in general not transitive; as a consequence, in general the
two requirements cannot be satisfied simultaneously, i.e., it is not possible to guarantee both distinct ranks for objects with
separated ranges, and same rank for objects with overlapping ranges. This conflict leads to more than one reasonable way
to rank a set of objects. Although the problem of ranking with ties has been widely studied, there remains a lack of clarity
regarding what constitutes a set of reasonable rankings. In this paper, we explore the ambiguities that arise when ranking
with ties, and define a set of reasonable rankings, which we call partial rankings. We develop and analyze three different
methodologies to compute a partial ranking. Finally, we show how performance differences among objects can be investigated
with the help of partial ranking.

Keywords Ranking · Noise · Partial orders · Knowledge discovery · Performance

1 Introduction

The problem of ranking a set of objects based on noisy per-
formance measurements appears in various domains, such
as high-performance computing (HPC) and business process
management (BPM). For example, in the field of HPC it is
common to compare (i.e., to rank) a set of algorithms based
on their execution time, and it is known that execution time
measurements typically exhibit fluctuations due, for instance,
to the compute environment [17]. Similarly, in BPM, one
might want to rank different workflows within an organi-
zation based on nondeterministic throughput times of each
workflow. In this paper, we explore and develop methodolo-
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gies to rank objects based on noisy measurement data while
allowing for ties.

Let us first illustrate the difficulty in ranking with ties.
Consider the problem of ranking 10 algorithmic variants for
the solution of a generalized least squares (GLS) problem
based on their execution times, as shown in Fig. 1 (the vari-
antswere automatically generated by the compiler Linnea [3]
and are mathematically equivalent, i.e., in exact arithmetic
they would produce the exact same result). The variants were
implemented in the Julia language [4] and run on afixed prob-
lem size. For each variant, the execution time was measured
10 times on a Linux-based machine using 12 cores of an
Intel-Xeon processor with turbo-boost enabled. The execu-
tion time measurements are depicted as box plots, where the
box represents the inter-quartile interval (IQI), which is the
interval between the 25th and the 75th quantile values, and
the red line within the box represents the median value.

Ranking approaches that result in a total order (e.g., rank-
ing based on single indicator such as only the 25th quantile
or the median value) often lead to the assignment of a dis-
tinct rank to each variant, thus overlooking the possibility
of ties (except when the indicators are equal). By contrast,
ranking with ties can be seen as partial ordering of a set of
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Fig. 1 The execution time
measurements of 10 algorithmic
variants to solve the GLS
problem:
(XT M−1X)−1XT M−1y where
X ∈ R

1000×100,
M ∈ R

1000×1000 and y ∈ R
1000.

For each variant, the execution
times are shown as box plots;
red lines indicate the median
values; the box indicates the
inter-quartile interval

class 2

class 1

objects, in which the objects are related to one another based
on a certain notion of importance derived from one or more
indicators. For example, consider a ranking that takes into
account both the 25th and the 75th quantiles, and resolves for
ties based on the better-than relation (<eg) where a variant
algi is considered to be better than another variant alg j (i.e.,
algi <eg alg j ) if and only if the IQI of algi lies entirely to
the left of the IQI of alg j . If the IQI of algi and alg j overlaps
with one another, then algi and alg j are considered incom-
parable (i.e., algi ∼ alg j ). Accordingly, the algorithms can
be grouped into two performance classes as marked in Fig. 1,
where each class includes variants with the same rank.

Notice that non-transitive ties can be expected in a noisy
measurement data; for example, alg1 ∼ alg3 and alg3 ∼
alg4, but alg1 <eg alg4. Therefore, the following ambiguity
arises in the ranking process: Should alg4 and alg1 be placed
in different ranks because their intervals (IQIs) are separated,
or should both of them be assigned the same rank because
their IQIs mutually overlap with that of alg3?

In general, it is possible to have several reasonable
rankings for given sets of measurement data and a better-
than relation. To illustrate how different rankings can be
obtained through various arguments, let us utilize the fol-
lowing simulated example. Consider the set of variantsM =
{t0, t1, t2, t3} with each ti ∈ M indicated as a set of mea-
surement values ti ∈ R

M sampled from normal distribution
N (μ, σ ) that simulates the cost of the variant. Here, μ rep-
resents the mean and σ represents the standard deviation of

the normal distribution. Let us assume that the variants are
characterized by the following distributions:

• t0: Sampled from N (0.30, 0.005).
• t1: Sampled from N (0.31, 0.030).
• t2: Sampled from N (0.32, 0.005).
• t3: Sampled from N (0.43, 0.01).

For each variant, M = 15 values are sampled and the result-
ing set of values are depicted in Fig. 2 as box plots.

For the sets of measurements (M0) in Fig. 2, the relation
<eg among the variants is shown as a (transitively reduced)
directedgraph inFig. 3a; a directedpath from ti to t j indicates
that ti <eg t j . An example of the ambiguity for this case
could be that the three rankings with ties shown in Fig. 3b
are reasonable by the following justifications:

• One could argue that since t0 ∼ t1 and t1 ∼ t2, all t0, t1
and t2 should be given the same rank and considered as
the best variants (Fig. 3b(i)).

• Alternatively, one could argue that t0 should be ranked
higher than t2 because t0 <eg t2, and t1 should be ranked
as low as t2 because the IQI of t1 overlaps with that of t2
(Fig. 3b(ii)). Then, only t0 should be considered as the
best variant.

• Alternatively, since t0 ∼ t1 and t0 <eg t2, one could
argue that both t0 and t1 should be considered as the best
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Fig. 2 Sets of measurements
(M0)

Fig. 3 When distributions overlap, the partial ordering of the algorithms admits many reasonable rankings

variants, and t2 should be placed in a lower rank than t0
(Fig. 3b(iii)).

Thus, as soon as one considers a better-than relation that
induces non-transitive ties, multiple reasonable rankings
emerge.

Although rankings based on partial orders have been
widely discussed (for example, see the collection of works in
[5, 20]), we still notice a lack of clarity on what constitutes a
set of reasonable rankings. Therefore, in this paper, we first
define what we consider to be the set of reasonable rank-
ings, which we refer to as partial rankings.We then develop
methodologies to compute partial rankings and explain their
applications. The specific contributions of this work are the
following:

1. For given sets ofmeasurements and a better-than relation
that defines how two sets of measurements should be
compared, we define partial ranking to identify a set of
reasonable rankings.

2. Wedevelop three differentmethodologies, each comput-
ing a partial ranking (i.e., one of the reasonable rankings)
for a given sets of measurements according to a given
better-than relation.

3. We show how our partial ranking methodologies can be
used to discover the underlying causes of performance
differences between the objects.

Organization: In Sect. 2, we explain and formally define
partial ranking. In Sect. 3, we discuss the related works. In
Sect. 4, we present methodologies for partial ranking of sets
of measurements, and in Sect. 5, we extend our methodolo-
gies to handle multiple better-than relations. In Sect. 6, we
apply the partial ranking methodology in two practical sce-
narios, and finally, in Sect. 7, we draw conclusions.

2 Partial ranking

Let M = {t0, . . . , tN−1} be a set of N objects. Let <P be
a strict partial order on M that models a better-than rela-
tion between a pair of objects ti , t j ∈ M, i.e., ti <P t j
means that ti is somehow better than (e.g., faster than)
t j . If neither ti <P t j nor t j <P ti , then ti and t j are
incomparable, which we denote by ti ∼ t j . For example,
consider the four sets of measurements in Fig. 2, M0 =
{t0, t1, t2, t3}. The strict partial order relation <eg on M0

is {(t0, t2), (t0, t3), (t2, t3), (t1, t3)}. The tuples (t0, t1) and
(t1, t2) are not in the relation as t0 ∼ t1 and t1 ∼ t2.
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Fig. 4 When <P imposes either a linear order or a weak order on M, then we want the ranking to be unique. Moreover, when the order is linear,
then we want the ranking to have no ties

For each ti ∈ M, we aim to assign a rank in the form of
a nonnegative integer with 0 representing the highest (best)
rank that is consistent with <P. We first make a distinction
between the caseswhere (1)wewant the ranking to be unique
and without ties, (2) we want the ranking to be unique but
with ties, (3) the ranking cannot be unique but allows ties.

1. Linear order: If ∀ti , t j ∈ M, either ti <P t j or
t j <P ti , then M follows a linear order for <P. In
other words, �ti , t j ∈ M such that ti ∼ t j . In this
case, we want the ranking to be unique and without ties.
Example: Consider again the four sets of measurements
M0 shown in Fig. 2 and the better-than relation <med

where ti <med t j if and only if the median of ti is
smaller than the median of t j . Note that the relation
<med onM0 has no pair of incomparable elements, and
therefore follows linear order. The ranking is determined
as an ordered set partition—R0 = {t0}, R1 = {t1},
R2 = {t2},R3 = {t3}—of M0. Consider another
example M1 shown in Fig. 4a and the better-than rela-

tion <eg . Here, <eg imposes linear order on M1, and
the resulting ranking is shown in Fig. 4b(ii).

2. Weak order: If ∀ti , t j , tk ∈ M such that ti ∼ t j and
t j ∼ tk , it holds ti ∼ tk (in other words, the incompara-
bility relation is transitive), thenM follows aweak order
for <P. In this case, we want the ranking to be unique,
but this time with ties among all objects in the same
equivalence class induced by the incomparability rela-
tion. Example: Consider the four sets of measurements
M2 shown in Fig. 4c ordered by <eg . The correspond-
ing relations is shown in Fig. 4d(i). The resulting ranking
is illustrated in Fig. 4d(ii). Here, t0, t1, t2 ∈ R0 are all
pairwise incomparable and all are assigned the same
rank.

3. Neither linear nor weak: If ∃ti , t j , tk ∈ M such that
ti ∼ t j , t j ∼ tk and ti <P tk (in other words, the incom-
parability relation is not transitive), then M is neither
linear nor weak for<P. In this case, the ranking will not
be unique, for the reasons outlined in the introduction.
Example: The sets of measurementsM0 in Fig. 2 follow
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neither linear nor weak order for <eg . For this case, we
expect one of the three rankings shown in Fig. 3b.

We now formulate a definition for ranking with ties that
results in unique rankings when<P imposes a linear or weak
order on M, and in more general cases allows only those
rankings that are reasonable, i.e., they satisfy the following
properties.

Definition 1 Given a set of objectsM and a strict par-
tial order relation<P onM, we define apartial ranking
as an ordered set partition R0, . . . ,RK−1 of M with
the following properties:

1. If ti is ranked higher than t j , then either ti <P t j
or ti ∼ t j .

2. For all pairs of consecutive ranks (Ra,Ra+1),
there exists a ti ∈ Ra and t j ∈ Ra+1 such that
ti <P t j .

3. For all pairs ti and t j with the same rank, ti and t j
must be connected in the undirected graph associ-
ated with the incomparability relation.

The three properties serve the following purposes:

• Property 1 ensures that the ranking is consistent with the
strict partial order. This property captures the essence of
what we consider a reasonable ranking, since it prevents
an object that is better than another from being ranked
lower than the other.

• Property 2 prohibits splitting up mutually incomparable
objects into separate ranks. This property is essential to
make the ranking unique for weak orders. For example,
without this property, when M2 is ranked according to
<eg , the ranking R0 = {t0}, R1 = {t1, t2}, R2 = {t3}
would have been considered valid as it satisfies bothProp-
erty 1 and Property 3. However, this ranking is not valid
according to Property 2 because there does not exist a
ti ∈ R0 and t j ∈ R1 such that ti <P t j .

• Property 3 ensures that the objects with the same rank
cannot be trivially partitioned into separate ranks. This
property is essential for the uniqueness for both linear
and weak orders, since without this property it would
always be possible to assign all objects the same rank.
For example, without this property, forM2 and <eg , the
ranking R0 = {t0, t1, t2, t3} would be considered valid
as it satisfies both Property 1 and Property 2. However,
according to Property 3, t3 cannot exist in the same rank
as the other objects because t3 is disconnected in the
undirected graph shown in Fig. 5.

In summary, given M and <P, a ranking that satisfies the
properties listed above is called a partial ranking. Now, the
problem is to find a procedure that takesM as input, makes

Fig. 5 Undirectedgraphof the objects inM2 associatedby∼ according
to <eg

comparisons according to <P and returns a partial ranking
as output.

3 Related works

The problem of ranking a finite set of objects based on mul-
tiple indicator values has been previously studied. In [18],
Patil and Taillie determine a partial ordering of objects and
use it to deduce a collection of total orders, also referred to as
linear extensions. This approach assigns an interval of possi-
ble ranks to each object. However, it has been observed that
enumerating all possible linear extensions can become com-
putationally impractical as the number of objects increases,
and they resort to Markov chain Monte Carlo methods for
rank estimations. In this work, we narrow down the range
of possible ranks based on what we consider reasonable for
general applications.

The levels in Hasse diagrams have been previously used
to interpret the ranks for a large number of objects in several
works [6, 16, 29]; i.e., a graph similar to the one shown in
Fig. 3a is constructed, and the depth of a node in the graph is
interpreted as the rank of that node. Moreover, the term par-
tial ranking has been previously used in some works (e.g., [1,
10, 19]) to denote a ranking deduced from partial orders.
However, we notice a lack of discussion on the properties of
those rankings. In this work, we elaborate on partial rank-
ing and explicitly list out its properties. When developing
ranking methodologies that accommodate ties, it is impor-
tant to verify if the computed ranking satisfies our properties
to determine its reasonableness. For instance, the ranking
with ties using the Bubble-sort-based algorithm used in [21,
22] does not always compute a partial ranking according to
our definition. Moreover, we want to avoid methodologies
that compute some rankings that would have been consid-
ered valid without Property 2 and Property 3 of the partial
ranking (see the example rankings mentioned while explain-
ing the purposes for Property 2 and Property 3 in Sect. 2).

There is a large body of literature on the area of ranking,
particularly tailored for applications in information retrieval
and multi-attribute decision-making [2, 5, 20]; for example,
among the database community, [12] surveys the top-k rank-
ing techniques for information retrieval and [13] discusses
ranking approaches based on datasets that exhibit uncer-
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tainty. In thiswork,weuse the ranks of the objects to highlight
the similarities and differences in the performance of the
objects using a dependency graph based method, thereby
enhancing the root cause analysis conducted in [23, 26].

At the core of the ranking, methodology is the compari-
son function that determines the better-than relation between
two objects. Statistical comparison approaches such as [25]
often require assumptions to be made regarding the underly-
ing distribution of the measurement values, and the number
of measurement values (or the sample size) plays an impor-
tant role in determining whether or not the resulting rankings
are meaningful. However, in many situations, measurements
do not follow standard distribution; for instance, the mea-
surements of execution times of a computer program are
generally multimodal (i.e., the measurement values occur
in stratified clusters, mainly due to the processor operating
at multiple frequency levels [7]). As a result, it has been
noted that the application of textbook statistical approaches
in summarizing such execution time measurements is not
straightforward [8, 11]. Comparisons based on nonparamet-
ric methods such as theWilcoxon, the Mann–Whitney U test
(e.g., see [9, 15, 24]), interval numbers [28] or gray num-
bers [14], which do not require any assumption about their
underlying distribution and aremore suited for handlingmea-
surement data with arbitrary noise. In this paper, we do not
compare different comparisonmethods; instead, we focus on
developing methodologies for partial ranking that are com-
patible with any comparison function.

4 Methodologies for partial ranking

In this section, we develop methodologies to compute a par-
tial ranking for a given set of objects M and a better-than
relation <P. Let each ti ∈ M consist of Mi measurement
values (i.e., ti ∈ R

Mi ), and we assume that all Mi ≥ 1.

4.1 Methodology 1: for an arbitrary number of ranks

For a given M and <P, let G be a directed graph such that
ti ∈ M are the nodes, and a directed edge from ti to t j exists
if and only if ti <P t j . A partial ranking can be computed
from G as follows:

Methodology 1 Given the graph G constructed from
the partial order (M,<P), set the rank of ti ∈ M equal
to the length of the longest directed path in G that ends
at ti .

Note that G does not contain any cycles as <p is tran-
sitive, and therefore, G is a directed acyclic graph. As a
consequence, the length of the longest directed path in G
that ends at ti (or the depth of ti in G), denoted as d(ti ), can

be computed using the following recursive formula:

d(ti ) =
⎧
⎨

⎩

max
t j∈•ti

d(t j ) + 1, if | • ti | > 0

0, if | • ti | = 0
(1)

where •ti is the set of incoming edges to ti . Then, the ordered
set partition ofM is:

Rk = {ti ∈ M | d(ti ) = k} ∀k ∈ {0, . . . , K − 1} (2)

where K − 1 is the length of the longest directed path in G.
For example, consider the sets of measurements M3 in

Fig. 6 and the relation <eg . ∀ti , t j ∈ M3, we perform pair-
wise comparison according to <eg and construct G (shown
in Fig. 7a). According to G, the depth of t0 and t2 is 0, the
depth of t1 is 1, and the depth of t3 is the maximum of {2, 1}
which is 2. Hence, the ordered set partition isR0 = {t0, t2},
R1 = {t1}, R2 = {t3}. Note that performing transitivity
reduction on a directed graph removes redundant edges with-
out altering the depth of the nodes. Consequently, it does not
impact the ranking of the nodes. The transitive reduction of
G is shown in Fig. 7b.

Lemma 1 Rankings produced by Methodology 1 are
partial rankings (Def. 1).

Proof We need to prove that the ranking follows the three
properties in Definition 1.

1. Proof for Property 1:

• ∀ti ∈ Ra and ∀t j ∈ Rb, a < b �⇒ d(ti ) < d(t j )
• d(ti ) < d(t j ) �⇒ ti <P t j or ti ∼ t j .

2. Proof for Property 2: ∀Ra,Ra+1 �⇒ there exists a
directed edge from some ti ∈ Ra to some t j ∈ Ra+1,
which means ∃ti <P t j .

3. Proof for Property 3: Observe that in a directed acyclic
graph, two nodes at the same depth cannot be connected
by an edge, because if they were, then one of the nodes
would be at a depth greater than the other node. Thus,
∀Ra , ti , t j ∈ Ra �⇒ ti ∼ t j , so all the objects inRa

are connected in the undirected graph associated by ∼.

	

Computational complexity: Let |M| = n be the total num-
ber of objects and e be the total number of pairs of objects
related by <P. The input to this methodology is the graph
G. The construction of G requires pairwise comparisons of
the objects, which has a complexity of O(n2). Given G, this
methodology computes the depths of the nodes using the
depth-first search algorithm, which has a worst-case com-
plexity of O(n+ e) (assuming that each node is visited once
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Fig. 6 Sets of measurements
M3. The box indicates the IQI

Fig. 7 Directed graphs from the partial order (M3,<eg)

and the resulting depths are stored in memory). Thus, the
overall complexity is dominated by the O(n2) term.

Sparsification of the directed graph:Note that, inG, any
directed edge from ti to t j such that ti is at depth k and t j is
at a depth greater than k + 1 is not contained in the longest
directed path to t j inG.Moreover, anymodificationsmade to

G that do not impact the depths of its nodes have no influence
on the calculated ranks according toMethodology 1. Bearing
this in mind, we construct a graph H fromG by removing all
edges (ti , t j ) inG where d(t j )−d(ti ) > 1. The construction
of H ensures that the nodes at a specific depth are exclusively
connected by directed edges only to nodes at the subsequent
depth.

For example, consider the 10 variants consisting of mea-
surements sampled from the following distribution functions:

• t0, t1, t2, t3, t4: Sampled from N (0.2, 0.02)
• t5, t6, t7, t8, t9: Sampled from N (0.3, 0.02)

For each variant, we sample three measurement values (with
initialization seed set to 159) and prepare the sets ofmeasure-
mentsM4 (shown in Fig. 8a). The partial rankings computed
according to <eg are shown in Fig. 8b. Note that there is no
path from t4 to t9 even though t4 <eg t9 because the dif-
ference in the depths of t4 and t9 is 2. Existence of the edge
from t4 to t9 would not have changed the length of the longest
directed path to t9.

Among the three methodologies, this methodology com-
putes a partial ranking with the highest number of ranks. To
determine if a partial ranking with a reduced number of ranks
is feasible, one should refer to Methodology 2 or Methodol-
ogy 3.

4.2 Methodology 2: reduction in the number of
ranks

Wenowexplain how thepartial rankingproducedbyMethod-
ology 1 (sparsified) can bemodified to determine an alternate
partial ranking that might reduce the total number of ranks.
Given the graph H constructed fromM and<P, the ordered
set partition R0, . . . ,Rk, . . . ,RK−1 consisting of K ranks
(where K is the length of the longest directed path in H ) is
computed using Eq. 2. In order to determine if it is possible
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Fig. 8 An example to illustrate sparsification of G
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to produce an alternate partial ranking with smaller K , we
apply the following methodology:1

Methodology 2 Given the graph H and the corre-
sponding ordered set partitionR0, . . . ,RK−1, perform
the following steps:

1. For all the nodes ti in H, compute the number of
incoming and outgoing edges.

2. ∀Rk , form a list21 Rk by arranging the objects in
Rk according to decreasing number of outgoing
edges in H. If there are objects with the same num-
ber of outgoing edges, arrange the objects with ties
according to increasing number of incoming edges
in H.

3. Concatenate the lists into T = R0 ⊕ R1 ⊕ . . . ⊕
RK−1. Note that the objects in T are arranged left
to right from highest to lowest ranks.

4. Each T[i] is assigned a rank R[i] as follows:
(a) set R[0] = 0 (i.e., T[0] is assigned the best

rank).
(b) for i = 1, . . . N:

(i) if T[i − 1] <P T[i] then set R[i] = R[i −
1] + 1.

(ii) else set R[i] = R[i − 1].

According to Step 4b of Methodology 2, adjacent objects
in T that are incomparable to one another are assigned the
same rank. Let K̂ be the number of unique values in R. The
ordered set partition of M consists of sets within which all
the objects are assigned the same rank; i.e.,

R̂k = {T[i] ∈ T | R[i] = k} ∀k ∈ {0, . . . , K̂ − 1} (3)

and R̂k consists of objects that receive the rank k. The new
number of ranks K̂ is smaller than or equal to K .

Illustrative Example: Consider the graph H constructed
from the same sets of measurements M4, as those used
to illustrate Methodology 1. The ordered set partition
R0,R1,R2,R3 according to Methodology 1 is shown in
Fig. 8b. To find an alternate partial ranking with fewer than
four ranks, we apply Step 2 of Methodology 2 and obtain the
following arrangements:

• R0 = [t0, t2, t1, t4]
• R1 = [t3]

1 In order to be able to index the elements in the set Rk , we introduce
the list Rk . The element at position i (zero-based indexing) is denoted
by Rk [i].
2 In order to be able to index the elements in the set Rk , we introduce
the list Rk . The element at position i (zero-based indexing) is denoted
by Rk [i].

• R2 = [t9, t6]
• R3 = [t7, t8, t5]

The concatenated list according to Step 3 is:

T = [t0, t2, t1, t4, t3, t9, t6, t7, t8, t5] (4)

The ranking computed according to Methodology 2 with the
list T in Eq. (4) is shown in Table 1, which now consists of
only two ranks.

In the step 2 of Methodology 2, if ∃ti ∈ Rk and ∃t j ∈
Rk+1 such that ti ∼ t j , then ti is pushed toward the right
in the list Rk , and t j is pushed toward the left in the list
Rk+1, and then, the ranks ∀ti ∈ Rk and ∀t j ∈ Rk+1 could
be merged according to Step 4. For illustration, let us denote
the last element in a list Rk as Rk[−1]. In our example, as
R0[−1] = t4 ∼ t3 = R1[0], the concatenation of R0 and
R1 merges the ranks of the variants inR0 andR1. Similarly,
as R2[−1] = t6 ∼ t7 = R3[0], the ranks of the variants
in R2 and R3 are also merged. For the sake of clarity, the
sets of measurementsM4 are shown again in Fig. 9, but now
with the y-axis rearranged from bottom to top based on the
position of the variants in the list T, starting from T[0], and
the ranking is annotated.

Lemma 2 Rankings produced by Methodology 2 are
partial rankings (Definition 1).

Proof We need to prove that the ranking follows the three
properties in Definition 1.

1. Proof for Property 1:

• ∀T[i] ∈ R̂a and ∀T[ j] ∈ R̂b, a < b �⇒ R[i] <

R[ j] (Eq. 3).
• R[i] < R[ j] �⇒ i < j (Meth. 2: Step 4b)
• i < j �⇒ T[i] <P T[ j] or T[i] ∼ T[ j] (Meth. 2:
Step 3; the objects inT are arranged from left to right
from highest to lowest ranks computed according to
Methodology 1).

Hence, ∀T[i] ∈ R̂a and ∀T[ j] ∈ R̂b, a < b �⇒
T[i] <P T[ j] or T[i] ∼ T[ j].

2. Proof for Property 2: According to Meth. 2: Step 4b(i),
a new rank is created only when there exists i such that
T[i−1] <P T[i]. Hence, for every pair of ranks R̂a, R̂b,
it is possible to find a pair ti ∈ R̂a and t j ∈ R̂b such
that ti <P t j .

3. Proof for Property 3: |R̂a | > 1 �⇒ ∃k, l such that
T[k] ∼ T[k + 1] ∼ · · · ∼ T[l], and all the objects from
positions k to l in T are the only objects in R̂a (Meth. 2:
Step 4).
Hence, there exists an arrangement of R̂a where the
adjacent objects are pairwise incomparable. This means
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Table 1 Partial ranking of M4 with <eg according to Methodology 2

T T[0] T[1] T[2] T[3] T[4] T[5] T[6] T[7] T[8] T[9]
t0 ∼ t2 ∼ t1 ∼ t4 ∼ t3 <eg t9 ∼ t6 ∼ t7 ∼ t8 ∼ t5

R R[0] R[1] R[2] R[3] R[4] R[5] R[6] R[7] R[8] R[9]

0 0 0 0 0 1 1 1 1 1

R̂k R̂0 = {t0, t1, t2, t3, t4}, R̂1 = {t5, t6, t7, t8, t9}

Fig. 9 The annotation of the
partial ranking on M4 with <eg
according to Methodology 2.

that the objects in R̂a are connected in the undirected
graph associated by ∼.

	

The number of ranks computed by Methodology 2 is

either smaller than or equal to the number of ranks com-
puted according to Methodology 1, but not necessarily the
least possible number of ranks.
Computational complexity: The input to this methodology
is the graph H , which has a complexity of O(n2) for con-
struction, and the ordered set partition consisting of K ranks
computed according to Methodology 1, which has a com-
plexity of O(n + e). Assuming the number of incoming and
outgoing edges per node is stored in memory during the
construction of H , this methodology requires O(m logm)

operations to sort the nodes within each of the K ranks,
where m is the maximum number of nodes per rank, and
O(n) operations to reestimate the ranks. The overall com-
plexity remains dominated by O(n2).

Instances where the least number of ranks is not com-
puted: In certain cases, Methodology 2 does not yield a
partial ranking with the minimum possible number of ranks.
For example, consider the sets of measurements M5 shown
in Fig. 10. Given M5 and <eg , the arrangement T and the
annotations of the partial ranking calculated according to
Methodology 2 are shown in Fig. 10a.While this partial rank-
ing consists of three ranks, it is possible to form an alternate
arrangement T′ (shown in Fig. 10b), that produces a par-
tial ranking with just two ranks according to Methodology 2
(Step 4).

A sufficient condition for which Methodology 2 will not
produce a partial ranking with the least number of ranks is
when ∃ti ∈ Rk and ∃t j ∈ Rk+2 such that ti ∼ t j , but
�tm ∈ Rk+1 such that tm ∼ t j .

For example, in M5, the directed graph G (with transi-
tivity reduction) is shown in Fig. 10c (by removing the edge
highlighted in red, the graph H is obtained). According to
Methodology 1, the number of ranks is 5, and we just saw
that it possible to have a partial ranking consisting of 2 ranks.
Methodology 2 cannot reduce the number of ranks to smaller
than 3 because ∃t8 ∈ R2 and ∃t7 ∈ R4 such that t8 ∼ t7,

but �tm ∈ R3 such that tm ∼ t7. As a consequence,
according to Methodology 2 (Step 3), t7 ∈ R4 cannot be
placed next to t8 ∈ R2 because t5 ∈ R3 has to be placed
between t8 and t7, and hence the ranks of t8 and t7 cannot be
merged.

4.3 Methodology 3: for minimum number of ranks

We now explain a methodology for computing the partial
ranking with the minimum number of ranks. For a givenM
and <P, let U be an undirected graph such that ti ∈ M are
the nodes and an edge between ti and t j exists if and only if
ti ∼ t j according to <P.
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Fig. 10 Partial ranking of M5
with <eg . An illustrative
example to demonstrate that
Methodology 2 does not always
find the partial ranking with the
least number of ranks
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Fig. 11 Methodology 3 on M5 and <eg

Methodology 3 Given the graph U constructed from
the partial order (M,<P),

1. PartitionU to createU = {V0, . . . ,VK−1} such that
each partition Vk ∈ U corresponds to the connected
components of U.

2. Construct a directed graph G ′ such that Vi ∈ U are
the nodes and an edge from Vi to V j exists if and
only if for any tk ∈ Vi and tl ∈ V j , tk <P tl .

3. ∀Vi ∈ U , set the rank of all tk ∈ Vi equal to the
depth of Vi in G ′.

Illustrative example: Consider again the sets of mea-
surements M5 and the relation <eg . According to Step 1,
the undirected graph U consists of two partitions V0 and V1

(shown in Fig. 11a). The directed graph G ′ and the resulting
ordered set partitioning are shown in Fig. 11b.

To compare with other methodologies, consider again
the sets of measurements in Fig. 8 (M4) used to illustrate
Methodology 1 and 2. Methodology 3 produces the same
partial ranking as Methodology 2 (i.e., the ordered set parti-
tioning annotated in Fig. 9).

Lemma 3 Rankings produced by Methodology 3 are
partial rankings (Def. 1) and consist of minimum pos-
sible number of ranks.

Proof Notice that ∀Ra,Rb, a < b �⇒ ∀tk ∈ Ra and
∀tl ∈ Rb, tk <P tl . Thus, the requirements according to
Property 1 and Property 2 are satisfied. The condition accord-
ing to Property 3 is naturally satisfied as all the variants in
a particular partition Vi are connected by the incomparabil-
ity relation ∼. Hence, the ranking computed according to
Methodology 3 is a partial ranking.

We prove by contradiction that the partial ranking accord-
ing to Methodology 3 consists of the minimum number of
ranks. Suppose that there exists some partial ranking with
strictly fewer than K ranks. Then, by the pigeonhole princi-
ple, at least one rank must contain a pair of variants that are
disconnected in the graph associated with the incomparabil-
ity relation. This violates Property 3 and hence there cannot
exist any partial ranking with fewer than K ranks. 	


Computational complexity: Let n be the total number of
objects and e be the total number of pairs of objects that are
incomparable to each other. The input to this methodology
is the graph U , which has a complexity of O(n2) for con-
struction. Assuming that the set of incomparable nodes for
each node is stored in memory during the construction ofU ,
this methodology has a complexity of O(n + e). The overall
complexity is dominated by O(n2).

4.4 Comparison of partial rankingmethodologies
and implications on some special cases

Recall that for a set of measurements and a better-than
relation, more than one partial rankings are possible. We
presented three different methodologies for partial ranking.
Among the three methodologies, Methodology 1 produces
a partial ranking with the highest number of ranks, and
Methodology 3 produces a partial ranking with the least
number of ranks. Methodology 2 can be seen as a trade-
off between the other two. In this subsection, we apply and
compare Methodologies 1, 2 and 3 on some special cases.

Consider that there are numerous variants with their
measurement intervals distinctly separated from each other,
except for a single variantwhose interval overlapswith all the
others. For example, see the sets ofmeasurementsM6 shown
in Fig. 12b. Each variant consists of 15 measurement values
and the IQI of all the variants except for t6 is distinctly sepa-
rated from one another. In this case, Methodology 3 merges
all the variants into one rank. Such a ranking is sometimes
undesirable because it is not possible to discriminate between
any of the distinctly separated variants.Methodology 1, how-
ever, produces a partial ranking with six ranks as shown in
Fig. 12a, and this is the maximum number of ranks that could
be produced for M6 with <eg; t0, t6 ∈ R0 and all the other
variants in distinct ranks.Methodology 2 reduces the number
of ranks by 1, and the resulting partial rankings are annotated
in Fig. 12b.
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Fig. 12 Partial ranking of M6 with <eg

Let us examine onemore example that showcases variants
with overlapping yet monotonically increasing differences,
such as the sets of measurementsM7 depicted in Fig. 13. In
this case, although assigning a distinct rank to each variant
seems more intuitive , both Methodology 2 and Methodol-
ogy 3 produce a partial ranking where all the variants are
placed in the same rank (as shown in Fig. 13b). Methodol-
ogy 1 computes a partial ranking with 2 ranks (as shown in
Fig. 13a). Notice that Methodology 1 does not compute the
maximumpossible number of ranks, because forM7, the fol-
lowing partial ranking with three ranks exists:R0 = {t0, t1},
R1 = {t2, t3} and R2 = {t4}.

5 Handling the effects of the quantile
intervals

Thus far, we have utilized the relation <eg to compare two
sets of measurements, which makes comparisons based on
overlap in the inter-quartile intervals (IQIs), or in otherwords,
based on overlap in the inter-quantile interval (IQnI) between
the 25th and 75th quantiles among the variants. Sometimes,
altering the quantiles can lead to a different ranking. For

Table 2 Reliability Scores of the ranks computed by Methodology 1
on M8 with <(l,u) at different quantile limits

t0 t1 t2 t3 avg_rel(l, u)

r(ti , 25, 75) 0 0 0 1 -

r(ti , 30, 70) 0 1 0 1 -

r(ti , 35, 65) 0 1 0 1 -

r(ti , 40, 60) 1 2 0 2 -

mr(ti ) 0.25 1.00 0.00 1.25 -

rel(ti , 25, 75) -0.25 -1.0 0.0 -0.25 -0.38

rel(ti , 30, 70) -0.25 -0.00 0.0 -0.25 -0.13

rel(ti , 35, 65) -0.25 -0.00 0.0 -0.25 -0.13

rel(ti , 40, 60) -0.75 -1.00 0.0 -0.75 -0.63

instance, consider the sets of measurements M8 shown in
Fig. 14 where it could be intuitive for one to expect the fol-
lowing ranking:

R0 = {t0, t2}, R0 = {t1, t3}. (5)

However, the IQnI between the 25th and the 75th quantile of
t1 slightly overlaps with that of t0 and t2. As a consequence,
when using the relation <eg to compare the variants, t0, t1
and t2 are all pairwise incomparable and obtain the same
rank. In order to alleviate this problem, for a given ranking
methodology, we compute multiple rankings corresponding
to different quantiles, and average them. In what follows,
we propose a systematic way of choosing a ranking corre-
sponding to one among several quantile intervals based on
the averaged or the mean ranks.

To this end, let us first generalize <eg to accommodate
arbitrary quantile limits. Let l and u denote the lower and the
upper quantile limit, respectively. For each set of measure-
ments values ti ∈ R

M , sort ti in the ascending order and let
t li , t

u
i ∈ R be the linearly interpolated measurement values at

the l and u quantiles, respectively. Then, for each ti , (t li , t
u
i )

is the IQnI between the quantile limits (l, u). We define the
relation <(l,u) as:

Definition 2 For a given (l, u), ti <(l,u) t j if and only
if tui < t lj .

Thus, inferring from Definition 2, two sets of measurements
are considered incomparable if and only if their IQnIs overlap
with one another. If l = 25 and u = 75, then IQnI becomes
the IQI indicated in our box plots; consequently,<eg is same
as <(25,75).

Let Q be a set of quantile limits. For a given ranking
methodology, let r(ti , l, u) be the rank calculated for the vari-
ant ti ∈ M at a particular (l, u) ∈ Q. As the choice of (l, u)
influences the partial rank calculation, instead of computing
a partial ranking at just one (l, u), we compute the partial
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Fig. 13 Partial ranking of M7
with <eg

Fig. 14 Sets of measurements
M8

ranks at several quantile limits, i.e., ∀(l, u) ∈ Q, and calcu-
late the mean rank of each variant. Let the mean rank of ti
be denoted by mr(ti ). Then, the reliability score rel(ti , l, u)

of the rank assigned to the variant ti at a particular quantile
limit (l, u) is defined as:

rel(ti , l, u) = −|r(ti , l, u) − mr(ti )| (6)

where a higher reliability score can be considered as a better
ranking for the givenmeasurement data, a better-than relation

and Q. That is, for the variant ti , the lower the difference of
the rank r(ti , l, u) calculated at a particular (l, u) from the
mean of the ranksmr(ti ) calculated at several quantile limits,
the higher the reliability score rel(ti , l, u), indicating that
the rank assignment r(ti , l, u) is more reliable. The average
reliability (avg_rel) of a partial ranking at a quantile limit
(l, u) is the mean of the reliability scores at that (l, u) from
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all the variants; that is,

avg_rel(l, u) =
∑

ti
rel(ti , l, u)

|M| (7)

where |M| is the total number of objects.
Thus, givenQ,wepropose to compute partial rankings and

average reliability scores ∀(l, u) ∈ Q, and select a ranking
with the highest average reliability score.

Illustrative example: Let us compute partial rankings for
M8 using Methodology 1 at all

(l, u) ∈ {(25, 75), (30, 70), (35, 65), (40, 60)}. (8)

The mean ranks of the variants, the reliability scores of the
rank assignments and the average reliability scores are shown
in Table 2. The partial rankings at the limits (30, 70) and
(35, 65), which classify the variants into ranks as expected
according to Eq. 5, obtain a higher average reliability score
than the partial rankings at other limits.

6 Application: mining for the causes of
performance differences from the
measurement data

Partial ranking of a set of objects can be seen as clustering the
objects into performance classes; i.e., a clustering in which
there is a notion of one cluster being better than another.
In this section, we demonstrate that identifying performance
classes using our partial rankingmethodologies facilitates the
discovery of the causes of performance differences between
the variants. We adopt an interactive approach to identify the
causes of performance differences. We recommend begin-
ning with the methodology that generates the fewest number
of ranks and conducting an initial root cause analysis. If the
initial analysis is not satisfactory, applymethods that produce
a greater number of ranks and repeat the analysis.

First, we revisit the execution time measurements of the
algorithmic variants of the generalized least square (GLS)
problem introduced in Sect. 1, and identify the library calls
that impact performance themost (Sect. 6.1). Then, we apply
our partial ranking methodology on a real-life dataset from a
business process application to identify the underlying causes
of inefficiencies (Sect. 6.2).

6.1 Algorithmic variants of GLS

The execution time measurements of 10 algorithmic vari-
ants of GLS for given matrix dimensions are shown again
in Fig. 15. Each algorithmic variant can be identified as a
sequence of library or kernel calls provided by optimized

libraries, such as BLAS and LAPACK. The sequences of
kernel calls for the 10 algorithmic variants as generated by
the Linnea compiler [3] are shown in Table 3. Let us first
attempt to elucidate the causes of performance differences
among the variants in terms of the kernel calls, solely by
looking at the data Mgls , without relying on any specific
ranking methodology. At first glance, one could intuitively
categorize the variants into two distinct groups: fast variants
and slow variants, as represented below:

Fast = {alg0, alg1, alg3, alg4, alg5}
Slow = {alg2, alg6, alg7, alg8, alg9}

(9)

By carefully observing the similarities and differences in
the kernel sequences among the variants in the fast and slow
groups based on the data Mgls , one could discern the fol-
lowing associations:

(r1) Only the fast variants make use of the kernel gemm.
(r2) Only the slowvariantsmake use of the kernel transpose.
(r3) Only the slow variants make use of the kernel qr.

This example is intentionally simplistic, but in reality, it
is common to encounter hundreds of algorithmic variants
with much longer kernel sequences for each variant. The
manual process of making such discernment, even for this
straightforward example, can be time-consuming and labo-
rious. Therefore, given Mgls and the information regarding
the kernel sequences in Table 3, our objective is to automate
the identification of the observations r1, r2 and r3 that we
just manually discerned, and potentially uncover additional
kernel sequence patterns that may have gone unnoticed dur-
ing the manual analysis.

We begin by applying the methodology that produces the
least number of ranks; applying Methodology 3 on Mgls

using the better-than relation <eg produces the ranks—R̂0

and R̂1—as annotated in Fig. 15. R̂0 and R̂1 are incidentally
same as the manually identified fast and slow sets (shown in
Eq. 9), respectively.

In order to identify the similarities and differences among
the variants in R̂0 and R̂1 in terms of kernel calls, we con-
struct a directly follows graph (DFG), where each node
indicates a kernel, and a directed edge from one kernel to
another, say from kernelA to kernelB, indicates that there
exists a kernel sequence in which kernelA directly precedes
kernelB. Given a split of the variants into two sets Green and
Red, we color the nodes and edges in the DFG such that
green nodes and edges indicate the kernels and the directly
follows relations that occur exclusively in the variants from
Green. Similarly, red nodes and edges indicate the kernels
and the directly follows relations that occur exclusively in
the variants from Red. All the other kernels and relations
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Fig. 15 The time measurements
of the algorithmic variants of the
GLS problem:
(XT M−1X)−1XT M−1y where
X ∈ R

1000×100,
M ∈ R

1000×1000 and y ∈ R
1000

(Mgls ). The partial rankings
using Methodology 3 according
to <eg are annotated

Fig. 16 Directly Follows
Graph: Green = R̂0, Red = R̂1

occur in the variants from both Green and Red. The DFG
with Green = R̂0 and Red = R̂1 is shown in Fig. 16. The
kernel gemm that occurs only in the variants from R̂0 is col-
ored green, and the kernels transpose and qr that occur only
in the variants from R̂1 are colored red. Hence, we automati-
cally identify the observations r1, r2 and r3.We also discover
additional patterns, such as the observation that whenever the

kernels trsm or trsv directly precede gemv, the corresponding
variant is not one of the fast ones. We do not notice changes
in the partial ranking or additional patterns when repeating
the analyses with Methodology 1 or 2.

In order to highlight the significance of using a ranking
methodology that accounts for ties, we illustrate the lim-
itations that are inherent when mining for the causes of
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Table 3 Kernel sequences of
the 10 algorithmic variants
considered in Fig. 15

Variant Kernel sequence

alg0 potrf, trsm, trsv, syrk, gemv, potrf, trsv, trsv

alg1 potrf, trsv, trsm, syrk, potrf, gemv, trsv, trsv

alg2 potrf, trsm, trsv, syrk, gemv, qr, gemv, trsv

alg3 potrf, trsv, trsm, gemm, potrf, gemv, trsv, trsv

alg4 potrf, trsm, trsv, gemm, gemv, potrf, trsv, trsv

alg5 potrf, trsm, trsv, gemm, potrf, gemv, trsv, trsv

alg6 transpose, potrf, trsm, trsv, syrk, potrf, trsv, trsm, gemv, trsv

alg7 transpose, potrf, trsm, syrk, potrf, trsv, trsv, trsm, gemv, trsv

alg8 transpose, potrf, trsm, syrk, potrf, trsm, trsm, trsv, trsv, gemv

alg9 transpose, potrf, trsm, syrk, potrf, trsv, trsv, trsm, trsm, gemv

Fig. 17 DFG (Top-1 median
ranking): Green = {alg0}, Red
contains the remaining variants

performance difference based on rankings that determined
by simply relying only on the median execution time of the
variants. To this end, we consider the following:

• Top-1 median: The variant having the lowest median
execution time is placed in the set Green. The remaining
variants are placed in the set Red. The resulting DFG
is shown in Fig. 17. As this kind of ranking completely
ignores ties, the coloring of the DFG is not reasonable;
the kernel gemm is colored red because the only vari-
ant in the set Green, which is alg0, does not use this
kernel. However, there exist other variants— alg3, alg4
and alg5—that use gemm and the spread of their execu-
tion times significantly overlaps with that of alg0. Hence,
according to the available data, it is not reasonable to
highlight gemm as a cause for a variant to be slow.

• Top-k median: Top-k ranking is a common approach
to distinguish between good and bad variants. Here, the
variants with the top k lowest median execution times are
placed in the set Green and the remaining variants are
placed in the set Red. It is important to note that in this
context, the identification of reasonable causes depends
on the choice of k. For k = 5, the variants are split into
the two sets according to ones intuition (i.e., according
to Eq. 9). However, for k = 4, we get the DFG shown in
Fig. 18 in which the association r1 is not identified.

6.2 Business process example

Just as an algorithm can be viewed as a sequence of kernel
calls, a business process can be viewed as a sequence of tasks
or activities that need to be performed to achieve a specific
business objective. For example, let us consider the purchase-
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Fig. 18 DFG (Top-4 median
ranking): Green =
{alg0, alg1, alg5, alg3}, Red
contains the remaining variants

Fig. 19 Sets of throughput times of the process variants (Mbpi ) and the partial ranking annotated based on Methodology 2 or 3 according to <eg
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Fig. 20 Methodology 1 on Mbpi according to <eg . The graph H is shown

Fig. 21 The DFG highlighting the root causes of performance differences between the process variants. The set Green constitutesR0,R1 andR2,
and the set Red constitutes R5

123



4382 International Journal of Data Science and Analytics (2025) 20:4363–4384

Fig. 22 Screenshot of the DFG rendered by Celonis

to-pay (P2P) business process, which involves the activities
encountered while acquiring goods or services from external
suppliers. This is a common business process carried out in
many companies and organizations, which involves a series
of interdependent activities that are performed by various
entities within an organization. For every purchase request,
the sequence in which the activities are executed is captured
by sophisticated enterprise resource management systems
like SAP. A particular sequence of activities is referred to as a
process variant, and in large organizations, there are typically
hundreds of process variants for a business process like P2P
(in the following, we show an example). Making organiza-
tional changes to improve such a process often entails the use
of several enterprise tools which facilitate in identifying the
activities that contribute to process variants exhibiting spe-
cific performance issues, such as higher throughput time [27].

For the purpose of illustration, we consider a P2P dataset
from certain organizations provided by a German data
processing company—Celonis, during a hackathon event

organized in collaboration with RWTHAachenUniversity in
April 2022. In the considered dataset, the sets of throughput
times of the 30 most frequent process variants are shown in
Fig. 19 (Mbpi ). The partial ranking according to Method-
ology 3 with <eg is annotated in Fig. 19. However, as
the spreads of the throughput times are largely overlapping
with monotonically increasing differences, Methodology 3
(and evenMethodology 2) merges variants with significantly
different performances into the same rank R̂2. Moreover,
the throughput times of the variants do not occur in well-
separated groups. Therefore, we employ Methodology 1 to
calculate an alternate ranking that classifies the variants into
six ranks R0, . . . ,R5 as shown in Fig. 20, and perform the
root cause analysis. To this end, we construct a DFG simi-
lar to the one created in Sect. 6.1, but this time with nodes
representing activities in the P2P process. The setGreen con-
stitutes the process variants from the ranks R0, R1, R2 and
the set Red constitutes the process variants from the rank
R5. Thus, the green nodes and edges indicate the activities
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and relations that occur exclusively in the process variants
of the set Green, while the red nodes and edges indicate
the activities and relations that occur exclusively in the pro-
cess variants of the setRed. The resulting DFG is shown in
Fig. 21. On the edges, we also indicate the number of times
a particular directly follows relation was observed.

Wecompare our constructedDFGwith theDFGgenerated
by the Celonis application, noting that the Celonis DFG does
not apply partial ranking to classify and colors the nodes
and edges based on the performance classes. A screenshot
of a portion of the Celonis DFG is displayed in Fig. 22. In
the Celonis DFG, the numbers displayed on the edges rep-
resent the median time between the start of two activities.
Notably, there are significant time delays observed between
the activities ‘Cancel Goods Receipt’ to ‘Scan Invoice’ (e1),
‘Change Quantity’ to ‘Scan Invoice’ (e2) and ‘Book Invoice’
to ‘ChangeQuantity’ (e3), indicating potential bottlenecks in
the process flow. It is important to note that if a bottleneck
occurs consistently across all process variants, itmay not pro-
vide insights into the root cause of performance differences
among the variants. However, when a bottleneck is present
in some variants and not in others, it becomes a focal point
for highlighting performance differences. While the Celo-
nis DFG effectively captures these bottlenecks, it does not
explicitly indicate whether these bottlenecks are the under-
lying causes of performance disparities among the variants.
For example, in our DFG, the edge e2 with a median time
of 62 days is not highlighted in red as it appears in vari-
ants from both Green and Red. Therefore, it is not inferred
to directly contribute to the root cause of performance dif-
ferences among the variants. However, the edge e3, with a
median time of only 30 days, is marked in red in our DFG,
suggesting it as an indicator of performance difference.

Thus, we remark that Celonis can benefit from incor-
porating partial ranking to provide additional perspectives
within their DFG. This enhancement has the potential to
offer valuable insights to their customers, aiding them in their
decision-making processes.

7 Conclusion

We considered the problem of ranking sets of noisy mea-
surement data while accounting for ties. As soon as ties are
allowed, more than one reasonable ranking became possible
because of the non-transitive nature of the ties. We noticed a
lack of clarity onwhat constitutes a set of reasonable rankings
in the previous works. Therefore, for given sets of measure-
ments and a better-than relation that defines how two sets
of measurements should be compared, we defined partial
ranking to identify a set of reasonable rankings. We formal-
ized and developed three different methodologies for partial
ranking. Each methodology computes one of the reasonable

rankings. Methodology 1 computes a partial ranking con-
sisting of an arbitrary number of ranks. Among the three
methodologies, this methodology computes a ranking with
the highest number of ranks. Methodology 2 takes the partial
ranking computed by Methodology 1 as input and aims to
reduce the number of ranks. Finally, we presented Method-
ology 3 which computes the partial ranking with minimum
possible number of ranks. We demonstrated how the three
methodologies can be applied hierarchically to conduct root
cause analyses.

In this work, we presented the methodologies such that
they are not dependent on any specific pairwise comparison
method. While we used quantile-based comparisons as an
example, alternativemethods such as theWilcoxon orMann–
Whitney U tests could also be employed. In future works, we
plan to investigate the use of partial ranking methodologies
with other pairwise comparison functions and explore more
applications.
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