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Abstract

This thesis proposes a rewrite procedure for determining the equivalence of a
subset of byte-pair encoding (BPE) dictionaries, a data structure essential to the
tokenization process in modern large language models. We present a normaliza-
tion procedure that constructs a normal form for proper BPE dictionaries, where
a dictionary is proper if every token in a merge rule of length greater than one
has been created by a higher-priority rule. We prove that two proper dictionar-
ies containing the same rules are equivalent if and only if their normal forms
are identical. The existing approach determines dictionary equivalence by trans-
forming dictionaries into deterministic finite automata (DFAs) and checking for
DFA equivalence. This approach is computationally expensive for large vocab-
ularies, where the performance depends on the size of the token alphabet. In
contrast, the new normalization procedure is more efficient in practice, since the
time complexity of the normalization procedure depends on the length of the
tokens instead, which are typically considerably smaller than the size of the to-
ken alphabet. This results in a more scalable solution for equivalence checking
in real-world scenarios.
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1 Introduction

Large languagemodels (LLMs)must be able to handle any character sequence, including those
never seen during training [5]. Subword tokenization addresses this challenge by splitting rare
or unfamiliar sequences into smaller, more frequent components called subwords or tokens,
drawn from a fixed vocabulary. For instance, the word ‘supercalifragilisticexpialidocious’
does not appear in the vocabulary of GPT-4, yet it can still be processed as the sequence of
known tokens super cal if rag ilistic exp ial id ocious as indicated by the boxes.

Byte-pair encoding (BPE) tokenization is the dominant subword tokenization algorithm
used by modern LLMs. BPE tokenization transforms a sequence of characters into a sequence
of tokens using a dictionary of merge rules. The dictionary specifies how and in what order
to combine smaller units into larger tokens [6], see Chapter 2. While BPE tokenization has
several sematic variants, such as those used by HuggingFace1 and SentencePiece [4], these
approaches yield identical tokenizations if the dictionary is proper – that is, when every rule’s
constituents are derived from higher-priority rules [2, 1]. In Figure 1 we see the process of
tokenizing a string using the merge rules from a dictionary.

𝐷 =


𝑢 ≀ 𝑣
𝑣 ≀𝑦
𝑦 ≀𝑤


u v y w
⇓ 𝑢 ≀ 𝑣
uv y w
⇓ 𝑣 ≀𝑦
uv y w
⇓ 𝑦 ≀𝑤
uv yw

Figure 1: The process of tokenizing a string using a dictionary. The dictionary with
the merge rules is seen on the left. Feeding the promt ‘uvyw’ divides the string into single
character tokens. If a rule can be applied, we merge the two tokens in the tokenization and
do this until all rules in priority order has applied, producing a final tokenization. Here 𝑢 ≀ 𝑣
and 𝑦 ≀𝑤 can apply to the given input, but not 𝑣 ≀𝑦.

Given two BPE dictionaries, it is not obvious just by looking at the rules whether they
produce the same tokenization for all possible input strings, even if they contain the same
merge rules in a different order. Swapping the order of as little as two rules can lead to
completely different tokenizations of a given string. As dictionaries in practice can contain
tens of thousands of rules, determining whether two dictionaries are equivalent and produce
the same tokenizations for all input strings is a non-trivial task.

Berglund et al. [1] introduced an algorithm to construct deterministic finite automata
(DFA) from a proper dictionary that recognizes all valid tokenizations according to the dictio-
nary. We take a closer look at this and the time complexity of this procedure in Chapter 2. This
introduces the possibility of applying algorithms for analyzing DFAs. One such algorithm is
the DFA equivalence algorithm presented by Hopcroft and Karp [3], which can determine
whether two DFAs are equivalent and, in turn, whether two dictionaries produce the same

1https://huggingface.co/learn/llm-course/chapter6/5
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tokenizations. This indirect approach of constructing and comparing DFAs is an inefficient
and expensive procedure, especially for large dictionaries. In Chapter 3 we prove that the
time complexity of this procedure is O(|Γ | |𝐷 |2), where |Γ | is the size of the token alphabet
and |𝐷 | is the number of merge rules in the dictionary.

Instead of constructing BPE tokenDFAs and testing dictionary equivalence via DFA equiv-
alence, we explore whether equivalence can be determined directly from the structure of the
dictionaries themselves. In particular, we propose a normal form for proper dictionaries such
that two dictionaries are equivalent if and only if their normal forms are identical in Chap-
ter 4. We construct a normalization algorithm for proper BPE dictionaries and show that the
time complexity of this procedure is O(𝑡 |𝐷 |2), where 𝑡 is the length of the longest token in
the token alphabet and typically small in practice. Finally, in Chapter 5 we discuss the im-
plications of our findings and the reason why the normalization procedure is more efficient
than the indirect DFA approach in practice, even when the time complexity of the procedures
may look similar at first glance.
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2 BPE Tokenization

Byte-Pair Encoding tokenization is a widely used method in natural language processing and
large languagemodels to break downwords into subwords or tokens. BPE tokenization allows
LLMs to represent any character sequence in terms of a sequence of tokens from a fixed
vocabulary, making themmore flexible and robust. In this chapter, we introduce the semantics
of BPE tokenization and dictionaries, how they work, and how dictionaries can create DFAs
that can be used to recognize valid tokenizations.

2.1 Notation

We mainly follow Berglund et al. [1] for notation. An alphabet Σ is a finite set of symbols.
The set Σ∗ denotes all finite strings over Σ, including the empty string 𝜖 , and Σ+ = Σ∗ \ {𝜖}.

Individual symbols are denoted by 𝛼, 𝛽,𝛾, 𝑎, 𝑏, 𝑐 , strings or tokens by 𝑢, 𝑣,𝑤 , and tokeniza-
tions by 𝜏, 𝜙 . For a tokenization 𝜏 , |𝜏 | denotes the number of tokens in 𝜏 . When writing
𝜙 = 𝑢 ≀𝜏 ≀ 𝑣 , we mean that 𝜙 consists of a token 𝑢, followed by an arbitrary long tokenization
𝜏 , and then a token 𝑣 . Thus, |𝜙 | = |𝜏 | + 2.

A token alphabet Γ over Σ is a set of tokens𝑤 ∈ Σ+, such that either𝑤 ∈ Σ or there exists
some 𝑢, 𝑣 ∈ Γ such that𝑤 = 𝑢𝑣 . When the underlying alphabet Σ is clear or unimportant, we
simply refer to the token alphabet as Γ.

A token sequence is denoted as 𝑢1 ≀𝑢2 ≀ . . . ≀𝑢𝑛 where 𝑢𝑖 ∈ Γ for 𝑖 = 1, 2, . . . , 𝑛. We say
that a token sequence 𝜏 is a tokenization of a string𝑤 if the concatenation of its tokens yields
𝑤 . The concatenated string obtained from 𝜏 is denoted by 𝜋 (𝜏).

For a deterministic finite automaton 𝐴, we let L(𝐴) denote the set of all strings accepted
by 𝐴.

2.2 BPE tokenization semantics

BPE tokenization is used by different LLMs such as the OpenAI GPT models, see GPT-SW3
model [7], as well as by the Meta AI Llama models1. Slightly different implementations of
BPE tokenization exist, with the two dominant semantics defined by the Hugging Face2 and
SentencePiece [4] tokenizers, respectively. In this section, we introduce the semantics of BPE
tokenization and how they tokenize text. We also clarify the difference between proper and
improper dictionaries.

2.2.1 Dictionaries

A dictionary is a list of merge rules, used to tokenize input strings. The definition of a
dictionary can be seen in Definition 1.

1https://github.com/meta-llama/llama/tree/main
2https://huggingface.co/learn/nlp-course/chapter6/5
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Definition 1 (based on Definition 1 in [2]). A byte-pair dictionary 𝐷 = [𝑢1 ≀ 𝑣1, . . . , 𝑢𝑛 ≀ 𝑣𝑛]
over Σ is a sequence of token pairs, where every token is in Σ∗ \ {𝜖}. Each 𝑢𝑖 ≀ 𝑣𝑖 is called a rule,
and any rule 𝑢𝑖 ≀ 𝑣𝑖 has higher priority than the rule 𝑢 𝑗 ≀ 𝑣 𝑗 if 𝑖 < 𝑗 .

Definition 2 formalizes the notion of a proper dictionary, a key property when it comes to
describing the semantics of byte-pair dictionaries.

Definition 2 (based och Definition 5 in [2]). A dictionary is proper if for each rule 𝑟𝑖 = 𝑢𝑖 ≀ 𝑣𝑖
in 𝐷 and |𝑢𝑖 | > 1, there exists some rule 𝑟 𝑗 , where 𝑖 < 𝑗 , that produces the token 𝑢𝑖 . Similarly,
for each rule 𝑟𝑖 = 𝑢𝑖 ≀ 𝑣𝑖 in 𝐷 and |𝑣𝑖 | > 1, there exists some rule 𝑟 𝑗 , where 𝑖 < 𝑗 , that produces
the token 𝑣𝑖 .

While improper dictionaries exist, most practical ones are proper by construction. At
each step, the current most frequent token pair is added as the next rule in the dictionary and
merged into a single token in the data. Frequencies are updated after each merge, and the
process repeats until the target vocabulary size is reached.

2.2.2 Hugging Face and SentencePiece BPE

As earlier mentioned, different implementations of BPE tokenization exist, notably Hug-
ging Face and SentencePiece. While both are similar, they differ in the frequency with which
they select new rules during tokenization (see Algorithm 13 [1] and Algorithm 2 [1], respec-
tively). In the Hugging Face variant, once the highest-priority applicable rule is selected for
a token sequence, it is applied repeatedly as many times as possible before choosing a new
rule. In contrast, SentencePiece re-evaluates and selects the highest-priority rule after each
individual merge.

While it may seem like a minor difference, the frequency of rule selection can lead to
different tokenizations when the dictionary is not proper [2]. In such cases, applying a lower-
priority rule may enable a higher-priority rule to become applicable. In the Hugging Face im-
plementation, repeated application of the lower-priority rule before re-evaluating priorities
can block merges that would have occurred had the higher-priority rule been selected im-
mediately, as in SentencePiece. In contrast, when the dictionary is proper, no higher-priority
rule can become applicable after selecting a lower-priority one; as such, both implementations
behave identically, see Example 1.
Example 1. The dictionary 𝐷 = [𝑎𝑏 ≀𝑎𝑏, 𝑐 ≀𝑎𝑏, 𝑎 ≀𝑏] is not proper since the token 𝑎𝑏 used in
the merge rules 𝑎𝑏 ≀𝑎𝑏 and 𝑐 ≀𝑎𝑏, is generated by a lower-priority rule. Let 𝑤 = 𝑐 ≀𝑎 ≀𝑏 ≀𝑎 ≀𝑏.
Hugging Face BPE and SentencePiece BPE produce the tokenizations 𝑐 ≀𝑎𝑏𝑎𝑏 and 𝑐𝑎𝑏 ≀𝑎𝑏
respectively, when applied to𝑤 . This is because Hugging Face BPEmerges all token pairs 𝑎 ≀𝑏
before going back to higher-priority rules. SentencePiece BPEmerges only the first occurence
of token pair 𝑎 ≀𝑏, before selecting the now available highest priority rule 𝑐 ≀𝑎𝑏, and repeat
the process. It merges 𝑐 ≀𝑎𝑏 to 𝑐𝑎𝑏, and then 𝑎 ≀𝑏 to 𝑎𝑏. ⋄

We let the tokenization of the string 𝑤 using a proper dictionary 𝐷 be denoted T𝐷 (𝑤).
Thus, the tokenization T𝐷 (𝑤) is the final result of the tokenization process when merging
tokens using the rules in the dictionary in sequence.

3https://huggingface.co/learn/nlp-course/chapter6/5
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Algorithm 1 Hugging Face BPE to-
kenization (see Definition 4 in [2] )

1: Input: an input string 𝛼1 · · ·𝛼𝑛 , a dictio-
nary 𝐷 = [𝑢1 ≀ 𝑣1, . . . , 𝑢𝑚 ≀ 𝑣𝑚]

2: 𝜏 ← 𝛼1 ≀ . . . ≀𝛼𝑛
3: 𝜏 ′ ← 𝜏

4: 𝑖 ← 1
5: while 𝑖 < 𝑚 do
6: 𝑡𝑒𝑚𝑝 ← []
7: 𝑗 ← 1
8: while 𝑗 ≤ |𝜏 | − 1 do
9: if 𝜏 𝑗 ≀𝜏 𝑗+1 = 𝑢𝑖 ≀ 𝑣𝑖 then
10: append 𝑢𝑖𝑣𝑖 to 𝑡𝑒𝑚𝑝

11: 𝑗 ← 𝑗 + 2
12: else
13: append 𝜏 𝑗 to 𝑡𝑒𝑚𝑝

14: 𝑗 ← 𝑗 + 1
15: end if
16: end while
17: if 𝑗 = |𝜏 | then
18: append 𝜏 |𝜏 | to 𝑡𝑒𝑚𝑝

19: end if
20: 𝑖 ← 𝑖 + 1
21: 𝜏 ← 𝑡𝑜𝑘𝑒𝑛𝑖𝑧𝑒𝑙𝑖𝑠𝑡 (𝑡𝑒𝑚𝑝)
22: if 𝑖 ≤ 𝑚 AND 𝜏 ≠ 𝜏 ′ then
23: 𝑖 ← 1
24: 𝜏 ′ ← 𝜏

25: end if
26: end while
27: Output: the tokenization 𝜏

Algorithm 2 SentencePiece BPE to-
kenization (see Definition 3 in [2])

1: Input: an input string 𝛼1 · · ·𝛼𝑛 , a dictio-
nary 𝐷 = [𝑢1 ≀ 𝑣1, . . . , 𝑢𝑚 ≀ 𝑣𝑚]

2: 𝜏0 ← 𝛼1 ≀ . . . ≀𝛼𝑛
3: 𝑖 ← 1
4: while 𝑖 < 𝑚 do
5: 𝑡𝑒𝑚𝑝 ← []
6: 𝑗 ← 1
7: while 𝑗 ≤ |𝜏 | − 1 do
8: if 𝜏 𝑗 ≀𝜏 𝑗+1 = 𝑢𝑖 ≀ 𝑣𝑖 then
9: append 𝑢𝑖𝑣𝑖 to 𝑡𝑒𝑚𝑝

10: 𝑗 ← 𝑗 + 3
11: 𝜏:𝑗 ← 𝑡𝑜𝑘𝑒𝑛𝑖𝑧𝑒𝑙𝑖𝑠𝑡 (𝑡𝑒𝑚𝑝)
12: 𝑖 ← 0
13: 𝑏𝑟𝑒𝑎𝑘

14: else
15: append 𝜏 𝑗 to 𝑡𝑒𝑚𝑝

16: 𝑗 ← 𝑗 + 1
17: end if
18: end while
19: 𝑖 ← 𝑖 + 1
20: end while
21: Output: the tokenization 𝜏

2.3 BPE Token DFA

A BPE token DFA is a DFA that recognizes valid tokenizations of input strings for a given
proper dictionary. We define a BPE token DFA 𝐴 = (𝑄, Γ, 𝑞0, 𝛿, 𝐹 ) as a 5-tuple where

• 𝑄 is a finite set of states,
• Γ is the alphabet consisting of tokens present in the dictionary,
• 𝑞0 is the initial state,
• 𝛿 is the transition functions between states, and
• 𝐹 is the set of accepting states.

Creating a BPE token DFA for a dictionary has several advantages, such as being able to
analyze the DFA using algorithms specifically designed for DFAs. In this section, we briefly
present the construction algorithm and its time complexity, as first described by Berglund
et al.
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2.3.1 Algorithm for constructing a BPE token DFA

Berglund et al. [1] describe the construction of a BPE token DFA𝐴 for an arbitrary regular
language 𝐿 and a proper dictionary 𝐷 over Σ of length |𝐷 | = 𝑛, such that L(𝐴) = T𝐷 (𝐿). The
construction starts from aDFA accepting 𝐿, for example the universal DFA𝐴0 for the language
Σ∗. An example of the universal DFA for the language over Γ = {𝑎, 𝑏} is shown in Figure 2.
We build upon such a DFA using the rules 𝑢𝑖 ≀ 𝑣𝑖 in the dictionary 𝐷 . We merge one rule at a
time using a merging algorithm, in order of priority. At each step, the algortihm is applied to
DFA 𝐴𝑖−1 with rule 𝑢𝑖 ≀ 𝑣𝑖 as input, where 𝑖 ∈ [1, 𝑛]. By analyzing the algorithm, we see that
at most one new state gets added to the DFA, which is the state 𝑞𝑖 .

𝑞0

𝑎, 𝑏

Figure 2: Universal DFA for the language Σ∗, where Σ = {𝑎, 𝑏}.

We define the rules in the dictionary 𝐷 as 𝐷 = [𝑎 ≀𝑏, 𝑎 ≀𝑎] and run the algorithm. We start
with the first merge rule 𝑎 ≀𝑏, since it is the highest priority rule, and we use the universal
DFA in Figure 2 as the starting point.

The algorithm does as follows. First, for each pair of transitions in the DFA 𝐴 of the form
𝛿 (𝑠1, 𝑢) = 𝑠2 and 𝛿 (𝑠2, 𝑣) = 𝑠3, we record the triplet (𝑠1, 𝑠2, 𝑠3). These correspond to the paths
where reading 𝑢 from 𝑠1 leads to 𝑠2, and then reading 𝑣 from 𝑠2 leads to 𝑠3. For every such
state, we create a new transition from 𝑠1 to 𝑠3 by defining 𝛿 (𝑠1, 𝑢𝑣) = 𝑠3. In our case, since
we start with the universal DFA, we have the transitions 𝛿 (𝑞0, 𝑎) = 𝑞0 and 𝛿 (𝑞0, 𝑏) = 𝑞0 for
the rule 𝑎 ≀𝑏 i.e. the triplets (𝑞0, 𝑞0, 𝑞0). For every 𝑠2 in the list of transitions, which in this
case is 𝑞0, we add a new state to the DFA, and if the state is an accepting state, we inherit that
property, which we do in this case for the one state that is added. The resulting DFA can be
seen in Figure 3.

𝑞0 𝑞1

𝑎𝑏, 𝑏

𝑎
𝑎

𝑎𝑏

Figure 3: DFA for the token 𝑎 ≀𝑏

For every 𝑠2 in the list of transitions, we now check if the 𝑢 and 𝑣 are the same. If they are
not, as in our case, we add new transitions from the new state to the states that 𝑠2 transitions
to, except for the state that 𝑠2 transitions when it reads the token 𝑣 . Otherwise, the same
happens, but we ignore states containing the rule 𝑢𝑣 as well. Finally, for every state with a
transition using the token 𝑢, we replace the transition with a transition to the new state. The
result show the DFA in Figure 3.

To get a clearer understanding of the process, we show the process for when the rule 𝑎 ≀𝑎
after the rule 𝑎 ≀𝑏 is run, we get the DFA in Figure 4.
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𝑞0 𝑞1

𝑞2

𝑎𝑏, 𝑏

𝑎𝑎

𝑎𝑎

𝑎𝑏

𝑎

𝑎𝑏
𝑎

Figure 4: DFA for the token 𝑎 ≀𝑎 after the token 𝑎 ≀𝑏

The process is the same for the token 𝑎 ≀𝑎 as it was for the token 𝑎 ≀𝑏, where we also
observe the same state transition patterns. In this case, we get two different patterns that get
added to the list, (𝑞0, 𝑞1, 𝑞1) and (𝑞1, 𝑞1, 𝑞1). The token 𝑎𝑎 is added from 𝑞0 to 𝑞1 and 𝑞1 to
𝑞1. A new final state is then added to the DFA and since 𝑢 and 𝑣 are the same, we add all
transitions from 𝑞1 to the new state except for the transitions with the token 𝑎 and 𝑎𝑎. Finally
we replace the transitions with the token 𝑢 thoughout the DFA to go to the new state. The
result is shown in Figure 4 and an example usage of the BPE token DFA is shown in Example
2.
Example 2. Take the string𝑤 = 𝑎𝑏𝑎𝑎𝑎𝑎𝑏 for example. The tokenization produced is T𝐷 (𝑤) =
𝑎𝑏 ≀𝑎𝑎 ≀𝑎 ≀𝑎𝑏. In the DFA we start at the initial state 𝑞0 and read that the first token is 𝑎𝑏,
which takes us back to the state 𝑞0. The next token is 𝑎𝑎, which takes us to state 𝑞1. Next,
since the rule 𝑎 ≀𝑎 has a lower-priority than the rule 𝑎 ≀𝑏, we transition to 𝑞2 when reading
the token 𝑎. Finally, we read the token 𝑎𝑏, which takes us back to the state 𝑞0. Since we are
in an accepting state, the tokenization is valid. ⋄

2.3.2 Time complexity of dictionary to BPE token DFA algorithm

Berglund et al. [1], demonstrate that the procedure to construct the BPE token DFA 𝐴′ =
(𝑄 ′, Γ, 𝑞′0, 𝛿 ′, 𝐹 ′) from the DFA 𝐴 = (𝑄, Σ, 𝑞0, 𝛿, 𝐹 ) using a proper dictionary 𝐷 can be done in
time O(|𝑄 | |Γ | |𝐷 |2).

To give an idea why this is the case, we need the notion of a target count of a token in a
DFA as seen in Definition 3.

Definition 3 (based on Definition 4 in [1]). For a DFA 𝐴 = (𝑄, Γ, 𝑞0, 𝛿, 𝐹 ) and symbol 𝛼 ∈ Γ
the target count of 𝛼 in 𝐴 is denoted targetc(𝐴, 𝛼), is defined as targetc(𝐴, 𝛼) = |{𝑞′ | ∃𝑞 ∈
𝑄, 𝛿 (𝑞, 𝛼) = 𝑞′}| i.e. the number of distinct states 𝑞′ in 𝐴 that is the destination of a transition
with some token.

In the work of Berglund et al., the time complexity was formalized as seen in Theorem 1.

Theorem 1 (based on Theorem 3 in [1]). The merge algorithm can be applied to a BPE token
DFA 𝐴 = (𝑄, Σ, 𝑞0, 𝛿, 𝐹 ) in time O(|𝑄 | |Σ|). Applying the algorithm iteratively with a proper
dictionary 𝐷 can be done in time O(|𝑄 | |Γ | |𝐷 |2), where Γ is the token alphabet induced by 𝐷 .

Observe that applying the merge algorithm to an input token DFA𝐴 = (𝑄, Γ, 𝑞0, 𝛿, 𝐹 ) with
amerge rule𝑢 ≀ 𝑣 produces a new tokenDFA𝐴′ = (𝑄 ′, Γ′, 𝑞0, 𝛿 ′, 𝐹 ′) such that𝑚𝑎𝑥𝑤∈Γ

{
targetc(𝐴,𝑤)

}
=

𝑚𝑎𝑥𝑤∈Γ′
{
targetc(𝐴′,𝑤)

}
and for all𝑤 ∈ Γ, targetc(𝐴,𝑤) = targetc(𝐴′,𝑤).
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Thenumber of states added every time themerge algorithm runs is bounded by targetc(𝐴,𝑢)
and targetc(𝐴, 𝑣). All states 𝑠2 in the triplets (𝑠1, 𝑠2, 𝑠3) where 𝑠1 has a transition on the token
𝑢 to state 𝑠2, and the state 𝑠2 has a transition on the token 𝑣 to state 𝑠3, are saved to a set
𝑆2. We loop over each unique state 𝑠2 in 𝑆2 and create a new state new(𝑠2). The number of
unique 𝑠2 ∈ 𝑆2 is less than or equal to targetc(𝐴,𝑢) since there can exist many 𝑠1 for every
𝑠2. Similarly, targetc(𝐴, 𝑣) limits the number of new symbols that can be added, since the
states that get an incoming transition with the token 𝑢𝑣 must have an incoming transition
with the token 𝑣 already. This means that the number of new states created is limited by
𝑘 = max{targetc(𝐴, 𝛼) | 𝛼 ∈ Γ} for every merge rule in the dictionary 𝐷 that we input to the
algorithm. Thus, the number of states in the resulting DFA is at most |𝑄 | + 𝑘 |𝐷 |, where 𝑄 is
the states in the original DFA and 𝑘 is the highest target count of some token in the DFA.

A single merge of a BPE token DFA can be done in time complexity O(|𝑄 | |Γ |). The final
DFA 𝐴′ has the alphabet size Γ′, which is of size |Γ | + |𝐷 |, i.e. the size of the single token
alphabet Γ plus the number of merge rules. Thus, the time complexity of one merge is at
worst O((|𝑄 | + 𝑘 |𝐷 |) |Γ′ |). We must apply the merge |𝐷 | times, which gives us the final time
complexity of O(|𝑄 | |Γ′ | |𝐷 | + 𝑘 |𝐷 | |Γ′ |) to produce the final DFA 𝐴′. Since 𝑘 is limited by |𝑄 |,
we write the time complexity as O(|𝑄 | |Γ′ | |𝐷 | + |𝑄 | |Γ′ | |𝐷 |2) = O(|𝑄 | |Γ′ | |𝐷 |2).

Consider again the exempel in Subsection 2.3.1, which starts from the universal DFA in
Figure 2. In this case, the initial state set has the size |𝑄 | = 1. Therefore, |𝑄 | can be ignored
in asymptotic time complexity. From now on, to simplify the analysis of the time complexity,
without introducing unnecessary complications, we refer to the time complexity of the BPE
token DFA construction algorithm as O(|Γ′ | |𝐷 |2).
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3 Indirect dictionary equivalence

As explained earlier, it is a challenge to determine if two dictionaries produce the same tok-
enizations for any input given to them, since as little as one rule swap can produce an entirely
different tokenization. We define dictionary equivalence as in Definition 4.

Definition 4. Two proper dictionaries 𝐷 and 𝐷 ′ are said to be equivalent, denoted 𝐷 � 𝐷 ′, if
T𝐷 (Σ∗) = T𝐷 ′ (Σ∗), meaning for any input string, the resulting tokenization is the same for both
dictionaries.

We give an example of two dictionaries that are equivalent and two that are not in Exam-
ple 3.
Example 3. Let 𝐷 = [𝑎 ≀𝑏, 𝑐 ≀𝑑] and 𝐷 ′ = [𝑐 ≀𝑑, 𝑎 ≀𝑏]. The order of the rules in this example
does not matter, therefore, 𝐷 � 𝐷 ′. However, if we take the dictionary 𝐷 ′′ = [𝑎 ≀𝑏, 𝑐 ≀𝑎] and
𝐷 ′′′ = [𝑐 ≀𝑎, 𝑎 ≀𝑏], 𝐷 ′′ ≇ 𝐷 ′′′, since, for example, on string 𝑐𝑎𝑏, 𝐷 ′′ yields the tokenization
𝑐 ≀𝑎𝑏 and 𝐷 ′′′ yields the tokenization 𝑐𝑎 ≀𝑏. ⋄

This chapter focuses on the time complexity of the indirect procedure for determining the
dictionary equivalence.

3.1 Indirect procedure

Building upon the work of Berglund et al. [1], we are able to associate a dictionary 𝐷 with
a token DFA 𝐴 such that 𝐿(𝐴) = 𝑇𝐷 (Σ∗), as explained in Section 2.3. Then, two dictionaries
𝐷 and 𝐷 ′ must clearly be equivalent if their associated token DFAs are equivalent. The two
DFA are constructed using the algorithm described in Subsection 2.3.1 and the resulting DFA
𝐴 and 𝐴′ accepts the same languages L(𝐴) = T𝐷 (Σ∗) and L(𝐴′) = T𝐷 ′ (Σ∗). Having two
different DFA, we can run algorithms meant for analyzing DFA and in our case, we want to
check for equivalence between two DFA specifically.

3.1.1 Time complexity for DFA equivalence

There are different approaches to determine if a pair of DFAs is equivalent. One such
approach involves minimizing the DFAs and checking if the two resulting minimized DFAs
are identical. Let 𝐴 = (𝑄, Σ, 𝑞0, 𝛿, 𝐹 ) and 𝐴′ = (𝑄 ′, Γ, 𝑞′0, 𝛿 ′, 𝐹 ′) be two DFAs. The process
of determining equivalence has a time complexity of O(𝑛 log𝑛), where 𝑛 is the number of
states in larger of the two DFA, i.e. 𝑛 = max{|𝑄 |, |𝑄 ′ |}[3]. Hopcroft and Karp [3] introduced
a new method for testing whether two finite automata are equivalent in linear time, avoiding
the minimization step of the previous approach. The theorem for the time complexity of this
algorithm can be seen in Theorem 2.

Theorem2 (based onTheorem 1 in [3]). For twoDFA,𝐴 = (𝑄, Σ, 𝑞0, 𝛿, 𝐹 ) and𝐴′ = (𝑄 ′, Γ, 𝑞′0, 𝛿 ′, 𝐹 ′),
the execution time of the algorithm determining whether they are equivalent is bounded by a con-
stant times the product of the number of input symbols, |Γ |, with the sum of the number of states of
each of the automata, |𝑄 | + |𝑄 ′ |. Thus, the time complexity of the algorithm is O(|Γ | ( |𝑄 | + |𝑄 ′ |)).
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The proof of this theorem is explained in detail by Hopcroft and Karp. Parts of the algo-
rithm executes in a constant |Γ | times |𝑄 | + |𝑄 ′ |, respectively. Other parts run at constant
times |Γ | times the number of pairs popped from the stack that is used. The number of pairs
popped is proven to be bounded by |𝑄 | + |𝑄 ′ | with the reasoning that each time a pair is placed
on the stack, the number of sets used in the algorithm is reduced by one since two sets are
merged. Since there are only |𝑄 | + |𝑄 ′ | sets, the authors conclude that at most |𝑄 | + |𝑄 ′ | − 1
sets are pushed onto the stack. The algorithm is then bounded by |Γ | times |𝑄 | + |𝑄 ′ | plus
|𝑄 | + |𝑄 ′ | times |Γ |, which has a time complexity of O(|Γ | ( |𝑄 | + |𝑄 ′ |)), where |Γ | is the num-
ber of symbols in the alphabet and |𝑄 | and |𝑄 ′ | is the number of states in the two DFAs.

Note that BPE token DFAs are deterministic finite automata that operate over tokens
rather than individual characters. Each input string corresponds to exactly one token se-
quence, meaning token DFAs accept a unique tokenization per string. As a result, tokens can
be treated as indivisible characters, allowing standard DFA algorithms such as the equivalence
check by Hopcroft and Karp to be applied directly.

3.2 Time complexity of the indirect procedure

As we saw in Subsection 2.3.2 and Subsection 3.1.1, the complexity of the algorithms needed
for the indirect procedure is O(|Γ | |𝐷 |2) and O(|Γ | ( |𝑄 | + |𝑄 ′ |)) respectively. Here, |𝑄 | and |𝑄 ′ |
is the total number of states in respective completed DFA, |Γ | is the number of symbols in
the alphabet, and |𝐷 | is the number of merge rules in the dictionary. The indirect procedure
is a combination of the two algorithms, where we first create the two BPE token DFAs from
two dictionaries and then run the algorithm for DFA equivalence. The time complexity of the
indirect procedure is the sum of the two algorithms, resulting in the time complexity seen in
Theorem 3.

Theorem 3. Let 𝐷 and 𝐷 ′ be two proper dictionaries. The indirect procedure to check the equiv-
alence of the two dictionaries is carried out in time O(|Γ |max{|𝐷 |, |𝐷 ′ |}2), where |Γ | is the token
alphabet induced by 𝐷 and 𝐷 ′, and max{|𝐷 |, |𝐷 ′ |} is the number of merge rules in the larger
dictionary.

Proof. The procedure begins by applying the algorithm presented by Berglund et al. [1] to the
universal DFA for respective dictionaries 𝐷 and 𝐷 ′. Creating the two BPE token DFAs 𝐴 and
𝐴′ from the universal DFA can be done in time O(|Γ | |𝐷 |2) and O(|Γ | |𝐷 ′ |2) respectively.

The time complexity to determine equivalence depends on the number of states in the
token DFAs. As universal DFA only has one state, the initial target count is 1 for all tokens in
the alphabet Σ. This means that the BPE token DFAs,𝐴 and𝐴′, have at most |𝑄 | = 1+ |𝐷 | and
|𝑄 ′ | = 1+|𝐷 ′ | states, respectively. Hence, the time complexity for determining the equivalence
of two BPE token DFA is O((2 + |𝐷 | + |𝐷 ′ |) · |Γ |).

Putting this together, we can see that the time complexity of the indirect procedure is
O(|Γ |max{|𝐷 |, |𝐷 ′ |}2), as the time complexity for BPE token DFA construction dominates.

□

The time complexity of the BPE token DFA construction by Berglund et al. dominates over
testing for BPE token DFA equivalence, so even if some faster algorithm showing equivalence
between two DFAs would be introduced, the time complexity of the indirect procedure would
remain the same and the increased performance would only be marginal.

10



4 Normal form for proper dictionaries

Thenormal form of a data structure refers to a unique representationwithin a set of equivalent
objects that is typically derived through a process called normalization. Our goal is to define
a normal form for proper dictionaries. It is meant to be the default order of merge rules, so
that the normal form of two dictionaries is identical if and only if the original dictionaries are
equivalent. Naturally, the dictionaries we compare need to contain the same applicable rules
if they are equivalent; otherwise, the dictionaries could not produce the same tokenizations
for any input𝑤 ∈ Σ∗.

To construct a normal form for proper dictionaries, we first need to show that swapping
the order of certain merge rules in a dictionary does not affect the final tokenization of a string
and, therefore, can be swapped freely. Next, we provide a normalization procedure and an
algorithm to construct a normal form for proper dictionaries, and also provide a complexity
analysis of the said algorithm.

4.1 Swappable rules

An important definition when proving that we can swap the order of rules is a refinement,
see Definition 5.

Definition 5 (based on a description at p.24 in [2]). We say that tokenization 𝜑 is a refinement
of 𝜑 ′ if we can obtain 𝜑 ′ from 𝜑 by merging some of the subtokenizations in 𝜑 , i.e. 𝜙 ≀𝜙 ′ ≀𝜙 ′′ is
a refinement of 𝜙 ≀𝜋 (𝜙 ′) ≀𝜙 ′′.

Throughout, for any dictionary 𝐷 = [𝑟1, . . . , 𝑟𝑘 ] and 𝑖 ≤ 𝑘 , let 𝐷𝑖 = [𝑟1, . . . , 𝑟𝑖] denote the
prefix dictionary consisting of the first 𝑖 rules of 𝐷 . This means that T𝐷𝑖 (𝑤) is a refinement
of T𝐷 𝑗 (𝑤) if 𝑖 < 𝑗 , see Example 4.
Example 4. Let 𝐷 = [𝑎 ≀𝑏, 𝑐 ≀𝑑, 𝑒 ≀ 𝑓 , 𝑎𝑏 ≀ 𝑐], then 𝐷3 = [𝑎 ≀𝑏, 𝑐 ≀𝑑, 𝑒 ≀ 𝑓 ] and 𝐷2 = [𝑎 ≀𝑏, 𝑐 ≀𝑑].
We say that T𝐷2 (𝑤) is a refinement of T𝐷3 (𝑤) and T𝐷 (𝑤), since 𝐷2 is a prefix of 𝐷3 and 𝐷 .
Applying tokenization T𝐷3 (T𝐷2 (𝑤)) to some string 𝑤 , gives us the same result as applying
tokenization T𝐷3 (𝑤) and applying the rule 𝑟3 to tokenization T𝐷2 (𝑤). ⋄

Another important notion is the notion of a useful rule. A rule is useful if there exists
some string such that the rule is applied when tokenizing the said string. Berglund and Van
Der Merwe show that this coincides with whether the rule is used when tokenizing the string
to which the rule applies. We define a useful rule as in Definition 6.

Definition 6 (based on Corollary 1 in [2]). Let 𝐷 be a dictionary and 𝑟𝑖 = 𝑢 ≀ 𝑣 be a rule in the
dictionary. The rule 𝑟𝑖 is said to be useful if and only if T𝐷𝑖−1 (𝑢𝑣) = 𝑢 ≀ 𝑣 , meaning that the rule
𝑟𝑖 is applied when tokenizing the string 𝑢𝑣 .

We can see an example of a useful rule in Example 5 and a not useful rule in Example 6.
Example 5. let 𝐷 = [𝑎 ≀𝑏, 𝑐 ≀𝑑, 𝑎𝑏 ≀ 𝑐𝑑]. To see that the third rule 𝑎𝑏 ≀ 𝑐𝑑 is useful, consider the
string 𝑎𝑏𝑐𝑑 . We first apply rule 𝑎 ≀𝑏 to 𝑎 ≀𝑏 ≀ 𝑐 ≀𝑑 , yielding token sequence 𝑎𝑏 ≀ 𝑐 ≀𝑑 . Next, we
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apply the second rule, yielding 𝑎𝑏 ≀ 𝑐𝑑 . Now clearly the last rule 𝑎𝑏 ≀ 𝑐𝑑 can be applied which
means that the rule is useful. ⋄
Example 6. Let 𝐷 = [𝑏 ≀ 𝑐, 𝑎 ≀𝑏, 𝑐 ≀𝑑, 𝑎𝑏 ≀ 𝑐𝑑] and we check if the fourth rule 𝑎𝑏 ≀ 𝑐𝑑 is useful.
Again, consider the same string 𝑎𝑏𝑐𝑑 . When applying the first rule, we get T𝐷1 (𝑤) = 𝑎 ≀𝑏𝑐 ≀𝑑 .
The next two rules cannot be applied, meaning T𝐷3 (𝑤) = 𝑎 ≀𝑏𝑐 ≀𝑑 . Nowwe can see that 𝑎𝑏 ≀ 𝑐𝑑
cannot be applied, thus the rule is not useful. ⋄

In Lemma 1, we show that we are any prefix dictionary 𝐷𝑖 of 𝐷 with 𝑖 < |𝐷 | − 1, yields
the tokenization 𝑢 ≀ 𝑣 ≀𝑦 when tokenizing the string 𝑢𝑣𝑦 if the last two rules are 𝑢 ≀ 𝑣 and 𝑣 ≀𝑦.
This is important because the order of the last two rules are able to affect the tokenization of
the string 𝑢𝑣𝑦 in some cases.

Lemma 1. Let the two rules𝑢 ≀ 𝑣 and 𝑣 ≀𝑦 be the last two rules in some dictionary 𝐷 of length
𝑘 , i.e. rules with index 𝑘 − 1 and 𝑘 in some arbitrary order. Further, suppose both rules are
useful. Then, T𝐷𝑘−2 (𝑢𝑣𝑦) = 𝑢 ≀ 𝑣 ≀𝑦.

Proof. We can prove this by induction. We assume that for all 𝑖 ≤ 𝑘 − 2 that T𝐷𝑖 (𝑢𝑣𝑦) =
T𝐷𝑖 (𝑢) ≀T𝐷𝑖 (𝑣) ≀T𝐷𝑖 (𝑦), where 𝑟𝑘−1 and 𝑟𝑘 are the two useful rules 𝑢 ≀ 𝑣 and 𝑣 ≀𝑦 in some
arbitrary order, i.e. T𝐷𝑘−2 (𝑢𝑣) = 𝑢 ≀ 𝑣 and T𝐷𝑘−2 (𝑣𝑦) = 𝑣 ≀𝑦.

Base case: 𝑖 = 0. In this case, we have that T𝐷0 (𝑢𝑣𝑦) = T𝐷0 (𝑢) ≀T𝐷0 (𝑣) ≀T𝐷0 (𝑦), which is
trivially true since for any arbitrary string𝑤 = 𝛼1 · · ·𝛼𝑛 ∈ Σ∗, T𝐷0 (𝑤) = 𝛼1 ≀ · · · ≀𝛼𝑛 .

Inductive hypothesis: 𝑖 < 𝑘 − 2. We show that if

T𝐷𝑖 (𝑢𝑣𝑦) = T𝐷𝑖 (𝑢) ≀T𝐷𝑖 (𝑣) ≀T𝐷𝑖 (𝑦),

then also
T𝐷𝑖+1 (𝑢𝑣𝑦) = T𝐷𝑖+1 (𝑢) ≀T𝐷𝑖+1 (𝑣) ≀T𝐷𝑖+1 (𝑦) .

First, recall that to determine if a rule 𝑥 ≀ 𝑧 can be applied to a tokenization 𝑤1 ≀ · · · ≀𝑤𝑛 ,
we scan each adjacent token pair𝑤𝑖 ≀𝑤𝑖+1 from 𝑖 = 1 to 𝑖 = 𝑛−1. If a match is found, wemerge
the pair into 𝑤𝑖𝑤𝑖+1, yielding the new token sequence 𝑤1 ≀ · · · ≀𝑤𝑖−1 ≀𝑤𝑖𝑤𝑖+1 ≀𝑤𝑖+2 ≀ · · · ≀𝑤𝑛 .
We then continue checking, starting from 𝑖 + 2.

Let T𝐷𝑖 (𝑢) = 𝑢1 ≀ · · · ≀𝑢𝑛1 , T𝐷𝑖 (𝑣) = 𝑣1 ≀ · · · ≀ 𝑣𝑛2 , and T𝐷𝑖 (𝑦) = 𝑦1 ≀ · · · ≀𝑦𝑛3 . If the in-
ductive hypothesis does not hold, it must be the case that rule 𝑟𝑖+1 matches either 𝑢𝑛1 ≀ 𝑣1 or
𝑣𝑛2 ≀𝑦1.

Suppose that applying 𝑟𝑖+1 to T𝐷𝑖 (𝑢𝑣𝑦) results in the merging of 𝑢𝑛1 and 𝑣1. Then 𝑟𝑖+1 also
merges the pair in T𝐷𝑖 (𝑢𝑣), because T𝐷𝑖 (𝑢𝑣) = 𝑢1 ≀ · · · ≀𝑢𝑛1 ≀ 𝑣1 ≀ · · · ≀ 𝑣𝑛2 . However, T𝐷𝑖+1 (𝑢𝑣)
is a refinement of T𝐷 𝑗 (𝑢𝑣) for 𝑗 ≥ 𝑖 and T𝐷𝑘−2 (𝑢𝑣) = 𝑢 ≀ 𝑣 since 𝑢 ≀ 𝑣 is useful. Therefore
the merging of tokens 𝑢𝑛1 and 𝑣1 implies a contradiction to the initial assumption that 𝑢 ≀ 𝑣 is
useful. The same reasoning applies to the case where 𝑟𝑖+1 merges the tokens 𝑣𝑛2 and 𝑦1, and
combining these observationswe can conclude thatT𝐷𝑖+1 (𝑢𝑣𝑦) = T𝐷𝑖+1 (𝑢) ≀T𝐷𝑖+1 (𝑣) ≀T𝐷𝑖+1 (𝑦).

□

We are able to swap the order of certain rules in a dictionary without affecting the tok-
enization of strings, but this is not possible for every single case. To show this we need to
define a new notation. Let 𝜑 = 𝑢1 ≀𝑢2 ≀ . . . ≀𝑢𝑙 . We define the subset 𝑝𝑜𝑠𝑖

𝑧 ≀𝑤 (𝜑) of indexes in
𝜑 as

𝑝𝑜𝑠𝑖
𝑧 ≀𝑤 (𝜑) = { 𝑗 + 𝑖 − 1|∀𝑗 ∈ {1, . . . , 𝑙 − 1} s.t. 𝑢 𝑗 = 𝑧,𝑢 𝑗+1 = 𝑤}
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where 𝑖 ∈ {1, 2}. Thus, 𝑝𝑜𝑠1
𝑧 ≀𝑤 (𝜑) is the set of positions of 𝑧 in the tokenization 𝜑 where

token 𝑧 is followed by token𝑤 , and 𝑝𝑜𝑠2
𝑧 ≀𝑤 (𝜑) is the set of positions of𝑤 in the tokenization

𝜑 where token 𝑧 is followed by token𝑤 .
In Lemma 2, we show when we are able to swap the order of the two last rules in a

dictionary.

Lemma 2. Let 𝐷 = [𝑟1, . . . , 𝑟𝑘−1, 𝑟𝑘 ] be a proper dictionary over token alphabet Γ with 𝑘 ≥ 2.
Assume that 𝑟𝑘−1 = 𝑢 ≀ 𝑣 and 𝑟𝑘 = 𝑥 ≀𝑦 for some 𝑢, 𝑣, 𝑥, 𝑦 ∈ Γ, and that neither 𝑥 nor 𝑦 is
equal to the token 𝑢𝑣 .

Let 𝐷 ′ be the dictionary obtained from 𝐷 by swapping the order of 𝑟𝑘−1 and 𝑟𝑘 , i.e. 𝐷 ′ =
[𝑟1, . . . , 𝑟𝑘−2, 𝑟𝑘 , 𝑟𝑘−1]. Then, 𝐷 ′ � 𝐷 if and only if 𝑢 ≠ 𝑦 and 𝑣 ≠ 𝑥 .

Proof. If 𝑢 ≠ 𝑦 and 𝑣 ≠ 𝑥 , then 𝐷 ′ � 𝐷 . The first 𝑘 − 2 rules of dictionary 𝐷 and 𝐷 ′ are
identical, hence T𝐷𝑘−2 (𝑤) = T𝐷 ′

𝑘−2 (𝑤) for all𝑤 ∈ Σ∗. Denote T𝐷𝑘−2 (𝑤) as 𝜑 .
Suppose for some 𝑤 ∈ Σ∗, either 𝑟𝑘−1 or 𝑟𝑘 , but not both, can be applied to 𝜑 . Then,

T𝐷 (𝑤) = T𝐷 ′ (𝑤): say that 𝑟𝑘−1 cannot be applied, i.e., 𝜑 contains no matching token pair.
By the assumption that neither 𝑥 nor 𝑦 is equal to the token 𝑢𝑣 and 𝐷 is proper, no matching
token pairs are introduced when applying 𝑟𝑘 first instead.

This leaves us to consider the case where both rules 𝑟𝑘−1 and 𝑟𝑘 are applicable. Observe
that 𝑝𝑜𝑠1

𝑤 ≀𝑧 (𝜑) and 𝑝𝑜𝑠2
𝑤 ≀𝑧 (𝜑) are subsets of the set of positions of tokens 𝑤 and 𝑧 in 𝜑 .

Since both 𝑢 ≠ 𝑦 and 𝑣 ≠ 𝑥 by assumption, the intersection of 𝑝𝑜𝑠1
𝑢 ≀ 𝑣 (𝜑) ∩ 𝑝𝑜𝑠2

𝑥 ≀ 𝑦 (𝜑) and
𝑝𝑜𝑠2

𝑢 ≀ 𝑣 (𝜑) ∩𝑝𝑜𝑠
1
𝑥 ≀ 𝑦 (𝜑) must be empty. Clearly, if also 𝑝𝑜𝑠1

𝑢 ≀ 𝑣 (𝜑) ∩𝑝𝑜𝑠
1
𝑥 ≀ 𝑦 (𝜑) and 𝑝𝑜𝑠

2
𝑢 ≀ 𝑣 (𝜑) ∩

𝑝𝑜𝑠2
𝑥 ≀ 𝑦 (𝜑) are empty, then the rules 𝑟𝑘−1 and 𝑟𝑘 cannot be applied to overlapping token pairs

in 𝜑 and are thus independent of each other. That is, the order of the merge rules does not
matter.

Suppose that 𝑝𝑜𝑠1
𝑢 ≀ 𝑣 (𝜑) ∩ 𝑝𝑜𝑠1

𝑥 ≀ 𝑦 (𝜑) is not empty, then clearly 𝑢 = 𝑥 , since 𝑝𝑜𝑠1
𝑢 ≀ 𝑣 (𝜑)

and 𝑝𝑜𝑠1
𝑥 ≀ 𝑦 (𝜑) are subsets of the positions of tokens 𝑢 and 𝑥 in 𝜑 . However, since 𝑝𝑜𝑠1

𝑢 ≀ 𝑣 (𝜑)
consists exactly of those positions followed by a 𝑣 , the non-emptiness of the intersection
implies that 𝑣 = 𝑦 also. But then the two rules 𝑟𝑘−1 and 𝑟𝑘 apply at the same position in 𝜑 , i.e.
𝑢 = 𝑥 and 𝑣 = 𝑦, and they are identical, which makes the lower-priority rule not useful. We
can similarly reason that 𝑝𝑜𝑠2

𝑢 ≀ 𝑣 (𝜑) ∩ 𝑝𝑜𝑠
2
𝑥 ≀ 𝑦 (𝜑) must be empty.

If 𝐷 ′ � 𝐷 , then 𝑢 ≠ 𝑦 and 𝑣 ≠ 𝑥 . Suppose that the converse holds, i.e., that there exists
some 𝐷 such that 𝑢 = 𝑦 or 𝑣 = 𝑥 , yet 𝐷 ′ � 𝐷 . Start by assuming 𝑥 = 𝑣 , then by Lemma 1,
since both 𝑟𝑘−1 and 𝑟𝑘 are useful, we have that T𝐷𝑘−2 (𝑢𝑣𝑦) = 𝑢 ≀ 𝑣 ≀𝑦. But then in 𝐷 we
get the tokenization T𝐷 (𝑢𝑣𝑦) = 𝑢𝑣 ≀𝑦 ≠ 𝑢 ≀ 𝑣𝑦 = T𝐷 ′ (𝑢𝑣𝑦), which is a contradiction. The
same reasoning applies to the case where 𝑦 = 𝑢 using the tokenization T𝐷𝑘−2 (𝑥𝑢𝑣) = 𝑥 ≀𝑢 ≀ 𝑣 .
Thus, there is always a tokenization produced by the dictionary 𝐷 that is not equal to the
tokenization produced by 𝐷 ′, meaning that 𝐷 ≇ 𝐷 ′, contradicting the assumption that 𝐷 ′ �
𝐷 . □

Theorem 4 contains the restrictions that we can abide by to change the order of rules while
still keeping equivalence and the proper attribute for any proper dictionary.

Theorem 4. Let 𝐷 = [𝑟1, . . . , 𝑟𝑘 ] be a proper dictionary with 𝑘 ≥ 2 such that all merge rules
𝑟𝑖 for 𝑖 ∈ [𝑘] are useful. Let 𝑟𝑙 = 𝑢 ≀ 𝑣 and 𝑟𝑙+1 = 𝑥 ≀𝑦 with 𝑙 ∈ [𝑘 − 1] be any arbitrary pair
of subsequent merge rules in 𝐷 such that neither 𝑥 nor 𝑦 are equal to 𝑢𝑣 . Let 𝐷 ′ be the proper
dictionary obtained from 𝐷 by swapping the order of the merge rules 𝑟𝑙 and 𝑟𝑙+1 in 𝐷 . Then,
𝐷 ′ � 𝐷 if and only if 𝑢 ≠ 𝑦 and 𝑣 ≠ 𝑥 .
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Proof. If 𝑢 ≠ 𝑦 and 𝑣 ≠ 𝑥 , then 𝐷 ′ � 𝐷 . In Lemma 2 we showed that if 𝑟𝑘 and 𝑟𝑘−1 are the
last two rules in the dictionary, then Theorem 4 holds. Therefore, assume that 𝑟𝑙 and 𝑟𝑙+1 are
not the last two rules. We know that T𝐷𝑙+1 (𝑤) = T𝐷 ′

𝑙+1 (𝑤) for all 𝑤 ∈ Σ∗. Further, no other
changes have been made to the order of the remaining rules when comparing 𝐷 with 𝐷 ′, thus
we have

T𝐷 (𝑤) = T𝐷
𝑘
(T𝐷

𝑘−1(...(T
𝐷𝑙+1 (𝑤)) ...)) = T𝐷

𝑘
(T𝐷

𝑘−1(...(T
𝐷 ′
𝑙+1 (𝑤)) ...)) = T𝐷 ′ (𝑤),

meaning that 𝐷 � 𝐷 ′.
If 𝐷 ′ � 𝐷 , then 𝑢 ≠ 𝑦 and 𝑣 ≠ 𝑥 . Assume that the converse holds, i.e., 𝑢 = 𝑦 or 𝑣 = 𝑥 ,
yet 𝐷 � 𝐷 ′. In particular, suppose 𝑢 = 𝑦. If the rules 𝑟𝑘 and 𝑟𝑘+1 are the last two rules
in the dictionary, we know from Lemma 2 that the theorem must hold. Therefore, assume
that they are not the last rules. In the proof of Lemma 2 we see that T𝐷𝑙 (𝑢𝑣𝑦) = 𝑢𝑣 ≀𝑦 and
T𝐷 ′

𝑙 (𝑢𝑣𝑦) = 𝑢 ≀ 𝑣𝑦. We prove that none of the subsequent rules in 𝐷 and 𝐷 ′ can ensure that
T𝐷 (𝑢𝑣𝑦) = T𝐷 ′ (𝑢𝑣𝑦), hence restoring equivalence, by contradiction.

Assume that T𝐷 (𝑢𝑣𝑦) = T𝐷 ′ (𝑢𝑣𝑦). Then necessarily, T𝐷 (𝑢𝑣𝑦) = T𝐷 ′ (𝑢𝑣𝑦) = 𝑢𝑣𝑦 and 𝐷

must contain the rule 𝑢𝑣 ≀𝑦, while 𝐷 ′ must contain the rule 𝑢 ≀ 𝑣𝑦. However, since the only
difference between𝐷 and𝐷 ′ is the order of the rules 𝑟𝑙 and 𝑟𝑙+1, both dictionaries must contain
the rules 𝑢𝑣 ≀𝑦 and 𝑢 ≀ 𝑣𝑦. Both of these rules cannot be useful at the same time, since they
cannot both be used during the tokenization of 𝑢𝑣𝑦. This contradicts the assumption that all
rules in 𝐷 are useful. Thus, we can conclude that there exist no subsequent rules that can
restore the equality between the two dictionaries. □

4.2 Normal form

The normal form of a dictionary is based on sorting the merge rules in lexicographical order,
while respecting the swapping restrictions imposed by Theorem 4. This is because normal-
ization procedure must account for cases where certain swaps are not allowed to ensure that
the resulting dictionary is equivalent to the original dictionary.

We once again assume that the dictionary 𝐷 only consists of useful rules. The idea is to
sort the rules in the dictionary in lexicographical order, but since dictionaries can contain
different unuseful rules and still be equivalent, we remove these rules first to construct the
normal form.
Remark 1. We begin by removing any rules that are not useful in the dictionary. This is done
by creating a new dictionary 𝐷 ′, a set Γ, and iterating the rules in the dictionary 𝐷 . For each
rule 𝑟𝑖 , if 𝜋 (𝑟𝑖) ∉ Γ, we append the rule 𝑟𝑖 to the dictionary 𝐷 ′ and add the token 𝜋 (𝑟𝑖) to
the set Γ. The result is a dictionary 𝐷 ′ that contains only the useful rules in the dictionary
𝐷 . This is not a limitation since we can always remove any rules that are not useful from the
dictionary without affecting the tokenizations produced by said dictionary. That is, rules that
are not useful would never be applied to any string𝑤 ∈ Σ∗.

In the context of strings, a lexicographic order is defined as follows. We say that 𝑤 =

𝑎1 · · ·𝑎𝑛 is lexicographically smaller than 𝑤 ′ = 𝑏1 · · ·𝑏𝑚 , and write 𝑤 < 𝑤 ′, if 𝑎𝑖 < 𝑏𝑖 where
𝑖 ≤ 𝑘 = min{𝑛,𝑚} is the first index so that 𝑎𝑖 ≠ 𝑏𝑖 , or, if no such index exists and 𝑛 ≤ 𝑚.

We define the lexicographical order between two token rules in Definition 7.

Definition 7. The merge rule 𝑢 ≀ 𝑣 is lexicographically smaller than merge rule 𝑥 ≀𝑦, we write
𝑢 ≀ 𝑣 < 𝑥 ≀𝑦, if 𝑢 < 𝑥 , or, if 𝑢 = 𝑥 then 𝑣 < 𝑦.

Note that the lexicographical order of merge rules is total, meaning that it is transitive,
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reflexive, antisymmetric, and strongly connected. Implying this, we can always compare two
merge rules against each other and determine which one is lexicographically smaller.

We define a normal form of a dictionary as in Definition 8.

Definition 8. Let 𝜈 be a transformation that reorders the rules in a dictionary 𝐷 containing
only useful rules. The resulting order is then 𝜈 (𝐷), such that another dictionary 𝐷 ′, which is a
permutation of 𝐷 , is equivalent to 𝐷 if and only if 𝜈 (𝐷) = 𝜈 (𝐷 ′). The resulting dictionary 𝜈 (𝐷)
is defined as normal form of 𝐷 .

If we only used the lexicographic order as in Definition 7 as well as the restrictions posed
by Theorem 4 to reorder the rules in the dictionary, some cases would cause problems, as we
can see in Example 7.
Example 7. Let the dictionary𝐷 = [𝑟1, 𝑟2, 𝑟3] and the rules 𝑟1 = 𝑏 ≀ 𝑐 , 𝑟2 = 𝑎 ≀𝑏 and 𝑟3 = 𝑎 ≀ 𝑐 . We
try to sort the rules in the lexicographical order defined above. The rule 𝑟2 is lexicographically
smaller than 𝑟1, but the rules cannot be move past each other according to Theorem 4. We
still want to move the rule 𝑟3 to the position of 𝑟1 because it is lexicographically smaller
than 𝑟1, but it is not lexicographically smaller than 𝑟2 which is blocked by 𝑟2. This poses a
problem. Let 𝐷 ′ = [𝑟3, 𝑟1, 𝑟2]. The dictionary would then be equivalent with 𝐷 , but applying
the lexicographical order would not produce the same resulting order, since 𝑟3 would be placed
before 𝑟1 in 𝐷 ′.

This would mean that we need to consider more than just the lexicographical order and
the restrictions of moving rules when constructing the normal form of a token dictionary,
otherwise equivalent dictionaries would not construct the same order of rules.

To determine the new position of the rule 𝑟𝑖 in 𝐷 , we check all rules prior to 𝑟𝑖 until we
find the first rule 𝑟 𝑗 so that 𝑟𝑖 cannot move past 𝑟 𝑗 due to Theorem 4. Next, we move 𝑟𝑖 to the
highest priority position 𝑘 < 𝑗 so that 𝑟𝑖 < 𝑟𝑘 . This disregards the lexicographical order of
certain rules which are prevented from moving up in the dictionary. However, by iteratively
applying this process to each rule 𝑟𝑖 for 𝑖 = 2 to 𝑘 , we ensure that every rule is placed in the
highest possible priority position according to the lexicographical order and the swapping
restrictions.

We conjecture that this results in an order of rules such that two dictionaries have the
same normal form if and only if they produce equivalent tokenizations for all input strings
𝑤 ∈ Σ∗. The algorithm for constructing a normal form of a proper dictionary is shown in
Algorithm 3.
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Algorithm 3 Normalization procedure for proper dictionaries
1: Input: A proper dictionary 𝐷 = [𝑢1 ≀ 𝑣1, . . . , 𝑢𝑘 ≀ 𝑣𝑘 ]
2: 𝑖 ← 2
3: while 𝑖 ≤ 𝑘 do
4: 𝑗 ← 1
5: 𝑝 𝑖𝑛𝑑𝑒𝑥 ← 𝑁𝑈𝐿𝐿

6: while 𝑖 − 𝑗 ≥ 1 do
7: if 𝑢𝑖 ∉ {𝑣𝑖− 𝑗 , 𝑢𝑖− 𝑗𝑣𝑖− 𝑗 } and 𝑣𝑖 ∉ {𝑢𝑖− 𝑗 , 𝑢𝑖− 𝑗𝑣𝑖− 𝑗 } then
8: if 𝑢𝑖 ≀ 𝑣𝑖 < 𝑢𝑖− 𝑗 ≀ 𝑣𝑖− 𝑗 then
9: 𝑝 𝑖𝑛𝑑𝑒𝑥 ← 𝑖 − 𝑗

10: end if
11: else
12: if 𝑝 𝑖𝑛𝑑𝑒𝑥 ≠ 𝑁𝑈𝐿𝐿 then
13: move 𝑢𝑖 ≀ 𝑣𝑖 between the rules 𝑢𝑝 𝑖𝑛𝑑𝑒𝑥 ≀ 𝑣𝑝 𝑖𝑛𝑑𝑒𝑥 and 𝑢𝑝 𝑖𝑛𝑑𝑒𝑥−1 ≀ 𝑣𝑝 𝑖𝑛𝑑𝑒𝑥−1
14: break
15: end if
16: end if
17: 𝑗 ← 𝑗 + 1
18: if 𝑖 − 𝑗 < 1 and 𝑝 𝑖𝑛𝑑𝑒𝑥 ≠ 𝑁𝑈𝐿𝐿 then
19: move 𝑢𝑖 ≀ 𝑣𝑖 between the rules 𝑢𝑝 𝑖𝑛𝑑𝑒𝑥 ≀ 𝑣𝑝 𝑖𝑛𝑑𝑒𝑥 and 𝑢𝑝 𝑖𝑛𝑑𝑒𝑥−1 ≀ 𝑣𝑝 𝑖𝑛𝑑𝑒𝑥−1
20: end if
21: end while
22: 𝑖 ← 𝑖 + 1
23: end while
24: Output: A normal form 𝐷 ′ = [𝑟 ′1, . . . , 𝑟 ′𝑘 ] of 𝐷 .

4.3 Algorithm correctness

Since the algorithm can never move amerge rule past some other rule that would break the re-
strictions inTheorem 4, we know that the order produced would not break the equivalence or
the proper attribute between the reordered dictionary and the original dictionary order. The
tricky part of proving the equivalence of this algorithm is demonstrating that the normaliza-
tion procedure actually results in a unique representation. We want to give the intuition that
Conjecture 1 is correct and that the algorithm produces a unique dictionary for all equivalent
dictionaries.

Conjecture 1. Let 𝐷 = [𝑟1, . . . , 𝑟𝑘 ] and 𝐷 ′ = [𝑟 ′1, . . . , 𝑟 ′𝑘 ] be two proper dictionaries over token
alphabet Γ with 𝑘 ≥ 2. The algorithm in Algorithm 3 produces normal form dictionaries 𝜈 (𝐷)
and 𝜈 (𝐷 ′) for 𝐷 and 𝐷 ′, respectively, such that 𝜈 (𝐷) and 𝜈 (𝐷 ′) have the same order if and only
if 𝐷 � 𝐷 ′.

Weknow that Algorithm 3 only swaps rules if the restrictions stated inTheoremTheorem 4
are not violated, i.e. if 𝑢 ≠ 𝑦 and 𝑣 ≠ 𝑥 for some rules 𝑟𝑙 = 𝑢 ≀ 𝑣 and 𝑟𝑙+1 = 𝑥 ≀𝑦 and the dictio-
nary keeps its proper attribute. This means that for every swap of rules preserves equivalence,
thus 𝐷 � 𝜈 (𝐷). Thus, if 𝐷 � 𝐷 ′, then 𝜈 (𝐷) � 𝜈 (𝐷 ′). Thus, we can conclude that there can
never be two non-equivalent dictionaries that produce the same order of rules.

Let 𝐷 � 𝐷 ′. If 𝐷 and 𝐷 ′ would produce different orders of rules when performing the
normalization procedure, then there must be a first position in 𝜈 (𝐷) and 𝜈 (𝐷 ′) that does not
contain the same merge rule. We call this rule 𝑟 in 𝜈 (𝐷) and 𝑟 ′ in 𝜈 (𝐷 ′). This means that 𝑟
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in 𝜈 (𝐷) comes after 𝑟 ′ in 𝜈 (𝐷 ′) if 𝑟 < 𝑟 ′. Then 𝑟 must be blocked by another rule 𝑟 ′′ in 𝐷 ′.
However, this rule 𝑟 ′′ comes after 𝑟 in 𝜈 (𝐷). The idea is the same if 𝑟 > 𝑟 ′. Our hypothesis
is that no equivalent dictionaries exist such that rules that cannot be swapped have different
relative priorites in those dictionaries. The Lemma 1 shows a part of the proof needed to
prove this. In Example 8 we show that the algorithm produces the same order of rules for two
equivalent dictionaries of different orders.
Example 8. Let𝐷 = [𝑘 ≀ 𝑓 , 𝑑 ≀𝑏,𝑏 ≀ 𝑓 , 𝑑 ≀ 𝑐, 𝑓 ≀𝑎] and𝐷 ′ = [𝑑 ≀ 𝑐, 𝑘 ≀ 𝑓 , 𝑏 ≀ 𝑓 , 𝑓 ≀𝑎, 𝑑 ≀𝑏] which both
are equivalent dictionaries. Following Algorithm 3, we get 𝜈 (𝐷) = [𝑑 ≀𝑏,𝑏 ≀ 𝑓 , 𝑑 ≀ 𝑐, 𝑘 ≀ 𝑓 , 𝑓 ≀𝑎]
and 𝜈 (𝐷 ′) = [𝑑 ≀𝑏, 𝑏 ≀ 𝑓 , 𝑑 ≀ 𝑐, 𝑘 ≀ 𝑓 , 𝑓 ≀𝑎]. The algorithm produces the same order of rules for
both dictionaries. ⋄

We take the resulting dictionary in Example 8 and apply the algorithm again in Example 9.
This shows that 𝜈 (𝐷) = 𝜈 (𝜈 (𝐷)) and that the algorithm is idempotent.
Example 9. Let the normal form dictionary 𝜈 (𝐷) = [𝑑 ≀𝑏,𝑏 ≀ 𝑓 , 𝑑 ≀ 𝑐, 𝑘 ≀ 𝑓 , 𝑓 ≀𝑎]. For each rule
after the first rule in 𝜈 (𝐷), consider whether it can be moved past any higher-priority rule
according to Theorem 4, and whether it is lexicographically smaller than the rule.

The rule 𝑏 ≀ 𝑓 cannot be moved past 𝑑 ≀𝑏. We then check rule 𝑑 ≀ 𝑐 and if it can be moved
past 𝑏 ≀ 𝑓 and 𝑑 ≀𝑏, but is not lexicographically smaller than either, so it does not move. Next,
𝑘 ≀ 𝑓 can be moved past all preceding rules, but is not lexicographically smaller than any of
them, so it does not move. Finally, 𝑓 ≀𝑎 cannot be moved past 𝑘 ≀ 𝑓 . The resulting dictionary
is then the same order as when we started, i.e. 𝜈 (𝐷) = 𝜈 (𝜈 (𝐷)) = [𝑑 ≀𝑏,𝑏 ≀ 𝑓 , 𝑑 ≀ 𝑐, 𝑘 ≀ 𝑓 , 𝑓 ≀𝑎].
⋄

4.4 Complexity analysis of constructing a normal form

The analysis of the time complexity of Algorithm 3 is mostly trivial, but there are some com-
plications which might not be obvious at first.

Theorem 5. The time complexity of Algorithm 3 is O(𝑡 |𝐷 |2) where |𝐷 | is the number of rules
in the dictionary, 𝑡 = max𝑢∈Γ{|𝑢 |}.

Proof. The first interesting part is the outer loop at line 3. The loop iterates over all the rules
in the dictionary (O(|𝐷 |)) and for each rule we may need to compare it with possibly all the
earlier rules (O(|𝐷 |)), ifTheorem 4 never prevents swaps in line 7. When line 7 do not prevent
the swaps, we move to line 8 which involves determining the lexicographical ordering of the
rules described in Section 4.2. This depends on the length of concatenation of the tokens in the
rule since at worst, both tokens in each rule need to be compared against each other, which
can be done in linear time. Thus, the comparison between rules are bounded by the longest
token that can be produced by the dictionary i.e. the longest token in the token alphabet,
𝑡 = max𝑢∈Γ{|𝑢 |}. Therefore, the time complexity of Algorithm 3 is O(𝑡 |𝐷 |2) where |𝐷 | is the
number of rules in the dictionary and 𝑡 is the length of the longest token in the alphabet Γ. □

In worst case scenario, each rule of a dictionary doubles the length of the of token gener-
ated by the previous rule. For example, consider dictionary𝐷 = [𝑎 ≀𝑎, 𝑎𝑎 ≀𝑎𝑎, 𝑎𝑎𝑎𝑎 ≀𝑎𝑎𝑎𝑎, · · · ].
Then the value of 𝑡 is thus bounded by 2 |𝐷 | . However, clearly, line 7 would block any further
comparisons at line 8 immediately in such case according to the restrictions in Theorem 4.
Important to note is if we let this pattern continue until the last rule 𝑟 |𝐷 | = 𝑢 |𝐷 | ≀ 𝑣 |𝐷 | , and let
𝑢 |𝐷 | = 𝑢 |𝐷 |−2 and 𝑣 |𝐷 | = 𝑣 |𝐷 |−3, then only the last rule in dictionary |𝐷 | not be blocked by
line 7 and thus 𝑡 would be bound by 2 |𝐷 | . This means that only the outer loop at line 3 and
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the lexicographic comparison at line 8 would run and line 7 would only run once. In this case
the algorithm runs in O(𝑡 |𝐷 |) where 𝑡 is bounded by 2 |𝐷 | .

The algorithm is not efficient in the worst case scenario, but this worst case scenario is
almost guaranteed to never happen outside of a controlled test environment since such a
dictionary would not be useful in any real world application. To strengthen this argument,
we can look at the average and maximum token length of the tokens used for two models
in the OpenAI API, GPT-4o and GPT-4/3.5, which can be found using the GitHub repository
by Kaito Sugimoto1. We modified the code to check for the average and maximum token
length for both of these models. The average token length of the tokens is just over 5.5 and
6.3 symbols per token for the GPT-4o and GPT-4/3.5 models, respectively, and the maximum
token length is 128 symbols for both models. This strengthens the claim that the worst case
scenario is very unlikely to happen in practice, and the token length used in popular models
today, if similar to these OpenAI models, would not cause any trouble for the algorithm. Thus,
the expected performance by the algorithm is therefore O(𝑡 |𝐷 |2), where the dominant factor
is the number of rules in the dictionary, which grows in polynomial time. The token length 𝑡 is
typically small in practical application, therefore, the overall complexity is mainly determined
by the dictionary size in real-world scenarios.

4.5 Dictionary equivalence using the normal form

Having two dictionaries 𝐷 and 𝐷 ′, we are now able to check if they are equivalent by per-
forming the algorithm in Algorithm 3 on both dictionaries, producing two proper normal
form dictionaries 𝜈 (𝐷) and 𝜈 (𝐷 ′). By conjecture, two dictionaries are equivalent if and only
if 𝜈 (𝐷) = 𝜈 (𝐷 ′), which means that the normal form dictionaries have the same ordering
of the merge rules. Calculating the normal form for both dictionaries involves first remov-
ing all rules that are not useful, which can be done in linear time. The number of rules in
the dictionaries should then be the same for equivalent dictionaries. The algorithm in Algo-
rithm 3 is then run on both dictionaries, which has a time complexity of O(2𝑡 |𝐷 |2). Since
the number of rules in the dictionaries is the same, and the token alphabet Γ is the same for
equivalent dictionaries, we can conclude that, since 𝑡 = max𝑢∈Γ{|𝑢 |} i.e. 𝑡 is bounded by the
longest token in Γ, the time complexity of comparing whether two dictionaries are equiva-
lent is O(2𝑡 |𝐷 |2) = O(𝑡 |𝐷 |2), plus a linear time comparison between the two dictionaries,
comparing rule by rule, which does not affect the time complexity.

1https://github.com/kaisugi/gpt4 vocab list
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5 Discussion and conclusion

In this thesis we have analyzed the time complexity of the indirect procedure to determine the
equivalence between two proper dictionaries in Section 3.2. We concluded that when using
the universal DFA illustrated in Figure 2 as the arbitrary DFA for the algorithm presented by
Berglund et al. [1], the time complexity of the algorithm is O(|Γ | |𝐷 |2), where |Γ | is the token
alphabet induced by dictionary 𝐷 and |𝐷 | is the number of rules in the dictionary. We also
show that it is possible to construct a normal form of a proper dictionary and conjecture that it
is unique for all equivalent dictionaries that contain the same rules, and thus it can be used to
check if two dictionaries are equivalent. The time complexity of the normalization procedure
runs in O(𝑡 |𝐷 |2), where 𝑡 is bounded by the longest token in the token alphabet. While in
theory the maximum token length of a dictionary is bounded by O(2 |𝐷 |), in practice the token
lengths are rather small, e.g. for the OpenAI GPT-4o model, the length of the longest token
is 128 symbols. We expect that other LLM models would have similar token lengths.

The indirect procedure is much less performant, as we can see in some practical examples.
The GPT-4o model has a token alphabet of size |Γ | = 199, 997 and the GPT-4/3.5 model has
the token alphabet size of |Γ | = 100, 256[8]. Since the maximum token length of these models
is 128 symbols each, i.e. 𝑡 = 128, we can conclude that the normal form algorithm is more
efficient than the indirect procedure for the dictionaries in these models and, in theory, for
other model dictionaries as well, but this is not something we have tested.

Future work may involve formulating a proof of correctness for the Algorithm 3 by prov-
ing that the normal form is unique for all dictionaries in the same equivalence class. Also
expanding this normal form to cover dictionaries that do not contain the same rules. Further,
it would be interesting to do a deeper theoretical and experimental analysis of the time com-
plexity, with a focus on real-world dictionaries as well as comparing this to the performance
of the indirect procedure. Finally, it would be interesting to see if we can construct a normal
form for improper dictionaries and, if so, how to construct it and their applications.
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A First Appendix

In Algorithm 4, we see the algorithm that turns one rule 𝑢 ≀ 𝑣 in a dictionary 𝐷 to a DFA 𝐴.

Algorithm 4 Applying a Merge
1: Input: a universal DFA 𝐴 = (𝑄, Γ, 𝑞0, 𝛿, 𝐹 ), and the rule, 𝑢 ≀ 𝑣 , in the dictionary 𝐷

2: Let the set 𝑆 be the set of all triples (𝑠1, 𝑠2, 𝑠3) ∈ 𝑄 such that 𝛿 (𝑠1, 𝑢) = 𝑠2 and 𝛿 (𝑠2, 𝑣) = 𝑠3
3: Let 𝑆2 be the set of all 𝑠2 such that (𝑠1, 𝑠2, 𝑠3) ∈ 𝑆
4: for each set in 𝑆 do
5: add new transition 𝛿 (𝑠1, 𝑢𝑣) = 𝑠3
6: end for
7: add the token 𝑢𝑣 to Γ
8: for each state 𝑠2 in 𝑆2 do
9: create a new state new(𝑠2) and add it to 𝑄
10: if 𝑠2 ∈ 𝐹 then
11: add new(𝑠2) to 𝐹

12: end if
13: Γ𝑚 = {𝑣} if 𝑢 ≠ 𝑣 and Γ𝑚 = {𝑢𝑣, 𝑣} otherwise
14: for each token𝑤 ∈ Γ \ Γ𝑚 do
15: if 𝛿 (𝑠2,𝑤) exists then
16: 𝛿 (new(𝑠2), 𝛼) = 𝛿 (𝑠2, 𝛼)
17: end if
18: end for
19: end for
20: for each state 𝑠 in 𝑄 do
21: if 𝛿 (𝑠,𝑢) ∈ 𝑆2 then
22: set the transition 𝛿 (𝑠,𝑢) = new(𝛿 (𝑠,𝑢))
23: end if
24: end for
25: Output: the resulting DFA

The algorithm seen in Algorithm 4 works by iteratively merging the rules 𝑟𝑖 in the dic-
tionary 𝐷 into the DFA 𝐴𝑖 . The initial DFA used is the universal DFA 𝐴0 for the language Σ∗,
which is a DFA that accepts all the possible strings produced by the alphabet Σ. We take all of
the triplets (𝑠1, 𝑠2, 𝑠3) where the first state 𝑠1 has a transition with the token 𝑢 leading to state
𝑠2, and the state 𝑠2 has a transition with the token 𝑣 leading to state 𝑠3. Using this, we create
a new transition, skipping 𝑠2, from 𝑠1 to 𝑠3 with the token 𝑢𝑣 . For every unique state 𝑠2 in the
list of triplets, we create a new state new(𝑠2). This only happens once, since when starting
from the universal DFA, all tokens of a specific kind always leads to the same state, and there
can never be two or more different states that has an incoming transition when reading some
symbol. Also, for every 𝑠2 in the list of triplets, we check if the two tokens 𝑢 and 𝑣 are the
same. If they are, we copy all transitions from 𝑠2 to the new state new(𝑠2), except for when
reading 𝑣 . If they are not the same, we do the same but also ignore the transition with the
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token 𝑢𝑣 from 𝑠2. Finally, we go through all the states in the DFA and check if there are any
transitions that lead to 𝑠2 with the token 𝑢. For those that do, we replace the destination of
the transition with the new state new(𝑠2) to avoid having a transition that leads to a state that
can read the token 𝑣 after reading the token 𝑢 since these should loop back to the new state.
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